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Abstract. Based on the numerical solution of Maxwell-Bloch equations, we study the dynamics of coherent
propagation of unipolar, half-cycle, attosecond light pulse in a three-level resonantly absorbing medium.
A comparison with the propagation of such pulse in a two-level medium is performed. It is shown that
the pulse, which behaves like a 4m-pulse in a two-level medium, in a three-level medium behaves like a
67-pulse and splits into three sub-pulses propagating at different velocities in the medium. The investigated
phenomenon allows for a more detailed understanding of the still insufficiently studied dynamics of
coherent propagation of half-cycle pulses in a resonant medium.
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1. INTRODUCTION

Recently, there has been active research on the
generation of unipolar half-cycle pulses containing
a half-wave field of one polarity and possessing
large electrical area, defined as [1—3]

+o0
Sp(r) = fE(r,t)a’t. (1)

Here Eirt is the electric field strength, ¢ is
time, r is the radius vector. Interest in such pulses is
related to the possibility of unidirectional action on
charges, which enables rapid transfer of mechanical
momentum to a charged particle, and consequently,
such pulses can be used for ultrafast excitation of
quantum systems, charge acceleration, and other
applications [4, 5].

The electric area of such pulses is their
important characteristic, as it satisfies the
conservation rule in dissipative media in the one-
dimensional case of plane wave propagation along
the axis z: dSg/dz =0 [3, 6]. On the other hand,
it determines the degree of impact on quantum
systems if the pulse duration is less than the
characteristic time associated with the ground
state energy (orbital period of an electron in an
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atom) [7—14]. To date, several methods have
been proposed for obtaining pulses that are close
in shape to unipolar ones, having a pronounced
half-wave field of one polarity [15—23]. A review
of recent research in the field of obtaining such
pulses and their applications can be found in
reviews [4—6] and cited literature.

Although the question of existence and generation
of such pulses has been analyzed in relatively detail
(see reviews [4—6] and chapter in monograph [24]),
coherent propagation of single-cycle and sub-
cycle extremely short pulses in resonant media is
insufficiently studied. Most previous studies of this
issue were performed in the two-level approximation
[25—33]. Taking into account a larger number of
levels can, however, affect pulse dynamics in some
cases [34] and lead to the formation of a complex
photon echo pattern [35, 36]. Nevertheless, many
studies show that the two-level model in some
cases can adequately describe the interaction of an
extremely short pulse with multilevel media [37, 38].

In paper [39], an analytical solution of the
Maxwell-Bloch equations was found in the form of
a unipolar self-induced transparency (SIT) soliton
in the form of a hyperbolic secant. Subsequently,
this soliton was discovered in numerical calculations



162

during coherent propagation of an initially bipolar
pulse in a two-level absorbing medium [27] and
a three-level medium consisting of a mixture
of absorbing and amplifying particles [40]. The
existence of SIT solitons was shown in a multilevel
medium in paper [41] through analytical solution of
the sine-Gordon equation, see also reviews [42—45].
In several works analyzing coherent propagation of
unipolar pulses in a medium, approximate analytical
models were used [46—50], which, however, led to
physically incorrect results, as the equations used
did not satisfy the electric area conservation rule. A
detailed analysis of the applicability limits of these
approximations and their comparison with the area
conservation rule are given in review [51].

In papers [52, 53] the dynamics of coherent
propagation of a unipolar half-cycle pulse in a two-
level absorbing medium was studied. It is shown that
the field strength dynamics significantly depends on
theinitial electric area of the pulse. Thus, if the initial
electric area of the pulse is such that it behaves like a
4m-pulse, then during propagation such pulse splits
into a pair of 2r-like SIT pulses — during the pulse
action the medium becomes excited, then returns
to its initial state. Such behavior is similar to long
pulses when the McCall and Hahn area theorem is
satisfied [54—57].

In this work, based on numerical solution
of the Maxwell-Bloch equations system, the
dynamics of coherent propagation of a half-
cycle attosecond pulse in a three-level resonantly
absorbing medium is studied. It is shown that
a pulse which acts as a 4n-pulse for a two-level
medium behaves like a6 -pulse in case of a three-
level medium and splits into three sub- pulses.
Each sub-pulse behaves like a 2n-pulse of SIT for
each resonant transition.

2. THEORETICAL MODEL
AND CONSIDERED SYSTEM

The analysis was carried out based on the well-
known Maxwell-Bloch equations system for a three-
level medium, which has the form [58]

%ﬂzl = /Ty — i@y — i%@zz —p1) —
B @)

%Pn = =3/ T3y = 103303 — "CZIZT3E(P33 —pn)—
A, il 3
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In this system of equations p,;, 0,,,0;; — diagonal

elements of the density matrix, representing the
populations of the first, second, and third levels of
the medium respectively, p,, 04, 05; — off-diagonal
elements of the density matrix, determining the
dynamics of medium polarization, w,,, @,;, ®; —
resonant transition frequencies, d,,, d, 5, d,; — dipole
moments of these transitions, P(z,f) — polarization
of medium, E(z,t) — electric field, whose dynamics
is described by wave equation (9). The equations also
contain relaxation terms 7;, .

As initial conditions, a pulse in the form of a
hyperbolic secant was launched into the medium
from left to right from vacuum:

— 67

(10)

For the pulse to behave like a 2n-pulse of SIT on
the main transition 1-2 (if the medium is two-level),
its amplitude must satisfy the relation [39]

Ey, = h/(d)57). (11)

The integration region had a length of
L =15),. The medium was located in the center
of the integration region between points z; = 44,
and z, = 12A,. Numerical solution of the system

E(z 0:)—E0[
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Table. Parameters of excitation pulses and medium

163

Pulse amplitude

E, =2.7-10°ESU

Duration of excitation pulses 7 =380 ac

Transition frequency 1—2 (transition wavelength) ®,=2.69- 10" rad/s (A, =Xy = 700 nm)
Dipole moment of transition 1—2 d,=20D

Transition frequency 1-3 w5= 1.5,

Dipole moment of transition 1—3 in hydrogen atom d13 =15 d12

(transition wavelength)

Transition frequency 2—3

WH3= W13~ Wy

Dipole moment of transition 2—3

dy=0

Atom concentration

Ny=2-10"cm™

Relaxation times

T, =100fs T, =30f

z/)\o

10 20 30 40 50

t, fs
Fig. 1. Spatiotemporal dynamics of electric field E(z,7)
in three-level medium, whose boundaries are marked by
dashed lines. The medium was located in the center of
integration region between points z, = 4\, and z, = 12},

of equations (2)—(9) was performed with initial
condition (10). The parameters of the medium
and pulse field are shown in the table. Note that in
the considered example, the three-level medium
has a so-called V-scheme of energy levels, i.e.,
resonant transitions1 — 2 and 1 — 3 are allowed in
the dipole approximation, while transition 2 — 3
is dipole-forbidden. The field amplitude value was
chosen so that the pulse would act as a 4w-pulse
for transition 1—2 of the two-level medium,
E, =2E,.

3. RESULTS OF NUMERICAL MODELING
AND DISCUSSION
Figs. 1 and 2 illustrate the spatiotemporal
dynamics of the electric field of the pulse E(z,?)
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Fig. 2. Spatiotemporal dynamics of polarization in a
three-level medium P(z,7). The medium was located
in the center of the integration region between points
z, = 4\ and z, = 12},
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T T
— Electric field in the point z=0
—Field in the point z=L
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0

-0.5 ; ; ; ;
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Fig. 3. Time dependence of the electric field E(f) in the
left part of the integration region z = 0 (blue curve on the

left) and in the right part z = L (orange line on the right)
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and polarization of the three-level medium P(z,?)
respectively. The medium boundaries are marked
with dashed lines in Fig. 1. It can be seen that the
original pulse splits into three sub- pulses, each
propagating at different speeds, so the sub-pulses
gradually move away from each other. Thus, the
original pulse, which would act as a 4m-pulse
for a two-level medium, begins to behave like
a 6m-pulse when a third level is added. After the
pulses pass through, a polarization wave remains in
the medium, which radiates after the passed pulses
during the relaxation time 7, (see Fig. 2).

The time dependence of the electric field
at points z =0 and z = L for the case in Fig. 1
is shown in Fig. 3. Fig. 4 illustrates the time
dependence of the population of the three medium
levels at the beginning and end of the medium. It
can be seen that the field intensity at the output
of the medium consists of three sub-pulses. Also
from Fig. 4, it is visible that the populations of
each state return practically to their initial value
after each sub-pulse, i.e., each sub-pulse acts like
a 2n SIT pulse.

As calculations show for the case in Fig. 3,
the electric area (1) of each of the three formed
sub-pulses, calculated with the dimensionless
coefficient, calculated with the dimensionless
coeflicient 2d,,/h , turns out to be approximately
the same and equal to =1.3m. Thus, the initial
4m-pulse breaks down into sub-pulses in such a
way that, taking into account other residual field
oscillations after the three main sub-pulses at the
output of the medium, the exact fulfillment of the
electric area conservation rule is ensured.

It is interesting to note that a similar pattern
with the splitting of the initial pulse into sub-
pulses and close values of the electric area of each
of them is observed at other values of the electric
area of the initial incident pulse. For example, if
the initial pulse has an area of 67 (again calculated
with the dimensionless coefficient 2d;,/h ),
then after passing through the medium layer, it
splits into five half-cycle sub-pulses of different
amplitude and duration, but with approximately
the same electricarea~ /. m.Iftheinitial pulse has
an area of 2w, then at the output of the medium,
one sub-pulse is formed with an electric area of
~ 1.3rn, followed by strongly pronounced slowly
decaying alternating field oscillations, which at
the same time have a total electric area of ~ 0.7 .

The described pattern qualitatively persists
at other values of dipole moments of allowed
transitions in the three-level medium. For
example, for the same medium parameters from
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the table, but under the condition d,, = 1.5d},,
numerical modeling showed the splitting of
the initial 4m-pulse into two half-cycle sub-
pulses with different amplitude and duration,
but approximately equal values of electric area
~ 1.8n (residual decaying os cillations of the field
following the second sub-pulse had a total electric

=3 '
Q
0 L L L L
0 10 20 30 40 50
t, fs
= 02 |
H
- A
0 : : :
0 10 20 30 40 50
t, fs
05F ' ' '
:@
) A
0
0 10 20 30 40 50
t, fs
Fig. 4. Time dependencies of medium populations, blue
lines — at the beginning of the medium (left curves),
orange lines — at the end of the medium (right curves)
formed sub-pulses
10’
358
3r — Electric field at the point z =0 b
— Electric field at the pointz=L
2.5 J
2, -
\Li/ 1.5 b
1 | -
0.5¢ b
0
03 10 20 30 40 50

t, fs

Fig. 5. Time dependence of the electric field E(7) in the
left part of the integration region z = 0 (blue curve on the
left) and in the right part z = L (orange line on the right);
parameters are the same as in the table, except for the
dipole moment d,; = d,, /1.5
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Fig. 6. Spatiotemporal dynamics of electric field E(z,t)
in a three-level medium, whose boundaries are indicated
by dashed lines. The medium was located in the center
of the integration region between points z, = 4\, and
7, = 12),; parameters are the same as in the table, except
for the dipole moment d;; = d, /1.5
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Fig. 7. Time dependencies of medium populations, blue
lines — at the beginning of the medium (left curves),
orange lines — at the end of the medium (right curves);
parameters are the same as in the table, except for the
dipole moment d\; = d,, /1.5

area = 0.4w). The corresponding spatial and
temporal dependencies of the electric field and
level populations are shown in Figs. 5—7.

It is not difficult to establish the physical cause
of the observed splitting of the initial half-cycle
pulse. It is analogous to the splitting of multi-cycle
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Fig. 8. Spatio-temporal dynamics of the electric field
E(z,H) in a two-level medium, whose boundaries are
marked by dashed lines. The medium was located in the
center of the integration region between points z, = 4,
and z, = 12,
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SIT pulses in a two-level medium. When adding a
third level, the initial pulse, which was a 4m-pulse
for the main 1-2 transition of the two-level
medium, begins to act like a 2rw-pulse for the 1-3
transition. As a result, for the "entire" medium,
the pulse behaves like a 6m-pulse. During the
propagation of such a pulse in the medium, as soon
as the population difference for each transition
returns to the ground state, complete absorption of
the corresponding part of the pulse occurs, leading
to its splitting. A similar mechanism leads to the
splitting of long multi-cycle SIT pulses in a two-
level medium [54—57].

4. COMPARISON WITH DYNAMICS
INATWO-LEVEL MEDIUM

For comparison, similar dependencies of the
electric field and state populations obtained from
numerical solution of the Maxwell-Bloch equations
system for a two-level medium [58] are shown in
Figs. 8—10. In this case, the initial pulse behaves
like a 4a-pulse and splits into a pair of 2m-like SIT
pulses (see Figs. 8, 9). Other parameters are the same
as in the table.

Thus, based on the presented numerical
calculation results, it can be concluded that adding
a third level leads to additional pulse splitting.
However, the effect of splitting the initial pulse
into sub-pulses, previously observed in calculations
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— Electric field in the point z=0
351 — Electric field in the point z=L

E(O)

0 5‘ 1‘0 1‘5 2‘0 2‘5 36 3‘5 40 45 50
t, fs

Fig. 9. Time dependence of the electric field £(7) in the

left part of the integration region z = 0 (blue curve on

the left) and in the right part z = L (orange line on the

right)
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0 10 20 30 40 50
t, fs

Fig. 10. Time dependencies of populations in a two-level
medium, blue lines on the left — at the beginning of the
medium, orange lines on the right — at the end of the
medium

for a two-level medium [52, 53], persists in the
multilevel medium as well.

5. CONCLUSIONS

Based on the numerical solution of the Maxwell-
Bloch equations for a three-level medium, the
dynamics of coherent propagation of a half-cycle
attosecond pulse was studied. The amplitude and
duration of the initial pulse were selected so that
the pulse would act similar to a 4 ;-pulse for the
main 1-2 transition in a two-level medium. It
is shown that in a three-level medium, the pulse
behaves like a 67t-pulse and splits into three 2m-like
SIT pulses, each propagating at different speeds in
the medium. Thus, the splitting of a half-cycle pulse,
initially discovered in a two-level medium, persists
in a three-level medium but has more complex

dynamics — instead of splitting into a pair of subpulses,
three subpulses emerge. The presented results help
clarify the dynamics of coherent propagation of
unipolar ultrashort pulses in multilevel resonant
media, which is still insufficiently studied today. The
investigated effect can be used for half-cycle pulse
compression.
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