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Abstract. The interference contribution to the optical conductance (total transmission) of a disordered
sample is calculated. It is shown that wave interference in the medium is suppressed due to helicity-flip
scattering events. As a result, when the cross-section of this process changes resonantly, as in the case
of scattering by Mie particles near the first Kerker point, the spectral dependence of the interference
contribution also becomes resonant. When waves propagate through a magneto-active medium, the
applied magnetic field does not disrupt the interference of waves with given helicity but suppresses it if
the helicity changes along different parts of the trajectory. This leads to a decrease in the interference
contribution to conductance with increasing magnetic field. A similar phenomenon — negative
magnetoresistance — is known as a consequence of weak localization of electrons in metals with
impurities. It is found that with increasing magnetic field, the change in the interference correction to
the optical conductance approaches a certain limit value, depending on the ratio of transport mean free
path to helicity-flip scattering length. The possibility of controlling the transition to strong “Anderson”
localization in the quasi-one-dimensional case (magneto-active waveguide) using the field is discussed.
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1. INTRODUCTION

Optical analogues of mesoscopic effects observed
in electron transport in solid-state structures
[1, 2], underlie many modern achievements in the
manipulation of coherent light fields [3]. As examples
illustrating the analogy between optical and quantum
electronic phenomena, one can point to Anderson
localization of light in random layered structures
[4, 5], optical Tamm states in photonic crystals [6],
universal fluctuations of optical conductance [7, 8],
and topological effects in photonic systems [9].

As known [2], interference of time-reversed waves
leads to the weak localization effect. For electron

waves in solids, this effect leads to decreased
conductivity. When an external magnetic field is
applied, which breaks time-reversal symmetry and
suppresses interference, the weak localization effect
manifests as negative magnetoresistance [2, 10, 11].
For electromagnetic radiation, the interference of
waves traveling along time-reversed trajectories
causes such a well-known phenomenon as coherent
backscattering enhancement [2, 12]. This effect
manifests as a sharp peak in the intensity of light
scattered exactly in the backward direction. Along
with coherent backscattering, the interference
of time-reversed waves should lead to an optical
analogue of the effect of decreased electron
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conductivity — the emergence of a negative
correction to optical conductance. It is defined as
the product of the transmission coefficient from a
diffuse source by the number of propagating modes.
Although optical conductance has been discussed
in many theoretical and experimental works (see
[8, 12]) in the context of studying its fluctuations in
QID systems (waveguides), the contribution of weak
localization of electromagnetic waves to conductance
has not been studied yet. Unlike electrons, for which
various methods of manipulating the interference
contribution to conductance are known [10, 11, 13],
this issue has not been considered in relation to
optical conductance.

According to [14—17], the parameters that control
wave interference in a medium are the attenuation
lengths of different polarization modes. These lengths
depend on the optical characteristics of individual
scatterers and the applied external magnetic field
when dealing with scatterers in a magnetically active
matrix. Depolarization processes with changes in
helicity have a significant impact on the interference
of time-reversed waves [14, 15]. Therefore, a strong
change in the interference contribution to optical
conductance should occur near the first Kerker
point in the Mie resonant scattering region, where
the helicity-flip scattering cross-section with
changes sharply depending on wavelength [18]. The
mechanism of wave interference destruction in
a magnetic field is directly related to helicity-flip
scattering processes [19-22]. The magnetic field's
influence on interference is due to the Faraday
effect. Unlike electronic waves, whose interference
is always disrupted by a magnetic field, the applied
field does not affect the interference of optical waves
at all if their helicity remains unchanged [21, 22].
The mechanism of interference destruction by the
field is only activated due to the depolarization
process, helicity-flip scattering. For waves with
opposite helicity, the magnetic field-induced phase
shifts cancel out, while for waves with the same
helicity, they add up. Random phase shifts between
interfering waves occur due to helicity changes at
different points along the trajectory.

In the present work, the interference contribution
to the optical conductance of a disordered sample is
calculated. The calculations are based on a system
of diffusion equations for two cooperon modes
describing the interference of time-reversed waves
with given helicity. The sensitivity to the value of
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helicity-flip scattering length is illustrated with
the example of resonant spectral dependence of
the interference contribution near the first Kerker
point. It is shown that an external magnetic field
causes suppression of the interference contribution
to the optical conductance of a magneto-active
sample, similar to the negative magnetoresistance in
metals with impurities. In the strong magnetic field
limit, a “saturation” effect occurs: the interference
contribution to optical conductance reaches a
limiting value that is independent of field strength
and is determined by the ratio of transport elastic
scattering length to circular polarization decay
length. In the case of a waveguide (Q1D geometry),
the interference contribution decreases inversely
proportional to the field strength and sample length
L. This allows concluding about the possibility to
control using the field the critical length L at which
the transition to Anderson localization regime
occurs. Some of the results presented below were
briefly outlined in [23].)

2. THEORETICAL MODEL OF WAVE
INTERFERENCE IN MAGNETO-ACTIVE
MEDIUM WITH SCATTERING PARTICLES

2.1. General Relations

Let us consider electromagnetic wave propagation
through a sample of non-absorbing magneto-
active medium containing scattering particles. It
is assumed that its linear dimensions L,, L, and
L, = L significantly exceed the / mean free path,
L,, L, L > [, and the weak localization condition is
satisfied, ky,/ > 1 (k, — wave number). The number
of transverse modes N , in which electromagnetic
waves propagate through the sample is large,

2
kyA
4p
— cross-sectional area of the

N:

> 1,

3mecb A =L L

sample [8].
According to [2, 3, 12], the conductance (or total

transmission) of the sample is determined by the

sum of transmission coefficients T,, linking input
and output modes a and b respectively,

T=37T,,
a,b

ey

Under the weak localization conditions, k, > 1,
the interference contribution &7f to conductance
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Fig. 1. a — Interference contribution to conductance. b —
Hikami vertex [10]. Solid lines correspond to average Green's
functions in the medium. Dashed lines denote scattering by
medium inhomogeneities. The incoming i and outgoing /' ladder
propagators contain summation over modes

averaged over scatterer positions is determined by a
diagram containing one Hikami vertex (see Fig.1) [2,
10, 13]. The average Green's function &G, (1,1’ | h)F
included in the diagram describes electromagnetic
wave propagation in a magnetoactive medium
between scattering events. It is defined by the
expression [22, 24—28]

8, (r.r' |Wi=&0 (| - 1 )i

. gﬁ: )(n)e_ (r-1)/2 | 1_-;/((- )(n)ezh(r- r‘)/2§ Q)

where &G, (| 1 |)f — is the scalar Green's function
2], n=

(r- r')/|r- r'|and

P (n) = 12(d,, - )

— are projection operators for field states with given
helicity (el.kj is the antisymmetric tensor). Vector h
in (2) is proportional to the applied magnetic field
strength H, h = 2VH (V' is the Verdet constant [29]).

We will assume that the magnetic field is sufficiently
weak, il < 1, and the phase accumulation due to
the field occurs as a result of multiple scattering
events. In this approximation, one can neglect
the magnetic field's influence on single scattering
amplitude and disregard the field when calculating
the Hikami vertex. The diagram shown in Fig. 1 can
be calculated by “linking” the input propagators
in the formula for the correlation function of
intensity fluctuations of polarized light obtained

nn * zel.kjnj)
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Fig. 2. Transformation of the Cooperon to a sum of ladder diagrams

=
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+
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Fig. 3. Integral transport equation for the propagator G

in [16, 17]. The resulting internal propagator in the
dlagram (see “loop in Fig. 1a) — the Cooperon
C= &G, (1,1 | h)G (1,1, | h)i., describes the
1nterference of waves propagating towards each other
(i.e. along time-reversed trajectories). Using the
equahty G z(rp |h) = G;. (r',1; | - h)the Cooperon
can be reduced to a sum of ladder diagrams where
indices and coordinates are transposed in one of the
Green's functions and the magnetic field direction is
reversed (see Fig. 2 and [25, 26]),

C = &, (1,1 | )G (x, 1) | Wi =

@

Assuming that successive scattering events occur
in the wave zone, the correlator éGl.k(h)G;(- h)A,
included in (4) can be written in the Wigner
representation,

=&, (r,1'| h)G;(r'l,r1 | - h)f, .

5G, (1,1 | h)G;.(rl,r'l |- hyA, =
L dk dk
O 2py 2py

,d(k - ky) d(ke- k)

ik(r- rl)- iK' (r'- r'l) ,
e

, 5)

k? k¢
F+rn _kir+r; ,_kQ
G2 " 2 " R
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where the propagator G, kj(r,n| r',n') obeys the
transport equation (see Fig. 3 and [22, 24]).

When going from the laboratory reference frame
to the concomitant frame, the matrix transforms as

G ralrm= & 2 m(®m),
a,b,gd

Gy o601 | 1)@ () (!9 ()

*
5

(6)

where vectors ega)(n) are unit polarization vectors
in the concomitant coordinate system in linear or
circular basis. For example, in the circular basis
formed by the triad of vectors

n = (sinqcosj ,singsinj ,cosq),
¢* ()= (n/Tamiln’ Tn/TqD) /2,

where indices a,b,g,d take values 1 (see, for
example, [30]).

As is known (see, for example, [10, 13]), the
magnitude of the interference correction in the 3D
case is determined by wave propagation trajectories
with length less than or on the order of /,.. However,
what is observable is not the correction itself, but
its change depending on factors limiting the length
of interfering wave trajectories. This change is
determined by long trajectories and, accordingly,
by modes that decay slowly on the scale of the
transport length /. Only circularly polarized modes
[14,22,31,32]. can decay slowly in a scattering
medium. Linear polarization always decays on scales
of order /,. [14,31,32]. Taking this into account, let's
keep in (6) only the terms corresponding to two
circularly polarized modes with given helicity. For
this, in sum (6) we need to preserve terms with
a =b and g = d [22]. Then instead of (6) we obtain

Gi,,kj(r, n|r,n)=

bP,-&E”(n)Gab(r,n | 7',0) P (),

=3 @

where
PO @) = ¢ (@) (e ()
are projection operators (3).
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In the case of electromagnetic wave propagation
through a thick (L » /) sample, as for electrons
[2, 13, 10, 11], when calculating the incoming and
outgoing ladder propagators in the diagram shown
in Fig. la, one can use the standard diffusion
approximation (see, for example, [16, 17]). As a
result, in the two-mode approximation (7) we arrive
at the expression for the interference contribution to
conductance,

st 215
arn=- SE TR

"y Odr ddndn(1- (nn'))’

- G(n,m)Gr,0 | 1,- m) ®

where n is the number of scatterers per unit volume.

Matrix a,, is expressed through the single
scattering matrix d;, i [30] using the relation [22]

a,,(n,0) = P (0)d, (n,0) PR (). (9)
For spherically symmetric scatterers, matrix a,,
has the form

, (o) a_ (mn)Q

a,,, (nn) = (10)

(mn)  a, (nn)§

where a, (nm')are expressed through the single
scattering amplitudes of co- and cross- polarized
waves, A and A-,a, (nn') = A, £ A- ? /4.

The propagator G appearing in (8) obeys the
transport equation [22]

{gM1r + s @, + i@)($ ),  JGp (r.n | 1'.0) =
= nyOdn't,  (n,0'9G, (r,n'¢| r',n') +

+d,,d(r- r)d(n- n), (11)
where s is the scattering coefficient; § z is the Pauli
matrix. The medium is assumed to be non-absorbing.

In the absence of a magnetic field, the system
of equations for propagators G, , and I', ., which
describe the interference of waves with given helicity,
can be reduced to equations for the first (intensity)
I and fourth V' Stokes parameters of circularly
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polarized light. In this case, the propagators G, ,
and I',; are related to the Stokes parameters / abd
V by relations

G,, = ={U+V)/2,

G,_.=G,=U-V)/2

If we define the intensities of waves with given
helicity as

I, =(U%V)/2,

then their connection with the Stokes parameters /
and V' can be written as a linear transformation

Eff;:_g - 1%

Under conditions of magneto-optical effect, the
system of equations (11) can no longer be reduced
to equations for Stokes parameters, and therefore
the corresponding quantities G, , and I'y, in the
magnetic field cannot be expressed through the
first and fourth Stokes parameters. However, for
convenience, we will retain the notations 7 and V'
for linear combinations of these quantities. Using
transformation (12), equation (11) transforms to

£ q
E‘ﬁ

. &I(ran | r"n') [V(r’nl r'an')g_

J(r,n|r,n) V(r,n|r,n)g

0 Q
= 1y Odn, gl () z
0 a, (nn1 )3

I,(r,n |r',n’)<$>+
V(rn |r',n) g

(12)

Sik1e1-10

T

+

»
Qelel-lel- <]+ 1-11O:

=
L]

feH

, gf(r,nl | 1',10)
(r,n, | r',n)
1 1 (13)

& 00
+§) Hd(n- n)d(r- 1),
13
where
_ 2 2
al(nn)_(lAH| +|AJ_ | )/ 2,

a,(nn) = Re AA|
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are differential scattering cross-sections entering
into the transport equations for intensity and the
fourth Stokes parameter [30, 33].

The off-diagonal elements in equation (13) appear due
to the Faraday effect. In the absence of a magnetic
field, system (13) splits into two independent transport
equations for / and V. [14, 15, 18].

2.2. Diffusion approximation

Assuming that the modes in (13) decay on spatial
scales exceeding /,., we transform the system of
equations (13) to the diffusion form. In the diffusion
approximation, in the expansion of propagators
entering into (13) in spherical harmonics, we should
keep the first two terms. For example, for / we have

(see, for example, [2])

I(r,n|1r',n)=

@py 9
where

I(r,1') = Odndn’ I(r,n|1',n)

is density propagator, J(r,r') is the corresponding
current (flux density). Similar expansions are valid
for other propagators, V(r,n|r',n), I, (r,n|r',n)
and V, (r,n| r',n’), entering the system of equations
(13).

Substituting the diffusion formulas for quantities
I and V into (8), we obtain the optical conductance
in the two-mode approximation:

T (h)i=
2l 2 odr g, 1) + sPV Dy (15)
32 r 7l

where

s, = nyydn(1- (nm))a,(mn),

s = p,ydn'(1- (mn'))a,(nn)

are the transport scattering coefficients for intensity
and the fourth Stokes parameter. Formula (15)
transforms to the corresponding result [23] under
conditions of slow decay of circular polarization
(s, - sﬁrz) < 0,), as well as under strong
depolarization (I > V).

JETP, Vol. 166, No. 3 (9), 2024
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Density propagators /(r,r') and V' (r,r'), included in
(15), obey the system of diffusion equations

e (V)D- s, h2 i( - s(V)XhN) %
E + sﬁV)XhN) s,D- s(V)h2 38 4epS (V)strg
C@®I(r,r) (0
b, v r')é'

— 35,5 Vd(r - r')éo 1; (16)

where

) = (2)
Sy =S+ S

S gep — Mo Odn'(g)(nn) - a,(nn))

is the depolarization coefficient of circularly
polarized light [14, 32, 18]. The helicity-flip
scattering coefficient with helicity reversal is two
times smaller, s dep /2. The system of equations
(16) is a generalization of independent diffusion
equations for / and V' in the absence of magnetic
field [14, 15].

Under a relatively weak magnetic field, h < 1/1,, ,
where
/. = (V)

cire

38 4oy a7)

is the attenuation length of circular polarization, the
field's influence on interference occurs at distances
Ir — r'|, exceeding /.. [14, 15, 32] In this situation,
the main contribution to the magnetic field-
dependent part of the interference correction (15)
will be given by the value I(r; r') surviving at large
Ir — r'|. Mode V(r,r') decays on the scale of /., and
is independent of the magnetic field. The equation
for mode V in the considered case reduces to the
diffusion equation in the absence of a magnetic field.
In equation (16) for mode /, the term proportional
to V; can be neglected (see Appendix). As a result,
this eqeuation takes the form

g;l 2 _ S(z;) W2 H[(r,r') =-3s,d(r- 1). a8)

e g

Under conditions of slow circular polarization
decay 14, 18, 34, 35, the difference between the
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cross-sections ¢, (nn') and a,(nn’) entering into (13)
is small and, consequently,

s@

S
Sdep < str, r- S, «S tr, Icirc > Ztr'

Under strong depolarization, s dep * S mode V'
decays on scales of the order of transport length /, .
For example, under Rayleigh scattering conditions (
Syep —S:S, =S, s(z) = - s /2[22]), the attenuation
length of mode V is l 176/ [32]. For Mie scattering
near the second Kerker point [18], when scattering
to backward hemisphere predominates (s dep — 2s,

=3s /2, 5(2) = - s ), the corresponding length
equals 1.0381. In the considered case, the diffusion
expansion cannot be applied for mode V', and
therefore the system of equations (16) can only be
used for qualitative analysis of electromagnetic
wave interference in a magneto-optical medium
[22, 24]. In this situation, the contribution of / to
the interference correction is still determined by the
first term in (15), but for calculating the contribution
of V', a more general formula (8) should be used. It is
essential that the contribution of V" at s 4,, ~ S is
determined by short trajectories (Ilength less than or
of the order of /,. ), and under conditions of relatively
weak magnetic field, # < 1/ 1/, , will not depend on A.
Under strong depolarization conditions, system (13)
leads to a separate diffusion equation for mode 7 (see
Appendix)
&2

EN 19)

The change in the circular polarization decay
regime is reflected in the coefficient value before W
in equation (19) compared to (18).

s” hz‘l(r r)=-3s,d(r- ).

3. INTERFERENCE CORRECTION IN THE
ABSENCE OF MAGNETIC FIELD

Let's calculate the interference correction &d7'f to
the conductance of a flat layer, L ,L > L > L, in
the absence of field, # = 0. As known [2, 10, 13], the
main contribution to & 7f in the 3D case comes from
small distances, less than or of the order of transport
length /.. However, what is observed experimentally
is not the interference correction itself, but the
contribution of long trajectories sensitive to the factor
destroying interference. In the considered case, this
factor is depolarization caused by scattering with
helicity change.
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Fig. 4. Spectral dependence of interference correction to
conductance near the first Kerker point (showing the change of
(6T) relative to the value at kya = 0.9). Particles Si, refractive
index and particle radius are n = 3.5 and 0.2 um respectively.
Calculations were performed using formulas (23) (upper curve) and
(24) (lower curve, L/l = 10). The inset shows spectral dependence
of o,

Let's analyze how the interference correction ad7'f
changes depending on s dep The influence of the
depolarization process on the contribution of long

trajectories to & 7'f is determined by the difference
AT (s dep)ﬁ= aTn, - &dThn, =

_ 2y e v
In the absence of helicity-flip scattering V' =1,
s Erz) =s . and expression (20) turns to zero.

In experiment, the dependence &7 on s dep €AN
be observed in light scattering by Mie particles in
the resonant spectral region near the first Kerker
point [18, 36], where the difference between
differential scattering cross-sections ¢, and a,,
entering equations (16), is minimal. The position of
the first Kerker point is determined by the condition
I » 2.29 na, where | is the wavelength of light, »
and a are the refractive index and particle radius
[18, 36, 37]. In this case, in a narrow spectral range,
the helicity-flip scattering cross-section can vary
hundreds of times (while the transport cross-section
remains practically unchanged). At the Kerker point
itself, circular polarization decays on scales much
exceeding the transport length [18, 36].

In the absence of magnetic field, the equations in
system (16) become independent:

GORODNICHEYV, ROGOZKIN

DI(r,r') =- 3s ,d(r- 1),

p N . ' (21)
P- 3sdeps§f>§/(r,r)=- 3sVd(r- 1).

The solution of the diffusion equation for the
Fourier component over variables parallel to layer
boundaries is determined by expression

V(z,z| @ = 3d,xg(L - 2)dL,

9=va’+ /1.

Similar expression for /(z,z | q) follows from (22) at
g9=gq.

Substitution of solution (22) into formula (20)
gives the following expression for the relative change
in the interference correction

(22)

, 1A
BT (5 4oy )= 5077

circ

(23)
In (23) it is assumed that

s, - sPas,
Note that, unlike the resonant spectral dependence
of s dep the values of transport coefficients in the
vicinity of the first Kerker point remain practially
unchanged. Result (23) is valid in the limit L >
[ ;.- It can also be obtained if, when calculating V'
we neglect the finite size of the sample and use the
solution in the infinite medium approximation.

Taking into account the finite value of L somewhat
complicates the expression for the interference
contribution to conductance

. .1 A
aT (s dep)n= Y In

éah(l‘ / lcirc)g
8 (L/ly) &

24

The spectral dependence <d T >, calculated using
formulas (23) and (24), is shown in Fig. 4. The value
of the length /. entering into (23) and (24) was
calculated using Mie theory [38]. As follows from
the calculation results, the resonant dependence of
S dep directly affects the behavior of the interference
contribution to conductance. Taking into account
the finite thickness of the sample only leads to a
decrease in peak amplitude.

JETP, Vol. 166, No. 3 (9), 2024
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4. WAVE INTERFERENCE CORRECTION
IN MAGNETO-ACTIVE MEDIUM

Let us proceed to analyze the dependence of the
interference contribution to optical conductance
on the magnetic field. As in the previous section,
we consider a sample in the form of a flat layer and
assume that L ,L, > L > L,

In the absence of depolarization (s dep = 0,
sﬁrz) = =s ) the systems of equations for pairs of
quantities/, ¥, and V' in (16) coincide with each
other. The magnetic field in the equations for linear
combinations / + V; and V' £ [}, can be eliminated

by transformation
[(r,r';h) =V, (r,r';h) = exp(Fih(r —r)")F(r,r'),

V(r,r';h) + I, (r,r';h) = exp(Fih(r —r))F(r,r).

Therefore, the values / (r,r';h) andV (r,r';h) entering
into equation (15) with matching arguments are
independent of the magnetic field. Thus, in the
absence of depolarization, the magnetic field
does not affect the magnitude of the interference
contribution to conductance.

The dependence of the interference correction to
conductance on the magnetic field arises only due
to depolarizing collisions, which change the helicity
at different sections of wave propagation trajectories.

Consider the case of a relatively strong magnetic
field, 1/L <« h < 1/I,., when calculating propagators
I and V', the medium can be considered unbounded,
but the diffusion approximation is applicable (see
the system of equations (16)). In this situation,
the interference contribution does not depend on
the field direction. The orientational dependence
manifests only at # < 1/L, when effects due to the
finiteness of the sample become significant. However,
at 4 < 1/L the field's influence on change of the
interference correction is insignificant.

At h > 1/L, expanding the solution of equation
system (16) in a Fourier integral, from formula (15)

we obtain
A

4p’L
F2QdQ & 1 .
OF20)- 4@’ @7 + s, /s

adT(h)i= -

JETP, Vol. 166, No. 3 (9), 2024

TO OPTICAL CONDUCTANCE... 305
6 N T d T d T
_<5T(h)>—<§T(h:O)>,arb. units

5 -
4l i
3 -
2+ -
1}

0 . I . I . I hi,
0,0 0,2 04 0,6 0,8
Fig. 5. Change 1in interference contribution

(0T (h)) — (8T (h = 0)) to optical conductance with increasing
magnetic field. Change in interference contribution to optical
conductance with increasing magnetic field under conditions of slow
circular polarization decay effect (0,,/0,,, = 10), Rayleigh scattering
(04 /04, = 1) and at the second Kerker point Spectral dependence
of interference correction to conductance near the first Kerker
point (0, /04, = 0.75) from lower to upper curves.

N IN(4 )
D5 ! a
]
sp. Q7+ (V) /s R+ 1/1%,.5 (25)
where
>
2 _ 4s4Si .
F =
©) g
(Str + Str )
B s, 28, sV, 12
EQ +%h% + L _p * =3 (26)
Su S lz:irc6

As known [2, 10, 13], in the 3D case, the
interference correction itself diverges in the diffusion
approximation (each contribution in formula (25)
is a divergent quantity at large Q). The observable
is the relative change in the interference correction
depending on the magnetic field,

adT(h)i- adT(h = 0)

Integrating (25) over the direction of vector Q,
this quantity can be represented as
¥

AT(h)i- 4dT(h = 0)i= - %édeQ’
p°L
1

/s W’

18
1‘&2"(3”
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Q) FQ+20r8 13
E40n  F(Q)- 20hs QU
u
sPs ¢ 1
Str &2 + (S(V) /Str)h2 + 1/ circ
L& (0), F(O)+ 2th 1§
& 40h nF(Q)- 20hE w1728 27)

Under conditions of circular polarization
“memory” effect,

s dep < s tr

(note that in this case s, - s(V)<< s ,.), two regions
can be distinguished a:IT f on h At h «<1/1,. «dTft
changes linearly with magnetic field 4:

1 Ah

aT(h)i- adT(h = 0)d= 3= (28)

Only the first term contributes to formula (28)
in (15) and, accordingly, in (27). In this case, the
interference correction

& T(h)ia- &T(h = 0)F

is determined by long trajectories exceeding/ . , and

mode [/ is determined by equation (18). e

When h > 1/1 . . the interference contribution
aTri reaches a plateau (see Fig. 5) and tends to the
value

V-1 A

2p LI

circ

aT(h)p- &d7(h = 0)d= - (29)

The plateau in the dependence of
adT(h)in- &7 (h = 0)f on the magnetic field can
be explained by the decrease in the probability of
depolarizing collisions over the length A ' with
increasing field. Under conditions of "memory" of
circular polarization (0,4, < 0 s = s,.) the

tr b1
integral in formula (25) takes the formr

Q+ W+ 1/QL)
Q%+ W + 1/ Q%))

Ad
04 - 4QhY - 1/ @)
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(30)
In a strong field, h > 1/, , neglecting the term

1/ lflrc in the denominator of equation (30), this
expression can be written as

1. 1
— +
+1 / (2 CH‘C)

! H

@+M+lﬂ%wg

e
dQ§&
§Q- h)’ +

G

Field h is eliminated from (31) by shifting in
the integration variable Q, and the interference
contribution to conductance ceases to depend on
the magnetic field.

In the absence of the circular polarization
“memory” effect, o,,, ~ 0, (for example, in the case
of Rayleigh scattering or in the vicinity of the second
Kerker point), the magnetic field- dependent part of
the interference correction is determined only by the
first term in expression (15), and, accordingly, by
the solution of equation (19). The slope in the linear
dependence ™ T (h)i- &7 (h=0)fonhath < 1/,
changes compared to (29) due to the change in the
coefficient before 4% in equation (19),

.1 Ah
aT(h)i- dT(h=0)i= L \s

Mode V' does not contribute to the linear
dependence (32) on the magnetic field. In strong
magnetic fields, # >1//,, the diffusion description
loses its applicability.

Sy

(32)

7

5. OPTICAL CONDUCTANCE
OF A WAVEGUIDE

Besides a flat layer, another frequently used type
of samples in research is a waveguide with scattering
inhomogeneities [39, 40]. When electromagnetic
waves propagate in a waveguide, L,, L, < L
(Q1D-geometry), the situation changes. In this case,
if we do not consider a waveguide with a specially
selected transverse profile of refractive index, the
effect of circular polarization preservation is
suppressed. At each reflection from the lateral
boundaries of the waveguide, the sign of circular
polarization changes to the opposite [41]. The main
contribution to the interference correction (15) is
made by the quantity I(r; r') surviving at large at
large L I(r,r') which in the absence of a magnetic
field corresponds to the scalar intensity mode. Mode

JETP, Vol. 166, No. 3 (9), 2024



INTERFERENCE CORRECTION

V(r,r') decays on the scale min(L,,L ,/ ), and its
contribution turns out to be a smally value. In this
situation, in the equation for mode /7, the term
proportional to V; (see (16)) can be neglected (see
Appendix), and we arrive at equation (18). For the
waveguide, equation (18) should be supplemented

with boundary conditions

i) =0,
x=% Lx /2 (33)
lI (r,1") =0
iy y=tL /2
y
on the lateral surfaces of the waveguide and
I(r,r')\Z= oy =0 (34)

at the input and output cross-sections of the
waveguide.

Equation (18) is valid when modes / and V,
propagate in the diffusion regime. Under conditions
of strong depolarization, when circular polarization
decay occurs on scales of the order of mean free path
[, equation (19) should be used instead of equation
(18) (see Appendix). The reduction in depolarization
length is reflected in the coefficient value before W in
the equation for .7.

The solution of equation (18) with boundary
conditions (33) can be sought in the form of
expansion in eigenmodes cosq, , x cos qym¥> where

=Qpn/L,), =Q@pm/ L)),

9ym

nm=0,x1,£2K

Then formula (15) transforms as follows:

6 L {
d T (h)i= - 231, Lza 0dzl (2, z)l, (35)
e"1 0 L

where I _(z,z9 are the expansion coefficients of value
I(r,1') over the waveguide's transverse eigenmodes.
From the solution of equation (18) with boundary
condition (34), one can obtain the expression for
them

3 shgz(g(L - 2))

1,(z,29 = —
q qg, shgL

(36)
where
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W, b= n.
~ Vv
si) 37)

Under conditions of strong depolarizatign, only
the proportionality coefficient between 4 and A
changes (see (19)).

In Q1D-geometry (L » L,,L,) the mode with
q = 0 is characterized by the lowest attenuation.
Keeping only the term with ¢ = 0 in (35), for the
interference contribution to conductance we obtain

1

adT(h)i= - 7D

38)

w2| —
N

§iL)-
g

rea—.r

In the limit 2 = 0, equation (38) leads to the
known result [42] for the interference contribution
to the conductance of scalar waves adThi=- 1/ 3.
With increasing magnetic field, the magnitude of the
interference correction monotonically decreases. At
large A, the value of & Tf decreases as —1/AL. The
change in A7'f with increasing field qualitatively
resembles the behavior of the interference correction
to electronic conductance [11, 10], however, the
corresponding functional dependencies differ.

The results obtained above refer to the case of a
waveguide with a sufficiently large cross- section,
I « +A, when the conditions for going from the
system of transport equations (13) to equation (18)
(or (19), see Appendix) are met.

The situation changes in a waveguide with
small cross-section, 1 > +/A . It can be assumed
that the circularly polarized mode propagates in
ballistic regime and is destroyed upon reflection
from boundaries at scales of order \/K In this
approximation, we arrive at a diffusion equation for
I, similar to (18) (or (19)), but with an additional
factor proportional to VA /[, before h. In the
case of a waveguide with circular cross-section, the
corresponding numerical coefficient changes from
8\/5 in longitudinal field to 4+/p in transverse field.

As the waveguide cross-section decreases,
the influence of magnetic field on the value of
interference correction decreases as well. The length
at which interference destruction occurs increases
with decreasing A as (///2 /AY*)(1/h) . Since
the applicability of the diffusion treatment used
for I'in this work is limited by fields # <1/1_, this
length always exceeds l;/ 2 /A 1/ 4). To observe the
influence of magnetic field on interference, this value
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should not be greater than the localization length
Lpe =NL.~ LA /I 2 Therefore, the above results
are limited by the condition on the waveguide cross-
section A > | 2(1” /1 )2/5. In the considered case, in
the weak localization limit A « [/, the waveguide

i’
can be considered multi-mode.

6. DISCUSSION OF RESULTS

Let us analyze how the interference contribution
to optical conductance changes depending on the
ratio s dep /s, and the magnetic field strength.

In the absence of a magnetic field (4= 0) the
negative interference correction &7'f to conductance
is maximal in magnitude in the limit when there
is no depolarization at all (i.e., no mixing of
polarizations due to scattering, and / =V in (15)).
In this case

adTh=2adT5R,

where & 7¢9/R< 0 — corresponds to the result in the
scalar wave approximation. The scattering of light
on an ensemble of Mie particles near the first Kerker
point (I = 2.29na, where | is the wavelength of
light, a and n are the radius and refractive index of
the particle) corresponds most closely to the limiting
situation described above [18,36,37]. In this case, for
particles with a high refractive index, the helicity-
flip scattering cross-section can be two orders of
magnitude smaller than the transport scattering
cross-section [18, 36]. Taking into account the small
but finite value of s leads to deviation of &7t
from 2&d7¢9)¢. Under conditions of rare helicity-flip
collisions (o, < 0,) the interference contribution
to optical conductance acquires an additional term
(see (23))

1

2Ll

circ

adTh=2adT"si+ (39)

The deviation from 2&d 77 in (39) is determined
by the second term of expression (15), which
increases sharply as it moves away from the first
Kerker point. The resonant behavior of s dep directly

affects the magnitude of the interference correction
(see Fig.4).

In the case of strong wave depolarization, when
helicity changes occur in each scattering event,

aTh=aTCOF (this follows directly from formula
(15) if we neglect the contribution of V).

GORODNICHEYV, ROGOZKIN

If there were no wave scattering with helicity
change, then the interference contribution to
optical conductance would remain unchanged,
A Th=22dT")F when applying a magnetic field.
This is because the magnetic field can be eliminated
from equation (16) and, accordingly, formula
(15) (see section 4). Depolarization turns on the
influence of the magnetic field on the value of ad7’.
Under conditions of slow depolarization (0,,, < 0,)
the change in the interference contribution with
increasing magnetic field is described by expressions
(28), 29), and at h > 1/ 1, the value of T tends
to
A

1
V2p L’ (40)

i.e., the difference between &dTF and 2adT" ¢
changes by approximately one and a half times when
the field varies from zero to large values.

adThi=2adT )+

The saturation of the interference correction
dependence on A with increasing magnetic field can
be explained by the decrease in the probability of
depolarizing collisions over the length A I Before
the first helicity-flip scattering event modes / and
V' manage to mix strongly, and “hybridization” of
modes [ and V' occurs. Only two modes with given
helicity survive, I + V; and V' + I,,, which are
characterized by an attenuation length \/5 times
greater than the attenuation of mode V' in the
absence of a magnetic field (see expression (31)).

In the case of strong depolarization, the
interference contribution to conductance tends
to zero as the magnetic field strength increases.
Under conditions of wave diffusion through a Q1D
sample (waveguide), this is precisely the case that
is realized. With rapid attenuation of mode V' the
main contribution to (15) comes from intensity /.
According to (35), the transition to Q1D geometry
occurs when the term with ¢ =0. becomes
predominant in (35). In the absence of a magnetic
field, the contribution to (35) from non-zero
harmonics can be estimated as

L A
0dzly(z,2) ~- L 41)
0

24l

r x

a7 n=
32 Opy

where it is taken into account that the integral over
qis cut off at values ¢ ~ 1/ / . The requirement that
(41) be small compared to the contribution from the
zero harmonic &7 (sc)ﬁqzo =-1/3[42] leads to the
inequality A < /L, i.e., the cross-sectional area of
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the sample should be smaller than the average square
of the transverse displacement of the light beam
during diffusion in the medium layer of thickness L.

It should be noted that the disorder-averaged
conductance in the diffusion approximation in the
first 1/ ky/, order equals

N/,

aTR= 2 —1r
L

w | oo

(see, for example, [8, 17]. The interference correction
to conductance & 7°f has the order of

1 N/

aTn~ 5 r
(Koy)

until the transition to Q1D geometry occurs. In
this geometry, in the absence of a magnetic field
&dTi=—1/3. Therefore, in a long L ~ [, , = NI/ _
[42], waveguide, when &I'f becomes of the order
of T, a transition to the Anderson localization
regime occurs. Since the interference correction
adT'f in the presence of the magnetic field decreases
in the Q1D case in the presence of a magnetic
field with increasing L as 1/ L (see (38)), the
transition to the Anderson localization regime at
h > h,~ 1/ NI_should be disrupted. Due to the
destruction of time-reversed wave interference, the
localization length should increase (see, for example,
[42]). In multimode optical fiber (N > 1) the critical
value of the magnetic field 4, turns out to be much
smaller than that which leads to a noticeable effect
in coherent backscattering from a Faraday medium
[19,22]. In electron transport through Q1D systems
(wires) it is difficult to observe such an effect, since
with increasing L there is destruction of coherence
of electron waves due to inelastic interactions,
temperature, and other factors [11,13].

In conclusion, we consider the conditions under
which experimental observation of the interference
contribution to conductance is possible. The
simplest scheme is the one for measuring the total
transmission coefficient through a waveguide with
scattering inhomogeneities. Let's assume that
the measurement sensitivity allows registering
relative changes in the transmission coefficient of
about one percent. Since in QID geometry the
interference correction varies from - 1/ 3 to zero
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(when a magnetic field is applied), this imposes a
requirement on the value of 47'f, which should not be
greater than 10%. Such value of &TF can be provided in
a waveguide with length L =10 cm, cross-sectional
area A = 10" 2 mm? , humber of modes N = 10* at
wavelength | =1 um with a typical transport length
of [, =100 um for disordered media. In this case,
the ratio A /(Ll,.) (see (41)) equals 10° 3 , So the
Q1D geometry approximation is certainly justified.
Since in a magnetic field the interference correction
changes significantly at #: 10/ L (see (38)), then
for characteristic values of the Verdet constant
(V=0.06 mm™' T for A = 1.064 um, see , for example
[43, 44]) the correction to conductance can be
observed in a field of 1 T. With increasing waveguide
length, the amplitude of conductance changes
increases with magnetic field, which makes it
possible to study the transition to strong localization
regime under conditions of broken T -invariance.
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APPENDIX

Assuming that mode V decays faster than
mode / (i.e., in the approximation of relatively
rapid depolarization), the interference correction
to conductance is determined only by mode /.
According to the system of transport equations (13),
the coupled equations for modes / and V/; have the
form

r',n’) + i(nh)V;(r,n

1nl + r'n) =

i s to,zl(r,n

= Odn,a(nn))I(r,n, | 1',n) +

+d(n- n)d(r- 1), 42

r',n) + i(nh)/(r,n

1111% + smtEVI(r,n r'n) =

= Qdna,(nn))V, (r,n; | r',n). 43)
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Writing the expression for V; as a convolution of

the Green's function of equation (43) with the term
i(nh)/ in (43) and substituting V', into (42), we obtain
a closed equation for mode /

Irn%T—r + smtgl(r,n | r',n) +

+(nh)ydr'@n'dG, (r,n | r'en'd(n'dh)
“I(r'¢n'¢| r',n') =
= Odn,a,(nn))/(r,n, | 1',1) +

+d(n- n)d(r- r'), 44)
where GV(r,nl r',n) is the Green's function
of equation (43) with a source in the form of
d(n- n)d(r - r'). Performing the standard procedure
of transition to the diffusion approximation in (44)
(see, for example, [45]), we arrive at the equation

DI/(r,r') + 3ﬂﬂ Odr'idydndn'n,(nh) ydn'¢

X;
' GV(r,nl ren'g(n'dh)/(r'én'e| r',n') -
- 3s,, Odr'{ydndn(nh) ydn'¢

"Gy (r,n| r'én'd(n'h)/(r'gn'¢
=-3s,d(r- r).

r',n)=
(45)

Assuming further that function G, decreases at
distances much smaller than the characteristic scale
of mode /-variation, we can expand / in the vicinity
ofr'é¢=r.

Keeping only the first term in the expansion, we
obtain

DI(r,r)- s, s VR I(r,1) + 3hhsy) - s s~

r= tr tr =t

' g‘)dndn'n QAT 4nN)G, (r,n | r'@n')g

“I(r,r)=-3s,d(r- 1). (46)

Then we transform the third term in the left part of

equation (46). Substituting the equality that follows
from the reciprocity theorem (see, for example, [46])

(nN )G, (r,n|r'¢n) =

GORODNICHEYV, ROGOZKIN

=- (0N _ )G, (r'¢- n'| 1,- n), 47)
we can represent it as
14 vy .
3hjhks f‘r ) - S”,S gr )
’ [(‘)dna’n'ngnj@ (n'ds)Gy (rg,- n' | 1,- n)]”
S
" I(r,r), (48)

where integration is performed over the sample
surface, and r; is taken at its boundary. When the
distance from point r to the sample boundary exceeds
the decay length of the circularly polarized mode / ;.
, the contribution of term (48) to equation (46) can
be neglected. As a result, equation (46) reduces to
equation (18). This statement remains valid as long
as the linear dimensions of the sample are much
larger than the transport length, (L,vA)? [/, and
to calculate the Green's function G, one can use the

diffusion approximation, setting

Gy (r,n|r'en’) =G, (r,r'9 / (4p)°,

where
Gy, (r,r'd = Odndn'G), (r,n| r'en)

is the density propagator of the circularly polarized
mode V. In this case, contribution (48) vanishes
due to the density propagator becoming zero at the
boundaries of the integration region [45].

If in the expansion of / in the vicinity of
r'¢=r we keep the next term in (45), this will
lead to renormalization of the coefficient before
D/ in equation (46) by a small addition of order
(hl,, )2 < 1, which can be neglected in the considered
approximation.

The results obtained above (see (18)) rely on
the diffusion approximation when calculating the
Green's function G),. Under conditions of strong
depolarization, s dep ~ Sy the attenuation length
of the circularly polarized mode turns out to be
close to the mean free path / [18, 32], and in the
first approximation for calculating the function, G,
one can use the ballistic approximation, i.e., assume
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that the main contribution to GV comes from non- 8.

scattered waves,

Gy (r,n|1',n) =
r- 1 Qe_ slr- 1|
- ogr- P

2
=d(n- n')dgn- | (49)

Substituting (49) into (44), and assuming that
the mode 7 is a smoother function of coordinates
and directions than G;,, we arrive at a diffusion
equation for 7 of the form (18), in which s ng ) should
be replaced with s (see (19)).

Equations (18) and (19) remain valid for the
waveguide, L > +/A . The applicability of equation
(18) under conditions of slow circular polarization
decay is related to the use of the diffusion
approximation for G;,. Due to the fact that upon
reflection from the waveguide's lateral boundaries
the sign of circular polarization changes to the
opposite, the density propagator G;, vanishes at
the waveguide boundaries (i.e., when the scattering
medium is placed in a waveguide with reflecting
boundaries, the boundary conditions for G, , unlike
the mode 7, do not change). Equation (19) under
conditions of strong depolarization is valid as long
as the cross-section is sufficiently large, \/K >1[. In
a waveguide with a small cross- section but remains
multimode, A < /A < /, substitution of the ballistic
Green's function (49) into (44) after intermediate
integration over spatial variables leads to a diffusion
equation for / qzo(z,zq), similar to (19), but with an
additional factor proportional to A //,. before W
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