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PaccMarpuBaeTcst BOIpOC MaTeMaTU4eCKOro MOJIEIUPOBAHUS TeYEHUM CYCIIEH3UU TBEP-
JIBIX YacTUIL 6e3 MPEeAroIOXEeHNM 0 MaJIbIX KOHIIEHTpaluusix. Pasnnure ckopocTeil yacTull
W CBSI3YIOIIEN XXUIKOCTU YUUTHIBACTCS ITyTEM MMPUMEHEHUs TByXKOHTUHYAJTBHOTO MOIX0-
Ja, B paMKaX KOTOPOTO YaCTULBI M XUIAKOCTb TPAKTYIOTCS KakK JIB€ pasjiN4yHble BSI3KUE
KUIKOCcTH. MccnenyeTcst posib CUIT TUIaBYYeCTH U FPaBUTALIMOHHOM MOOUJIBHOCTH Ha Oce-
nmaHue yactuil. [IpoBomMTCsI KayeCTBEHHOE CpaBHEHHE C TeOpMEi KOHIIEHTPAIMOHHBIX
BoJiH KuH4a 1151 citydast OMHOMEPHBIX BepTUKAIbHBIX TedeHUil. OTMeueHa pojib BUXpeit
Ha MOMNepPeyHYI0 MUTPALIMIO YaCTHULL ITPY CEIMMEHTALIMY B IByMEPHOM COCY/Ie.
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YacTuIL
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1. Beenenue. J/IByxda3Hble rpaHyJIMPOBAHHbIC XKUIKOCTH OTJIMYAIOTCS OT ChITTy4eil cpeibl
TeM, 4To (aza CyXux 4YacTHIl SIBJISIETCSI CMOYEHHOW M NOMYyCKaeTCs pas3jinyve CKOpOCTei
MEX]ly YaCTULIAMU U CBS3YIOLIEH XUIKOCThIO. BaXXHO OTMETUTh, UTO B TaKUX XXUIKOCTSX
HET r’MNoTe3bl O c1a00i KOHUEHTPALIMU YAaCTHUL; OHU TaKXe Ha3bIBAIOTCS C1a00 CMOYEHHbBIM
CBHIITyYMM MaTepUuaioM, €CJIM JOJIsl CBS3YIolIei )KuaKocTu Mana [1]. XoTs rpaHy1MupoBaHHbIE
KUIKOCTH U3YyYaJIMCh U paHblile [2], B mocienHee BpeMsl OHU CTaii BHOBb IPUBJIEKATh BHU -
maHue [3]. TemaTtnka peoyioruu CMOYEHHEBIX CBIMYyYMX cpel [4] urpaet BaxXKHYIO pOJIb B T€O-
TEXHUYECKOM UM Teo(dU3NIEeCKOM KOHTEKCTE [5], B TEXHOJOTMYECKUX MPOlieccax B CBSI3U C
obpa3oBaHUeM arjioMeparoB [6], U3rotoBiacHueM mnpecc-QopM [7], B TEXHOJOTUSX JIUThS
MEeTa/InYeCcKUX (OPM C MyCTOTAMU IMyTEM 3aIOJTHEHUs POPM ChITyYUM MaTEPUAIIOM U MO-
cieayoluM TuiaBieHueM [8]. B mociaenHeM npumepe CBS3yIolast XXUIKOCTb 3aHUMAET BCe-
0 HECKOJIBKO MPOILIEHTOB OT cMecu. Kak MmoKas3bIBaloT SKCIIEPUMEHTHI 110 CBOEi peosioThuun
CMOYEHHBIE CHIMTyYHe MaTepUaibl OTIUYAIOTCS OT CYXUX CBHIMTyUYMX CPEl U OTHOCSTCS K He-
HBIOTOHOBCKUM XHUJIKOCTSIM [9].

JaHHast pabora mocBsiieHa (GopMyIMpOBKe HOBOII MaTeMaTHYeCKOM Mojaeau aByxdas-
HOIi TpaHyJIMPOBAHHOM XUIKOCTU M MCCJIEIOBAHUIO Ha €€ OCHOBE MpPOOJIeMbl ceqUMeHTa-
uuu yactuil. [Ipyu ocenaHnm CKOpOCTH YaCTUIL U CBSIZYIONIEN XXUAKOCTU Pa3IUYaloTCs Cy-
LLIECTBEHHO, TT09TOMY YMECTEH IMOJIXO0/, OCHOBAHHBIN HAa B3aMMOJIEMCTBUU ABYX KOHTUHYY-
MOB. WM3BECTHO HECKOJIBKO METOAOB IIOCTPOEHUSI IBYXCKOPOCTHBIX MaTeMaTU4YeCKUX
Mozeseit. Kak mpaBuio, OHU BBIBOISITCS JTMOO ycpenHeHueM 1o oobemy [10], 1ubo no aH-
camoOimio yactuil [11, 12]. OgHo U3 IpUMEeHEeHU TByXCKOPOCTHBIX MoJielieil — n3ydyeHue mo-
MepevyHOit MUTpALIMU YAaCTULl OTHOCUTENILHO IJ1aBHOTO TToToKa [13]. C 3T0i 1ebio BBOASITCS
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cuibl Marnyca unu CadpdmaHa, KOTOpble OLIEHUBAIOTCSI, UCXOS U3 IBUKEHUSI ONMHOUYHOM
YaCTULIbl B TOTOKE. YCTAHOBJIEHO, UTO TaKKUe CUJIbI 00s13aHbl 3(hheKTaM UHEPIIUU U TIPUCYT-
CTBUS CTeHOK [14]. OnHako cornacoBaHHWe 3TUX CUJI C 3aKOHAMM TEPMOIUHAMUKU IO CUX
MOp He BbISICHEHO. [IpobieMe rpaBUTAlIMOHHON KOHBEKIIMW MOCBSIIIEHO MHOTO ITyOIuKa-
umit. Hekotopslit 0630p comepxurtcst B padorax [15, 16].

YpaBHeHUs B HAcToOsIIIIEi paboTe MOJIyYeHBI IPYTUM METOIOM, KOTOPBI NMepBOHAYAILHO
ObLT pa3padoTtaH B paborax E.M. Xanarauukona u JI.J1. Jlanmay mist TepMOIMHAMUKA CBEPX-
texyuero reaust 2He [17]. 1o aToMy MeTony HEM3BECTHBIC OTOKM B 3aKOHAX COXpaHEHUS
CHayajla OMNpenessiioTcsl Wisd oOpaTUMBbIX MPOLIECCOB COIIACOBAHHO C TEPMOAMHAMUKON
BBUJY TOTO, YTO 3aKOH COXpPaHEHUsI SHEPTUM NIeJIaeT BCIO CUCTEMY YpaBHEHU Mmepeonpene-
JICHHOM; TIpM 3TOM YYUTHIBA€TCS MHBAPUAHTHOCTh 3aKOHOB COXpaHEHWS OTHOCUTEIHHO
npeobpaszoBanmii [anmitest. 3aTeM HaXomATCST HeOOpaTUMbIe TOGABKH K ITOTOKAM B TUCCUTIA-
TUBHBIX TMpoIieccax MyTeM COIIacOBaHUsI 3aKOHOB COXpaHEHUs ¢ MpuHIUNnamMu ae [poor—
Ma3zypa HeoOpaTUMOI TEPMOAMHAMUKM.

PazButue TepMonmHaMuyecKoro Metona XajdatHukoBa—Jlanmay mist iByxga3Hoii rpaHy-
JIMPOBAaHHOM XMAKOCTH IIPEIJIOXKEHO B HemaBHell padote [ 18], roe B orimuune ot [17] K 3aKo-
HaM coXpaHeHMUsT To6aBJieH 3akoH PuKa 15T TTOTOKAa KOHIIEHTPAIIUH YaCTUIl, KOTOPBII yIu-
TBIBA€T HE TOJbKO AU(GY3UI0 KOHILIEHTPALIMU YacTUIl, HO U T'PAaBUTALIMOHHYIO MOOWJIb-
HOCTb, baponuddysuio u TemiiepatypHyto auddysuto. [Tpu aTom 3akoH PuKa coriacoBaH ¢
HEOTpUIIATETbHBIM MMPOMU3BOACTBOM 3HTpomnuu. O61acTh MpUMEHUMOCTU TUDDY3NOHHOTO
noaxona [ 18] orpaHuyeHa ciydaemM ouyeHb MeaKux yactull. Llenb HacToseit paboTsl — OT-
KazaTbCsl OT 3TOro orpaHuyeHusi. C aToii 11e1bI0 K MexK(a3HbIM cuiiaM OyneT 1obaBieHa Cu-
JIa IJIaBY4YeCTH, a 3aJladya CeAMMEeHTALIMM OyIeT uccliefoBaHa py nogaBiaeHuu 3ddexra rpa-
BUTALIMOHHOI MOOWJILHOCTH B 3aKOoHe PDuKa.

Jlna TeopeTUYecKoil BaIMIAIIMKA MOJIEJIM MBI YCTaHABJIMBAaeM, YTO B OMTHOMEPHOM ciIyJae,
KOTIIa YYUTBIBAIOTCS TOJBKO BepTUKAJIbHBIC TeueHus, Teopust Kunaua [19, 20] minsa cemnmeH-
TallMOHHBIX BOJIH KOHILIEHTPAIlUM BBITEKAET U3 pa3pabOTaHHBIX YpaBHEHMII KaK YacCTHBINI
ciayvait. JIByMepHbIe TeUeHUs B BEPTUKAIBHOM COCY/E UCCIEAYIOTCS YUCIEHHO C TTIOMOIIIBIO
FreeFem++. IToka3Ho, 4TO MaccoBast KOHLIEHTPALIMS YaCTHUII ¢ HEe BBIXOIUT 3a TIPEIeITbl MH-
tepBasia 0 < ¢ < 1, HECMOTpS Ha TO, YTO €€ TMHAMHUKA OTMCHIBAETCS HEe YpaBHEHHEM TIepe-
HOca, KaK 3TO TIpedIiojaraeTcs B OOJBIIMHCTBE paboT, a 6ojiee CIOXHBIM ypaBHEHUEM C
MaTpU4YHBIM Ko3(pdunmreHrom auddy3un. XoTs: TBEpAble U KUIKUE YaCTULIbI BOBJICUCHBI B
BUXPEBbIE TEUEHUS, TEM HE MeHee, OCAIOUHbIN CJIOM pacTeT TaKUM 00pa3oM, U4TO €ro Bepx-
HSISI TpaHUIA OCTAeTCs BCErma MOYTH TOPU3OHTAIBHON. DTO, B YACTHOCTHM, O3HAYaeT, 4TO
addekT rnonepeyHoit MUrpalMy 4acTUL, BOCIIPOU3BOAUTCS TPEITOXEHHOM MOJIEJIBIO.

2. Moaens nByx¢a3Hoii rpaHyTMPOBAHHON KUIKOCTH B Tudy3noHHOM NpuoMKeHnn. Pac-
CMaTpUBAETCSI CMECH ABYX B3aUMOIIPOHUKAKOIIMX cpex [21], T.e. B Mpon3BoibHOM 00beMe V'
colepkaTcs U XXKUAKOCTb (MHAEKC ) U TpaHylaupoBaHHas (a3a (MHaekc s). OobeM, macca u
NaBJIEHUE XUAKOW M TpaHyJIMpOBaHHOW (a3 o0o3HaAUMM Veme,pp 1 Vi, mg, p; COOTBET-
ctBeHHoO. [Ipenmnoinaraercsi, 4To rpaHyJIMpoBaHHas (a3a rnpeacrapiseT coboit cMech CyXux
YACTHIL U HECYIIeH KUIKOCTH, HANPUMEp Tenb ¢ npomnmnanToM. [lpu stom Vy =V, +V, u
mg = my + m,. JacTULBl “BMOPOXCHBI” B HECYILYIO XXHIKOCTb, T.¢. TPaHyIMPOBaHHas (da-
3a XapaKTepU3yeTcsl BCETO OLHOI CKOPOCTBIO V,, ONHOM BSI3KOCTbIO Y OLHUM TEH30POM Ha-
MPSKEHUIA.

HCpCI‘/JIZ[CM K IICPEMCHHBIM, OINMPCACIICHHBIM 1JId CAMHUYHOTIO obbema

Vi My m,
, =—, = =—, =—, =—, CcC = — 2]
Ps p_/ pp v O v Pm v m ( )
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3mech ¢ = p,/p — MaccoBas KOHLEHTPALIMS YaCTULL B CMECH, a ¢ — 00beMHas 1107151 Bhasbl &,
e k = f, p, M. VI3 BBeIeHHBIX ONpeAeTIeHUI CleayeT, YTO MaplraibHble TUIOTHOCTU Py
CBsI3aHbI ¢ (GU3NYECKUMU TUIOTHOCTSIMU P, TI0 ciieayomuM dhopmyiam

Pr = OrPr> EkE%aq)f—i_q)x:],¢x:¢p+¢M’p:pf+pp+pM
A

B o6iem cnyyae nasnenust B hazax p; v p, pasiaudHbl. Jlanee B pabote Npernosaraercs,
YTO CUJIbI TOBEPXHOCTHOTO HATSIXKEHUSI HA FpaHULaX MexXay da3zaMu MpeHeOpeKMMO Majlbl
Y MOXHO HMCIIOJIb30BaTh NPUOIVKEHUE pg = p, = p, AHATOTMYHO TOMY, KaK 9TO ObLIO clie-
JaHo B [21].

BBeneM 0003HAYEHUS: ¥ ; — CKOPOCTh XKUIKOM (basbl; | — BEKTOP MOTOKA KOHIICHTPAIINY;
T; — BsI3Kas 4acTb TEH30pa HaINpsKeHUs (asbl i; § — BEKTOP IpaBUTALUM; kK — KO3 duun-
eHT Mexk(a3HOoTro TpeHUSI.

Ecnu mpeHeOpeuys BpallleHHMEeM YacTUIl U TeIUIOBBIMU 3¢ deKTaMu, TO U3 padoThl [21]
MOXHO TIOJIYYUTh CJIEAYIONIYI0O MaTeMaTUUECKyI0 MOJIENb JJISI IIECTH HEU3BECTHBIX (hyHK-

LW Py, PrsPsCy Vg, Vit

Apsv) + div(p,v, ® vy) = ~ PP 9w’ — ku + div T, +p,8 2.2)
ot 2p
30,
®rvs) divip,v, ®v,) = Pry, + PPLgw §u+ div T, +psg (23)
ot p 2p
d
(gc) +div(cj+1) =0, p= p(p) 24
Py +div(pY,) =0, py +divip,v,) =0, 2:3)

rae p = p(p) — 3aIaHHOE ypaBHEHUE COCTOSTHUS U

J=PsVs+PsVy, P=Ps P00 =V, —Vp, u = u-u = Uy,
3aech MCNONIb30BaHbI cenyloue 0003HayeHus1. TeH30pHoe npousBeaeHue a ® b BeKTo-
poB a 1 b npexncraeiser co60i MaTpuily ¢ KOMIOHeHTaMu (a ® b); = a;b;. st 3anaHHOI
maTpulbl A(x) 0003HaYMM yepe3 A(X)* CONPSIKEHHYI0 MaTPULLY (A(x)*) (A(x)) Kowm-
MOHEHTHI BekTopa div 4 onpenensorces Gopmyioit (div A); = BA, / ax

®aza f cuuTaeTcst BI3KOW HHIOTOHOBCKOU XUIKOCTHIO. Da3za s comepkKUT YaCcTUIIBI, ¢ —
MX MaccoBasl KOHLIEHTpALMsI IO OTHOIIEHUIO KO BCEMY JIBYXCKOPOCTHOMY KOHTHUHYYMY.
B peosiornueckmux COOTHOIIEHUSIX

T, =MD, 2D, =Vvi+(Vv)* i=/f,s, (2.6)

D; — TeH30p cKopocTei nedopmMaliuii, ; — BA3KOCTb. IlapameTpsl k, 1, — OOBIYHO 3aBUCAT

OT KOHLCHTPALMH C, a T, SBJISICTCS KOHCTaHTOM. HarnomMHuM omnpeneneHue anboepeHim-
aJbHOTrO orepaTtopa V':

du

(Vu),, ==—%, (v-Vu), =v,—*

S ox

A

CkansipHoe npousseneHue Matpull A u B o6o3Havaercsi uepe3 A : B = A;By;.

Mounenb COOCPKUT €1IC OAHO PEOJIOTUYECCKOE COOTHOIICHUE, 9TO 3aKOH duxka 1 MoTo-
Ka KOHLIECHTpaLnun:
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1= —(v,Ve +1,Vp + v3Vu’) + peBg, Q2.7)

rae y; — koabduuueHTsl auddysuu, a B — moobunbHocTs [17].

Jlis1 pelieHus1 3agadyv O CEAUMEHTALIMU MpeodpasyeM cucteMy ypaBHeHuiut (2.2)—(2.7).
C nmoMo1bio ypaBHEHU Hepa3pbIBHOCTHU (2.5) 3aKOHBI coXpaHeHUsT uMItyJibca (2.2) u (2.3)
MOXHO 3aIucarh B BUJE

o, (%+ v, -Vvs) = Py, PPIg s divT 4, (2.8)
ot p 2p
d
Py (% . vvfj - _%fvp + %Vlﬁ +ku+divT, +p,g (2.9)

Kak u B pa6ote [ 18] BBenem cienyroiiyme mpeamnoaoXKeHUs:
1. ®u3nyeckyre IIOTHOCTH KaxXaA0i (a3bl MOCTOSIHHEI p;, = const, rae k = f, p, M,
2. O6beMHas A0S TeNs (0, Maja.
Torma u3 onpenenenmii (2.1) moaydmm, 9TO:

¢ R=b (2.10)
Ry +c(1—Ry) P

CﬂeﬂyeT OTMETUTH, YTO B OTJIMYUEC OT (pl/l3l/1‘ieCKl/lX HHOTHOCTCﬁ, napuvajabHbIC IINIOTHOCTHU
(ba3 pi n Cp€aHAaAd IMJIOTHOCTb CYCIICH3MU p HE ABJIAIOTCA ITOCTOAHHBIMU. Zlanee O6’I)eMHBIe
JOJU Qg M @/, & TAKXKE M PYHKLMUHM Py, P 7, P PACCMATPUBAIOTCA KaK U3BECTHBIE (DYHKLIMM OT
MaCCOBOM KOHILICHTPpAIIUH C:

Ps =cp, Py = (I=0op, o) =

i o 14 (R 10,01 = 0. X =1-g)=r(e) p=— P @)
BmdisR-D@1=50. =100 =0, p=p—trs

DOyHKIMH 7;(c) U rp(c) — Oe3pasMepHbIE MapUUATbHbIE TUIOTHOCTH.
Pasnenus nepsoe ypaBHenue (2.5) Ha Py, BTOpoe ypaBHeHUE (2.5) Ha P, U CIOXUB UX,
MIPUXOIUM K YPAaBHEHUIO HEPa3phIBHOCTH IJIsI CPEAHEOOBEMHOI CKOPOCTH
divv =0, (2.12)
e

R(1-¢)
Ry +c(1-Ry)
Hcnionb3ys 3akoHBI coxpaHeHusT Macchl (2.5) u rumnoresy (2.10), MmoxHo niepenucath (2.4) B
BUJIE

V= (ps(c)vs + (Pf(C‘)Vf, (pf =

dc
ot

Terepb MOJIENb CBOIMTCS K OTBICKAHUIO YETHIPEX HEM3BECTHBIX DYHKIMHA p, ¢, V V7, YIO-

+ div(ev) + pfl(c) divl=10 (2.13)

BJICTBOPSIIOLLMX YCTHIPEM ypaBHEHUsM (2.8), (2.9), (2.12), (2.13). [TapameTpsl N, Ny, &, ¥,
CUUTAIOTCSI U3BECTHBIMU (DYHKIMSIMU OT ¢. 3aMETHM, YTO B YCJIOBUSIX TTOCTOSTHCTBA (hu3nye-
CKUX TUIOTHOCTEH JaBJIeHHE YXKe He SIBISIETCS TePMOIUMHAMUYECKUM MapaMeTpoOM M He yIo-
BJICTBOPSIET YPABHEHUIO COCTOSIHMSI, @ HaXOAUTCSI M3 PEIlIeHUs] YPaBHEHUM TakKe KakK U B
ciyqyae moaenu HaBbe—CTOKca BsI3Koi HecxkuMaeMoii xkuakoctu. CootHoieHus (2.10) 3a-
MEHSIIOT 3aKOHbI COXpaHeHUsI Macc (das.

BsizkocTh cycrieH3uu ISl TUIOTHBIX CYCIIeH3uit ompenensieTcs mo dopmyne Krieger—
Douhgerty [22]:
)—5/2

ns/nso = (1 - (Ps/(PT 5 (214)



244 HIEJIYXWUH, HEBEPOB

[A€ N,y — BA3KOCTb HECYIei XUaKoil (pa3bl rpaHYIMPOBAHHON XUIKOCTHU MIPU OTCYTCTBUU
YaCTHIL, (f — KOHIEHTPAIMS TUTOTHOM yrmakoBku. KoadbduimenTsr nmuddysuu y ; obpaiia-
IOTCSI B HOJIb, KOT/Ia Mcue3aeT Kakasi-nmbo daza. s koadduimeHTa mexkda3zHOro TpeHUs
M3BeCTHA Koppestuus [23]

=3¢, ®Ps Ju (2.15)

4 d,

rie d, — nuametp yactul, Cp — K0o9(OOULMEHT TPEHUS YACTULIBI O XUIKOCTb,

24 0.678
——(1+0.15Re npu Re, <1000, do

Cp = Re,,( ") ? Re, = 22Ps Ju (2.16)
0.44 mpu Re, > 1000, Ny

OTMCTI/IM, YyTO B 3adayax CeAMMeHTaluuu 4uciao PeliHosbaca s 4acTMll OYeHb Majo
Rep < 1, YTO IMO3BOJIACT UCITOJIL30BATh ]'[pI/I6J'[I/DKCHHLIC COOTHOIICHMUA

18
CD — 24 , k = | /; OR
Re, dp
3. Mogaens aByx¢a3Hoii rpaHyJIMPOBAHHOI XKHIKOCTH ¢ peHeOpekuMo Majibivu auddysueii
u muccunamueii. Eciu nipeHebpeus nuddysueit n BI3kocThio, TO nuddy3noHHasT MOIeb C

YCJIOBUEM HECKMMAEMOCTHU CMECH ISt GYHKUMHA ¢, V 7, Vs, p IPUMET BUL

(2.17)

ov s
Pf(a—tf‘lrvf-vaj=—%Vp+—p2szu2+fd—f,,+pfg 3.1
o (aiws -Vvsj = Py, i PRIy g it e (3.2)
ot p 2p
? +div(cj) =0, j=ppvs+pyVs (3.3)
divy =0, v=q@ic)vg+0s(c)vy, (3.4)

raoe
¢, + (pf = 17 pPs = Es(ps(c)’ Pf = 5/’@f(c)
Ry(1-¢) (3.5)
Ry +c(1-Ry)’

a TUIOTHOCTH MaTEPUANIOB P, U P, CUMTAIOTCS MOCTOSTHHBIMM. 31ech f;, = k(v — v ) — cuna

pP=pstPs O =

MexdasHoro TpeHusd U f, — cuia mnaBydectn. OTMETHM, YTO B JINTEPAType HET ONHO3HAY-
Horo Buna a4 f,. Hanpumep, B [24] aTa cuia nponopuroHaabHa pagueHTy 00beMHOM 10-
JI1 XXuakoi ¢asbl, a B [15] oHa mponopiroHalibHa TUBEPreHIIMY TeH30pa BI3KUX HaTpsixkKe-
HUM XUOKo# ¢da3pl. OTMETHM, YTO B YKa3aHHBIX paboTaxX 3aKOHBI COXpaHECHUsI UMITYJIbCOB
a3 rakke paznuuarorcs. [TockosbKy B TaHHOI paboTe ypaBHEHMST UMITYJIbCOB TOXE APY-
r've, TO €CTECTBEHHO TIPEATIONIOXNUTh, YTO U BUI MeXda3HOW CUJIbI TUTaBYyYeCTH OyIdeT ApYy-
rum. lanee npuBoauTtcs ¢dopmyna ais f, ¥ u3nararoTcst apryMeHTHI B [T0JIb3Y 3TOTO BblOOpa.

B TECPpMHUHaX CKOPOCTU IMPOCKAJIb3bIBAHUA U = VS - Vf MOXHO 3amnucarthb CJICACTBUA ypaB-
Henuii (3.1)—(3.4):

BP) 1 div(epy; + epyu) = 0 (3.6)

d(cp)
ot
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V lul?
a—“+(vS-V)u+(u-V)vf=—ﬂ+f,,£i+L]—fd{i+L] (3.7)
ot 2 Py Py Ps Py

Bbynem uckarts f, B TakoM Brze, 4TOOBI BBITOIHsIIACH (HOpMYJIa

f, [L +L) —eg =D _Pr (3.8)
Ps pf s
rIe € — rmapaMmeTp IiaBydectu. [Toatomy
£, =ePPrg (3.9)
p
B ciygae cranmoHapHbBIX TeUeHMI IMHeapu3auus ypaBHeHus (3.7) npuBoauT K (popmyiie
u=egPPs (3.10)
kp

Bocnonb3yemcst nipeacrasieHuem (2.17) mis koadduLMeHTa TpeHUs kK U TepeiiaeM K
npeneny npu ¢, — 0, Toraa ¢ noMmouisio (3.10) momyunm dopmyny Crokca At CKOPOCTH
oCelaHUsT OMUHOYHOM YaCTULIbI:

— — 2
|Ll| — g(ps - pf)dp (311)

18n,

4. OnHoMepHas cenuMeHTanus ¢ Majbivu Aucdy3ueii u Ba3KocTbi0. PaccMoTpum ogHOMEp-
HBIe BEpTUKAIBHBIC TEUSHUS BIOJIb OCH 7, HATIPaBIIeHHOU BBepX. B 3TOM Ccityuae

Ve = (O’O’VS)TS vf = (O:O’ Vf)Ts g = _gezs (41)

e e, — EAMHUYHBIA BEKTOp ocH Z. [l TaKuX TeYeHUIA YCIOBHE COJIeHOUMANbHOCTH (3.4)
IJIS1 CPENHEOOBEMHOM CKOPOCTU IKBUBAJIEHTHO YPAaBHEHMIO:

9o’ + ) =0 4.2)
0z
IMpu rpaHUYHBIX YCIIOBUSIX HA THE

z=0v/ =v"=0 (4.3)

B obsiactu 7 > 0 ypaBHeHuUe (4.2) CBOOAUTCS K CIEAYIONIEMY:

(pfvf +ov°' =0, v = Qs(Cu, v/ = —Q,(c)u 4.4)

[Moaromy cuctemy (3.1)—(3.3), (4.4) MOXHO 3anucaTb B BUJIC

f 2
Qu, sQu, ov _ 1ou , kb . (4.5)
ot Jz dz 2 07 PP/

f
a(cp) + d(epv’ + cpsu) _ 0 (4.6)
ot 0z
Ut 1BYX (DYHKLUMIA 1 U c. JlaBjieHe BOCCTAHABINUBAETCH U3 YPABHEHUS
K f 2 €
8L+Vsa_u+uaL:_l@_p_faL+ _Q_% (47)

ot 0z 0z pdz 2p dz d Ps p
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Onupasich Ha popmyiibl (2.10), (2.11), BBeaeM NprBEASHHYIO MAaCCOBYIO KOHLIEHTPALIUIO F:

, OSrSR():lL
e

BoimmmonHstoTest CJIeOyrommne nNpeacTaBjICHMUA:

c=—"L—, o) =r(1-¢
1+er

Torna GyHKIMY 1 ¥ r YIOBAETBOPSIIOT CUCTEME YpaBHEHU I

du 0wy _ kp

u— ge 4.8)
ot 0z Iy & (
I, 0 ur’(1+er—r) ~ o (4.9)
ot 0z 1+er

5. Teopus cequmentammu Kunva. Teopust KuHua ocHoBaHa Ha SMITMPUYECKOM COOTHOIIIE-
Huu [25]

_2(s —Py)ed,/2)
9n§c

JJId CKOPOCTH ITPOCKAJIb3bIBaHUAA, TIC T]f — BSI3KOCTb XXKUIKOW (1)2131)1, ﬁs — IINIOTHOCTb (1)3.31)1

u=-VgH(c)e, Vs (5.1)

YacTull, d, — IMAMETP YacTullbl, Vg, — cKOpocTh ocenanus Ctokca. [ljist 9KCepUuMEHTOB B

HBIOTOHOBCKOM XKMWIKOCTH TOAXOAMT SMIMpHUYecKas (GyHKUMSA TopMoxeHuss H B (opme
Puyapncona—3aku [26]:

Hie)=-1-0";, m=46 (5.2)

B stom ciyuae u = —(1 — ¢)" Vg, 1 ypaBHeHue (4.9) 1UIsl IPUBENEHHOM KOHIIEHTPALIMK TTPH-
HUMaeT BUJL

m+1
Q_’_af("):o’ f:_ér2(1+€r_r) , §=8V5t, 0<r< 1 (53)
Jof 0z 1+er l-¢
JI71s1 moCTpOeHUS pellieHus 3adaluM HadalbHbIe 1 TPAHWYHBIE YCIIOBUSI
r|t:0 =y, r|z:0 =1 5.4)

Pewrenue 3amaum (5.3), (5.4) onpenensiercs cieayoliuMu cBoiictBaMu hyHKIMU f(r) Ha
puc. 1. CyniecTByeT eAMHCTBEHHOE 3HaYeHUE 7 IEPEeMEeHHOM 7, Takoe yTo f'(r;) = 0. [1pu
0 < 1y < A cyllLecTBYET EIMHCTBEHHOE 3HAYEHUE #, IEPEMEHHOI F, TAKOE YTO

J(n) — fn)

n—="rn

= f'(n) (5.5)

IMTosToMy cyllecTBYeT ETMHCTBEHHOE SHTpONUITHOE pelieHue [27], 3apaBaeMoe hopMyJIoit

Mz, 1) = {ro’ mpr 2> h(Y) (5.6)

r€, &=z/t, mpn z <h@)
Pelienre umeert cienyiouuii cMpicia. CHU3Y BBEpX UIET yaapHasi BOJIHA 7 = /i (¢) C IOCTOSIH-
HOI CKOPOCTBIO /' (t), 3HaUeHNe KOTOPOil 3a1aHo ypaBHeHueM (5.5) BBuny yciosust Itoro-
HYO Ha pa3peiBe /' (¢) (r, — ry) = f (1) — f (). 3HAYCHNS] KOHLIEHTPALMY r TIepell PPOHTOM
U 32 HUM PaBHBI 7, U 7, COOTBETCTBEHHO. 3a (PpOHTOM pellieHre UMeeT BUJL LIeHTPUPOBAHHOM
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0.5 1.0 1.5 2.0

—0.005

—0.010 -

—0.015

Puc. 1. 3aBucumocts f (r) Ha nurepsane 0 < r < (1 — f—:)_1 npu€=1,£€=0.5,m=4.6.

BOJMHBL paspexeHust r(§), & =z/t. OHO ompeneseTcss MyTeM pELICHUs YPaBHCHMS

&= f'(r(8)). @yukums r (&) pacteT MOHOTOHHO OT 1, 110 (1 — €)', Korma & yMeHbIaeTcs
oT h' (t) 1o 0. 3amMeTuM, 4TO pelleHre ¢ yAAPHO BOJIHOM CyLIECTBYET U ISl TEX Ky = K, AT

KOTOpbIX (popmyia (5.5) ocTaercs B cUIE.

6. HucaenHoe pemenne. PaccMoTpuM ogHOMepHYIo cuctemy (4.8), (4.9) 1151 HEeM3BECTHBIX
(u,r), KOTOpast OMKCHIBACT CEAUMEHTALMIO O3 TUIIOTE3 O CKOPOCTU MPOCKamb3biBaHusl. [To-
CKOJIbKY Mcmoib3yeTcs pemaresb FreeFem++, To BBoasTcst Majble KO3DDUIIMEHTHI TUd-
dy3uu D,, D, v YUCIIEHHO HCCIeyeTCsl PeTyIsIpU30BaHHas CUCcTeEMa

du , 0 (2 kp(r) _ 5 u
—+=|u(l+er—r))+——"——u+ge=D— (6.1)
ot az( ) Ps(Fp £(r) 0z’

o _oful+er—r))_ . 9%

o 0 VT ") =p 2L 6.2

8t+88z[ 1+er J 2az2 €2

VYpaBHeHus (6.1)—(6.2) paccmarpuBatotrcs Ha nHTepBaie Q = 0 < z < 8 co cleaylomuMu
HavYaJIbHBIMU U TPAaHUYHBIMU YCIOBUSIMH:

r|t:0 = ) = const, u|t:0 =0, (6.3)
r=0, wu=0, wHaBepxHei rpaHule z =8 (6.4)
r=(1- 8):1 , u=0, HaHWXHeHl rpaHuLe z =0 (6.5)

Ha puc. 2,a mokaszaHo pacripenejieHue 1Mo BbICOTe MacCOBOI KOHIIEHTPAILIMU YacCTUIL ¢ =
= r/(1 + &r) 1y cienyolUIMX 3HAYEHU MapaMeTpOB:

e=05 r =02 D =0.001, D,=0.001 (6.6)

Co BpeMeHeM HapacTaeT CJIOM ocaaka ¢ = 1, Ipu4yeM KOHIIEHTpalus IIpU Iepexoae OT
ocajika K CMECU MEHSIETCS CKa4YKOM, YTO COOTBETCTBYET pa3pblBHOMY pelieHr0. OnHako, B
oTnune ot ypaBHeHMs1 KuHua (4.9) ¢ aMIIupHyecKoil KoppeJsiliuei 1jsi CKOPOCTH Mpo-
CKaJIb3bIBaHMsI, B BEPXHEM YaCTH COCya KOHIICHTpallisl YObIBAeT TUIABHO.
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4 4
3k b

2k h 2+

b A b l\\\

0 02 04 06 08 10 0 02 04 06 08 10

Puc. 2. a. Pacnpeﬂene]—me MacCcoBOM KOHLCHTpaluKu B pa3JINYHbI€ MOMEHTbI BPDEMEHU IJIA O[[HOMCDHOI‘/JI MoaeiIun
BEPTUKAIIBHBIX TeueHuii 6e3 YCIIOBUA Ha CKOPOCTb NMPOCKaJIb3bIBAHUSA. 0. PacnpeﬂeneHHe CpBZ[HeP'I 10 TOPU30H-
TaJIbHOMY CEYCHUWIO KOHLCHTPAIIUU B Pa3JIMYHBIC MOMEHTBI BDEMEHU TS ZD—CCZ[I/IMCHTaLII/II/I.

Taxxe ¢ momoiuibsio FreeFem++ Haxomuioch 4YMCIeHHOE pellleHUe ABYMEPHOI 3amadyu
CeIUMEHTAIIMU B PSIMOYToyibHOM obyiactu Q = [0, 1] X [0, 8] nepeMeHHbIX X U Z, T1e X — Io-
pu3OHTaIbHas nepeMeHHasl. [11s1 cpaBHeHuUs ¢ nud¢y3noHHOM Moaenbio cuctema (3.1)—
(3.4) paccmarpuBaiach B clieaymooliiei MoaubUuKalu:

0, (%ws -Vvsj = Py, PG L divT —f, 11, 4 pg 6.7)
ot p 2p
ot p 2p
¥+div(0j+l)=0, J=psvs +psvs 6.9)

divv =0, v=0,(c)v;+0,(c)vy, (6.10)
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Puc. 3. PacnipenesieHrie KOHLEHTPALMK B Pa3IMUHble MOMEHTBI BpeMeHU. [IByMepHblii pacuer.

rIe TeH30Pbl BA3KMX HampskeHUil 7, nuddy3noHHbIl MoToK 1 onpenensdtorcs Gopmy-
aamu (2.6) u (2.7) COOTBETCTBEHHO. BA3KOCTD KUIKO# (hasbl 1, CUNTAETCS MOCTOAHHOM, a

BSI3KOCTb I'PaHYJIMPOBAHHOM a3kl 1), 3aBUCUT OT KOHILIEHTpALIMK YacTull 1o dopmyre (2.14).
IlimotHOCTH M 0OBEMHBIE MOMM (ha3 3aBUCIT OT KOHIIEHTpauu 1o dopmyrnam (3.5). I'panmy-
HBIE YCIOBUS Ha 02 €CTh YCJIIOBMS MIPUJINIIAHUS IJISI CKOPOCTEN (pa3 v YCIIOBUE OTCYTCTBUSI
nuddysnonHoro noroka: 1-n = 0, rae n — BeKTOp BHellIHei HopMaiu. B HayanbHbBIN MO-
MEHT CKOPOCTHU (ha3 cCUMTAIOTCS HYJIEBBIMU, & KOHIIEHTPAIIMsI BRIOUPAETCsl TOCTOSTHHOIM.

Wnmroctpaniuy BEIMMCIIEHUM, TIPUBEACHHBIE Ha pucC. 2,0—puc. 4, OTHOCSITCS K CIIy4ario,
KOT/Ia rpaBUTAllMOHHAs! MOOUILHOCTh Ha TIOPSIIOK MEHbIIIe, YeM TTapaMeTp TUIaBydYecTH. 3a-
BUCUMOCTb OT BEPTUKAIbHON NMEPEMEHHOMN YCPEeNHEHHBIX MO0 TOPU3OHTATIbHON KOOpAMHATE
3HAYEHU KOHIIEHTpaIlIM1 N300paXkeHbl Ha puc. 2,0 111 pa3HbIX MOMEHTOB BpeMeHu. Eciu
HE YCPEIHSITh IO MEPEeMEHHOM X , a HAOII01aTh MOJIHYIO KapTUHY KOHIIEHTPAILIMU, TO MOXHO
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Puc. 4. Pacnipenenenue cpenHeii ckopoctu cMecu. LIBeTom o603HaYeHa BepTHKaIbHasi KOMIIOHEHTa CpeaHe00beM-
HOM CKOPOCTHU V.

YBUIETDH HA PUC. 3, YTO IMHUU YPOBHS KOHIIEHTPALIMH JIOKATBHO UCKPUBJISIIOTCS B CEPEIMNHE
2D cocyna. Do cBsizaHO ¢ 06pa3zoBaHUEM BUXpEil, puc. 4.

3akmovyenue. [lpennoxeHa mareMarudeckass Mofesb AByX(ha3HOU TrpaHyJIMpPOBaHHOM
JKUIIKOCTH, B KOTOPOIl YYMTBHIBAIOTCSl JiBA MEXaHU3Ma TPaBUTALIMOHHON CeIMMEHTAIWU.
INepBrIit MexaHU3M CBSI3aH C CUJIaMU TIJIaBYy4eCTH, a BTOPOil 00s13aH TpaBUTALIMOHHOI MO-
OUIbHOCTU B MMM GY3MOHHOM 3akoHe (PuKa 11T TMoTOKa KOHIIeHTpauuu. s TedeHUi B
BepTUKaIbHOM 2D cocynme BBIUMCICHUS! TTOKA3bIBAIOT, YTO JIMHUW YPOBHSI KOHIICHTPAIIUHA
00pa3yIoT JIOKAJIBHYIO SIMKY IOcpeanHe. SIMKa OTCYTCTBYeT, €ClI JOMUHUPYeT TrdhGy3noH-
HBI 3¢ dexT. s Baaumaliuy MOIeJIM MOKa3aHo, YTO TeOPHs rpaBUTAIIMOHHBIX BOJTH K1H-
Yya U1 OMHOMEPHbBIX BEPTUKAIbHBIX TOTOKOB BBITEKAET U3 Hee KaK YacTHBII cilydyaii, eciu
BOCIMOJIb30BAThCS U3BECTHBIMU BMITUPUYECKUMU KOPPESIIUSMU IS CKOPOCTU TMPOCKAJb-
3piBaHUs. Ellle omHO ciiencTBre TeOpuu — BBIBOA HOBOIT OMHOMEPHOI MOJE/N rpaBUTAIU-
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OHHOI ceAMMEHTALUU IS BCPTUKAJIbHBIX TC‘lCHl/lf/i, KOTOopasda HEC onupacTcd Ha SMITUPUYC-
CKHE KOppeadlnu 1Jisi CKOpOCTH ITPOCKaATb3bIBaAHUSI. B 3T0i1 HOBOI1 MOaEIU CKOPOCTb ITPpO-
CKaJIb3bIBAaHUA OINpPCACIACTCA OOJHOBPEMCHHO C KOHHCHTpaHHCﬁ yactul. BeruucieHus
IIOKa3bIBAlOT, YTO ITOJIHad OOJHOMCpHasdA MOACJIb M OJHOMCPHOC ypaBHCHUC Kunua xaue-
CTBEHHO OJAal0T OAHY U Ty K€ KapTUHY OCCAaHUA YaCTUILIL.

Pa6ora monnep:kana rpantoM Poccuiickoro HayaHoro ¢oHzaa, mpoekT Ne 20-19-00058.

CITUCOK JIMTEPATYPHI

—_

. Schwarze R., Gladkyy A., Uhlig F, Luding S. Rheology of weakly wetted granular materials: a com-

parison of experimental and numerical data // Granular Matter. 2013. V. 15. P. 455—465.

2. Herminghaus S. Dynamics of wet granular matter // Adv. Phys. 2005. V. 54. P. 221-261.

3. Hsiau S.S., Liao C.C., Tai C.H., Wan C.Y. The dynamics of wet granular matter under a vertical vi-
bration bed // Granul. Matter. 2013. V. 15. P. 437—446.

4. Jop P, Forterre Y., Pouliquen O. A constitutive law for dense granular flows // Nature. 2006. V. 441.
P. 727-730.

5. Gabrieli F.,, Lambert P., Cola S., Calvetti F. Micromechanical modelling of erosion due to evapora-
tion in a partially wet granular slope // Int. J. Numer. Anal. Meth. Geomech. 2012. V. 36. P. 918—
943.

6. Pietsch W, Agglomeration Processes. Weinheim: Wiley, 2002.

7. Guo Y., Wu C.Y., Thornton C. The effects of air and particle density difference on segregation of
powder mixtures during die filling // Chem. Eng. Sci. 2011. V. 66. P. 661—673.

8. Beeley P.R. Foundry Technology. Oxford: Elsevier, 2001.

9. Schwarze R., Rudert A., Tilch W., Bast J. Rheological behavior of sand-binder mixtures measured
by a coaxial cylinder rheometer // I. Foundry Res. 2008. V. 60. Ne 3. P. 2—6.

10. Anderson T., Jackson R. Fluid mechanical description of fluidized beds. Equations of motion // Ind.
Eng. Chem. Fundamen. 1967. V. 6. P. 527—539.

11. Buyevich Y., Shchelchkova I. Flow of dense suspensions // Prog. Aerosp. Sci. 1978. V. 18. P. 121—
150.

12. Zhang D., Prosperetti A. Momentum and energy equations for disperse two-phase flows and their
closure for dilute suspensions // Int. J. Multiphase Flow. 1997. V. 23. P. 425—453.

13. Miller R., Singh J., Morris J. Suspensions flow modeling for general geometries // Chem. Eng. Sci.
2009. V. 64. P. 4597—4610.

14. Crowe C., Schwarzkopf J., Sommerfield M., Tsuji Y. Multiphase Flows with Droplets and Particles.
Boca Raton: CRC Press, 2011.

15. Dontsov E.V., Peirce A.P. Slurry flow, gravitational settling and a proppant transport model for hy-
draulic fracture // J. Fluid Mech. 2014. V. 760. P. 567—590.

16. Nevskii Yu.A., Osiptsov A.N. Slow gravitational convection of disperse systems in domain with in-
clined boundaries // Fluid Dyn. 2011. V. 46. Ne 2. P. 225—239.

17. Jlanoay JI./., Tugpwuy E.M. Teopetnueckas ¢usuka. T. VI. Tunponunamuka. M.: Hayka, 1986.
736 c.

18. Shelukhin V.V., Neverov V.V. Dense suspension flows: a mathematical model consistent with ther-
modynamics // J. Fluids Eng. ASME. 2022. V. 144. Iss. 021402. P. 1—13.

19. Kynch G.FE A theory of sedimentation // Trans. Faraday Soc. 1952. V. 48. P. 166—176.

20. Bustos M.C., Concha F, Biirger R., Tory E.M. Sedimentation and Thickening Phenomenological
Foundation and Mathematical Theory. Dordrecht: Springer, 1999.

21. Shelukhin V.V. Thermodynamics of two-phase granular fluids //J. Non-Newton. Fluid Mech. 2018.
V. 262. P.25-37.

22. Krieger I.M., Dougerty T. A mechanism for non-Newtonian flow in suspensions of rigid spheres //
Trans. Soc. Rheol. 1959. V. 3. P. 137—152.

23. Ishii V., Mishima K. Two-fluid model and hydrodynamic constitutive relations // Nucl. Eng.&Des.
1984. V. 82. P. 107—126.

24. Baumgarten A.S., Kamrin K. A general fluid-sediment mixture model and constitutive theory vali-

dated in many flow regimes // J. Fluid Mech. 2018. V. 861. P. 721-764.



252 HIEJIYXWUH, HEBEPOB

25. Acrivos A., Herbolzheimer E. Enhanced sedimentation in settling tanks with inclined walls // J. Flu-
id Mech. 1979. V. 92. P. 435—-457.

26. Richardson J.F.,, Zaki W.N. The sedimentation of a suspension of uniform spheres under conditions
of viscous flow // Chem. Eng. Sci. 1954. V. 3. P. 65-73.

27. lleayxun B.B. KBazucrainmoHapHas cequMeHTarus ¢ agcopouueit // IIMT®. 2005. T. 46. Ne 4.
C. 66-77.

Sedimentation Waves in a Two-Phase Granular Liquid

V. V. Shelukhin®* and V. V. Neverov*

4 Lavrentiev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia
#e-mail shelukhin@hydro.nsc.ru

The question of mathematical modeling of the flows of a suspension of solid particles with-
out assumptions about low concentrations is considered. The difference between the veloci-
ties of the particles and the binding liquid is taken into account by applying the two-continu-
um approach, in which the particles and the liquid are treated as two different viscous liq-
uids. The role of buoyancy forces and gravitational mobility on particle settling is
investigated. A qualitative comparison is made with the theory of Kinch concentration waves
for the case of one-dimensional vertical flows. The role of vortices on the transverse migra-
tion of particles during sedimentation in a two-dimensional vessel is noted.

Keywords: suspensions, sedimentation, buoyancy forces, transverse particle migration
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