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IIOCTPOEHUE 30PEKTUBHDBIX NMHBECTUIIVIOHHBIX
IIOPT®EJIEII C BEPOATHOCTBIO IMTAJAEHUA ®MHAJIBHOI'O
KAIINTAJIA THBECTOPA HMN>KE YCTAHOBJIEHHOT'O
YPOBHS B KAYECTBE MEPBI PUCKA'!

Haiterno koHCTpYKTUBHOE onncanne Habopa Bcex 3hHEKTUBHBIX UHBECTH-
UOHHBIX noprdeseii B 3agade, rue Mepa pucka (shortfall probability (Sp)),
BBeJIeHHAA B paboTe /I aHAJIM3a 337249 TOPTQETbHOI Te0prun, ITIOHNMAETCs
KaK BEPOATHOCTDH NAJEHUS KAlUTala WHBECTOPA HUKE YCTAHOBJIEHHOT'O YPOB-
. B pamMkax mpeosioykeHuss 0 HOPMaJIbHOCTH CyMMAaPHO JIOXOIHOCTH II0-
Ka3aHo: Habop BcexX 3(PHEKTUBHBIX MOpTdeneil s 3a7a9u ¢ KPUTEPUIMEI
«CpejiHee 3HaUeHNe-SP» eCTh IMOJIMHOXKECTBO MHOKeCTBa (D DEKTUBHBIX ITOPT-
desteit B 3a/1ade «cpegHee 3HAUCHIE-IUCIEPCHs» ; COOTHOIIEHUE ¢ 3(hDEKTUB-
HBIM MHOKECTBOM B 3ajade «cpejHee 3HadeHue- Value-at-Risk (VaR)» nmeer
6oJtee CIIOKHBIN XapaKTep, 3aBUCSIIIIT OT NCXOIHBIX TapaMeTpoB Mozen. Tem
HE MeHee JIOKa3aHO, YTO 3(pDEKTUBHOE MHOXKECTBO LTl 331491 C KPUTEPUSIMUI
«CpeqiHee 3HAYUEHNE-SP» €CTh MOIMHOXKECTBO 9P (PEKTUBHOTO MHOKECTBA B 3a-
made «cpegHee 3HadeHue- VaRy 71 10CTATOYHO BBICOKHUX 3HAYEHUN YPOBHS
noBepus. [ToMrMO HOPMAJBHOTO pacIpese/ieHnsi, PACCMOTPEHBI JJLIAITHIe-
CKUe pacIpee/IeHus.

Karuesnvie caosa: BIOOp 3hdeKTuBHOTO mopTdeis, Mepa PUCKa, BEPOSTHOCT-
HOE OTpaHUYEHUE, YIIPABJICHIE PUCKAMHU.

DOI: 10.31857/50005231023040086, EDN: QILIGV

1. BBenenue

ITocie HOBaTOpCKoii paborer Markowitz [1], riae aucnepcnst paccmarpusaiach
KaK Mepa pICKa WHBECTHIIWIA, ele ofHa Mepa pucka, Value at Risk (VaR), crana
MOIYJIAPHBIM Pa3BUTHEM 9TOr0 Moaxoaa. VaR ompeesser MaKCUMaIbHYIO CyMMY,

! PaGota Bemosmena B pamkax [ocsamanms FFSM-2019-0001.
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KOTOPYIO CTOMMOCTD ITOPT(EIst MOYKET ITOTEPSIThH B TEUEHHE OIPEIEIEHHOIO IEPUO-
JTa BDEMEHU C JaHHON BEPOSTHOCTHIO B PE3y/IbTaTe N3MEHEHUsI PHIHOTHBIX IIeH WU
craBok JoxonHoctu. Konnenmus VaR npupjekareibHa, TOCKOIBKY OHA COTJIACY-
eTcs ¢ MapaJurMoil CPeHUX OTKJIOHEHWH ¥ Jucrepcuii (cM., HampuMmep, [2, 3]),
1, C JIpYyTrofl CTOPOHBI, PEryIUPYIOIINe OPTraHbl, TaKne Kak KoMuccns 1Mo 1MeHHbIM
Oymaram u ouprkaM, TpPeOyIOT, YTOOBI PErUCTPATOPHI IIPESOCTABUIN KOJIMIECTBEH-
HYI0 TH(POPMAIINIO O PBIHOTHOM pucke, a VaR gaBisercst omgHOl U3 ajJbTepHATHB
packpbiTust nHpopManuu. Tem He Meree VaR no-nipexkuemy KpuTukyroT (cM., Ha-
upumep, [4, 5|) B OTHOIIEHUN HECTIOCOGHOCTH Pa3InIaTh «OOJIbIINE» U «HU3KUE»
HOTepH, JiexKalye 3a JaHHbIM moporoM. B [6] mis npeomosienus: sroro Hegocrar-
Ka Ipejyiaraercs: Kiace «deviation» Mep pucka M yCTaHABJIMBACTCA B3aHMMOCBSI3b
MeKJly HUM U coriacoBaHHbiME (coherent) mepamu pucka [7]. B wacrHOCTH, 10~
Ka3aHO, YTO TH KJIACChI MEP HE COBIAJAIOT, XOTs CYIIECTBYeT epecedenue. B [§]
IIpeJjIaraeTcst paccMOTpeTh BMecTo Mep pucka VaR m Expectation of Shortfall
(ES) — oxummaembrit medunur Kanmraga — MX CTENEHb, 9TO, IO MHEHHUIO aBTO-
pa, IO3BOJIMT JIy4llle U3YYUTh BIUSHIE BBEICHHBIX MEP PUCKA Ha paIlMOHAJIbHOE
IIOBEJIEHIIE THBECTOPOB.

BeposiTHOCTD TIa/ieHnsT KannTaj a HIZKE YCTAHOBJICHHOTO ypoBHs (Sp), mim B
apyrux TepmuHax failure probability, ucrob3yercst B MHKEHEPHBIX TPUIOXKEHU-
SIX B KQ4eCTBe Mepbl PUCKa, cM., Hanpumep, [9, 10]. B [11] ormeuaercs, uro failure
probability nmeeT HemoCTATKN: OTCYTCTBUE BBIMYKJIOCTH U AP DEPEHIINPYEMOCTH
B KadecTBe (PYHKIUU APAMETPOB IMPOEKTUPOBAHUSI MIPU PEIIEHUN 339 MHKe-
HepHOI onruMu3aruu. Tem He MeHee Oy/eT MOKA3aHO, UTO B paMKaX MPOOJIEMbI
ompeiesieHnsi 3pMOEKTUBHBIX MTOPTdeeil Ha pacCcMaTPUBAEMOM DBIHKE aKTUBOB
Sp nmeer 060DOIIEHHOE CBONCTBO BBIYKJIOCTU U TVIAIKYIO 3aBUCUMOCTb OT BECOB B
noptdese MHBECTUIINH.

BoabmmuaeTBo 110/1X0/10B K pacdery VaR mpemmonararoT coBMeCTHOE HOPMAaJTb-
HO€ /JIOr-HOPMaJIbHOE paciipe/ieieHne 6a30BbIX PHIHOYHBIX Hapamerpos ([12, 13]).
Ha sroit ocuose B [14] Gbuia uccsiegoBana JUHAMUYECKasT 33/1a9a ONTHUMU3AIN
roptdereit mpu noraropbix VaR orparunvuennssx. KBanTunibHbIe OrpaHndeHust Obl-
JIM UCIIOJIB30BAHbI JIJIsl aHAIM3a CTOXaCTUIecKuX Mojeseii B kaure [15]. B nanuoii
paboTe HUCIOIB3yeTCs HOPMaJbHas MOJEIb JJIsT PACIPEIC/ICHUS JTOXOIHOCTH W,
KPOME TOT0, SJUIUITHIECKIE PACIIPEIeeHNs JIsT MOJICTUPOBAHUST PACIIPeIeIeHNs
JTOXOTHOCTH C «TAKEIBIM XBOCTOM>.

[Ipencrapiennass paboTa OTIMIAETCS OT MPEIBLIYIINX PE3YIBTATOB B HECKOJIb-
KX OTHOIIEHUX. BO-TIEPBBIX, YKA3BIBAIOTCsI HEKOTOPbIE HHTEPECHBIE (110 MHEHUIO
ABTOPOB) CBOJICTBA MepbI PUCKa Sp, TaKne Kak 0OOOIIEHHOE CBOCTBO BBIIMYKJIO-
CTH, MHBAPUAHTHOCTD 110 MaCIITaly, U MCCJIEILYeTCsl, KaK 9T CBONCTBA CBA3AHBI C
M3BECTHBIMEM MepaMU PHUcKa: juciepcueii poxonnoctu u VaR. Bo-Bropbix, aBTOpbI
AHAJINTUIECKN XapaKTEePU3yIOT MHOXKeCTBO 3(MPEeKTUBHBIX mopTdesieil B 3a1atde
«cpejiHee 3HaUYeHHE-SP» (mean-Sp), UCHOJB3Ysl HAPAMETPHU3AIMIO [0 CPEJIHEMY
SBHAYEHUIO JOXOMHOCTH, W CPABHUBAIOT €r0 ¢ MHOXKeCTBaMU 3P (MEKTUBHBIX TOPT-
deneit B 3a1avax ¢ KpuTepusaMEI: ean-variance u mean-VaR.
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OcrajibHast 9acTh CTaTbU OpPraHU30BaHA CJEIYIONMM oOpas3oM. B paszmerne 2
aHAJIM3UPYETCs TpodIeMa HaXOXKIeHNsT BeceX 9P (DEeKTUBHBIX TOpTdeieil B 3a1a1de
mean-Sp Ha PbIHKE [IPU OTCYTCTBUU OE3PHCKOBOIO aKTHBA, U CPABHUBAETCS STOT
pe3yIbTaT ¢ MHOXKeCTBaMU 9D PEKTUBHBIX TOPTQeIeil 11 3a1ad mean-variance u
mean-VaR. B pasnene 3 usyqaercsa ciaydail S/IMNITHIECKAX pacIpeieeHuil BMe-
CTO MHOI'OMEPHOI'0 HOPMAJILHOTO pacIpeleeHus JTOXOIHOCTEH PUCKOBBIX aKTH-
BoB. B pasmerne 4 maHo 3akiIOvUeHne.

2. 9ddekTuBHbIE NUHBECTUIMOHHBIE ITOPTdean
Ha PbIHKE C PUCKOBBIMU aKTUBaMU

PacemoTrpum pBIHOK, Tyie OTCYTCTBYET GE3PHCKOBBI aKTHB (CM., HAIPHMED,
[12, 16]). CroxacTuaecKuii BEKTOP JOXOIHOCTEH Ha OJHOM dTalle MHBECTHUINH 000-
saauuM Kak R = (Ry, ..., R,), adepe3 a € R™ 0603HAYNM UHBECTUIIMOHHBII TIOPT-
denb. TunnaHbIM OI0MKETHBIM ONPAHUTIEHNEM SIBJISIETCST Z?:l a; = 1. B gannbix
YCJIOBHSIX 9TO O3HAYAET CaMO(DPUHAHCUPOBAHNE MHBECTOPA U €r0/ee BO3MOXKHOCTD
«KOPOTKUX IIPOJAXK», T.€. 3aMMCTBOBAHME OJHUX aKTHBOB II0 TEKYIIUM II€HAM C
[IEJIBIO BJIOYKUTDH JIEHBIW B ApyTHe. lIpeamomokmm, 9170 JOXOIHOCTH UMEIOT HOP-
MaJIbHOE PACIPEIETIEHIE C BEKTOPOM CPEJIHUX 3HaUeHuit m = (myq, ..., my) U Mat-
purieit koBapuaruu C.

Jlajtee ncrob3yeM CJIeIyIONne eCTEeCTBEHHbBIE TTPEITIOTOXKEHUS:

— BekTopel m u 1 = (1,...,1) € R" aBAAIOTCA JNHEHHO HE3aBUCHMBIMH, T.€.
CpeJIHUE JIOXOHOCTU HE PABHBI OJIHOMY W TOMY YK€ 3HAYUEHUIO,

— MaTpulia KOBapualnumn C' sIBJISIETCSI TTOJIOYKUTEILHO OHpe,Z[eJIeHHOfI.

B xoHI1e aTama nHBECTUIIN 00IAasT JTOXOTHOCTD TOPTQEIS SIBISETCsT CIIy TaifHOM
IepeMEHHON

n
Xa = Z aiRi.
1=1

HeneBas pyHKIMSI, KOTOPYIO HHBECTOP KEJIAET MaKCUMU3UPOBATH, — 3TO CPEIHSIs
ob1Iast JTOXOIHOCTD

n
d
wu(a) lef EX, = Z a;m;,
=1

rme m; = ER;. Ipyras nesieBast (GyHKIUsT, KOTOPasl JIOJXKHA OBITH UM MHHUMU-
3MpOBaHa, — 9TO BEPOATHOCTD SP:

Splo, Xo] & P{X, < a},

rjae o ABJI4eTCd YCTaHOBJICHHOU WHBECTOPOM BepXHel I'paHulleil Jij1d cCyMMapHOHR
(obmreit) joxomHocTu mopTdesist. 3aMeTuM, YTO €CTECTBEHHOE MPEJIIOJIOKEHNE B
paccMaTpUBaeMOl MOJEIN — 3TO HEPABEHCTBO (v < MiNj—1 . p M.
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Beenennas Mepa pucka Sp He sIBJIsSIeTCsl KOrepeHTHOi (coherent) mepoit puc-
Ka B COOTBeTcTBUHU C [7]|, Tak KaK OHA He YJIOBJETBODSET CBOWCTBY OJHOPOJI-
Hocru, Spla, pX| # pSpla, X]. Tem He MmeHee oHa o0JsiajaeT CBOHCTBOM WMHBa-
PUAHTHOCTH OTHOCUTETHHO JIEHEKHOW €JIMHWILI, T.. €M KanuTtag X KOHBEp-
Tupyercsa B Apyryo Bamory vX ¢ koaddunmenrom 7y > 0, TO BEPOATHOCTD
Splya,vX]| = P{vX < ~va} = Sp|a, X] He mensiercs.

Tenepnb onpeaenuM OJHYy U3 HaubOJIee 9acTO MCIOIL3YEMbIX MEp PHCKA B CO-
BpeMeHHOI 1opTdernbHoil Teopun (cM., Hanpumep, [15-17]), a 3aTeMm cpaBHuUM ee
¢ Mepoil pucKa Sp, OIIpeJIeIeHHON BBIIIIE.

Onpegenenne 1. Value at Risk (VaR) — amo snauenue doxodnocmu v, ma-
Ko€e WMo —v AeAAemcA Keanmusem Pynrkyuu pacnpedenenus F(x) = P{X < x}
nopadka 1 — 3 ¢ npednucarnnovm yposnem dosepus 3 € (0,5, 1). I'pybo 2060ps,
VaR [3, X]| asasemcesa kopnem ypasnenus F(—v) =1 — .

Bameuganune 1. Hekoropele uccienosarenu [4, 7| ykasagum Ha HeIOCTATKH
VaR kak mepswl pucka. A umenHo, VaR He siBIsieTcss KOrepeHTHOH Mepoil PHCKa
(cM. ompe/ienieHne, HapuMep, B [7]), HOCKOJIBKY OHa HE YJIOBJIETBOPSIET CBONCTBY
CcyOaIIUTUBHOCTH, 3a MCKJIIOUEHHEM CJIydass HOPMAJBHOIO pacupeieieHnss X.
Kpome Toro, VaR He obecrieunBaeT OIeHKY pa3Mepa MOTepPh, BRIXOISIINX 3a IIpe-
JIeJIbI IIOPOTOBOM CyMMBI, YKa3aHHOI B 9TOI Mepe. Sp MpoTuBOIOIOXKHa VaR B Tom
CMBICJIe, UTO Mepa PHUCKa Sp yKa3blBaeT Ha 3HAUYEHNME BEPOSTHOCTH IaeHUs Ka-
[IHUTaJIa MHBECTOPa, HO He Ha pasMep MaKCUMAJILHBIX IOTEPh IIPH JaHHOM YPOBHE
JIOBepHsi. DTO JeaeT Sp anabrepHaTuBoit VaR B permrennn mpobsemMbl oncKa 3gdh-
dexkTuBHBIX TTOPTdeTei.

Teneps obpaTuMcsi K HOpMaJIbHOI MOJE/IM paclpeleeHns: o0Ineil T0X0IHO-
cru. Kak mnokasano, manpumep, B [16], VaR[3, X,]| = a:éva(a) — p(a), toe a:év —
KBaHTWIb MOPSAJIKa (5 CTAHIAPTHOIO HOPMAJBLHOTO PACIpPee/IeHUs] U IACIEPCHST
Var X, = 0%(a) = aCd/, ' — TpaHCHOHMPOBAHHBIH BEKTOP-CTPOKa a. B 3ToM
caydae Mepa pucka VaR[3, X| sBisercs He TOJIBKO KOMEPEHTHON, HO U BBIIYK-
noit: VaR[3, pX1 + (1 — p)Xa] < pVaR[B, X1] + (1 — p)VaR[B, X2]. Paccmorpum
Sp mepy

Spla, X,) = @ (a_—m) ,

riae @ (x) aBisiercs dyHKIMEH pacupejeeHusi CTaHIAPTHON HOPMAJIBHON BeJIH-
quHbl. MOXKHO BHIETH, 9T0 apryMeHT P(-) coBmasaeT ¢ TOYHOCTHIO /10 3HAKA, C OT-
noutenueM [Hapua (3] mia; — «)/vaCd/, rae @ urpaer poib JOXOAHOCTH “BUD-
TyaJbHOr0” GE3pICKOBOTO aKTHUBA. B 910l CBA3M MOKazkeM (CM. mpejyioxkenne 1
HIDKE), 9TO Sp MMeeT «0OODIEHHOE» CBOWCTBO BBIMYKJIOCTH HA OMPEICICHHOM
MHOXKECTBE PUCKOB.

Onpegenenne 2. Pynryus f(x) na swunykiom mmuoocecmese D nasvsaem-
ca cuavho xeazusvmykaoti (18], ecau daa aobwx x1,x9 € D maxuz, wmo x1 # 2,
nepasencmeo f(pr1 + (1 — p)ze) < max{f(x1), f(z2)} evnosnsemea dasn a06020
pe(0,1).
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Hanpuwmep, dyukius —¢@(z), e ¢(x) obo3HAUaeT MIOTHOCTH CTAHIAPTHOTO
HOPMAJIBHOTO DPACIPEIEICHNsI, CUILHO KBA3UBBIIMYKJIAa HA (—00,00), HO HE SBJIs-
eTcs BBILYKJIOiT; dyuKIms max{—¢(x), —1/(2y/7)} He sBIsSETCS HU CHIIBHO KBa-
3UBBIILYKJION, HU BBIIYKJION.

OnpeieiuM  MHOYKECTBO HOPMAJIBHO DPACIPEIETIEHHBIX CIyYalHbIX BETMYNH
D,={X:FEX >a}, B xoropom coorHomenne X; # Xy NOHHMAeTCs Kak
P{X) # X5} > 0.

IIpexnoxenue 1. Spla, X]| cuavro keasusvinykaa na D.,.

HoxkazareabcrBo. Ilycrs pucku X1 u Xo nmpunamiexxar Do, X # Xo.
O6osnasmm 1, = pEX1 + (1 —p) EXy u 02 =Var(pX1 + (1 — p)X2). Beruauc-
JINM IIPOU3BOIHYIO

iq)((a —p)/o,) = ol —pp)/op) [(EXQ —EX1)o%p—

dp a3

— (a—pp) (pVar X1 —(1—=p)VarXs+ (1 —2p)cov(Xy, X2)|,

rye (PYHKIUsT B KBAJIPATHBIX CKOOKAX SIBJISIETCS BO3PACTAOIIEI, TIOCKOJIbKY €€ TIPO-
usBogHad (u, — a)Var(Xy — Xg) Gosbiie Hyasa. BosMozknbl cieyronye crydan:
BO-1IepBBIX, Spla, pX1 + (1 — p)Xs] mubo ymenbInaercs:, mbo yBeJINIUBACTCS HA
Beeit cBoeit obmactu onpeesenns (0,1). Torma, odeBuaHO, UTO OmpenescHNE 2
BBINOJTHEHO st Spla, X]. Bo-Bropbix, QyHKIMS B KBaJpaTHBIX CKOOKAX H3Me-
HSIET 3HAK OT MUHyCa K ILIOCY B HEKOTOpoii Touke po € (0,1). B stom ciyuae
Spla, pX1 + (1 — p)X3] ymenblnaercss Ha MHTepBajie, JieXKalleM cJeBa OT pg, U
YBEJIMYIMBAECTCS HA HHTEpBaJie crpasa oT pg. 1o onpenesnenuto 2 Spla, X cunbro
KBa3UBBIIyKJIa 110 X .

Samedanne 2. CpaBHUM NIPEIIIOUTEHUsT NHBECTOPA, WHIyIIMPOBaHHbIe VaR,
Sp u nucnepcueii nmoprdesns. Tak kak VaR[f, X,] = acjﬁv o(a) — pu(a), To HEpaBeH-
crBo VaR(f, X,1) > VaR(f, X,2) sxkBuBajieHTHO

(1) a:éva (al) —u(al) >;1:]5Va (a2) —u(aQ) .
st BBenenHoit Mepbl pucka Spla, X, | = <I>(( —p(a))/o(
wepancrctso, (0 — u(at))/o(ad)) > B((a - u(a?))fo(a))

(2) (a=n(a'))o(a®) > (= p(a®) o (a).

MoxHO BHIeTH, UTO coorHomenue (2) omwmdaaercs or (1). DTo o3HawTaer, 9TO
[IPEIIIOYTEHNsT MHBECTOPa B OTHOIeHnn VaR orimaatorcs oT mpeamoureHuii Sp.
OTmeTuM, 9TO HPEAIOYTeHNs] WHBECTOPA JIIs JIPYroil Mepbl PUCKA, JUCIEPCHN
noprdens V [X,] = o2 (a) (em., manpmvep, [17]),

(3) o? (a') > 0® (a?)

TakkKe OTINIAloTcs or (2).

a)) COOTBETCTBYIOIIEE
, SKBUBAJIEHTHO
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Bepremcst K IByXKpUTEPUATIBLHON 3ajiade ONTUMUBAINNA, T.e. MAKCUMU3AIUAN
CpeHero 3HavdeHust MopTdeisd 1 MITHIMA3AINN Mephl pucka Sp. B paMkax HOp-
MaJIbHOU MOJIEJIM 3Ta 3a/ia4a UMeeT BU]L

n
wla) = Z a;m; — max,
i=1

(4) Spla, Xq] = @ (a;(j;ﬁa)) — min,

n
ac A= aER”:Zai:I
i=1

\

Y naswsaemesa sfgpexmuenvim (Ilapemo-on-

Onpexenenune 3. Iopmgeav a
mumasviom) nopmgenem 6 (4), ecau e cyuwecmeyem nopmdern al maxoeo,
wmo p(a') > p(a®), Spla, X,1] < Spla, X,0] u, no xpatineti mepe, 0dno nepacen-

Cmeo ABAAECMCA CIMPo2UM.

Temeps ucciegyeM mpobsieMy Haxoxxmenus Muoxkecta ASP Bcex addexTus-
HBIX nopTdeseii B (4), T.e. B 3amaue «cpegnee-Spy». Cleyromasi TeopeMa cojep-
xur ommcanne ASP kak cemeiicTBa moprderieii, mapaMeTpPH30BAHHOIO C OMO-
mpio M — mapamMerpa, UMEIOIIEro CMbICT (PUKCHPOBAHHON BEJIMYUHBI CPEIHErO
suadenns noprdens, M = u(a). damree nam monamobaTcs HEKOTOpBbIe 0603HAME-
Hust: (T, Y) = D ;| TiYi — CKAJISAPHOE [POU3BE/CHHE JIBYX BEKTOPOB-CTPOK T U Y,
(2o = (2,90, [[oll2 = (z,2C71), u A = |[L][Z]m][2 — (1,m)2.

Teopema 1. Muoowcecmeo ASP ne nycmo mozda u moavko moezda, xozda

<1,m>c

(5) a < .
(1],

Ecau (5) 6vinoanero, mo

(6) A%:%Mﬁzghww%ﬂMme+Mowu%—umeﬂc*}

2de M npobezaem nosybeckoreunvlll UHMEPEAA

[m||E — aflm)c

7 M e [M® o), M= .
@) [M7F, ) o —alllB

JoxazareabcTBO Teopembl 1 npuseseno B Ilpuioxkennm.

Huke Oymer mpuBelieHO CpaBHEHME STOH TEOpEMbl C M3BECTHBIMM ONCAHUSI-
vu muoxkects AV u AVAR sddexruBHbIX MOpTdeENeit cooTBeTCTBEHHO B 3a1aUaX
¢ KpUTepusiMu: cpejHee-auctepcnsa u cpeanee- VaR. Cremyromume nBa yTBep:KIe-
HUsI SIBJISIIOTCSI JIMIIb BapualUsMy pe3ysibraToB B [16, 19|, rae BbIpaykeHus st
3ddeKTUBHBIX mopTdesteil mapaMeTpu30Banbl cpeaanM 3naderneM M = u(a).
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Vrepxgenne 3. Mnooscecmeo AV ne nycmo. Ono onpedeasemca dopmy-
20t (6), 2de M npobezaem noaybeckoneunviil uHmepsa

<17m>C
11112

Vrepxgenne 4. Mnooscecmeo AV*R ne nycmo mozda u moavko moezda,
Kxo2da

©) /3><1>(\/D/|\1\|%), 2e D = [l - (1,m)3 > 0,

Ecau (9) evimoaneno, AV*R onpedeasemces (6), ¢ napamempom M, npobezaro-
WUM TL0AYOECKOHEUHDIT UHMEPSAN

(8) Me [MY,00), 20e MV =

M e [MY*R, ),

2

N
(10) MVaR_<1vm>C D (%’) 1
- 2 2 2 2
ey e \ gz (25)" - o WMl

Tor dakr, 9T0 B 3a/1a49ax ¢ KPUTEPUAMU: CPeIHEe-SP, CpeaHee-TUCIePCHs 1
cpennee-VaR addekTuBHbIE TTOPTQETN ONMPEIETAIOTCST OHON 1 TOH ke (hopmy-
noit (6), nmeer caemytoriee oobsicaenune. Ecim noprderns a* adderTusen B cMmbic-
Jie J1000i 13 Tpex ABYXKPHUTEpPUAIbHBIX 3aJiad BBIIIE, TO a* HEOOXOMMMO PEIaeT
3a1ady

min o?(a),
p(a) = M,

n
aEA:{aER”:Zaizl},
i=1

riae M = p(a*). HeobxoamMocTh 0YeBUHO BbITEKAET U3 OIIPEIe/IeHUit

(11)

VaR [5, X,] = x]ﬂva(a) —u(a) n V[X,] =0o*(a).

B cayuae xe Sp [a, X = @ (a;(“a()a)>, mvee M = p (a) > MSP > o, mockombKy

(Lm)c _ [Imlg — afl,m)c
1 (Lm)e — oL

(12)

Jeticreurenbuo, snamenarens (1, m)c — af[1]|2, > 0 B cuny (5). Ilo nepasencrBy
Komm-Bynsikosckoro — ||m||Z|[1]|2 — a(l, m)c|[1]|Z > (1, m)Z — a(l,m)c]|1]||%.
Taxmm obpaszom, addexkTuBHbINT TOPTdETh B 3a1atde cpeHee-Sp A0KEeH MUHN-
Mu3upoBarh o(a) upu orpanndenusx pu(a) = M, Y a; = 1. Bagaua (11) 6bu1a
uccsieioBata, Hanpumep, B [16], u ee pemenne npuseeno B (6).
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Ipegmoxenme 2. Muosceemso ASP sfdexmuermr nopmenet 6 3ada-
e cpednee-Sp ABAACMCA NOOMHOIICECMBOM dppexmusnor nopmpenets 6 3adave
cpednee-ducnepcus, m.e. ASP C AV

JlokazareanbcrBo. CpaBHUBas BhIpayKeHUs Jist JieBbIX rpanull B (7) u (8),

nmMeeM

Im]2 —a(l,m)c (1, m)c
(Lm)e —allfE ~ I1IZ

(em. (12)). Taxum obpasom, MSP > MV u, crenosaremsno, ASP C AV

Bamewanme 3. Kak ussecrno [16], AV2R ¢ AV Coornomenne Mexk 1y MHOKe-
crBamu ASP u AVAR ge sBiisieTcst CTOJB HPOCTBIM, TTOCKOJIBKY BBHIIIOJTHEHNE Hepa-
BercTBa 1s Jesbix rpanui B (7) u (10), T.e. M > (<)M VaR | zapucur or xon-
KpeTHbIX 3HadeHuii o u 3. Tem ve menee uz [16, crp. 1169] ciaeayer, 4o MHOKECTBO
3 dexkTuBHBIX TopTdeneit 3amadau cpeaaee-VaR cxoanres K adpGeKTuBHOMY MHO-
JKeCTBY 3aJia9u cpeaHee-muctepcust, korma 8 — 1 — 0, T.e. jieBag rpanuna M VaR
B (10) cxomures K qepoit rpanuie B (8), MV = (1,m)c/||1]|/%. Takum obpaszom,
ASP ¢ AVaR j51g nocrarodno GosbInoro yposHst goepus f < 1. BameTHM Takuke,
91O

_mlE—atme v Gimie

MSP = =
(L,m)c — af[1]|4 1112

mpn o — —oQ.

Cl1e10BaTENBHO, B 9TOM IIPeIeIbHOM cirydae sdgdekrupable MaokecTBa AP 1 AV
COBITQIAIOT.

Ompenenum 3hdEKTUBHYIO TPAHUIy B 3ajade cpegHee-Sp KaK MHOXKECTBO
{(n(a),Sp[a, X,]),a € ASP} C R? na mnockocru (g, Sp). B otmiue or npuust-
TOrO BO MHOT'HX CTaThsX 0bo3HadeHus [16, 17| 31ech p coorBercTByeT ocu abenucc,
a Sp — ocu opauHat. [Ipuauaa — Gosiee HATTIsIIHOE TIpeICTaBIeHe (P HEKTUBHOMN
IpaHUIIbL.

Cuentyrormee mpeJiiozkeHne mokaseiBaet, uro Gyukius Sp(M) = & (%),

cooTBeTcTBYOMAasA 3G GEKTUBHOI rpanuIe B 3a1a4e cpeaee-Sp Ha uarepsade (7),
nMeeT GoJlee CIOXHBIN BUJI, YeM Bbiykibie dbyuakiuu [16, 17] V(M) = o2(a(M))
u VaR(M) = x/év o(a(M)) — M B 3a7a9ax COOTBETCTBEHHO CPeIHee-UCIEPCHsT I
cpeaaee-VAR (cm. puc. 1-3 Huxe).

IIpennoxenne 3. IIycmo (5) ewnoaneno. Tozda dynruyua Sp(M) cuavro
K6a3UBLINYKAL Ha (—00, 00).

Jlokazarenbcrpo. OTMernM, ITO

_ MG = 2M (1, m)e + [[m]1E

o (a(M)) N
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SP(M)
0,55

0,50 AN

0,45 '
0,40 - !
0,35 k

0,30 !

0,25 L L
04 06 08 1,0 1,2 14 1.6 18 2,0

Puc. 1. 9ddexkrusnasa rpanuma s 3aJadd CpeaHee-Sp — CIUIONTHASA JIMHUS.
Oyuknus Sp(M), 3ajanHas Ha unTepBase [1,1588; 00), orpaxkaer 3aBHCHMOCTb
MEpPBI PUCKa SP OT CPeJIHero 3HaveHust Joxoanoctu noprdens M npu Beroope 3d-
dekTuBHOTO TTIOPTAEST A Kaxkoro M.

1 BbIYUCJIUM ITPOU3BOJIHYIO

d

dM

_ (e = M)/o(a(M)))
A203(a(M))

®((a = M)/a(a(M))) =

[=A%02(a(M)) = (o = M) (M|[1]}& = (1,m)c)] -

OyHKINA B KBaJPaTHBIX CKOOKax papHas (cM. ompenerennsa a (M) m A? BoI-

me) (M) = M((1,m)c — al|1]|2) — [|m||Z + a(1,m)¢ spasercs Bozpacratomeit
dynknpeit, Tax kak (1,m)c — al|1]|Z > 0 B cuy (5). Takum o6pazoM, MPOU3BO/I-
Has Sp(M) upencrasiena kak npoussejuerue y(M)y(M) ¢ (M) > 0 u Bospac-
taforieit dynknumeit 1 (M), KoTOpas MeHsieT 3HaK ¢ MUHYCa Ha IUTIOC B TOYKE
MPP = (|jm||Z — a(l,m)c)/((1,m)c — a|[1]|%). Torma Sp(M) ybuiBaer g0 TOUKH
M = M®P u ypesmunsaercst Ha nHTEpBaje BIpaso or MSP. ITo BBeJEHHOMY BBIIIE
onpenenennto 2 dbyukiwsa Sp(M) cHIbHO KBa3UBBIIYKIIA.

[TponmocTpupyeM mpeyioXKenne 3 Ha 9UCJIEHHOM IIPpUMEPE, KOTOPBIN ABJIs-
eTcsl MOJIE/TbHBIM U He MPeTeH/yeT Ha MPaKTUIeCKyH 3HAIUMOCTh. [lycTh KoIHu-
9YEeCTBO AKTUBOB N = 2, BEKTOPOM CpeJHUX goxonHocreil 6yaer m = (1,1; 1,2), u
MaTPHUIA KOBAPUAIMH JOXOTHOCTEH

0,4 0,2
C= ’ ’ .
< 0,2 0,5 >
Kpowme Toro, nmycts yposers joeepust 5 = 0,9 u 3HAUEHUE BEPXHEN I'DAHUIIBI JJIsT

noxomuoctu o = (,8.
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V(M)
40

35
30+
25
201 N\
15

10+ *

S5r AN

0 1 1 S~ 1 1 1 )
04 06 08 1,0 12 14 1,6 18 2,0
M

Puc. 2. 9ddexkruBnas rpanniia s 3aJa91 CpeIHee-TUCIEPCHsT — CILIOITHAS JIH-
nusi, V(M) 3amana Ha narepsase [1,14;00).

0} AN

_] 1 1 1 1 1 1 1 J
04 06 08 1,0 1,2 14 16 18 20
M

Puc. 3. DddexruBnas rpanuna Juis 3ajaqu cpegHee-VaR — crutornast s,
VaR (M) sazana na uarepsase [1,1489; c0).

NddexTuBube MuokectBa moprdeneit ASP. AV u AVAR ge myersr, mockosb-
M M

ky (e (5), (9) @ = 0,8 < (Lm)e/|[1[[2 = 1,1400u 8 = 0,9 > @ (/D/|I1|I2.) =
= 0,5562. JleBbie rpanunpt nHTepBasioB (7), (8) u (10) coOTBETCTBEHHO pABHBI
MSP =1,1588, MV =1,1400 u M V2R =1,1489. Kax MoKHO BHjeTh Ha puc. 1,
dbyuxiust Sp(M) siBisieTcs: CUIIBHO KBa3UBBIILYKJIOf, HO He BBIIYKJIOMN, B OTIHINEe
or Beinykjbix dyuknuit V(M) u VaR(M), rpaduku KOTOPbIX M306parkKeHbl Ha
puc. 2-3.
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3. Ciyyail 9JUTHIITUYECKUX PacIipedesieHuil JOXOaHOoCTell

B [13, 20| nokazaHo, YTO HPEIIOIOKEHIE O HOPMAJIBHOCTH SIBJISIETCS JIOCTA-
TOYHO aJIeKBATHBIM JIsl pacipeesenns goxoqHocr noprdens X, = Y 1 a; R,
HO JIJTsl TOTO, YTOOBI CMOJIEJIMPOBATH PACIIPEIETICHUE JIOXOJIHOCTH C «TsIZKEJIbIM»
XBOCTOM [17], pacnpocTpannM mosiyYeHHbIe Pe3yJIbTaThl Ha TaK Ha3bIBAEMbIE MHO-
rOMepHbBIE JUIUIITHYECKHE PACIIpe/ieeHrsi. [IpuBeKaTeIbHbIM CBOMCTBOM 9TOTO
KJIacca paclpe/le/IeHuii siBIseTcs To, 9T Jobas JuHeliHast hyHKIHsT 0T S/UIUIITH-
YEeCKHU PACIPEIEIEHHBIX CJIyYaifHbIX BEJIMYUH UMEET PACIPEJIeIeHIe TOrO YKe BU-
na. PacemorpuM ponsBosibHOE ssutnnTrdeckoe pactpenesenne F(z) = P(X < x)
(HopMasbHOE pactpe/ienenne, pactpesernenne Jlamraca, Beccenst, Exponential
Power, Stable Laws [21]) co cpemmmv g u mucmepcueit 02 < oo. Tak e, Kak
B [17] oupenenum Fy(x) = F(*ZF) — smmmnTideckoe pacupeje/eHne ¢ HyJle-
BBIM CPEJIHUM U euHuHOil aucnepeueii. Torma Spla, X,] = Fo((a — p(a))/o(a))
u VaR[f, X,| = zgo(a) — p(a), tne zg ects f-xBanTuias Fy(x). Takum obpasow,
Teopusi, paspaboTaHHasl B pas/ielie 2, OCTAeTCs B CUJIE, 38 MCKJIFOUCHUEM TOTO, UTO
BMECTO KBaHTHJISI a:/év HCIIOB3YETCsL 23 U CTAHJAPTHOE SUIHITHIECKOE PACIIPEie-
nerne Fy(x) BMECTO CTAHIAPTHOTO HOPMAJILHOTO pacupesenerns P (x).

Hanpuwmep, pacnpesernenne Jlamnaca [21] nmeer apa mapamerpa: g u A > 0.
Cpe/tHee U JUCIEPCHs PABHBI COOTBETCTBEHHO 1 11 2\2. O603HAUNM depes Y3 KBaH-
THIh pactpenenerus Jlamraca ¢ mapamerpamu =0 u A = 1. Ilockoabky 310
pacipe/ie/ieHIe UMeeT HyJleBOe CpeJiHee U JUCIEPCHIO 2, ToTydaeM 23 = Y3/ V2.

4. BoeiBoabl

B crarbe uccimemyerca mpobieMa IOCTPOSHUS MHOYKECTBA BCeX d(PPHEKTUBHBIX
opTderieit B IByXKpUTEPUAIbHON 3a/1ate ¢ MAKCUMU3UPYEMOIi CPEJIHEl TOXOTHO-
cThio mopTdests 1 MUHIMU3UpyeMoit Mepoit prcka Sp (short-fall probability), rue
Sp — BEPOSITHOCTD TOT'O, UTO JIOXOTHOCTH TTOPT(EIs yIaIeT HKe YCTaHOBJIEHHOT'O
ypoBHs. C UCIOJIL30BAHIEM IIapaMETPUBAIIHI 110 CPEIHEMY 3HAYEHHUIO JTOXOIHOCTH
HafileHa KOHCTPYKTHUBHAS XapaKTepUCTuka Habopa 3PPeKTUBHLIX mopTdeseil B
3aJiade cpeHee-Sp U MOKA3aHO, UTO JIAHHBI HAOOP — BCErIa MOIMHOXKECTBO HADO-
pa 3ddeKTUBHBIX TopTdeei B 3a1ate CpeaHee-INCIePCHs], a TaKyKe TOIMHOXKE-
cTBO Habopa 3hdeKTUBHBIX mopTdeneii as 3a1aqu cpeaaee-VaR, Korma ypoBeHb
JIOBEPUsI JIOCTATOYHO BeJIUK. JlJIst citydast SJTMITUIeCKUX pacipeie/IeHuil 10X0/I-
HOCTEl ITOKA3aHO, YTO OCHOBHBIE PE3YJIbTATHI, ITOJIyIeHHbIE B paMKaX HOPMaJIbHOMN
MOJIEJIN, OCTAIOTCS B CUJIE€ C HEOOJILIMUMN U3MEHEHUSMU, KACAIOMINMUCA KBaHTH-
Jeit pacmpemenennit moxogHocTn mopTdens. JaabHeilne nceaeIoBaHns IO 9TOM
TeMaTHKe MOTYT BKJIIOYATbh B cebsi: M3ydeHHE PBIHKA C OE3PUCKOBBIM AKTHBOM
1 BBEJEHHOI Mepoil pucka Sp; cpaBHeHne >p}heKTUBHBIX mopTdeseil B 3agadax
cpeanee-Sp u cpeanee-CVaR, riae Conditional Value at Risk (CVaR) [22] — wmo-
mudukarust VaR — sBisieTcst KorepeHTHONW Mepoil prcKa; UCCjie0BaHue MOJIEJIH,
B KoTOpOii npucyrcrByer donoseiit (background) puck [17], koppesupytomuii ¢
JIOXOJTHOCTSIMH aKTHUBOB.
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HHPUJIO?2KEHNE

JlokazarenbcrBo Teopembl 1. Ilockosnbky () siBiasieTcss Bo3pacraro-
meit (pyHKIMel, HeOOXOIUMBIM yeaoBrueM 3 (MEKTUBHOCTH (DUKCHPOBAHHOTO TIOPT-
dbenst a* € AP gpislercst TO, UTO OH ONTHMAJIEH B 3aate

min(a — p(a))/o(a),
p(a) = M,

aEA:{aER”:Zaizl},
i=1

(IL1)

e M = p(a*).

[Ipenmonoxum cuHavasa, aro « > M. Ecmm oo = M, To a* He saBastercst adpdex-
TUBHBIM, TaK Kak Jji06oil moprdens a' : 4 (al) > M nomuHupyer Hajg ¢ B TOM
empicre, uto (a — p(at))/o(al) < (o — p(a*))/o(a*) =0 u plat) > p(a*). Ecrm
a > M, to 3amaga (I1.1) cBoaures Kk Makcnvusaiwn o(a). JIerko mocTpouTs mo-
ciesioBaTesibHOCTh noprdeseit {a™} rakux, aro p(a™) =M u o(a™) — oo npu
m — oo. Torma mas gocrarodno Gompmux m umeeM o(a™) > o(a*) u, caegosa-
TesbHo, a' nomuHUpyeT Hast a*. Takum oO6pasoM, OKa3aHo, 9TO yciaoBue o < M
HeoOxouMo Jyist apdexkrusroctn a*. ITpu arom yemosun 3amaua (I1.1) comurcst
K CJEAYIONIei:

n
(I1.2) mino? (a), upu orpammuenusx p(a) = M, Z a; = 1.
=1

Bamada (I1.2) yke perreHa cTaHIAPTHBIM METOIOM C HCIIOIH30BAHUEM MHOMKHUTE-
neit Jlarpamxka (cM., nanpumep, [14, 17]). Ilokazano, aro (I1.2) nmeer exnacTBEH-
HYIO ONTUMAJIBHYIO TOUKY

* 1 -
(IL3) a” (= a(M)) = % [Um[& —m(1,m)o + M(ml[1lc - 1(17m>0)}0 g
Uccneayem mnTepsambl MoHOTOHHOCTH ynKmun Spla, Xo)] = @ (%)

HpI/IHI/IMaE{ BO BHUMaHUE, 9TO

_ Mg — 2M 3 m)e + [mllE
- i 7
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rie ¢(x) > 0 obosHaYaeT MIOTHOCTb CTAHIAPTHOTO HOPMAJILHOIO PACIIPE/IEJICHHUSI.
Pacemorpum yHKINIO B KBaIPATHBIX CKOOKAX

(IL.4) r(M) =M ((1,m)c = ol[1][&) = [ml& + a(l,m)c.

1) Hycrb a > ag = (1, m)¢/|[1]|%. Ecm o> ap, To (M) <r(a) = —a?||1]|% -
—[Im||% + 2a(1,m)¢, nockomsky M > a > 0. Corytacno nepasencrsy Komm-By-
nakosckoro mveem 1(a) < —(al|l||c — [|m]l¢)? £ 0. Ecm a = ag, To 7(M)=
= — [mllZ + ao(Ll,m)c < 0.

2) Iycrb v < . U3 (I1.4) cnemyer, uro r (M) > 0 (= 0), eciiu 1 TOJIBKO eC/iu

(I1.5) M > (=) AP — HmH%‘ —a(l,m)c

(L,m)c —alll]|E’

T.e. dynxmusa Spla, Xqn)] BO3pacTaer TonmbKo Ha mHTepBate [M P 00). Tlomso-
ag uror, umeeM: i) yeaosne a < (1,m)c/||1]|4 neobxomumo u jpoctatodHo s
cymecTBoBanust dpdekTuBHOro noprdesis B 3ajade cpeaHee-Sp, ii) Habop -
dbexTuHbIX TOpTdENel B 3amaue cpeamee-Sp onpeenserca kak ASP = {a(M),
M € [M®P, 00)}, sepaskenns ayrst a(M) n MSP npusesenst B (I11.3) u (I1.5) coor-
BETCTBEHHO.
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