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BBEIAEHME

3amauM paccessHHUs 3JIeKTPOMarHUTHBIX BOJIH Ha
TPEXMEPHBIX AaHU3OTPOITHBIX TUAJIEKTPUIECKUX CTPYK-
Typax MIMEIOT OTPOMHOE 3HauyeHME KaK C TeOpeTu4e-
CKOM, TaK M C MPaKTUUECKOIM TOUKU 3peHUS. BaxxHoit
XapaKTepUCTUKOM 3aday MoJoOHOro poaa siBIsieTcs
COOTHOIIIEHNE IMHBI BOJHBI 3J€KTPOMArHUTHOIO
IOJIsI ¥ pa3MepOB paccerBaleil CTpyKTypol. Eciu
OTHOIIICHWE pa3MepoB CTPYKTYPbl U IJIMHBI BOJIHBI
JIOCTaTOYHO BEJIMKO, TO MCIOJb3YIOTCSI aCUMITOTH-
yeckue MeTonbl perieHus. OTpoMHbBINA BKJIag B pa3-
BUTHUE BTUX METOJOB ISl LIMPOKOro Kjacca 3aaay
BHecan J1.C. Jlykun u ero yueHuku — A.C. KpiokoB-
ckuii, E.A. ITankun, A.B. Pactaraes u op. [1—4]. Ec-
JIV IJIMHA BOJTHBI COM3MEpUMa WM OOJIbllie pa3MepoB
paccerBalIIero o0beKTa, TO HeodOxoguMa MaTreMa-
TUYECKU CTporasi ImocTaHoBKa 3agauu. VcciaemoBa-
HUE paccMaTpUBaeMbIX 3a1a4 UMeeT MPUHIUTUATb-
HO€ 3HaYeHUeE B JICKTPOINHAMUKE.

B xitaccuyeckoii TocTaHOBKE 3aJauM pacCestHUs
GOpMYIUPYIOTCS CIASAYIOIINM 00pa3oM: HEOOXOIM-
MO HalTU pelleHre COOTBETCTBYIOLIUX ypaBHEHUIA
MakcBela, yIOBJIETBOPSIOIIEe YCIOBUIO M3Ty4eHUS
Ha OECKOHEUYHOCTH M TPpaHWYHBIM YCIIOBUSIM HEMpe-
PBIBHOCTHM TaHTE€HIIUAJILHBIX KOMIIOHEHT ITOJIsI Ha I10-
BEPXHOCTSX paspblBa mapaMeTpoB cpenbl. [Ipu aTom
KOPPEKTHOCTb KJIACCUUYECKOI TMOCTAHOBKH, a TaKXkKe
CYLLIECTBOBAHME U €IMHCTBEHHOCTh PEILICHUS SIBJISI-
IOTCSI BAXKHEM MM BOITPOCAMU MTPU N3YYEHUU 3a1a4
paccesiHuUSI.
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Teopema IloitHTHHTa, KOTOpas JOKa3bIBaeTCs Ha
OCHOBE aHajiu3a ypaBHeHUI MakcBeiia U yCJIOBUiA
U3JTydeHUs], TapaHTUPYET AMHCTBEHHOCTD PEIICHUS
JUJIsI 3a71a4 paccesiHUS B cpefiax ¢ 3aTyxaHueM. Crieny-
€T OTMETHTb, YTO CTPOTOE [IOKA3aTeIbCTBO EIUH-
CTBEHHOCTHU pelleHUsI B cpefax 6e3 MmoTephb I0JIroe
BpeMsi ObLIO HEM3BECTHO, XOTS IIPEAII0Iarajaoch, YTO
e€IWHCTBEHHOCTD B 3TUX CIy4YasiX TaKxKe MMeeT MECTO.
OnmHako, Ha Halll B3IJISIII, 3TO HE COBCeM Tak. B mipu-
KJIaJHOM BJIEKTPOAMHAMUKE IOJITO€ BpeMsl CUMTa-
JIOCh, YTO €CJIV BBIMOJIHSIIOTCS YCJIOBHUSI TE€OPEMBbI
eIMHCTBEHHOCTHU, TO PELIeHHE COOTBETCTBYIOLIEH
3aja4u paccesiHus cyuiecTByet. Ho 310 nmeet mecto
TOJILKO B TOM cJIy4yae, ecjIi omepaTop 3amadu (pen-
roJbMOB B (DyHKIIMOHAJIBHOM MPOCTPAHCTBE, TIIe pac-
cMmaTtpuBaeTcsl penreHue. TTomBITKM TOKa3aTh (pen-
rOJILMOBOCTH OTIEPATOPOB 3a/1a4, UCITOIb3Ysl KJIacCuye-
CKy10 nuddepeHINAIBLHYIO TTOCTAHOBKY, HE BCErma
OBLIM YCTICIITHBIMU.

K wuHTerpanbHBIM ypaBHeHUsIM Dpenronabma
2-ro poaa CBOIATCS CAEAYIOLIME KJIACCH 3a1a4: pac-
cesTHUe Ha OMHOPOAHOM M30TPOIMTHOM AU3JIEKTpUYE-
CKOM TeJie C TJIaJKOoi rpaHulieit (MOXXHO paccMaTpu-
BaTh TaKXe HECKOJIBKO MIAIKUX HEMEPECEKAIOIINXCS
TMOBEPXHOCTE pasmesia cpel BHYTpU Teja) [6—S];
paccesiHie B OrpaHUYEHHOUN U30TPONHOM cpee, Iu-
3JIEKTPUYECKasT TIPOHULIAEMOCTb KOTOPOU SIBJISIETCS
Bcrony auddepeHuupyemMoit GyHKIMe KOOpaAuHAT
¥ HUTHOE He oOpaimaercs B HOJb [7]. Mcmonb3ys Teo-
pUIO MHTETPAbHBIX ypaBHeHUiT Ppenaroabma, ObUTH
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MOKa3aHbl TEOPEMBI CYIIIECTBOBAHUS W CIMHCTBEH-
HOCTM COOTBETCTBYIOIIMX 3amady. OmHako B OOIIei
MMOCTaHOBKE, TeM GoJiee MPU HATMIUH aHU30TPOITUH
Cpenbl, TpeXMEepPHBIE 3aIauM pacCesTHUS JIEKTpoMar-
HUTHBIX BOJIH HE MOTYT OBITh CBEIIEHBI K KJIacCUye-
CKHMM WHTETPAJIbHBIM ypaBHeHUSIM D penroiibma.

OObeMHbIE CUHTYJISIPHbIE MUHTETPpAIbHBIE ypaBHE-
HUSl OTHOCUTEJIbHO HEW3BECTHOTO 3JIEKTPOMArHUT-
HOTO MoJIsI MO 00J1acTU HEOMHOPOAHOCTU ( TTOSIBU-
JIMCH B 3ieKTpoanHaMuke B 70-e ronsl XX B. [9]. DT
YpaBHEHMUS OMHUCHIBAIOT 33J1a4U 3JIEKTPOMArHUTHOTO
paccesiHUSI Ha TPEXMEPHBIX HEOTHOPOIHBIX U aHU30-
TPOTHBIX IUBJIEKTPUIECKUX CTPYKTYpax B caMoil 00-
et nocraHoBke. Kpome Toro, ypaBHeHUs MOTYT UC-
MOJIb30BaThCSI TIPU UCCICAOBAHUHU 3a/1a4 paCCesTHUS,
JUUISI KOTOPBIX KjlacCMYecKasl TIOCTAHOBKA JIMOO HEBO3-
MOXHa, JIM0O 3aTpyIHEeHAa, HalIpuMep BO PpaKTATLHBIX
cpenax win IN3JIeKTPUYECKHUX Telax ¢ HelrIaaKol rpa-
Huleil. OMHaKO 3TH ypaBHEHUSI OTHOCSITCSI K MHOTO-
MEPHBIM CUHTYJISPHBIM WHTErpajibHbIM YpaBHEHU-
sIM, TEOPHSI KOTOPbIX OblIa MMOCTPOEHA 3HAYUTEJILHO
MO3e U B MEHBIIINX JAE€TaJIsX 10 CPAaBHEHUIO C TEOPU-
el UHTerpajbHbIX ypaBHeHUT @penroabpma.

C ucnonn3oBaHueM pesyabraToB C.I. MuxiinHa u
€ro YUYEHUKOB MO TEOPUM CUHTYJISIPHBIX YpaBHECHUMA
[10, 11] HamMm BriepBBIe OB MCCIIENOBAHBI OOBEMHBIC
CUHTYJISIDHBIE MHTErpajibHbIC YpPaBHEHUST 3JICKTPOIU-
HaMUKHU [5, 15, 16]: moaydeHs! yCIIOBUS (PPEArOIbBMOBO-
CTU ypaBHEHUIA, TOKA3aHbI TEOPEMBI CYIIIECTBOBAHMS U
€IMHCTBEHHOCTH pPEIICHMsI, UCCIeAOBaHbl KJIacCU4Ye-
cKasl 1 0000I11eHHAas IIOCTAaHOBKY 3aga4. MaTteMaTu-
YeCKM CTPOTO ITOJYy4YeHBI YCIOBHUS CYIIECTBOBAHMUS
PE30HAHCHBIX AaHU3OTPOIMHBIX JIUIJCKTPUUECKUX

cTpykTyp [14].

OtMmeTtum, yto B padotax IO.I. CmupHOBa u ero
y4eHUKOB [ 12, 13] ObL1M pacCMOTPEHBI HA OCHOBE MH-
TerpoarddepeHIIMaTbHbIX ypaBHEHUM 3a1a41 paccesi-
HUSI Ha TPEXMEPHBIX M30TPOIHBIX TUINIEKTPUUECKUX
CTPYKTYpax U uaeaibHO MPOBOISIIMX MMOBepXHOCTsIX. C
KCIIOJIb30BAaHUEM TEeOpuU MceBaoauddepeHIna b-
HbIX ypaBHEHUH ObLIIM U3YYEHBI KOPPEKTHBIE MOCTa-
HOBKM 3a/1a4, JJ0Ka3aHbl TEOPEMBI CYIIISCTBOBAaHUS U
€IMHCTBEHHOCTH.

Borpockl eTMHCTBEHHOCTU pPENIEHUS 32124 B3au-
MOJEWUCTBUSL INEKTPOMATHUTHOTO TIOJSI C HEOIHO-
POIHON OUBJIEKTPUUYECKON CpEemoii, HaXOIsIIEecs B
TPEXMEPHOM OrpaHMYeHHOM objactu O, OKPYKEHHOM
CBOOONHBIM MPOCTPAHCTBOM, UMEIOT MPUHIUMUATb-
Hoe 3HauyeHue B anekTponuHamuke. Eciau cpena B Q
WMEET MOTEPU, TO PEIIEHUE 3a0aY1 €MUHCTBEHHO, T.€.
IIPUA OTCYTCTBMM BHEILIHETO UCTOYHMKA MOJISI pelle-
HUE€ BO BCEM MPOCTPAHCTBE, B TOM YUCJIE B 00JaCTH
0, MOXeT ObITh TOJbKO HYJeBbIM. [Ipu oTcyTcTBUU
MOTEPh B Cpelie, OCOOEHHO MPU HAUTMYUU aHU30TPO-
MW, BO3HUKAIOT 3HAYUTETbHbIC TPYIHOCTHU TIPU JO-
Ka3aTellbCTBe eAUHCTBEHHOCTU. B paboTte [16] GBIIO
JIoKa3aHo, YTO 1151 cpen 6e3 oTephb U € IIaAKUMU Ta-
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CAMOXUNH, CAMOXMNHA

paMeTpaMHM cpedbl BO BCeM IIPOCTPAHCTBE pelIeHUe
3a7a4 eIMHCTBEHHO, €CJIY BBITIOJHSIETCS YCIOBUE

3
e (x)o,0, 0, xe 0, of +op+05 =1, (1)
n,m=1
rae €,, — KOMIIOHEHTH TEH30pa ANAJIeKTPUIECKOI
MMPOHUIIAEMOCTH € B JIEKAPTOBOM CHUCTEME KOOPIU-
HaT. /111 n30TponHoii cpensl yciaoBue (1) mpuHuMa-
ersune(x)#0,xe Q.
st mony4eHUs1 KOHKPETHBIX pellleHUuit Tpexmep-
HBIX 3a/1a4 PACCESTHUS Ha CJIOKHBIX CTPYKTYpax BO3-
MOKHO MCHOJIb30BaHUE TOJBKO YUCIIEHHBIX METOHOB.
Korga niivHa BOTHBI 3HAYMTEILHO MEHBIIIE XapaKTep-
HBIX pa3MepoB OObEKTa paccemBaHUsI, BHE KOHKY-
PEHLINU SIBJISIIOTCS aCUMIITOTUYECKUEe MeToabl. Of-
HaKoO B KBa3UCTAaTUYECKOM M PE30HAHCHOM Auaria-
30HaxX JJWH BOJH JJisl HaXOXIEHUSI YMCICHHOTO
pelIeHrus HeoOXOAUMO UCITOJIb30BaTh CTPOTUE MO-
CTAaHOBKMU 3a7a4.

HuddepeHumnanbHble ypaBHEeHUs1 MakcBesia Ka-
XKyTCsI HanOoJiee MOAXOASIINMU A1 YUCIIEHHOTO pe-
IIEHUS TTOJOOHBIX 3a1a4, ITOCKOIbKY MOCJIe TUCKpe-
TU3aLMU MIOJIy4aeM CUCTEeMY JUHEMHBIX ajreopanye-
ckux ypaBHeHU (CJIAY) ¢ pa3pexxeHHOIT MaTpUuleit
10 CPABHEHMIO C TIOJIHOU MaTpULIel, KOTOPYIO UMeE-
€M B cIyyae MHTEeTpaIbHbIX ypaBHeHU. OmHAKO ISt
3aa4 paccestHUsI pellecHUE OOJKHO YIOBJIETBOPSITH
YCJIOBUIO M3JIyYeHHsI Ha O€CKOHEYHOCTU. DTO IIPU-
BOIUT K TOMY, YTO JJISI IIOTyYEeHMSI JOCTATOUYHOM! TOU-
HOCTHU pelleHUsT HeOOXOAUMO YKCJCHHO HaXOIUTh
HEU3BECTHOE T10JIe B 00J1aCTH, KOTOPasi 3HAUNTETLHO
Oouble paccenBarouieii oonactu Q. IToaTomy, mpu-
HUMasi BO BHUMaHUE TPEXMEPHOCTb UCXOIHOM 3a1a-
4M, IIPA UCHOIb30BaHUM TP epeHLINATbLHBIX ypaB-
HeHuii MakcBeiuia rmonydaeM CJIAY orpomHoit pas-
MepHOCTU. TeM He MeHee aJrOpUTMbI PeIlleHUs 3a1a4
paccesiHUSI Ha OCHOBE ypaBHeHMII MakcBeiia To-
CTOSIHHO COBEPIIEHCTBYIOTCSI U B HACTOSIIIIEe BpeMsl
LI POKO KUCITOIB3YIOTCSI MHOTUMU UCCIIEIOBATE/ISIMU.

ITomuMmo ypaBHeHUMIT MakcBelia ISl YUCJISHHOTO
pelilieHus 3a1a4 paccestHUsI HA OMHOPOIHbBIX U CJIOUCTO
OTHOPOMTHBIX U30TPOITHBIX TUIIEKTPUIECKUX CTPYK-
Typax KCIIOIL3YIOTCS ITOBEPXHOCTHBIC MHTETpaIbHbIC
ypaBHeHuss ®penronbMa 2-ro pomga, YHIOMSHYTHIE
BBIIIIE.

B 00BbeMHBIX CUHTYISIPHBIX MHTETPaJIbHBIX YpaB-
HEHMSIX ITapaMeTPhl CpeAabl BXOIST B SIIpa ypaBHEHUI
B IIPOCTOM (hOpMe, UTO MIe1aeT BO3MOXKHBIM MX YHMC-
JIeHHoe pelieHue. [To-BuguMomy, TepBoe YMCIICH-
HOE pellleHWe 3TUX ypaBHEHUI ObLIO MPUBEACHO B
pabote [9]. PaccmarpuBanach 3agada paccesiHUs
IUIOCKOII BOJIHBI Ha HEOOHOPOIHOM IU3JICKTpUYE-
CKOM ITapajuieienuiiene. MeTogoM KoJUIOKaIuy 3a-
nmaya Owuia anmpokcuMupoBaHa CJIAY HeOompmoin
pa3sMepHOCTH, KOTOpasi Oblj1a pellieHa MPSIMBbIM METO-
noM I'aycca. B nanpHeiiiemM ypaBHEeHUS MCITOJIb30Ba-
JIUCh JIJISl YUCJIEHHOTO PELIeHUs PSIIOM UCCaeaoBaTe-
JIeli, OMHAKO IIMPOKOIO IIPUMEHEHHUSI OHU II0Ka He
MOy YWJIH.
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NCCIEOJOBAHUWE U METOAbI PELIIEHUA 3AJAY PACCEAHUA

OnuileM OCHOBHbIE TPOOJIEMbI, KOTOPbIE BO3HU-
KaloT IIPU YMCJIIEHHOM PElISHUU 3TUX YpaBHEHMUIA.
151 OOJIBIIMHCTBA pealibHbIX 3a/1a4 B CHIIY TPEXMEP-
HOCTH YpaBHEHMUI MTOCJIE TUCKPETU3ALIMU YpaBHEHU I
Bo3HuKaT CJIAY ouyeHb 00bIION pa3MepHOCTH N,
N > 1000. OueBUIHO, YTO UCIOIB30BAHUE IPSIMBIX
METOJOB NpPaKTUYECKU HEBO3MOXHO, IOCKOJIbKY B

2
MaMsTh KOMIbIOTEpa HEOOXoAUMO XpaHUuTh M ~ N
yucen, a gug pemreHns CJIAY HY:XHO BBITTOJTHUTH

T~N’ apudmMeTndeckux omnepanuii. [Toaromy Bo3-
MOXHO WCIOJIb30BAHUE TOJILKO UTEPALIMOHHBIX ME-
TOonoOB. B aTOM cityyae mapameTpsl M u T oliecHUBAIOT-
cs (hopmynamu

M~M, T~LT, (2

rae M, — KOJMYECTBO 3JEMEHTOB MACCHUBA YMUCE,
KOTOpbIE HEOOXOAUMBI IS aJITOPUTMa YMHOXKEHUSI
matpulibl CJIAY Ha BekTOp; L — KOJIMUYECTBO UTEpa-
Ui IS TIOJydeHUs] pelleHusl ¢ 3aJaHHON TOYHO-
CThlO; T, — 4ynucio apudMETUYECKUX OINEepaALU 115
yMHoxeHus1 Matpulibl CJIAY Ha BekTop. 7151 TJTOTHBIX

MaTpuLl TIPpOU3BOJIBHOrO BUma M, = N 2, T,~ N 2,
OnmHako IJIsT TIJTIOTHBIX MaTPUII, 00JIagaloInx oIpe-
JleJIeHHBIMU CBOMCTBAMU, 3TU BEJIMYUHbBI MOTYT OBITh
3HAYUTEIILHO MEHbIIIE.

B naHHOIT cTaThbe paccMaTpUBaeTCs METOH, YMC-
JICHHOTO pellleHUs] 0ObeMHBIX CUHTYISIPHBIX WHTE-
rpajbHBIX ypaBHeHU. C UCHONb30BaHUEM CBOICTB
SAep UHTETPAIbHBIX YPAaBHEHMIT 1 alTOPUTMOB OBICT-
poro AucKpeTHoro npeodpazoBanst Dypbe KOHCTPYH-
PYIOTCSI aJITOPUTMBI CO 3HaUYeHussMu M , u T, IpakTH-
YeCKHU IIpoIopLuruoHanbHeIMu N [5, 17—19].

1. TOCTAHOBKA 3AJAYUA

PaccMmorpum cnenyrommii kiace 3agad. B Tpex-
MepHOi1 orpaHUUYeHHOI obsacTu Q cpeaa xapaKTepu-
3yeTcsl KycouHO-auddepeHIpyeMoil TeH30p (QYyHK-
LMEN TUJIEKTPUYECKOM MpOHUIAaeMOCT! €(x), a BHE
0o0JIacTh UBJICKTpUYecKass TPOHUILIAEMOCTb U30-
TPOIIHA M paBHA €, U Be3ge WU =L,, Img, =0,
Imp, =0, Reg, >0, Rep, > 0. TpedbyeTca onpene-
JIUTh DBJIEKTPOMAarHUTHOE TIOJie, BO30YyXJaeMoe B
TAHHOM cpejie BHEIITHUM IT0JIEM M CO3IaBaeMoe CTO-

70 o
POHHUM TOKOM J C BpPEMEHHOI 3aBUCHMOCTHIO B
BUEe MHOXUTENS exp(—i®?). Haweil uemnsto saBiser-
cs M3yYeHHUe pellleHni ypaBHeHUT MakcBeia

rot H = —iwe E +J°, rotE =iop, H, 3)

YAOBJIETBOPAIOIINX YCJIOBUIO U3JTYYCHUA Ha 06ecko-
HEYHOCTH

lim(rg—u— ikoru) =0, r=Ixl= \/xlz + x22 + x32, 4)
r

r—co

e k, = W€y, ¥ — M0bas U3 NEeKaApTOBLIX KOMIIO-
HeHT Toneit £ wmm H . Kpome Toro, Ha moBepxHO-
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CTAX pa3pbiBa IMMapaMeTpoB CPpC€Abl TAHICHIIMAJIbHBIC
KOMIIOHEHTBI MOJIEH TOJKHBI OBITh HEIIPECPLIBHLI.

ITocTtaBneHHast 3amaya MOXKET OBITH CBeleHa K
00BbEMHOMY CUHTYJISIPHOMY MHTETpaJIbLHOMY YpaBHE-
HUIO OTHOCHUTEJIBHO 3JEKTpUYECKOro Toinst B Q
[5, 15]:

EG) + (6,0 ~ DEG) -
— V.p. i (€,(») - DE(y),grad) grad G(R) dy — )
— i3 [ €,() - DE®) G(Rydy = E*(x),
’ xe Q, & =¢fg,
rne G — pynkumsa [puna uia ypasHeHus enbmronbiia
G(R) = exp(i ko R)/(4TR), (6)

R=|x-), x = (x,%,%), ¥y = (3,1, )3), @ p.v. 060-
3Ha4acT CHHl‘y.T[HpHHfI MHTErpaa, T.€. MHTEIpajJl 3a
BBIYETOM OECKOHEYHO MAaJIOrO mIapa B OKpECTHOCTU
TOYEK X U ).

2. PE3VJIbTATbl UCCITEAOBAHUMN

B paGotax [5, 16] noka3aHa cieayioias Teopema
CIMHCTBCHHOCTU PCIICHMA pacCMaTprUBaEeMbIX 3a1a4.

Teopema 1. I1ycTthb TeH30p DYHKIMS £(X) ABISIETCS
KycoyHO-nuddepeHpyemMoit pyHkumnein Koopau-
HAT, a ITOBEPXHOCTHU pa3phbiBa MapaMETPOB CPeObl —
KycouHo-Tnaakue. Jlamnee, TeH3op-GyHKIUS £(x)
yIoBJIeTBOpsieT yciaoBuio (1), a apMuUTOBaA TEH30p-
dyHkums (€ (x) — €%(x))/(2i) HeOTpULIATETBHO OTpe-
JieJieHa B Kaxkaoul Touke obnactu Q. Toraa pelieHue
OOHOPOMHEIX ypaBHeHMIT MaxcBemia (3), ymoBie-
TBOPSIIONIEE YCIOBUSIM HEMPEPHLIBHOCTU TAHTCHIIM-
aJIbHBIX KOMITOHEHT MOJIei Ha TIOBEPXHOCTSIX Pa3phbl-
Ba ITapaMeTPOB CPEIbl ¥ YCIIOBUIO U3JTyYCHMsI Ha Oec-
KOHEUYHOCTU, MOXET OBITh TOJILKO TPUBUAIBLHBIM.

[NpuBeneHHOE B TEOpEeMe YCIIOBUE HEOTPUILIATE b~
HOCTH TeH30pa (€ (x) — £%(x))/(2i) dusmaecku o3Ha-
YaeT, YTO B cpelie HeT reHepallui 9HEepTUH, T.€. cpea
SIBJISIETCSl TITACCUBHOM. B M30TpOIHOM citydae ycio-
BUe nMpuHuMaeT Bua Ime(x) = 0.

[J1s1 oTBETa Ha BOINPOC O CyLIECTBOBAHUU pellle-
HUS paccMaTprBaeMbIX 3aja4 cHavyaja HeoO0X0aumMo
BBIOpaTh TMoaxoisiiee Ajisl aHanu3a QYHKIMOHATb-
Hoe TpocTpaHCcTBO. UHTerpaibl OT KBajpaTa MOIYJIs
XapaKTEPUCTUK 3JIEKTPOMArHUTHOTO T10J1s1 MPUCYTCTBY-
0T B 3aKOHE COXpAaHEHUS SHEPTMU. 3HAYUT, MOXKHO MO~
JlaraTb, YTO MPOCTPAHCTBO MHTETPUPYEMBIX C KBaJpa-
TOM BeKTOp-(YHKIUI siBIsieTcsl Haubosee “dusny-
HBIM” JLJIS1 ICCJIEIOBAaHUS UHTETPaIbHbIX YpaBHEHU I
3a1ay4 JIEKTPOMarHUTHOTIo paccessHus. Jlanee oynem

YICTIONb30BaTh TMILGEPTOBO TPOCTPAHCTBO L, CO
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CKaJISIDHBIM TIPOUM3BEAEHNEM, OIpenensieMbiM ¢Gop-
MYJIOH

(0.7) = [Oeov+)dx. 7

JamuM HECKOJIbKO OIpeAe/IeHNM, UCTIOIb3YEeMbIX
najee.

Onpedenenue. Tlyctb A — IUHEHHBIN orepaTop,
JIEHACTBYIOIINI B TWJIBOEPTOBOM HpOCTpaHCTBe H.
Torma omepatop A*, KOTOpBII TaKXKe oIpeaeicH B H,
Ha3bIBAeTCSl COIPSIKEHHBIM K A, eClI Clieayloliee
paBEHCTBO

(Af,8) = (f,A*g)
BBITTOJIHAETCA 11 Beex f,g € H.

Pemrenust onHopogHoro ypaBHeHUsI Au = 0 Oynem
Ha3pIBaTh HyIsIMU orepatopa A. O0o3HauuM pas-
MEPHOCTb MOAIIPOCTpaHCTBa HyJel yepes n (A). To-
rna n(A*) — pasMepHOCTb MOANPOCTPAHCTBA HYJEH
COIIPSDKEHHOTO ornepaTopa A*. Pa3HoCTh

Ind A = n(A) — n(4*)

Ha3bIBaeTCsl MHAEKCOM olepaTopa A.

Onpedenenue. JInHeliHbIM oniepaTop A, TIeHACTBYIO-
WA B TMJIBOEPTOBOM IMPOCTPAHCTBE, HA3bIBAETCS
HETEPOBBIM ONEPATOPOM, €CIU 3HadyeHUus #n(A) u
n(A*) KOHEUHBL.

Onpedenenue. JInneitHbBIN oniepaTop A Ha3bIBAETCS

¢pearoJbMOBBIM ONEPATOPOM, €CJAU OH HETEPOB U
ero UHIEKC PaBEH HYIIIO.

JlokazaHo cienymwlilee yrBepxkaeHue [5, 15].

Teopema 2. TlycTb KOMIIOHEHTHI TeH30pa &(x)
BCIONY TeJibAep-HenpepbIBHbIE (DYHKIIUM KOOPIM-
HaT. Torma, 1Jist TOTO YTOOBI OTIlepPaTOP CUHTYJISIPHOTO
WHTETpaJIbHOIO ypaBHEHUSI (5) ObLI HETEPOBHBIM OIle-

paTtopoM B ZQ(Q), HEOOXOOUMO U MOCTATOYHO BBI-
nonHeHue yciaoBus (1).

st M30TpOMHOM cpenbl ycioBue (1) mpuHIMa-
eT BUI

ex)#0, xe Q.

Teopema 2 nMeeT NpUHLMIINMAIbHOE 3HAYEHUE, T10-
CKOJIbKY C €€ TTOMOIIIbIO T0OKa3bIBAIOTCSI MHOTHE BaXK-
HblE YTBEPKAEHUSI.

HoxazaHa cieaymoliasi TeopeMa CyliecCTBOBaHUS U
eIMHCTBEHHOCTH peleHus |5, 16].

Teopema 3. T1ycTh BBHITTOJTHSIIOTCS YCIIOBUS TEOpE-
MBI 1. KpoMe Toro, TeH30p-GbyHKIS (é, (x) - I) MO-
XKeT He UMeTh 00paTHYI0 QYHKIMIO B O TOJBKO Ha
MHOXECTBE TOUYEK MEPHI HOJIb, HATIPUMEDP Ha IpaHu-

e Q. Torma cylecTByeT U €AUHCTBEHHO peElleHUe
CUHTYJISIDHOTO MHTErpajJibHOro ypaBHeHUs (5) B

ruIL6epToBoM npoctpaHcTBe Ly(Q).

3 TEOPEMDbI 3, CJIEAYET, YTO IMPAKTUYCCKHN IJIs1
BCE€X OIrpaHMYCHHBIX IAaCCUBHBIX AMUIJICKTPUYCCKUX

CAMOXUNH, CAMOXMNHA

CTPYKTYp Q, YIOBIETBOPSIOIIMX ycaoBuio (1), pere-
HYe€ 3aJa4M pacCesIHUS CYLIECTBYET U IMHCTBEHHO.

IMpencraBiasioT MHTEpEC 3amadyn pacCesTHUSA, TIPU
KOTOPBIX KJIacCMUYecKasi TOCTAaHOBKA JIMOO 3aTpynHe-
Ha, 1100 HeBO3MOXKHa. JloKa3zaHo cieayoliee yTBep-
KIeHUEe TP MUHUMATbHBIX OTpaHMYeHUIX Ha TTapa-
MeTphI cpednl [15].

Teopema 4. Ilyctb TeH30p-PyHKLMS £(X) — orpa-
HUYeHHasT QYHKIIMS KOOPIWHAT B obnacth Q, a 3pMu-
ToB TeH30p (&(x) — & * (x))/(2/) MoNOXMUTENBHO Ompe-
JieJieH B Kaxknaou Touke Q. Torma cyliecTByeT U emiH-
CTBEHHO pellleHWe CHUHTYJISIPHOTO MHTETPaIbHOTO

ypaBHEHUS (5) B TUIIBOEPTOBOM MPOCTPAHCTBE EZ(Q).

Bonblioit MHTEpeC MPENCTaBIISIIOT CpeAbl, B KOTO-
pbix ycioBue (1) He BoinonHsieTcs. B padore [14] moka-
3aHO, YTO P HEeBLITIOTHeHUU yciaoBus (1) B cpene 6e3
MOTeph B 0OJIACTY HEOTHOPOTHOCTU (), MOTYT CyIlle-
CTBOBaTh HEHYJIEBbIE pEIeHUs] OTHOPOMHOI 3amayu.
Ecnu cpena aHuzotpornHasi, To B o6actu  MOXeT Ha-
XOIUTBCS 3JIEKTPOMATHUTHASI SHEPTUS U IIPU 3TOM HET
M3JIydeHUsI B OKpyKalolliee MpOCTPaHCTBO.

3. METOJ PEILLIEHHWA .
PACCMATPUBAEMbBIX YPABHEHHW I

PaccmoTpuMm mpuMmeHeHME MeTOola KOJIJIOKAalliK
TSI YMCJIEHHOTO pelIeHNsI 00BEMHOIO CUHTYISIPHO-
ro MHTErpaJibHOTO ypaBHeHUs (5). OTMETUM BakKHOE
00CTOSITEJILCTBO: SIIipa MHTETPaJbHBIX OIEPaTOPOB
ypaBHeHMs (5) 3aBUCAT TOJILKO OT Pa3HOCTHU AeKap-
TOBBIX KOOpAWHAT ToueK x 1 y. [ToaTomMy npu aucKpe-
TU3aLMHU 1IeJIeCO00Pa3HO 3TO YUMTHIBATH C LIEJIBIO I10-
nydeHust matpuiibl CJIAY, kotopast Oymer obiamaTh
COOTBETCTBYIOIIMMU CBOMCTBAMU CUMMETPUH.

JJ1s1 3TOrO B IIPSIMOYTOJIBHOM IeKapTOBOIT CUCTEME
KOOPAWHAT BBEIEM KOHEYHOE MHOXKECTBO TOYEK —
CETKY, TaK YTOObI 001acTh O LIeIMKOM HaXOAWJIach B
MpsSIMOYTobHOM Hapasuieienuiene I1 co croponamu
N, h,l=1,2,3, tae 4 — 1Iaru ceTKu Mo 1eKapTOBbIM
koopauHataM. [1pu aTom nmapamnenenurnen I1 pazou-
BaeTCs MaHHOM CETKOU Ha sTYeiiKu (3JeMeHTapHbIe
napajiesienuneb) L(p), p = (D, P2 13)
p =0,...,N,—1. Mbl onpenensem o6mactb Q Kak
oObenuHeHUe N, S4YEEK, LEHTPbl KOTOPBIX JIEXAT
BHYTpH obiactu Q. OyeBuIHO, 4t0 Ny < NN, N;.
Torma BeIOOp ceTkm ompenensieTcss GopMoit 00IacTh
O u TpeOGOBaHUSIMU: UCKOMOE pellleHUe, BHEIIHEee
I10JIe ¥ IIapaMeTpPHI Cpeabl CIab0 N3MEHSUIUCH BHYTPU
sYeeK. Y3JI0BBIE TOUKHM, B KOTOPBIX ONPEIEISIIOTCS
3HAYEHUSI MCKOMBIX (YHKIIMiI, OymeM 3agaBaTh B
LEHTpax sT9eeK X(p) ¢ KoopauHaTaMu

h h
x(p) = ph + 51, x,(p) = pohy, + 2,

, 2 (8)
xX(p) = pyhy + 2.
2
PAIMOTEXHUKA U DJIEKTPOHUKA ToM 68 No 6 2023
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HMuterpanpHoe ypaBHeHUE (5) MOXKET OBITh IIpeoOpa-
30BaHO K cienyoiieMy Buay [18]:

E(x) + (@, (x) - NE(x) -

—tim [ (@)~ DE),grad)gradG(R)dy - (9)
O\I(e)

— ki [ @€,0) = DEW)GRy = E°(x), x€ 0.
0

3necw I1(e) — nmapamnenenurnen, AuameTp KOTOpPOTo
€, CIIEHTPOM B TOUKE X =Y, a ¥ — MMaroHaIbHbIN TeH-
30p, 3aBUCSIIUN OT ¢GopMBbI Mapaieienuiena [18].
Ecnu nmapannenenunen — kKy6, To KodddUIMEHTHI
TeH30pa ¥ paBHBI, Kak 1 JIs mapa, 1/3.

HMHuterpanbHoe ypaBHeHUe (9) OyneM anmpokcu-
mupoBath CJIAY ¢ pasMepHOCTBIO ~ N, OTHOCUTEIb-
HO 3HAYEHHWI HEeU3BECTHOTo TOoJs u(p) B y3JIOBBIX
Touykax obnactu Q

D B(p—am@u(g) = u(p), x(p)e 0,(10)

@eQ

e u(p) = u(x(p)); uy(p) = uy(x(p)); u(q) = u(x(q)).
ITocKoNbKY y3710BbIe TOUKU HAXOAATCS B LIEHTpe

sT9eeK, TOYHOCTh amlIpOKCUMAIIUM WHTETPaTbHOTO

omneparopa ~h?, e /4 BelaKucIseTcs 1o GopMyJie

h=\h +h +h.
B (10) u(p) n uy(p) — Bekropsl, a B(p—q) u N(q) —
MAaTpHULBI C pa3MEPHOCTBIO TPU, KOTOPHIE OMpPEAesi-
[0TCs cornacHo (9) hopmynamu

nmk(q) = 8mk(y(q)) - 8mka

B,(p—q) = j G(R)[( %—k&janaw "

u(p) —

(1)

+ (ko +%—%}8nm}dy, pPZq.
0 n(0) = —Y,0,, -

3nech

R =01 = x(p) + (3, = 5:(p))* + (3, — x:3(p)). (13)

a o, 3anaTcs popMynamu

— x,,(p)—y,,’ n=123

|x(p) — ¥

Marpuna cucreMbl TMHENHBIX ypaBHeHUit (10), mo-

JIYIMBIIASICS TIOCJIe AUCKPETU3ALMU MHTETPaJIbHOIO

ypaBHEeHUS, UMeeT (opMy OJI0YHO-TEIINIIEBOM MaT-

punbl. O4eBUIHO, YTO OCHOBHBIC BHIYUCIUTEIbHBIE

3arpathl Ipu yMHOXeHUuUn MaTtpullbl CJIAY Ha Bek-
TOP, CBSI3aHBI C BEIYMCIICHUEM CYMM BUIA

W)=Y, Bp—-aV(), x(p)e0,

@0

(14)

(15)
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IIe TpexXMepHble MaTpulbl B(p—g) oIpenesroTcs
dopmynamu (12)—(14).
Hnst Beruuciaenus W(p) B y310BBIX TOYKaxX

x(p) € O TpebyeTcsl BHIMOIHUTD ~N5 apudmMeTHUye-
cKux onepauuii. Ijsi yMeHbILIeHUs Yuciia apupme-
THYECKUX OIlepallnii OymeM IPUMEHSATh TEeXHUKY
OBICTPOTO YMHOXKXEHUSI TETUIUIIEBBIX MAaTPUIL Ha BEK-
TOP, OCHOBAaHHYIO Ha OBICTPOM JUCKPETHOM Ipeod-
pazoBanuu Pypoe [20].

HoonpenenuMm BeaIu4YuHbl V(g) HyJeM B TOUKax
x(gq) napamnenenunena I[1, He mpuHaIIeXalMx 001a-
ctu Q. Torma (15) MoxXHO 3amucaTh B BUAC

W(p, Py, P3) =
N;—1 N,—1 N;-1 ( )

6
= z Z 2 B(p— 9,0 — @ s —qz)V(ql,qz,qg)-l

@=0 ¢,=0 ¢;=
OueBuHO, yTO NpH X(p) € Q 3HaueHus1 W(p) us (15) u
(16) conagarot. B (16) MarpuuHas hyHKIIUS JUCKPET-
HOTO apryMeHTa B(p) onpeneneHa st 3HaYEHUIA

—(Ni-D) < p SN, —1D);
—(Ny =) < p, (N, - 1);
—(N; =D < py <(NV; - D).

O06o3HauuM yepe3s I1, mapayenenues co CTOpoHa-
Mu 2Nk, 2N,y 1 2N,k TlpogomkuM MaTpUYHYIO
¢dyHkumo nuckpetrHoro aprymeHTta B(p,,p,,p;) Ha
BCE LIEJIOYUCIEHHbIE 3HAUYCHUS py, P, P;, TIOJIAras ee
MEPUOANYECKON MO KAXIOW MEPEMEHHON C Mepuo-
IaMM COOTBETCTBEHHO 2N,,2N,,2N;. IIpu atom no-
onpenenum dyHkUuMu B(p,,p,,p;) HYJIEM B TOYKax
(N1, D2,03) (P1sN2,p3), (P1sp2,N3), THE pi,py,ps — JO-
Oble uesnble yucna. [amee moompencnauM BEKTOp-
¢dyHkuMIO OUCKpeTHOro aprymeHra V(p,,p,,p;) Hy-
JIeM BO Bcex Y3JIOBbIX Toukax Il,, He mpuHagiexa-
wux I1, 1 NpoooKuM ee Ha BCE LIEOYUCICHHBIE
3HAYCHUS py,p,,P;, NoJarasi ee Nepuoguyeckoi no
KaXJ0i MepEeMEHHOI ¢ NEPUOAAMU COOTBETCTBEHHO
2N,,2N,,2N;.
3anuiieM BbIpakeHue

W (p, py, 3) =
2N,—12N,—12N;-1
Z > Z 4,0~ P —q3) % (17)
a= =0 ;=0

XV (q,9,,9).

C y4yeToM M3JI0XEHHOro sicCHo, uto npu x(p) € I1
dbyuxkuusa W(p,, p,, p;) 13 (17) coBnanaer co 3Have-
Husimu W (p,, p,, p;) 13 (16). danee uepes I1 u I1, Oy-

J1eM 0003HAaYaTh LIEJIOYUCICHHbIC napauICjaCInmmneabl
C YMCJIIOM ITUCKPETHbLIX apryMEeHTOB I10 KaXXIoi ocu

N,N,,N; u 2N,,2N,,2N; COOTBETCTBEHHO. Temneps,
MpoBOISl AUCKpPETHOe mnpeobdpasoBaHue Dypbe IO

2023



526

KaxXaoii ImepeMeHHOIt oT o0eux yacreii (17), monydymm
clieayolliee paBeHCTBO:

Wk, ky, ky) = B (kyy koo by )V (K kyy k), K € T1,. (18)
Yuciao apudMeTndecKrx orepalnii 1 oo0beM Tpedye-
MOI nmamMsaTu 1151 Beruuciaenus W(p), p € 11, oueHu-
BatoTcs opmysamu [5, 17]:
T, =10N,N,N,(LOG(N,) +
+ 2LOG(N,) + 4LOG(NV,)).
M,=6(N,+D)(N,+D)(N;+1)+
+ 6 N\N,N; +12N,N,.
B (19) LOG(N) o6o3HadaeT 1eJ09MCIeHHBIN JIoTa-

pudM, T.e. CyMMy BceX ITPOCTHIX AeauTeleit uncia M.
Hanpumep, LOG(1000) = 21.

(19)

(20)

SAKJIIOYEHHME

B pa6ote npuBeneHbl OCHOBHBIE Pe3yJIbTaThl UC-
CIIeOBAaHUI 3a7a4 pacCesTHUSI 3JIEKTPOMATHUTHBIX
BOJIH Ha TPEXMEPHBIX TUAJIEKTPUIECKUX CTPYKTypax
Ha OCHOBE OOBEMHBIX CUHTYJISIPHBIX MHTETPaIbHBIX
ypaBHeHUi. [IprBeneHbI TEOPEMBI CYILIECTBOBAHUS U
eIMHCTBEHHOCTU PEIIeHUI MOCTaBJIeHHBIX 3a1a4, B
TOM 4ucJe 1Js cpen 6e3 morepb. Ha ocHoBe MeTona
KOJUIOKALIUM U aJlTOPUTMAa OBICTPOro AUCKPETHOIO
npeobpazoBanusg Dypbe uznoxeH 3GEDEKTUBHBIN
aJITOPUTM pEIIECHUST pacCMaTpUBaeMbIX 3a0ay.

ABTOpBI 3asIBISIIOT 00 OTCYTCTBMU KOH(PIMKTA
MHTEPECOB.

OUNHAHCHUPOBAHUME PALOTbI

Pabora BpImoONHEeHA IIpu (GUHAHCOBOM ITOMIEPKKE
Poccuiickoro HayuyHoro ¢onHzaa (rmpoekt Ne 20-11-20087).
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