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Abstract. The paper considers the features of polarized luminescence induced by a magnetic field in 
an ensemble of localized excitons. It was found that: 1) in an inhomogeneous ensemble, the splitting 
of photoluminescence bands in a magnetic field in the right and left circular polarizations may exceed 
the value of the Zeeman splitting of individual excitons in the ensemble by orders of magnitude; 2) the 
lower photoluminescence band in terms of energy may have a lower intensity than the upper one, at 
first glance contradicting the Boltzmann energy distribution; 3) the sign of the circular polarization 
of photoluminescence may vary along the contour of the radiation band. It is shown that in an 
inhomogeneous ensemble, all these features are explained by the pendence of the exciton g-factor on its 
localization energy.
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1. INTRODUCTION

Magnetic circular polarization of luminescence 
(MCPL) is an effective method for studying the spin 
orientation of excitons and carriers in crystals, which 
is related to the thermal redistribution of carriers and 
excitons between Zeeman sublevels in a magnetic 
field. This method was successfully used by Thomas 
and Hopfield to study bound excitons [1]. Using this 
method, the fine structure of acceptor impurities was 
investigated and the acceptor concentration profile 
was measured [2] in quantum wells. This method 
also proved to be very effective for studying spin 
dynamics of charge carriers and excitons [3–5] in 
nanostructures. 

As is known, in a magnetic field, all states split 
according to the projection of the magnetic moment 
on the magnetic field direction. Under non-resonant 
unpolarized optical excitation, these states are 
populated according to the Boltzmann distribution. 
The population ratio of these states is determined by the 
Zeeman splitting value and the temperature factor.

As a result, photoluminescence (PL) becomes 
circularly polarized. The degree of polarization of 
this radiation is determined by the population of 
Zeeman sublevels and a coefficient that accounts for 
the absence of complete thermodynamic equilibrium.

In strong magnetic fields, the degree of 
polarization ceases to depend on the magnetic 
field and is completely determined by the ratio of 
lifetime to spin relaxation time. In weak magnetic 
fields, the degree of polarization is proportional to 
the magnetic field magnitude. This dependence is 
often used to determine the g-factor and the ratio 
of lifetime to spin relaxation time. This model 
describes experimental results well in many cases 
[5]. However, in some cases, experimental results do 
not fit into such a simple scheme (see, for example, 
works [6–8]).

As a rule, emission spectra show not individual 
objects, but entire ensembles of such objects. This 
situation occurs during exciton localization on 
deep levels in bulk crystals [9] or on composition 
fluctuations in solid solutions [10], on quantum 
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well thickness fluctuations or quantum wire cross-
sectional area, on superlattice interfaces [13], as 
well as during dimensional quantization of excitons 
in quantum dots [14–16] or colloidal nanocrystals 
[17–19], taking into account the variation in their 
sizes and shapes. Their emission lines under real 
conditions almost always experience inhomogeneous 
broadening associated with fluctuations in resonant 
energies, center concentration, spatial position, or 
variation in other parameters that determine the 
energy and width of individual emission lines.

In ensembles of localized states, the MCPL 
signal can take various forms. Sometimes "inverse 
population" [20] of Zeeman sublevels is observed, 
sometimes — non-monotonic dependence of 
polarization degree [21] on magnetic field, and 
sometimes — dependence of the exciton g-factor on 
magnetic field, even with sign reversal. In some cases, 
giant splitting of emission bands in two polarizations 
is observed [21,22], while in other cases, conversely, 
there is no Zeeman splitting despite significant 
circular polarization of emission [23].

To explain such diversity of MCPL manifestations, 
various models were proposed, mainly based on the 
dependence of exciton and carrier capture rate on 
the distribution of localizing centers [5, 19, 21, 24]. 
However, some MCPL manifestations cannot be 
explained within these models, for example, the 
giant splitting of PL band maxima in two circular 
polarizations [22].

In quantum dots, unlike, for example, localized 
excitons on quantum well width fluctuations, there 
is no exciton migration between dots. This greatly 
simplifies the analysis of MCPL spectra, as it does 
not require introducing a poorly known additional 
parameter related to exciton migration.

The magnitude of level splitting in magnetic field 
is determined by g-factor. Quantization of excitons 
and carriers in nanostructures can lead to changes 
in their g-factors. For electrons, this change is due to 
spin-orbital interaction, as was first shown in [25] and 
confirmed by numerous experiments [26]. The hole 
g-factor is also sensitive to the shape of the quantization 
potential, as shown in [27, 28]. For excitons [29, 30], an 
additional contribution to the g-factor appears, caused 
by the motion of the exciton center of mass.

This paper discusses a model describing 
some unusual features of MCPL spectra caused 
by inhomogeneous emission line widths. The 

considered model takes into account the dispersion 
of g-factors of holes, electrons, and excitons in an 
ensemble of quantum dots of different sizes.

This model does not negate the possible 
dependence of lifetime, capture probability, and 
spin relaxation time on exciton localization energy. 
However, it explains some observed features of 
emission spectra under conditions of inhomogeneous 
line broadening. Obviously, the model can be useful 
not only for describing MCPL in quantum dot 
ensembles but also for describing polarized PL of 
impurity centers and excitons under conditions of 
inhomogeneous broadening of their emission bands.

2. RESULTS

As is known, in a magnetic field, all states split 
according to the projection of the magnetic moment 
on the direction of the magnetic field. Under non-
resonant, unpolarized optical excitation, these 
states are populated according to the Boltzmann 
distribution. The population ratio of these levels is 
determined by the magnitude of Zeeman splitting 
ΔE and the temperature factor kT. or a two-level 
system under equilibrium conditions, this ratio of 
sublevel populations is described by the relation

	
Dæ ö= -ç ÷è ø2 1 exp ,E

n n
kT 	 (1)

where n1 and n2 are exciton concentrations at the 
sublevels, ΔE(B) = µgB is the magnitude of Zeeman 
splitting between sublevels, k  is the Boltzmann 
constant, g is the g-factor, B  is the magnetic field, µ 
is the Bohr magneton.

Radiation from these states has right σ+ or left σ− 
circular polarization depending on the sign of the 
angular momentum projection on the field direction. 
The emission line intensities are proportional to the 
level populations. The degree of polarization equals 

	
+ -s s

+ -s s

-
=

+
,circ

I I
P

I I 	 (2) 

whereIσ+ and I σ−  are radiation intensities in right 
and left circular polarizations.

The splitting of emission lines equals the 
magnitude of Zeeman splitting of levels ΔE, and 
the intensity ratio is determined by the Boltzmann 
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factor. In cases where the emission line width is 
greater than the magnitude of Zeeman splitting and 
exchange interaction in the exciton, the degree of 
polarization at PL line maxima equals 

	 = t t + t D0 0 2 ,circ sP E kT 	 (3)

where τ0 is the lifetime, τs is the spin relaxation time, 
0 0/ ( )st t t+  is a factor accounting for the fact that 

complete equilibrium is not reached at finite lifetime.

2.1 Polarized luminescence  
of an inhomogeneous ensemble

In polar ized luminescence exper iments, 
inhomogeneous ensembles of states usually 
participate. This especially applies to excitons in an 
ensemble of quantum dots, where there is a large 
spread of excitonic resonance energies. In this case, 
polarized luminescence acquires certain features.

For example, let's consider an ensemble of 
quantum dots. We assume that the excitonic 
luminescence lines from each single dot have 
δ-shaped form 

	 µ d -¢ ¢( , ) ( ) ( ),L E E n E E E 	 (4)

where E  is the energy of excitonic resonance in a 
single quantum dot, n(E) is the population of this 
dot, L(E) is the PL line shape in a single dot. 

In an ensemble of quantum dots, there can be dots 
of different sizes. The size dispersion of E dots leads 
to a spread in energies of exciton resonances. We 
assume that the distribution of resonant energies in 
the ensemble has a Gaussian form:

	
-æ öµ -ç ÷è ø

2
0( ) exp ,

E E
G E

w 	 (5)

where E0 the most probable exciton energy in the 
ensemble, and is the width of this distribution.
Then the luminescence band shape of the quantum 
dot ensemble represents a convolution of d-shaped 
luminescence lines from each quantum dot and the 
Gaussian distribution: 

	
¥

-¥

=¢ ¢ò( ) ( ) ( , ) .I E G E L E E dE 	 (6)

As a result, we obtain 

	
-¢æ öµ -¢ ¢ç ÷è ø

2
0( ) exp ( ).

E E
I E n E

w 	 (7)

In a magnetic field, states split in energy according 
to the projection of the magnetic moment on the 
magnetic field direction. The energies of these states 
in a magnetic field have the form 

	 ® ± m¢ ¢ ¢12 ( ).effE E Bg E 	 (8)

Here we assume that the effective g-factor effg  
depends only on the exciton energy in the quantum 
dot and does not depend on the dot shape. The 
dependence of the g-factor on the dot shape will be 
discussed in section 3.

Split levels will be populated according to the 
Boltzmann distribution. As a result, for the emission 
line of the quantum dot ensemble in a magnetic field, 
we obtain

	 ±
ì ü-¢ D ¢æ öï ïµ - ±¢ í ýç ÷è øï ïî þ

2
0 ( )( ) exp .

2
E E E E

I E
w kT 	 (9)

In a magnetic field, the PL band splits into two, 
+ ¢( )I E  and  - ¢( )I E , manifesting in two circular 

polarizations, s +  and s -, at a given magnetic field 
direction.

For simplification of formulas, let's assume 0 = 0E . 
The position of emission band maxima is determined 
from the solution of the equation

	 é ù± m ´¢ ¢ë û( )effE Bg E 	

	 é ù´ ± m ¢ ¢ë û1 ( )effBdg E dE n 	

	 m =¢ ¢2 2 ( ) 0.effnw kT Bdg E dE 	 (10)

This equation may have several roots. 
Consequently, the band shape will differ from 
Gaussian and may have several maxima.

The bands intersect when =I I+ - , i.e., when the 
Zeeman splitting value D ¢( )E E  in the exponential 
power of equation (9) becomes zero. At these points, 
the polarization ¢( )circP E  changes sign.

Let's consider three possible cases of  the exciton 
g-factor dependence on the exciton quantization 
energy.
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2.2 The value of g-factor in the ensemble  
does not depend on energy

Let effg  not depend on energy E ': 

	 = 0.effg g 	

Then
1. The maxima of emission bands in two 

circular polarizations are located at energies 
0= / 2maxE g Bm± ± .

2. The ratio of these band amplitudes equals
 mB geffkTe

.

3. The more intense emission band is lower in 
energy than the less intense one. This is consistent 
with the Boltzmann distribution of excitons across 
sublevels.

4. The half-width of both bands is equal to 2 ln 2w .
5. The bands intersect at point =¢ 2 / 2E w kT . 

Since w ≫ kT, the intersection point is far from the 
band maxima.

6. The degree of polarization does not change sign 
along the emission band contour. 

The spectral dependence of emission intensity 
in two circular polarizations is shown in Fig. 1. In 
this case, the choice of values 0E  does not play a 
role, only the ratios of values /gB wm  and  /kT w 
are important. The calculation parameters are as 
follows: 

	 = m = =0, 10 , 5w E gB kT B T .

Since the choice of	 does not affect anything, in 
Fig. 1 let's assume 0 = 1.0E .

2.3 The value of the g-factor depends linearly  
on energy

Let's assume that effg  depends linearly on energy, 
i.e., 
	 0( ) .e�g E g gE= +′ ′ 	

Let's estimate the value 

	 ( ) .e�Bdg E dEµ ′ ′ 	

In the region of 10 T 

	 ( ) 0.053 10 .e�Bdg E dE gµ ≈ ⋅′ ′ 	

We assume µ  ≪ w. For non-magnetic materials, 
it is reasonable to assume that effg  can vary no more 
than from -10 to 10 across the emission band width. 
Then 

	 m ¢ ¢( ) 1effBdg E dE n 	

and in expression (10) this term can be neglected 
compared to unity. From this we obtain the 
following.

Fig. 1. a – Emission spectrum of quantum dot ensemble in two 
circular polarizations, σ+ and σ−, in a fixed magnetic field as a 
function of exciton quantization energy in the dot (in units of w 
in equation (5)) assuming that the g-factor does not depend on 
exciton quantization  energy (solid lines). Calculation parameters: 
w = E0, µgB = kT, B = 5 Т. Degree of circular polarization induced 
by magnetic field as a function of exciton quantization energy 
(dashed line). b – Spectrum-integrated dependence of polarization 
degree on magnetic field
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1. The emission band maxima in two circular 
polarizations are at energies

	
2

0 0

max 2

2
.

(1 )

wB Bg g g g
kT

E
Bg

±

 
µ µ ± ±  

=
± µ

	 (11)

Note  that  the  ratio �2 /w g kT  can reach 
values ~ 102–103. Consequently, approximately 

± » ±m �2

max 2
w

E B g
kT

. In this case, the splitting of 
emission bands of the quantum dot ensemble can 
be very large compared to the Zeeman splitting of 
exciton emission lines in a single quantum dot.

Fig. 2. Emission spectra of quantum dot ensemble in two circular polarizations at fixed magnetic field as a function of exciton quantization 
energy (in units of w in equation (5)) assuming that g-factor depends linearly on exciton quantization energy (solid lines). Degree of 
circular polarization induced by magnetic field as a function of exciton quantization energy (dashed lines). Calculation parameters: 
µg0B = 2kT = 0.02w, g = −54g02w (а), g = −g02w (c), g = −56g02w (e). b, d, f – Corresponding spectrum-integrated dependencies of 
polarization degree on magnetic field
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2. The ratio of emission line amplitudes is about 
m � 2( / )Bgw kT .

3. The amplitudes of these lines are 

( )
±

±
±

ì üm
ï ïï ï» -í ý
ï ï
ï ïî þ

22 max
max

max 2

( )
2exp .

effBw g E
E n

kTI
w

	 (12)

It can be seen that the ratio of band amplitudes 
depends on the sign of g-factor at the band maximum 
energy.

2.4. Realistic dependence of g-factor on energy
Let's assume that effg  determined by the formula

	 = + +¢ ¢ ¢0( ) ( ) ( ).effg E g aE b E R E 	 (13)

Here E' is the exciton quantization energy in 
the localizing potential, 0, ,g a b and  R  are certain 
parameters depending on E'.

Similar dependence for g-factor was obtained for 
excitons localized in quantum dots and for excitons 
in quantum wells [29, 33].

Depending on the values of g0,a,b,(E' ) and 
R(E') all three cases described above are possible: 
g-factor changes sign at energy below emission 
band maximum, at maximum energy,  and above 
maximum energy. This leads to emission spectra 
similar to those shown in Fig. 3.

Here, three cases are possible.

1. g-factor changes sign at energies below emission 
band maximum in zero magnetic field. In this case, 
the low-energy emission band has lower intensity 
than the high-energy one (Fig.2a, b).

2. g-factor changes sign at the energy of PL band 
maximum in zero magnetic field. Emission bands in 
both polarizations have equal amplitude (Fig. 2c, d).

3. g-factor changes sign at energies above the 
emission band maximum in zero magnetic field. The 
low-energy emission band is more intense than the 
high-energy one (Fig. 2  e, f).

Thus, we obtain the following.
1. The widths D±  of these two emission bands are 

equal 

	 D 2 ln 2.w± » 	 (14)

 The less intense band is slightly wider than the 
more intense one. The difference in band widths is 
less than 10%.

2. The intersection of bands and, consequently, 
the nullification of emission polarization degree 
occurs at the energy when = + =¢ ¢�

0( ) 0effg E g gE .
3. The polarization degree along the emission 

band contour changes sign at the energy value when  
( )effg E¢ changes sign.

The spectral dependence of emission intensity in 
two circular polarizations is shown in Fig. 2.

Obviously, qualitatively similar dependencies 
are obtained for any monotonic dependence of the 
g-factor on exciton energy.

Fig. 3. Emission spectra in two circular polarizations σ+ and σ− (dashed curves). Calculated dependencies of g-factor on exciton 
quantization energy in localizing potential (13) (solid curves) for different cases: b(E′) is independent of quantization energy, pendent of 
quantization energy, b(E′) = 0.5E0, R(E′) = 0.25E′ (a); R(E′) is independent of quantization energy, b(E′) = 0.5E′, R(E′) = 0.25E0 (b); 
b(E′) and R(E′) is independent of quantization energy, b(E′) = 0.45E0, R(E′) = 0.45E0 (c)
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3. DISCUSSION

If g-factor does not change sign, the polarization 
degree remains of the same sign for all energies. 
If g-factor changes sign at some energy, the PL 
polarization degree also changes sign along the PL 
band contour. The energy at which polarization 
changes sign corresponds to the energy at which 
g-factor becomes zero.

In this case, the splitting of emission band 
maxima is described by formula (10) and can be 
comparable to the width of the bands themselves, 
as if the effective exciton g-factor had a giant value 
geff ~ 100. This appears very unusual for non-
magnetic materials. This result is determined by 
the dispersion of g-factors and the magnitude of 
inhomogeneous broadening (formula (10)). In this 
case, the ratio of band intensities according to 
formula (12) depends on the sign of the g-factor.

The dependence of polarization degree ( )circP B  on 
magnetic field also appears unusual. In the classical 
case (3), this dependence is linear with magnetic 
field in small magnetic fields: 

	 m( ) / 2 .circP B gB kTµ 	

 However, in an inhomogeneous ensemble, we 
obtain a quadratic dependence of the integral 
polarization degree in small fields: 

	 ∝ µ ω 2( ) ( / 2 ) .circP B g B kT~ 	

The presented analysis was conducted for 
equilibrium PL, when thermodynamic equilibrium 
is established at Zeeman sublevels. Deviation from 
equilibrium distribution is accounted for in formula 
(3) using the depolarizing factor

	
t

t t
0

0
.

s+ 	 (15)

Thus, we effectively assume that the spin 
relaxation time st  is much shorter than the lifetime 

0t . In a real situation, complete equilibrium may 
not be achieved. The population ratio of Zeeman 
sublevels in the non-equilibrium case is

	

tD Dæ ö æ ö- +ç ÷ ç ÷tè ø è ø
=

tD Dæ ö æ ö+ç ÷ ç ÷tè ø è ø

01

2

0

exp ch2 2
.

exp ch2 2

s

s

E E
kT kTn

n E E
kT kT

	 (16)

Obviously, equation (16) transforms into equation (1) 
τs ≤ τ0. However, accounting for non- equilibrium 
does not qualitatively change the spectral 
dependencies (Fig. 2). In the limiting case of absent 
spin relaxation, τs ≥ τ0, the difference between 
emission spectra in two polarizations disappears.

Thus, the main factor affecting the unusual 
behavior of  magnetic-induced polar i zed 
luminescence of quantum dot ensemble is the 
dependence of exciton g-factor on the size dispersion 
of quantum dots.

The dependence of hole g-factor on quantum well 
thickness was experimentally observed in quantum 
wells based on GaAs [34, 35] and InAs [33].

For electrons, the g-factor also depends on 
quantization energy [36,37]. These dependencies will 
either enhance or weaken each other. But typically, 
the electron g-factor is smaller than the hole g-factor, 
thus its contribution is small.

In practice, the g-factor value is experimentally 
determined from the splitting of emission band 
maxima in magnetic field, and the level population is 
determined from the ratio of band intensities in two 
circular polarizations. As seen from the presented 
work, this can give highly incorrect results.

4. CONCLUSION

In this work, using the example of a quantum 
dot ensemble, magnetic field-induced polarized 
luminescence of localized excitons was studied. The 
following was discovered.

1. The splitting of the luminescence band maxima 
of the ensemble exceeds the Zeeman splitting of each 
individual exciton by several orders of magnitude.

2. The low-energy luminescence band has a lower 
intensity than the high-energy one. This seemingly 
contradicts the Boltzmann distribution of excitons 
across Zeeman sublevels.

3. The effects described in points 1 and 2 only 
occur when the exciton  factor depends on  the 
localization energy and changes sign at a certain 
energy.

4. If the sign change of the g-factor occurs at 
energies above the emission band maximum, i.e., 
for small-sized points, then the intensity ratio of 
the bands becomes consistent with the Boltzmann 
distribution.
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The results of this work are not limited to just 
inhomogeneous quantum dot ensembles. Emission 
lines of excitons and impurity centers in crystals 
are always inhomogeneously broadened. The only 
question is the ratio between homogeneous and 
inhomogeneous emission line widths.

The sign change of the g-factor in quantum dot 
ensembles can significantly affect mode-locking 
effects, spin echo, and spin coherence in quantum 
dot ensembles [38].
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