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1. Beeaenne. CtaTbsl MOCBsIIIeHa OMHOM M3 3ama4y TeOpuM yrpasiaeHus [1, 2] — 3amaue
yIpaBJIeHUsI UHTETPAIbHBIMU BOPOHKAMM YIIPABJISIEMbIX CUCTEM, 3aBUCSIIIMX OT ITapaMeTpa.
PaccMmarpuBaemylo 3amaqy MOKHO paccMaTpUBaTh Kak YaCTHBIM ciIyvail 3amayu yrpaBJIeHUs
MHOXECTBOM MOCTVMKMUMOCTU TWHAMUYECKOM CHCTEMBI ¢ U3MEHSoNIecs MaTpulieit (Imo-
CPEICTBOM YITPABJICHMS alIIPOKCUMUPYIOIINM 3JUTMTICOUIOM), KOTOpast ObliIa pacCMOTpeHa
B cTaThe [3]. YpaBisieMble CUCTEMbI pacCMaTPUBAIOTCSI HA KOHEYHOM IIPOMEXKYTKE BpeMe-
HU U KOHEYHOMEPHOM €BKJIMJIOBOM MpOCTpaHCcTBe. Psin 3apay yrpasieHus (B o0111eii mocTa-
HOBKE) M, B YACTHOCTH, 3a/1a4u O COJIMKEHUM YIIPABJISIEMBIX CUCTEM C LIEJEBBIMU MHOXE-
cTBaMU (¢ GMKCUPOBAaHHBIM MOMEHTOM OKOHYAHWMST) €CTECTBEHHBIM 00pa30oM CBSI3aHHI C 3a-
MadyaMU BBIACICHUS WHTETPAJIBHBIX BOPOHOK M MHOXECTB Pa3pelllMMOCTH YITPaBISIEMBIX
CHUCTEM B ITPOCTPAHCTBE MO3ULIMI CUCTeM. DTU 3aa4¥ AyaJbHbI B TOM CMbICJIE, YTO MHOXe-
CTBO Pa3pelimMoCcTi (MHOXECTBO YIPaBJIsSIeMOCTH) UCXOMHON yIpaBIsieMOM CUCTEMBbI €CTh
WHTErpajbHasi BOpPOHKA 3TOM CUCTEMBbI, 3alIMCAHHON B TaK Ha3bIBAEMOM OOpPaTHOM Bpeme-
HU. Tak e, Kak 1 B TCOPUHM yIpaBjeHUs (B 3aa4ax yrpaBjeHUs 6e3 moMex), B Teopuu aud-
depeHIUaNbHBIX UTP [2, 4] MHOTHME 3amadyd MOTYT OBITH CHOPMYIMPOBAHEI KaK 3adadu O
COMMKeHNN KOH(MIMKTHO YIpaBIsIeMO CUCTEMBI C 1IeJIeBBIM MHOXKECTBOM. B HEKOTOPBIX
13 HUX TIPU MX PELlIeHNH BO3ZHMKAET HEOOXOIUMOCTh BBIIEICHMSI MHOXECTB pa3pelIMMOCTH
(T.e. HEOOXOAUMOCTDb AHAIMTUYECKOTO OINMCAaHUsSI MHOXecTB). OQHAKO 3TO ONKMCAaHUE BO3-
MOXHO JIMIIIb B TOCTATOYHO TPOCTHIX 3aavyax. B CBSI3M ¢ 3TUM aKTyaJIbHbI BOIIPOCHI, OTHO-
cslMecs K pa3paboTKe ajJrOpUTMOB MPUOIMKEHHOTO KOHCTPYMPOBAHUSI 3TUX MHOXKECTB.
OmnbIT pelieHus 3a1a4 MOACKa3bIBaeT, YTO OAWH U3 3(P(PEeKTUBHBIX aJITTOPUTMOB IMPUOIIVKEH -
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HOTO KOHCTPYUPOBAHMSI MHOXKECTB Pa3pellIMMOCTHU B 3aa4yax O COJIMKEHUM JOJIKEH BKIIIO-
yaTh B ce0s1 Mepexo/; OT UCXOAHOM yIpaBIsieMOil CUCTEMBI K €€ TIPEICTaBICHUIO B TEPMUHAX
00paTHOro BpeMeHU. DTO aeT BO3MOXHOCTb 3aIMcaTh alllpOKCUMUPYIOIIUE KOHCTPYKIIUU
(T.e. anMpoOKCUMAIUM MHOXKECTB Pa3pelIMMOCTH) UCKITIOUUTEIBLHO Ha SI3bIKE MHOXECTB J0-
CTUXXVMMOCTHU YTIPaBJISIEMOU CUCTEMBbI, 3alMCAaHHOI B 0OpaTHOM BpeMeHM (CM., Harp., [5—
7]). B pe3yabpraTe MHOXECTBO JTOCTIDKMMOCTH (KaK MOHSTHE) CTAHOBUTCS KITIOUEBBIM KOM-
IIOHEHTOM MpU MNPUOJIMKEHHOM KOHCTPYMPOBAHUMM MHOXKECTB pPa3pelIMMOCTM 3aj1ad o
commkeHnn. OmHaKO TIPUBJICYEHUE MHOXKECTB JOCTKMMOCTH B pa3pelamiine KOHCTPYK-
UM ellle HETOCTATOYHO [IJIsI OKOHYATEIbHOTO PEeIIeHUs 3a1a4u O COMMKEHUU, TTOCKOIbKY
OHU HE MOTYT OBbITh (TOUHO) BBIYUCJIEHBI. B CBSI3U ¢ 3TUM BO3HUKAIOT MIPUHIIUTTAATBHBIE BO-
MPOCHI, OTHOCSIIIMECS K pa3pabOTKe METOIOB U aJITOPUTMOB TTPUOJIMKEHHOTO BBIYUCIEHUS
MHOXECTB TOCTMKMUMOCTH. OHU MHOTOUYUCJIEHHBI U HEKOTOPbIE UX HUX COMPUKACAIOTCS C
TaKUMU O0JIaCTIMU MaTeMaTUKU, KaK BbIMYKJIBIM aHAJIU3, HEIIaAKWUI aHaJIM3 U BbIYMCIIM-
TeJbHasi reoMeTpust. OUeBUIHO, UTO HET YHUBEPCAIbHBIX METOIOB U aJITOPUTMOB KOHCTPY-
UPOBaHUS MPUOIMKEHHBIX PELIeHU I 3a1a4 yIpaBIeHUs: OHM JOIKHBI OTPaXKaTh crieiudu-
Ky OT/AEJIbHBIX KJIACCOB YIPAaBJISIEMbIX CUCTEM U JaKe OTIETbHBIX KOHKPETHBIX CUCTEM. YKa-
K€M HEKOTOpbIe MCCIIeNOBAHMS, KOTOPbIE MOCBSIIEHbl U3YYEHUIO YITOMSIHYTBIX BOIIPOCOB.
Tak, co3nanbl cofepxaTeabHas TEOpUS U aITOPUTMBbI PUOIMKEHHOTO BBIUMCIIEHHUS U Olie-
HOK MHOXKECTB JOCTM>KMMOCTU U MHTETpaJIbHbIX BOPOHOK [8—12], ocHOBaHHBIE Ha TEXHOJIO-
YU JUTUIICOMITATBHBIX OlIeHOK [ 13, 14]. Mcnonb3oBaHuMe 3TOI TEXHOJIOTUM 0Ka3aJ10Ch BECh-
Ma 3(DEKTUBHBIM MPU OLIEHKE MHOXECTB JOCTMXKMMOCTU M MHTErpajbHBIX BOPOHOK JIM-
HEWHBIX YIPaBJISIEMbIX CUCTEM. JTa TEXHOJIOTUS TMOJy4Yusia pacipoCTpaHeHWE Ha
HEKOTOpble OMJIMHEHbIE U HEeJIMHEMHbIE yIIpaBiisseMble cucTeMsl [ 15, 16]. ITpu paccMmoTpe-
HUM HEJIMHEHBIX MHOTOMEPHBIX YIIPABJIsSIEMbIX CUCTEM U TUddepeHLIMabHbIX BKIIOYEHUI
MEePCIEeKTUBHbI, HA Halll B3NS, TMKCEIbHbIE METOAbI MPUOIUKEHHOTO BBIYMCIEHUSI MHO-
JKECTB JTOCTMKMMOCTH, a TaKXe METOIbl, OCHOBAaHHbIE Ha amnIpOKCUMAIIUU MHOXKECTB 0-
CTMXXKMIMOCTH yIIpaBJIsIeMbIX cUCTeM nosuaapamu [ 17—19]. [IpuMeHeHe MUKCEJIbHBIX METO-
nmoB (cMm., Hamp., [20]) B oOcyxkmaeMBIX 37eCh 3aJadax OYeBHIHBLIM 0Opa3oM ymOOHO, I10-
CKOJIbKY TMPOCTbl TUKCEJIbHbIE TMPEICTaBIEHNWS MHOXECTB W pealu3allud TEeOPEeTHUKO-
MHOXECTBEHHBIX onepaluil (00beIMHEHNUs, IIepecedeHrs U T.1.). 3aMEeTUM, YTO MUKCEJIb-
Hasl IUcKpeTusanus ¢Ga3oBoro NpocTpaHCTBa yIpaBIsieMOi CUCTEMBI JOJXKHA ObITh TOTIOJ-
HEeHa TOM WJIM UHOM TMCKpeTUu3almeil BEKTOrpaMM CKOPOCTE CUCTeMbl WJIW TMCKPETU3aliy -
eil BeKTorpaMM CKOpOCTeli COOTBeTCTBYIoLIeTo auddepeHnaibHoro BioyeHus. K aroit
TeMaTUKe MUCKPETU3ALMU MHOXECTB JOCTUXMMOCTU OTHOCSITCSI BECbMa BaKHbIe PabOTHI
[21, 22].

[Iprumep B pasn. 5 MOATBEPXKIAET, YTO TEMAaTUKA HACTOSIIEN CTaTbU OJM3Ka K paboTam
[23—27], B KOTOpBIX pacCMaTPUBAIOTCS YIIPaBIsIEeMble CUCTEMBI C TApaMETPOM, a TAKXKE KO-
JiebaTenbHbIC YIIPABISIEMbIe CUCTEMBI.

2. MHOKeCTBA JOCTHKUMOCTH M HHTErPAJIbHbIE BOPOHKH YIPABJISIEMbIX CHCTEM C TiepeMeHHO#
cTpykTypoii. Ha mpomexyTke BpeMeHH [f,, V], #; < U < oo 3a7aHbI yIpaBIseMble CUCTEMBI

% = f(t,x,u); ue )24 2.1
dx _ ; Pt 22
E_g(t’x’u)’ ue ) ( . )

snech x € R™ — dasoselii Bektop cuctemsl, P/ € comp®’), P¥ € comp(R") — orpanuye-
Hust Ha ynipasiernst u; comp(RY), k € N — pocTpaHCTBO KOMITAKTOB B €BKJIMIOBOM MPO-
CTpaHCTBE R* ¢ xaycnopdoBoii MeTpukoil d(X,, X*) = max(M( Xy, X*), h(X*, X)), roe
h( Xy, X*) = geaﬁ P, X*), plx, X*) = ){%1)1{1*||x* — x*, |4l — Hopma BekTOpa h B RF.
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ITpennonaraercsi, 4to cuctemsbl (2.1) 1 (2.2) CTeCHEHBI CAEAYIONIUMU YCTOBUSIMU.

A. Bexrop-byHkumu f(f, x,u) u g(t, x, u) ONpPENeIEHbI U HETIPEPHIBHEL Ha [£), ¥] x R™ x 2
u [y, 9] x R” X P® cOOTBETCTBEHHO W IS JII0OOK OrpaHMYEHHON M 3aMKHYTOH obnacTu
D < [ty, 0] x R™ maitmyrest wncna L/ u L5 u3 (0,00), byskumn o (8) 1 of(3), & (0,0)
(@ ) L 0uwé@) | 0mnpudl0), yrosrersopsionme HepaBeHCTBAM

1/t o) = (0, x* )| < I e — ¥

2.3)
llg(t, xe,u) — g(t, x*,w)|| < L¥|xy — x*,
t, xe,u) v (t, x*, u)y u3 D X P/ wim D x P® COOTBETCTBEHHO,
1 s X ) = £, 5%, 0)]) < o (8 = %] + e — x*]) 2.4)

llg(te, X, 1) — g(t*, x*, )| < @ ([t — 1% + [ — x*)),
e, x ) M (t*,x*) U3 D, u € P/ wnnu e P¥ cooTBeTCTBEHHO.

B. Haiixyres takue y/ u y¢ u3 (0,00), uto
e xwll < v @+, g x.wll < ¥+ [,

(t,x) € [ty, 0 xR", u e P/ wnviu € P® cooTBEeTCTBEHHO.
BBeneM MHOro3HayHbIe OTOOpaXKEHUSI

t,x) = F(t,x) = co E(t,x) € comp(R™), (t,x) = G(t,x) = coG,(t,x) € comp(R™),
siech Bu(t,x) = {f(t,x,u) : ue P'}, Gu(t,x) = {g(t, x,u) : u € P%}, (t,x) € [tp, O] x R".

OrobpaxeHnus (¢, x) — F(t,x) u (t,x) — G(t,X) yIOBJIETBOPSIOT CJIEAYIOLIUM YCIIOBUSIM,
WHIYLIMPYEMBIM yCI0BUsIMU A U bB.

A*. Jlng m060ii orpaHMYEHHON M 3aMKHYTO# obmactu D C [f), ] x R” uucia L' uIf us
(0,0), ' (8) 1 ®¥(), & € (0,0) u3 ycioBuii A u b TakoBbI, 4TO
d(F(t, ), F(t,x*) < I |, — x¥|,  d(G(t, x,),G(t, x*)) < L]l — x*], (2.5)
(t*’x*) " (t*rX*) us Da
d(F (e, %), F(*,x)) < o (It = 14+ b = x¥1),
d(G(te, %), G(t*, x%)) < 0% (|t — 1] + [ — x*),
(f, %) M (1%, x*) m3 D.
b*. Yucma y/ u ¥® u3 ycnosus b yIoBIeTBOPAIOT HEpaBEHCTBAM
ME(@,x),400) < ¥/ (L+ [, AG(,x),10) < Y51+ [xl),

(1, x) € [t), 9] x R™; 31ecb 0 — Hyab B R™.
[MpenBapsist GopMyIMpOBKY 3a1a4 yripasieHus: cucremamu (2.1) u (2.2), BBenem audde-
pEeHILIMAJIbHBIC BKIIIOUeHMS (1.B.)

49X ¢ F(t,x): 1€ [t,0] (2.6)

dr

% € G(t,x); 1€ [ty,0] 2.7)
t

U HEKOTOpbIe 0003HAYEeHUSI.
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MMycts 1, u t* u3 [£), 0] nt, < t*, x, € R”, X, € compR™).
IMonaraem X (t*,1,, x;) (Y(t*, 1., X;)) — MHOXECTBO TOCTHKMMOCTH 1.B. (2.6) ((2.7)) B MO-
MEHT #* ¢ HAa4aJIbHOM TOYKON X (%) = X ;

X(@*, 1, Xy) = U X5, X)) | Y5, 1, Xy) = U Y(*,t.,x,) | — MHOXECTBO HOCTU-

x,€X, x, X,

KUMOCTH 11.B. (2.6) ((2.7)) ¢ HaYaIbHBIM MHOXECTBOM (., X );

X(t*’x*) = U (ta X(t’t*ax*)) [Y(t*sx*) = U Y(t’t*’x*)J - HHTerpaﬂbHaH BOpOHKa
telt, 0] telte, 9]

4.B. (2.6) ((2.7)) c HayaIbHOI TOUKOM X(f) = Xy ;

Xt X) = | Xx) [ Y, Xo) = |J Y, x)| — uHTerpanbHas BOPOHKa J.B.

x,.E€X, x,€X,
(2.6) ((2.7)) ¢ HavyadbHBIM MHOXECTBOM (Z:, Xy); 3IeCh TIpUHATO OOO3HaYEHUE
&X)={tx):xe X}, X cR™.

Kaxk u3BecTHO (cM., Hamp., [2, 15]), cpaBenIMBo BKIIoueHHe X (1%, 1., X, ) € comp(R™)
(Y (t*,1,, Xy) € comp(R™)) wm orobpaxenue (r*,t, Xy) = X(*, 1, Xy) (5,4, Xy) =
— Y(¢*, 1, X;)) HEmpepbIBHO 1O 1* Ha MIPOMEXYTKE [#,, V] Mpu PUKCUPOBAHHEBIX £, € 7y, D],
X, B xaycnopdoBOil METpUKE U HEMTPEPBIBHO 3aBUCUT OT Xx MPU (PUKCUPOBAHHBIX £« U 1*.

IIpunumas Bo BHUMaHue ycinoBus A* u b*, MmoxeMm Takke yTBepKIaTh, YTO MHOXKECTBO
X(t*, 1., X, ) nmpencraBuMo B BUe

Xt b, X)) = lim Xp(r%), (2.8)
A=A(T)L0
30eCb MHOXECTBO Xp(*) C R™, orBeuaromee pasbueHuo I = {To = Ly Ty s Ths -ees

Tty =% (G~ =A=AT) = N '(¢* 1), k=0,N —1) npomexyTka [f,7*],
OIPENEeNSIOTCS PEKYPPEHTHBIMU COOTHOILIEHUSIMU

Xr(t) = Xy Xp(Tps) = XUy, U, Xr(1)); k=0,N -1,
rae o603HauYeHo

X(T*,T*,Y*) = U X(T*,T*,y*), (29)
Y€ Y
)?(T*a'c*,.)/*) = (T =T )F (T, ) = = 0 + (T =T f € F(T, Vi) te S T <TF S
<#*, Y € comp@R™).
AHaJIOTMYHO, MHOXECTBO Y (t*, 1, X, ) IpeNCcTaBUMO B BULIE

Y(t*’t*’X*) = A=1Ai(rlp)~l/0 Yr(t*)’

3mech MHOXeCTBO Yi-(*) < R™, orBeuaromee pasouennto I' mpomexyTka [z, 1*], onpenens-
€TCsl PEKyPPEHTHBIMU COOTHOLUEHUSIMU

Kt = Xew () = Y4, T Yr(T0)); k= 0,N —1,



Ob MHTET'PAJIbHBIX BOPOHKAX VITPABJIAEMbBIX CUCTEM 833

rae 0003HaYeHO

Yt %) = | YO, T, ),
yx€Y

Y(T*’T*’y*) =Y F (T —T)0(T, 1) = {Xx = Y +(TF -T2 g€ G(Ty, i)}, L STy <TF <
<#, Y, € compR™).

3Has pa3Mepbl KOMITakKTa X, M MpUHUMAas BO BHUMaHMe ycioBHe Bb*, MoxkeM yKa3aTh
OrpaHMYEHHYIO U 3aMKHYTYIO obaactb D C [t,, 9] x R, KoTopas Gymer comepxkarb B cebe
BCE BO3HUKAIOLIME B X0 PACCYXKIEHMII MHOXeCTBa U3 [f, ¥] X R™.

CuyuraeM, 4YTO MPUCYTCTBYIOIIME HUXE B OIlleHKax yuciaa K /= max{|f( x,u)| :

“(t,x,u)e Dx P’} K% = max{|g(t,x,u)| : (t,x,u)e Dx P} n dyukunn o’ (§), ©°%(3),
8 € (0,00) COOTBETCTBYIOT UMEHHO 3TO o6sacTul D.

Ilocne Toro, Kak chopMyIMpoOBaHbl YCIOBUsS Ha ymnpasiisieMble cucTembl (2.1) u (2.2) u
BBEICHBI HEKOTOPbIE 0a30BbI€ TMOHSTUS, MPUCTYITUM K (hOPMYJIUPOBKE 3a1a4 TMHAMUKU CU-
crembl (2.1). BT 3amaum oxapakTepusyeM MpeaBapuTeIbHO KaK HEKOTOphIe 3adayd OITH-
MU3alMY MHTETPATbHBIX BOPOHOK yIIpaBJisieMoii cucTeMbl (2.1) ¢ TlepeMeHHOI TMHAMUKOIA,
00yCIOBIEHHOI ITOAMEHOM crucTteMbl (2.1) Ha cucteMy (2.2) Ha HEKOTOPOM KOPOTKOM IIPO-
MEXYTKE BpEeMEHH.

YTo4HMM, 4TO MIOHMMAEM NOJ, yIPABILEMOI CUCTEMOI Ha IPOMEXYTKE [, U] C IepeMeH-
HOI TMHAMUWKOM.

O0603HaYNUM TSI TIPOCTOTHI U3JIOXKEHUSI CUMBOJIOM A yrpasiseMyto cucremy (2.1) Ha

MIpOMeXyTKe [fy, ¥], obnanaolyio Heu3MeHHOo# AuHaMuKoi. C 3Toil cucTeMoil CBsi3bIBaeEM
Io.B. (2.6).

O0603HAaYUM CUMBOJIOM Z(“), TIe o € [t,*], ypaBisieMylo CUCTEMY C TIEpEeMEHHOM TuHa-

MMKOI Ha MPOMEXYTKE [7), V], BO3HUKILYIO Ha 0a3e CUCTEMBI = , KOTOpYIO oIpeneinsemM
cleAyolIUM 00pa3oM:

dx _ o, x,u); 1€ [f,0], (2.10)

dr
3/1eCh
ft,x,u), uce )24 npu t € [ty,t)
o, x,u) =g(t,x,u), ue P® nmpu te [t,t*) (2.11)
ft,x,u), ue P/ npu € [r*,0]
Ynpapasemas cuctema > gpngerca Bapualueil CUCTeMbI > C cucremoii = cBasbi-
BaeM nuddepeHIaIbHOE BKIIIOUYSHHNE
%e @, x); 1€ [, 0], 2.12)

rme MHoxecTBO ®(7, x) — R"™ ompeneneHo cOOTHOIIEHHEM
F(ta x) npu re [th t*)
O(t,x) = {G(t,x) 1npu te [t,t%) (2.13)
F(t,x) npu e [*0]
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MHoxecTBa TOCTUKUMOCTU U MHTETPaIbHbIE BOPOHKU CUCTEMBbI = u I.B. (2.6) cBsi3a-
HBI MEXIY COOOI: MHOXECTBA JOCTHXKMMOCTUA M MHTErpaIbHbIE BOPOHKH 1.B. (2.6) SBISIOT-
Csl COOTBETCTBEHHO 3aMbIKAHUSIMU MHOXECTB JTOCTUKMMOCTU YW MHTETPAJIbHBIX BOPOHOK

cucrembl XY . Takxke MHOXecTBa MOCTHKUMOCTU U MHTETpajbHble BOPOHKM I.B. (2.12) s1B-
JISIIOTCSI COOTBETCTBEHHO 3aMbIKAHUSIMU MHOXECTB TOCTMXKUMOCTH U MHTETPaJIbHBIX BOPO-

HOK cucTembl .

Hwuxe BBIBOOSTCS OLIEHKM CBEPXY PACCOITIACOBAHUM MEXIY MHOXECTBAMM JTOCTUXKMMO-
ctu nuddepeHInanbHbIX BKIIOYeHUM (2.6) 1 (2.12) 1 MeXay MHTerpaibHbIMU BOPOHKAMU
3TUX BKIIIOYEHUN.

JIJ1ST MHOXECTB TOCTVKMMOCTH Y MHTETPpaIbHBIX BOPOHOK 1.B. (2.12) BBemeM o0o03HAUe-
HUsI, aHAJIOTUYHBIE TIPUHSITHIM JUISI MHOXECTB JTOCTHXKMMOCTH Y MHTETrpaJbHBIX BOPOHOK
I.B. (2.6):

X b, x) 1 X O 1, X) BR”, X9, x0) 1 X P4, Xi) B D C [1, 0] xR”

NHTerpanbHbie BOPOHKU X (“)(t* )X (“)(t*, X, ) OyneM TpakToOBaTh KaK gapuayuy UHTE-
TPaTbHBIX BOPOHOK X (#y, Xy ) U X (#,, X, ) yIIpaBJIsIEMOI CUCTEMBI A , UMEIoLIEeH HEU3MEH-
HYIO0 IMHAMUKY Ha [f,,9].

IMyctb 3apano X s comp(R™), (ty, X (0)) € D, orBeyarolliee Ha4YaJIbHOMY MOMEHTY ).

CdhopmynrpyeM cleayloldii BOMPOC, OTHOCSIIUNCS K WHTETPpAJIbHBIM BOpPOHKAaM
Xy, X (0)) uX (“)(tO,X (0)), o = [t,1*] C [1,,0]: “Hackonbko Beauko xaycanopdoBO paccTosi-
uue d(X (19, X ), X (5, X)) 27

OTOT BOMPOC MOXKHO CBECTU K BOIpPOCY 00 OlIEHKE CBEPXY xaycnopdoBa paccTosiHUS Ha

MIPOMEXYTKE [#;, 9] MexXIly MHOXeCTBaMU TOCTUXKUMOCTU X (1, %), X (0)) uX (a)(t, tg, X (0)) U 3a-
BHUCUMOCTSIMU 3TOM OLIEHKU OT MPOMEXYTKA 0.

Yrpocrim o6osHadeHns: X (F) = X (1,15, X', Y(¢) = Y (1,15, XV), X P(0) = X Pt,1,, X ),
te [fo,ﬁ].

MHoxectBa X(f) u X (“)(t), t € [ty, V] cBg3aHBI ClIeLyIOLIMM COOTHOLLEHUEM:
X(@) npu te ltyt)
X% =12 npu te [t,t*)
X(t,t*,Z“*)) npn 1€ [r*,0],

snech ZO() = Y(1,1*, X, ), e Xo = X(2,).
[Ipuctynum K olieHKe CBEpPXY BEIUINHEI

dX(),X“0); 1€ [t,0] (2.14)

Tak kak X(r) = X“(¢) Ha [1y, 1, ], To cripaBemwtuBo d(X (7), X “ () = 0 Ha [£, ;] 1, 3HAUMT,
BOTIpOC 00 OlIeHKEe BeJTMYUHBI (2.14) CBOOUTCS K OLIEHKE 3TOW BEJTUUMHBI Ha [1¥, 0]

CHayana oueHUM BeauuuHy (2.14) Ha npomexyTKe [t.,t*]. s 3TOro 3aneiicTByemM Ko-
HeyHoe pasouenue I = {1y = #,,T;,..., Ty, ---» Ty_1, Ty = ¥} IPOMEXYTKA [£, 1*], Tpyy — Ty =
=A=A=A0) = N_l(t* — t,) ¥ oTBeyaoue pazoueHuto I cuctemsl {X (1) : T, € [} n
{Yr(ty) : 7, € T} MHOXeCTB X (1)) M Y1(T1), tae X () = Yr(Ty) = X
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Jns takux cucteM B R” mpoBeneM momaroBoe peKyppeHTHOE OLIEHUBAHUE CBEPXY BEJIM-
YUHBI

dXr(t), Yr(v)); k=1LN (2.15)
IOCJIENOBATEILHO 110 MOMEHTaM Ty, kK = 1,2, ..., N .

HNwmeer mecto d(X1(Ty), Yr(Ty)) = 0. Ouenum cepxy BenuuuHy d(Xr(T)),Yr(t))). dasa
3TOrO BhIOEPEM MPOMU3BOJILHYIO TOUKY 0 e x r(Ty) = Yr(Ty) = Xy ¥ paccMOTPUM MHOXe-
crBa X (1), 70, x V) = X + AF(1y, xX) u V(1,79 x¥) = x¥ + AG(7), xV).

CrpaBeIIMBO PaBEHCTBO

d(X (1,70, x"), (11,19, X)) = Agd(F (1, x),G(15,x”))

7151 TIoITyde HrSI TIOCTIEIYIOIINX OLIEHOK BBEIEeM HEOTPULIATEIbHYIO (DYHKITUIO

() = mggf)d(F(f,X),G(t,X)); 1 € o, 9], (2.16)

snech D(f) = {x € R" : (¢t,x) € D}.
OTa HeoTpuUllaTeNlbHasl HEMpepbIBHAsA Ha [y, ] dyHkuug OyneT 3ameiicTBOBaThCA MpPU

OLIEHKE XaycIOP(POBBIX PACCTOSHUIA MEXIY HEKOTOPBIMUA MHOXecTBaMu B R”.
IMpunumast Bo BHUMaHue (2.16), rmoaydyaem

d(X (11,70, x), Y (11, 70, x”)) < %(10)A

Tak xak Xp(1) = |J X(,1.x7) v @) = |J 7(1,7%,x?), 1o u3 nocnennero
(0

Ve x, Ve x,
HEpaBEeHCTBA MOJIyyaeM
d(X(1), Y (1)) < Ag¥(Tp) (2.17)
OueHkoit (2.17) Bocniosib3yeMcs IPU BBIBOJE OLIEHKU CBePXy BeMYUHBI d(X(T,), Y (T,)).
JLJ1s1 OLIeHKM 3TOI BEJIMUYMHBI BBIOEPEM MPOU3BOJIBHYIO TOUKY e x (T;) 1 Gnmxaiyo

K Heil B Y (T;) TOUKyY y(l). CrpaBenjiiBa olleHKa
I = YU < AR, Y (1) < dX (1), Yr(T)) < AgY(To) (2.18)

Pacemotpum  MHoxectBa X (T,, T, x") = xV + AF(1,x") u P(rp1,y") = yO +

+ AG(t;, ).
Cl'IpaBCIU[I/IBa ciaeayromas OoucHKa

d(X (1,1, x"), (13,11, ™)) = I = ¥Vl + Ad(F(ry, xM), Gy, xM)) <
< IV = O+ A (dF @, ), Feu, yO)) + d(F e, ), 61, ) <

1 1 1 1 IDN 1
< e =y + AL = YO+ Ay < e MY — y Ol + Ay

I[Ipuaumas Bo BHuMaHue (2.18), moaydyaem

v Wy v o) VA,
d(X(Ty, T, X ), Y (15,7, 7)) < e TAY(Ty) + AY(T) (2.19)

OueBUIHO IIp1 OTOM, YTO UMEET MECTO

& (ONS, ) L0,
h(X(T3,7,x7), Y (15, 7,y ) S e AgY(Tp) + Ay(Ty) (2.20)
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N3 BrintoueHus y(l) € Yr(t)) u (2.20) cnenyer

min AR (1,7, x0), P10, ) < WX (0,10, Y (5,5, 0)) (2.21)
4y

U3 (2.20), (2.21) u paBencTBa Yr(1,) = Y (1o, Ty, Yr(T))) = U Y(,,1;,y) CledyeT olleHKa

ye¥r(n)
WX D) y(ty) < " MA A 222
(X (T, T,x ), (1)) < e 0Y(To) + AY(T)) (2.22)
Tak Kak Touka x" BbIGpaHa B X(T;) POM3BOJIBHO 1 TaK KaK X (T,) = U X1,
xe Xr(t)
TO M3 (2.22) ciaenyeT olleHKa o
V2]
MXr(1:),Yr(1)) < e MAy(T) + A(T) (2.23)
AHAJIOTMYHO BBIBOIUTCS OLIEHKA
f)
(Y (T), Xr (1)) < e MAGY(Ty) + A(T)) (2.24)
W3 (2.23), (2.24) monyyaem
f)
d(Xr (1), Y (1)) < " MAgY(To) + Apy(T), (2.25)

snecs L = max(Z, [9).
PaccMoTrpuMm ciienyrommii mpoMexyToK [T,, T3] 1 IPUCTYIIMM K BBIBOAY OLIEHKU CBEPXY

BeJIMUMHBL d(XT(T3), 11-(13)). IIpy 3TOM NPOBOAMM pacCyXIEHUsl, AHAJOTMUYHbIE MPENbINY-
M, ¥ UCITOJIb3yeM OLICHKY (2.25).
B nrore monrygaem

d(X1(T3), Yr(13)) < " d(X1(T,), Y1 (1)) + ApY(T,) <
< et (™M agiy) + M) + Ax(ny) (2.26)

OueHky (2.26) 3anuiieM B BUIE

L(A+4y)

d(Xp(13), Yi(13)) < e AgY(T) + "2 AT + AyY(Ty) (2.27)

Tenepb, 04eBUAHO, MOXEM OOCYIWUTHb BBIBOI OLIEHKU CBEpPXy BeIMYUHBL d(XT(Tiy)),

Yr(Tee), K =0,N — 1.
CnpasenjivBa olieHKa, aHaJornuuHasi olieHke (2.25), (2.27)

A (T, Ye(T) < € Aty + e d (X (1), (1) + Agy(ty) <
< MO ATRIN y(1g) + T IETRIA (1) + L+ A W) F AY(T) (2.28)
O1uieHKy (2.28) 3aMeHUM OoJiee rpy0oii OLICHKOM
A(Xr(T)s Y (Ten)) < e“’“"‘“)ﬁ YT)A; ke 0N -1 (2.29)
j=0

INonaras, B yactHocTH, kK = N — 1, mony4aem

ey N
dXr (), Ye@®) < eyt A, (2.30)
k=0
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Bocnonbsyemcst nanee coorHoieHussMu (2.8) u (2.9):
X@*) = X", t,, Xy) = lim Xp(#*), Y(@E*) =Y 4, X)) = lim  Y(@*),
A=AM)L0 A=A)L0
37€Ch UMEETCsI B BUAY CXOAMMOCTb B Xaycoop¢OBOii METPUKE.
YTOYHUM 3Ty CXOOUMOCTD, BBIIIMCAB U3BECTHBIC OLICHKN

AX @), X)) < e T — 1w’ (1 + KDHA)

)

(2.31)

dX ), Y1) < T - )t (1 + KA)

IIpaBbie yacTu oueHok (2.31) crpemstes K Hymto ipu A = A() 1 0, ¥ CKOPOCTb CXOOU-

MOCTHU IIpaBbIX YacTel OIpenessieTcs] CKOPOCTSIMU CXOOUMOCTU (DYHKIIMMA o’ '(6) u ®f(5)
npu & 4 0.

CrnpaBenjivBa clieayrolasi olieHKa MpU JII0ObIX, yKa3aHHbIX BbIlIe pa3oreHusx I mpome-
XKYTKa [t %]

d(X(1%), X D(1%)) < d(X (1%), Xp(t*) + d(Xp(%), Yi(1%)) +

. N-1
+dY(), X)) < TV yr A, +
k=0

+ e — )0l (1 + KA + 0f (1 + Kg)A)) (2.32)
BriGupas pasouenus I mpomexyTka [f,, 1*] Takue, uto A = A(I') 4 0, 1 nepexonst B npa-

BOIt yactu olieHKU (2.32) K npeaeny nipu A = A(I') lo, MOJy4YaeM OLEHKY

l*
dX (), X V@) < " [y, (2.33)
[
t*
37€eCh J' Y(t)dt — naTerpan Pumana.
1y

OueBUIHO, YTO CHpaBearBa 1 0oJjiee 00IIast OlleHKA

dXO. X0 < e [ywdt e lh,r] (2.34)
1,

*

Hawm ocranoce ouieHUTh Benuuuny d(X(¢), X @ (t)) Ha mpoMexyTKe [t*,V].

[TockosbKy Ha [t*,19] cucTeMbl 2y =@ ymeror OIHY U Ty Xe NTUHAMUKY — TUHAMUKY

CHUCTEMBI E(f) u, crtajio 6BIT]), COOTBECTCTBYIOIIIUE 1.B. UMCIOT OJHY U TY XK€ TMUHAMUKY, TO HC-

TPYAHO OLICHUTh BeaU4YuHy d(X(f), X (a)(t)) Ha [r*, 0]
CnpasenjivBa ciaeayloliasi olieHKa (CM., Harpumep, [2])

dX D), X)) < e TaX ), X)) 1e [, 0] (2.35)
W3 (2.33) u (2.35) monyyaem

S L(t%— i L(t— !
e 2 t*)f Ydt<e " t*)f Y0dT 1t e [r*,0] (2.36)

1, 1,

* *

dX(0), XP@0) <e
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O6benrHuM otieHKH (2.34) u (2.36) B OMHY OLIEHKY, JJIsS Yer0 BBeAeM (DYHKIIMIO

Lit-1,) |
e jy(r)dr npu 1€ [t,*]
I,

d* () = .
L(t—t*)t

e jy(r)dr npu e [*,9]
Iy

B uTore noayyaeM olieHKY, KOTOpPYIO chOopMyIUpyeM B BUAE CIAEAYIOLIETO YTBEPXKISHMSI.
Jlemma 1. Xaycnop®oBo paccTosTHUEe MEXAY MHOXKECTBAMU TOCTVKMMOCTH UCXOTHOM CH-
creMnl (2.1) u ipoBapbrpoBaHHOI cucTeMbl (2.10) yaoBIIeTBOpSIET HEPABEHCTBY

d(X(t),X(a)(t)) <d*(t); te 9], (2.37)

[PU yCJIOBUM BBINIOJIHEHUS ycaoBUil A u b, Hasaraembix Ha dyHkuuu f(¢, x,u) u g(t, x,u),
13 KOTOphIX 1o opmyie (2.11) ckoHcTpyrpoBaHa GyHKUUS ¢(, X, u), SABJSIOLIAsICS NPaBoit
yacThlio cucteMsl (2.10).

W3 (2.37) BeITEKaAET cienyomas oleHKa.

Cnedcmesue. XaycnopdoBO pacCTOsIHUE MeXAY WHTerpajJbHbIMU BOPOHKAMM MCXOMHOWM
cucteMnl (2.1) u ipoBapbrpoOBaHHOI cucTeMHI (2.10) yooBiIeTBOPsIeT HEPABEHCTBY

d(X(tg, X ), X V1, X)) < max d*() (2.38)
relt,

P YCJIOBUY BBIMOJHEHUS ycaoBuil A u b, Hamaraembix Ha dyHKUMu f(f, x,u) u g(t, x,u),
13 KOTOpbIX Mo dopmyie (2.11) ckoHcTpyrpoBaHa GyHKUUS O, X, u), SABISIOLIAsCS NPaBOit
yacTbio cuctemsbl (2.10).

PaccyxneHust u olleHKH, KOTOpble OyleM MPOBOIUTH B TTOCIEAyIOIIMX naparpadax, CBsi-
3aHbI TAKXE C OLIEHKON pAacCOIIaCOBAaHUS MEXIY MHOXeCTBaMU X (a)(ti) =X (“)(ti,tO,X (0)),
t; € T, oTBevaloluuMu MOMeHTaM U3 pazoueHus I = {),1,..., %, ..., ty+ = U} IpOMEXyTKa

()
r

[#%, 0], 1 MHOXecTBamu X1 (f;). MHOXecTBa X }“)(t,-) 3aaHbl PEKYPPEHTHO C HAaYaJIbHBIM

muoxectBoM X\ (7,) = X© nomoGHo Tomy, kak 3amaBamucs MHoxectBa X\ (¢;,) mist pasou-

eHus I' npomexyTka [z, 1*] C [#, 0]

3nech cunraercs, 4to pazdoueHue I' mpomexyTka [f,, ] coBnanaer ¢ ymoMuHaBLIMMCS pa-
Hee pa3doueHueM I mpoMexyTKa [z, 1*], T.e. SBsieTcs NPoaokKeHueM pa3oueHus I' mpome-
XKyTKa [t 1*].

Takum o6pa3oMm, B cucTeMe {Xfa)(ti) I t; € [4,1*]}, BXonduel B cucCTeEMY {Xf-“>(ti) :

o
t; € [ty, 0]}, HAYATBHBIM MHOXECTBOM SIBIIFETCH X, = X| } )(t*), a TOCJIEAHUM, — MHOXECTBO

X @ ).

MHoxecTBa X, 1(—0‘)(1,-), t; € |t,1*] onpeneaeHbl COOTHOLIEHUSMU

X t0) = Pt 1 X)), 17 10 114y 13 [, 77]

()
r

s ynobcTBa 0603HaUMM X1 (#*) = Y(t*, 1., Xy ), IONUEPKHYB TEM CaMbIM 3aBUCUMOCTb

3TUX MHOXECTB OT MHOXeCTBa X, = X f-a)(t*) u cucremsr T8 (2.2).

OueHKy BenyuHbl d(X (“)(t,-), X 1(-00(1‘,-)), t; € I' nmpoBeneM B Tpu 3Tana, COOTBETCTBYIOLLUE

MIPOMEXYTKaM [7, t ], [, £*], [t*, O]

PaccMoTpuM nepBblilt TPOMEXYTOK [, £ ].
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CnpaBenuBbI COOTHOIIEHUS NPU £; € [fy, ]| N T
X%y = x@), X)) = X))
I1pu aTOM UMeeM, COIJIaCHO TEOpUU,
,
dX 1), X{(t)) = d(X @), Xr (1)) < " (1 —10) o (1 + KA
f€lipt] AT, A=AT) =(N*)"' (®-1)
B YaCTHOCTHU, CIIpaB€I/IMBa OLICHKA

Iy —1y)

A0 ) X000 < ¢ 7 - )0’ (@ + K 2.39)

PaccMoTpuM BTOPOIi IPOMEXYTOK [f,, 1*] u3 [*,9]. BBeneM o6o3HaueHUsI

d(ts) = d(X P (6), X1 (1)), d(*) = d(X D), X{7 (%))
OueHuM cBepXy BeJMYUHY d(1*), Ucrnonb3ysd oueHKy (2.39) nnsa BennuuHsbl d(t,). s
9TOr0 BBEAEM IPOMEXYTOUHOE (B OLIEHKAaX) MHOXECTBO X (G)(t*) =Y({t*, b, Xy).
CripaBeniBa olleHKa

d(t*) < d(X‘ V%), X Q@) + d(X O @*), X1V (*))

YuuteiBasi paHee NpUHSTbIE 0O03HAYEHUS JUISI MHOXECTB X (a)(t*), Xl(—(x)(t*) uX (G)(t*),
STy OLIEHKY 3aluIilieM B BUIE

d(r%) < d(Y (1%, 1, X P (1)), Y (0%, 1, X{ (1)) + d(V (1%, 14, X), YR(1¥, B, X)) <

L8 (t*—ty)

<e dX ), XM (1) + e

(1) 1/ (%
<e ( t*)eL (G

Lﬂ(t*—f*)(t* _ t*)())g((l + Kg)A) < (2.40)

LA(t-t1,)

* - tO)O)f((l + Kf)A) +e (* — 1) (1 + K*)A)

IMpuHuMasi Bo BHUMaHue L = max(Lf , %), mony4aem

d(r*) < M ((z* — 10’ (1 + K)A) + (* = £)0° (1 + Kg)A)) (2.41)

Beenem o06o3HaueHust: K = max(Kf,Kg), o* (1+K)A) = max(mf((l + Kf)A),

o8 ((1+ Kg)A)), A € (0,0).

I1pu BBemeHHBIX 0003HaUeHMSIX U3 (2.41) caenyeT
d(t*) < "V — 1)o* ((L+ K)A); A = AT) (2.42)

Paccmotpum npomexyTox [#*, 0] C [#), 8] u oueHum cepxy d(¥) = d(X @) M), X ﬁu)(ﬁ)).

MHoxectBa X #X)(t,-), t, e I [t*,0] ompenensorcds peKyppeHTHO: X, lﬁa)(t,- ) =
= X(t0,1, X{P 1)), 1, W 114y 13 [1%, 9],

st yno6erBa 0603HaunM X1 2(9) = X (9, 7%, X9 (%)), nonuepkuys 3aBrucumocts X ™ (9)

ot MHOxkecTBa X\* () u cucrembl =V, a Takxke X P (9) = X (0,7, X\ t*)).
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CrnpaBenjivBa olieHKa
d(®) = d(X‘ (), XP() + d(X® ), x{* (D)) =
= d(X (O, %, X 1%)), X (0, %, X (%)) +
+ d(X O, 1%, X (1%)), Xp(9, 1%, X (1%))) <

' (-1%)

< OGO (), XD (%)) + " V@ - 0’ (1 + KT)A) <

L (9-1*)

< P OHE) e _ ek (1 + K)A) + e ©® - )0’ (1 + K))A) (2.43)

L (o-+* L(O—t*
( ) Ha e ( )

3aMeHMM B TpaBOM YacTM ITOTO HepaBeHCTBa e ,  (GYHKIHIO

o’ '((1 + K/ )A) Ha ®* ((1 + K)A) 1 B pe3ybTaTe 3aMEHbI ITOJYyYUM

d) < " (r* — ) (1 + K)A) + " P70 @ — r)0* (1 + K)A)

TeM caMbIM TOKa3aHO ClIeayIoliee yTBEPXKICHUE.
Jlemma 2. TlycTh BbITIOMHEHBI ycoBUus A u b Ha dyHkuuu f(¢, x,u) u g(t, x,u), U3 KOTO-
pbix o opmyite (2.11) ckoHcTpyrupoBaHa (PyHKUMS (7, X, u), SBISIOLIAsACS MPABOil YaCThIO

cucremsr =@ (2.10). Toraa xaynopdoBO pacCTOSIHUE MEXIY MHOXECTBOM TOCTUXHWMOCTU
x@ M=X @) 0,1, X © ) CUCTEMBI @y anmpoKcuMarmein X, }a) (%) aTOTO MHOXECTBA yIO-
BJIETBOPSIET HEPABEHCTBY

d(X@®), X)) < "P® — 1) (1 + K)A), (2.44)

rie A = A(I') — nuameTtp pazdouenus I', byHkuusa ®* () ¥ nocTossHHast K omnpeaesaeHbl pu
dopmynpoBke HepaBeHCTBa (2.42).

3ameuanue 1. TIpoBeaeHHbIC BBIIIE PACCyKICHUS TTOKA3bIBAIOT, YTO BepHa OoJiee oOLIas
olieHKa, yeM (2.44), a UMEHHO,

d(X), X{P 1)) < "7V — )0 (1 + K)A); e T (2.45)
3aMeTuM, YTO TaKXKe IS JIIoOOro NpoMexyTKa [7;,7;,,] pasouenus I" u 1o6oro ¢ € [t,1,,]
CIpaBelJIMBa OlLIEHKA
dX @), X)) < A+ KA (2.46)
ITpuHuMast Bo BHUMaHue oleHKH (2.45) u (2.46), moirydaem, 4TO IJIsT JTIIOOOTO MTPOMEXYT-
Ka[t;,1,,,] pasdbuenus I" noboro ¢ € [t;,1;,,] UMeeT mecTo

dX @), XP1)) < "TVwr (1+ K)A) + (1 + K)A; A = AT (2.47)

BBesieM B paceMoTpeHne MHoxecTBO X (7, X V) = U@X ) < D.
el
W3 (2.47) cnenyeT olileHKa

dX (10, X0, X P19, X)) < "V (1+ K)A) + 1+ K)A;, A=AT)  (2.48)

(o)
r

B oueHke (2.48) mHOXeCTBO X1 (¢), X (O)) €CTb JUCKpeTHas (10 ¢) anmnmpoKcUMalus UHTe-

rpajbHOM BOPOHKU X (a)(to, X (0)) B IPOCTPaHCTBE [#, 9] x R".
3ameuanue 2. T1pu BbIBosE OLIeHKH (2.44) OB OCYIIIECTBJIEH B POMEXYTOUHBIX OLICHKaX

psin 3amen koHctaut L, 15, K7, K u dynkunmit o ((1+ K7)A), o°((1 + K¥)A) Ha KoH-
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ctaHThl L, K u dynkuuio o* ((1 + K)A). Takxke OblIM B UTOTE 3aMEHEHBI BEJIMUUHBI £, — £,
t*F—t, 3 —t*Ha D — 1.

B pesynbrare monyuyeHa 3arpy6isieHHas olieHKa (2.44) BeauuuHbl d(X (a)(ﬂ),X 1(-0‘)(13)), B
KOTOpO# BBIXOJIONIEHA ITepPCOHU(MUKALIS KOHCTAHT )2 VI8 K 4 , K%, MOMEHTOB £, t* U

dbynkumit o’ ((1 + Kf)A), of((1 + K®)A).

OueHka (2.44) noctatoyHa [Jjis TPOBEACHUSI TTOCAEAYIOIINX PACCYXXKIeHUIi, U, TEM HE Me-
Hee, BhINUIIEM 00Jiee TOUHYIO OLIEHKY BeIUUUHbI (). A UMEHHO, B olieHKe (2.43) 3aMeHsI-
eM d(#*) Ha nmpaBylo 4acTh olieHKH (2.40) u monyyaem

Li(ot)

dX @), X)) < eV = )0’ (1 + KHA) + ¥ P — )0 (1 + K5)A)  (2.49)

3nech 0003HAUYEHO
L) = 't —1y) + L5@* — 1) + I (0 — 1*)

L* (o) = L5(t* — 1) + I/ (9 — %)
CrpaBenjivuBa u 6oJiee o0111ast OlLleHKa
dX 1), X)) < ™V @ — 1)0 (1L + K)A) +
+e" e — 1)t (1+ K5)A); teT, (2.50)
a TaKKE BbITEKArOIIadgd M3 HEC OLICHKA

X 10, X, X{P 10, X)) < V0 = 1)’ (1 + K)A) +

O — )% (1 + K5)A) (2.51)

3. O cpaBHeHMH WHTErpaJbHbIX BOPOHOK [I.B., OTBEYAIOMIMX BYM BAPHAIMAM CHCTEMbI X.

+

B aTom maparpade paccMoTpuM Bapualiuu 2@ u 2P cucremsr =V ), OTBevaIIre mpoMe-

XKYTKaM o = [£,,1*] u B = [14, T%] U3 [£;, ¥]. 30ech nonaraeM, 4To ymnpasigemMas CUCTEMA @
MpencTaBuMa B BUIE

% = ht,x,u); tet,0], G-1)

30ECh
f@t,x,u),ue P/ npu € [ty, T4)
ht,x,u) =g, x,u),uc P npu e [1,1%)
ft,x,u),uc P’ npu te€ [t%,9],
e fy < T < TtF< 0.
Cucreme P conocrasum 1.5.

%e H(,x); 1€ [ty,0], (3.2)

e MHoxecTBO H(t, x) — R" onpeneneHo COOTHOIIEHUEM
F(ts x) npu te [t()”[*)
H(t,x) =<G(t,x) nupm 1€ [1,1%)
F(t,x) npmu te[t%70]
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x XO(t) X ()
X0 I
: JXl(-a)(t*)
| (a)
| X(t)
: i
=
0 fy 1 Ly r*
Puc. 1.
t
L 1 s
T ; ¥ | 1
ty Ty * T t* 9

Puc. 2. PacronoxeHre IPOMEXYTKOB 0, 4 3 B BapuaHTe 1.

JIJIst MHOXECTB JOCTMXKMMOCTU U MHTErpajbHbIX BOPOHOK [I.B. (3.2) BBemeM oOoO3Haye-
HUSI, aHAJIOTUYHBIE 0003HAYEHUSIM MHOXECTB HOCTHKAMOCTA UM MHTErPajbHBIX BOPOHOK

II.B., COOTBETCTBYIOILIUX CUCTEMAM )y @ (puc. 1):
XPm* e x),  XPm* e, X B R"
XPme,x),  XP,, X B R
Ip SN SM*SY, Xe e compR™) wu M, Xs) © D

[Tycts X O ¢ comp(R™) — HauabHOE MHOXECTBO, (f), X (0)) c D.

BosHukaer Bompoc 00 OLIEHKaxX paccoriacoBaHUM MeXIy WHTErpajlbHbIMM BOPOHKAMU
X%, Xy 1 XP (15, X©): “Hackomnbko Bemiko xaycnopdoso paccrosinme d(X (5, X ),
X P, X2

C 3TUM BOIMPOCOM CBSI3aH BOMPOC OO OIIEHKE CBepxy BeIWYMHbI d(X (“)(IO,X (O)),

X(B)(tO,X(O))).
B cBsI3M ¢ 3TUM pPacCMOTPUM BCEBO3MOXHBIE BapMAHTHI PACIIONIOXEHHUSI IIPOMEXYTKOB
o = [t, ¥ u P = [14, T%] B £, 0]
Bapuanr 1. ) < 1, <4 < v < r* <O (puc. 2).
T, < T < ¥ <O (puc. 3).
T < t* < % < O (puc. 4).
t* < 1, < 1% <0 (puc. d).

IN

Bapuanr 2. 1, < #,

IN

BapuaHnt 3. 7, < £,

IA

BapuaHnt 4. £y < £,
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t
I L 1 1 1 1
T 1 SELLSS 1 T
Ty 1y Ty T r* )

Puc. 3. PacrioioxeHue IPOMEXYTKOB 0, U 3 B BapuaHre 2.

r } b - | 1
r | = oz { T
I t* T r* T* 9

Puc. 4. PacrioioxkeHue npoMeXyTKOB Ol U B B BapuaHTe 3.

R S—

Iy Ty t* Ty T

@i
Y

Puc. 5. PacniosioxxeHre mpomMexXyTKOB Ol U B B BapuaHTte 4.

DTUMU BapuaHTaMU UCUYECPIIbIBAIOTCSA d)aKTl/l‘{CCKl/l APpYyruc€ BapuaHTbl BBaAaUMHOTIO pacCIio-

JIOKECHUSA 0 U B B [1‘0,19], TaK KakK IMOJY4YaloTCd U3 YKa3aHHBIX YETBIPEX C ITOMOIIIBIO 3aMEHbI
Ly © Ty, 1 & TE.

O11eHKyY CcBepXy BeluyuHbl d(X (“)(tO,X (0)),)( (B)(tO,X (O))) CBEIEM K OLIEHKE BEJIWYWHBI
d*P (1) = d(X (1), XP (1)), 1 € [15, 0] mexxay cevermsimu X V(1) = X, 1, XDy u XP (1) =
= X(B)(t, 1y, X(O)) UHTErPAJIbHBIX BOPOHOK X(“)(to, X(O)) u X(B)(to, X(O)).

Haunewm BbIBOA ¢ BapuaHTa 1. PaccMoTpuM npoMexyToK [1, T, |. I1pu ¢ € [#y, 1. ] uMeem
X0 = X(1,1, X7, xP@) = X(1,1, X©)
CienoBaTenbHO, IPU ¢ € (£, T, | UMEET MECTO d*? () = 0 u, crrlenoBaTeNbBHO,
X = XP(w)
PaccMoTpyM NMpoMeXyTOK [Ty, % |. UMeeM npu £ € |1, £ |
X0 = X1, XV (1)) = X(1,7, X V(1)
XPw = XxP,0, XP@0) = Y1, X P ()
Y4uTBIBasl 3T COOTHOILEHUS, 10 AHAJIOTUHU C Pa3[l. 2, IOJIy4aeM MpU ¢ € [Ty, 4|

L(t—14)

d*P@r) <e [ (vt

B yacTtHOCTH, ClIpaBemIMBO

L(tx—74)

Ay <e [ v(vdr (3.3)
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PaccMOTpuM NpOMEXYTOK [£,, T*].

CripaBeiuBbI TIPEACTABICHUS TIpU ¢ € [£,, TF]
Xty = X, 1, X 1)) = Y (1,10, X (15))
XPw) = XP 1, XPw)) = Y11, XP )
YuuTeiBasi 3T COOTHOIIEHUS, TOTy4YaeM Mpu € [t,, T*]

S (t—ty L(t-t,)
dP@y <t Ta ey < a™ g,

B yacTHOCTH, cripaBelIMBO HEPABEHCTBO
dP(t*y < T (1) (3.4)
PaccmoTrpum npomexyTtok [t*, 1*]. UMeem nipu ¢ € [T%,1*]:

X(u)(t) — X(u)(t, I*,X(U')(I*)) = Y1, T*,X(“)(T*))

X = xP( v, xP %)) = x(r, 1%, XP (%))
ChnpaBenjiuBa npu ¢ € [t*, *] oueHka

d*P (1) < dy (1, v, X O (1%)), Y (1,7, XP(1%))) +
+d(¥ (1,75, X O ), X (1,4, XP%))) < eF T () + j Yot
B YaCTHOCTH, CIIpaBECIJIMBO HEPABECHCTBO T
d™P ey < o g B ) 4 eL"*‘T"‘)tJf y(t)dt (3.5)
2

PaccmoTtpum npomexyTtoxk [*,9]. UmeeM nipu ¢ € [r*,9]:
XD = XD, 5, XD ¥) = X (1,15, XV (1+))
XP0) = XD, xP ) = x5, XP )
W, 3HAYUT,
d*P () < P g P ey < PTG P ()
B yacTHOCTH, CIIpaBeIMBO HEPABEHCTBO
d*P ) < "% (1% (3.6)

YuuTeIBas MpenpIIymne oleHKH, TToTydaeM TIpu ¢ € [f, V]
t*
L(O—t* L(t*—1* L(t*—1*
da’ﬁ(l‘) <e (0t )[e (t*—1 )da’ﬁ(‘l?*) +e (t*—1 )fY(T)dTJ —
T*

L(o—t*) L(t*~1,)
(9-1 )e

1* ~
= O™ goBpxy 4 OO J y()dt < e d*P(r*) + eL(ﬂ_T*)J‘ y(t)dt <
T ™

L(o-t,) LG,
e

1, 1%
<e o .[ v(t)dt + eL(ﬁ_T*).[ v(t)dt

T
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Nrak, monyyaeM npu 7 € [¢), ¥] oLeHKy

I3

*

t*
d") < " [ ydr + " [ y(an (3.7)

T

B paccmaTtpuBaemoM BapuaHte 1 u3 (3.7) BeITeKaeT OlleHKa

Ty t*
L ﬂ_ H
dX 010, XY, X P01, X)) < 7 [y + "0 [y (3.8)

Ty

O6paTtumcs K BapuaHTy 2. PaccMOTpuM NpOMEXYTOK [#y, . |. [Ipu 7 € [1,, 1, ] umeem
X = X1, XV) = X(1,1, X )
XPy = xPt,10, X0) = X(2,1, X”)
W3 3TUX paBeHCTB ClleayeT
d*P () =0; 1€ty t]

PaccMoTpyM NpOMEXYTOK [#, T4 | C [#), T ]. [Ipu ¢ € [#,, T, ] *MeeT MecTO oLleHKa

L(Ty—ty

t
d"ry < "7 [yt
1y

B yacTtHOCTH,

K [yt (3.9)

Ty

d**(t) <e

PaccMoTpuM poMeXyToK [Ty, 7] C [#,1*]. [Ipu ¢ € [1,, T%] uMeem
Xy = Xt 1, X V(1)) = V(1,1 X (30))
xP@) = XV, 1, XV 1)) = Y (1,1, XP(,))

Orcrona cienyet npu t € [T, %] olleHKa

LS(I_T*) L(1-14)

d*P@) <e d*Pr) <e d**(z,)

B YaCTHOCTHU, UMECT MECTO

d“Pry < T (e,) (3.10)
Jlanee, paccMOTpUM MPOMEXYTOK [t*,*]. [Ipu ¢ € [+, r+] umeeMm

X(u)(t) — X(u)(t, T*,X(u)(‘[*)) = Y1, T*,X(u)(’r*))

XO) = xP o, xPr9)) = X1 %, XP())
CrnpaBennvBa npu ¢ € [t¥, r*] olieHKa

d"P(ry < d(Y (, 7%, X O (1), Y (1,75, XP(1%))) +

4 * * !
+d(¥ (6,7, XD @), X, %, XP(04))) < " TV @) + T [ y(ryan
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B YaCTHOCTHU, CIIpaB€a/IMBa OLICHKA
t*
8 (% _%k ko
d“V ) < " Td @) + T [ y(uyde (3.11)
T*

Paccmotpum nnpomexyTtoxk [*,9]. Ilpu ¢ € [t*,3] UMEIOT MECTO COOTHOIIEHUS
Xy = X Ot X)) = X205, XD (%))

X(B)(t) — X(B)(t,t*,X(ﬁ)(t*)) — X(t,t*,X(B)(t*))

W3 3THX cooTHOLIIEHUT TToJTyyaeM Tipu ¢ € [1*, V]

d*P () < g P (%) < T g B () (.12)

B urtore, B BapuaHTe 2 nojy4aeMm Ha [fy, 8] OLieHKY

t*
d*Bpy < 10 (eL(t*_T*)du’ﬁ(r*) +e" Y(T)dTJ -
T*

t* r*
—T* _T* —1*) L(t*—14 ok
G )da,B(T*) 4T )J~ Y0t < L, (t*— )da,ﬁ(T*) 4 bt )I Y(Ddt =
T* T*

1 T *

L(t—Ts L(t—1* L(t—Ts) L(T—ts L(t—*

= TP () 4 P )IY(r)dr < T )jy(r)erre o )fv(r)df
T* o

t*
To ectb, B uTOrE NoOJIydyaeM 1pu ¢ € [t,, V]

T

t*

L(r— e

Py <e ’*)j Yt + M7 [ y(vdr
t *

*

OrTclona BeITEKAeT B BapuaHTe 2 OlleHKa

d(X 10, X ), X P10, X)) < max a*(r) <
€lty,

Lo—1,) &
<e(—*)J'

t*
ydr+e" T [yt (3.13)

1,

*

O6parumcs K BapuaHTy 3. CoBepIIeHHO OYeBUIHO, YTO 3TOT BApUAHT IOJIyJaeTCs U3 Ba-

puaHTa 1 C MOMOILLUBIO YIOMSHYTON BBILLIE 3aMEHBI #, <> T, t* <> t*. Torma nojydyaem
OLIEHKY

Ty T*
L(9- —r*
dX V010, XY, XV (10, X)) < 7 [ @ + 07 [y (3.14)
t*

1,

*

Paccmotpum Teneps BapuaHT 4. Ipu ¢ € [#y, £, ] UMEIOT MECTO COOTHOLIEHHUS
XOw) = XOt,10, X ) = Y(1,10, X 1,))

X0 = XxP,1, X = X(1,10, X7

W3 3TuX cOOTHOIICHMIA ImoJiygyacm

dP(0)=0; te 4]
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Ilpu t € [+, *] UMEIOT MECTO COOTHOIIIEHUS
XO) = Xt,10, X = Y(1,80, X
Py = xPt,10, X = X(t,10, X7,

U3 KOTOPBIX CIEAyeT NpU ¢ € [k, 1*]
t
L(-1,)
¥ <e” " [yvdr
t*

B yacTHOCTU BBHIITOIHSIETCS

L(t*—t,

t*
d"P*) < "7 [y (3.15)
I

IIpu ¢t € [t*, T, ] ©UMEIOT MECTO COOTHOILLIEHUS
Xy = X4, XV r¥) = X (1,05, X (%))
X(ﬁ)(l) _ X(B)(t,t*,X(B)(t*)) — X(I,t*,/\’(ﬁ)(l*)),
U3 KOTOPBIX CIIeIyeT

Lf ) L(t—t*
d*P (1) < " g B (pxy < Mg B (1%,
U, B YaCTHOCTH,

@ b (px) (3.16)

APy <e
Ilpu ¢ € [14, T*] UMEIOT MECTO COOTHOILIEHUS
X9 = X1, X)) = X(t, 1, XV (1))
X0 = xPt, 1, XV (1) = (1,1, X P (w,)),
U3 KOTOPBIX CIIENYET NPU ¢ € [Ty, T]
d*P(1) < d(¥ (1,1, X (1)), X (1,1, X P (1)) +
+d(X (1,1, X P (1)), Y (1,1, X P (1)) <

/(=1 i) | Lt—,) Li-t,) ¢
< eL e )d“’ﬁ(t*) +e f J‘y(r)dr <e " da’B(t*) e Iy(t)dr
Tx Tx
B YaCTHOCTU, BBITTIOJIHACTCA
T*
d"Ye) < " ) + T [y (3.17)
T

ITpu ¢ € [t*,] UMEIOT MECTO COOTHOIIEHUST
X0 = XO, v, X V(1) = X0, v, X V(@)
X(B)(t) — X(ﬁ)(t, T*,X(B)(T*)) = X(1, T*,X(B)(T*)),
U3 KOTOPBIX ciienyeT npu ¢ € [t*, 9]

o %
d*P(0) < " T (ar) < Ta P (o)
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B yacTHOCTH, UMeeT MecTo

d*P @) < "B (1) (3.18)
IIpuHuMas Bo BHUMaHUE B pacCMaTpUBaeMoOM ciydae BapuaHTa 4 oueHku (3.15)—(3.18),

a TaKkXKe TPENIIECTBYIONIAE UM OLIEHKY BEJIMYUHBI d op (t), monmydaeM 1ipu ¢ € [t*,9]

T*
a0y < T T [ymar+ T a P | <

T

T* T*
=" [ yar+ e TVa ) < T [ywdr+ e T T Va Py <
Tx Tx
L © L(t—t. °
<e (H*)j YdT + e (_*)Iy(r)dt (3.19)
T Iy

YuuTeiBasi, 4UTO B paccMaTpuBaeMoM BapuaHTe 4 TipaBasi 4acTh olleHKH (3.19) MOHOTOHHO
BO3pacTaeT Ha IPOMEXYTKE [7y, U], moayyaem

L(9-71)

T r*
d*P) < e [+ [y,
T |

U, 3HAYUT,
T* l*

dX 0, XY, X P, X)) < "7 [y + " [ ywyan (3.20)
Ts Iy

Jas1 Toro, 4ToObl OBLIO ymoOHee aHAJIU3UPOBATh OLIEHKW BEJIWYMHBI d(X (“)(IO,X (0)),
X (ﬁ)(to, x© )), t € [ty, V], cBenEM BMECTE MpaBble YaCTU 3TUX OLIEHOK:
BapuaHT 1. 7) < 1 < < TF < F <,

[ t*
O™ j Y(V)dt + em}’mj Y0,
T*

T

IN

Bapuantr 2.7, <#, <1, < T <<,

1%

T
eL(ﬁ_t*)J' y(t)dt + eL(ﬁ_T*)J. y(1)dT;
1y T

IA

Bapuanr 3.7, <# <1, <A <1< 0,

Tx T*
eL(fH*)j y(t)dt + eHO j y(t)dT;
t*

[

IN

Bapunanr4.4, <t <r¥*< 1, <TF L0,

T* t*
P _[ y(v)dt + P J' v(v)dT;
I

T

Ewe He pPacCMOTPECHbI TP BapHaHTa B3aMMHOTO PAaCIIOJIOKEHUA ITPOMEXYTKOB o U B
B [IO’ ﬁ]
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IN

Te <t SFLSTF LS,
Bapuant 6. #) < 1, <, < TF < F <0
Bapuant 7.4, < 1, <1 <f, <F <0
3aMeTM, OITHAKO, YTO KaXKIbIii M3 STHX BAPUAHTOB ITOJIy9acTCsI M3 OIHOIO U3 BapuaHTOB 1—4

Bapuanrt 5. 1,

ININ

IyTeM 3aMEHBI f, <> Ty, I* <> T%. BMecTe ¢ 9TUM npaBble YaCTU OLIEHOK BETUYUHBI a*® ),
t € [ty,9] mosyyaroTCst U3 COOTBETCTBYIOIIUX MPaBbIX YacTeil OLIEHOK BEJIMYMHBI B Bapu-
aHTax 1—4 myrem yKazaHHOM 3aMEHBI.

BBenem ob6o3HaueHue: p(o,) — xaycnop@doBO pacCTOsIHME MEXIy OTpe3KaMu o U P Ha
MpsSIMOii R'.

3anaya Termepb 3aKJoyaeTcs B TOM, YTOObI HAMTH YHUBEPCATbHYIO MaXXOPaHTy B BUJIE
bynkumm, 3aBucsiLeii ot p(o, ) AJIsI MpaBbIX YaCTEH OLIEHOK BEJTUYUHBI d“’ﬁ(t), t € [t,9] BO
BCeX YeThIpex BapuaHTax 1—4.

OyeBUIIHO, YTO BO BCEX YEThIpEX BapuaHTax 1—4, oTrpe3ku o = [f,*] u B = [14,7*] U3
[#), 0] cTecHeHBI OLIEHKaMH:

Bapuanr 1. £, — 1, < p(a,B), * — v < p(0,B);

Bapuanr 2. 1, — 1, < p(0,B), r* — 7 < p(0, B);

Bapuanr 3. 1, — % < p(a,B), T — * < p(a, B);

Bapuanr 4. r* — £, <1, — £, < p(o,B), TF — T < T —1* < p(0,P).

Beenem Takxe mnapamerp pe€ (0,0 —17)], MHOXecTBO T® = {[t(l),t(z)]c[to,ﬂ]

@ _ 0 < p}, byHximio

2

xp)=  max (j” yndt, pe (0,91, (3.21)
t

U Kaaubposouryro GYHKIIAIO
w* (p) = 2¢" VT V(p);  pe (0,0 - 1] (3.22)
Beinonnsercs »* (p) 1 0npn p lo.
3aMeTHM TakKe, U4TO B JJI0OOM M3 BApUAHTOB MpaBasi OlleHKAa BETUINHBI d“’ﬁ(t), t e [t,,9]
HE MPEBOCXOIUT BETUYMHBI x* (p(0, 3)).

IToxaxem sTo 1u1g BapuaHTa 1. [I7151 3TOrO0 BapraHTa pu ¢ € [f), 9] umeem

Ty t*
d*P@) < " [y + T [y < 2680 u(pe B) = x*(p(a. B)

Ty

AHAJIOTMYHO JOKa3bIBaeTCsS HEPABEHCTBO
d*Y (1) < (p(a,B); 1€ [1y, 0] (3.23)
JUTSI APYTYX BAPUAHTOB B3aMHOTO PACITOIOXKEHMSI IPOMEXYTKOB o U 3 U3 [#y, V).
YuutsiBas (3.23), MoxXeM c(pOpMyIMpPOBaTh OCHOBHOM pe3yJibTar.
Teopema. 1151 uHTETpaJbHBIX BOPOHOK X (a)(tO,X (0)) uX (B)(tO,X (0)) nuddepeHInaTbHbIX

BkitoueHuit (2.10) u (3.2), COOTBETCTBYIOIIMX YIIPABJISIEMbIM CUCTEMaM @y Z(B), SIBJISTIO-

s

HMMHUCA BapualuaMn CUCTECMbI , BBITTOJIHACTCA OLICHKa CBEPXY

d(X (19, X ), XP (1, X)) < w*(p(ct, B)). (3.24)
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BbIpaXeHHasI B BUIe (YHKIIMU, 3aBUCSIICH OT XaycmopdoBa pacCTOSTHUST MEXIy OTPe3KaMu
OTpe3Kku o U 3 u3 [#,, §] 1 3anaHHoO# cooTHomeHusIMU (2.16), (3.21) u (3.22).

Tenepbp npuBeneM paccyXIAeHMs], OTHOCSLIMECS K KaauOpOBOYHOU (PpyHKUMU »*(p) U
BecbMa TIOJIe3HbIC UISI TIpWIOXKEeHU. B CBSI3M ¢ 3TUM oOpaTuMcsl K BEKTOP-(DYHKUIMAM

f@,x,u)n gt,x,u), (t,x,u) u3 D x P’ u D x P¥ cooTBeTcTBEHHO.

HomyctuM, 4to paccrosiHue p( f, g) Mexny GyHKuMsIMHU f (¢, x,u) U g(t, x,u) yIOBIETBOPSI-
€TCsl HEpaBEHCTBY

p(f,g) = max max £t x, @) — g(t,x,0)|| < max y(r) < y* y*e (0,00) (3.25)
1€1,9] xe D(r) ,ue P’ iic P* 1€(1p, 0]

Torma CIIpaB€IJINBO HEPABECHCTBO

t(Z)

x(p(a,B)) = y(0)dt < p(a, P)y™,

(1) (Z)I T(P(a B) (J:
M3 KOTOPOTO CIeAyeT

w*(p(o,B)) < 2" y* p(a, B) (3.26)
3HauuT, npu orpaHuueHuu (3.25), HaJTOXeHHOM Ha BekTop-pyHkumu f(¢, x,u) u g(t, x,u),
CIIpaBeIJINBA OlLIEHKA

d(X(a)(lo,X(O)),X(B)(To,X(O))) < ZeL(ﬁftO)y*p((l, B)’ (327)

rae p(a, ) — xaycnopchoBO pacCTOSTHUE MEXIY MPOMEXYTKaMu o U B U3 £y, V].
Ouenku (3.25)—(3.27) OynyT ucnonb30BaHbl IPU PELICHUU HEKOTOPBIX 3aday yIpasJe-
HYSI UHTErpaJbHBIMM BOPOHKAMU B ClieayoleM naparpade.

4. 3amaum 0 cOMKEHNHN ¥ YKJIOHEHHH MHTErPAIbHbIX BOPOHOK C IeJIeBbIM MHOXKecTBOM B R” .
B aToM maparpade Gymet paccMoTpeHa yIpasiaseMasi CUCTeMa =) Ha [#5, 0], a Taxoke ynpas-
JjsieMasl cucteMa Z(a), o = [#,7*] Ha [f),0]. Hapany ¢ HUMM paccMaTpHUBalOTCA Ha4aJlbHOE

MHOXeCTBO X (0), (t, X (0)) c D u uenepoe MHoxecTBo M € comp(R"), oTBeuaroiee Mo-
MeHTY ¥.

CdopmynrpyeM 1 U3y4UM HECKOJIbKO 3a/1a4 COMMXKEHUST U YKIOHEHUST CUCTEM sy @
¢ M B MOMEHT 1, BEIDAXKEHHBIX Ha sI3bIKE MHTETPaJIbHBIX BOPOHOK X (%), X (0)), X (“)(to, X (O))
nuddepeHIaIbHBIX BKIIOYEHU, COOTBETCTBYIOIIMX CUCTEMaM s @,

I1pu 5TOM MHTErpagIbHble BOPOHKU X (a)(to, X (0)), o = [£,1*] C [ty, B] TPaKTYIOTCS KaK Ba-
pUaLy MHTETPAIBHON BOPOHKMU X (7), X (0)), BO3HUKIINE B pe3yjibTaTe BApbMPOBAHUSA CU-
cremsr ) Ha MPOMEXYTKE 0o = [f,,1*] Ha [£y,].

DT0 BapbUpOBaHME TPAKTYETCS KaK CBO€0Opa3HOe yIpaBIeHUEe CUCTEMOM A

U COOTBET-
CTBYIOLLEN el BODOHKOM X (7y, X (0)) MyTeM BbIOOpPA YIPABISIONIETO MapaMeTpa o = [f, 1*].
CdopmynrpyeM HECKOIBKO 3a/1a4, CBSI3aHHBIX C yIIPaBJIeHUEM MHTErPaTbHON BOPOHKOIM
X(t5, X ).
3adaua 1. B R™ 3amanbl komnaktel X” u M. Tpebyercss BbIYHUCIUTH p(X(),M) =

= min |x — y|| — paccrosiHue Mexny MHOXecTBaMU X (¥) = X (8, 4y, X (0)) uM.
(x,9)e X (XM
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9

B 3agaue 1 6yneM nHTEpecoBaTbCsl, HACKOJBKO OJIM3KO “momxoauTt” “rociemnHee” (OTBe-

N 0
yatoliee MOMEHTY O U3 [£y, ¥]) ceueHue X () UHTErpajIbHOM BOPOHKU X (7, X ( )) K LIEJIEBOMY
MHOXeCTBY M. DTOT HHTepec CBsg3aH 3agadeil “IomBecTU” MHTErpajibHyl0 BOPOHKY

X(ty, X (0)) K MHoxecTBY M. [lns storo OyaeM BapbUpOBaTh MHTETPAIbHYIO BOPOHKY
X(ty, X (0)), TO €CTb MPUMEHSTD K Hell yIIpaBleHUs o = [f,1*] C [f;, 3] ¥ BBISICHSITh, HACKOJIb-

KO 6J1M3KO K M “monxonsit” B MOMEHT U MHTeTpaJibHble BOPOHKU X (a)(to, X (O)).

B cBs131 ¢ 9TUM BO3HUKAET 3aa4ya 00 ONTUMAIbHOM COJMXKEHUW MHTErPAIbHBIX BOPOHOK
X0, X7, 0 = [ty,1*] ¢ M.

3adaua 2 (0 cONVKEHUN). 3aJaHbl KOMITAKThI XOu M BR" uuncio A = N{l(t‘} -1),
N, e N. TpebyeTcst onpenesnTb MPOMEXYTOK o = [£,,1*] C [#,, ], yZoBIeTBOpSIIOLINi

p(X ), M) = min{p(X D), M) : p = e, n*] < [19, 01, m* = M = 2
IIpencraBnsier uHTEpeC U AyajabHas K 3amaye 2 3aja4ya 00 ONTUMaIbHOM YKJIOHEHUU WH-
TErpaJibHbIX BOPOHOK X(a)(tO,X(O)), o = [t,,r*] or M.

3adaua 3 (00 yKIOHEeHUHN). 3aaHbl KOMITaKThI X9 u M BR" nuncno A = N{l(f} —1),
N, € N. TpebGyercst onpenenuTb TaKOW IPOMEXYTOK o = [£,,1¥] C [£, O], t* — £, = A, 9TO

p(X (), M) = max{p(X P(®), M) : B = e, n*] < [0, O], m* = m = 1)

-1

Hapsiny ¢ A 3adukcupyem ewe uneno p = N, (9 —1,), N, € N. Tlpu atom p BeiGrpaem
TaKMM, UYTO OTPEe30K IMHBI p YKJIaIbIBaeTCsl B OTPE30K JUJIMHBI A LIEJO€ YMCIO Das:
v N
2=—LPeN.

p M

ITocne ompeneneHus yncen A U p BBEAEM KOHEYHOE pa3OMeHUe r® = {ortis sty ons
In-1sIN, = ¥} npomexyTka [7), O] u cucteMy otpe3koB B = [#, % + L], k € 0, N, — 1, conep-
Kaluxces B [#, 9]. O4eBUAHO, YTO TAKKX OTPE3KOB JIMHBI A OyIeT MeHble, yueM N, o BTy cu-
cTeMy OyJeM Ha3bIBaTh JIJIsl KPATKOCTH M3JIOKEHUS 3-CUCTEMOIA.

Bo3pMeM MPOU3BONBHBIN MPOMEXYTOK O = [f, 4 + A] C [£;,0]. OueBUnHO, 4TO HaliaeTCs
TaKOM MPOMEXYTOK PB; U3 [-CHUCTEMBI, ISl KOTOPOTO 4 € [ty,#; 4] U, 3HauuT, d(a,B;) =
Tl =l Sty — 4 =P

CiietoBaTeIbHO, MOXEM CKa3aTh, YTO [-cUcTeMa — KOHEeYHast CUCTeMa OTPE3KOB B [f;, U]
JUIMHBI A TIPENCTaBIsIeT CO00I COBOKYITHOCTb BCEX OTPE3KOB O B [fy, ] AJIMHBI A ¢ TOYHO-
CTBIO JI0 BEJIMYMHBI p (B XaycnophoBOii METPUKE).

. . 0 .

Orclona BbITEKAET, UTO AJis JTI000M MHTErpajaibHON BOPOHKU X (“)(to, X! )), OTBeYaroen
OTpE3KY « = [f, % + A], HailmeTcst B -cucteme Takoi oTpe3okK B, = [#, 7 + A, 4TO

d(X (10, X ), X P15, X)) < 26"y (4.1)
Llanee, OTMECTUM, YTO IIpU PCIICHUUM 3aaa4 1—3 C KOHKPCTHBIMU YyIIpaBJIACMbIMU CUCTC-
MaMHU Z(f) OTCyTCTByCT BO3MOXHOCTb UMETH OEJ0 C uacaJalbHbIMU l/lHTeraJ'lebIMl/l BOpOH—

0
Kamu X (“)(tO,X ¢ )) c D, Tak KaKk He B COCTOSIHUM MX BBIYUCIUTH. bojiee peasbHO UMETH

JIeJI0 ¢ UX TMCKPETHBIMU (T10 ) almpoKCUMAaLUSIMU Xl(-a)(to,X (O)) = U (ti,Xl(—a)) c D. 9o

el
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0
OTHOCUTCSI M K MHTETpaTbHBIM BOPOHKAM X(Bk)(tO,X( )), KOTOpbIe 3aMEHEHBI B HepaBeH-

cTBe (4.1), yautbiBas (2.48), ux annpoKCcCUMAaIUsIMU X f—ﬁ“(to, X (O)) c D, oTBevyarolIMMHM pa3-

ouenuio I' mpomexyTka [7y, %]. A UMEHHO, OT OLIEHKHU (4.1) mepexonum K OLEHKE

d(X (1, X, X P (10, X)) <
< d(X 10, XY, xP (10, X Py + a(X P19, X ©), X1, X)) <
< 2" Wy 4 E Oy _ 1y (1 + K)A) + (1+ K)A; A = AT 4.2)

Torna cripaBeaIMBO YTBEPXKAEHUE, YTO AJIs1 TIIOOO MHTETPAJIbHON BOPOHKU X (“)(to, X (O)),
OTBEYAOLIC OTPE3Ky o = [f, % +A] u3 [f;, 0], B P-cucteme HaiimeTcsi Takoil OTPE30K
Bx = [tx,t + A], 9TO MMeeT MecTo (4.2).

Hanee, 3apukcupyem e* € (0,o0). I1o £* onpenenum uucna p u A = AI') = N _1(13 — 1)
TakK, YTOOBI

* *
26" pyx < % u o MO — 1) (1 + K)A) + (1 + KA < % (4.3)

T.e. p U A = A(T') onpenesum yaoBIETBOPSIOLIMMY HEPABEHCTBAM

o< leL(rU—ﬁ)Y*—lg*
4 | (4.4)
o*((1 + K)A) + "0 — 1)1 + K)A < EeL"O"”(zo — Y)e*
Kpome TOro, 4ucio p AOKHO YAOBJIETBOPSTH BKJIIOUEHUIO A € N. Tak BbIOpaHHOMY p
p

comoctaBuM pasbuenne I mpomexyTka [f,, %] M KoHedHylo [B-cucTeMy OTpE3KOB
Bx = [te.tx + Al #, € TP, ynoBneTBOPAIOIIMX BKIIOUEHUIO By € [f), V.

Dra KOHeyHast J-cucTeMa M OTBevaloLlye ee dJIeMeHTaM 3, MHOXecTBa Xl(-ﬁk)(to,X (0))
TPEACTABIISIIOT COBOKYITHOCTh BCEX MHTETPAIBHBIX BODOHOK X' (a)(tO,X (0)), o = [t,1*] < [1, 0],
t* —f, = A C TOYHOCTBIO A0 BeIUUYUHBI £¥ € (0,0). To ecTb st 11060 UHTErpaIbHON BO-
POHKU X(“)(IO,X(O)), o = [, 1*] < [f,, 0], t* — t, = A Haiinercst B, = [f;,1, + \] u3 B-cucre-
MBI, TAKOM, 4YTO

d(X (10, X ), X (1, X)) < g (4.5)

YuutbiBasi 3T0, BMECTO 3aa4u 2, chopMyIMPOBAHHO 151 0ECKOHEUHOTO ceMeiicTBa UH-

TerpajbHbIX BODOHOK X (a)(to,X (O)), o = [t, 4 + A] C [f,0], MmoxeMm chopMyaupoBaTh 3a1a-
9y 00 ONTMMAJIBHOM COJMKEHUU, 0ojiee MPUEMIIEMYIO UISI KOHCTPYUPOBAHUSI PEIICHUSI.

Ora 3agaya opMupyercs yxe 1Jisi KOHEUHOTO CeMeMCTBa MHOXECTB X }B ")(tO,X © ), e By
u3 B-cucremsl.

3adaua 2,a (o conmkenun). [ycts X (0), M — xomnakThl B R” u £* € (0, ). 3amaHbl TaK-
xe k= N, 1(1?} —1y), N, € N, xoHeunsle pazouenus I, I'’ nmpomexxyTKa [#,®], ynoBneTBops-
omve (4.4), M COOTBeTCTByIoINAas pa3bueHuio IP KoHeuHass [B-cucTema OTpE3KOB

Be =Iti-ti + M < 1,01, 2, € T".
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) =0

0 //—\ o) L

-8
-10 =5 0 5 X 10

Puc. 6. Xl(—ﬁ“)(ﬁ) — ammpokcuMauusi MHoxectBa goctixkumocti X (0, tO,x(O)) pu x(o) =(0,)e Rz,
[, 7*] = l1, 1301 = [0,3].

TpebyeTcst OMPENeIUTh TPOMEXYTOK P+ U3 [3-CHCTEMBI, YIOBJIETBOPSIONINI COOTHOIIIE-
HUIO

PP (), M) = min pX( (), M) (4.6)

JlomycTuM Ternephb, 4To 3a1a4a 2,a pellieHa U HAlIeH OTPE30K [y« U3 B-CUCTEMBI, yIOBIIe-
TBOpsiromuii (4.5). I3 atoro cnemyer

p(X PO ), M) < p(X“(0), M) + d(X (), XPI(®)) < p(X (), M) + *

1, IPUHMMAsI BO BHUMaHue, 4To p(X; fB"*) ), M) <p(X; fﬁ")(ﬁ), M), nonydyaem

pXP(), M) < p(X D(D), M) + e* 4.7)
Tak kak d(X P9y, X P (9)) < &%, 10

p(X "), M) < p(X (), M) + & (4.8)
W3 (4.7), (4.8) caenyet

o(x P09y, M) < p(X (), M) + 26 (4.9)
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8
=2

X2

4

0 — X00(9)

A

-4 L J
-8

-10 -5 0 5 X 10

Puc. 7. XI(—BZO)(ﬁ) — annmpoKCUMallMs MHOXECTBa TOCTHKUMOCTH X (ﬁ,to,x(o)) npu x© =0, e Rz,
[, %] = [120, 501 = [2,5].

HepaBeHCTBO (4.9) 03HAYAET, YTO MTPOMEXKYTOK Py« U3 -CHUCTEMBI, SIBISIOIIUAIACS peliie-
HUEM 3a/a4u 2,a, TOCTaBJISIeT ONTUMAJIbHBIN pe3yJibTaT C TOUHOCTHIO 10 2€* U B 3a1a4e 2 00
0
ONTUMAILHOM COMVKeHUH ¢ M MHTErpajbHbIX BOPOHOK X (“)(to, X )), o C [t,0]-

Tak ke, KaK U IIpU PeLIeHUU 3a1ay O COMKeHUM, BMECTO 3aiayu 3 00 ONTUMaJIbHOM
VKJIIOHEHUU, COPMYJIUPOBAHHON Il GECKOHEYHOIO CEMEICTBa MHTErpajbHbIX BOPOHOK
0
X (“)(tO,X ( )), o = [t, 4 +A] C [4,0], cbopmynupyem 3agauy 06 ONTUMaTbHOM YKJIOHEHUM
OT M 11J11 KOHEYHOTO CEMENCTBA MHOXECTB X| fﬁ D(0), By € B. OTa 3amaya 6osee mpruemsieMa
JULl KOHCTPYUPOBAHMS PELEHUS.

(O), M — xommnaktel B R™ u g* € (0, ). Taxxe 3ama-

3adaua 3,a (00 ykinonenun). Ilycts X
HBI Yyucio A = N, l(ﬂ —1,), N, € N, koneunsle paszouenus I', I’ npomexytka [z, 9], yno-
BieTBopsitoliye (4.4), U cooTBeTCTBYIOLIAs pa3bueHuio I¥ KoHeuHas B-cucrema orpe3kos

Be =Ite,ti + M < 1,01, 2, € T".
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8
=4

X2

4

0 /‘-‘\‘ X:_Bm)(\g)

A

4 L J
-8

-10 -5 0 5 X 10

Puc. 8. Xl(-B“O)(ﬁ) — annpoKcUMalMs MHOXECTBa NOCTUXUMOCTH X(ﬂ,to,x(o)) npu x© =(0,1) e Rz,
[, 1*] = [140, 2701 = [4,7].

TpeGyeTcst ONpeaenTh IIPOMEXYTOK 3+ U3 [3-CUCTEMBI, YIOBIETBOPSIIOIINI COOTHOLIIE-
HUIO

p(X (), M) = max p(X PO (9), M) (4.10)

K€

HepaBeHcTBO (4.10) 03HAYaET, YTO MPOMEXYTOK [+ U3 P-CHCTEMBI, SIBISIFOLIMIACS peliie-
HUEM 3a71a4u 3,a, TOCTaBIISIET ONTUMAJIBHBIN Pe3yJIbTaT C TOYHOCTHIO 0 2¢* B 3amaue 3 00 or-

TUMaJIbHOM YKJIOHEHUM MHTETPAIbHBIX BODOHOK X (“)(to, X (O)), o =[t,t +A] C [f),0] oT M.

5. IIpumep. ITycts Ha MpoMeXyTKe BpeMeHU ¢ € [f,, V] = [0,10] 3agaHa ynpasnsemas cu-
cTeMa

)'Cl =Xy
X, = —a(f)x; — sin x; + u(r) .1
x(0) = x” = (0,1),

rae ynpasiieHue u(t) € [—1,1], byHKiums
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8
=7

X2

4

/—' X[(,ﬁm)(g)
0 /\ l\—/
A

4 L
-8

-10 -5 0 5 X 10

Puc. 9. XI(—Bm)(ﬁ) — annmpoKCUMallMs MHOXECTBa TOCTHKUMOCTH X (ﬁ,to,x(o)) npu x© =0, e Rz,
[, %] = [#70, 1001 = [7, 10].

olf) = 0, 7e[0,1\[#,7*]
L, te[0,1] N[t 1],
roe r* = 1, + 3.

Ha npomexytke [f), 8] = [0,10] 3anansl pazouenune I' = {t, =0, 7, ..., ;, ..., ty = O} c 1ua-
metpoM A = A(I') = 0.1 u coorBeTcTBYIOMAs pasduennto I' KoHeuHast B-crcTeMa OTPE3KOB
Bk = [Ik,tk + 3] C [to,ﬂ], tk erl.

CumBoiamMu X (ﬁk)(ﬂ), k =0, N — 30 0603HaunM (B COOTBETCTBUH C MPEIBIAYIIIMM pas3e-
JIOM) MHOXECTBA JOCTKUMOCTU X (0, 7, x(o)) cuctembl (5.1) B KOHEUHBI MOMEHT BpeMeHHM 1,
COOTBETCTB; i ©® * =

YVIOLME HadalbHOW mosuuuu (f,x ') U IIPOMEXYTKaM [z.,71*], % =1,
k=0, N-30.
Omnpenenum 1ieeBoe OIHOTOYeUHOEe MHOXeCcTBO M = {A}, rne Touka A = (20,-18).

st cuctemsl (5.1) copmynupyem 3amaum 2,a u 3,a.
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B
0 /_\ X59(9) ]

-8
-10 -5 0 5 X 10

Puc. 10. XI(PS)('G) — anmpoKCHMauMsT MHOXECTBA IOCTHMXKUMOCTH X(ﬁ,to,x(o)) npu x© =(0,)e Rz,

[#, %] = [£g,133] = [0.8,3.8]; Touka A u Gnmxaitinas K Heil Touka B u3 Xl(—Bg)(ﬂ).

3adaua 2,a (o commkeHnun). TpeGyeTcst ONMpPERETUTh MPOMEXYTOK Py« U3 [-cUCTEeMbI

{lte,t*]: 4. = t,, k = 0, N — 30}, y1OBJIETBOPSIIOLLUI1 COOTHOLLIEHUIO
Xy, M) = min p(xX{PV(9), M
AT (D), M) = min p(Xr (D), M)
+E

3adaua 3,a (06 ykmonenun). TpeGyercsi ONPenennTh MPOMEXYTOK Py« U3 [-CHUCTEMBI,
YIOBJIETBOPSIONINIT COOTHOIIIEHUIO

Br+)
p(XT"

(9), M) = maxp(X1*(9), M)
kE
Ha puc. 6—9 nso6paxkeHbl X(ﬁk)(ﬁ), cootrBetcTBytomue k = 0, 20, 40, 70. Ha puc. 10 u 11
n300paXkeHEI pelieHns 3aaad 2,a 1 3,a, CMUMBOJIOM B 0003Ha4YeHEBI ITPOSKIINU TOUYKI A COOT-

BETCTBEHHO Ha Oyivkaiiiee K A 1 HauboJiee ynaaeHHoe oT A MHOXecTBa X ®o (9).
3akmouenue. B paboTe paccMoTpeHa HelMHelHas yrpasisieMasl cucTeMa Ha KOHEYHOM

IIPOMEXYTKE BPEMEHM B KOHEYHOMEPHOM (ha30oBoM InpoctpaHcTee R”. UaydeHa ycroituu-

BOCTb €€ UHTErpajbHOI BOPOHKMU (MOCIEIHEr0 BPEMEHHOIO CEYEHUSI MHTETpalbHOI BOPOH-

KI/I) B 3aBUCUMOCTHU OT CKa‘-[KOO6pa3HO]"O N3MECHCHUA TUHAMUKU CUCTEMbI Ha HECCKOJIbBKUX
MaJIbIX IMIPOMEXYTKaX BDEMCHU. CrerneHb BO3MYLICHUA HHTCFpa}IBHOf/JI BOPOHKHU (CC Iocjen-
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8
X t,=6.4

* T Xp)

0

s
A

—4 ]
-8

-10 -5 0 5 X 10

Puc. 11. Xl(-ﬁ"“)(ﬁ) — anmnpoKCHMALMsi MHOXECTBa IOCTHXUMOCTU X(ﬂ,to,x(o)) npu x© =(0,1)e Rz,

[te, %] = [#g4,794] = [6.4,9.4]; Touka A u Gnuxaiiast K Heif Touka B u3 Xl(-B“)(ﬁ).

HUX BPEMEHHBIX CEUEHUIT) OlIeHUBAETCs B Xaycnop@oBOil METpUKe: MOJyYeHbl SKCIIOHEH-
HUaJTbHBIC OLUCHKU CTCTICHMW BO3MYILLICHUSA. Kpome 3a7a4, CBA3aHHBbIX C ITOJIYYCHUEM YITOMSI-
HYTBIX BbIIII€ OIIEHOK, PACCMOTPEHBI 3a/1a4M O HAaBeJICHUU MHTETPaJIbHOM BOPOHKY Ha 11ejie-
BOE€ MHOXECTBO, JIN0O, HA0OOPOT YKIIOHEHUU OT HETO C MOMOIIbIO ONITUMAJILHOTO BhIOOpa
OIHOTO BPeMEHHOTO MPOMEXYTKa C U3MEHEHHOM 110 3apaHee U3BECTHOMY 3aKOHY JTMHAMMU -
KoM cucteM. B 3akimounTenbHOI YacT pabOTHI IPUBEIEH MPUMED KOoJiebaTeIbHOI MeXaH -
YECKOI yIrpaBsieMOi CUCTEMbI, UJLTIOCTPUPYIOLLIUI TEOPUIO.

HccnenoBaHue BBHITIOJHEHO 3a cyeT rpaHTa Poccuiickoro HaydyHoro ¢donma Ne 19-11-
00105, https://rscf.ru/project/19-11-00105/.
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A nonlinear control system in a finite-dimensional Euclidean space and on a finite time in-
terval is considered, the dynamics of which changes significantly over several small sections
from a given time interval. We study the degree of change in the reachable sets and integral
funnels of the system under consideration when it varies in these sections. The correspond-
ing changes are estimated in the Hausdorff metric.

Keywords: control system, differential inclusion, reachable set, integral funnel, variable struc-
ture, system variation, Hausdorff distance
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