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Mpeanoxer NpubANKeHHbIV CaMOCOrIacOBaHHbIA NOAXOL, NMO3BOSIOWNA ONUCLIBAaTL KBAa3UKIACCUYECKYIO MO-

CTynaTeNbHYO ANHAMUKY HEPENATUBUCTCKON 4acTulbl B AUCCUNATUBHON Cpeje Npu Npou3BOILHOM XapakTepe

3aBUCNMOCTU COOTBETCTBYHOLLNX AONCCUNATUBHBIX CUJT OT CKOPOCTW. nOKa3aHO, 4TO Aguccnnaunsa nofaBNsAET

KBaHTOBble CBOWCTBA YacTulbl. DTO MPUBOAUT K HEODXOLUMOCTM MHTEPNPETUPOBATL PACNpOCTPaHeHne B LUC-

CUMATWBHON Cpefie KaK HenpepbiBHbIA NPOLLECC N3MEPEHNsT COCTOsIHMS HacTuubl. B kadectse npumepos pac-

CMOTPEHbI HECTAUNOHAPHbIE KOr€peHTHbIE COCTOAHUA HaCTULbl Ha TPEX CTaANAX €€ TOPMOXEHUA B Cpene 3a

CHET MOHN3ALUMNOHHbLIX NOTEPDb. D'aHHble CTagnnm COOTBETCTBYHOT BbICOKOSHEPreTUHECKUM NOTEPSAM, NOTEPAM B

OKPEeCTHOCTHK 6p3FFOBCKOFO MNKa, @ TaKXXe HU3KOSHEPreTUHEeCKNM NoTeEpPsAM Ha 3aKJIIOHNTENBbHON CTagnnm pac-

NPOCTPaHEeHMS.

DOI: 10.31857/50044451024080017

1. BBEAEHUE

PasButne MeromoB KBaHTOBaHWSA B OTKPBITHIX CH-
creMax TeCHO CBsI3aHO C (DYH[aMEHTAIbHBIMU BOIIPOCA-
MU U3MEpeHUsi COCTOSHUN KBAHTOBBIX 00BLEKTOB [1,2].
B kaduecTBe KBAHTOBOrO 0OBEKTA MOYKET BBICTYIIATH
9aCTHUIA, HAJ[ KOTOPOIl IIPOU3BOAUT U3MEPEHUE JMCCHU-
[aTUBHAsI CPejla, BBIIOJIHSIONAs POJIb KJIACCUIECKO-
ro mpubopa. IIpu 3TOM HempepbIBHOE U3MEpPEHUe Cpe-
JIOIl COCTOSTHUS YACTHUIHI COIPOBOYKIAETCH HEIPEPbIB-
HBIM KOJUIAIICOM BOJIHOBOH (byHKImH [3].

Ha ceropusimmuuii 1eHb CymecTByeT MHOXKECTBO CIIO-
CcO0OB KBAHTOBO-MEXAHUYIECKOTO OIMCAHUSA JBUKEHUS
YACTUIL B JUCCUNIATUBHBIX cpepax [4-17]. TIpu stom
cJIeJlyeT 3aMeTUTh, YTO Pa3JInIHble METOJbI 3a9aCTYIO
[IPUBOJAT K HECKOJBKO PA3INYAIONINMCH (DU3UICCKIM
pesyibraram u BbiBojaM. C ¢usmueckoit TOUYKH 3pe-
HUsI, BECbMA II0CJIE0BATE/IbHBIM U IIPUBOISIIAM K Pa-
3yMHBIM PE€3YJIbTaTAM IIPE/ICTABJISAETCS IOIXO0M, OCHO-
BAHHBI HA MApPKOBCKOM HPHUOJIMZKEHUU IIPU PEIICHUN

* . .
E-mail: sazonov.sergey@gmail.com
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ypaBHenuil jyisi Marpunbl wiornoctu [18-23|. C apy-
roif CTOPOHBI, TAMUJIBTOHOB TIOJIXOJL, TPEJIOKEHHBINH B
paborax [4,5], npusiekaer cpoeil npocroroit. O HAKO
3716Ch BO3BHUKAIOT TPY/HOCTH MPH KBAHTOBOM PACCMOT-
PEeHUM JIBUYKEHUs 9acTUl, B 00beMHbIX cpenax [24, 25].

laMuIbTOHOB CIIOCOO KBAHTOBAHUS MOXKHO HCIIOJIb-
30BaTh MOCJIE KJIACCUTIECKOTO AHAIN3a JIBUYKEHUST BbI-
JIeJIeHHOI 9acTHILI B Cpejie, KOTopasl JIefiCTByeT Ha 3Ty
YaCTHUILY TOCPEJICTEOM JUCCHTIATHBHBIX CHJI. Takum 00-
pPa3oM, B 3TOM CJIydae MOYKHO TOBOPUTH O TIOMCKE KBAH-
TOBOTI'O COOTBETCTBHA ABUYKEHUIO KJIACCUICCKON JacTH-
npl. YxKe Ha JAaHHOM 3Talle PacCy’KJIeHUil CTaHOBUT-
¢ IOHATHON KBA3UKJIACCHIECKAS CyTh MOJOOHOTO pac-
CMOTpEHHs.

B pa6orax [4-7] pasBur c1ocob KBaHTOBAHUS B CJLy-
yae, KOrja Ha HepeJsaTHBUCTCKYIO YaCTHUILy JeiicTByer
JINCCUIIATUBHAS CHUJIA, TPOIOPIMOHAJIBLHAA CKOPOCTHU V.
B paborax [26,27] upezioxena npoueaypa KBa3uKJIac-
CUMECKOTO KBAHTOBAHUS IIPY HAJIUIAN JUCCUTIATHBHBIX
CHJI, TIPONIOPIUOHAIBHBIX CKOPOCTH M KBaAPaTy CKOPO-
CTH 9aCTUIBL. BaskHo 3aMETUTh, 9TO JAHHBIE CHIIBI BBO-
AATCA B Teopuio (DeHOMEHOJIOTHIeCKn, 0e3 J1eTaabHO-
ro anajusa ux pusndeckoi npupoanl. IlocienoBaren-
HOE MHUKPOCKOIIMYIECKOE PACCMOTPEHHE JIBUZKCHUS Jac-
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THIL B PA3JIMIHBIX CPe/laX MOKA3BIBAET, IYTO COIPOBOK-
JIAIOIIAM JIAHHOE JIBUYKEHUE TOTEPSIM SHEPTUUA MOXK-
HO COIIOCTABUTH CHUJIbI, 3aBUCSIINAE OT CKOPOCTH BECHMA
caiokHbIM 06pasoM [28-30]. B s10ii cBsA3u BO3HHKAET
3aa4a paspabOTKU MOIX0a, KOTOPBII TO3BOIUT Hali-
TH KBa3UKJIACCHIECKOE COOTBETCTBUE JIBUYKEHUIO HEPE-
JIATUBHUCTCKON KJIACCHYIECKON YACTHUIIBI 1TOJT JeiCTBUEM
JIUCCUTIATUBHBIX CHUJI, TTPOU3BOJIBHO 3aBUCAIINX OT CKO-
pocru. Perenuio 9Toit 3a/1a4n MoCBAIIEHa HACTOSIIIASA
pabora.

2. KIIACCUYECKOE PACCMOTPEHUE

IIycTh nBUZKeHHe KJIaCCUYecKON YacTUIbl MacChl m
OIMCHIBAETCS JIATPAHXKUAHOM L, SBHAA 3aBUCHMOCTD
KOTOPOI'0 OT BpeMeHu orpeiessierca dyunkmeii ¢(t):

(1)

Byﬂel\l IIoJiaraTb HUXKE, 9TO KaKue-JIm00 BHEIIHIE KOH-

CEepBATUBHBIE CHJIBI OTCYTCTBYIOT.
Orciofia ¢ momMonipio ypaBHenus Jlarpamxka

doL
dt ov

npujieM K YpaBHEHUIO JIBU2KEHU A

0

(2)

mv = —m-=v,
q
re TOYKA HaJ| IePEeMEHHON 0003HAYAeT IPOM3BOIHYIO
110 BPEMEHH.
[Iyctes muccunaTuBHas cuia, AEWCTBYIONIAS HA 9a-
CTHILY, UMEET BHU/I

Fg=—mf(v(t))v, (3)

rae f(v(t)) — HeKOoTOpasi MOJOXKUTETHHO OIPEIeJIeH-
Has DYHKIHUA, 3aBUCSINA OT BDEMEHN 9€Pe3 CKOPOCTh
¥ YACTHUIIBI.

Comnocrasissg (2) ¢ KJIaCCUYECKUM ypABHEHUEM JIBH-
JKEHUS U yauThiBasg (3), nmeeM

(4)

Nurerpupys (2), nosyanm
Vo
v=—,

q

(5)

rje vo — HavgasbHas (npu t = 0) CKOPOCTh YACTHUIIBL.

Wurerpupysa (5), Haiijgem KIacCHIecKyio TPaeKTo-
PHMIO 9aCTHIBI, ONUCHIBAEMYIO 3aBHCHMOCTBLIO PayC-
BEKTOpA T YaCTHUIBI OT BPEMEHU:

(6)

rJie ¥'o — Ha4YaJIbHBII Pa/IyC-BEKTOD YaCTHUIIbI, & PeLy-

re =rg+ VoT,
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dt’

IUPOBaHHOE BpeMd 7 OIIpelesisdAeTCdA BbIpazKeHHUeM

O/ q(t')’

Orcuer BpeMeHU 3/IeCh HAYMHAETCS ¢ MOMEHTA [TOT1a,/1a-
HUsI YACTUIIBI B JUCCUIIATUBHYIO CPELy.

Moxcrapsist (5) B (4), npugem K auddepernuaib-
HOMY yPaBHEHUIO JIJIsI Opejiesienus bYHKIUN §:

q=qf(vo/q) (8)

HormoHuM laHOe ypaBHEHNE 0u9eBHIHBIM (CM. (5)) Ha-
YaJIbHBIM YCJIOBHEM

(7)

q(0) = 1. (9)
Orcrona, a Takxke u3 (4) caexyer, ato ¢(t) — MOHOTOH-
HO BozpacTalonias (pyHKIMA BpeMenu. Biaromapst jauc-
CHIIAIAN, YACTUIA B KOHIEC-KOHIIOB OCTAHABIMBACTCH.
Torna, yuursiBasg (5) u (9), IpUXOAUM K BBIBOLY, YTO
sHaveHns ¢(t) jexar B uarepBate 1 < ¢(t) < oo. Or-
criofa 1 u3 (7) BuIHO, 9TO T(t) TaKyKe MOHOTOHHO BO3-
pacraer ¢ TedenueM Bpemenu. Eciu ¢(t) pocruraer Gec-
KOHEYHOI'O 3HAYEHUST 38 KOHEUHOE BPeMSI Ly qz, TO BEPX-
HeMy Tpejesy B unTerpage (7), t = tpqz, COOTBETCTBY-
eT MaKCHUMAaJbHOE 3HAYCHHE PEIyIMPOBAHHOTO BpPEMe-
HU Tpqq. BO3MOXKHBI CUTYAIUA, KOTJA tpar — 00 (CM.
HizKe). B obmem ciaydae unTerpas (7) npu t = tmag
MOZKET OBITh KaK CXOIAIINUMCS, TAK U PACXOISAITIMCS.

Takum ob6pasom, pemwms 3agady (8), (9), maiizem
dyukimo ¢(t). drum campiM Oyjer HafijieH JarpaH-
xkuaH (1), camocorsiacoBaHHBIM 0OPA30M  YUUTHIBAIO-
mmit JeficrBue Ha YACTHILY JUCCUIIATUBHON cuibl (3).
B cBOIO 01epe/ib, ¢ TIOMOIIBIO (5) MBI OIPEIEIUM KIIac-
CHYECKYIO CKOPOCTDb YaCTHUILI KaK (PYHKIMIO BPEMCHH.
3arem, noucrasus ¢(t) B (7), Haiinem peayupoBaHHOE
Bpemsi 7. Ilocie 3Tor0 BhIpakenue (6) MO3BOJIUT HAM
OIIpeJICIUTh TI0JI0KEeHHe KJIACCUIeCKO YaCTUIbl B IIPO-
CTPAHCTBE B KaXK/JBIii MOMEHT BPEMCHH.

C npuKIaHO#l TOUYKM 3peHusi, 3HAUYUTeIbHBII HH-
Tepec IpPeJCTaB/IsSeT BLIUUCICHHE 110Tepb dHeprun W
YACTHILI B 3aBHCUMOCTH OT HPOIIEHHOro ImyTH s. U3
(5) u (6) BuaHO, UTO JBUKEHHE KJIACCHYECKON YaCTH-
LBl SBJIAETCs IPSIMOJIMHEHBIM, a ee IPOiiIeHHbIH 11y Th
S OIPEIE/IACTCH BhIPAsKCHIEM

$=|re. —ro| = vo1.

Torma, mepexo/isi OT BEKTOPHOTO BUJA K CKAJIAPHOMY,
3aIuIeM

. dv
0 =0v—.
ds
B pesysbrare ypasHerue (2) ¢ yaerom (4) npumer Buj
dv
— = : 10
Lt (10)
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VHTerpupyst JaHHOe yPaBHEHHE C yUETOM TPAHUTHOTO
yeaosnst v(0) = vg, HalgeM 3aBuCHMOCTb V(s). OTcona
HOJTy MM 3aBHCUMOCTD dHepruu W = mov? /2 wacTurst
OT PO IEHHOTO Iy TH. Tlocse TOro onpeesInM yieb-
Hble orepn —dW/ds.

OueBnHO, UTO TOJIHAS JIIHA IIPOOETA Sy qq TACTH-
I[Bl IPY TOPMOXKEHUHU B JIUCCUTIATUBHON CPeJie OIpejie-
JIATCS BBIPAKCHUEM Spmaz = V0Tmaz-

Ucnonbays (1), ajis KAHOHMYECKOrO UMITYJIbCA Haii-

JieM oL
= — = . 11
p =5 =mvq (11)
Torma mis raMIIbTOHTAHA
H=pv-L
OyJeM MMeTh 5
p
= 12
It "

Beipazkenust (2), (4)—(9) onncsBaoT KIaCCHIECKY IO
TPAEKTOPHIO YACTHUIIBI, COOTBETCTBYIONLYIO IKCTPEMYMY
dyHKIMOHATA JIeficTBHST

t
S = /Ldt’.
0

TTosTtomy pemenue ypashenus (8) NIpu HaYaIbHOM
yeaosun (9) COIEPKUT BeJIMIUHY Uy HAYAJILHOM CKOPO-
CTH 9acTHIBI. B pesysbrare MOJCTAHOBKA HANICHHOMN
dyuKImn ¢(t) 1pu 3aJaHHOM 3HAYEHUN V) B BBIpazKe-
uue (12) npusBoaur K 3PHEeKTUBHOMY raMUILTOHUAHY,
B KOTOPOM CAMOCOTJIACOBAHHBIM O0PA30M YUUTHIBAET-
ca JieficTBUE Ha KJIACCUYECKYIO YACTUILY JUCCULIATUB-
HBIX CHUJI, IIPOU3BOJILHBIM OOPA30M 3aBUCHIIUX OT CKO-
poctu dactuibl. 110CKOIBKY Xapakrep $BHON 3aBUCH-
MocTH ¢(t) OnpesiessieTcst TONBKO KJIACCHIECKOH Tpaek-
TOpUEHl YACTUIBI, HOCJIE/LYIONIee KBAHTOBAHUE JIBUYKE-
HUs Ha ocHOBe BbIpaxkeHuil (3), (8), (9) u (12) comep-
JKHUT B cebe IPU3HAKY KBA3UK/IACCHYECKOTO IIPUOJINZKE-
Hust [31].

SddekruBHbIil Tamuabronnan (12) sasucuT OT
HAYAJIBbHON cKOpocTH vg. IlosTOMy paccMaTpuBaeMoe
YCJIOBHE CAMOCOTJIACOBAHUZA 3apaHee HAKJIAIbIBACT
orpaHUYeHre Ha BHJ[ BOJHOBOI (DyHKIMU dacTUipl. A
UMEHHO, JIAHHDII BUJ| JOJKEH COIEPXKATh B cebe Ipu-
3HAKU KJIACCUIECKON YaCTHUIIbI, 001 IAIONIEH 3aIaHHO
HaYaJIbHONU CKOPOCTBIO.

3. KBASUKJIACCUNYECKAA JMHAMUKA

st mepexojia K KBAaHTOBO-MEXaHUIECCKOMY OINCa-
HHUIO COBEPIINM CTaHJAPTHYIO 3aMeHy KaHOHHUYECKOI'O
UMITYJIbCA P SPMHUTOBBIM OIEPATOPOM P B KOODIMHAT-
HOM IIP€/ICTABJIEHUN:

p = —ihV.
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Torga HECTAIMOHAPHOE KBA3UK/JIACCUYECKOE YDABHEHUE
IIpeaunrepa jyis BosaHoBOM dbyHKImy (1, t) 3anumer-
csl B BHJIE

oY 12
h— = —————V? 13
ot 2mq(t) v (13)
rge r — paJuyc-BeKTOD, IIPUHA JICXKAIMUNi OJHON 13

BUDPTYAJbHBIX TPAEKTOPUI IaCTUIIBL.
Jlerko Buzerh, uro u3 (13) cmemyer ypapHeHHe

HEIIPEePLIBHOCTHA
Ip .
E + \V4 )= 0,
rie
p= v
. h * *
i=3 V"V —pVY©).
mq

Orcrofa BusHO, 9To BesmdunHa p(r,t), KAk U B KOH-
CepBaTUBHOM CJIydae, MMeeT CMBIC] ILIOTHOCTH BEpO-
ATHOCTU OOHAPY?KEHUSI JACTHUIBI B TOUYKE C PaJIUyC-
BEKTOPOM T B MoMeHT Bpemenu t. CremoBaTenbHO,
3J1eCh TaKyKe CIIPaBE/IMBO yCIOBAe HOPMUPOBKU

/p(r, t)dr

rJIe HHTerpupoBaHue BeIeTCsdA II0 BCEMY IIPOCTPAaHCTBY,

L

B KOTOPOM MOXKET HAXOJUTBCSA TACTHIIA.
ITpu navasnbuoii BosHOBOI bynkimu ¥(r,0) ypas-
Henue (13) umMeer ciemyroree perieHue:

P(r,t) = /G(r —r' t)y(r,0)dr, (14)

rue kBasukjaccuueckag yukuug [puna G(r — r')t)
OIIpeIe/IsSIeTCsT BhIPAZKeHueM

)3/2 exp (z

Juuamuuecknit napamerp ¢(t) B KBasukiaccude-
ckom ypastennn [Ipenunrepa (13) 3aBucut ot Besman-

m
2imht

G(r—r',t) :( %|r7r'|2). (15)

HBI Uy HA9aJIBHON ckopocTH dactuisl (cM. (8)). ITosro-
MY B COOTBETCTBUU C CAMOCOTJIACOBAHHBIM ITOIXO0M
BBIOEpEM HAYAJIBLHYIO BOJTHOBYIO (DYHKITUIO B BHJIE TAYC-
COBa, BOJTHOBOTO TTaKeTa, MEHTPUPOBAHHOTO B HAYAJIb-
HOIl TOYKE r( HAXOXKJICHUS KJIACCUIECKON YACTUIIBI U
CoJIepZKAIIero ee HavabHYI CKOPOCTh Vo [32,33]:

|r7r0|2
412

P(r,0) = exp Jrz'%v(yr , (16)

(27T)3/4l3/2

e | — HAaYaJbHBIA MPOCTPAHCTBEHHBIH MacimTad Jio-
KAJIM3AIIHI IUIOTHOCTU BEPOSITHOCTU, MMETIOIIHI CMBICT
HavYaJIbHOI HEOIIPeIeJIeHHOCTHU JIEKAPTOBBIX KOOPIUHAT
vgacruipl [32,33].
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IMoxcrapasst (15) u (16) B (14), mosyanm

1 l 3/2
t) =
Y(r, 1) (27T)3/4<l2+ih7'/2m> X
wep = fEmrel L gmy o mE] a
T g ir2m) RO T e T

[JIe Te U T OIPEJENSIOTCA COOTBETCTBEHHO BHIPAZKEHU-
savu (6) u (7).

B koncepBaTuBHOI cpejie (IIpU OTCYTCTBUU JIUCCH-
namuu) ¢ = 1 Bo Bce MomentTnl Bpemenu t = 0. To-
rua u3 (7) caexyer, yro 7 = t. B srom ciaydae BoJ-
noBas dyuknusg (17) cooTBercTByeT KOrépEeHTHOMY CO-
cTostHUIO cBOGOMHON uacTunpl [34]. [Ijis KOHKpETHBIX
CIYYIAeB JIMCCANATHBHBIX CPeJl, KOTJA MPHUCYTCTBYIOT
CUJIBI COMPOTHUBJIEHNUST, TPOIMOPIHOHAIBHBIE CKOPOCTH 1
KBaJIpaTy CKOPOCTH, AHAJOIMYHbIC COCTOSTHUS IIPUHA/-
JIEXKAT K KJIacCy KBA3UKJIACCHIECKUX KOIMEPEHTHBIX CO-
crosiHnit [26,27,35].

13 (16) st IIOTHOCTH BEPOSITHOCTH UMEEM BbIPa-
JKeHue

|r7rc|2

e L)

p(rﬂt) = exXp

3/2,3
2m)7
TJIe MPOCTPAHCTBEHHDII MacITab [ TIpH MPOXOK ICHIHT

qacTUIeil JUCTAHIUN § B MOMEHTHI Bpemenu ¢ > () orrpe-
JleJ1s1eTcsl COOTHOIIEHUEM

2 2

ht s
L=P+(—) =iy/1+ (=), 19
roe lp = 212/3\ — audpaKkIUoOHHas JIMHA, COOT-

BETCTBYIOIAs HAYaJbHON BOsHOBOW dyukiuuu (16),
A = h/mug — HavanbHas 1eGpPOIIeBCKast JJIMHA BOJTHBI
YACTHUILBL.

W13 (19) BusHO, 9TO BOJHOBOM MAKET INIOTHOCTH Be-
POSITHOCTH 110 Mepe PaclpOCTPAHEHUsl B JUCCHUIIATHE-
HO#i cpejie UCIBITHLIBAeT YIIMPEHUe JI0 MaKCHUMAJbLHOTO

3HadeHud (%"

€ro pa3Mepa, OIpPEeeasaeMoro mo Gop-
Mmysie (19) ¢ yueTom 3aMeHBl 8§ — Spmar = U0Tmaz. 1a-
KIM 00Pa30M, OCTAHOBKA JIOKAJTU30BAHHOTO BOJTHOBOTO
maKeTa COMPOBOXKIACTCA «3aMOPO3KOI» €ro MpoCTpaH-
cTBeHHOro pasmepa. Ha sroit craguu B (18) ciemnyer co-
BepIUTh 3aMeny [, — [7***. IIpu aTom pajmyc-BeKTOD
[EHTPA CTATUYIECKOrO BOJHOBOTO TAKETA OIPEIEIAeTCs
BBIpaXKeHueM I'c. = rg + VoTmaz-

IIpu ycsioBunu CHIBLHOM TUCCUTIAIINN, Siqr <K LD, T~
CTHIIA TPAKTUIECKNA HE MIPOSABJISET BOJHOBBIX CBOWCTB.
B srom ciayuae, kak ciemyer u3 (19), [ ~ [. Ilo-
3TOMY 3JI€Ch YACTHUIIA BeJET ceOsl IIPU TOCTYATE/ILHOM
JIBUZKEHUH KaK KJIACCUIECKUIT OO BHEKT.
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IIpu cnaboit quccunaIum, S,p,q. > [p, MO 3HAKOM
kopus B Qopmyse (19) ¢ yueroMm 3aMeHBI § — Spmap
MOXKHO y9eCThb TOJILKO BTOPOe cjiaraemoe. Tora umeem

A
7% = —Smaz-
T

(20)

B sToM ciyuae, onmmchIBas MOCTYNATENLHOE IBUKEHIE
YACTHUIBI, HEOOXOUMO YUUTHIBATH €€ BOJHOBBIE CBOIi-
cTBa.

Ucnonbays (17) u crangapTHble OpaBuia KBaHTO-
Boii Mexanuku [32,33], Jlerko oKa3arh, 4TO HEOIIPeJIe-
JeHHOCTH AP, NEKAPTOBLIX KOMIIOHEHT KAHOHIYIECKOIO
HMILYJIbCA, TJIe j = T, Y, 2, He U3MEHSIIOTCSI CO BpeMeHeM
u ompenessiorcs coornomenusmu Ap; = fi/2l. Ozcio-
na u u3 (11) nst HeonpeesreHHOCTeH Ap(-p h) JICKAPTO-

J

(ph)

BBIX KOMIIOHEHT (PH3MIECKOrO MMILYJIbCA P
h

nMeeM Apgp ) = h/2ql. TIpu 9TOM HEOLpPEIEJIeHHOCTH

JlekaproBbix Koopauuar Ax; = lr. Torma coornore-

= Mmuvjo

HUS HEOIIPeJeJIeHHOCTEN TUIla «KOOPJNHATA — KAHOHU-
YeCKHUil MMITYyJIbC» U <«KOODJMHATA — (PU3UIECKUN HM-
IIyJILC» UMEIOT COOTBETCTBEHHO BUJ,

hil,
AzjApj = 5T (21)
hl
Az Ap'P = 2T 22
LjAp; 24l (22)

Orcrona, a Taxxke u3 (9) u (19) BEAHO, YTO B HaYAIb-
HBIi MOMEHT BPEMEHH COOTHOIICHHS HEOLPEIEJICHHO-
creii (21) u (22) MuHUMU3UDYOTCH:

9710, KaK OBLJIO CKAa3aHO BBINIE, COOTBETCTBYET KOTe-
pentHoMy cocroanuio (16) gacruupt upu t = 0.

Kak 0ObLIO OTMedeHO BbIIIE, T t B KOHCepBa-
TUBHOI cpene, a BojHoBag dyuknus (17) npu Takoii

3aMene 00Ja7JaeT CBONCTBAMN KOTEPEHTHOTO COCTOSI-
Hust cBoOoHON YacTunel [34]. IIpu sToM cooTHOMIEHMST
Heonpegenennocreil (21) u (22) TOXKIECTBEHHBI, Tak
KaK HeT Pa3JIndus MeXKJy KAHOHUIEeCKHM U (PU3mtIe-
ckuM umiryiabcamu. Torga, kKak Buguo u3 (19), upasbie
YaCTU COOTHOINEHWUi HeompeneneHHocred (21) u (22)
HEOTPAHUIEHHO PACTYT C TEICHUEM BPEMEH.

OTTaJIKMBasCh OT CKA3aHHOIO B IIPEIbLAYIIEM abd-
3a1le, HA30BEM COCTOsIHHME C BOJIHOBOM (yHKImeit (17)
KOPEPEHTHBIM COCTOSTHHEM YaCTHIbl B JMCCANIATABHON
cpene. B aTom ciyvuae HapymraeTcst 3HAK PaBEHCTBA
MeXK/Iy KAHOHMYECKUM U (PUBNIECKUM HMITYJIbCAMU.
IIpaBasi 9acTh COOTHOINEHUsI HEONpeiejeHHoCTel (21)
MOHOTOHHO BO3PACTAET C TeICHNEM BPEMEHH, JTOCTUTAST
MaKCAMAaJILHOTO 3HAYUCHUST

A.Z'jApj = hl;mw/2l
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Muaue Beser cebst mpapasi 4aCTh COOTHOIIIEHUSs] HEOIIPe-
nesternocreii (22). Tak kak ¢ Teuennem BpeMenu ByHK-
must ¢(t) BO3pacraer, JOCTUTAs B MOMEHT OCTAHOBKH
qacTUIbl OECKOHEYHOCTH, TO IIPaBasl YacThb B 3TOT MO-
MEHT 00paImaeTcsd B HyJb. JTO IIPOUCXOJNAT U3-3a TO-
ro, 9T0 B MOMEHT OCTAHOBKH YACTHUIIBI OOPAIIAIOTCS B
HYJIb HEOIIPEJIEJIEHHOCTH BCEX JE€KAPTOBBIX KOMIIOHEHT
dusugeckoro mmimysabca. Jlannas cuTyarms COOTBET-
CTBYeT HEIPEPBIBHOMY KOJLIAIICY BOJIHOBOH (DyHKITHH
B MMILYJIbCHOM IpocTpaHcTBe. 1o 910l npuunbe pac-
[IPOCTPAaHEeHNEe YaCTUIIBI B JUCCUIIATUBHON CPeJIe CJIeLy-
€T pacCMATPUBATH KAK HEIIPEPBIBHBIHN TIPOIECC n3Mepe-
HUsI €e COCTOsIHU. BecropsilouHbIe 110C/Ie/10BaTe /IbHbIe
CTOJIKHOBEHUSI BBIJEJIEHHON JacTUIlbl ¢ OOJIBITUM KOJIU-
YeCTBOM YACTHUIL CPEJIbI, PACCMATPUBAEMBIE B YCPETHEH-
HOM MapKOBCKOM ITPUOJINKEHIH, IIPUBOJIAT K JIACCHUIIA-
TUBHBIM IIOTEPSIM M OJIHOBPEMEHHO IIPEJICTABJISIIOT CO-
601t HeIPEePBIBHBII W3MepuTeIbHbII porecc. Juccuma-
TUBHA CPEJIA 371€Ch UI'PaeT POJIb PErUCTPAaTOpa (CBOEro
pOJia IPOTSI?KEHHON (POTOIIACTHHKI) COCTOSHUSI Tac-
TUBL B KA/l MOMeHT BpeMenu. IIpu s = $,q, (uin
t = tmaz) OPOUCXOJUT PETUCTPAld OCTAHOBUBIIEHCA
YaCTUIbI B MAJION TPOCTPAHCTBEHHO OKPECTHOCTHU KO-
HEYHOM TOYKHU KJIACCHYECKOI TPaeKTOPHUH. XapaKTep-

HBIT paguyc (%"

3TOI OKpeCcTHOCTH (PaKTUICCKU Orpa-
HUYMBaeT pa3dpoc TOYEK MPOCTPAHCTBA, B KOTOPBIX MO-
JKeT OBITh 3aperucTpupoBaHa YacTHUIIA [PU KOHKpeT-
HOM aKTe M3MEPCHUS.

VauTbiBas ycpeIHeHHBINH XapaKTep OIMMCAHUST JUHA-
MHUKH TOPMOKEHHUSI YaCTHILI IOCPEJACTBOM PeryJ/sipHO
3aBUCAIIEI OT CKOPOCTH JUCCHUIIATUBHOU CHUJIBI, I'OBO-
pUTH 37€Ch 00 OCTAHOBKE YACTHUIE MOYKHO JINIIH YCJIOB-
Ho. IIpu MaJIbIX CKOPOCTSX YacTHUIB Bee GOJIbIIee BJIU-
SIHUE Ha €€ JIBUKEHUE OKa3bIBAIOT Heperysipubie (6po-
YHOBCKHE) CTOJKHOBeHHsI ¢ dacTunamu cpeiabl. Coor-
BETCTBYIOIIEE UCC/IeJIOBAHIE BLIXOIUT 38 PAMKHU HACTO-
dreil paboThI.

Tak xax npu t = 0 KaHOHWYECKWT U (HUTIECKUI
UMITYJIbCBI paBHbL ApyT apyry (em. (11) u (9)), pasen-
cTBO (20) MOXKHO IepenucaTh B BUe

Po (23)

8771111,'
31ech pg = Muy — HaAYAJIbHBINA UMITYJIbC YACTHIIBL.
YesioBue IpUMEHUMOCTH KBA3UKJIACCHIECKOTO TTPU-
OIMKEHNsT B HAIIEM CJIydae UMeeT BUIL

max

max
AT T

~

< 1.

S max S max

Ucenonb3yst 31eck (20), noaydanm

A Az < 1
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Takum obpasom, HadaJibHasl JJIMHA BOJHBI Jie Bpoii-
JIS JTOJI’KHA OBITH 3HATUTE/HHO MEHDLIIE HEeOIpeIeeH-
HOCTEl KOOPJMHAT YACTHUIbI. DTO yTBEPXKJIEHUE B TOY-
HOCTH COBIQJIAET C BBIBOJOM, IIPEJICTABJICHHBIM B pa-
Gore [34]. 13 (20) u (23) BuAHO, YTO JAHHBLA BBIBOJ
9KBUBAJIEHTEH HEPABEHCTBY

Apjo/po = Avjo /vy K 1,

rae Avjo ~ h/ml — HeonpeneIeHHOCTD j-i JeKapTOBOi
KOMITOHEHTHI HAYaJIbHON CKOPOCTH.

N3 (20) Bmgwo, 4ro orHOmmEeHHE A/l urpaer pob
yra  JuPaKIUOHHON — PACXOIUMOCTH
makera ILJIOTHOCTH BepodATHOCTH. MaJioe 3HaveHue

BOJIHOBOT'O

JAHHOTO yIJIa BIIOJIHE OYEBUIHBIM OOpPa30M COOTBET-
CTBYET YCJIOBUIO ITPUMEHHMOCTU KBa3UKJIACCUIECKOTO
MIPUOJIMKEHUSI .

4. KOTEPEHTHBIE COCTOAHUA B CPEJIE C
NOHUBAIIMOHHBIMMU ITIOTEPAMMN

B kadecrBe KOHKDETHBIX MPUMEPOB PACCMOTPHUM
TPU CTaJUU PACIPOCTPAHEHUSA 3apPAKCHHOI HaCTHUIIBI,
COIIPOBOZK/IA€MOI'0 €€ MOHU3AIMOHHBIMU IMOTEPSIMU B
HEKOTOPOIi cpeje.

4.1. I/IOHI/IBaI_[I/IOHHOE TOPpMO2KeHue B yCJIOBUAX
BBICOKO9HEPIreTUu4YeCKuXx I1oTepb

[Iyctes ObIcTpasi, HO HEPEIATUBUCTCKAS 3aPAKEH-
Hasl 9aCTHUIA BJIETACT B CPEJLY, IJIe TOPMO3UTCS 3a CUET
[oTeph SHEPIUU Ha HOHU3AIMIO JAHHON cpempl. [Ilpu
9TOM CKOPOCTBH ¥ BJIETAIOIMIEH YACTUIBI YIOBJIETBOPSI-
er ycioBuio v > ac, e o = e?/hc ~ 1/137, e —
3apsiJI IEKTPOHA, ¢ — CKOPOCTDb CBeTa B BakyyMe [36].
B srom ciyuae mepenaruBncrckas Bepcus (hoOpMYIIbI
Bere—Byoxa st yieabHBIX MOHU3AIMOHHBIX [OTEPh
3aps?KEHHON YaCTUIIBI [IPU €€ MTPOXOXKICHUH Iepe3 Be-
1mecTBo nmeer By [37, 38|

dW — mo
—_ = — 24
ds 2’ (24)
rie
4 ZQ 4 2 2
o= 2% gy Z0Y ,
Mem I

Zo U Z — 3apsa0Bble 9UC/Ia PACCMATPUBAEMON IacTh-
LBl U siJIep BEIECTBAa, IIPU B3AUMOJIEHCTBUN C KOTOPbI-
MU IIPOUCXOUT TOPMOXKEHHE TACTHUIIBI, 1L — KOHIIEHTPAa~
st sifiep BemecTBa, | — SHeprust MOHU3AIMH aTOMOB
BEIIECTBA, M — MACCA JIEKTPOHA.

ITockoubky

d (mv?/2)
ds

aw
ds’
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npaBasi 9acThb B (24) UMeEeT CMBICJI KJIACCHIECKOI CUITbI,
JefICTBYIONIEit Ha TaCTUILy CO CTOPOHBI cpeabl. Ilepexo-
JIsI K BEKTOPHOI (popMe, 3AITUIeM JJIsd JAHHONW CHJIbI

Fy, = —mov/v3.
Ornomenne nox 3Hakom Jjorapudmya B BbI-
pazkeHUW Jyid O 110 HOPAJKY BEJIUYMHBI PABHO

(v/ac)®. Tlycrh xapakTepHas CKOPOCTH —HYACTHIDI
v~ 10%cm/c > ac ~ 0.1c [39]. IIpu Takux cKOpoCTsIX
YaCTUIly eIle MOYKHO CYHMTaTh HEPEeISITUBUCTCKOIA.
Torya 2mev?/I ~ 102. B s1tux ycaoBusx Jorapudm
B BBIDAYKEHWUU JIJIsi 0 SBJIAETCA MeJJIEHHON (DYHKIIN-
eit ckopoctru. IlosTomy ¢ HemoxuM TpHUOIMZKEHTEM
MOKHO TIOJIOKUTH 0 = const. B sTom ciyuae

fa/vo) = o /v’ = 0¢®/vg.

Tocsie uaTerpuposanus (8) ¢ yuaerom (9) umeem

q= (1 - t/tWLax)71/37 (25)
rie 5
v
tmas = — 26
. (26)
Orcrona, a takzke u3 (7) u (6) naitnem
4/3
3 t
—_tmaa; 1—1{1- ) 27
i 4 ( tmam) ( )
3 ¢ 4/3
re =TIp + ZVO tmax 1— (1 - tmaz) (28)
Tounaras B (27) t = tymaq, HOSYIUM
3tmas 3
Tmaz — maxr — ,U_(_).
4 4o
Tora jumHa OJIHOro Ipodera
4
Yo
mar — T _-* 29
$ 1o (29)

13 (29) u (19) HaiijileM MaKCHMAJIbHBIN pa3Mep JIOKan-
30BAHHOI'O BOJIHOBOTO ITAKETa B MOMEHT €0 OCTAHOBKH
uput t = tag-

[oxcrasass B (10) f(v) = o/v3, nocse unrerpupo-
BaHUS TOJIYIHM

1)2

2
=5V 1 — $/Smag-
Iocsie TOJCTAHOBKY JAHHOTO BbIpaskeHust B (24) s
Y/I€IbHBIX MOHUBAIMOHHBIX [IOTEPh HafiieMm

aw

=

Wo
Smaz V 1 - S/Smaz ’

rae Wy = mvg /2 — HavaJbHAsI SHEPIUST YACTHIHL.

(30)
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Takum 06pa3oM, B TOYKE OCTAHOBKHU JaCTHUILI €€
yJleJbHbIE TIOTEPU HEOTPAHUIEHHO BO3PACTAIOT, a pas-
Mep BOJTHOBOTO ITAKETA IJIOTHOCTU BEPOSATHOCTU JOCTHU-
raer CBOEro MaKCHMAaJIbHOIO 3HAYEHUS.

Heorpanudaenuslii pocT yaeabHBIX TOTEPH 00YCJIOB-
JieH 37ech TeM, 9ro upu v — 0 dopmyna (22), rae
o = const, nepecraeT OBITDH ClIpaBeIHBOI. BoJee Toro,
B 9TOM CJIydae y»Ke HeCIpPaBeJINBbl MHOIHE MPEeJIIo-
JIOKEHUs, TIPU KOTOPBIX ObLIa mosrydena dpopmysta Be-
re—Buoxa [29,39].

B peaslbHBIX YCJIOBUSX OBICTPBI POCT yIEIbHBIX
MOHUBAIMOHHBIX TIOTE€Ph Ha MPOMEXKYTOYHON dYacTu
npobera 9acTUIbl OIPAHUIUBACTCS U3BECTHBIM ITHKOM
Bpoarra, nocite yero yuenabubie moTepu 6HICTPO CIAIAIOT
110 HyJsieBbIX 3uadenuii [29,39]. B okpecraocTu 6parros-
CKOTI'O IHKa CKOPOCTB YaCTHUIIBL U ~ «c. JlaHHAasT OKpecT-
HOCTb COOTBETCTBYET BTOPOIl (IIPOMEXKYTOYHOI) cra-
JIN MOHUBAIMOHHOTO TOPMOKEHUsI, KOTOPYIO Mbl Pac-
CMOTPUM HUZKE.

4.2. MoHu3aImmoHHbIe IIOTEPU B OKPECTHOCTU
oparroeckoro nuka. «Cyxoe TpeHues»

B okpecTHOCTH MaKCHMyMa YJIEIbHBIX HOHU3AIMOH-
HbIX 110Tephb Besmuuny dW/ds MOXKHO 1pubIIMKEHHO
CUNTATh MOCTOSHHON. B pesysibrare yid 910l cragun
3aluIeM

—dW/ds = 2ma, (31)

rIe a — HEeKOTOpPasd IIOJIOKHUTE/IbHaAd IIOCTOAHHAA.
HOCKOJ’IBKy JAUCCUIIaTUBHasA CHUJIa BCEra HallpaBJie-
Ha IIPOTUB BEKTOPa CKOPOCTU, UMeeM

F,; = —ma,

rue
a=av/v=avp/v.

Takum o6pasom, npu yeiaosuu (31) auccunaruBuast
CUJIa HE 3aBUCHT OT CKOPOCTH, UTO B KJIACCHIECKOI
MeXaHUKe COOTBETCTBYET <«CYXOMYy TPEHHIO». B 3ToMm

f(v) =a/v=aq/v.

Torna, uarerpupys (8) ¢ yuerom (9), Haiinem

ciydae

q=(1—at/vy)”". (32)
IToacrassis faHHOE BbIpaykeHue B (7), MOy IuM
@ 12
=t——t". 33
T 500 (33)

Orciona n u3 (6) mMeeM XOPOIIO H3BECTHOE BBIPAYKEHUE
JUTsl PaJIyCc-BEKTOPa KJIACCUIECKOH TPAeKTOPHUU TIpPH
PaABHO3AMEJIEHHOM [[BIKEHUM:

r. = ro + vot — at?/2. (34)
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Takum 0O6pa3oM, B OKPECTHOCTU OP3TTOBCKOIO IIH-
K& BOJIHOBOI ITAKET IJIOTHOCTU BEPOSITHOCTU COBEPITIa-
€T paBHO3aMeJJIEHHOE JIBUKEHHE C YCKOPEHneM —a (CM.
(18) u (34)).

Uz (5) cuemyer, 9ro 4acTuia, a BMecrTe ¢ Heil u
BOJIHOBOW MaKeT MJIOTHOCTH BeposTHOCTH (cM. (17)),
[pekpalaeT CBoe JBHXKeHue npu ¢ — oo. Torma us
(32) upuxoAMM K BBIDAYKEHUIO sl BPEMEHU JIBHKE-

HUS 9aCTUIBL {meg = Vo/a. Orcioma u u3 (33) Haxo-
JUM Tpar = Vo/2a. Takum o6pa3om, Ipoiijis 3a BpeMst
t = tmar = Vo /a JI0 TIOJTHOIT OCTAHOBKU PACCTOsIHUE

Smaz = V3 /2a, BOJHOBOI MAKET MJIOTHOCTU BEPOSTHO-
CcTu IpuodpeTaeT MaKCUMAJIbHBIH CTATHICCKUIT pa3Mep,
onpeiesisiembiii 1o popmyite (19) npu 3aMere § — Spaz-

PaccvoTrpennast cTaganst «CyXoro TpPeHUsT» SIBJISET-
Csl CaMOW KOPOTKOII U3 TpexX CTaJuil MOHU3AIIUOHHO-
IO TOPMOYKEHHUsI, TaK KaK €l COOTBETCTBYET MaJiast
OKPECTHOCTDH BON3M MAKCUMAJIBLHOTO 3HATCHUS Y/IE/Th-
HBIX TTOTEPD.

B peanbHBIX yclOBUSX, MPEXKJE YeM OCTAHOBUTDL-
Csl, YACTUIA [EPeXOJUT B TPETbIO (HU3KOIHEPIreTHU-
YECKYIO) CTaJMI0 MOHU3AIMOHHOIO TOPMOXKEHUS, TJe
v < ac [36]. Huzke npoaHagusupyeM KBa3sHKJIACCHIE-
CKYIO JIMTHAMUKY YaCTHUIIbI HA JAHHOW CTa/IAMU.

4.3. loHn3ainoHHOEe TOPMOXKEHNE B YCJIOBUAX
HU3KOYHEPreTu4yeckKux norepb. «Bsaskoe
TpeHue»

B sTom ciyuae niIs yoebHbIX IOTePh NMeeM BhIpa-
xenwue [36,40-42]

—dW/ds = 2m~v, (35)

IJIe Y — TIOJIOKUTEIbHAS MOCTOTHHAS.
U3 (35) upuxomum K BBIBOAY, YTO B JAHHOM CJIy-
4ae COOTBETCTBYIOMIAS KJIACCUYECKAs IUCCHIIATUBHAS
cuwia (cuiia «Bs3KOIO TPEHUs» ) IPOLHOPIUOHAIBHA CKO-
poctn: Fg = —m~yv. Orciona u u3 (3) mveem f(v) = 7.
Torga uz (8) u (9) maxomum ¢ = e?*. 3amerum, dro
JIAHHASI 3aBUCUMOCTD ¢(t) B TOUHOCTH COBIIA/IAET C aHA~
JIOPMYHOl 3aBUCUMOCTDBIO, Haiinennoil B paborax [4, 5]
6€3 MCIIOJIb30BAHUA KBa3UKJIACCUIECKOIO IPUOJIUZKE-
uust. [lojcrasisist nanHoe Beipaxkerue B (7), Haligem

1— et
= (36)
v
Orciona u u3 (6) mosyanm
1— et
r. =10+ Voie. (37)

IMoxcrapasst (36) B (19), nmpuaeM K BBIPAXKEHUIO
JIUISL TIPOCTPAHCTBEHHOTO MacHITaba BOJHOBOTO HaKeTa
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[JIOTHOCTU BEPOSITHOCTH (HEOIPEIeJIEHHOCTH KOOD/IH-
HAT YaCTHIB!) B J1I000i MOMEHT BpeMeHn. Makcnmasib-
Hoe 3HadeHue [ jpaHHOrO MacmTaba OIpeseIsaeTcs
1o dopmyite (19) ¢ yuerom 3aMeHbI

S — Smazx = V0Tmaz — Uo/’V

U JIOCTUraeTCs IpU ¢ — 00, KOLJa YaCTHIA B Cpele
BBINOJIHSIET MOJHBIA npoGer. TIpu 3ToM BOJHOBOH Ia-
KET IUIOTHOCTH BEPOSTHOCTH OCTAHABJIMBACTCH, MMEst
QopMy TPEXMEPHOrO JIOKAJIM30BAHHOIO CTATHYECKOTO
JIOMEHa.

ITocse mopcranosku f(v) =~ B (10), mocieryrorme-
IO HHTErPUPOBAHNUSI U TIPOCTHIX IIPpeobpazoBaHnii Oyiem
UMETh JIJIsl BEJIMIUHBI YJIeJbHBIX TI0TE€Ph

—dW/ds = 2m~yvo (1 — $/Smaz) - (38)

Takum 06pa3oM, yjeIbHbIE TIOTEPU YMEHBITIAIOTCS C
yBeJIUYIEeHNEM TPOHICHHON JUCTAHIINT U UCIE3aI0T TIPU
S = Smaz-

Bcem Tpem paccMOTpEeHHBIM CTaJUsIM PACIPOCTPAa-
HEHUSI YaCTUIILI B CPEJIC ¢ MOHM3AIMOHHBIMY TTOTEPIMU
COOTBETCTBYIOT KJIACCHYECKUE CHJIBI COIPOTUBJIEHUS,
obIiee BbIpaXKeHue I KOTOopbix mmeer Buj (3). Ha
HaYATLHOMN, BBICOKOOHEPTETHICCKON, CTa NI TOPMOKe-
HUsl 9aCTHUIBI CHJIA COIPOTUBJICHUA OOPATHO IIPOIOP-
UOHAJIbHA KBaJIPATy CKOpOCTH. B okpecTtHOCTH OpPIr-
TOBCKOT'O TIMKA CUJIA COIPOTUBJICHUS MTPAKTUIECKH HE
3aBHUCHUT OT BEJIUIUHBI CKOPOCTH, TTO3TOMY 110 aHAJIOTHH
C KJIACCHYIECKON MEXaHWKON 3/1eCh MBI €€ Ha3BaJM CHU-
JIOI «CyXOro TPEHUsI». 3aKJIFOUUTEIbHbBINA, HU3KOIHED-
PeTUIECKU, STl TOPMOYKEHUS OIMCHIBACTCS JIMCCUTIA-
THBHOI CUJION, IPONOPIUOHAJIBHON CKOPOCTHA YACTUIIBI,
9TO COOTBETCTBYET CHUJIE «BSI3KOI'O TPEHUS» B KJIACCHU-
qeckoit Mmexanuke. [[oHATHO, ITO BO BCeX CiIydasx pedb
HE UJET O CUjIaX TPeHUs B (PU3MIECKOM CMBICTIE, TaK
KaK CaMO 9TO IMOHATHE OTHOCUTCA K (DU3MKE MAKPOCKO-
niaeckux oobekToB. [IpaBuibuee 371eCh TOBOPUTD O CO-
OTBETCTBYIOIICH MaTeMaTUIeCKON aIllIPOKCUMAIINH.

Iyt TIOJTHOTO KBA3UKJIACCUIECKOTO OIUCAHUS TOP-
MOYKEHUsI YACTUIIBI HA BCEHl JUCTAHIINUA PACIPOCTPAHE-
HUS, BUJUMO, CJIEIyeT HaJIICXKAIUM 00Pa30M IIPOU3-
BECTHU <CIIUBKY» BCEX TPEX CTAJUI, 9TO HE SIBJISIOCH
[eJIbI0 HACTOsIIIEel paboThI.

IIpuBeseM HEKOTOpDLIE YHUC/IEHHBIC OICHKU JIJIsT
OCHOBHOI CTaJU BBICOKOYHEPTETUIECKUX HOHU3AIIU-
OHHBIX TOTEPh. lmnHa mpobera Si,q; aabda-IacTUIlbl
B BO3JyXe P HOPMAJBHBIX YCJIOBUAX U HAYAJILHOM
sueprun Wy ~ 10 MsB cocrasisier okoso 10 cm [39].
IIpuBemenHoMy 3HAYEHWIO SHEPIHH,
JIOCHh  BBINIE, COOTBETCTBYET HAYAJbHAS CKOPOCTH
10°cm/c. Torma HavaabHAA JUIMHA BOJIHBI

KaK oOTMe4Ya-

~

Vo
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ne Bpoitns s anbda-aactunsl X ~ 10713 em. Iyers
HAuYaJIbHAA HEOIPEICJICHHOCTh KOOPIMHATHI  aJbda-
YACTHUIIBI
l
Ilp = 212/3\ ~ 1073 M < Spmag- CemoBaTeIbHO, B 9TOM
cilydae OTYETJIMBO HPOSBJISIOTCS BOJHOBBIE CBONHCTBA
vacruipl. 11ocTaBiIss IpUBEeHHbIE B JAHHOM ab3alie

COCTaBJIET TIOPsJIKA aTOMHOI'O pa3Mepa,
1078 cum. Torma nudpakiIHOHHAS JJIMHA

~

T. €.

3Havenus napamerpos B dpopmysy (20), GygaeMm umernb
JUIST HEOTIPEEJIEHHOCTH KOOPJMHATHI alb(ha-IacTrIbl
nocjie ee oCTaHOBKH Axj™ ~ [ ~ 10~ % em. Urak,
nocje npobera B BO3ZAyXe IIPU YCJIOBUSX HOHHU3AIN-
OHHOTO TOPMOYKEHHsI HEOTPEIEJEHHOCTD KOOPIMHATHI
aJbda-IacTUIbI CHOCOOHA YBEJINIUThHCA Ha, 9eThIpe 110-
psanaka. s BpeMeHH, 3a KOTOPOE COBEpINAaeTCs IPo-
6er, HAXOMUM Lrmaz ~ Smaz/Vo ~ 1078 c. TToesno rax-
JKe OIIEHUTh 3HaUYeHne rnapamMerpa o. 13 dopmyist (29)
nMeeM 0 ~ Vg /Smar ~ 10°° en® /e, JTiobonbrTHo 3aMe-
THTH, 9TO NPUMEPHO TAKOE K€ 3HAYEHUE 1O MOPSIKY
BEJMMAHBI BBITEKAET U3 (POPMYJIbI, KOTOPAs 3aICAHa
371eCch cpasy nocie (24). 3HaueHne mapaMeTpa o MOXKeT
MO3BOJIUTH BBIYUC/ISTH HEOIPEJEIEHHOCTH KOOP/MHAT,
npober u Bpems mpobera Mpy BCEX JIPYTUX HATAIBHBIX
SHEPIruAaX ajbga-JacTUIbl.

B amromunnn mymmna npobera asbda-qacTHIlbI IPH
HavaJ bHOI sHeprun nopsaxka 10 MaB cocrasiser mo-
paaka 1072 cm [39]. Jlerko BUmeTH, 9TO B ITOM CIIy-
qae TudPaKIUOHHA JIUHA [ ~ Spaz. 1109TOMY 371€CH
nuccunanysa 3 deKTuBHee, YeM B BO3/yXe, M0JIaBJIsger
BOJIHOBBIC CBOMCTBA ajibda-uacTUIbL.

Jlist HeonpeiesleHHOCTH Avjo KOMIIOHEHT HadaJlb-
HOHl CKOPOCTH B 000MX PACCMOTPEHHBIX BBIIIE IIPUMe-
pax mveeM Avjg ~ hi/ml ~ 10* cnm/c. Taxmm o6pasom,
yCJIOBHE PUMEHUMOCTH KBa3UKJIACCUICCKOTO IIPUG/II-
JKeHust vg > Avjo BBIIOIHAETC 3J6Ch C XOPOIIMM
3aIacoM.

5. BAKJIFOUYUTEJIBHBIE SAMEYAHNA

[Ipemoxkennplit B HACTOsIIENH paboTe TPUOJINIKEH-
HBI CaMOCOTJIACOBAHHBIN II0JXO0JI IIO3BOJISIET OIIMCHI-
BaTh IOCTYIATE/IbHYIO JUHAMUKY KBAHTOBOI HepeJisi-
TUBUCTCKOU YaCTUIBI PN JECTBUN HA HeEe JIUCCHUIIA-
TUBHOI CHUJIbI, TPOM3BOJIGHBIM O0PA30M 3aBUCHAIIEH OT
BEJIMYMHBI CKOPOCTH. B 3TOM CMBIC/IE JAHHBIN TOJIXO/T
MOKHO PACCMATPUBATDH KaK 0000IIeHNe KAHOHTIECCKOTO
Mmerona, upegoxennoro Kammuposoii u Kanaun [4, 5],
rje pacCMOTPEHa JIMCCUIIATUBHASI CHUJIA, IIPOITOPIHO-
HajbHAasg cKopocTu dactutibl. C APyroit CTOPOHBI, CaMO-
COTJIACOBAHHOE PHUOJINKEHNUE, UCIIOJIb3YIOIIee TOHATHE
KJIACCUYECKON TPAeKTOPHUH, IIPUBOJNT K KBA3UKJIACCH-
9eCKOMY, a He K Cyryb0o KBAHTOBOMY PaCCMOTPEHUIO.

B npeyiozkeHHOM 1Toj1xo/ie TaMuabToHnaH (12) 3a-
BUCAT OT JMHaMuIeckoro mapamerpa ¢(t). Xapakrep
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SIBHOI 3aBHCUMOCTH JIAHHOTO IIapaMeTpa OT BPEMEHU
OIpeJIeIdeTCd KJIACCUIECKONR TpaeKTOPHUel YaCTUIbI,
OTIPE/IEIIAEMOI, B TOM YUCJIE, €€ HAYAJIBHON CKOPOCTHIO.
TTosromy mociieyrolee KBaHTOBaHUE JBUYKEHUSI [IPU-
obperaeT HTPU3HAKNA KBA3WUKJACCUIECKOTO ITPUOIIAKE-
nus. Kak pesynbrar, ramusibronnan (12) npuobperaer
3aBUCUMOCTD OT HAYAJIBHOW CKOPOCTH YaCTUIIBI. 3aTEM
9Ta 3aBUCHUMOCTH IepeHocutcs B ypasuenue [Ipennn-
repa (13). B ¢Boio ouepeipb, JaHHOE 06CTOATEIHLCTBO HA~
KJIAJBIBAET OIPAHUYEHUsI HA KPYT' BO3MOYKHBIX HAYa Ib-
HBIX BOJIHOBBIX (DYHKIINI, KOTOPBIE JOJIXKHBI COOTBET-
CTBOBATH KJIACCHIECKUM HAYAIBHBIM YCJIOBUAM. B sTOM
COCTOUT HEJIOCTATOK IPEJJIOKEHHOTO 3/1eCh moaxoa. C
JIPYroil CTOPOHBI, yJIa4HbIi BbIOOp HAYAIBHOI BOJIHO-
BOM (DYHKIINKM FIaCTHUILI CIIOCOOEH TMPUBECTH K (DU3MTIe-
CKU pa3yMHBIM pe3yJibTaraM. 3J1eCb B KauecTBe TaKO
byHKIIMM BBIOpaHa XOPOIIO M3BECTHAasI (DYHKIHUS BU-
na (16), coorBercrByIONIAs KOPEPEHTHOMY COCTOSIHUIO
qacTurbl. B mocseayromme MOMEHTB BDEMEHH BOJIHO-
Bag pyuknus npuodperaet By (17), 9T0 COOTBETCTBY-
€T HeCTAIMOHAPHOMY KBa3WKJIACCHIECKOMY KOTE€DEHT-
HOMY COCTOSIHUIO.

B nomonHenme K mpUBEIEHHBIM BBIIIE KPUTEPUSAM
yCJIOBHE IIPUMEHUMOCTHU KBa3UKJIACCUIECKOTO IPHUO.JIU-
JKEHUS MOXKHO HAIVISIHBIM 00PA30M BBIPDA3UTH B BUIE
HepaBeHcTBa Ip > Axjo. Takum o6pasoM, BoIHOBBIE
CBOMCTBA YaCTUIBI CTAHOBATCS 3aMETHBIMU HA JUCTAH-
[USIX PACIPOCTPAHEHUs], 3HAYUTE/IbHO TPEBBIIAOIINX
HaYaJbHBIE HEOIPEIEJTEHHOCTH KOOD/INHAT.

BakubIM pe3yIbTaToOM SBIISIE€TCS YTBEPAK ICHNAE, ITO
JIUCCUTIAITUS 110/IaBJIsieT KBAHTOBBIE CBOMCTBA YACTUIIHI.
TlosroMy muccumaTuBHYIO Cpely MOXKHO PaCCMaTpU-
BATh KaK KJIACCUIECKUIl pubOp, HEIPEPHIBHO M3MePsi-
FOIIUIT COCTOSTHUE PACIIPOCTPAHSIONIEICS B JJAHHON cpe-
Je YaCTHIIBI.

B manbmeiimmem mpejcraBiisier WHTEPEC HETPUBU-
aJbHOe 0D0DIINEHIe TPEITOKEHHOr0 3/1eCh MOAX0Ia Ha
cJlydaii, KOrja IMOMUMO BHYTPEHHUX JIMCCUIATUBHBIX
CIJT HA JACTHUILY JEHCTBYIOT BHEITHUE CUJIBI HEIUCCHUIIA-
TUBHOI NPUPOMBI. DTO MO3BOJIUT PACIIHPUTH 00JIACTH
PacCMOTPEeHUs! JIMCCUMIATUBHBIX CPEJl KAK PErUCTPATO-
POB YaCTHI] B UX KBA3UKJIACCUYIECKUX COCTOSIHUSIX.
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MN3yuyeHne ocobeHHOCTEN B3aMMOAEACTBMS YHUMONSIPHBIX CYOLMKAOBBIX WMMYIbCOB C BELLECTBOM MOKa3ao
HEOBXOAMMOCTb Kak NepecMoTpa CTaHAAPTHbIX TEOPUT B3aNMOAEACTBUS CBETOBbLIX NMMYJIbCOB C BELLLECTBOM, Tak
1 BBELEHMS HOBbLIX MOHSTUI B ONTUKY, TaKNX KakK MHTepdepeHLns naolwagei nmnynscos. B HacTosiLein pabote
Ha OCHOBaHWMM YUCAEHHOTO pPeLleHnNsi BpeMeHHOro ypasHeHus LLIpenuHrepa nsyyeHbl ocobeHHOCTY HeNHENRHON
UHTepdepeHLUn Niowaaeli NMNyIbCOB Npy BO3DY>XXAEHNN HACTULbI B MPSIMOYrOfbHOV MOTEHLMANBHOR sIME,
BO30Y>KJaEMOI Napoli MONYUNKIOBbIX, aTTOCEKYHAHBIX MMMYbCOB. [10Ka3aHO, YTO MPW W3MEHEHUN 3afepX-
K1 MeXAy MMMyabCaMi 3aBUCMMOCTb HACENEHHOCTY CBSA3aHHbIX COCTOSHUN OT 3afepXXKU MMEET XapaKTepHbIi
BUZ OveHnii, B OT/IMYMe OT NPOCTON rapMOHUYECKOV 3aBUCUMOCTU, KOTOpasi MOJy4aeTcst B CyHae Masoi am-
nauTyabl nons. [poBeaeHHble NCCNefOBaHNS HAMPSIMYIO MOKA3blBAOT BO3MOXHOCTL YNPaBlIEHUSI KBAHTOBbLIMY
CNCTEMAMUN C NMOMOLLbIO MOCNEA0BATENLHOCTI NOJYLMKIOBLIX UMMNY/IbCOB, B Y4aCTHOCTN BO3MOXHOCTb YBEJN-
HYEHNS BEPOSITHOCTU MOHU3ALUWN WK €€ NOJSIHOrO MOAABJIEHNS U BO3MOXHOCTb HaBeJEeHNs PELIETOK Pa3HOCTh

HaceneHHOCTeN B MHOFprOBHeBOﬁ cpege.

DOI: 10.31857,/50044451024080029

1. BBEAEHUE

[Ipobaema cOKpalleHus JJINTEILHOCTH 3JIEKTPO-
MArHUTHBIX HMITYJIbCOB SABJSETCS AKTYyaJabHON € MO-
MeHTa M300pereHus MepBbIX Jia3epoB (1] u Baxkua 1o
ceil sienp [2-10]. B Hacrosiiee BpeMst ¢ IIOMOIIBIO O~
JIy9aeMbIX Ha MPAKTUKE 3JEKTPOMATHUTHBIX WMILYJIb-
COB (PEMTO- M ATTOCEKYH/THOM JJINTETHHOCTH CTAJIO BO3-
MOKHBIM HU3y4eHHUe IMHAMHUKU BOJIHOBBIX IAKETOB B
aroMax, MOJIEKyJaX U HaHoCTpykrypax [6-10]; rak,
nenaBusis HobesreBckast npemust o ¢usnke ObLIA TIPU-
CyZKJIeHA UMEHHO 38 3KCIIEPUMEHTAIbHbIE METO/IbI T'eHe-
palluyl CBETOBBIX aTTOCEKYH/IHBIX UMILYJILCOB JJId U3Y-
YeHHs JUHAMUKHA 9JIEKTPOHOB B Berectse [11].

* E-mail: arkhipovrostislav@gmail.com
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[TorygaenMble Ha TPAKTUKE ¢ TOMOIIBIO METOJIA Te-
HEpaIid TapMOHUK BBICOKOTO MHOPSAIKA ATTOCEKYH/I-
HbIE MMITYJIbChI SBJIAIOTCA OMIOJISIPHBIME U COJEPYKAT
HECKOJIbKO IIOJIYBOJIH HAIPSAYKEHHOCTH 3JIeKTPUYECKO-
ro nousist [6-10]. IIpu dbukcupoBanHOM CHEKTPAIBHOM
HHTepBaJe N3JIyYeHus HauMeHbIIas JJINTeJIbHOCTD J10-
CTUIaeTCsl y MOy IUKIOBOTO (yHUIIOJASPHOIO) UMILY/Ih-
¢a, KOTOPBIH MOJIyJAeTCs, €CJIU OCTABUTH TOJBKO OJ-
HYy HOJIyBOJIHY TI0JIsI y MHOTOIIMKJIOBOTO MMITyJIbca [12].
Baxknoii XapaKTepucTuKOl YHUIIOJISPHBIX UMITYJIbLCOB
SIBJITETCS UX 9JIEKTPUIECKAS TLUIONIA b, OMPEIeTIsAeMast
KAK MHTErPaJ OT HANPSKEHHOCTH TOJISI 110 BPEMEHN B
3aJIaHHOMN TOYKe mpocTpaHcTBa [12]:

—+oo
Sp(r) = / E(r,t)dt, (1)
— 00
WMy ibebl ¢ HEHYJIEBOI 3JIEKTPUIECKON TLIOIIAIBIO
MOT'yT OBICTPO IE€PEeIaBaATh MEXaHUIECKU UMITY/IbC 3a-
PSI?KEHHOIT JacTHUIle B OJHOM HallpaBJIEHUH, YTO OTKPBI-
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KorepeHTHOe ynpagsieHne HacesIeHHOCTSMM. . .

BaeT pas3/IndyHble IEPCIEKTUBBbI MX TPUMEHEHUs JIJIsi
CBEpPXOBICTPOr0 KOHTPOJIS KBAHTOBBIX CHCTEM, YCKO-
peHUsl 3apsiioB U p., ¢M. 0630pel [12-14], MoHOrpa-
duro [15] u nurupyemyto sureparypy. COBOKYIHOCTH
MHOruX pabor B roM Hanpasienun [16-26] upusesa
K TOSBJIEHUIO HOBOIO, HO IIOKA €Ile HE OYEHb XOPOIIO
MU3BECTHOTO U HOPOIi CJIOYKHOTO JIJIsT BOCIIPUSITHS UCCJIe-
JoBaTeJell HAIPABJICHUS — <«ONTUKN YHUIIOJSIPHBIX U
CyOIUKIIOBBIX UMITYJIHCOBY.

Eciin nmmre/ibHOCTh TaKUX UMITYJIBCOB KOPOYe Xa-
PAKTEPHBIX BHYTPUATOMHBLIX BpeMeH (mepuom o6opo-
Ta 3JIEKTPOHA 10 OOPOBCKOI OpOWTE B OCHOBHOM CO-
CTOSIHUM), TO XapakTep UX B3aUMOJEHCTBUSA C KBAH-
TOBBIMHU CHCTEMaMH CYIIECTBEHHO OTJIUIACTCSA OT CIIy-
qast OOBIYHBIX OUIOJIIPHBIX MHOTOIMKJIOBBIX WMILYJIhb-
coB (cM. mozmpobuee 0630per [12-15]). Muorme mpn-
BBbIYHBIE ONTUYECKUE SIBJIEHUsI B DTOM CJIydae Tepsi-
IOT CMBICJI WA IPOUCXONAT IO WHBIM creHapusm. K
[IpuMepy, HEBO3MOYKHOM OKa3bIBACTCHA MHTEP(EPEHITNsT
cBeTa B NPUBBIYHOM ee moHmMaHuu [14,15] wim cra-
HOBUTCsI HEIIPUMEHUMON Teopust ¢porononusamnyu Keji-
apiiia [27], KoTopas CupaBeyiuBa Jjisl JIMHHBIX MHO-
POIMKJIOBBIX UMITYJIBCOB M JEMOHCTPHUPYET HEILIOXYIO
TOYHOCTB JayKe ISl IPeJeIbHO KOPOTKUX HMMILYJIbCOB
JUIUTEIbHOCTHIO B HECKOJIBKO ITIEPUOJIOB OIMITHIECKUAX KO-
JlebaHnil ¢ OKOJIOATOMHON HAIPSI?KEHHOCTHIO SJICKTPU-
“YecKoro moJid [28,29).

OrmeruM, 94TO BO3/eiiCTBIE KAK OJMHOYHBIX YHUIIO-
JIAPHBIX IpPeeabHo Koporkux uMmiryabco (ITKN), rax
U I10CJIE/IOBATEIbHOCTA TAKUX UMILYJIBCOB Ha KBAHTO-
Bble OO'bEKTHI HEJOCTATOYHO U3yUEHO Ha CErOHSAITHUI
nenb. s ommcanusa B3ammogeiictBus takux [TKU ¢
KBAHTOBBIME CHCTEMAaMU ITOTPEOOBAJIOCH BBEJIEHUE HO-
BbIX HOHsiTHil. Kak [MOKa3bIBAIOT pe3y/ibraThbl MHOIO-
YUCJICHHBIX WCCJICJIOBAHUI, BO3AEUCTBUEC OIUHOYHOI'O
IIKW B ciaygae, eciu ero [UINTEIHLHOCTb T KOPOYE Op-
OGUTAJILHOTO MIEPUOIA SJIEKTPOHA B aToMe (MM Xapak-
TEPHOrO BpeMeHH 1, CBA3aHHOI'O C SHEPrHeil 4acTu-
bl B ocHoBHOM cocrosnuu By, 7 < Ty = 2wh/Ey),
HA KBAHTOBYIO CUCTEMY OIPEJIE/ISIeTCs IEKTPUIECKO
ILJIOTIA/IHIO UMILYJIbCA U €€ aTOMHOI MepOii, a He dHep-
rueit umiysbea [30-34].

Curyarusi craHoBUTCS 00Jiee CJIOKHOIM HpU BO3-
JefictBum Ha cucremy mocjenaoBarenbuoctu [TKI.
Tak, wHampumep, npu BO3OYKJIEHUN PE3OHAHCHBIX
cpen meckombkumu [IKU w3 wmasoro umcia koseba-
HUIl BO3MOXKHO (POPMUPOBAHME CJIOXKHON KapTUHBI
MHOI'OYaCTOTHOTO (DOTOHHOTO ¥ KOMOMHAIMOHHOI'O
sxa [35-37].

B caygae, xorga JuTebHOCTH WMITYJIBCOB U 3a-
JIEP?KKU MEXKJ[y HUMH CTAHOBSITCSI CDABHUMBI C BHYT-
PUATOMHBIMU BPEMEHAMM, MOXKET BOSHUKATH HETPUBU-
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aJIbHAST KAPTUHA HAJIOXKEHUSI BKJIAJIOB OTJIEJIbHBIX UM-
mysibcoB. He mpuberast K CI0KHBIM KBaHTOBOMEXAHU-
YeCKUM pacdeTaM, YIaeTcsl HOJIyIUTh Psiji HAlJIsIHBIX
COOTHOIICHUN B Cly4dae BO3ACHCTBUA UMILYJILCOB MaJIOK
AMILIUTY/IBI, KOI/Ia [IPUMEHNMa OOBIIHAS TEOPHUs BO3-
mymennii. Kak mokazano HamMu paHee, B 9TOM CJIydae
B3auMoJieiicrBue nocsaenosarenbaoctu 1IKM ¢ xBan-
TOBBIMHU CHCTE€MAMH MOYKET OBITH OIMCAHO HA OCHOBE
HEJIABHO BBEJIEHHOT'O MOHATHS «UHTEPMEPEHINH JI€K-
TPUYECKUX IUIOMA/ el UMITYIbcoBy [38] (cM. Takke 06-
30p [14]). B 3T0OM Cityuae HACEJIEHHOCTH CBSI3QHHBIX CO-
CTOAHUN OIpPEeneIAoTCAd CyMMOU KBaJpaTOB 3JIEKTPHU-
JecKuX IO UMITYJIbCOB U UHTep(dEPEHIIMOHHBIM
9JIEHOM, YTO HAIIOMUHAET BBbIPAKEHUe JIJIsi MHTEHCHB-
HOCTH CBETa [IPU UHTEPMOEPEHITNH TaPbl MOHOXPOMATH-
YeCcKuX CBeTOBBIX BOJH [39]. OTmernM, uTo npu B3a-
UMOJIECTBAN SJIEKTPOMATHUTHBIX BOJIH C KBAHTOBBI-
MU CHCTEMaMU MOYKHO TOBOPHUTDH U 00 mHTEepdEepeHInn
CBA3aHHBIX cocTosiHmit. MOXKHO TOKa3aThb, 9TO BBIPAa-
JKEHUe J1JIsl BEPOSITHOCTHU [1€PEX0/ia CUCTEMbI U3 OIHOI'O
COCTOSIHUS B JIPYTOE, OISITh 2Ke, (POPMATIBHO ITOXO0XKE Ha
KJIACCUYIECKOe: CYMMY KBRJIPATOB aMILIATY/ OA3UCHBIX
COCTOSIHUI CHCTEMbI ¥ WHTEP(EPEHIINOHHBIN YJIEH, OC-
ULIEPYIOMUi Ha dacrore nepexoza [40).

Hpyrum Bo3amoxkabiM ipuMmenenneM [TKU sBisercs
CO3/IaHUE DPEIIeTOK PA3HOCTH HACEJIEHHOCTEH € MOMO-
B0 I[10CJIeJI0BATE/IBHOCTH UMIIYJIbCOB B PE30HAHCHOM
cpejie IIpU UX KOTEPEHTHOM B3aMMOJIEHCTBUU CO Cpe-
JIOH, T. €. KOTJa JJIUTEIbHOCTD UMITYJIBCOB U 3a/IePKKI
MeXK/ly HUMH MEHbIIle BpEMEeHH PEJIaKCAIUN T10JIsIpU3a-
muu cpeibl Th. Takue penreTku pasHOCTH HaCEJIEHHO-
cTeil paHee UCCeI0BAJINCH JJId KBA3MMOHOXPOMATHIE-
CKUX UMILYJIbCOB, B 9aCTHOCTH [IJIsl IPUMEHEHUN B 9XO-
rosorpadun [41-44]. B To ke BpeMmsi TaKue PEIIeTKH
HACEJIEHHOCTEH MOTYT HABOJUTHCA U C HOMOIIBIO IIpe-
JIJIbHO KOPOTKUX UMILYJIbCOB [45—48]. B upubimkenunu,
KOTJIa UCIOJIb3YIOTCS MMILYJIbChI MaJIOf aMILIUTY/Ibl U
paccMaTpuBaeMasi CpeJia JOCTATOYHO pasperkeHa (ITo
[TO3BOJIAET IIPEeHEOPETIb HE TOJIBKO BIUSHIEM COCEIHUX
ATOMOB JIPYT Ha Jpyra, HO U W3MeHeHueM (DOpPMbI Ia-
JIAIOIIUAX MMILY/IbCOB TP PACIPOCTPAHEHUHN ), BO3HUK-
HOBEHUE JAHHBIX PEIIeTOK JIEIKO IMOHSATh HA OCHOBAHUU
BBEJIEHHOT'O TIOHATHA WHTEPQEPEHINN ILIOMmAaeil M-
yabcos [35].

Bce npegbiayinme ucciieIoBaHus JUHAMUKE perlie-
TOK HACEJIEHHOCTEH ITPOBOMINCH C HUCIOJIHB30BAHUEM
Pa3IMIHBIX TPUOJIMZKEHUN, TAKIX KAK MAJIOyPOBHEBOE
pubJIMKEeHNe PE30HAHCHOMN Cpeibl K IPUOJINKEHHOEe
pemnenne ypasuerus lllpeaunrepa B mepBoM mopsiike
Teopnn Bo3MymieHnit [48]. B pabore [49] uzyqanocs Ko-
repeHTHOe BO30YIK/IEHUE CPEeJIbl HA OCHOBE MOJIEJIN O/I-
HOMEDPHBIX KBAHTOBBIX siM OECKOHEYHOU IJIyOUHBI, UTO
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TaKXKe SBJIIETCS JIOCTATOYHO IPyOOit mieaan3alueii.
HecMmoTpst HA 6OJIBITIOE YUC/IO TOSBUBIIAXCS B IO~
ciesiHee BpeMs paboT B 0DJIACTH ONTUKU YHUIIOISPHO-
ro CyOIMKJIOBOTO CBETA, PSA] BOIIPOCOB B3ANMOIEHCTBUS
cyoruk0BbIx [TKUM ¢ KBAHTOBBIME CHCTEMAMU OCTAIOT-
¢ Hem3ydeHHbIMH. K TaKmM BOIIPOCAM OTHOCATCSH OCO-
OEHHOCTU yrKe HEeJUHEHHONW <«WHTepMEPEHINH ILIOIIa~
Jefl UMILYJIbCOB» IIPU BO3JCHCTBUU I10CJIE10BATEIHLHO-
cru MomHbIX [TKU Ha KBAaHTOBBIE CUCTEMBI, KOTJIa TEO-
pusi BO3MYIIEHUIT HE IPUMEHNMa U BO3MOXKHA CHJIbHAS
noHm3alus cucreMbl. OcraeTcss HEM3yYeHHBIM BOIIPOC
O BO3MOXKHOCTHU CO3JIaHHS PEIIETOK HACEJEHHOCTel B
MHOT'OYPOBHEBBIX CPEJaxX C YIeTOM HOHU3AINH, KOTO-
past MO2KeT IPUBECTH K CYIIECTBEHHOMY OITyCTOIIEHUIO
sIMBI Y CBSI3aHHBIX COCTOSTHUIA.
[Tosromy B JaHHON paboTe HAa OCHOBAHHUH IIPSIMO-
I'0 YHCJIEHHOT'O pellleHns BpeMeHHoro ypasaenust [1pe-
JUHTePA M3y4IaeTCsd JIUHAMUKA BO30YKICHUS HACEICH-
HOCTEIl CBsI3aHHBIX COCTOSIHUI U BEPOSITHOCTU MOHU3a-
UM YACTHIBI B OJHOMEDPHOI MPSIMOYIOJIbHOW KBAHTO-
BOI siMe KOHEJHO TUIyOUHbBI, BO30Y 2K 1aeMOii mapoii aT-
TOCEKYHIHBIX MMILYJIbCOB, B 3aBUCUMOCTHU OT 3aJepPiK-
KU MEXKJy UMITyJIbcaMu. B 9TOM ciiydae, B OTJIMYHE OT
PaHHUX HCCJIEIOBAHUN, pacCMaTpUBaeTCda BO3AeCTBAE
MOIITHBIX UMITYJIbCOB, KOTJA 3aJePKKUA MEYKJy HIMEI
CPaBHUMBI C BHY TPUATOMHBIME BPEMEHaMU, YTO JieJIaeT
HEIPUMEHUMBIMUA HU OOBIYHYIO TEOPUI0 BO3MYIIEHUIA,
HU TPUOJIMZKEHNEe BHE3AIHBIX BO3MYIIEHUI.
Ucnonb3yercs mpocreiiimas MOEIb OTHOMEPHO
KBAHTOBOH MBI DTa MOJIEIb, HECMOTPs HE €€ IIPOCTO-
Ty, HAXOJUT Pa3JINUHbIE IPUMEHEHUsI B (PU3NKE B3a-
UMOJIEHCTBAST CBEPXKOPOTKUAX CBETOBBIX HUMITYJIBCOB C
KBaHTOBBIMHI cHcTeMamu — artomamu [50, 51], mano-
crpykrypamu [52-54] u apyrumu cucremamu [55].
Wsyuarorcs ocobennocTn HesmHEHOM nHTEPhEpeH-
AU IJIOMIA el UMITY/IbCOB. Ha OCHOBaHUU 1TOJIy Y€HHBIX
pPe3yIbTaTOB BIIEPBBIE OOCYKIAETCST BO3MOXKHOCTH CO-
3JaHNAS PEIIeTOK HACEJICHHOCTEH B MIPOTAKEHHON MHO-
NOYPOBHEBOI pa3perKeHHOI Cpejie C YUYeTOM ee MOHU3a-
M7 TIPU BO30YIKIEHUNU [TaPOil He MEPEKPHIBAIOIINXCS B

cpene ITKI.

2. TEOPETUNYECKAAd MOJEJIb
PACCMATPUBAEMAZ{4 CUCTEMA

BsaumosieiicrBre KBAHTOBBIX CUCTEM C I10JIEM BHEIII-
nnx cBeToBbIX [TKW onmchIBaeTcst BpeMEeHHBIM ypaBHe-
nueMm [IIpenunrepa /1yist BOJTHOBOM QyHKITUN JIEKTPOHA,

U(x,t) [56]:

m%—‘f [ﬁo + V(t)] . 2)

3xmecy Hy — COOCTBEHHBIA MaMHUILTOHUAH CHCTEMBI U
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V(t) = —dE(t) — sHeprus B3anMoJIe{CTBUSI CUCTEMBI C
[I0JIEM BHEINTHUX WMITYJIbCOB B JIUIOJBHOM TPUOJIHKE-
Huu, d = ¢qx — JUIOJLHBI MOMEHT, ¢ — 3apsif, JJIEK-
TpoHa, h — UpHUBejeHHas TOCTOAHHAsA [l1anka.

Cucrema BO30yXKIAeTCs Mapoil  ATTOCEKYHIHBIX
TIKU, nmeromux BuT

2

7.2

E.(t) = Eyexp {
i

} cos(wit + ¢1) +

)
2

+ Eo exp{
2

beos(ealt — A1 + ), (3
rjae t — Bpems, Eq o — aMIUIATYAbL, Ti 3 — JUINTEIb
HOCTH 0BOHMX HMILYJIbCOB COOTBETCTBEHHO, W1 9 — LIEH-
TpajbHas YacToTa MMILYJIBCOB, 1o — dasa (carrier
envelope phase, CEP) (ma IIKUW s1u napamerpsl ume-
FOT YCJIOBHBII CMBICIT), A — 3aj1eprKKa MeXK /1y JIeficTBy-
IOIMIMU UMITYJIbCAMH.

[IpocThie COOTHOMIEHUST TSI HACETEHHOCTH CBSI3aH-
HBIX COCTOSIHUII MOKHO TIOJIyYUTh TOJLKO B IIPUOJINZKe-
HuM €1a60oro moJisk B IEepBOM IOPSAJIKE TEOPUU BO3MY-
mennii. Torga BbIparKeHWe JJIsi HACEJTEHHOCTH MOKET
OBITH 3aIMCAHO B BUJE

Wy =
_ d%_nSQ expd - w2, 72 cos2¢; + ch(wiwi,m?)
2h2"1 2 cos? ¢
n d_%nsg expd - w?, 73 cos2¢s + ch(wawi,3)
2h2 "2 2 cos? ¢
7 1

dl 2 2 2
—ng. S —win (i) /A -
+ p2 1026 COS @1 COS P

2 2
wWin(W1Tf — waTh

)

X |coswin Al cos(p1 + ¢2)ch 5 +
2 2
i COS(¢1 _ ¢2) ch <w1n(w17'12+ WaTH )>
wWin(wWoTs — w1T?

+ sinwlnA Sin((ﬁl + ¢2) sh <

)
D) @

e dy, — JUIOJBHBIN MOMEHT Iepexoia, Wi, — dac-

2

2 2
Win(W1T) + waTs

2

- Sin((ﬁl - ¢2) sh <

TOTa Pe30HaHCHOI'O IIepexo/ia, a TaKzKe BBEJICHbI 3JICK-
TpUYIeCKHe ILJIomaJan oboux UMITYJILCOB

2 2
W1,271,2

51,2 = ﬁE1,271,2 €Xp 4§ — 4

cos @1 2.

Hepr,HHO YBUJAETH, 9TO HaCEJICHHOCTb CBA3aHHOI'O
COCTOAHUA CpeJIbl IIEPUOINYICCKN 3aBUCUT OT 3a/ICP2KKU
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(a) (¢)

Pulse 1 Pulse 2
Extended resonant .
medium A
N E; 1.28 eV
A =\, >
Vol
(b) —~| | E, 0.61 eV
Pulse 1 Pulse 2 Thin layer of —
atomic medium E: 016 eV
delay between —_— (quantum dots, vy —
gas, etc)
the pulses |
= > a=1.207 nm

Puc. 1. a — BosbyxpaeHne npotsixenHoli cpegbl napoli MKW, pacnpocTpaHsitowmxcsa HaBcTpedy Apyr ApYry; 4acTuubl Cpeabi

MOKa3aHbl CXEMaTUYECKN B BUAE OLHOMEPHbIX KBaHTOBbIX siM. b — KorepeHTHoe Bo3byxaeHne ToHkoro cnosi cpegbl napoii MKWN,

PacnpoCTPaHSIOLLUXCS C HEKOTOPOI 3afepXKKoi A 0THOCUTENBHO Apyr Apyra. ¢ — CxemaTuyHoe n30b6pakeHne paccMaTprBaemon
KBAaHTOBOWN SAMbI

1.0

(a) 2
o
E ___________________________________ — |ay|
= — s’
501 LLLMAMLLMA b
() —
5 e
:g-‘ — |as|
£ L A/T,
15 20

—Ja/’
: “ i H “ -
£ 04 w . — kel
| WW' "' W' ‘ ‘” ' i | o,

B MPSIMOYrOJIbHOWM MOTEHLMANLHOW sIME KOHEYHOI raybu-

. = 2
Puc. 2. 3aBUCUMOCTI HacCeNeHHOCTEN CBS3aHHBIX COCTOSIHWIA |a;]
a), Fos = 1-10°B/cm (b),

Hbl OT 3afepKu Mexay umnynscamun A/T, npu amnautyse umnynscos Eoz = 5 - 107 B/cm (
Eos =2-10°B/cwm (¢)
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Taﬁnuu,a 1. I'Iapameprl NnMnyabCoB N Moaenun KBAHTOBOW siMbl, MCMNOJIb3OBaHHbIE npun pacdeTax

Varying Pulse Parameters Quantum Well Parameters
Epi,B/em | Spi,B-c/em | Te, de | Eg = 1.53B a = 1.207 am
1-107 1.07-1079 | 128.04 S, =1.09-10"8%B-c/cm
5-107 5.36-107° 25.61 FE, 5B T;, dc | wi, 101 pag/c
1-108 1.07-1078 12.80 | By | 0.1547 | 26.73 2.35
2108 2.14-1078 6.40 | Ey | 0.6128 | 6.75 9.31
3-108 3.22.1078 427 | B3 | 1.2784 | 3.24 19.42

MeXK/Iy UMITyJIbcaMu A U OIIPeJIe/IsieTCsl CyMMO#l KBa/I-
PaToB dIeKTpuIecKux Itomaneil S 2. B aToMm cMbIcTe
MOXKHO TOBOPUTH 00 WHTepQEPeHIun ILJIONa et
UMITYJIbCOB, KakK 00CYXKIaJoch paHee B pabore [38].
B mpocreiimenm ciydae, mpu 0aMHAKOBBIX MapaMeTpax
UMILYJIBCOB, T. €.

El # E27

W1 = W = W,

T = T2 =T,
b1 = ¢2 = 9,

BbIpazkenue (4) CBOIUTCS K BUJLY
w272
expq —
Pl 4

X (S% + S; + 25155 coswlnA).
Kak nokazano panee [45—48|, ciaygail nporszkeHHOi

2
in

Wy = 252

cos 2¢ + ch wwlan
cos? ¢

U paspeKeHHoi cpejipl (puc. 1a) mo3BosIsier nperebpetn
KaK BJIMSHUEM COCEJIHUX aTOMOB JIDYT Ha JIpyTa, Tak
1 n3MeHeHueM (GpOPMbI UMITYJIbCOB [IPU PACIIPOCTPAHE-
uun. Boipaxkenue (5) zHanGosiee HAIVISIHO ONHCHIBACT
UHTEePMEPEHITUIO JIEKTPUIECKUX IO el Iapbl BO3-
oyxmatormux [IKU, Bo3meiicTByOMMX Ha KBAHTOBYIO
CHCTEMY.

Boipazkenue (5) Takxke yKasblBA€T HA BO3MOK-
HOCTDb CO3/IAHUS PEIIeTKU HACEJEHHOCTEH € IIOMOIIBIO
mapbl HMITYJIBCOB, PACIPOCTPAHAIONINXCS HABCTPETY
JpyT Apyry 0e3 OJHOMOMEHTHOTO II€PEKPBITUS B Cpe-
zie. B ciryuae ke e quHUYHO# CTPYKTYPBI (TOHKHIA CJIOI‘/’I)
(puc. 1b) Bbipakernue (5) MOKa3bIBAET BO3MOXKHOCTH
yIpaBJIeHUsT BO30YXK/IEHHEM KBAHTOBBIX CHCTEM C IIO-
mombio napel [IKW npu m3menenun 3a/1ep:KKU MEK-
gy aumu. OYeBHJIHO, JAHHOE PACCMOTPEHUE SBJISETCS
PUOIMKEHHBIM U He [TO3BOJISAET yIeCThb BJINAHNIE HOHU-
3aIy CPeJbl HA HACEJIEHHOCTDb CBA3AHHBIX COCTOSIHUI.

Paccemorpum Moziesib B Buie OHOMEPHO ITOTEHITH-
AJIBHOM MBI KOHEUYHO# TuryOmabl. HecmoTps Ha mpo-
CTOTY, TaKas MOJEJb UCIOJIb3yeTCs IPU ONNCAHUH Me-
TAJUIMIEeCKUX HAHOYACTHUI] U HOJIyIIPOBOJIHUKOBBIX Ha-
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HOCTPYKTYD [52-54]. TloreHnmanbpHast SHEPIUs IaCTU-
IIbI B TAKOM CJlydae 3alliChIBaeTCd B BUJE

[TapameTpsl pacdera uMenn CaeAYIOMNE 3HAYCHIIS:
IMIUPUHA SAMBI @ 1.2 M, raybuna Ey 1.53B; B
sdMe CYIIECTBYIOT TPU CBA3AHHBIX COCTOSHHUS YACTU-
upl ¢ smeprusmu Fp = 0.15745B, E; = 0.61283B,
Es 1.2785B (cBg3aHHble C HUMH XapaKTEPHBIE
gacrorbl (w; = FE;/h) u Bpemena T; NpHUBEIEHBI B

TabJ1. 1), 9T0 COOTBETCTBYET JJIMHAM BOJIH IIEPEXOJ0B
A12 = 2706.49 um (Th2 = 9.03de) u A3 = 1103.36 um
(Ths = 3.68dc); em. puc. le. ITapamerpsl siMbl ObLIN
BBIOpAHBI TAKUM 0OpPa30M, ITOOBI JJIMHA BOJIHBI II€pe-
X0/1a U3 OCHOBHOI'O B IIEPBOE BO3DYKJIEHHOE COCTOSHIE
COCTaBJISLIa TOPsJIKA HECKOJBKUX MHKPOMETPOB, YTO
TUIUYIHO, HAIIPUMED, JJIsi KBAHTOBBIX TOYEK.
Besmuuna w cocrassia 14-101° paj/c (niuna sosi-
HBl A\, = 134.6uMm), nepuon T, = 27/w = 448.8ac,
daza ¢ 0, JIUTEILHOCTh WMITYJILCOB BO30YIKJIe-
ana 7 = 0.27, ~ 89.7 ac. IMmynbcel Takoil 1auTeTHh-

HOCTH, ¢ aMIUIATyIaMu nopsaaka ~ 10%B/em moryr
ObITH II0JIyYEHbI B PA3JUYHBIX HEJUHEHHBIX IIPOIEC-
cax [7,20-26]. AMiuuTya BApbUPOBAJIACH, CM. TabJr. 1.
Pemenne Bpementoro ypasmenns [pemurrepa mpoBo-
JuiIoch duciaenHo meronoM Kpanka—Hukoscona [57).

3. BBAUMOJEINCTBMUE ITIAPHI IIKU C
EJVMHUYHON KBAHTOBOWM SIMOM

B mamnom pasmene MBI pacCMOTPUM B3aWMOIEH-
creue mapbl [IKU ¢ equanyaHOil KBaHTOBO# siMoil (om-
TUYECKU TOHKHUM CJIOEM). DTa CUTYAIUsl CXeMATHIECKH
n3o0paxkena Ha puc. la. Pucynok 2 mwunocrpupyer 3a-
BUCUMOCTH HACEJIEHHOCTEH CBA3AHHBIX COCTOSHUN ITO-
cJie OKOHYaHUs JEeHCTBUS UMITYJIbCOB OT aMILIATY/IbI
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KorepeHTHOe ynpagsieHne HacesIeHHOCTSMM. . .

0.0 0. 1.8 2. 3.6 4.5 54
b 1.0 v <__l_9(b)' T T 17 T T T T T T T A, fS
E 0.8 - (2-‘) Te/z.Tp n ﬁé?)- ((.i) E,V/cm
< T | ' | 0 7
3 11 i ; —110
?10'6-_ : 5 5 —5-108
= | ! ! —110
©0.4 1 5 ! ! 210"
R o9- W N —310°
L) i
= 0.0 LJY\,\U A/T,
0 2 4 6 8 10 12

Puc. 3. 3aBMCMMOCTM BEPOSITHOCTM MOHM3ALMM 4acTUL, B PaCCMaTPUBAEMON KBAHTOBO siMe OT 3aePXKKU MEXAY UMMyIbCaMm
A npu pasanyHbIX aMnAnTyAax nmnynscos Fo [B/cm]

noJist Fig U 3aJIepsKKU MEXKJTy UMITyIbcaMu A, OTHECEH-
Hoit k T},. Bunna cioxnas dhopma 9T0il 3aBUCUMOCTH;
U TIPU YBEJTMYEHUN aMIUIATY/IbI Foi OHA CTAHOBUTCSI BCE
6oJtee «IMMIKOBOW», OTJIMIAIOIIEHCS OT IIPOCTOI TapMO-
HUYECKOl, npecKka3annoii Boie (opmydaoit (4). Bu-
HO, YTO TIOBEJIEHME HACEJEHHOCTU MMEeT CXOXKUN BHIL
JIO HEKOTOPOT'O MTOPOTa MHTEHCUBHOCTH UMITYJIHCOB.
3aBUCHUMOCTH BBIIIIE TOKA3BIBAIOT BO3MOYKHOCTD
CBEPXOBICTPOrO  YIPABJIEHUs]  CBSA3AHHBIMH ~ COCTOSI-
HUSIMU B KBAHTOBBIX $IMaX W CO3JAHUS WHBEPCUH
HacesiennocTeii B Hux ¢ mnomoribio maper [TKUM. K
[pUMepy, IpH MOAGOpPe HapaMeTpoB YJIAeTCsl MaKCH-
MU3UPOBATh HACEJEHHOCTH OJHOIO U3 COCTOSIHUIl, He
BJIMsisl HA HACEJIEHHOCTH OCTAJILHBIX, CM. yKazarean A
u B na puc. 2¢. Tax, ma A upu A/T, = 8 BO3MOXKHO
nostyanth 3uavenns |ai|? = 0.87, |az|? = 0.02 u
lag|? = 0.05; a B Touke B npu A/T, = 12.35 nacenen-
HOCTH CBA3aHHBIX yposHeil |ai|? = 0.12, |az|? = 0.75
u |ag|? = 0.07. Panee Taxas BO3MOXKHOCTb yzKe Oblia

[IOKa3aHa B ATOMHO-MOJIEKYJISIDHBIX cucreMax [46,48].

4. YIIPABJIEHUE MOHU3AILIMEN YACTUILILI
B KBAHTOBBIX dAMAX C ITOMOIIIBIO
ITAPHI ITK

Pucynok 3 mmoctpupyer 3aBUCHMOCTH BEPOSATHO-
CTU MOHU3AINU

w; = 1= (Ja1]* + |az]? + |as|?)

OT MHTEHCUBHOCTHU UMITYJILCOB Fy U 3aJepKKU MEXKTY
unvu A. B ciyaae

FEy=1-10"1-108B/cum

BestmanHa noHu3anun He mnpesbimaet 0.025; a 1 60516-
X 3HAYCHUI aMIUIUTYJL MOXKHO HOJ00PATH BEJIUYU-
HY 33/Iep:KKH, MUHUMHU3UPYIONYIO uoHu3armio. M-
TEPeCcHO OTMETUTh, 4TO g Foy 2-10°B/cm u

2 2KOT®, e 2 (8)
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Eps = 3-10°B /CM MOHU3AIMS JOCTUIAeT MUHUMAJIIb-
HOoro smadenus Ha ydacrke 0.35 < A/T, < 0.75,
1ocjie MUHUMAJIbHOE 3HAYeHWe WHBEPCUHU BBIXOJUT Ha
«IUIATO»; MAKCHMAJIbHOE 3HAYEHUE JIOCTUTAETCS DU
A/T, = 1, touka (b) ma puc.3. Takum obpasom, Me-
uast ornomenue A /T, B ManoM guanasone ot 0.75 10 1,
MBI MOYKEM KaK HCKJIIOYUTh MOHU3AIUIO CUCTEMbI, TaK
U TIOJTHOCTHIO BBIBECTU IACTUIIBI U3 SIMBI.

Paccvorpum  mompobiee  mMOHM3ANMIO YACTUIL B
KBAHTOBOI sIMe I HAmOOJiee HATJISITHOTO CIIydas —
Eos = 3 -10®B/cv. s atoro BBIOEpEM deThIpe
TOYKU, OTMEYEHHBIX Ha PHC.3, W IPOCJEIUM 3a Bpe-
MEHHOII 3BOJIIONWEN BOJIHOBOI'O TAKeTa [ CIIydacB
MaKCHUMyMa ¥ MUHHMYMa HWOHU3AIMH IIPU Pa3JInd-
HBIX 3HadeHusax orHomenus A/T,. Ha puc.4a,b
[IPEJICTABIEHBI A0COJIOTHBIE MUHUMYM U MAKCHMYM
JUIS MOHU3AIMKM JACTUIl B KBAHTOBON SMe; IIPU ITOM
A ~ T}, T.e. IMIIyJIbCBI €Ille PsJIOM U MOTYT JeficTBO-
BaTh KakK OmuH, murepdepupysa mpu sroMm. Ha puc. 4c
[IPEJICTABJIEH JIOKAJIBHBIII MUHUMYM HWOHU3AINN, Ha
puc.4d — JIOKaJIbHBIA MAKCUMyM; JJIsi 9TUX CJIy4YaeB
A > T, IMILyJIbCBI HE IEPEKPBIBAIOTCA.

Ob6parum BHUMaHUE Ha puc. 40 — cirydait abcoJror-
HOI'O MaKCHMyMa MOHU3aIlUU, U PUC.4c — cirydaii Jio-
KAJIbHOIO MAKCHMyMa. BHIHO, 9TO HEKOTOpPOe BpeMs
CILyCTsI TIOCJIE JIEWCTBUSI BTOPOrO MMILYJIbCA HAa PHUC. 4¢
MBI ellle HabJIFo/[aeM HEKOTOPOe PacIipejiesieHre BOJIHO-
BOI'O ITAKeTa BHYTPH $MbI, B TO BpeMs Kak Ha puc.4b —
pakTuIecku HetT. BumHo, 9T0 B ciaydae puc. 4a BOJHO-
BOIl TIAKeT HAYMHAET MeJlJIeHHbIEe KOJIe0aHUs, [IPU ITOM
OCTaBAasICh MOJHOCTHIO B paMKaX MBI, & Ha puc. 4d Ha-
OJIIOTaeTC CJIO2KHOE TIOBEJIEHNEe BOJHOBON (hyHKIHNH,
XOTs OOJIbINAs ee YacTh 3aK/II0YEHA B I'PAHUIAX SIMBI.

loBopuTh 0 HEPUOIUIECKOM JIBUKEHUH BOJHOBOTO
naKera MOXKHO, TI0KA OH He CHJIBHO HCKasmics (pac-
IUIBLICST ). XapaKTepHOe BPeMsl PACILIBIBaHUsI (aHAJIOT
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Puc. 4. PacnpoctpaHeHue BOMHOBOro nakeTa B pacCMaTprBAaeMOli KBAaHTOBOW siMe MPW aMnauTyAe B3aUMOAEVCTBYIOLMNX VM-
nynbcos FEos = 3 - 10° B/cm n pasnauudnbix 3nadenmsx sagepwkn A: A/T, = 0.5 (a), 1 (b), 7.5 (c), 11.25 (d); 3T e Toukn
oTMeueHbl Ha puc. 3. CTpesikamu 0bo3HaYeHbl MOMEHTbI BeliCTBUSI MMMY/IbCOB

1uPAKIMOHHON JIJIMHBI) MOYKHO HOJIYYUTh U3 YPaBHEe-
aus [Hpenurarepa jajist cBOOOIHOIO JIEKTPOHA:

ov h?
h— = ——V?U.
! ot 2m
HOJ’I&I‘&GM IO TIOPAIKY BEJIMYINHBI
ov v v
— ~—, VU~ —.
ot T, a?

~
~

Torma Ty ~ 2ma2/h nna Ty 25.8 dc, aTo MHOTO
00JIbIIIE PACCMATPUBAEMBIX BPEMEH.

CBsi3b HACEJIEHHOCTElT CBSI3AHHBIX COCTOSIHUI CHCTe-
MBI € ITapaMeTPaMi BO3/IEHICTBYIONINX UMITYJIHCOB MOK-
HO OIMCaTb, CPABHUB ILIOMIQIb SJIEKTPUYECKOIO HM-
mnyJsibca Sp ¢ XapakKTepPHbIM aTOMHBIM MacIITabOM CHU-
creMbl S, [33,34]. Sp dBigeTCHd KOIMIECTBEHHOM Me-
Poli BO3IEHCTBUA IMaJAIONIEr0 UMILYyJIbCa HA CUCTEMY,
a UMEHHO: OILyCTOIIIeHUsI OCHOBHOI'O COCTOsIHUS U BO3-
Oy2K/IeHUs BEPXHUX yPOBHelN; 3HadeHHd Iutomaiu Sg,
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JUIS KaXKJI0T0 3HAYEHUs] aMIUITUTYIbl Fg; TpUBeIeHbI B
tabu1. 1. Vcnonn3yst BBesieHHOE B pabote [33] onpesese-
HIE aTOMHOM MePBI 3JIEKTPUIECKON TIOMAHN, JIJIsT pac-
CMaTPUBAEMON B JaHHON paboTe KBAHTOBOM sIMBI ITOJTY-
anm S, = 2h/ea = 1.09- 1078 B - ¢/cm.

Hna Egp n Eye aToMHast MEPBI 3JIEKTPUTIECKOIT TLTO-
majau OOoJIbIlle IJEKTPUIECKON IO B3auMOJIeH-
CTBYIOIIUX C Hell MMIIYJIbCOB, S, > Sg,. HelicTBuresn-
HO, HA PUC. 2@ BUIHO, 9TO UMITYJIHC TOYTU HE OKA3BIBAET
BJIMSIHUS HA HACEJCHHOCTDL BO30YKJIEHHBIX COCTOSHHUIA,
a JINIIb HE3HAYMTEJILHO 3acelisieT OCHOBHOE, |aj |2; He
nabJurroflaeTcd u noHmsarmu, cM. puc. 3. Ha puc. 2b, roe
Sa > SE,, BUIHO 3HAUUTENHHYIO 3aCEJIEHHOCTH COCTOSI-
HUIl, ¥ Ha PUC. 5@ €CTh UHBEPCUs HaceaeHHocTell. lonu-
3aIys IPUCYTCTBYET, HO HE OKA3BIBAET OILy TUMOTO (-
dekra Ha cucremy. s MMIyJIBCOB € aMILIUTYIOMH
Eos u Eps BbIIONHSIETCH cooTHOIIEHHE S, < SE,, CM.
TabJ1. 1, 1, KaK CJIe/ICTBUE, HAOJIIOMAETCS 3HATUTEIbHAST
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Puc. 5. 3aBMCMMOCTU MHBEPCUM HACENEHHOCTER HaCTUL, 1 B KOHEYHON siMe OT 3aAepkku mexgy umnynscamu A/T, npn am-
nauTyae umnynscos Foz = 1-10°B/cm (a), Eoa = 2 - 108 B/cm (b)

nonnzaiwst (mosHast st Eos, puc. 3) 1 pasHOCTh Hace-
JIEBHHOCTE(l CBSI3aHHBIX COCTOSIHUI, CM. puc. 5bh.

IToripoGyem 0ObSICHUTH 3aBUCUMOCTD MOHUBAIMH OT
3aJIep:KKUA  MeXKJIy HUMITyJIbCAMU C JIPYTOil CTOPOHBI.
IIycrs mepBbIil HMITYJIBC TIEPETAET JJIEKTPOHY B IME UM-
IIyJIbC BEJIMYUHON p; = eSE,; COOTBETCTBYIONIHI BOJI-
HOBOIl maxker OyeT JBUIaThCs MEXKJIy CTEHKAMU SIMbI
co ckopocrbio V; = p;/me. B upocreitmeii paccmar-
pUBaeMOil MOJE/IN JIBUKEHUE JIEKTPOHA B siM€ IIOCJIE
[IEPBOIO «TOJTYKA» OYIEeT IepUOSUIECKUM, C ITEPUOIOM
T, = 2a/V;, mmu T.[c] = 1.3727-10722/Sg, [B - ¢/cm;
9TUM K€ TIEPUOJIOM XapPAKTEPU3YeTCsT W 3aBUCHMOCTD
OT 3aJep:KKU BTOPOI0 WMILyJIbca. llojrydeHHble 3Ha-
qeHusi nepuojia 1, BbIHEcCeHbI B TabJ. 1. BugHo, uro
onn Ha 1-3 mopagka Oosbme Bemmaunel 1),. dna
Eos = 2-10°B/cem ornomenue T,/2T, = 7.13; nna
Eos = 3 -10° B/cm ornomenne T, /2T, = 4.75; nocie-
Hee OTMEYEHO TOYKON Ha pHC. 3. DTO JIOKAJIbHBIE MUHU-
MYMBI, He abCOJIIOTHBIE.

5. CO3JJAHUE PEINIETOK
HACEJIEHHOCTE! B NIPOTSI>KEHHOM
CPEJIE 3 KBAHTOBBIX IM

B mannom pasmese MbI paccCMOTPUM BO3MOYKHOCTH
CO3/JaHUSl PENIETOK HAaCEJEHHOCTE B NPOTIKEHHON
cpeJ/ie Ha OCHOBE KBAHTOBBIX sIM C IIOMOIIBIO IIapbl M-

IyJIbCOB, CJICIYIONINX HABCTPEUY JPYT JIPYTY U HE Tie-
PEKPBIBAIOIIUXCA B cpejie, cM. puc. la. Pamee 0bL10 110-
Ka3aHO, 9TO 3aJa9a O BO3JEHCTBUU MAPbl TAKUX HM-
IyJIbCOB HA MPOTSIZKEHHYIO CPEy MOXKET ObITh CBEJICHA
K 3ajade o BozjeiictBun napbl [IKV Ha emuHUIHBIR
KBAHTOBBI OOBEKT C MEPEMEHHON 3aTePKKON MEXKITY
UMITyJIbCAMH, KaK Ha puc.l, B ciydae, KOTJa ILIOT-
HOCTH YACTHUI[ MaJia, 9TO IMO3BOJIAET IpeHedpedh u3-
MeHeHneM (POPMBI UMITYJIBCOB IIPU PACIPOCTPAHEHUN
B Cpe€Jle U BJINSIHUEM COCEIHUX aTOMOB IPYT HA JIPY-
ra, cM. [45,46,48|. Tloxn samepxkkoit A ~ z/c caeny-
eT TOHUMATh MOMEHT ITPUXOJa BTOPOI'O UMIIYJIbCA B
Cpelly B TOUYKY C KOODJUHATON Z, ¢ — CKOPOCTb CBe-
Ta, MOITOMY HUKE MBI TAKXKE UCIOJb3YEM PE3YIbTaThl
MIPEIBLIYINEro pasjaesia. Pe3yrbraThl TAKOTO YIIPOIIEH-
HOTO PACCMOTPEHUS COTJIACYIOTCS C PE3YJIbTATAMME, O~
JIyI€HHBIMU Ha OCHOBAHUU YMCJIEHHOTO PEICHUS CUCTE-
Mbl ypasHenuit Makcsesia—Bioxa ¢ yaerom addek-
TOB PACIPOCTPAHEHUS UMITYJILCOB B IIPOTS2KEHHO Cpe-
ze [45,46,48)].

Jist oApoOHOrO aHaM3a OCTAHOBUMCS HA JAH-
HBIX JIJI aMILTATY/IbI UMITYI6COB Foz = 1 - 103B /em u
Eoy = 2-108 B/cm, puc. 2; B 9TOM Cliydae BUIHBI 3HAYH-
TeJIbHbIE BEJIMIMHBI HACEJIEHHOCTU 1 OTCYyTCTBYET DOJIb-
mas MOHU3aIus, CM. puc. 3. PesyibTupytorias 3aBucu-

) 2 2
MOCTb UHBEPCHHU HaceseHHocTedl ni; = |a1]|” — |a;|” or

2*
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Tabnuua 2. MapameTpbl annpokcMMaL My NHBEPCUN HACENEHHOCTEN 7, NOJYyYeHHbIX C MOMOLLbIO (hypbe-npeobpa3oBaHust 3aBu-
cumocTeli Ha puc. 5

Ey Ey=1-10B/cm Ey=2-10B/cm
ni2 ni3 ni2 ni3
C 0.53 0.7 0.09 0.24
Yacrora v;, T,/ A a; a; ®aza ¢, pax a; ®Daza ¢, pasx
0.0242 — 0.1182 4.5113 0.0475 4.482
0.15 0.0212 — 0.1043 1.4241 0.0388 1.78
0.90 — 0.0134 — — 0.0559 1.92
0.95 0.3061 | 0.1826 | 0.3629 0.4018 0.3217 0.1443
1.05 0.2655 | 0.1606 | 0.2909 0.3223 0.2745 0.424
1.10 — 0.0119 — — 0.0425 1.2315
1.90 — — 0.0632 —3.9111 — —
2.00 0.0980 | 0.0817 | 0.0746 —2.6365 0.0313 0.5828
2.95 — — 0.1218 —1.8758 0.0447 —2.7384
3.05 — — 0.1043 3.7552 0.0375 —1.817

OTHOIIEHUST 3aJIEPKKU MEYKJLy UMITyJIbcamu A K JIJTHHE
umirysbcos 1), pejicTaBiieHa Ha puc. 5.

Ha puc. 5a oryeTsinBo BuHBI rapMOHUYECKHE One-
HUsT; TOPOOYEeM OIHCATH 9Ty 3aBUCUMOCTH B BHUJIE

- A
n=C-— Z a; cos (27r pri)

i=1

C TOMOIIBIO YHUCJIEHHOTO (Dypbe-11peodpa3oBaHus TaH-
vbIX. [losiyuennbie Hamu ko3 durnmenter C, H6e3pas-
MepHbIE YACTOTHI V; (9KBUBAJIEHTHBI 3HAYEHUIO OTHO-
menust T,/A) I UX aMIUIATYOBL @; IPEICTABICHLI B
TabJI. 2.

Ha rpaduke puc. 5b 6uenus yxe ¢ 6ojee CI0KHOMI
3aBUCUMOCTBIO, TIOITOMY IIPU OMUCAHUU Oy/IeM yIUTHI-
Barb u ¢azy 0;:

v; + (91'),

= A
n==C-— Zai cos (2#71)
i=1

koappunmentor C, a;, §; 1 9aCTOTHI V; TAKXKe MIPeICTaB-
JIEHBI B TaOJI. 2.

Xora dopmyia (4) npeiackasbBaeT MPOCTYIO rap-
MOHHIYECKYIO 3aBHCHMOCTE Ha dacrore v; = 1,/A =1,
pacueTbl B 000MX CJIydasdx II0Ka3bIBAIOT, 9YTO OHAa OT-
CYTCTBYeT B CIEKTpe. BMeCTO 3TOro T/IABHBIH BKJIAT
JAloT JIBE€ KOMIIOHEHTBI OKOJIO Hee C MaJIOil OTCTPONi-
koit: Tp,/A = 0.95 u T),/A = 1.05, uiu T,/A =1+,
rae & ~ 0.05, uro coorsercrByer 1T, — § = 21-24ac,
HOPsAJIKa OIHOI aToMHOMN equHuIB! (24.189 ac). Cioxe-
HUe JBYX 9THUX KojebaHuil ¢ GJIM3KUMHU 9acTOTaAMU U
MOPOKIaeT OUEeHUsI.

170

Takzke MOKHO TPEINOTOKATH, ITO HU3KNAE TACTO-
ol (v; = 0.1 u v; = 0.15) NOSIBIISIIOTCST U3-3a CBSI3U C
XapaKTEepPHBIMU BPEMEHAMU IIEPEX0JIOB, COOTBETCTBYIO-
e OTHOIIEHUS UMEIOT BU/I,

Ty

23

Ty ~0.12 ~ 0.08
T ~~ . Pl ~~ . .

T
— = 0.05,
13 T

12
Hasmane pomosiHUTEIBHBIX 9aCTOT, OTCTPONKY W,
B cJiydae OOJIBINON aMILIUTY/IbI TO0JIs, TOsIBJIEHNE 3HA-
YUTEJIbHOTO ¢ABUra (asbl §; 0ObSICHUTH CJIOXKHO; MHO-
rOYaCTOTHBIN OTKJINK XapaKTepeH JjId KBAHTOBBIX CH-
CTeM B CWJIBHBIX IIOJISIX; HEJIb3s HEJIOONEHUBATh U
CJIOXKHYIO KapTUHY HEJUHEHHON mHTepdepeHImm.

6. SAKJIFOUYEHUE

Ha ocHOBe OJIHOMEPHO# MOJIEIN YACTHUIIBL B IPSIMO-
YTOJIBHOM siM€ M3y4YeH OTKJIMK CHCTEMbI Ha Iapy I0-
JIYIAKJIOBBIX aTTOCEKYH/THBIX UMILY/I6COB. C IIOMOIIBIO
YHCJIEHHOTO DeIleHns] BpeMeHHOro ypasHenusi I1Ipe-
JIMHTepA U3yUeHbl 3aBHCHMOCTU HACEJIEHHOCTel CBsi-
3aHHBIX COCTOSIHUH M BEPOSATHOCTH MOHU3AIMH OT 3a-
JIEPKKN Mexkjly umiysibcamu. [Tokasano, 910 9Ta 3a-
BUCHMOCTH MMeeT BUJ, OUEeHHH M ¢ POCTOM aMILIATY-
JIBI TIOJISE OHA IPUHAMAET 0ojiee CJIOXKHYIO IHYKOBYIO
CTPYKTYDY. B 9TOM 3aK/I109a€TCs IPOSIBIICHUE HEJTMHE-
HOft nHTEepdEPEHIN IOIIAEHl UMITYIbCOB B CUIIbHBIX
HOJIAX U €€ OTJIMIHE OT JIMHEHHOTO CJIydasi, KOT/ia 3aB1-
CHMOCTDb HACEJICHHOCTEH OT 3a/IePKKH MEXK Ly HMILY/Ib-
CaMU SIBJISIETCS TADMOHUIECKON U OIIPEJINISeTCs] BbIPa-
kerusivu (4) u (5).
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PesynbpraThr pacyeToB mokasasm BO3MOXKHOCTD Kak
yBeJIMYCHUHA, TaK U I10JIaBJICHUA MOHU3AINHN HaCTHUIIbI
B gMe IIPU U3MEHEHNU 33J€PKKHU MEXKTy UMITYJIbCAMU,
9TO B CJIydae pa3peKeHHON IPOTSIKEHHON MHOI'OYPOB-
HEBOI CpeJibl KavyeCTBEHHO IIPECKa3bIBaeT BO3MOXK-
HOCTb HaBEJIeHUs IIPOCTPAHCTBEHHOI PEIIeTKN Pa3HO-
cru HacesienHocreil. [lomyyennsle B pabore pesysbra-
Thl IIOKAa3bIBAIOT BO3MOXKHOCTH IIPUMEHEHUs II0CJIe/I0-
BaTEJIbHOCTH IOJIYIIUKJIOBBIX HMIIYJIBCOB JIjId CBEPX-
OBICTPOrO YIIPABJIECHUS JUHAMUKON BOJTHOBBIX ITAKETOB
B BEIIECTBE U T€M CaMbIM OTKPBIBAIOT HOBbIE HAIlpaB-
JICHUs B OIITUKE YHUIIOJAPHOI'O CBETA.

®dunancupoBanue. cciemoBanne
npu  (HUHAHCOBON momaepKKe PoccuiicKoro mayIHO-
ro ¢oHja B paMKax HaydHOro npoekta 21-72-10028
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Ha ocHoBaHuu 4yucnexnHoro peWeEHNA CNCTEMbI ypaBHeHI/II7I Makceenna—bBnoxa N3Yy4HaeTCa ANHaAMWKa KOrepeHT-
HOrFo pPacnpoCTpaHeHNsA YHUNONAPHOro, NonyunkaoBOro, CBETOBOro mmnynabca aTTOCGKyHAHOI7I ANNTENBHOCTN

B TPEXYPOBHEBOI pe30HaHCHO-mornowatowein cpeae. NpoBeaeHo cpaBHeHME C PacnpoOCTPaHEHNEM TaKOro UM-

nynbca B ABYXypOBHEBON cpege. lNokasaHo, 4To UMNynbC, KOTOpbI BeaeT cebsi nogobHo 4m-uMnysbCy B ABYX-
YPOBHEBOI Cpefie, B TpexypoBHEBOl cpeae nofobeH Gm-uMnynbCy U pacliensisieTcst Ha Tpy NogbIMNy/ibca, pac-
NPOCTPaHSAIOLWMXCS C Pa3HOI cKopocTbio B cpege. VlccneposanHoe sineHvie nossonsiet bonee AeTanbHO NOHATH

A0 CnX Nop He[OCTATOYHHO U3YHEHHYIO ANHAMUWUKY KOF€PEHTHOrrO PacnpoCTpPaHEHUA NONYUNKIOBbLIX UMNYNbCOB B

pe30HaHCHOW cpefe.

DOI: 10.31857,/50044451024080030

1. BBEAEHUE

B nocsiesiHee BpeMsi aKTUBHO U3yYaeTCsl BOIPOC MO~
JIyICHUS YHUIIOISAPHBIX MOJIYIUKIIOBBIX HMILY/IbCOB, CO-
JICPZKAIIIX [TOJIyBOJIHY TOJIS OJHOMN MOJISAPHOCTH U 06-
JIAIAIOMIX GOJIBIION 9JICKTPIYECKOM IIIOMAIbIO, OLpe-
JiesisteMoit kak [1-3]

+o0o
Si(r) = / Er,t) dt. (1)

3aech E(r,t) — HAUPIKEHHOCTH JIEKTPUYECKOTO I10-
Jisi, T — BpeMsi, r — paJjuyc-BeKTop. VIHTEpeC K TakuMm
UMITYJIbCAM CBSI3aH C BO3MOYKHOCTBIO OJHOHAIIPABJIEH-
HOT'O BO3JEHCTBUS HA 3apsi/Ibl, 9TO JIAeT BO3MOXKHOCTD
OBICTPO TIepeIaBaTh MEXAHUIECKUN UMITYJIbLC 3aPsIyKEH-
HOIl JacTuiie, U, CJAeI0BaTEIbHO, TAKHE UMITYJIbChI MO-
IyT OBITH MCIIOJIB30BAHBL JJI CBEPXOBICTPOrO BO30Y K-
JIEHUST KBAHTOBBIX CUCTEM, YCKOPEHUS 3apsiioB U JPY-
rux npwioxkenuit (4, 5].

DJIeKTpUYIecKas IJIOMA/Ib TAKUX UMITYJIbCOB sIBJIs-
€TCd UX BAXKHOIT XapaKTEePUCTUKON, TaK KaK OHa YJIO-

* E-mail: arkhipovrostislav@gmail.com
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BJIETBODSET NPABHIY COXPAHEHHS B JCCUIIATHBHBIX
Cpesiax B OJHOMEDHOM CJIydae IIOCKOBOJHOBOI'O Pac-
IpOCTpaHeHus BIOJb ocu z: dSp/dz = 0 [3,6]. U ¢
JIPYTOfi CTOPOHBI, IMEHHO OHA OIPEJIEJIAET CTENECHD BO3-

JIefiCTBUS HA KBAHTOBBIE CUCTEMBI, €CJIH JIJIUTE/THHOCTD
UMITY/IbCA MEHEE XapaKTEePHOIO BPEMEHH, CBA3AHHOTO C
SHEPrueil OCHOBHOIO COCTOsiHUS (OPOUTAIBLHOTO [IEPUO-
Jia a1nekTpoHa B atome) [7-14]. Ha ceromusmuuii jgeHb
[IPE/IOZKEHO PAJL CIIOCOBOB IOy Y€HUsT UMITYJILCOB, 110
dopme 6IMBKUX K yHATIOISIPHBIM, UMEIOIIAX BBIPAKEH-
HYIO II0JIyBOJIHY 110Jisi 0j(HO# nossipaoctu [15-23]. O6-
30p HEJABHUX UCCJICIOBAHUN B 00JACTH Oy YCHH Ta-
KUX MMILYJIbCOB M CTEIICHU UX IPUMEHEHUS MOYXKHO Hai-
Tu B 0630pax [4-6] u uurupyemoii sureparype.
HecMmoTps Ha TO, 9TO BOIIPOC CYIIECTBOBAHUS U 10~
JIy9€HHs] TAKUX MMILYJIbCOB CPABHATEIHHO IIOJPOOHO
npoaHasn3upoBaH (cM. 0630pbl [4-6] u riaBy B MO-
Horpadun [24]), KOrepeHTHOe PAaCIPOCTPAHEHNE OJIHO-
IUKJIOBBIX M CyOIMKJIOBBIX IPEJEJTHHO KOPOTKUX WM-
MyJTbCOB B PE3OHAHCHBIX CPEJIAX HEJTOCTATOTHO U3y Te-
HO. BOJIBIMMHCTBO IPEABLIYIIUX UCCIEIOBAHUI JIAHHO-
ro BOIPOCa OBbLIN BBIOJTHEHBI B JABYXYPOBHEBOM ITPH-
Guzkerny [25-33]. Yaer GoJIbInero qucsia ypoBHeit Mo-
JKET, OJIHAKO, BJIUATH HA JIUHAMUKY HUMITYJILCOB B Psi-
Je caydaes [34] u npusosuTh K HGOPMUPOBAHUIO CIIOXK-
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HOft KapTuHBI (HoTOHHOTO 3xa [35, 36]. Tem He menee
MHOTHE UCCJIEIOBAHUS MOKA3BIBAIOT, UYTO JBYXYPOBHE-
Basl MOJIEJIb B Ps/JIe CIyHae CIIOCOOHA aJIeKBATHO OIICHI-
BaTh B3AUMO/IEIICTBHUE [IPEJEIHLHO KOPOTKOIO NUMITYJIBCA
¢ MHOTOYpPOBHEBbIMU cpejpamu [37, 38].

B paGore [39] 6bL10 HANIEHO AHATIUTHICCKOE Pellie-
nue ypasBuenuit Makcsesta—bBioxa B dopme yHHIIO-
JIIPHOTO COJIUTOHA CAMOWHJLYITHPOBAHHOI ITPO3PATHO-
cru (CHUII) B Bume runepbosindecKoro cekamca. Bio-
CJIEJICTBUM JIAHHBIN COJIUTOH OBLI OOHAPYXKEH B UHC-
JIEHHBIX PacueTax, pU KOrePEHTHOM PACITPOCTPAHEHIN
MCXOJIHO OUIIOJISIPHOTO UMITYJIbCA B JIBYXYPOBHEBOII 110~
riomaomieil cpege [27] u TpexypoBHEBOii cpeje, cocTo-
SIIell U3 CMECH TMOTJIOMAIONNX U YCUTUBAIONIIX Iac-
tur [40]. Cyuiecrsosanue conuronos CUII 6bL10 noka-
3aHO B MHOTOYDOBHEBOIi cpesie B pabore [41] upu ana-
JINTUYECKOM DelleHrr ypaBHeHusi cuuyc-l'opona, cM.
Takzke 0030ps! [42-45]. B page pabor npu aHanuse Ko-
PEPEHTHOTO PACIPOCTPAHEHUS] YHUIIOJSPHBIX UMILYJIb-
COB B CP€/Ie UCIIOJIH30BAJICH TPUOJINYKEHHbIE aHATUTH-
veckne mMojean [46-50], npuBoauBIne, onHaKO, K bu-
3UYECKU HEKOPPEKTHBIM Pe3yJibTaTaM, TaK KaK HCII0JIb-
3yeMble ypABHEHUs HE YJIOBJIETBOPSIIN IPABUILY COXPa-
HEHUs dJIEKTPUIecKoi rromaau. 1lonpobubiit anan3
rpejiesia TPUMEHUMOCTH STUX HPUOJIMKEHUIT U X CO-
[IOCTaBJICHNE C IPABIIOM COXPAHEHUS TIJIOMIAH TPUBE-
JieHBl B 0630pe [51].

B paborax [52, 53] u3yueHa JuHAMUKA KOI'EPEHT-
HOTO PACIPOCTPAHEHUST YHUIOJISIPHOTO TOJIYIIUKJIOBO-
ro UMILyJAbCa B JBYXYPOBHEBON MOIVIOIIAIONIEH cpejie.
ITokazaHno, 9T0 IUHAMUKA HATPSIXKEHHOCTH MOJIS CyTIIe-
CTBEHHO 3aBHCHAT OT HAYAJIbHON 3JICKTPUYIECKOHN IIIO-
A IM UMITYJIbCA. TaK, eCIu HAavYaJbHAs SJICKTPHIeCKasT
ILIOMIA/ b UMITYJIbCA TaKOBA, UITO OH BeJIEeT ceOs 1mo00-
HO 47T-UMIIyJIbCY, TO B MPOIECCE PACIIPOCTPAHEHUS Ta-
KOI UMITYJIbC PACIIEILIAETCs Ha Tapy 27m-110J00HBIX UM-
nyiabcoB CUIT — 3a Bpems JieficTBUST UMITYJIbCa CPEJIa
BO30YKJIAeTCs, 3aTeM BO3BPAIIAETCS B HCXOIHOE COCTO-
sinue. [1o100HOe 1oBeIeHne aHAJIOTMYHO JIJIMHHBIM UM-
IyJIbCAM, KOTJIa BBIIOJIHSIETCS TeopeMa Itoraaeit Max
Komna u Xana [54-57].

B mannOil pabore Ha OCHOBAHUM YHCJIEHHOTO pe-
IeHns CucTeMbl ypaBaenunit Makcsesia — Biioxa nzy4ga-
eTcsl JUHAMUKA KOI'€PEHTHOIO PACIPOCTPAHEHHUSI TTOJIY-
[IUKJIOBOT'O aTTOCEKYH/IHOI'O MMITYJIbCA B TPEXypPOBHE-
BOII pe3oHaHCHO-TIOTIOmaroIeit cpege. [lokazano, aro
UMILYJIbC, KOTODPBIA JJId JBYXYPOBHEBON Cpenbl Jeii-
CTBYET Kak 47T-UMILyJIbC, B CJIydae TPeXypPOBHEBOII cpe-
bl BesieT cebs MOof00HO G7-UMITYJIBCY U PACIIEILIAeT-
¢Sl HA TPU MOJIBIMITYJIbCA. KayKblil TOIBIMITYIEC BEJIET
cebst 11010600 2m-ummyabey CUIT s kazkgoro peso-
HAHCHOTO IIePexo/ia.
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2. TEOPETNNYECKAAd MOJAEJIb 1
PACCMATPUBAEMAS4 CUCTEMA

AHajim3 TpPOBOJMIICS HA OCHOBE U3BECTHOIl cucTe-
Mbl ypaBuennit Makcsesuia — Biioxa s TpexypoBHe-
BOI cpeJibl, KoTopast nmeer B [58]

%/)21 = —p21/T21 — iwi2p21 — i 12E (p22 = p11) —
— z’dl;%Ep% + idQ;%Emh (2)
%%2 = —pa3 /T3y — iwazp3z — idQ;%E (P33 — paz) —
— idlePm + idl;;Emh (3)
%Pal = —p31/T31 — iwizps1 — idl;%E (33 — p11) —
— z‘dle p32 + idQ;;Epma (4)
— idl;)%E (p13 = piz)s  (5)
%Pm = —p22/Tos — iduE(Pﬂ —P21) —
i (s — i), (6)
%/)33 = —p33/Ts3 + id13E(/)13 — pi3) +
+ idQ;;E (p23 — ps3), (7)

P(Z7 f) = 2Ngdi2 Re P12 + 2Npdi3 Re P13 +
+ 2Nod23 Re p32,

0?E(z,t)
0z2

- l@QE(z,t) B 4_7r@2P(z,t)
o2 ot2

)

o2 o2
B sroit cucreme ypaBHeHUit p11, po2, P33 — AUATOHAIIb-
HbBIE DJIEMEHTHI MATPUIIHI TIOTHOCTU, UMEIOIINE CMBICT
HACEJICHHOCTEH! MepBOro, BTOPOrO U TPEThero ypoBHeHR
CpeJibl COOTBETCTBEHHO, P21, P32, P31 — HEIUATOHAJIb-
HbIE 3JIEMEHTHI MATPHUIIBI IIJIOTHOCTH, OIPEIE/ISIONINE
JTUHAMUKY TOJIAPU3AINAN CPEIbI, W12, W3, W13 — Tac-
TOTHI PE30OHAHCHBIX IEPEXOJIOB, d12, d13, dog — JIUIIOJIb-
HbIe MOMEHTBI 9THX [epexoioB, P(z,t) — nosaspusarms
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Tabnuua. MNapameTpbl umnynbcos Bo3byXaeHUst n cpenbl

AI\/IHJII/ITy,Ha UMITYyJIbCa

Ey =2.7-10° ESU

JmnTe IbHOCTD UMITYJIBCOB BO30Y K I€HUS T =380ac
Yacrora nepexoza 1-2 (J1MHA BOJHBI IIEPEX0/IA) w1 = 2.69-10'° paj/c (A2 = Ag = 700 ™)
JumosibHbIiT MOMEHT Ttepexoia 1-2 dio = 20 /1
Yacrora mepexoma 1-3 w1z = 1.5w1o
JunoibHbBIN MOMEHT 1epexoa 1-3 di3 = 1.5d12

Yacrora nepexojia 2-3 B aTOMe BOIOPO/IA
(IUIMHA BOJIHBI IEPEXOa.)

W23 = W13 — W12

JumoibHbI MOMEHT TIepexoia 2—3

doz =0

Konnenrparust aroMoOB

No=2-10"cmn?

Bpemena perakcarun

le =100 (bC, Tgk =30 (bC

E(z,t), ESU %107
14 35
12 3
10 25
= 8 2
6 1.5
4 1
9 0.5
0
10 20 30 40 50
t, fs

Puc. 1. MNMpocTpaHCTBEHHO-BpEMEHHAs ANHAMUKA SeKTpuYe-
ckoro nons E(z,t) B TpexypoBHEBOI Cpee, rpaHnLbl KOTOPOi
O603Ha"|eHb| LWTPUXOBbIMU JTNHUAMN. Cpep,a pacnonaranacb B
LeHTpe O6J'|3CTV| NHTErPUPOBaHNA MeXAy TOYKaMn z1 = 4A()
n zo = 12A0
cpegipl, E(z,t) — s51eKTprvecKoe 1oJie, JMHAMAKA KOTO-
POTO OIMCHIBAETCS BOJHOBLIM ypasHermeM (9). Ypas-
HeHUsl TaKKe COJeprKaT peslakCallMOHHbIe YjIeHbl 1.
B KadecTBe HadaJbHBIX YCJIOBUII B cpeiy cieba
HAIIpaBO U3 BaKyyMa 3allyCKaJICsl UMIIYJIbC, UMEBIITHit
dopmy rurepbOSIMIeCKOr0 CeKaHCa:

t—6
E(z a
Yro6bI UMILYJIBC BeJI cebsi 110100H0 2m-umirysbey CUTL

- (10)

0,t) = Ep sech <

HA OCHOBHOM Iiepexojie 1-2 (eciiu cpepa JAByXypOBHE-
Basd), ero aMILIUTY/IA J0JZKHA YIOBJIETBOPATH COOTHO-
mennio [39]

E02 = h/(dlgT). (11)

P(z,t), ESU
12 (z.9)
6000
10
4000
< 8
- 2000
6
0
4
10 20 30 40 50
t, fs
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Puc. 2. lNpocTpaHCTBEHHO-BpEMeHHasl AMHAMUKA MOAspU3a-

unu TpexypoBHeBoii cpegbl P(z,t). Cpega pacnonaranacb B

LeHTpe obnactu WHTErpupoBaHnA Mexay ToO4KaMun zi = 4A()
n zo = 12A0

ObustacTb uHTErpUpOBaHUsa UMeia JuHy L = 15).
Cpema pacrosarajiach B eHTPe 00JIACTH HHTEIPUPOBa-
HUS MEXKJIy TOUKaMu 21 = 4\g u 29 = 12)g. IIpoBoju-
JIOCH YIUCJICHHOE PEIIeHNe CUCTeMbl ypasHenuii (2)—(9) ¢
nadasibubiM ycstosueM (10). Ilapamerpsl cpesbl u moJis
UMITYJIbCa yKas3aHbl B Tabymie. OTMeTumM, 9To B pac-
CMaTpPUBAEMOM IIPUMepe TPEeXypPOBHEBasl Cpejia MMeeT
TaK HA3BIBAEMYIO V-CXeMy SHEPreTHIecKuX yPOBHEI,
T.€. PA3PEIIeHHBIMA B JUIMOJHHOM IPUOJINKEHIN SB-
JISTIOTCS pe30HaHCHbIe Tlepexoapl 1 — 2 u 1 — 3, B
TO BpeMsI KaK Iepexof 2 — 3 dABJIeTCd JIUIOJIHHO-3a-
[IPEIEeHHBIM. SHAYEHUE AMILIUTY/IbI I0JIs BRIOPAHO TaK,
9TOOBI UMITYJIBC JAeHCTBOBAJ, KAK 47T-UMITYJIbC JIJIs I1e-
pexojia 1-2 nByXypoBHEBOit cpejibl, Fy = 2Fjs.
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Puc. 3. BpemerHasi 3aBUCMMOCTb asekTpudeckoro nons E(t) Qg”q
B JIeBOVi 4acTn obnactu uHterpuposatus z = 0 (cuHss kpusas
cneea) u B NpaBoil 4actu z = L (opaHxkeBasi InHus cnpasa) 00 10 20 30 40 50

3. PE3VJIBTATBI YN CJIEHHOTI'O
MOAEJINMPOBAHNA N1 OBCY2KJEHUE

Pucynku 1 u 2 wiIrocTpupyoT IPOCTPAHCTBEHHO-
BPEMEHHYIO [HHAMUKY SJEKTPUIECKOrO IIOJIA UM-
nyinbca E(z,1) u mosspusanuu TpeXypPOBHEBOI Cpe/ibl
P(z,t) coorBercrsenno. I'pamuipl cpeasl o6o3Hade-
HBl IITPUXOBBIMU JIMHUsAIMH Ha puc.l. Bumano, dro
UCXOHBIA WMITYJIbC PACIICIUIAETCS HA TPHU IOJIBIM-
yJIbCa, KaXKJIbI U3 KOTOPBIX PACIPOCTPAHSETCS C
pPa3HOIl CKOPOCTBIO, TaK HYTO IOJBIMILYJIbCHI OCTE-
[IEHHO YJAJIAIOTCA JPYr OT apyra. Takum obOpasom,
UCXOJHBIA WMITyJIbC, KOTODPBIA [JId JIBYXYyPOBHEBOI
cpeJibl JeiicTBOBAJ ObI Kak 4m-UMITYJIbC, IpH J100aBJIe-
HUM TPEThEro YPOBHS HAYUHAET BECTH cebs MOI00HO
6m-mmmysbey. [locre mpoxoxK iennst NMITyJIBCOB B Cpejie
ocTaeTCsl BOJHA MOJSIPHU3AINNA, KOTOPas U3JIydaeT
BJIONOHKY IIPOIIIEJIINM UMITY/IbCAM B TeUYeHUEe BPEMEHU
pesakcaruu 15, cM. puc. 2.

Bpemennasi 3aBUCHMOCTD 3JIEKTPUYIECKOTO IIOJIS B
Toukax z = 0 u z = L jna ciaydas puc. 1 npuseje-
Ha Ha puc. 3. Pucyrok 4 mumocTpupyer 3aBUCHMOCTH
HaCEeJICHHOCTE! Tpex ypOBHeH cpeabl OT BpEMeH! B Ha-
Jajie U B KOHIE Cpejbl. BUJIHO, UTO HAIPSAKEHHOCTH
[I0JIsT HA BBIXOJIE U3 CPEJIbI IPEJCTaBIseT co0OW TpH
[IOJIBIMITYJIbCA. TaK2Ke u3 puc.4 BHUIHO, ITO HACEJIEH-
HOCTH KaKJOT'0 M3 COCTOSIHUI BO3BPAIIAIOTCS ITPAKTH-
YeCKM K UCXOHOMY 3HAYEHHUIO MOCJIE KaYKIOIO MMOJIBIM-
IIyJIbCA, T. €. KAXKJIBIH HMOJIBIMITYJILC AEHCTBYET MOI00HO
2m-nmiyascy CHUII.

Kak 1mokaspBaioT pacueTsl I Ciaydas Ha PHC. 3,
aJIeKTpHrIecKas oma/ b (1) Kaxkaoro u3 rpex o6paso-

177

t, fs

Puc. 4. BpemeHHble 3aBUCMOCTU HAaCENEHHOCTEN Cpefbl, Ch-
HUe JINHNN — B Ha4ane cpenbl (ﬂeBble Kpl/IBI:Ie)v OpaHXeBble
NVHUM — B KOHUE cpeabl (npaBble KpuBble)

BABIIUXCS TTOJILIMITYJIbCOB, PACCUUTAHHAs ¢ Oe3pa3Mep-
ubiM Ko dunuentom 2d;2 /fi, 0KazbiBaeTCst HpUGIU3U-
TeJLHO OJMHAKOBOM 1 paBHoil ~ 1.37. Takum obpazom,
UCXOJIHBINH 47T-UMITYJIBC PACIIAIAETCS HA TOJIBIMITY/IHCHI
TaKuM 00Pa30M, 9TO, C YIETOM [IPOINX OCTATOUHBIX OC-
MUUIATAN TTOJIS TIOCJIE TPEX OCHOBHBIX IIOIBIMIIYIHCOB
Ha, BBIXOJIE U3 CPEJIbI, 00ECIEINBAETCS TOTHOE BDLITIOJI-
HEHUE TIPABUIA, COXPAHEHUS JIEKTPUIECKON ILIIOIIAIH.

MuTepecHo OTMETUTD, ITO TIOX0Kast KAPTUHA C Pac-
MIEIJICHIEeM HCXOMHOTO UMITYJIbCA HA HMOIBIMITYJIbCHI 1
OIM3KUMU 3HAYECHUSMU JICKTPUIECKON TIOMAIN KayK-
JIOTO UX HUX HAOIIOMAeTCS W IPHU JIPYTUX 3HAYCHUIX
JIEKTPUYIECKON IIIOMAIN MCXOJHOTO MAJAIOIIETO M-
myJibca. TaK, HAIPUMED, €CJIU UCXOIHBIA UMITYJIHC UMe-
eT IIoMma,/ b 67 (BHOBb PACCUNTAHHYIO ¢ Ge3pasMepHBIM
ko3 dburmerTom 2d13/h), TO TOCIE IPOXOK IEHUSI CIIOST
CPeJIbl OH PACIIEILISIeTCS HA IISITh MOJIYIUKIOBBIX 10~
JBIMITYJIBCOB PA3HON aMILTUTYAbI U JJIUTEILHOCTH, HO
¢ IpUOJIN3UTEIHHO OJIMHAKOBOI 3JIEKTPUIECKOI ILJIOIIA-
1610 & 1.27. Ecau ke UCXOMHBIN UMITYJIBC UMEET ILJI0-
@b 27, TO HA BBIXOJE U3 CPeIbl 00pa3yercs OIuH
IIOJIBIMITYJIBC C JIEKTPUYECKON IJIOMIAIbIO 1.37, 3a

~
~

KOTOPBIM CJIEIYIOT CHJILHO BhIPayKeHHbIE MEJIEHHO 3a-
TyXarolne 3HaKOIMepEeMEeHHbIE OCIIIISIINN TT0JIsT, KOTO-
pbl€ B TO 2Ke BpeMsl IMEIOT CYMMAapPHYO 3JIEKTPUIECKY O
maota s ~ 0.77.

OmnmcanHasi KapTUHA Ka9eCTBEHHO COXPAHSIETCS U
[Ipy JIPYTUX 3HAYEHUSX JIUIOJIbHBIX MOMEHTOB pas3pe-
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35X 10°
3r —Electric field at the point z=0 b
— Electric field at the point z=L
251 b
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=
ot 1.5r 7
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0
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t, fs

Puc. 5. BpemenHas 3aBucumocTtb anekTpudeckoro nonst F(t)

B J1€BOI YacTn obnactn unterpuposanus z = 0 (cuHss kprsas

cneBa) M B NpaBoil YacTn z = L (opaH)keBasi MHUA cnpaga);

napameTpbl T€ >Ke, 4TO M B Tabauue, 3a UCKIOYEHVNEM Lu-
nonsHoro MomenTa dig = di2/1.5

E(z,t), ESU 10

3.5
3

10

20
t, fs

30 40

Puc. 6. lMpocTpaHcTBEHHO-BpeMeHHasi AVHAMUKA SNeKTpuYye-

ckoro nons E(z,t) B TpexypoBHEBOI Cpefe, rpaHuLbl KOTOPOI

o0bo3HaueHbl wWTpuxosbiMu nuHnamu. Cpega pacnonaranach B

LeHTpe obnacTy WHTErpupoBaHUs Mexay Todkamm z1 = 4)\g

n z2 = 12)\o; napameTpbl Te Xe, 4TO 1 B Tabanue, 3a UCKIIO-
YEeHVEeM AUMOJIbHOrO MOMeHTa di3 = d12/1.5

MMEHHBIX TIEPEXOJI0B B TPeXypoBHEBOH cpeje. Hampu-
Mep, IJIA TeX Ke 3HaYeHuil mapaMeTpoB CpeIibl U3 Tab-
Junpl, HO npu yciaoBuu die = 1.5dy3, mpum umcIieH-
HOM MOJICJTUPOBAHNN HAOJIIOIAIOCH PACIIEIIEHIE UC-
XOJTHOTO 47-IMITyJIbCa Y2Ke Ha JBa MOJYIINKJIOBBIX IO-
JBIMILYJIBCA C PA3HBIMUA aMILJIATY 10 U IJIUTEIbHOCTHIO,
HO IIPUMEPHO OJMHAKOBBIMU 3HAYEHUSMU IJIEKTpHUYE-
ckoit wiomaau ~ 1.87 (ocrarovyHble 3aTyXarolme 0oc-
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Puc. 7. BpemeHHble 3aBUCMMOCTU HACENEHHOCTE Cpeabl, CU-
HUE NIMHNM — B Havase cpefbl (N1eBble KPUBbIE), OPaHXKEBbIE
JVHUN — B KOHUe cpegdbl (NpaBble KpUBbIE); napameTpbl Te
e, 4TO 1 B Tabauue, 32 NCKAKOHYEHNEM AUMNOABHOrO MOMEHTA

dis = d12/1.5

MWUIAIAA TIOJIsI, CJIEIYIOIIHe IOCJI€ BTOPOTO IO/ IBIM-
IIyJIbCa, UMEJIH CyMMAapPHYIO 3JIEKTPUYECKYIO IIJIONIA/Ib
~ 0.47). CooTBeTCTBYIOIME IPOCTPAHCTBEHHbBIE U BpE-
MEHHBIE 3aBUCUMOCTH JIEKTPUIECKOTO TOJIS 1 HACEJICH-
HOCTEll ypOBHEIl Cpe/Ibl TOKa3aHbl Ha PHUC. H—7.

Herpynto ycranoBuTb (HU3NUECKYIO NPUUIUHY Ha-
GJII0IAEMOTO PACIIEIJICHUS UCXOMHOTO MOy IIUKJIOBOTO
nMitybca. OHO AHAJIOTMYHO PACIICIICHIIO MHOTOIINK-
soBeix umirysibcoB CUIT B aByxypoBreBoit cpejie. [lpu
J00aBJIEHNN TPETHEro YPOBHS UCXOMHBIN UMITYJIbC, KO-
TOPBI ABJIAICA 4T-UMILYIILCOM JJISI OCHOBHOTO IIepe-
xoga 1-2 JnBYXypOBHEBOU cpejibl, JIsd 1epexoga 1-3
HAYMHAET JIEWCTBOBATDH MMOJ0OHO 2T-UMIYJIbCy. B nro-
re I <«BCEit» Cpeabl UMITYJILC BeJIeT ceds MOa00HO
6m-nMmiyabcy. [Ipu pacrnpocTpaHeHUN TAKOTO MMITYJIb-
ca B cpejie, KAK TOJBKO PA3HOCTH HACEJIEHHOCTEH I
Ka2KJIOr0 ME€PeX0/ia BO3BPAIIAETCS B OCHOBHOE COCTOSI-
HUe, IIPOMCXO/UT IIOJHOE IIOTJIOIIEHNE COOTBETCTBYIO-
mieil YacTH UMILYJIbCa, YTO BEJIET K €ro PacIIellJIEHHUIO.
ITomo0HbIiT MexaHU3M IPUBOIUT K PACIICILICHATO JJINH-
HBIX MHOTOIMKJIOBBIX uMirysibcoB CUIL B aByxyposHe-
BOit cpene [54-57].

4. CPABHEHUE C IMHAMUKOMN B
JIBYXYPOBHEBOW CPE/IE
st cpaBHEHNsI aHAJIOTUYHbIE 3aBUCUMOCTU 3JIEK-
TPUYIECKOTO 1011 ¥ HACEJIeHHOCTHU COCTOAHNM, IOy YeH-
HBIE B PE3yJIbTaTe YUCJICHHOTO PEIlleHUs CUCTEeMbI yPaB-
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E(zt), ESU x10°
14 35
12 3
10 2.5
< 8 2
N 6 1.5
4 1
2 0.5
0
10 20 30 40 50
t, fs

Puc. 8. lNMpocTpaHcTBEHHO-BpeMeHHasi AUHAMUKA SJIeKTpuYe-
ckoro nons F(z,t) B 4ByXypOBHEBOI Cpefe, rpaHunLbl KOTOPON
0bo3HayeHbl WTpuxosbiMu nuHnsimu. Cpepa pacnonaranach B
LeHTpe 0bs1acTu VHTErpUpoOBaHNS MeXay Todkamu z1 = 4\

nzo =120
4 x10° ‘ ‘ ‘ ‘ ‘
— Electric field in the point z=0
35r —Electric field in the point z=L
3t
25
s I
= L5r
1k
0.5r
0
-0.5 : L L L - . L L L

25
t, fs

30 35 40 45 50

Puc. 9. BpemerHasi 3aBUCMMOCTb asekTpurydeckoro nons E(t)
B JIeBOVi 4acTn obnactu uHterpuposatus z = 0 (cuHsist Kpneas
cneea) u B NpaBoit Yactu z = L (opaHxkeBasi InHus cnpasa)

mennit Makcsesia—Bitoxa mis 1ByXypOBHEBOI cpe-
nbl [58], mpuBesensl Ha puc. 8-10. B srom cayvae uc-
XOJIHBII UMITYJILC BeeT cebsl, Kak 47m-UMITyJIbC, U pac-
menysgercd Ha mnapy 2m-mofgo0Hbx mmiryiabco CUITL
(cm. puc. 8,9). OcrajbHble TApAMETDBI TAKUe Ke, KaK
B TaOJIUIIE.

Takum 06pa30M, Ha OCHOBAHHHU IIPECTABJICHHBIX
PE3yILTATOB YUCIEHHBIX PACIETOB MOXKHO CJIETATDH BbI-
BOJI, ITO JIOOABJIEHNE TPETHErO YPOBHS IIPUBOIAT K J10-
MOJIHATEJILHOMY PACIICIIEHUIO NMITyIbca. OHAKO caMm
abdeKT pacImenIennss HCXOAHOTO UMITYTHCA HA TO/IBIM-
IyJTHCBI, HAOJIIOMABINAICA paHee B pacdeTax I JByX-
yPOBHEBOIt cpesip [52,53], coxpaHsieTest 1 B MHOTOYPOB-
HEBOI cpeJie.
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Puc. 10. BpemeHHble 3aBUCMOCTN HACENEHHOCTEN LBYXYypPOB-
HEBOI Cpefbl, CUHWE INHUN CNIEBA — B Ha4vasie Cpesbl, OpaH-
XKEBbIE JINHUW CMpaBa — B KOHLE Cpefabl

5. SBAKJIFOUYEHUE

B pabore Ha ocHOBaHWM YMCJIEHHOTO PENIEHUS CHU-
crembl ypaBHeHuii Makcsesuia—Biioxa jist Tpexypos-
HEBOI CpeJibl M3yYeHa JIMHAMHUKA KOTePEHTHOTO pac-
[IPOCTPAHEHUsI TIOJIYIUKJIOBOIO ATTOCEKYHIHOIO HUM-
myJibca. AMIUIUTY/a W JJINTEJIbHOCTh MCXOIHOIO UM-
IIyJIbCa TOI00PAHBI TAKUM 00pPAa30M, YTOOBI UMILYJIHC
JEHCTBOBAJ MMOA0OHO 4M-UMITYIbCY I OCHOBHOTO TIe-
pexoza 1-2 nByXypoBHEBO# cpeibl. IlokaszaHno, 4To B
TPEXyPOBHEBOII CPeJie UMILYJIbC BeJeT ceOst momobHo 67~
UMITYJIbCY U PACIIEIJISAETCA HA TPU 27M-TIOJOOHBIX HM-
nysibcoB CUTI, KarKipiit U3 KOTOPBIX PACIPOCTPAHSIET-
Csl C Pa3HOIl CKOPOCTHIO B cpejie. Takum obpaszom, pac-
IEIJICHIE TTOJTYITIK/IOBOIO UMITYJIbCA, UCXOIHO OOHADY-
JKEHHOE B JIBYXYPOBHEBOII Cpejie, COXPaHSIETCSI U B TPeX-
YPOBHEBOII cpeJie, OJHAKO nMeeT OoJiee CIOKHYIO JTHHA-
MUKY — BMECTO PACIIEIIEHUS Ha [1apy IMOIBIMILYIbCOB,
BO3HUKAET TPU IOJBIMILYJIbCa. 1IpuBejieHHbIE DPE3YIlb-
TaThl MO3BOJISIIOT MIPOSICHUTH JIMHAMUKY KOM€PEHTHOI'O
PACIIPOCTPAHEHUST YHUITOJISPHBIX TIPEIETHHO KOPOTKUX
UMITYJIbCOB B MHOT'OYPOBHEBBIX PE30HAHCHBIX CPEIax,
KOTOpAasl ellle HeJ0CTATOYHO MU3yUYeHa Ha CEerOHsIITHUI
nenb. VccaenoBanubiii 3ddekT MOXKeT TPUMEHSTHCH
JJISE KOMITPECCUU TIOJTYITUKJIOBBIX UMITYJIbCOB.

UccireroBanns  BBIIOJHEHDI
npu buHAHCOBON MO/Iep:KKe Poccnitckoro HayvIHOro
dorma B paMKax HaydHBIX IpoekToB 21-72-10028

@I/IHaHCI/IpOBaHI/Ie.

(IMHAMUKA WMIYJIbCA B TPEXypPOBHEBOI cpeie) u
23-12-00012 (puHaMuKa UMIYJIbCA B JBYXYPOBHEBOM
cpege).
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In the present study, we consider the effects of vacuum birefringence and dichroism in strong electromagnetic
fields. According to quantum electrodynamics, the vacuum state exhibits different refractive properties de-
pending on the probe photon polarization and one also obtains different probabilities of the photon decay via
production of electron-positron pairs. Here we investigate these two phenomena by means of several differ-
ent approaches to computing the polarization operator. The external field is assumed to be a linearly polarized
plane electromagnetic wave of arbitrary amplitude and frequency. Varying the probe-photon energy and the field
parameters, we thoroughly examine the validity of the locally-constant field approximation (LCFA) and tech-
niques involving perturbative expansions in terms of the external-field amplitude. Within the latter approach,
we develop a numerical method based on a direct evaluation of the weak-field Feynman diagrams, which can
be employed for investigating more complex external backgrounds. The polarization operator depends on two
parameters: classical nonlinearity parameter ¢ and the product 7 = wqo/m? of the laser field frequency w and
the photon energy go (m is the electron mass). The domains of validity of the approximate techniques in the

&n plane are explicitly identified.

DOI: 10.31857,/50044451024080042

1. INTRODUCTION

According to quantum electrodynamics (QED), the
physical vacuum state contains quantum fluctuations of
the electromagnetic and electron-positron fields, which
can be viewed as spontaneous creation and annihilation
of electron-positron pairs interacting with each other
via virtual photons. Although these virtual particles
are not observable themselves, their existence can man-
ifest itself while interacting with external fields and real
particles giving rise to a number of remarkable nonlin-
ear phenomena such as light-by-light scattering [1-4],
Sauter-Schwinger effect [2,5,6], and so on (for review,
see, e. g., Refs. [7-9]). In this investigation, we consider
propagation of a probe photon in vacuum in the pres-

* E-mail: i.aleksandrov@spbu.ru
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ence of a strong external background. The latter po-
larizes the physical vacuum, so the probe photon effec-
tively interacts with a nonlinear medium, which leads
to the phenomena of vacuum birefringence and dichro-
ism [10-14] which are in the focus of the present study
(we note that the nontrivial properties of the vacuum
state in the presence of real photons give also rise to
recently discussed stimulated photon emission [15]).

Observing these processes in the laboratory rep-
resents currently an intriguing and challenging task.
There are mainly two different approaches to prob-
ing vacuum birefringence. First, one can rely on un-
precedented accuracy of experimental measurements in
the optical domain, i.e., in the regime of relatively
low probe-photon energies (see, e.g., Refs. [16-22]).
From the theoretical viewpoint, this domain allows one
to employ local approximations, i.e., to treat the ex-
ternal (laser) field as a locally constant background.
The corresponding locally-constant field approximation
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(LCFA) has basically two different implementations
based either on employing the exact expressions for the
Heisenberg — Euler effective Lagrangian [23] or on using
the local values of the polarization operator derived in
constant crossed fields [24,25]. The second approach to
vacuum birefringence involves high-energy probe pho-
tons [25-27]. The advantage of this technique appears
due to large probabilities of the corresponding quantum
processes resulting in large values of the experimen-
tal signal. On the other hand, it is significantly more
difficult to perform measurements in the high-energy
domain. To properly assess the feasibility of the cor-
responding scenarios, one has to obtain accurate and
reliable theoretical predictions.

In order to avoid approximate local treatment of
the external electromagnetic field, one can model it
with a plane-wave background allowing one to deduce
explicit analytical expressions for the polarization ten-
sor [13,14,24]. On the other hand, this simplified setup
may not properly reflect the properties of real experi-
mental conditions.

In the present study, we have two primary aims.
First, we will thoroughly examine the plane-wave sce-
nario by means of analytical nonperturbative expres-
sions derived in Refs. [13,14,24]. We will compute the
polarization tensor in a wide range of physical param-
eters governing the process under consideration: laser-
field amplitude, laser frequency, and probe-photon en-
ergy. Expanding the nonperturbative result in powers
of the external-field amplitude, we will assess the accu-
racy of the calculations based on perturbation theory
(PT). Besides, we will quantitatively analyze the va-
lidity of the LCFA in the two forms described above.
Second, the polarization tensor will be directly evalu-
ated via the corresponding Feynman diagrams. This
approach is very important since it can allow one to
consider other field configurations, which differ from a
simple plane-wave scenario. In what follows, we will
benchmark our direct computational procedures and
also provide an additional insight into the analytical
properties of the integrands involved in the Feynman
diagrams. For instance, it will be demonstrated that
the overlap between the branch cuts that appears for
sufficiently high photon energies is closely related to the
decay of the probe photon via production of electron-
positron pairs. We also mention that ete™ pairs can
be produced directly by a classical strong field, i.e.,
via the Sauter-Schwinger mechanism. The validity of
the LCFA in this context was recently examined in
Refs. [28-31].

The paper has the following structure. In Sec. 2
we describe the setup under consideration involving a

3 2KOT®, e 2 (8)

probe photon and external plane-wave background. In
Sec. 3 we present nonperturbative expressions which
we employ in our numerical computations. In Sec. 4 we
calculate the leading-order contribution with respect to
the external-field amplitude. Section 5 is devoted to the
description of the two possible implementations of the
LCFA. In Sec. 6 we discuss how one can directly eval-
uate the leading-order Feynman diagrams. Section 7
contains our numerical results obtained by means of
the various techniques. Finally, we conclude in Sec. 8.
Throughout the text, we employ the units
h=c=1,a=¢%/(4r) ~ 1/137.

2. SETUP AND NOTATION

We assume that the external plane wave is polar-
ized along the x axis and propagates in the z direction,
i.e., it depends on ¢ = wn*x, = w(t — z), where w is
the laser frequency. The null vector n obeys ng = 1,
n? = 0. The corresponding vector potential has the
following form:

A(z) = Alw(t — 2))es, (1)
Ey .
Alp) = D sing, )
where Fjy is the field strength amplitude. We also in-
troduce a dimensionless parameter & = |eEp|/(mw).

The initial photon momentum q points in the opposite
direction to n = e,, g = —qpe.. Accordingly, the ini-
tial 4-momentum of the photon is ¢* = qo(1,0,0, —1)".
The final momentum will be denoted by k*. In what
follows, we will also employ the light-cone components
which for arbitrary 4-vector v* read

v + nv
Uy = OTa (3)
v_ = vy — N, (4)
v, =v— (nv)n. (5)

The scalar product of two vectors can be evaluated via
vw = vtw, = viw_ +U_wg —v W) . (6)

For instance, ny =1, n_ =0, n; =0, and p = wzx_.

The amplitude S(g, k) of the process described by
the diagram in Fig. 1 involves two photon wavefunc-
tions defined as

" 1
fq(‘r)_m

where #(q) is the polarization 4-vector. The amplitude

e 11Tt (q), (7)

can be represented in the form

S(q, k) = en(q)i[115" (q, k) + 11" (q, k)5 (k).
(8)

1
Viqoko
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Fig. 1. Feynman diagram describing the leading-order contri-

bution to the photon polarization operator. The amplitude of

the process is proportional to the fine-structure constant o and

exactly takes into account the interaction with the classical ex-

ternal background (double lines represent the dressed Green's
functions)

Here 11" (g, k) denotes the zero-field contribution to
the polarization operator, which corresponds to the
diagram with the free-electron Green’s functions de-
scribing vacuum polarization in the absence of exter-
nal fields. This contribution diverges and requires a
usual renormalization procedure. Since this term does
not, affect the processes of vacuum birefringence and
dichroism, our task is to compute the field-dependent
part ITI*¥(q, k), which is finite.

In what follows, we will evaluate IT"" (g, k) by means
of several different techniques mentioned above. As will
be seen below, the polarization operator involving &, w,
and ¢g depends, in fact, only on & and the product wqyg.
We will consider ¢ and 7 = wqo/m? as two indepen-
dent dimensionless parameters governing the processes
of vacuum birefringence and dichroism. We will also
introduce the so-called quantum nonlinearity param-
eter x = 2¢n which will be considered as a derived

quantity x(&,7).

3. NONPERTURBATIVE ANALYTICAL
FORMULAS

In the case of a plane-wave external background, it
is possible to compute the polarization tensor analyti-
cally. In Ref. [13] it was done by means of the operator
approach. In Ref. [14] the calculations were performed
in the case of a monochromatic plane wave. Recently,
in Ref. [24] the results of Refs. [13,14] were confirmed by
direct computations of the Feynman diagram in Fig. 1
with the aid of the exact Green’s functions, which can
be constructed from the Volkov solutions.

Here we will first employ the general expressions
presented in Refs. [13,14,24]. Due to the symmetry of
the external plane-wave field, it can only change the
¢+ component of the photon momentum, so the ampli-
tude corresponding to the Feynman diagram in Fig. 1
contains 6(k_— — ¢—)d(k.L — q1). It turns out that the
cumbersome expressions for the amplitude derived in
Refs. [13, 14, 24] become relatively simple in the par-
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ticular case of a circularly polarized plane-wave back-
ground. Due to the helicity conservation, the momen-
tum component ¢ can change only by +2w or remain
the same (see also Ref. [32]). It is not the case if the ex-
ternal field has a linear polarization since such a plane
wave does not possess a well-defined helicity quantum
number. Accordingly, the ¢4 momentum component of
the photon may change by an arbitrary integer number
of w. The general expression for the setup described
above has the following form:

A%«
1 (g, k) = = =3k~ ¢-)é(ks — L)
1 ood [e'e)
x/dv/—T/dgoeiq’x
T
—1 0 —00
c 0 0 0
b+Ab 0 O
|0 . ()
0 0 b 0
0 0 0 c
where
7 1 -
I - _irB
b <T+2kq)(1 e+

2 2, ¢2

m T§ e“_B
u

Ab = 2m?¢? [sian(quo) sin? p—

sin?(pwqo ) cos? ¢, (10)

— 2sinc(2uwqo ) sin? p—

— sin®(pwqo) + sin? go} el

kogop i3
— D0WOH i 12
¢ . (1—e"7), (12)
1
p=grd— v?), (13)
ky — 1
o= +7q+g0—|— §ukzq—m27', (14)
1
B =m?&? |sinc? (uwqo) sin? ¢ — §—|—
1.
+ 5 sinc(2pwqo) cos2¢|.  (15)

In what follows, we will be interested only in the elastic
process, where k. = g4 as the other channels are sig-
nificantly suppressed (actually, they rather represent
reactions involving photon merging or splitting than
the phenomenon of birefringence). To extract the par-
ticular process of elastic scattering, one has to isolate
the zeroth-order Fourier harmonics with respect to ¢
dependence in the functions b, Ab, and ¢, so the inte-
gration of exp(i®) yields the necessary delta-function.
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This can be straightforwardly attained with the aid of contribution is proportional to ¢2 and corresponds to

the Jacobi-Anger identity. The result reads the three Feynman diagrams displayed in Fig. 2. Ex-
panding the function = and the Bessel functions in Tay-
Y (g, k) = —(2m)*ad(k — q)x lor series, one obtains
. ® ~ 1 T
x/@ 0T mim®r bmwfbmﬁwm>uﬂfwwm@ﬂm
T
Lo Abro = m2€?[—2sin® (uwqo) + sinc? (puwqo) —
¢ ) 0 ) 00 — 2sinc(2uwqo) + 1], (23)
0 b+Ab 0 O j
Lo o 5ol 19 o= —Saumesine (o) - 1] (24)
0 0 0 ¢ Here «LO» stands for «low order». It turns out that

one can replace p with Eq. (13) and perform the 7 inte-
gration analytically. Let us first introduce the following
general representation:

b= éu = J0(A)+

Y (g, k) = —(2m)3ad(k — q)m2E2 M. (25)
m2re?

elastic

+

sin® (nwgo)Z[Jo(A) + i1 (A)), - (17 \Within PT we find
1

ML = /dv[% I (v) + %IQ(U) + Ig(v)}, (26)

Ab = m*E*2{ — 2sin’(uwqo ) Jo(A)+
+ [sinc? (puwqo) — 2 sinc(2uwqo) + 1] x
x [Jo(A) —iJi(A)]}, (18) |
2 1
2 M2 = | dv|—— L (v —I(v)], 27
ST R l’[l_ﬁ )+ 3 100 1)

(20) where

(1]
I
@
»
el
—N
[N}
3
\\'
I
2
2
=
o
=
&
=)
N
|
=
——

o0
dt it
A= m 2r€2[sine(2uwqo) — sinc? (puwqo))- (21) /?
0
Here J,, are the Bessel functions of the first kind. We 5 s 1
will assume hereinafter k* = ¢*. We also note that the 3 ln ‘1 — 4 | o Ie (7 o 5) , (28)
elements I1°° and TI%? are equal, which preserves the
gauge invariance and the Ward-Takahashi identity [33].
These components will not be evaluated in our study as dt
they do not affect the phenomena under consideration. t
The birefringent and dichroic properties of the vac-
uum in the presence of strong fields manifest them- _ § o 1(1 + _) In ‘1 . 472’_
selves in the difference between II'' and I1?? elements: 2 2 42
photon polarizations along the z and y axes corre- 1 142y
spond to different refractive and absorption indexes. In 27 ’ ’
what follows, we will compute these elements. As was i 1 1 1
stated above, these quantities involve the three param- + 9 ( ) ( ) , (29)
eters &, w, and qp, but they depend, in fact, on & and
n = wqo/m? as becomes evident from Egs. (16)—(21) F dt
I3(v) = /
0

(see also Ref. [32]).

11 1
4. PERTURBATION THEORY =5 T 5( - 4—72> x

Here we will consider the leading-order term of % {1n‘1 _472‘ —inh (7_ _) }7 (30)
Eq. (16) with respect to the small-¢ expansion. This

185
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i
X

Fig. 2. Feynman diagrams corresponding to the leading-order contribution within the PT expansion in terms of the external field

(the amplitudes are proportional to £2). The interaction with the classical external field is denoted by the cross. Depending on

the energy-momentum transfer at the cross vertices, the process is either elastic (2-to-2 process) or corresponds to k # ¢

_ wqo 2y 1 2
7(’0)72—”12(17” )*577(1*0 )-

The expressions (26) and (27) depend only on
7 = wqo/m?, while the nonperturbative values of MH¥
[see Eq. (25)] also involve £. Below we will compare
the leading-order terms with the nonperturbative
results. Let us now present the low- and high-energy

v = (31)

asymptotic expressions for Myl and M?P3. In the
low-energy case, € = 21 = 2wqo/m? < 1,
4 17
ML= —— — —e' + O( 32
e A TE R (32)
7 131
22 2 4 6
=——€" — — O . 33
0= "5 a0 T O (33)

In the high-energy limit, ¢ = 1/(2n) = m?/(2wqo) < 1,
we obtain

) .
M = 51n%+ <1ln2+% Ine+

5) 1.5 7% im
——In2+-In"2— —+ —(1—-1In2
+{2 n2+;ln Tt 2( n )]
2 .
+i7r51n5+[—%+%(3—21n2)}5+
+ 02 1In’e), (34)
29 1 5 v
MLO:§1n €+ 1—ln2+? Ine+
7 1.5 7% im
——In24+-In"2— —+4+ —(1—-1n2
+{2 n2+;ln T 2( n )]
2 .
+i7r51n5+[—%+%(1—21n2)}5+
+ 0% 1In’e), (35)

While the low-energy result (32), (33) is real, the ex-
pressions (34) and (35) possess imaginary parts, which
describe the process of photon decay. The imaginary
part of the difference Mo = MY — M3 ~ —1+ine

~
~
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governs the dichroic properties of the vacuum and ap-
pears once n > 1. In Sec. 6 we will discuss how the
imaginary part appears in a direct evaluation of the
Feynman diagrams in Fig. 2.

5. LOCALLY-CONSTANT FIELD
APPROXIMATION

Here we will employ relatively simple closed-form
expressions treating the external background as lo-
cally constant. There are basically two different ap-
proaches. The first one is based on calculating the po-
larization tensor in constant crossed fields and then us-
ing the actual spatiotemporal dependence of the plane-
wave field (1) when integrating over . The second
method employs the Heisenberg—Euler effective La-
grangian computed in a constant electromagnetic field
and takes into account the leading-order quantum cor-
rection with respect to the field amplitude Fy. The
first approach is generally more accurate as it incor-
porates the higher-order terms in Fy and involves the
expression for the polarization operator which is de-
rived for arbitrary photon energies ¢p. The second
technique based on the Heisenberg - Euler Lagrangian
is only valid for sufficiently low photon energies, when
there is only a small momentum transfer into the eTe™
loop in the diagram in Fig. 1. Besides, the applicabil-
ity of this method is limited since it involves the PT
expansion with respect to the field amplitude. In what
follows, we will describe the both approaches and then
thoroughly analyze their validity.

5.1. Polarization operator in constant crossed
fields

In the setup under consideration, the vector po-

tential (1) is assumed to be a monochromatic plane

wave (2). If one replaces sin ¢ in Eq. (2) with ¢, the

external background will obviously become a combina-

tion of constant crossed electric and magnetic fields,
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E, = By, = —Ey. In this case, one can also perform
nonperturbative calculations of the polarization ten-
sor [34-36] and then locally approximate a generic ex-
ternal background by constant crossed fields [24]. Ap-
plying this technique to the field configuration (2), one
obtains

Mibey = / (XY w1, @)
)
O / (XY w2, 6n
)
where x = 26, w = 4/(1 — v?), and
g(v) = / dipf' (u)(cos 9)*/?, (38)
)"

flu) = i/dreﬂ'(“ﬂ”a/?’) = wGi(u) + imAi(u). (40)
0

Here Gi and Ai are the Scorer and Airy functions, re-
spectively.

Note that the integrals in Egs. (36) and (37) depend
only on x, i. e. the product &7, which simplifies the fur-
ther analysis. This fact is a well-known property of the
LCFA [37]. This approximation is well justified if the
parameter ¢ is sufficiently large, so one can expect that
the predictions (36) and (37) significantly differ from
the exact nonperturbative result given in Eq. (16) once
& < 1. This issue will be discussed in detail in Sec. 7.

Finally, we present the asymptotic forms of
Egs. (36) and (37) in the case xy < 1. One obtains

ReMlb = -2 [1+ 1 vou)). @
Re M2, = —475’222 [1 + i—g N O(x“)} : (42)
ity = -2 [T O 0], ()
22y = -2 [T 00 0] (4

For small x the imaginary part is exponentially sup-
pressed corresponding to tiny probabilities of the pho-
ton decay. Note that the ratio x/{ coincides with
e =21 in Egs. (32) and (33), so the leading-order con-
tribution is reproduced by the LCFA. Nevertheless, the
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validity of the LCFA and that of the PT expansion cor-
respond to substantially different domains of parame-
ters. Whereas for given £ they both are accurate for
sufficiently small 7 < nmax(§), with increasing £ the
bound Nmax(§) increases in the case of the LCFA and
decreases in the case of PT. This will be quantitatively
demonstrated in Sec. 7. Finally, we note that both the
LCFA and PT capture the imaginary part of the po-
larization tensor.

5.2. Heisenberg— Euler approximation
Another approach is based on the PT expansion of
the polarization operator derived from the one-loop ef-
fective Lagrangian in the presence of a constant electro-
magnetic background [23]. The approximate formula
for the &2 contribution to the polarization tensor has
a e?

the following form:
_ 4 W(k—q)x
" 45mmt / A

x [4(qF)“(kF)” +7(qG)M(kG)”].  (45)

HféFA_HE(qa k)

Here
(kF) = k,F™.
The electromagnetic tensor
F.=0,A,—0,A,
and the dual tensor
GM = (1/2)e""P? F,o

are evaluated at the spacetime point x according to the
local treatment of the external field. In the case of the
plane-wave background (1), the integrals in Eq. (45)
lead to the conservation laws which may change the
photon momentum by +2w or keep it the same. We
are interested in the latter contribution governing the
elastic process. The explicit form of Eq. (45) then reads

v 32m3a 5 o wqo 2
HLCFA-HE, clastic (@, k) = 15 m-§ sy X
0 0 0O
0 4 00
x O0(k — 46
( 2 0 0 70 (46)
0 0 0O

This exactly corresponds to the leading low-energy
terms in Eqs. (32) and (33) and to the leading-order
terms in Eqs. (41) and (42). In what follows, they will
be denoted by M}lpa yr and MPEpa ye, respectively.
Note that the leading-order LCFA expressions com-
pletely disregard the imaginary part of the polarization
tensor, i.e., fail to describe the process of dichroism.
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6. DIRECT EVALUATION OF THE FEYNMAN
DIAGRAMS

Here we will directly compute the Feynman dia-
grams depicted in Fig. 2. The corresponding ampli-
tudes and accordingly the contributions to the polariza-
tion tensor are proportional to E3, i.e. &2 [cf. Eq. (25)].
Each interaction vertex involves the energy-momentum
transfer with the four-vector K, where K* = wn” is
the four-momentum of the photons that constitute the
external plane wave. As we are interested in study-
ing the elastic contributions, the two vertices in each
diagram should correspond to one emission and one ab-
sorption, so the diagram represents essentially a two-to-
two scattering process. Since one has to evaluate three
diagrams, the leading-order matrix M/ { is a sum of
three terms, M}'5 = M| + M}" + M4". Considering,
for instance, the first diagram and using the Feynman
rules, we obtain the following expression for M{":

, i
Mlu :—8? Z /d4p><

s=+1
x Tr [’y”S(p—i— q/2 — sK/2)x
7S (p+a/2 + sK/2)x
x yYHS(p—q/2 + sK/2)x
7 S(p—q/2 - sK/[2)]. (47)

Here s indicates at which of the two vertices the
external-field photon is emitted (absorbed). The inte-
gration variables p* are shifted, so that the integrand
has a more symmetric form (cf. Ref. [38]). The electron
propagator is given by

Yo +m
—

S(p) = : (48)

m2 — p? —ie

where ¢ — 0.

One can explicitly verify that the total expres-
sion for M{{ depends only on the product wgqy, i.e.
n = wqo/m?, in accordance with Eqs. (26) and (27).
Therefore, we will assume that gq w = /nm, so
K = —q. Then Eq. (47) takes the form

v 1
M = ) dz/d?’px

x Tr [v/S(z,p + @)7' S(z + 0, p) x
X YS(z,p — @)7"S(z — qo, p)+
+77S(2 4+ qo, )V S(2,p + q) x
X YS(z = q0, PV S(z,p— @)]. (49)
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—m—qy —m —m+q I : :
A

Fig. 3. Branch cuts (red) of the electron propagators in the
case qo < m before the z integration in Eq. (49) and a possi-
ble integration contour (blue).

The trace contains denominators that for each p turn
to zero at complex points z with small nonzero imagi-
nary parts for nonzero values of €. After the p integra-
tion, the trace as a function of z possesses six branch
cuts depicted in Fig. 3 for gy < m. The z integration
over the real axis in Eq. (49) can be, in fact, performed
over any contour like that displayed in Fig. 3, provided
it does not intersect any of the branch cuts. In the
case go < m (n < 1), one can, for instance, rotate
the contour, so that it coincides with the imaginary
axis. Substituting then =z iw, where w € R, one
can explicitly demonstrate that the total contribution
MIE = M + MY + MY” is real in accordance with
Egs. (26) and (27).

In order to address the high-energy case n > 1, we
employ the following numerical procedure. We change
the order of the z and p integrations and first integrate
over z € R. Accordingly, the z integrand has a number
of isolated poles &; — ice where 0 = £1 and the real
parts &; depend on p. In each vicinity (§; — 9,&; + 0)
we perform the integration semi-analytically by means
of the Sokhotski—Plemelj identity. This allows us to set
¢ = 0 while performing the rest integrations numeri-
cally and avoid computational singularities.

Our procedure was also generalized to compute the
diagrams for arbitrary independent ¢y and w. The
main steps here are generally the same. After that, we
confirmed the results obtained by means of the tech-
nique described above. Finally, we note that the ex-
pression (49) has a similar form to the amplitude of
photon emission via the so-called tadpole diagram (see
Ref. [39], where it was evaluated in the regime 1 < 1).



MITP, Tom 166, BeI. 2 (8), 2024

Vacuum birefringence and dichroism...

1.5

LO —
LCFA-HE |
 Egs. (32), (33) — —

Re 6 M

Im 6 M

0.2

Fig. 4. Real and imaginary parts of the difference M = M — M?? calculated within the leading-order of perturbation theory
[Egs. (26) and (27)], by means of the Heisenberg—Euler approximation (46) and according to the low-energy expansions (32)
and (33). The latter two approaches yield zero imaginary part

7. NUMERICAL RESULTS

We will now perform numerical calculations of the
difference M = M — M??, whose real and imagi-
nary parts govern the effects of vacuum birefringence
and dichroism, respectively. First, we will evaluate § M
within the leading order with respect to the field am-
plitude. In this case, the results do not depend on &.
In Fig. 4 we present 6M as a function of 7. First,
one observes that the Heisenberg—Euler approxima-
tion within the leading order of perturbation theory
can be accurate only in the low-energy regime. If one
takes into account the n* terms according to Eqgs. (32)
and (33), the results become slightly more accurate al-
though they completely fail to reproduce the full PT
results for n > 1. Second, the more general expres-
sions (26) and (27) yield a nonzero imaginary part for
n > 1, so the PT approach may allow one to describe
the effects of dichroism. Finally, we note that our
approach based on direct computations of the Feyn-
man diagrams as described in Sec. 6 provides exactly
the same results as Eqs. (26) and (27), which bench-
marks the corresponding numerical procedures. To
judge whether the leading-order approximation is jus-
tified, one has to perform nonperturbative calculations
for various values of &, which will be done next.

In Fig. 5 we display the real and imaginary parts of
0M as a function of 7 for three different values of &: 0.1,
1.0, and 10.0. We refer to Eq. (16) as the ezact result.
First, we observe that the 1 dependence very nontriv-
ially changes as a function of £, which cannot be taken
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into account by means of the PT approach. Whereas
for £ < 1, this approximation provides indeed very ac-
curate results within a broad range of 7, for £ 2 1, it
fails to reproduce the exact values unless n < 1. Sec-
ond, as was mentioned above, the LCFA predictions
have the form §Mr,cra (&,1) = (1/62)6Mycra(1,£n), so
the different LCFA curves can be obtained by simply
rescaling the plot axes. This approach does not allow
one to describe the nontrivial structure that takes place
for £ < 1, although it is accurate for very small 7, where
the expansions (41) and (42) are valid.

Let us now quantitatively identify the domains of
validity of various approximations for describing the
vacuum birefringence effects. In Fig. 6 we identify the
values of ¢ and 7 for which the approximate predictions
match the exact results with a relative uncertainty on
the level of 10%. First, let us discuss the PT approach,
which yields the leading-order estimates (26) and (27).
In the regime & > 1, it is only valid for n < 1. It
turns out that in the corresponding domain of parame-
ters x < 0.5. Since for large values of £ one can employ
the LCFA, it is possible to estimate the exact result
for the real part of M* by means of Egs. (41) and
(42). Comparing these with the low-energy asymptotic
expansions (32) and (33), one can obtain the thresh-
old value of x. For instance, requiring that the rela-
tive uncertainty of PT be less than 10%, one obtains
X < 1/(7/2)0.1 =~ 0.59. According to our numerical
analysis, this condition, in fact, reads xy < 0.55. In
the regime ¢ < 1, the validity of the LCFA (36), (37) is
very limited, so one has to directly compare the leading-
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Fig. 5. Real and imaginary parts of the difference 6M = M*' — M?? evaluated within the leading-order of perturbation theory

[LO, Egs. (26) and (27)], by means of the LCFA [Egs. (36) and (37)] and exact nonperturbative expression (16) for £ = 0.1
(top), & = 1.0 (middle), £ = 10.0 (bottom). For £ = 0.1 the «LO>» and exact curves coincide
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Fig. 6. Domains of the validity of the various approximate

methods for describing vacuum birefringence: LCFA based on

using the polarization tensor in constant crossed fields (LCFA),

Heisenberg — Euler approximation (LCFA-HE), and PT calcu-

lations within the leading order in terms of the external-field
amplitude (LO)

order PT results with the nonperturbative predictions.
In this domain, the applicability of perturbation the-
ory is not solely governed by x as can be seen in Fig. 6,
where the domain of the PT applicability is no longer
bounded by a straight line. Finally, we note that in the
region & < 1, even if the PT approach fails to repro-
duce the exact results for n ~ 1, it may provide quite
accurate predictions for sufficiently large values of 7,
where Re M becomes close to —1 [see Fig. 5 (mid-
dle)]. Moreover, in this region the nonzero imaginary
part of the polarization operator can also be obtained
by means of perturbation theory.

In order to identify the validity domain of the
leading-order Heisenberg — Euler approximation (46), it
is sufficient to compare its predictions with the leading-
order PT result (26), (27). Since within these ap-
proaches the matrix M*” is independent of £, one
should only determine the threshold value of 7. For the
10% uncertainty level, it amounts to Mya, &~ 0.44. The
validity domain of the Heisenberg —Euler approxima-
tion is then the intersection of the region n < 0.44 and
the validity domain of the PT approach. Note that the
fact that the leading-order Heisenberg — Euler approxi-
mation is only valid for sufficiently small x and 1 was
also discussed in Ref. [21] from the general perspective
of the derivative expansion of the effective Lagrangian.

The applicability of the LCFA (36), (37) corre-
sponds to a much larger region than that where the
Heisenberg — Euler approximation is justified. It not
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only describes the effect of birefringence in the low-
energy domain but is also valid in the case of high-
energy probe photons ( 2 1), provided & > 1.

As was indicated above, the imaginary part of the
polarization tensor, which is responsible for dichroic
properties of the vacuum, cannot be estimated by
means of the leading-order Heisenberg — Euler approxi-
mation (46). Nevertheless, both the PT approach and
the LCFA (36), (37) are very useful here — they can be
employed within the corresponding regions indicated in
Fig. 6.

According to our results, the validity domain of
the Heisenberg—Euler approximation is the smallest.
The corresponding results can always be additionally
confirmed by either perturbation theory or the LCFA
based on the calculation of the polarization operator
in constant crossed fields. The advantage of the latter
approach is the possibility to consider larger values of
n once £ 2 1. Note also that a considerable part of the
plot in Fig. 6 relates to large values of the parameter Yy,
which are not realistic at present. Nevertheless, given
the logarithmic scale in the graph, the LCFA covers
a domain of parameters which is substantially broader
than the validity region of the Heisenberg—Euler ap-
proximation. The PT approach is always accurate once
the LCFA-HE technique is justified. In addition, the
leading-order predictions coincide with the exact re-
sults for any values of 7 if £ is sufficiently small.

8. CONCLUSION

In the present investigation, we examined the ef-
fects of vacuum birefringence and dichroism in strong
plane-wave backgrounds by means of several theoretical
methods allowing one to evaluate the leading one-loop
contribution to the polarization operator. First, we
employed closed-form expressions exactly incorporat-
ing the interaction between the electron-positron field
and classical external background depending on the
spatiotemporal coordinates. Second, we performed cal-
culations within the leading order with respect to the
field amplitude, i.e., by means of perturbation theory.
This was done by expanding the nonperturbative result
and by means of our numerical method based on a di-
rect evaluation of the leading-order Feynman diagrams.
It was found that these two approaches yield identical
quantitative predictions both for real and imaginary
parts of the polarization tensor. Varying the field pa-
rameters and the probe-photon energy, we examined
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the validity of the perturbative methods. Third, we uti-
lized the locally-constant field approximation (LCFA)
in two different forms: Heisenberg—Euler approxima-
tion and the technique involving exact expressions for
the polarization operator in constant crossed fields. By
comparing the approximate predictions with the ex-
act results, we evidently identified the field and probe-
photon parameters for which each of the approximate
techniques is justified.

An important prospect for future studies is the anal-
ogous analysis beyond the plane-wave scenario, where
the exact analytical expressions are unknown. In this
case, for instance, the applicability of the LCFA may
be additionally limited if the external electric and mag-
netic fields are not crossed in contrast to the field con-
figuration examined in the present investigation.
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1. BBEAEHUE

B nacrosiee Bpemst B OTOHHO# Te€pAINU OHKOJIO-
PUYECKUX 3a00JIEBAHUN MHTEHCUBHO UCCJIEYIOTCS Pa-
JIMOCEHCUONTN3ATOPBI HA OCHOBE METAJIIMIeCKIX HAHO-
gactuy (HYI) [1-3]. JocraBka HAHOYACTHI] HELOCPE-
CTBEHHO B OILYXOJIEBYIO TKAHb C HOCJIELYIOMINM 00Ty de-
HUEM KECTKUM DPEHTTeHOBCKUM HU3JIyIe€HHEeM TO3BOJIs-
€T CYNIECTBEHHO YBEJNIUTD MOIVIOMEHHYIO JI03y BHYT-
DU OILyXOJIM ¥ MUHUMU3UPOBATH PAJINAIMOHHbIE TOBDE-
JKJICHUST 3I0POBBIX TKAHEIH.

Qusnueckass OCHOBA TPUHIUIA JIEHCTBUST DPAJIAO-
CEHCUOMIN3ATOPOB HA OCHOBE HAHOYACTHUI] METAJIIOB C
BBICOKAM ATOMHBIM HOMEPOM COCTOHUT B CJIEIYIOIIEM.
Bo-niepBbix, Omarojapst ToMmy, 9To cedenne (hoTOnOHU-
3alUU BO3PACTAET C YBEJUYEHUEM ATOMHOIO HOMEDA,
BBEJICHUE B OIyXOJIb HAHOYACTHIL, COJCPIKAIIIX TIKe-
JIbIE ATOMBI, IIPUBOJIUT K YBETMYEHUIO BEPOSTHOCTHU T10-
ryorienust GOTOHOB BHYTPHU OIMyX0Jid. BO-BTOPBIX, TIpH
doTomOHM3AMHI ATOMOB HAHOYIACTUI, (POTOHAMHU FKECT-
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KOO PEHTIeHOBCKOIO W3JIy4YeHHUs] MOHU3UPYIOTCS Ipe-
UMYIIECTBEHHO BHYTPEHHIE 0D0JI0YKNA aTOMOB HAHOYA~
CTHII, PACIAJ] BAKAHCHN B KOTOPBIX IIPEICTABIIAET CO-
60l KacKaJI [0CjIe/I0BaTe/IbHBIX PAJIMAIMOHHBIX U 0e3-
paualnoOHHBIX 11epexooB. IIpu 3ToM, Kak ObLIO MOKa-
3aHO B paborax [4-6] ma upumepe pacuaja BaKaHCHUii
B K- u L-obosioukax aromoB Fe, Ag u Au, ucmyckaer-
Csl JIOCTATOYHO OOJIBINOE KOJUIECTBO OXKe-3JIEKTPOHOB
¢ sueprueit or 105B 10 15 k3B, kKoTopsie BmMecte ¢ do-
TORJIEKTPOHOM YHOCHAT C CODOI OOJIBIIMYIO YaCTh SHED-
IUU TIepBOHAYAJIBHO IOTJIOMIEHHOTO hoTOHA. B-Tpersh-
X, CpeIHsis Heylpyras JinHa CBOOOIHOrO mpobera
02K€-3JIEKTPOHOB B BOJIe U OMOJIOTMIECKUX TKAHSX CO-
crasjser oT 1 10 10 uM. B pesysbrare 3TOro 0xKe-3j1eK-
TPOHBI, UCIIyCKaeMble HOHU3UPOBAHHON HAHOYACTHUIIEN,
00JIaAI0T BBICOKON TOPMO3HOI CIHOCOOHOCTBIO W MO-
I'yT [POU3BECTU OOJIBIIOE KOJIMIECTBO aKTOB BTOPHUY-
HOIl MOHM3AIMU B HEIOCPEICTBEHHOM OJIN30CTH OT II0-
BEPXHOCTHU HAHOYACTUIIHI BHYTPU PAKOBOI KJIETKH, BbI-
3bIBasl PAJIMOJIN3 MOJIEKYJI BOJIBI U OOpa30BaHUe AKTUB-
HBIX (POPM KUCJIOPOJIA, IPUBOISIINX K OKCUIATUBHOMY
crpeccy u rubesim PaKOBBIX KJIETOK.
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IIpu pazpaboTke panOCCHCUOMTU3ATOPOB Ha OC-
HOBE HAHOYACTUIL HEOOXOIMMO UMETh KOJTMIECTBEHHYIO
nHadOpMAIIIO 00 IHEPIETHIECKUX CIIEKTPAaX UCITyCKae-
MBIX UMU (DOTOHOB U 3JIEKTPOHOB, O KOJIMYECTBE U IIPO-
CTPAHCTBEHHOM PACIIPEIEJICHIN BBI3bIBAEMBIX MU AK-
TOB BTOPUYHON HOHU3AINH U O TIOTJIOMIEHHON B 9THX aK-
Tax SHEPrui, a TaKkyKe HeOOXOIMMO 3HATH 3aBUCUMOCTHU
JAHHBIX XapPaKTEPUCTUK OT COCTABA M pa3Mepa HAHO-
YaCTHUIL U OT SHEPruu nepBuIHbIX HoToHOB. [TockombKy
9KCIIEPUMEHTAIBHOE OIPE/ICJICHNE JTAHHBIX XapaKTepu-
CTHK Ha HAHOMETPOBOM MAacIITabe BHYTPH KJIETKH BPsil
JIX BO3MOKHO, TPAIUIUOHHBIM ITOIXOIOM JIJIsi Pellre-
HUsI JJAHHOM 3a/1a41 sIBJISIETCsI IIPOBEIeHIe KOMITBIOTEP-
Horo MmogesupoBanus mMerojoMm Monre-Kapio. Xopo-
muit 0630p Ha TeMy npumMenenus Metoaa Moure-Kapio
JIJTsT MOJICJIMPOBAHUST ITPOIIECCOB PAIHOCCHCUONITN3AIIH
C WCIIOJIb30BAHUEM MeTaJIJINYeCKUX HAHOYACTUIL JaH B
pabore [7].

B macrositiiee BpeMsi CyIIECTBYIOT XOPOIIO 3apPEKO-
MeHIOBaBIMMe cebs W BCECTOPOHHE alpOOMPOBAHHDLIE
[TaKeThl KOMIIBIOTEPHBIX IIPOrPAMM JIJIsi MOJIEIUPOBa-
Huss Merosgiom Monre-Kapiio mporeccoB B3anmoieii-
CTBUsI NOHU3UPYIONINX U3JIyIEHUI C BEIECTBOM, TAKUE
kak Geant4-DNA [8,9] u PENELOPE [10]. Oanako
HEOOXOJMIMO OTMETHTH, ITO IIPOTIECCHI KACKATHOIO Pac-
rajia BHYTPEHHUX BAKAHCHIL, UTPAIOIIIE OJIHY U3 TJIaB-
HBIX POJIEl B MEXaHU3ME PaJUOCEHCUOMIN3AINN, B yKa-
3aHHBIX [TAKETaX KOMIIBIOTEPHBIX IIPOrPAMM OIUCHIBA-
FOTCs J0CcTaTO9HO rpy6o. KiroueBbiMu XapakTepucTu-
KAMHU IIPY OMUCAHNN KACKAIHON PeJIaKCAIINT SJIEKTPOH-
HBIX BAKaHCHIl B aTOMaX SIBJISIFOTCS IAPIUAIbHbIE [TU-
PUHBI ¥ SHEPIWM PAJUAIMOHHBIX U Oe3paMalliOHHBIX
nepexojioB. B Geant4-DNA u PENELOPE wucmosib3y-
FOTCs NapIra/ibHble MIUPUHBI ¥ SHEPIUU [IEPEXOIOB U3
6ubsmorekn EADL [11], B KOTOPOIi IpeICTaBIEHBI JTaH-
HbBIE JJI [IEPEXO/IOB U3 SJICKTPOHHBIX KOHMUTYpAIuit
c omHOI BakaHcueil. B To ke BpeMms KacKaJHBIA pac-
a1 IyOOKOH BAKAHCUU B TSYKEJIOM aTOME MOXKET CO-
CTOATH U3 OOJIBIIOTO YuCIa 0e3PaIUAIIMOHHBIX TIePEX0-
nos. Hampumep, B pe3yibrare paciaja 2S-BaKaHCUU B
none 3oj0ta Au' mcmyckaercs B cpemem 9.2 3ek-
tporos [12]. Takum o6pa3om, MHOTHE KACKAHBIE 1€~
PEXObI TIPU PACIajie BHYTPEHHUX BAKAHCHUN ITPOUCXO-
JIT B MHOTO/BIPOYHBIX JIEKTPOHHBIX KOH(DUTY PAIUSIX.
Kak 6b110 mokazaso B paborax [13-15], nucronb3osanne
[IpU OIMCAHUU KACKAJHBIX PACIAI0B IIyOOKMX BaKAaH-
chit SHEPTUil IEPEXOI0B U3 OTHOABIPOIHBIX KOHMUTYpa-
Ui TPUBOJUT K ONIUOOYHOMY YUeTy 3allpeIleHHbIX 110
SHEpruu Oe3paINAIMOHHBIX [T€PEX0I0B, CyIIeCTBEHHO-
My HCKalKEHUIO JePEBbEB PACIala U, KaK CJIEJCTBUE, K
3HAYNUTEJIbHBIM IIOI'PEITHOCTSIM B PACCUUTHIBAEMBIX Xa-
PaKTEePUCTUKAX KACKA/IHBIX PACIIa 0B BaKAHCHUI.
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C jyroii CTOPOHBI, B HACTOSIIEE BPEMsI UMEKOTCs
XOpOIITO pa3pabOTaHHBIE METO/bI OIUCAHNS KACKATHBIX
paciajioB BAKAHCHH B M30JIMPOBAHHBIX aroMax (cm. [13]
u ccbuiku TaMm). B paBorax [16,17] 6bu1 pasBuT me-
TOJI, OIMUCAHUS MPOTIECCOB KACKATHOIO PACIAIA BaKaH-
cuil IyTeM MOCTPOEHUsI W aHAJU3a JepeBa pacnaja. B
9TOM METOJe SHEPIusl IIepexojla PACCUUTHIBAETCS KakK
Pa3HOCTb CPEHNX IOJIHBIX SHePruii HAYaJIbHON M KO-
HEIHONW MHOTOIBIPOYHBIX KOH(MUTYpAInii mepexoa, a
TaKKe yIUTHIBAETCsSI BO3MOXKHOE IIePEKPbIBAHUE MYJlb-
TUILIETOB HAYAJIHLHON U KOHEYHO# KoHMUryparmuii ¢ mo-
MOTIIBIO METOJIA TJI0OATBHBIX XaPAKTEPUCTUK ATOMHBIX
criekTpos [18]. Kpome Toro, B [16,17] 6611 npeiiozken
CI10c06 IIPOCTOrO U JOCTATOYHO TOYHOTO yIeTa BIUSTHUS
JIEKTPOHHON KOH(UTYpAIMKA HA TAPIUAIbHBIE THPU-
HBI IEPEXO/IOB.

Meros mocTpoeHus 1 aHAJM3A AepeBa pacriaia ObLI
npuMeHeH B padorax [6,12,13,19] st onucanus pacna-
JIOB BaKAHCHUI BO BHYTPEHHUX 000JI0YKAX U30JIUPOBAH-
HOTo aToma 30Ji0Ta. B [12,13] OGbutn paccauTanbl 3a-
PSIZIOBBIE CIIEKTPhI KOHEYHBIX MOHOB 30JI0Ta, 00pa3yo-
[UXCsI B pe3yJIibTraTe KaCKaHbIX PACIIal0B BHYTPEHHUX
BakaHCUil B pas3jndHbix 1ozgobosioukax. B [6,19] pac-
CYUTAHBI CHEKTPBI (DOTOHOB W 3JIEKTPOHOB, UCITYCKAEe-
MBIX B XOJIe KACKaJIHOI pejlakcallui BaKaHCU, Olpe;ie-
JIEHBI CPEJIHUE SHEPIUU, MEPEU3JIyIaeMble ATOMOM 30-
JioTa BMecTe ¢ (OTOHAMU U JIEKTPOHAMHE, & TAKIKE Pac-
CUNTaHBbl 3aBUCAMOCTHU IIE€PEU3JIydaeMbIX JHEPIUil OT
SHEPI'UU IEPBUYHOIO (POTOHA, MOHUBUPYIOIIETO aTOM
3os10Ta, B auanazone or 0.01 1o 102 k3B.

Ipeagoxkennnie B [16, 17| npubiukenus s pac-
JeTa SHEPruil W MapiyuajbHBIX [TUPUH TIEPEXOJIOB TPH
OIMCAHUU KaCKaHOI'O Paciiajia BAaKaHCUI ObLIN B J1a/1b-
Heiliem peayin3oBanbl B ajiropurme Morre-Kapiio st
MOJIEJTUPOBAHNS BO3JICHCTBUSA MOHU3UDYIOINUX U3JLYde-
Huil Ha BemecTBo [20-23].

B [22] merogom Monte-Kapio Gbuin paccanTanb
creKTpbl (POTOHOB U 3JIEKTPOHOB, UCIIYCKAEMbBIX U30JI1-
DPOBAHHBIME KEJIE3HBIMU HAHOYACTUIIAME JTHAMETPOM
or 2 1o 130 M npu moruiomennn (BOTOHOB C dHEPrueit
J10 11 k3B. OupejiesieHbl SHEPTUH, OTJIOIAEMbIe HAHO-
YACTHIEH U IepensJrydaeMble €0 B OKPYIKAIOIIYIO Cpe-
JIy BMeCTe CO BTOPUIHBIMU (DOTOHAMU U IJIEKTPOHAMHU.
VeTraHOBJIEHO, YTO IIPU SHEPIUU IIEPBUYHBIX (DOTOHOB
10 ropora nonnsanuu K-obosmouku aroma Fe GoJibimast
YaCTh SHEPIUHU MOTJIOMEHHOTO (DOTOHA MTEePEn3/TydacT-
¢ HAHOYACTUIEH BMECTE ¢ BTOPUIHBIMU SJIEKTPOHAMM
(mpexxie Bcero hoTo- U 0¥Ke-3JeKTPOHAMHU) C SHEPIU-
eif, JIOCTATOYHO [I MOHU3AINN MOJIEKYJI BOabl. [Ipu
SHEPIUM K€ MEePBUIHBIX (POTOHOB 3a K -TIOpOrom 3Ha-
YUTEJIbHYI0 YaCTh SHEPIUM W3 HAHOYACTHUIIBI YHOCHT
2p — 1s-oTOH, UCIyCKaeMbIil ¢ OOJIBIION BEPOSTHO-
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Puc. 1. Cxema, nnnioctpupytowas nposegeHue skcnepumenta MonTte-Kapno. Yepras cnnowHas nuHusi — nagatowmii Ha Ha-
HOYaCTNLY NEPBUYHBIA (POTOH, KPaCHbIE CMJIOWHbIE JIMHUNM — TPEKN BTOPUYHbLIX 3/1IEKTPOHOB, 3eJIeHbIE MYHKTUPHbIE JINHAN —
BTOPUYHbIE (POTOHBI

CTBIO Ha TIEPBOM IMare pacmajia 1S-BaKaHCUU B aTOMe
xkejesa. C yBeJimdeHneM JUaMeTpa HAHOYACTHILLI yBe-
JITIABAETCS KOJMIECTBO MCITYCKAEMBIX €10 HU3KOIHEP-
PEeTUYECKUX DJIEKTPOHOB ¢ sHeprueit 10 103B. Onu 06-
pasyroTCcs B aKTaX BTOPUYHONW MOHU3AIUU 3JIEKTPOH-
HBIM yJIapOM aTOMOB Kejle3a BHYTPH HaHOYACTHUIIHI.
Takne HU3KOIHEPIETUIECKHE HJIEKTPOHBI HE CIOCOOHBI
MOHU3UPOBATH MOJIEKYJIbl TKAHE, OKPYZKAIOIINX HAHO-
YaCTUILY, HO MOT'YT IIPUBOIUTD K PA3PyIIEHUIO MOJIEKYJI
JHK mo MexaHu3My AUCCONUATUBHOTO MIPUCOETMHEHHST
JIEKTPOHOB [24].

B [23] nmposeeno mMozesupoBanne MeTogoM MonTe-
KapJjio jpuccunanuu sHepruu B BOJE IPHU KACKAIHBIX
pacmajgax BHYTPEHHNX BaKAHCHI B HAXOMISIIEMCS B BO-
e noHe xkejesa Fe . Paccunranbl 3aBHCHMOCTH IIOTIIO-
IIEHHON JI03bl OT PACCTOsSIHUSI OT WOHA Kejie3a. ycTa-
HOBJIEHO, YTO pacnaj] oJuHodHO#l Fels-Bakancuu wH-
JYIAPYET B cpejiHeM 232 akTa BTOPUYHONW MOHUBAIINHT
MOJIEKYJI BOJIbI 3JIEKTPOHHBIM yJIAPOM, B KOTOPBIX IIO-
roraeTcsa npumepro 327458, n 18 akToB BTOpUIHOM
doTonmoHm3aNNM, B KOTOPBIX HoryIommaercsa 256 3B.

B nannoit pabore meron Monre-KapJio, peasmzo-
BaHHBbIH B [20-23|, HpuMeHsieTCsl JIsS MCCJIe[OBAHUST
MIPOIIECCOB TOTJIOMIEHUST YHEPTUH, TTPOUCXOIAIINX B BO-
Jie BOJIM3U MTOBEPXHOCTU 30JI0TOH HAHOYACTHUIIBI, O0JIY-
qaemoii poronamu ¢ sueprueii or 20 ;10 80 xk3B. Iesbio
JAHHON pabOTHI ABJIAETCA PACIET PaInaIbHOTO pacipe-
JeJIeHUsT aKTOB BTOPUYIHON MOHU3AIINN W TOTJIOMEHHOIT
JIO3BbI B 3aBUCUMOCTHU OT SHEPIHMH [IEPBUYHBIX (DOTOHOB
U JuaMeTpa HAaHOYACTHIIBI.
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2. METO/I PACYETA

MopenupoBanue IporeccoB B3anMoieiicTBust poTo-
HOB W 3JIEKTPOHOB C aTOMaMHU IIPOBOIUTCHA B cdepu-
9eCKON 30HEe B3aMMOJEHCTBHUA C PAIUYyCOM R, one
100 mxm, KoTOpBINT npumepHo B 10 pa3 mnpesocxo-
JIUT XapaKTEePHbI JIMHEHHBII pasMep PaKOBBIX KJle-

TOK. B meHTpe 30HBI B3aMMOIEHCTBHUS PACIIOIATAET-
csl 30JI0Tasi HAHOYACTUIA C jJuameTpoM Dyp oT 2 10
100 5M, a TPOCTPAHCTBO CHAPY KU HAHOYACTUIIHI 3AI10JI-
Heno Bogoii (puc. 1). Hanouacruna u Boja paccMarpu-
BAIOTCs B NPUOJIMKEHUN HEB3AMMOJICHCTBYIOIIUX aTO-
MoB. OObeMHasi KOHIEHTPAIMS aTOMOB 30JI0Ta B Ha-
HOYACTHIIC PABHA MAy 5.90 - 10?2 e 3,
OTBETCTBYeT IIOTHOCTH TBEPOro 3070Ta 19.31/cM.
Komnrmenrpanum aToMoB KHCJIOPOJa U BOJOPOIA B BO-

9TO CO-

ne, no = 3.34-10*2 cm™3 u nyg = 2no, COOTBETCTBYIOT
JKUJIKO# BOJIe € TIOTHOCTBLIO 11/cm®.

Kaxmoe Monre-Kapio-ucnbiranune HaunHaercs c
dOTONOHM3AIUN OJIHOTO U3 ATOMOB HAHOYACTUIIBI (DO-
TOHOM ¢ 3Heprueit hv. Mecto Haga/bHO# hoTOMOHM3A-
U7 BBIOUPAETCH CIIydIaliHbIM 00PA30M B IIPE/IITOJIOKE-
HUHM PABHOBEPOSITHOTO TOTJIONICHUS (hOTOHA B JIIOOOH
TOYKE BHYTPHU HAHOYACTHIIBI, TIOCKOJIbKY CPEJIHSISI JJIU-
Ha, CBOOOIHOTO Ipobera Mma afomuX (POTOHOB BO MHOTO
pa3 6ompmie quamerpa HY. Beibop normsupyemoit nl -
110/T000JIOYKH ATOMa 30JI0Ta MPOBOIUTCS € HOMOIIBIO
reHepaTropa CIyJallHbIX 9HCe/l HA OCHOBE MapINajib-
HBIX cedeHuil dporomonmsarmu. B pesyibrare nepBud-
Hoit horononuzaruu obpasyercs (POTOTEKTPOH, KOTO-
pbIil 100aBJISIETCSI B CIIMCOK BTOPUYHBIX 3JIEKTPOHOB
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IS TaJbHERIIero MoOJIeJIMPOBAHUS €ro TPEeKa B 30He
B3AMMO/ICHCTBUSI, & B MOHU3MPOBAHHOM aTOME CO37Ia-
erca BaKancus B nl;-nogodosouke. Jajee 3amyckaercs
[IPOIIe Iy pa MOJIEJTMPOBAHUS KACKaIHOIO paciaia oopa-
30BaBIIeiiCcs BAKAHCUU.

2.1. MoanenupoBaHne KacKaJHOTO pacmaia
BaKaHCUU

Iycrs C(©) ecrp HavaIbHAST SJIEKTPOHHAS KOH(D-
rypaiusi MOHU3UPOBAHHOIO aTOMa, 30JI0Ta C BaKaH-
cueit B nlj-mogobonouxe. Ha mepsom mrare pacma-
Jla AHAJIM3UPYIOTCST BCE SHEPreTUICCKU W CHUMMETPU-
HO pa3pellleHHble PaJIMalliOHHbIe U Oe3paMalliOHHbIE
(Ozke, Kocrepa—Kponura u cynep-Kocrepa—Kpouu-
ra) mepexoibl u3 KoHMDUIYpAIUU C©) g kondury-
parnun Cél). st KaxKJI0ro paspenteHHOro IIePexoia
cO - Cél) PaCCUYUTBHIBAIOTCSI TapIUaJIbHbIE IIIUPUHBI
I ©) - C&l)) 1 OIIPEJICJIAIOTCS OTHOCUTEILHBIE BEPO-
arnocru x(C©) — C&l)), Ha3bIBa€MbIe TaKKe OTHOIIIE-
Husivu BerssieHnst (branching ratios):

r(C© — oMy
YL D0 — oWy

— oW

[e3

xX(c© ) (1)

ITocse sTOrO € MOMOIIBIO reHEPATOpPA CIIyIaANHBIX
qucesl HA OCHOBE PACCUNTAHHBIX OTHOIIECHUI BETBJIE-
Hust (1) BBIOMpaeTcst OJMH U3 BO3MOXKHBIX E€PEXOJIOB
cO — C&l), a WCIYIIeHHbIl B pe3yJibTaTe BhIOpaHHO-
ro nepexoza (HoToH (pu BEIGOPE PaJMAIMOHHOTO TI€pe-
XOJIa) WJIM JIEKTPOH (B ciiydae 6e3paiualiOHHOro Ie-
pexo/ia) 10BABISETCS B CIIHUCOK BTOPUIHBIX (POTOHOB 1
3JIEKTPOHOB JIJIs1 JIAJIbHEIIIIEro MOIeJIMPOBAHNUSI UX PAC-
IPOCTPAHEHUS.

Eciin obpasoBasiasicsi B pe3yJibrare IEPBOTO Ila-
ra pacraja KOHMUryparusi C’&l) UMeeT BaKaHCUU BO
BHYTPEHHUX 01000/I09UKAX, MOJICJINPOBAHIE KACKATHO-
ro pacraja MpoJoJKAETCA. AHAIMBUPYIOTCS MEPEX0-
JIbl C 3aIl0JTHEHMEM KasKJI0#l U3 UMEIOIUXCsl B KOH(U-
rypanun C&l) BHYTpEHHel BaKaHCUU U JJI BCEX Da3-
PEIEeHHBIX MIEPEX00B PACCIUTHIBAIOTCS MAPINAIbHBIE
[IUPUHBI U OTHOIIEHWS] BETBJIEHWs. 3aTe€M Ha OCHOBE
pacCUYUTAHHBIX OTHOIIEHUI BETBJIEHUSI CJIyYAHBIM 00-
pa30M BBIOMPAETCs OIMH U3 IEPEX0I0B Cél) — C’[(f), a
UCITyIIIEHHBIN B pe3y/ibrare repexoja pOTOH WU JIEeK-
TPOH IOTOJIHSIET CIUCOK aHAJM3UPYEMbIX BTOPUYHBIX
JACTUIL.

MopgenupoBanme KacKaJHOTO pAacraja BaKaHCHT
[IPOJIOJIZKAETCs 10 TeX 0P, IOKa II0CJIe OYEepPEeIHOTO
mara He OymeT BBIOpAH MEpexXoJ, MTPUBOMAIMINA K
00pa30BaHNI0 YCTONYINBOM MOHHON KOH(MUTYpAIUN, B
KOTOPO# BCE BaKaHCUM HAXOAATCA B CAMOU BHEIIHEH
101000JI09Ke.
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DHeprun KaCKaJIHBIX I[1€PEX00B PACCUUTHIBAIOTCS
KaK Pa3HOCTU CPEJIHUX SHEPrhil HadaJIbHONH M KOHEY-
HOIl MOHHBIX KOH(UIYPAIUii TIepexo/ia, IPeIBapuTe/Ib-
HO PACCYUTAHHBIX B npuOzkernn [laymm— Poka [25,
26| ¢ ygerom crimH-0pOUTAILHOTO paciiervienus. Mysib-
TUIJIETHASA CTPYKTYPa yPOBHE, 00YCIOBICHHAS JIEK-
TPOCTATUIECKUM B3aMMOJEHICTBUEM 3JIEKTPOHOB, yUU-
TBIBAETCS TMPUOIMIKEHHO ¢ TIOMOIIBIO METO/1a TJI00ahb-
HBbIX XapaKTEePUCTHK aTOMHBIX ciekTpos [18]. B ciy-
Jae OJIM3KO JIeXKAIUX 110 SHEPIUH KOHMUTY Pl JJIst
ydera MepeKpbIBaHUs MyJIbTUILIETOB ITPOBOJMTCS KOP-
PEKTHPOBKA SHEPIUU U HAPIHUATBHON IIUPUHBI IIEPEX0-
Ja, noxpobuo onucannast B [13]. Beero must mposee-
HUsI MOJIEJIMPOBAHUST KACKAIHBIX PaclialoB BAKAHCUN B
aToMe 30JI0Ta MOTPEOOBAIOCH ONTUMU3UPOBATH 86592
Pa3JIMIHBIX MHOIOJIBIDOYHBIX MOHHBIX KOH(MUIYpAIUii.

ljist pacdera napuuajbHBIX [TUPUH PAJIMAITOHHBIX
u 0e3paINAIMOHHBIX MIEPEX00B HCIIOIb3YIOTC PaJIin-
aJIbHbIE YaCTH ATOMHBIX OpOWTasieil, pacCANTAHHBIX B
npubsmkennu [laymm — @oka. [Ipu sToM mcmosb3yer-
ca npubsmzKenne, npeyiozkennoe B paborax [16,17], ¢
IIOMOIIBIO KOTOPOTO YJIAETCA OTHOCUTEIHHO IIPOCTO U C
[IpUeMJIEMOIl TOYHOCTHIO PACCUYUTHIBATE IITUPUHbI II€pe-
XOJIOB B IIPOU3BOJIbHBIX MOHHBIX KOH(UI'YPAIUSIX, CO-
JIepKAIIX [TPOU3BOILHOE YUCJIO BAKAHCHUIT B Pa3JIMI-
HbIX 1os060m09Kax. [logpobHoe omucanue mpore/ryphbl
pacdera nmapIuaJbHbIX [IUPUH [I€PEX0/I0B B IIPOU3BOJIb-
HBIX MHOTOJBIPOYHBIX KOH(MUIYpAIUdX ITaHO B pado-
rax [13,23]. Takxke B [13] mpuBeeHBl paccIuTaHHBIE
rapiaJibHble IUPUHBI PaUalliOHHBIX U Oe3paualiy-
OHHBIX EPEXOJIOB B ATOME 30JI0Ta C OJITHOU BAKAHCHUEH.

2.2. MopesmiupoBaHue pacnpoOCTPAHEHUSA
BTOPUYHBIX (POTOHOB U 3JIEKTPOHOB

ITocne 3aBepiieHUs MOJEIMPOBAHUS KaCKAIHOTO
pacia/ia BAKAHCUU B [I€PBOHAYAIBHO HOHU3UPOBAHHOM
BuyTpu HY arome 30/i0Ta HAUYMHAETCS MOJEINPOBaA-
HU€ PACIIPOCTPAHEHUsI BTOPUIHBIX (POTOHOB U SJIEKTPO-
HOB. Pacmpocrpanenne BTOPUIHBIX JYACTHUIL B 30HE B3a-
UMOJIECTBUsI PACCMATPUBAECTCS B IPUOJIMXKEHUU TIap-
HBIX CTOJIKHOBCHHUI, B paMKaX KOTOPOTO B3aMMOJICii-
CTBUE PACCMATPUBAEMOI IACTUIIBI C BEMIECTBOM IIPE/I-
CTaBJIsIeT CODON COBOKYITHOCTD ITOCJIEI0BATEIHLHBIX aK-
TOB B3aUMOJIEHCTBUS YACTHUIIBI C 0TI IbHBIMU aTOMaMU
BemecTBa [27]. Mex 1y aByMs TAKIMH ITOCJIEI0BATE b
HBIMH aKTaMU B3auMOJeHCTBUsT (A3/IyI€HNUSsT, OTTIONIe-
HUsI WM paccesiinst) dactuna (hOTOH MM JEKTPOH )
JBUXKeTC npsiMosnHeitno. lymua c¢cBobomHOrO mpobde-
ra 9aCTUIIBl § TEHEPUPYETCs Ha OCHOBE CPEHEH JJTHHBI
CcBOOOJTHOTO TIpobera, A:

s = —Aln(e), (2)

e & — 3HavYeHue CIyJYalHONW BEJIMYUHBI ¢ PABHOMED-
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Puc. 2. Ceyenus B3aumopgelicTeusi cpotoHa ¢ aTomom Au.
CnaowHas AnHUS — noJsiHoe cedeHune hOTOMOHM3ALMM, pac-
cunTaHHoe B [6] u ucnonb3yemoe B HacTosiweln pabote. Jan-
Hble 6asbl NIST SRD 126 [28]: kpy»xku — ceuerue doTono-
HMW3auuUK, LITPUXOBAsi JIMHUSI — CEYEHUE KOrepeHTHOro pac-
CestHUst, MYHKTUPHAsH JIMHUSI — CeHeHNe KOMMTOHOBCKOrO pac-
cestHusi. BepTukanbHbIMU NYHKTUPHBIMU JIMHASAMU OTMEYEHDI
noporu noxmsaumm Au

HBIM 3aKOHOM pachpejieiernss Ha wunrepsasie (0;1).
Cpennss ajnmHa cBoOOIHOrO Ipobera YaCTUILI B BEITe-
CTBE PACCUUTHIBACTCA HA OCHOBE CEUYCHUU B3aMMOJIEH-
CTBHUS PACCMATPUBAEMOI YACTHUIILI C ATOMAMUI CPEJIbI
0, W aTOMHBIX KOHIICHTPAIIINA N

1

> negos
a

B ciyuae ecom paccmarpumBaemasi dacTuiia HaXO-

A= (3)

gurcs BuyTpu HY, To cpemuss juHa ee cBOOOIHOTO
rpobera paccCUnThIBAETCS HA OCHOBE CeYeHUil B3aMMO-
JeiicrBus ¢ aroMoM Au (B 3HaMeHaTese dhopmyist (3)
CTOUT NALOAY), & €CJIU YACTHUIA HAXOIUTCI B BOJE, TO
Ha, OCHOBE cedeHuil B3aumoeiicTeus ¢ aromamu H u O
(B 3HaMeHarTese CTOUT NHoy + nooo). Ecian B pesyiib-
TaTe cBOOOIHOIO IIPOdera CJIyIaitHON JTHHBL S YaCTHUIA
nepecexkaet rpanuty HY, nepexons nz HY B Boy nim
Ha000POT, TO ONPEJIEISETCS TOUKA ITePECeTICHIsT TPAEK-
Topun YacTuilbl ¢ nmoBepxuocthio HY. 3arem u3 sroit
TOYKU IIPOU3BOJMTCS HOBBIN IIar B TOM Ke HallpaB-
JICHUHU, HO CO CJIydaiiHoii JymHoil s, paccunTanHOi Ha
OCHOBE CEYeHHI B3anMOAENCTBUS YaCTHUIILI C aTOMaMI
TOI 00JIaCTH, B KOTOPYIO IIEPEXOIUT JACTUIIA.

B nmammoit pabore mMbl paccmarpuBaeM (pOTOMOHU-
zamuio 3os0Toit HY dboronamu ¢ sueprueit 1o 80 k3B,
9TO MEHBINE MOTEHIINAIA HOHI3AINHN 1$-000I09KH aTO-
Ma 30510Ta, Iay1s ~ 81 k3B. IlosTomy mHanbosiee riry6o-
KOl BakaHcHueil, KoTopas MOKeT 00Pa30BaThCd B ATOME

198
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Puc. 3. Ceyenns B3aumopelicTens (hoTOHa C MONEKYION BOAbI.
CnaowHas nuHMS — nosHoe cedeHune hOTOMOHM3ALNK, pac-
cumTaHHoe B [23] kak cymma ceveruili hoTOMOHU3ALNN aTOMOB
BOLOPOAA U KNUCNOPOAA 1 MCNONb3yeMoe B HacTosiel pabo-
Te. Jantble 6a3bl NIST SRD 126 [28]: kpyxku — ceqeHue
hoTONOHU3ALMY, LITPUXOBAS NHUA — CeYEHNE KOFepeHTHOro
paccesiHusl, MYHKTUPHAs JUHUSA — CeYeHne KOMMTOHOBCKOMO
paccesHus. BepTukanbHbIMU NYHKTUPHBIMU AVHUSMU OTMe-
yeHbl noporu nonusauun atomos O n H

30/10Ta B pE3yJIbTaTe IMEPBUIHON (DOTOMOHU3AINH, STB-
JISIETCS BAKAHCHUA B 2S-110/1000JI09Ke, TOTEHITNAJ HOHU-
3a1un KoTopoii paseH Iau2s ~ 14.4 x3B. Cunexosarein-
HO, MaKCHUMaJibHasl SHeprusi BTOPUIHBIX (DOTOHOB, KO-
TOpbIEe 00PA3yIOTCd B PE3yJIbTATE PACIAa BAKAHCHIT B
aromax HY, ne npessbrimaer 14.3 k3B. B aToit obactu
SHEPIUHU KaK JJIsl 30JI0Ta, TaK W JJisi BOJBI, CEYEHUE
doTonoHM3AINN TPEBOCXOIUT CEUEHUsT KOTEPEHTHOTO 1
KOMIITOHOBCKOT'O paccesiHusl (poTOHa Ha 1-3 mopsijaka.
B ¢Bsizu ¢ 3TMM IIpu MOEJIMPOBAHUU PACIPOCTPAHE-
HUsI BTOPUYIHBIX (DOTOHOB B 30HE B3AUMOJICHCTBUS MBI
penedbperaeM KOrePeHTHBIM U KOMITTOHOBCKUM Paccesi-
HUEM U YUUTBIBAEM TOJIBKO IIPOIECCHl (DOTOMOHU3AIUN.
Takum 06pa3oM, UCIYIIEHHBI B XO/IE pacIaga BaKaH-
cun HoTOH OO TOTJIONIAETCS OTHUM U3 ATOMOB BHYT-
pu 30HBI B3anmonehcreus (B HY win B BOZIE), /16O
oKuaeT 30Hy. B cirydae morsiomienusi (OTOHA BHYTPU
30HBI HA OCHOBE MAPIMAJbHBIX CedeHuil (pOTOMOHU3A-
[N C [TOMOIIBIO FeHePaTOPa CJIyYailHbIX YHCeJI IIPOBO-
JauTcst BeIOOp moHusuposanuoro aroMa (O mwim H npu
norJonernu (boToHA B BOJE) ¥ MOHU3UPYEMOii 1101060~
JIouKu. B cydae noHn3anumn BHy TPEHHEH 1101000I109KI
aromoB Au uim O 3allycKaeTcst ONUCAHHASI BBIIIE IPO-
eIy pa MOJIEJINPOBAHNS KACKATHOW PEJIAKCAIINN BAKAH-
CHHU, U UCILyCKAaeMbIe B X0Je Hee (DOTOHBI U/ MU IJI€K-
TPOHBI JI0OABJISIFOTCS] B CIIMCOK BTOPUYHBIX YACTHUIL JIJIsI
JIaJIbHERIIero aHajms3a.
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[Taprmabuble cevdeHnst GpOTOMOHUBAIUN ATOMOB 30~
JIOTa, KUCJIOPOJIA W BOJOPO/IA, MCIIOJIb3yeMble IIPU MO-
JIEJIMPOBAHUN PACIIPOCTPAHEHUSI BTOPUIHBIX (POTOHOB,
ObLIN PACCUUTAHBI B JUIOJILHOM PUOJINKEHUU C UC-
[TOJIb30BAHNEM Ay TH-(DOKOBCKUX BOJIHOBBIX (DYHKITHI
B paborax [6] g Au u [23] g O w H u nHaxo-
JIITCST B XOPOIIEM COIVIACHU C JIAHHBIMHU JIDYTUX aB-
TOPOB. 371eCh MBI MPUBOJUM PACCUUTAHHBIE C UX IIO-
MOIIIBIO TIOJTHOE cevueHne (POTOMOHUBAINH ATOMA 3010~
Ta (puc.2) u noyHOe cedeHne (OTOMOHH3AIMU MOJIC-
KyJIbl BOJIBI (pHC.3), PACCUMTAHHOE KAK CyMMa Cede-
Huii HbOTOMOHM3AINN aTOMOB BOJOPOJIA U KHUCJIOPOJA,
OH,0 = 20H + 00, B CPaBHEHHUHU C CeYyeHusAMHU u3 Oa-
3bl ganabix NIST SRD 126 [28] auist mponeccos do-
TOMOHU3AINN U JjIs KOT€PEHTHOTO U KOMIITOHOBCKOTO
paccestHus.

[Tpu MmozemmpoBaHN PACIPOCTPAHEHIA BTOPUIHBIX
SJIEKTPOHOB yUINUTHIBAIOTCS JIBA TUIIA IIPOIECCOB: YIIPY-
roe paccesiHue 3JeKTPOHA Ha aTOMe U MOHU3AIUs aTO-
Ma, 3JIEKTPOHHBIM yaapoM. [losrHoe cevenne B3anMomeii-
CTBHS 9JICKTPOHA C KHHETUIECKON 3Heprueil ¢ ¢ aToMoOM
a (@ = Au, O,H) ckiaapiBaeTcst U3 CeueHusl yIpyroro
pACCesTHUs U CeYeHUs YJAAPHON MOHI3AINN,

O';Ot (t) _ O_aelast (t) + O_;oniz (t)
CedeHre NOHU3AIMHI ATOMA ( YJIEKTPOHHBIM yIapPOM, B
CBOIO OY€pe/lb, CKJIAJBIBAETCI M3 MAPIUAJIbHBIX Cede-
HUIl MOHU3AIUU BCeX ero nl-1o1000109€ekK,

o1 (1) = S ol (1),
nl

Eciu B pesysibprare cBo60IHOTO IpoHera co CIIydaitHoi
JUIMHOM, paccauTaHHOil 1o dopmyie (2) ¢ UCIOIB30-
BaHUEM HOJHBIX cedennii 0. (t), s1eKTpon ocraercs B
3one B3auMozeiicTeus (B HY win B Boze), TO ¢ moMo-
IIBIO PEHEPATOPA CJIy JafHBIX YHCEJ TPOBOIUTCS BBIGOD
aroMa, ¢ KOTOPBIM CTOJKHYJICA djeKkrpon (O wmm H,
€CJIM JIEKTPOH KCIIBITAJI CTOJKHOBEHHE B BOJE), & 3a-
TeM BBIOOpD THIIA ITPOU3OIIEJINEro COObITHsS (yIpyroe
paccesiHie WM HOHU3AIUS KAKOH-Inb0 101000/I09UKH
aToMa).

B ciyuae BeIOOpa yIpyroro paccesiHust ¢ HOMOIIBIO
muddepeHnuaIbHbIX 0 MOJIAPHOMY YTUIy paccesHus U
cedennit ynpyroro paccesuust dol%(t,19)/dd ciyqaii-
HBIM 06pPa30M BbIOMPAETCsI HOBOE HAIIPABJICHHE JIBUKE-
HUSI 9JIEKTPOHA.

B caywae BwIGOpa mporiecca woHumsanuu nl-1oji-
000JIOUKN aToOMa @ JEKTPOHHBIM YJIApOM Ha OCHO-
Be muddepeHnnaabHOTO M0 SHEPIUH BLIOUTOTO 3JIEK-
TPOHA € CeYeHMs] HOHW3AIUKM JIAHHON MOJM000/0UKY

dg;‘):l” (t,g) /ds IIPOBOJUTCA CJIy4daiHbIi BBIOOD 3HEp-

4 ZKOT®, s 2 (8)
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Puc. 4. MapumnanbHble 1 NOAHOE CeYeHUs MOHM3aALUM aTOMa
Au 371eKTPOHHBIM YAapOM, paccHuTaHHble B NpubvxeHnn 6u-
HapHbIX CTONIKHOBeHMIA Bete

UM BBIOMTOTO 3JIEKTPOHA €, a SHEPIUs PaCCESHHOI'O
3JIEKTPOHA yMEHBIIAETCS:
t'=t—Ismu—c,

rae Ig n HOTEHIIMAJI MOHU3aIuU Nl-110710060/109KH1
aroma a. Jajblne Ha OCHOBE 3aKOHA COXPAHEHHUSI UM-
IIyJIbCA OLPEIEISIOTCS HOBOE HAIIPABJICHUE IBUYKEHUS
pacCcessHHOTO SJIEKTPOHA U HAIPABJICHUE JIBUYKECHUS
BBIOUTOrO 3jieKTponHa. OOpa30BaBINasiCss B Pe3yJIbraTe
MOHU3AIUNA BaKaHCHUsI B Nl-101000I09KEe aTOMa ¢ aHa-
JINBUPYETCsl Ha BO3MOXKHOCTH €e pacliajia, U eCIu pac-
aJ, BO3MOXKEH, TO 3allyCKaeTCsd MPOIELypa ero Moje-
JIMPOBAHMUSI.

Juddepenmuansusie  doft(t,9)/dd u mnonubie

o flest(t) ceweHnms ympyroro paccesHms 3JeKTPOHa Ha

a

aromax Au, O u H npwu sueprum ssekrpona t < 503B
ObLIN pacCIUTaHbl B NPUOJIMKEHUN APIHAIbHBIX
BOJH [29] ¢ wuCIOIBb30BaHMEM DaUAIbHBIX dacTeil
BOJIHOBBIX (DYHKIINI PACCESTHHOTO JIEKTPOHA, PACCUU-
Tanabix B npubamkenun [laynn— ®oka. [Ipu sueprun
asekTpoHa t > 505B mpwm MomenupoBaHUN UCIOJIB3Y-
IOTCHA CEYeHHMs YIPYTOro PACCETHUS W3 IJIEKTPOHHOM
6aspt NIST SRD 64 [30].

Ceuennst nonnsaruu aromoB Au, O u H sjexrpon-
HBIM YJapOM B XOJ€ MO/JICJIMPOBAHUS PACCINTHIBAJINICD
C TOMOIIMBIO TOJYIMIUPUIECKOTO TPUOIMKEHUsS Ou-
HapHbIx crosikaoBenuii Bere (binary-encounter Bethe,
BEB) [31]. IIpu sueprun siaekrpona Gosee 10 k3B unc-
[IOJIb30BAJIACH PeATHBACTCKas Momudukanus BEB-
npubsmkenus [32]. Paccaurannbie B JaHHOM IpuOIN-
JKEHUN TAPIUAJIbHBIC U IIOJHBIE CEUCHHUs] MOHU3AIIH
ATOMOB JIEKTPOHHBIM YJIAPOM IIPEJICTABJIEHBI HA PHC. 4
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Puc. 5. CeyeHnsa noHusauum 3nekTpoHHbIM yaapom atoma H
(BepxHsist mavens), atoma O (cpefHsisi naHenb) U MONEKysb
BOAbl (HVKHSISi NaHenb)

st aroma Au um ma puc.b jug aromoB H m O B
CPaBHEHUU C TEOPETHUYECKUM U IKCIEPUMEHTAJBHBIMU
pesyibraramu apyrux aBropos [31,33-36]. Taxxke na
puC. 5 TPEICTABJIEHO CEYCHHE HOHUBAIUHU SJIEKTPOH-
HBIM YJIapOM MOJIEKYJIbI BOJIbI, PACCUUTAHHOE B IIPU-
OJIMZKEHUN HEB3aUMOJIEHCTBYIOMINX aTOMOB KaK CyM-
Ma CeYeHWil MOHU3AIUU OTIAeIbHbIX aromMoB H u O,
aﬁ’;%z = 200M% 4 g™Z Kak MOXKHO BHJETH, IOJIy-
YEeHHOE TAaKUM CIOCODOOM CeueHHe YIapHON MOHU3AIIH
mostekysabl HoO HaxouTess B XOPOIEM COrJIacuu C pe-
3yJbTaTaMu pacuera XsaHa u ap. [37], B koropom BEB-
npubsmkenue [31] 6bLI0 UCIOIB30BAHO JIJIsl pacieTa ce-
YeHUI MOHM3AIMU MOJIEKYJISAPHBIX OpOUTaeil MOJIeKy-
ae1 Ho O, u ¢ 9kcriepuMerTaaIbHbBIME JTaHHEbIMI Bostopu-
sazie u Pajyia [38].

Ha puc. 6 npezcraBiens! cpeHue IJIMHBI CBOOOIHO-
ro rpobera (pOTOHOB B TBEPOM 30JI0TE U KIUIKOH BOJIE.
CLJIONIHBIMU JIMHUSIMA M300parKeHbl CPEJIHUE JIJIMHbI
CBODOHOTO TPODOEra, PACCINTAHHBIE TOJBKO C YIETOM
IpoIeccoB (POTOMOHUBAIIUH C TTOMOIIIBIO UCTIOIB3YEMbIX
[IPU MOJIECJINPOBAHUE CedeHuil (DOTOMOHU3AIIN ATOMOB
Au, O u H. Kpyx)kamu Ha puc. 6 mpejcraB/ieHbl Cpe/l-
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Puc. 6. CpegHue ganHbl ceobogHoro npobera ¢(hboTOHOB B TBEp-
pom 3onoTe (a) n B xugkoii soge (b). CnnowwHbie nuHum —
pacyeT Ha OCHOBe cedeHwnii poTomoHn3saumn atomos Au [6] n
O, H [23], koTopble ncnonb3ytoTcst B faHHoi pabote. Kpyx-
KN — pacyeT Ha OCHOBE MacCOBbIX KO3(pPULNEHTOB 0Cnab-
nevmsi 3 6asel NIST SRD 8 [39] ¢ y4eTom korepeHTHOro u
KOMMTOHOBCKOIO paccestHus

HUE JUIMHBI CBOOOIHOTO IIpobera (DOTOHOB, MOJIy YeHHBIE
Ha OCHOBE MACCOBBIX KOI(hMUIMEHTOB OCIA0ICHUS U3
6aspl nanueix NIST SRD 8 [39] ¢ yuerom Kax mporec-
coB oTomoHmzaIMU, TAK U IMPOIECCOB KOI'€PEHTHOIO
7 KOMIITOHOBCKOT'O paccesaus dorona. Hebosbmoe ot-
JITIe HAIMX Pe3yJIbTaToB OT JaHHBIX [39] HabmONA-
ercss B ciaydae Bojwl (puc.6b) npu sHeprum GOTOHOB
6ostee 15 k3B, 9r0 cBA3aHO C MpeHeOpPEKEHUEM HAMEI
KOMIITOHOBCKNM paccesinneM. Ho, Kak yzke ObLTO OTMe-
YEHO BBIIE, IIOCKOJIBKY IIPU MOJIEJIUPOBAHUNA BTOPUY-
uble (HOTOHBI ¢ dHEprueil bosee 14.3 k9B He 0bpazyior-
Csl, 9TO HE MOYKET 3aMETHO MOBJIUATH HA PE3yJIbTAThI
MOJICJINPOBAHUSI.

Ha pwuc.7 upeicraBieHbl 3aBUCUMOCTH CpeIHEN
Heynpyroii (06yC/I0BIEHHOl MpoIeccaMu YIapHOil no-
HU3AIUKM) JJIMHBL CBOGOJHOTO HpobGera 3JEKTPOHA B
TBEPJIOM 30JI0T€E U YKUJIKOI BOJIE OT SHEPIUU JIEKTPOHA,
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Puc. 7. CpegHue Heynpyrue anuHbl cBobogHoro npobera snek-
TpoHa B TBepgoM 3on0Te (a) n B xungakoli soge (b)

paccanTaHHBIE C TOMOIIBIO CEICHNIT NOHI3AIUN ATOMOB
Au, O u H snexkrponsbiM yinapom B BEB-nipubimxke-
HUU, KOTOPbIE UCIIOJIb3YIOTCS IIPU MOJIETTUPOBAHNN Pac-
[IPOCTPAHEHUs] BTOPUIHBIX 9JIEKTPOHOB. Kax J1j1s BOJIHI,
TaK U JJIs 30J10Ta HAOJII0/IaeTCsl XOPOIIlee COIJIacHe ¢ pe-
3yJbTATAMH JPYTUX aBTOPOB [40-47].

MoiesiupoBatye  pacIpOCTPpaHEHUsI BTOPUYHBIX
9JIEKTPOHOB BHYTPU 30HBI B3aMMOJIEHCTBUSA B paMKax
onuoro wucnbitanus Monrre-Kapsio mpomomkaercs 10
TexX II0p, MOKa KayKJIblii 3JIEKTPOH HE I[OKUHET 30HY,
WIA TI0Ka €ro SHeprusi He CTaHeT HeJI0CTaTOYHOM
mig wonusanuu aromMoB H u O (MuHUMAJIBHAS TOPO-
roBasi SHEPIHs JJIsi 3JEKTPOHOB PaBHA IOTEHIUAJLY
noHmzanuu aroma Bogopoua Igis = 13.69B). Iocre
IPOBEJIEHUS  OOJIBIIOrO KOJIMYECTBA HCIbITaHuil (B
JaHHOM pabore Kaxkibiil sxcunepumenT Momrre-Kapiio
cocrosm m3 10% uCHBITAHMIT) pacCUUTHIBAEMbIE Xa-
PAKTEPUCTUKU YCPEIHAIOTCS IO BCEM HCIBITAHUSIM,
T.€. TPEACTABJIAIOT CODOU CpeIHHe 3HAYEHUs, IPU-
xojsmpecss Ha ojauH morsomenHbiii HY nepBudHbIi

doroH.

2.3. PaccunTbiBaeMble XapaKTE€PUCTUKU

B pesyaprare MopenmpoBaHuWs pacCIUTHIBAIOTCS
CIIEKTPBI (DOTOHOB U IJEKTPOHOB, HMCITyCKAEMBIX 30JI0-
Toit HY B okpykarorniyio Bojauyio cpey. [Ikaa suep-
IUU [IPUA 9TOM pa30uBaeTcsi Ha OJIMHAKOBbIE HHTEPBAJIbI
mupunaoit 10 3B, 1y1a KaXk10r0 13 KOTOPBIX B PE3y/IbTa-
Te MOJIEJIMPOBAHUS OIIPEIEIIAeTCS CPeJHee YHUCJIO Yac-
tut, (POTOHOB WM 3JIEKTPOHOB) € SHEPrHedl BHYTpH
JaHHOTO WMHTepBaJa, uciyckaembix HY B pesysbrare
OJIHOTO aKTa [IEPBUIHON (DOTOMOHUBAIINN.

st mcciteIoBaHus IIPOCTPAHCTBEHHOI'O pacIpeie-
JIEHUsI AKTOB BTOPUYHON HMOHU3AINU, MTPOUCXOISIIINX
BHYTPHU 30HBI B3ANMOJEHCTBUA, U MOTVIOMEHHON B 9TUX
aKkTax 3Heprum cdepuydeckass 30Ha, B3aUMOJIEHCTBUA
pa30uBaeTcd Ha KOHIIEHTPUIECKHE IIaPOBBIE CJIOU TOJI-
muHOi Ar = 1HM ¢ HEHTPOM, COBHAJIAIONIUM C IIEH-
TpoMm 30HbI U meaTpoM HY, cm. puc.1l. B pesymnbra-
Te MOJIEJTMPOBAHNUS JJI KaXKJI0r0 -0 II1apoBOro CJIos,
orpanudeHHoro cdepamu ¢ paguycamu r; — Ar/2 u
r; + Ar/2, oupesessIFoTCsl CpeJIHee YUCII0 MIPOUCXO/Is-
[UX B HUX aKTOB BTOPUYHOI HOHU3AIMEI ATOMOB 3JI€K-
TponHbIM yrapom AN ¢

ioniz (7’1) n cpeaHee 9ncjI0 aKTOB

BTOpuuHOil poTononuzanuu AN Zpo}zz (rs).

B pesyibTaTe KarKJIOro aKTa HOHU3AIUN HOHU3H-
POBAHHBI ATOM MOIVIOMIACT ONPEICTICHHYIO SHEPIHUIO.
Oueprus, TOLJIONIEHHAsT aTOMOM B pe3yabTaTe aKTa
MOHM3AIMI U TOCJIeIyIOMero paciaia obpas3oBaBIei-
cs BakaHcwn (B CJIydae MOHUZAIAY OTHON U3 BHYTDEH-
HUX TOFO00JIOIEK ATOMA), PACCIUTHIBAETCS KAK Pas-
HOCTH ITIOTEHIUAJIa HMOHU3AINN MOHU3UPOBAHHOMN II0JI-
000JIOUKH U CYyMMAapHOIl SHEPIUU BCEX UCIYMICHHBIX B
XOJle pacrajia BaKaHCcud (DOTOHOB W/WJIH 3JIEKTPOHOB.
IIpu MmomeupoBanHum 11t KAXKJI0TO 4-T'0 MTapOBOTO CJIOSI
OIIPEJEIAIOTCA CPEJHUE SHEPTUH, HOTJIOMIECHHBIC HAXO-
JAIAMACS B HEM aTOMAMH B PE3Y/JIbTaTe AKTOB MOHHU-

el (r;) m akroB doro-

3aliu JIEKTPOHHBIM yJaapoMm AES,

phot /.
nonmsanun AE? (r;).
3aBUCUMOCTD JIOKAJILHOM ITOIJIOMIEHHON JI03bI B BO-
jai A
Je oT paccrosiHust oT 1eHTpa HY paccunTeiBaeTcst Kak
l+phot
AEe . T
Dir,) = o (1) @
pAV (1)

rie
AEel-i—Phot(ri) _ AEel (Tz) +AEP}LOt(Ti)

abs abs abs

— cyMMapHasl SHeprus, MOTJIONIEHHAs] BHYTPHU -I'0 I11a-
POBOIO CJIOs B pe3yJibTaTe aKTOB BTOPUYIHON MOHM3a-
I[[M ATOMOB 3JIEKTPOHHBIM YJapOM U BTOPUIHOIT oTO-
nonuzaimu, pAV (r;) — Macca §-ro mapoBoro cJjosi, p —
IIOTHOCTD BOJBI, AV (r;) — 00beM MAapoBOTO CJIOA.

Kpome ANEL . (r;) u ANﬁ)};Zi (r;) Ui OTAEIBHBIX
CJIOEB  BOJIBI, DPACCUUTBIBAIOTCHA TaKyKe UUCJIO AKTOB
BTOPUYHON MOHM3AIUKN BOJBI JEKTPOHHBIM YIAPOM

4*
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Puc. 8. 3aBNCMOCTb OTHOLLEHNSI MAacCOBbIX KOI(PPULNEHTOB

norsoLeHnsi sHepruu B Boge ¢ 3onoteiMn HY v B yuncroii Bo-

ae (6) or sHeprum nagatowmx hOTOHOB NPU OTHOCUTENBHOM
MaccoBoMm cogepxxatuu 3onota 1%

el o
Ng i (1) I 9HciIo aKTOB BTOPHUUHON (POTOHOHU3AIMNM

NP (1) mpomexosimux BHyTpH cepbl paycoM T,

oniz
Ephot ( )

U [OIJIONIeHHbIe IIpH 9ToM sHeprun B (r) u E?)'S

Nzeolmz( ): Z ANz%lnzz( )
Ryp<ri<r

Eabs( ): Z AE(Lbé( )
Ryp<r;<r (5)

Niie(r) = Y ANES(r),
Ryp<ri<r

ho ho

Efz)bst( ): Z AESbst( )

Ryp<r;<r

e Ryp — paguyc HY.

3. PE3VJIBTATHI 1 OBCY2KJIEHUE

IIpu ucnonpzoBanun 3o/0Teix HY B KavecTse pa-
JMOCEHCHOMIN3aTOPOB B (DOTOHHON Tepaluu OJHIM U3
BAa’KHBIX BOIIPOCOB SABJISETCH BBIOOD SHEPIUH IAAI0-
mux (GOTOHOB, IIPU KOTOPOI JOCTUIrAeTCsl MAKCUMA b
HOe yBeJIMYeHNe IOIJIOMEHHON J103bl BHYTPHU OILYXO-
sm. st BbIOOpA ONTHMAJIBHOW SHEPIUU I AIOIINX
(GOTOHOB B IIEpBOM NPUOJIMKEHUN MOYKHO HCIIOJIB30-
BaTh OTHOIIIEHIE MACCOBBIX KO(D(DUIMEHTOB MTOIJIOIIe-
HUsl SHEPIUHU B BOJE, cozepzkarieil 3omoreie HY, u B
YUCTOI BOjIE:

Ly WA ) + (L= wa)pO ()

() = M0 , (6)
pren - (hv)

rie pf20 u At — vaccosbie koaddumenTE TIOTTOMIE-

HUST SHEPIUY B BOJIE U B 30JI0T€ ([ien TPEICTABIISIET CO-
001 OTHOCUTEJLHYIO YaCTh dHEPruu (POTOHA, KOTOPAST

% I AL L L T
X 1025 hv=40keV (a) electrons 4
Eqé ] Dyp = ]
B c 10+ —2nm E
=5 3 E
g o ] ——20nm 1

> 4 1
3 (o 14 ——50 nm photo-
= GC) E electrons 7
oo ] Aug. MXY (et
B3] d 22 |
= E 2La{N. O} 3
O o _2< 1
5 L1073 E
g a 3 LiLX, LLM, MMX E
IS i NXY, 0O{0,P} ]
2 107 ""w L B ) B

10 100 1000 10000
Electron energy (eV)
o 1 e
Z E f T T T ]
< _ 1 (b) photons ]
> 2 ~ 1
Q c 9 D = 1
g g NP
£ 61074 —2nm
58 ——20nm
@ 2 ] ——50 nm
9o [0} 4
£ 3 4o MM
= 2 ] NX
C 5 ] (0).¢
(O 4
Q -
IS
> -3
z 10—t —t——
10 100 1000 10000

Photon energy (eV)

Puc. 9. PaccunTaHHble cnekTpbl 31eKTpoHoB (a) 1 oToHOB
(b), ncnyckaembix 30710TbIMM HAHOHACTULLAMM C AMAMETPAMM
2, 20 n 50 Hm B pe3ynbTaTe norsoLeHnsi hOTOHA C SHEpruei

40 k3B

[IEPEXOJIUT B SHEPTUIO 3aPIKEHHBIX YACTUIL B IIPOTIEC-
cax B3anMMOJIEHCTBUS Ma aionero (poToHa U BTOPUIHBIX
YaCTHUI[ C ATOMAaMU BEIIeCTBa B CJIOE C €UHUIHON Mac-
coit Ha epuuuiy wiomaau [48]), a wa, — OTHOCUTE b
HOE MacCcoBOe cojiep:kaHue 30j0Ta B Boje. Ha puc. 8
[IpeJICTaB/IeHa 3aBUCUMOCTD KO3 dulmenTa k OT HEp-
UM TaJarommX (POTOHOB hi, paccuMTaHHAsi C IIOMO-
IO MACCOBBIX KOY(DMUINEHTOB ITOTJIOMIEHNsT SHEPIUU
u3 6aswl nanabix NIST SRD 126 [28], upn way = 1 %.
Kax moxk#HO BumeTh, HanboJibIliee 3HaMeHnE KOIDhu-
[HEHTa yBEJIUIEHUs TOMJIOMEHUs k JTOCTUTaeTCsl TPH
sueprun ¢poToroB = 40 k3B u cocraBisger okoso 2.6.

C moMoImpI0 METO/A, OMUCAHHOIO B pa3m. 2, ObLIO
nposejieHo MonTte-KapJio-MojemupoBasue IpoIeccos,
[IPOUCXOJISIINX B pe3yJibTare IOIJIONEHMST 30JI0ThIMU
HY pazimanoro puamerpa (ot 2 g0 100 am) oxsoro do-
ToHa ¢ Heprueit 40 k3B.

Ha puc. 9 npejicTaBieHbl CIEKTPhI BTOPUIHBIX 3JI€K-
TPOHOB U (DOTOHOB, HUCILYCKAEMBIX 30JI0THIMH HAHOYA-
cruniamu juamerpamu 2, 20 m 50 HM 10CsE TIOTJIOoIIE-
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Tabnuua 1. CpegHune 3HaYeHNs PasfiNYHbIX UHTErPasbHbIX XapakTEPUCTUK MPU MOMIOWEHNN 30/0TbIMI HAaHOYaCTMLAMMN pa3-
NinYHOro anametpa chotoHa ¢ sHeprueid 40 kaB

JluameTp HAHOYACTUIIBI, HM
PaccanrpiBaemas Bemanna
2 10 20 50 100
Oueprusi, norsonerHas HY, ksB 0.64 1.00 1.42 2.36 3.16
KommgectBo dporonos, ncmyckaembrx HY 2.28 2.04 1.77 1.29 0.87
Oneprusi, nepensiydaemas HY Bmecre ¢ ¢poronamu, k3B 3.32 3.26 3.27 3.24 3.20
K y HY i
OJII/I‘IGCTBOU JIEKTPOHOB, MCITYCKAEMBIX , ¢ sHeprueit, | .. 430 | 2.04 193 | 0.32
JIOCTATOYHON JIJIsT MOHU3AIINNA MOJIEKYJT BOJIbI
Oneprusi, nepensyiydaemass HY Bmecre ¢ 3j1eKTpoHaMHU,
P PerLY P 35.99 | 35.56 | 34.99 | 33.84 | 32.88
CIIOCOOHBIMU MOHU3UPOBATH MOJIEKYJIBI BOJIBI, K98
KosmaecTBO HU3KOIHEPreTUIECKUX IJIEKTPOHOB,
ucmyckaembix HY, sHeprus KOTOPBIX HEIOCTATOYHA 114 54.4 102 206 294
JIJIST HOHU3AIUNA MOJIEKYJT BOJIbI
Oneprusi, nepensiydaemast HY Bmecre ¢ HU3KO-
SHEPreTUICCKUMHU JJIEKTPOHAMU, HECTIOCOOHBIMU 0.05 0.18 0.31 0.56 0.76
MOHU3NPOBATH MOJIEKYJIbI BOIBI, K98
Dueprus, HOI‘JIOIilGHH&H B BOJIE B pe3yJIbTare 915 919 209 | 2.02 1.96
aKTOB BTOPUYHOIT (poTomonnzarmm, K38
]
HEPrus, j'IOI‘JIOHleHHaH B BOJIE B pe3y/IbTaTe aKTOB 96.03 | 2571 | 25.30 | 24.45 | 23.74
BTOPUYHON MOHU3AIINN 3JIEKTPOHHBIM YIapoM, K3B
Yucio 06pa30BaBIIUXCSI B 30HE B3aUMOJIEHCTBUS
HU3KOYHEPreTUIEeCKNX JIEKTPOHOB C dHEpPIueii, 2007 | 2023 | 2039 | 2076 | 2108
HEJIOCTATOYHON JIJIsT NOHI3AIUN MOJIEKYJT BOJIBI
S obpaszoBa ¢ B 30HE B3aMMOJIEC 3KO-
HEPrus 0OPA30BABIINXCA B 30HE B3AMMOJECHCTBUSA HU3K 897 | 830 | 829 | 826 | 823
SHEPIeTUIECKUX IJIEKTPOHOB, K38

nust dorona ¢ sueprueii 40 k3B. B cnekTpe ssmexTpo-
HoB (puc.9a) ¢ HU3KOIHEPIeTUUECKON CTOPOHBI KaXK-
JIOH JMarpaMMHOM JIMHUM, COOTBETCTBYIOIIEH (oTo-
MJTH OXKEe-3JIEKTPOHY, UMEETCsT «XBOCT», 00y CJIOBJIEHHBII
IOTEPSAMHU SHEPIUH (POTO- U 0KE-IJIEKTPOHAME BHYT-
pu HY B pesyibrare BrOpUYHBIX HEYIPYTHX IPOIEC-
coB. C yBenmuenuem jguamerpa HY Bospacraer cpe-
HEe YNCJI0 AKTOB HEYIPYrOro PACCesHUs, MCIBITHIBA-
eMbIX (HOTO- U OxKe-vmekTpoHamu BHyTpu HY 10 MoO-
MEeHTa BblleTa U3 Hee, B pe3y/brare 4ero WHTEeHCHB-
HOCTDb JUATPAMMHBIX JINHUAN YMEHBIIAETCS, & IIJIOMA b
1101, HEIIPEPLIBHBIM «XBOCTOM» C HU3KO3HEPIe€TUIECKOM
CTOPOHBI yBEJININBAELTCS.

B cuekrpe dboronos (puc. 9b) ¢ yBeauuenueM gua-
merpa HY mabiogaercss 3aMeTHOE yMEHbBIIIEHUE WH-
TEHCUBHOCTH JINIb B HU3KOIHEPTETHUIECKOH obJactu
criektpa, or 50 mo 2003B. B sroit obnacTtu sHeprun
CcpeHss JInHa CBOOOIHOTO mpobera hOTOHOB B TBEP-
JloM 30J10Te (prc. 6a) M3MeHseTCs B JHanas3oHe oT 9
J10 88 HM, II03TOMY BEpPOSITHOCTB IIOTJIONIEHUsT (POTO-
HOB TaKoil sHepruu BHyTpu 3010708t HY ¢ mumamerpom

203

B HECKOJIBKO JIECATKOB HAHOMETPOB JOCTATOYHO BEJIU-
Ka. B BBICOKOIHEpreTnvieckoit objactu crekrpa, 8.4—
13.8 k3B, cpennsisa amHA cBOOOIHOTO 1Tpobera (hoTOHOB
B 30JI0T€ HAXOAUTCI B Auarazone 2.9—7.1 MKM, 9TO BO
MHOTO pa3 mpesbimaer pazmepsl HY. ITosromy nnren-
CUBHOCTBH CIleKTpa (POTOHOB B 9TO 00JIACTH IHEPIUU
[IPpaKTUYIECKU He 3aBUCHUT OT juamerpa HY.

B Tab:1. 1 mpecraBiens pe3yabTaThl PacieTa Cpe-
HUX 3HAYEHUU PA3JINYHBIX WHTEIDAJIBHBIX XapaKTepr-
CTUK TIpU dHepruu nepBudHbx dotoroB 40 k3B B 3a-
BucumocTu ot jguamerpa 3oj0toit HU. C yBenuuenuem
munamverpa HY ot 2 no 100 am norsomennas HY suep-
rus Bo3pactaeT ot 0.64 g0 3.16 k3B. Bosbinas 1actb
SHEPruM MOTJIONEHHOTro (hoToHa mepensiyydaercs HY
BMECTE C JIEKTPOHAMIE, SHEPIUS KOTOPBIX JOCTATOIHA
st noHm3arnuu okpyzkaronux HY mosexyr Boasr. [1pn
sroM ¢ pocroMm jmamerpa HY 3a cuer yBesmdenus: duc-
Jta ipoucxosnux BuyTpu HY akToB Heympyroro pac-
CesTHUS 3JIEKTPOHOB HAOJIIOIAETCs YMEHbIIIEHNE CPE/IHE-
o YUCJIa TaKUX 3JeKTPOHOB oT 6.71 mpu Dyp = 2HM
70 0.32 pu Dyp = 100 HM u ux cpesiHeit cymMMapHOit
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Puc. 10. 3aBucumocTn nokasbHOM NOrMOWEHHON 003bl B BO-

e B6nn3u nosepxHoctu 3onotbix HY guamerpamu 2, 20 n

50 Hm npu nornowerun dotoHa ¢ sHeprueli 40 kaB. JlnHnm —

pacyeT AaHHoli paboTbl, CUMBOJIbI — pe3ynbTaTbl MOAEVPO-

BaHus [49] metogom MonTte-Kapno ¢ ucnonbsosaHnem kopa
Geant4-DNA

SHEPrUM, COOTBETCTBEHHO, OT 35.99 no 32.88k3B. Ilo
TOI Ke IpuvuHe ¢ yBejaundeHuem juamerpa HY Bos-
pacTaer KOJUIECTBO UCILYCKAEMBIX €10 HI3KOIHEPIeTU-
9eCKUX JIEKTPOHOB, HECIIOCOOHBIX MOHU3MPOBATH MO-
JIEKYJIBI BOJIBI.

Ha pwuc. 10 npencraBienbl pacCIUTAHHBIE PAIUAH-
HBle PaCHpesIesIeHns] TOMJIOIEHHOH 103bl B Boje (4)
BO/I3H 1oBepxHocTH 30/10ThIX HY guamerpamu 2, 20
u 50 um npu norsomennn HY omgroro dborona ¢ suep-
rueit 40 k3B. HauboJibItee 3natienne JIOKaJILHOM TIOTJIO-
IIEHHOM J103bI HAOJIIOIAeTCsI B HEIIOCPEJICTBEHHON OJ1n-
3octu K noBepxuoctu HY. C yBesmdennem paccrosinust
ot 1mieaTpa HY morsomennas m03a 10CTATOUHO OBICTPO
YMEHBIIIAETCs, OCTABASICh, OJHAKO, BILIOTH JIO PACCTOSI-
uuii 160-180 aM 60JIbIIIE THITMTIHOTO TEPAIIEBTUIECKOTO
suadenusi. C yBenumdaenuem guaverpa HY morsorien-
Hast BOJIM3U ee MOBEPXHOCTH J[03a yMEHBIIAETCsI, HO Ha
paccrostausix ot 1eaTpa HY 6osee 200 HM panalibHbIE
pacupeesieHus TOTJIOMEeHHOn 10361 aig HY pazmnd-
HOT'O JIMaMeTPa CTAHOBSITCS IPAKTUIECKU OJMHAKOBBI-
Mu. Bmecre ¢ pesysibraraMu JJaHHONW PabOThl CHMBOJIA-
Mu Ha puc. 10 mpescTaBiaeHbl pe3yJIbTaThl MOJIEINPO-
Banusi Monre-Kapio [49] ¢ moMoImpo nporpaMMHOTO
komiekca Geant4-DNA [8]. B ciayuae HY puamerpa-
mu 20 u 50 HM HAIA pe3yIHTATHl HAXOAATCS B XOPOIIIEM
coracun ¢ [49]. Onnako maa HY quamerpom 2 HM Ha
paccTosiHusIX OT ee IeHTpa Oostee 20 HM pe3yJibTaThl Ha-
nrero pacdera B cpeaueM na 20 % menbiie, dem [49].

W3 npuBeIeHHBIX BBIIIE PE3YJILTATOB CJIEJIYET, ITO
[IpU OJMHAKOBOM MaCCOBOM COJIEpyKAHUNM HAHOYACTHUIL

— T [ T T T T T T [ T T T [ T T T

240003 () electron-impact ionization hv=80 keV 7
3500 70 keV
30004 Dne=10nm 60 keV
2500 50 keV

Lo OkeV]
o .. 30keV+
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-
(2]
o
o

Number of secondary ionization
events inside the spherical volum
S
o
o
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350 +————F———————————————————
2 1 (b) photoionization hv=80 ke 1
§ § 300 3
T o ] 70 keV 1
N > q ]
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&8 2507 AP 60 keV ]
Pl ] ]
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Puc. 11. 3aBucrmocTu 4ncna akTOB BTOPUYHOW MOHM3aLMN
BOAbl 3/IEKTPOHHBLIM yAapoM (a) M 4MCcna akTOB BTOPUHHOIA
oTononmnzauyun (b) ot paguyca cepbl, BHyTpU KOTOPOIA OHM
MPONCXOAAT, NPU Pas3NHHbIX SHEPTUSIX NEPBUYHOro (POTOHA,
norsiowaemoro 3osotoii HY aunamerpom 10 Hm

BHYTPH OITyXOJIEBOM TKAHN /TS JTOCTUKEHUS HANOOJIb-
MIero 9MCJIa, MCIYCKAEMBIX UMW BTOPUIHBIX 3JIEKTPO-
HOB, CIIOCOOHBIX HOHU3UPOBATH MOJIEKYJIbI BOJIbI, U HAU-
0oJTbIIIero 3HaYeHus MoryomeHHoi BoKpyr HY 1036
cieyer ncmob3oBarh HY HEOOIBITIX pPa3MepOB.

g mcenenoBaHms 3aBUCHMOCTH PACCMOTPEHHBIX
BBIIIE XapaKTEPUCTUK OT SHEPIHH IIEPBUYHBIX (POTO-
HOB OBLIO MPOBejeHO MojejmpoBanue it HY ana-
MeTpoM 10 HM TpH SHEPTUAX MEPBUIHLIX (DOTOHOB OT
20 no 80k3B (mexmy moporamu Ipyues = 14.4x9B u
Iau1s = 81 k3B).

Ha puc.11 npejcrapiieHbl 4ucJjia akKTOB BTOPHY-
HOIl MOHU3AIMU MOJIEKYJ BOJbI JIEKTPOHHBIM yJIa-
pom N&

0Nz
i NP (1) (puc. 11b) B 3aBucuMocTH oT pajmyca
cdepnl 7, BHyTpH KOTOpOil onu mpoucxoaar (5), mpu

Pa3INIHBIX SHEPTUAX (DOTOHOB, HOHUZUPYIOMIUX 30JI0-

(r) (puc.1la) u Bropuunoii dboronoHuU3a~

ryio HY mmamerpom 10mm. C yBesmdenumem pajimy-
ca cepsl r KOJIUYeCTBa aKTOB BTOPUYHON MOHU3AIUN

hot
NgL o (r) m NEY! (1) Bospacraior, jocTHras HACBIITIe-

0Nz ioniz
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Tabnuua 2. Paguycsl ccpepuseckux obnacteii RS, n R?"

sat

, BHYTPW KOTOPbIX YUCJO aKTOB BTOPWYHON WMOHU3ALMW 3NEKTPOH-

HbIM YAApOM M YUCIO aKTOB BTOPWUYHON (hOTOMOHM3ALMM AOCTUrAIOT HACBILEHWS, YUCAA aKTOB WOHM3aLUW Nwmz(RS,lt) n

Nphof

10M1Z

(Rphof

sat

) W nornoleHHble B pesynbTaTe Hux sHeprun E& (R,) w

Ephoi

abs

(Rphof

be ) MPN PasAUYHBIX SHEPTUsiX MEPBUHHBIX

doToHoB hr, noHusmpytowmx sonotyto HY guamerpom 10 Hm

hl/, k3B R Nz%lnzz (Rsat)

cots MKM

abs (Rsat) k3B

phot
abs

phot
sat

phot phot
Rsat ’ Nwmz (R

(Rphot

MKM sat

)

), k5B

20 5.71 767 10.86

5.70 62 0.88

30 12.00 1245 17.65

11.99 102 1.45

40 20.17 1722 24.42

20.14 142 2.02

50 30.24 2197 31.16

30.18 182 2.59

60 42.36 2674 37.95

42.28 222 3.16

70 96.23 3152 44.73

56.12 263 3.74

80 72.22 3623 51.43

72.10 303 4.31

nug. B Tabu1. 2 npuBesieHbl paJinychl cpepuaecKux 00-
e phot

nacreit RS, u REVY", sryTpu koTopsix poncxoaut 95%

OT MAKCUMAaJIbHOI'O YHCJIa aKTOB BTOPUYHON MOHU3A-

MUY 3JIEKTPOHHBIM YJIapOM U (POTOMOHUBAINU, KOJIU-

“eCTBa AKTOB BTOPUYHON MOHUBAIUU B 3TUX 00JIACTIAX

Nel (Rsat) Nphot (Rphot

ioniz iy (Reqt ), & TaKKe IOTJIOMIAEMBIE
upu sroM sueprun B¢ (RCL,) u

phot
(Rsat )
BOSpaCTaHI/Ie YucJia aKTOB MOHHU3AINN BOJIbI dJIECK-

TPOHHBIM yIapOM anzz(

phot
abs

RE,) u pammyca RE., obma-
CTH, B KOTOPOil OHU TPOUCXOJISAT, IIPY yBEJINIEHUU SHED-
run nonnsupyomux HY doronos obycioBieHo Bo3-
pacTtanueM Hepruu (POTOIIEKTPOHA, 00PA3YIOIIEroCs B
pe3yJbrare IepBUIHON (POTONOHUBAIIH OJTHOTO U3 ATO-
moB HY. B kaxkjaom akTe BTOPUIHON MOHUBAIUU ATO-
moB O u H Mosiekyst BOJIBI 9JIEKTPOHHBIM yIApPOM (ho-
TORJIEKTPOH TEPSET JIUIIb MAJIYIO 9aCTh CBOEI SHEPIUN.
ITosromy ¢ yBesmmueHneM sHepruu (poTOIJIEKTPOHA yBe-
JINYUBAETCS] YUCJIO AKTOB BTOPUYHON MOHU3AIUU, KO-
TOpBIE OH MOYKET IPOU3BECTH JO CBOEr0 TOPMOXKEHUS,
T. €. JI0O TONO MOMEHTa, KOI'J[a ero SHePrusi CTaHeT Helo-
CTATOYHOMN JIJIsi MOHU3AIMK MOJIEKYJI BOJbI. B pesyiib-
TaTe ITOrO, & TAK¥Ke B PE3YJIbTATE yYBEJINIEHUs CPE/l-
Hell HeyIpyTOil JJIMHBI CBOOOIHOTO TIpodera 3JIeKTPOHA,
B BoJe (puc.7b) yBesMuuBaeTCsl CpeJlHee PACCTOsTHUE,
Ha KoTopoe dhorodeKTpor moxer yittu or HY 1o mo-
MEHTa, CBOEI'O0 TOPMOZKEHUS.

st WUTIOCTPAIUU 9TOTO MBI IIPOBEJIH JIOIOJTHII-
TeJIbHOE MOJIEJIMPOBAHUE, B KOTOPOM HE yYHUTHIBAJIU
doTo3eKTPOH, 00pa3yIONuiics TPU MEePBUIHON HOTO-
nonm3arun HY. DTo mo3BOMMIO pas3menTh BKJIAIBI
nciyckaembix HY doro- u 0xke-371eKTPOHOB B 001I€Ce
YUCJI0 aKTOB BTOpUYHOIT (poromonusanuu. Ha puc. 12
[IPE/ICTABJIEHBI 3aBI/ICI/IMOCTI/I qucesl AKTOB BTOPUIHOM
normsanmn Boapl AN . (r) BHyTpEm mapoBwIxX ciio-
eB ToJimuHoi Ar = 1HM, WHIYIUPOBAHHBIX (POTO- U
02Ke-3JIEKTPOHAMU, IIPY PA3IMIHBIX YHEPIUAX ePBUI-
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Puc. 12. HYucna akToB BTOPUYHOIA NOHM3ALMN BOLbI SJIEKTPOH-

HbIM Y4AapPOM BHYTPU LUAPOBbIX CNOEB TOAWMNHONK Ar = 1 HM B

33aBUCUMOCTM OT paccTosiHust oT ueHTpa HY npu paznunynbix

3HAYEHUSIX SHEPrUY NEPBNYHBIX (POTOHOB, NOHU3NPYIOLLNX 30-
notyto HY gnamerpom 10 Hm

HBIX POoTOHOB. Kak MOXKHO BUJIeTh, BOJIU3U ITOBEPXHO-
ctrn HY mambosbiuit BKJIaJ ] B KOJHIECTBO IIPOIECCOB
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MOHU3AINN BHOCAT uciyckaeMble HY 0xke-3/IeKTPOHDI,
a Brasu or HY — dorosnexkrpon. [Ipu srom ¢ yBesmae-
HUEM SHePIrUH [IEPBUYHBIX (POTOHOB UHTEPBAJI PACCTOSI-
HUl, Ha KOTOPOM BKJIa I (POTOIJIEKTPOHA IIPe0d./IalaeT,
CTaHOBUTCS IIIUPE U CMEIAeTCs JaJibiie oT meaTpa HY.
[Tpu paccmarpuBaeMbIX HAMI SHEPTUAX TEPBUTHBIX
GOTOHOB Ipyos < hv < Iau1s OCHOBHBIMHE IIpOIlecca-
Mu niepBudHON hoTomonusarnuu aromoB HY asisiorces
HPOIECChl HOHUBAIUHN 25-, 2Dy /9= U 23 /2-11071000/109eK
aroMa Au, nosromy ucmyckaembie HH 03ke-371eKTpoHbI
00pa3yIoTCs MPEUMYIIECTBEHHO B pe3ysbTaTe KacKa/l-
HBIX PACIa/I0B JAHHBIX HAYa bHBIX Bakancuil. C yBesn-
YeHNEeM SHEPIUH [IEPBUIHBIX (POTOHOB B JMATIA30HE OT
20 1o 80 k3B orHOCHUTEIbHAST BEPOATHOCTH (DOTOMOHU-
saruu 2s-1ogoboaouku aroma Au Bospacrtaer ot 0.18
10 0.38, a OTHOCHUTEIbHBIE BEPOATHOCTU (DOTOMOHM3A~
nuu 2py j2- U 2p3 /2-11070060/1049€K yMenbinaiores ot (.24
70 0.19 u ot 0.34 10 0.20 coorBeTcTBeHHO. B pe3yib-
TaTe 9TOro CHeKTp uciyckaeMblx HY oxke-snekTponos
U3MEHSIETCS, YBEJIMINBACTCA CPEIHEee UNCII0 UCITYyCKAe-
MBIX OYKE-3JIEKTPOHOB U CPEJIHsIsI YHOCUMAs UMU SHEP-
rus [6]. Janmble nuaMenenus npuBoIAT K OTHOCUTEILHO
HEOOJIBIIIOMY YBEJIMICHUIO YHCJIa ITPOU3BOIUMBIX OXKe-
9JIEKTPOHAMK aKTOB BTOPUYHOI MOHU3AIMK BOJIBI, HO,
KaK MOKHO BHUJIETH Ha pUC. 12, TpaKTUYECKN HE CKA3bI-
BAIOTCA HA UX IPOCTPAHCTBEHHOM PACIIPEICICHIIH.
Yo KacaeTcs aKTOB BTOPUIHON (pOTOMOHMU3AINN
BOJIBI,
doronbl, ucinyckaembie HY, a BrOopuuHble (DOTOHHI,

TO OCHOBHBLIM HNX HMCTOYHUKOM ABJIAIOTCA HE

obpasyromuecs B BOJE B Pe3yJbTare PaJMallHOHHBIX
L1 Los-11epexo/ioB B aTOMaX KHCJIOPOJia, MOHI3NPOBAH-
HBIX 3JIEKTPOHHBIM yiapom. DHeprusi OLjLas-orona
paBHa 17.235B, 9T0 10CTATOYHO JJIsi MOHU3AINNA ATOMA
BOZOPOJIA 1 2p-110/1000J109KK aToMa, Kuciaopoja. Cpe-
HsIsI JJIMHA CBOOOJIHOTO 1Ipobera (pOTOHA ¢ TaKOil IHEp-
rueil B BoJie paBHa npumepro 16.6 um (puc. 6b), nosro-
My OH € OOJIBITION BEPOATHOCTHIO OYIET MOTJIOIIEH Hea-
JIEKO OT aTOMa, KOTOPBIM OBLI UCIIYIIEH, & IUCI0 AKTOB
BrOpudHON (horomonnzanun, npou3BoguMbix OLj Los-
doronamu, Oy1eT paBHO KOJUIECTBY aKTOB HOHI3AIII
25-110/1060I0YKHI ATOMOB KHCJIOPO/IA JIEKTPOHHBIM YA~
poum [23]. B cBsi3u ¢ 9TMM TpejcTaBieHHbIe Ha puc. 115
3aBUCUMOCTH YUCEJI AKTOB BTOPUIHON (DOTOMOHU3AIINN
N, f:f;‘;i (r) or paguyca cdepsbl, BHyTpH KOTOPOit OHU [IPO-
UCXOJIAT, MPAKTUIECKU TIOBTOPSIIOT 110 (hOPME COOTBET-
CTBYIOIIE TE€M YK€ 3HAYCHUAM SHEPIUH IEPBUIHBIX (DO~
TOHOB 3aBUCHMOCTH YHCEJ aKTOB BTOPUYHOI MOHU3A-
Ngbo (r) (puc.1la). Tlo-
sToMy pagmycsr cepmaeckix obnacreit R, u RPN
(Tabi1. 2) IPAKTHIECKH COBIAJIAIOT, & OTHOIICHHE YHC-
Jia IMPOUCXOJISIINX B HUX aKTOB BTOPUYHOIN MOHM3AIUN
3JIEKTPOHHBIM YJIAPOM K YHCJIy aKTOB BTOPUYHON (ho-

U JIEKTPOHHBIM  yJIapOM
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TOUOHU3AIIUN HE 3aBHCUT OT SHEPI'UU II€PBUYIHBIX CI)O—
TOHOB 1 PaBHO

N

10NiZ

el
sat

(Rek,) NI,

10NZ

(Rphot

sat ) ~ 12,

Heobxomnmo, ognako, OTMETUTE, ITO B CIIEKTPE UC-
nyckaeMbix 3os10TbiMu HY doronos (puc. 9b) umeror-
cst (DOTOHBI, UCILyCKAEMbIE B pPe3yJibTaTe pPaJiualliOH-
upix LX-TlepexoioB mpu pacmaie Bakamucuii B L-000-
JIOUKE TIEPBOHAYAJIHHO HOHU3UPOBAHHBIX aTOMOB 30710~
ta. Cpennee 4mcjio 31uxX (POTOHOB Ha OJHY IEPBUY-
HYI0 (GOTOMOHU3AIUIO cocTaBiisier 0Kojio 0.28, a cpe-
Hsisl 9HEPrus, IPUXoAdImasics Ha oau ¢oron, 10.7 kaB.
IIpu sToit sHeprun cpeHss JIUHA CBOOOIHOTO TPode-
ra ¢oroHoB B Bose (puc.6d) npubIM3UTENBHO paBHA
2.9 MM, 9TO CyIIECTBEHHO OOJIbINE PAIYCa 30HBI B3aU-
mogeiicTBust R,one = 0.1 MM, m03TOMY J1aHHBIE (DOTOHBI
¢ OOJIBIIION BEPOSITHOCTHIO MTOKKJIAIOT 30HY B3aUMOJIeli-
CTBUS.

OTrmMeruM, 9TO MPEeJCTABIEHHBIE BBIIIE PE3YIbTATHI
[TOJIyYeHbl B pacuyere Ha OJUH IIOIJIONIEHHbBI HAHOYa-
CcTUIEeil MepBUIHBIA (POTOH W COOTBETCTBYIOT IIPOIEC-
caM, IPOUCXOJSAINIM B MACIITabaX BCEro OXHOW WJIn
HECKOJIbKUX KJieToK. Ho B npujioxkeHuu K (HOTOHHOMN
Tepaluy BaykKeH TaKKe BOIIPOC O BeJIMYMHE ITOTJIOIIEeH-
HOMl 103BI HA DOJIee KPYITHOM MACIITA0e — O BEJIUINHE
JIO3BI, IOIJIOIIEHHON BHYTPHU II€JION OIyXOJIu, [P 3a-
JIAHHBIX ee pa3Mepax, IJyOnHe PacIOJIOXKEeHUsI, KOHIEH-
Tparuu BBeIeHHBIX B Hee HY m xapakTepucTnkax ma-
JAIOIEr0 PEHTTEHOBCKOTO IMyYKa. PacdeThl MomI00HO-
ro posa merogom Monrte-Kapso Oblin mpoBeieHbl B
paborax [50,51].

4. BAKJIFOYEHUE

[Tosryyennbie B JaHHOII paboTe Pe3yJIbTaThbl MOTYT
OBITH II0JIE3HBI IIpU Pas3paboTKe MeTOJ0B (OTOHHOMN
Tepanuu ¢ UCrnojb3oBanueM 30/10Thix HY B KagecTBe
paaunoceHCuOmIn3aTopoB. V3 mpuBeeHHBIX Pe3y/IbTa-
TOB CJIJIyeT, |UTO B cCjIydae IeneBoit jocrtaBkun HY
HEIIOCPEJICTBEHHO B #A/ipa PAKOBBIX KJIETOK IS IO-
CTH2KEHUsI MAKCUMAJIBbHOTO PAIUAIIMOHHOTO TIOBPEXK 16~
Hust BOmu3u nosepxuocreit HY BbiroiHee ncoib308aTh
HY wmebosbioro nuamerpa. [Ipu BbIOOpE Ke sHEepruu
[IEPBUIHBIX (POTOHOB HAPSTY C TPAIUINOHHBIM TPeOO-
BaHUEM JIOCTUZKEHUSI MAKCUMAJIBHOTO YBEJIUYEHUS 110~
IJIOMIEHHOW JI03bI BHYTPHU OIIyXOJIU HEOOXOJMMO YUH-
TBHIBATH IPOCTPAHCTBEHHOE PACIIPEIEIICHIIE IPON3BO/IN-
MBIX (POTOIJIEKTPOHOM AKTOB BTOPUYIHON HOHU3AIUU
BOim3u nosepxaoctn HY (pue. 12). Hanpumep, nme-
€T CMBICJI BBIOMPATH SHEPIUI0 MEPBUIHBIX (DOTOHOB
HEMHOTO OOJIBIITE TOPOTa MOHU3AIIHA L1-000T0IKN aTO-
Ma Au, 9T00bI 00/IACTH HOHU3AIMOHHBIX IOBPEXK IEHUIA,
[IPOU3BOAUMBIX (DOTO- U O2Ke-3JIeKTPOHAMU, COBIIAIAJIN.



MITP, Tom 166, BeI. 2 (8), 2024

MogenvpoBaHune NpoLECCOB MOTJOLLEHNS SHEPTUUA. . .

duHaHCUPOBaHUE.

pu

WccnenoBanue  BBIIOJJIHEHO

nozuepxkke Poccuiickoro nayunoro dgouma (rpaat
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1. BBEAEHUE

[Ipormecc pacmertenus orona 7 — 7y, 3aIIpernieH-
HBII B BaKyyMe 3aKOHOM COXPAHEHUZ 3apsiI0BOH deT-
HOCTH, M3BECTHBIM Kak Teopema Pappu, CTAHOBUTCA
Pa3peIeHHbIM B IIPUCYTCTBUU BHEIIHErO OJid U/Ujn
IJIA3MBI, MEHAIOINX KaK aMILIUTYLY B3aUMOJEHCTBUS,
TaK M JUCIEPCUOHHBIE CBOficTBa (boTonoB. Hecmorps
Ha JUTATENHbHYIO MCTOPHUIO MCCJIEJTOBAHUI, MHTEPEC K
3TOMY MPOIECCY He yTUXAET J0 CUX IOP B CBA3U C €ro
BO3MOKHBIMU aCTPOMDUSUIECKAME TIPUIOZKEHAMH.

[To-BmaumomMy,  BHEPBBIE  BEPOSTHOCTH  Pac-
memteans  hOTOHA B CJIa0OM  MAIHUTHOM — IOJIE
(B < B. = m?/e ~ 441 -10" TcY) u npn mambix
sueprugx dorona (w < m) ObLIa BbIYUC/ICHA B pa-
Gorax [1,2]. B Gosee meranbHOM HccaemoBaHuu [3]
[OJIy9eHbl IIpaBuIa 0TGOpa 110 MOJSAPU3ANUAM U I10-
Ka3aHO, YTO B NpeJeNe KOJJIMHEAPHOW KWHEMATUKN
OyJerT TOJBKO OJUH KaHAJA PACHICIUICHUS U3 JIBYX
BO3MOXKHBIX. B TOii ke paboTre BbIUUC/ICHA aMILIUTY/IA
pacimerieHus (hOTOHA IPU SHEPIUN HAYAIHHOTO (HOTO-
HA MEHBIIE TTOPOTa POKJIECHUS SJIEKTPOH-TTO3UTPOHHOM

* E-mail: rda@uniyar.ac.ru

** BE-mail: allen caleb@rambler.ru
*** BE-mail: mch@uniyar.ac.ru
B paGore wucnomb3yercs eCTeCTBEHHAsl CUCTEMA EIUHUIL:
¢ =h =k = 1, m — macca sjiekTpoHa, e > 0 — 3jeMeHTap-
HBIA 3apan.
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napbl (w < 2m) JIs MATHUTHOTO TIOJIS IIPOM3BOJIBHOI
HAIIPSI?KEHHOCTH.

OjHO W3 TPOSIBICHUN JAHHOIO IMPOIECca B acT-
podusnKke 3aKII0YaeTCd B OObLACHEHUN CMSITYCHUS
CHEKTPOB U3JIyUEHUS OT 3aMArHUYEHHBIX HEATPOHHBIX
3Be37l. B wacrHOCTH, OpeamojaraeTcs, 9ro C €ero
[IOMOIIBIO MOYKHO YCTAHOBUTH IIPUPOJLY OCOOEHHOCTEH
CIEKTPOB IraMMa-U3JIy9eHUs] HEKOTOPBIX PaUOIY/IbCa-
pos [4]. B paGorax [5, 6] 6buin npeyioKeHbl MOJIEIIH,
O0BACHAIONE  00pe3aHne  CIEKTPOB  MCTOYHUKOB
MATKUX TOBTOPSIONIUXCS TaMMa-BCILIECKOB 34 CYUeT
BJIMSTHUST [IPOTIECCA 7Y — V7.

Eme omnuM wHTEpECHBIM TPHUIOKEHUEM Pac-
CMaTpUBAEMOTO  IIPOIecca  sBJIsieTcs  00bsICHEHUE
OCODEHHOCTEl PaINON3JIyIEHUsI AHOMAJIbHBIX PEHT-
TEHOBCKUX IIyJIbCAPOB U UCTOYHUKOB MSTKHUX IIOBTO-
PSIONUXCS raMMa-BeiuieckoB. [lockombKy y peakimn
pacierieHust (pOTOHA HET KUHEMATHYeCKOro Iopora,
SHEPIUYHbIE (DOTOHBI, PACHPOCTPAHSIIONINECS IO
MaJIBIMU YTJIAME 10 OTHOIIEHUIO K MATHUTHOMY IIOJIIO,
MOI'YT PACIHIEILISITHCS IIPEXK e, 9eM JOCTUTHYT 110pora
poxkjeHns mapbl. Takum 00pas3soM IIPOIECC MOXKET
u3MeHdATh POHEKTUBHOCTh TPOU3BOACTBA JIEKTPOH-
[TO3UTPOHHON ILJIa3Mbl, HEOOXOIMMON JIJIsi CO3/IAHUSI
HabJII0aeMOoro pajuousiydenus [7-9].

Pacmenienne dporona Takke JTOKHO yINTHIBATH-
Csl B MOJIEJISIX BCIBIMIEIHON aKTUBHOCTU Y NCTOIHUKOB
MSITKUX TIOBTOPSIFONIMXCsT raMMa-BeIieckos [5,10]. Pac-
CMATPUBAEMBIH IPOIECC MOXKET UT'PATH POJIb PETYISITO-
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pa TemIepaTypbl BHeIHeii (hoTocdephl J10Jr0KUBY el
001aCTH, 3aHATON 3aXBAMEHHON MATHATHBIM MTOJIEM TO-
padeil e e -IIa3sMoil 1 HAXOIAIIUMUCH B TEPMOIHHA-
MUYECKOM PaBHOBecHH ¢ Hell hoToHamu (Tak HA3bIBAEC-
Mbiit trapped fireball).

Bo Bcex paccmaTpuBaeMbIxX acTpOPU3TIECKUX TPH-
JIOXKEHUSIX PeaKIusl Y — 7y MPOXOJUT B IIPUCYTCTBUU
CHJIBHOTO BHEITHET0 MATHUTHOTO TOJIsSI U IJIa3Mbl, KO-
TOpasi MOYKET UMEThb BBICOKYIO TJIOTHOCTH U TeMIlepa-
Typy. UccreoBanue mporecca 7 — 7y B CHIILHOM Mar-
HUTHOM II0JIE C YY€TOM TOI'O, UTO Juciepcust GhoToHa
[MPUBOJIUT K 3HAYUTEJHHBIM OTKJIOHEHUSIM OT KOJLIU-
HeapHO! KMHEMAaTHKH, ObLIO IIPOBeeHo B padore [11].
Bimsinue mrasmbl Ha BEPOATHOCTH paciierieHust ho-
TOHa MposiByisieTcss JaByMst myTamu. C OmHONM CTOPO-
HBI, OHa MOIMMPUIIPYET AUCIIEPCUOHHBIE CBOMCTBA PO-
TOHOB, C JPYrOfl — M3MEHSIET AMILIATY/LYy IPOIECCA.
Iepsoiit dakrop Obul paccmorped B paborax [3, 12].
Bouto mokazano, 9To mpUCYTCTBHE XOJOTHON U CJjia-
060 3aMarHUYeHHON IIJIa3Mbl HE MeHsIeT IIPaBUJI OT-
6opa, ecjii IUIOTHOCTH IJIA3Mbl HE CJIAIIKOM BEJIMKA
(ne < 10¥em™3) [3]. B pabore [12] Gbuta Beraucie-
HA BEPOSTHOCTD IMIPOIECCA ¢ YIETOM BIIUSHUS IA3MBI
Ha Juciepcnio (POTOHOB, HO € MCIOJIb30BAHUEM aMILIU-
TYJI, TOJYYEeHHBIX B IPUCYTCTBUU CJIaOOTO MATHUTHOTO
[0JIsT, HO He IIa3Mbl. BBLIO MOKA3aHO, 9TO IPU TAKOM
I10/IX0/1€ BJIMSIHUE IIJIA3MBbI IIPEHEOPEKIMO MAJIO Be3JIe,
KPOMeE OY€Hb Y3KOTr0 JUANA30HA TapaMEeTPOB ILJIA3MbI 1
MAaTrHUTHOTO ITOJISI.

VsMenenne aMILIUTYIbI paclierienus (oToHa B
IPUCYTCTBUM MATHUTHOTO IIOJIA U ILIA3MbI OBLIO pac-
cMoTpeHo B paborax [13,14] wa ocuose addexrusHO-
ro jlarpanzkuana Jitiepa — [eiizenbepra ¢ ygeroMm Tep-
MaJILHBIX TIOIPABOK B OJHO- U JBYXIETJICBbIX IIPUG/II-
JKeHusX. BBIIO MOKa3aHo, 9TO0 B HU3KOTEMIIEPATYPHOM
IpeJiesie TPONEece Yy — 77y MOYKET KOHKYPHPOBATDL C
JIDYTUME peaKIUsAMU IIOTJIONMICHUS, TAKUMHU KakK -
dexr Kommrona.

Ipyroit noaxox 6611 pacemorper B pabore [15], rae
AMILTUTYIbI ¥ KO3(DDUIMEHT MOrJIOIEeHHs PacierLie-
Hust (POTOHA B IIpejiesie CUILHOIO 10/ ObLIM BhIUUC/Ie-
HBI C YIETOM U3MEHEHUsT 3JIEKTPOHHOTO MPONAraTopa B
MarauTHOM 1oJje. OCHOBHBIM pe3y/IbTaTOM ObLI BBIBOJL
O TOM, YTO BJIMSIHHME ILIA3MbI SABJISETCS IPEeHeOpesKu-
Mo MajbiM. Tem He Menee oneHku KodbdunmenTa mo-
IJIOIIEHNs], IOy IeHHBIE TaM, HETOIHBI B BHICOKOIHED-
reTUIecKOM IIpejielie, TaK KaK UCIOJb30BaHHbIE BbIpa-
JKEHUST TIPUMEHUMBI TOJILKO JIIT HU3KOIHEPreTHIECKUX
upubimzkennii. Ogaako B paborax [13-15] e paccmar-
puBaJuch 3PMEKTH, CBI3aHHbIC ¢ BIMAHHEM ILJIa3Mbl
Ha JMCIEePCHOHHBIE CBOICTBa POTOHOB.
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CoBMeCTHBII y4uer BJIMsIHUSI 3aMarHUYeHHON cpe-
bl KaK Ha aMILINTYAy paciieiuienusi hpOTOHA, TaK U
Ha W3MEHEHHUE ero JUCIEPCHOHHBIX CBOMCTB OBLI IIPO-
BesieH B paborax [16,17]. B HuX GbLIM HOJIYyUeHBI MO-
JIUDUIIPOBAHHBIE TPABMJIA OTOOPA 10 TTOJITPU3AIUIM:
3alPENIEeHHbIIl B OTCYTCTBHE ILIA3MbI KAHAJ OKA3aJICs
OTKPBIT, & BEPOSITHOCTU B KaHAJaX, Pa3pelleHHBIX B
YUCTOM MATHUTHOM I10Jie (3aMATHUYEHHOM BaKyyMe),
OKa3aJInCh MojaBeHsl. Kpome TOro, B HUX OBLIO TPO-
BEJIEHO CpaBHEHUE BEPOSITHOCTEIl IIPOIeCCOB pacIIlell-
JIEHUsI U CJIUsiHUSI (POTOHOB C KOMIITOHOBCKUM pacce-
sAHUEM U OBLIO MOKA3aHO, UTO PEAKINS DPACIIEILICHUs
doTOHA MOXKET KOHKYPHPOBaTh C IIPOIECCOM KOMIITO-
HOBCKOI'O PACCesHUsI [IPU YCJIOBUU HAJIMYNN Pa3PeKeH-
Hoit wrasmbl (T < m) U B pe3ysbrare MOXKET J1aBaTh
BKJIaJI B (POPMUPOBAHKE CIIEKTPOB aHOMAJIbHBIX PEHT-
PEHOBCKUX IIYJIbCAPOB U UCTOYHUKOB MSITKHX ITOBTOPSI-
IOIUXCsT TAMMA-BCILIECKOB.

JomomauTeIbHBIM (haKTOPOM IOMIMO 9UCTOTO MAar-
HATHOTO TIOJIS W IIA3MbI, M3MEHSIONNM JIACIIEPCUOH-
Hble CBOICTBa (POTOHA, MOXKET OBITH BJIUSIHUE CBSI3aH-
HBIX COCTOSHUMN, HaIpUMep, MO3UTpoHus. Ha mepsbrii
B3IJIsi/l, €r0 BKJIA/I B TOJISIPU3AIMOHHBIN omepaTop ¢do-
TOHA JIOJI?KEH OBITH CJIEJYIOIIEro MMOPSJIKA MaJIOCTH 10
MOCTOAHHOU TOHKOI CTPYKTYDBI (v, OJTHAKO B CUJILHOM
MarHUTHOM II0JI€ OH HMPUBOIUT K CYIIECTBEHHOMY W3-
MEHEHUIO JIUCIIEPCHOHHBIX CBONCTB (DOTOHA B OKPECT-
HOCTH TIUKJOTPOHHOrO pe3oHanca [18], 4to, B cBOIO
oYepeib, BJIUSET HA BEPOATHOCTH CAMOIO IIPOIECCA.
B wacrHocTH, B padore [19] Gbuio mcciesoBaHO BIN-
sIHUE TIO3UTPOHUSI Ha JIUCIIEPCUOHHBIE CBOWCTBA U aM-
IUIATYBI IPOTIECCA PAIMAIIMOHHOTO PACIIA A HEHTPUHO,
V — V7, B CWIbHOM MArHUTHOM II0Jie. BbLIO mokasa-
HO, 4TO yuer 3(P(PEeKTOB, CBA3AHHBIX C O3UTPOHUEM,
[IPUBOUT K 3HAYUTEILHOMY YBEJIMICHUIO BEPOSITHOCTH
JAHHOTO Iporecca. KCTeCTBEHHO OXKHIATh, 9TO TAKOe
BJIMSTHEE IMO3UTPOHUsI HA JUCIIEPCUI0 (POTOHA IIPUBE-
JIeT K UBMEHEHUIO BEPOSITHOCTHU IIPOIECCa PACIIEILIeHUsT
doToHa.

Cratbs mocTpoena ciemyomuM obpasom. B paz. 2
C WUCIIOJIb30BAHUEM paHee II0JIy9YeHHBIX pe3yJIbTaToB
Jist aucrepcud (POTOHA B CUJIBHOM MarHUTHOM II0JIE
C YYeTOM BJINSHUS TO3UTPOHUS TOJIYyI€HbI HOBBIE IIPa-
BUJIa OTOOpa /ISl peakiuu paciiersienuss ¢pororna. B
pa3j. 3 UPHUBEIEHbI Pe3YJIbTAThl YUCJIEHHBIX PacyeToB
BEPOSTHOCTHU IIPOIECCA Y — 7Y B CHUJIBHOM MAarHUT-
HOM II0JI€ C y9YETOM BJIMSAHUs MO3UTPOHUS HA JIUCIIED-
cnio POTOHOB JIjIsl pa3pelleHHbIX KaHaaoB. B pasm. 4
oreHnBaeTCA dDPEKTUBHOCTD MIPOU3BOICTBA OJIAPU-
30BAHHBIX (DOTOHOB 3a CYET PACCMATPUBAEMOIO IIPO-
necca. B 3akjoueHun IPUBEIEHO 00CY2KJIeHUE II0JIy-
YEHHBIX Pe3yJIbTaTOB.
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Mpouecc pacuiennerus poToHa B CUABHOM MarHUTHOM MoJie. . .

2. IVCITEPCHA ®OTOHA B CMJIBHOM
MATHUWUTHOM IIOJIE C YYHETOM BJINAHNA
ITIO3UTPOHMA

XopoIo W3BECTHO, YTO PACHPOCTPAHEHNE H3JIyde-
HU4 B JI000i1 aKTUBHOM cpe/ie yI00HO OINCHIBATH B TEP-
MUHAX HOPMaJIbHBIX MOJ [17], T.e. Ha A3bIKe cOBCTBEH-
HBIX DYHKIWI €, U COOCTBEHHBIX 3HAYEHUIT 3¢ HOJISAPU-
3aI[MOHHOT'O OllepaTopa, KOTOPBIE OIIPEIEIA0T I0/ISIPHU-
3aIMOHHBIE U JUCIEPCUOHHBIE CBOCTBA POTOHA COOT-
BETCTBEHHO.

IIpu sTOM B 9MCTOM MArHUTHOM IOJI€ (DUIUIECKH
HaOIIOAeMBIMU OYIyT (POTOHBI, 00JIAIAIONINE TOJTHKO
JBYMsl [OJISPU3AUOHHBIMEU cocTostHugMu [20], KoTo-
PBIM COOTBETCTBYIOT BEKTOPBI MOJISIPU3AIIH 2)

5&1)((]) _ (C]SD);7
ay

O ==

2
4

C OUPEJIEIEHHBIM 3aKOHOM Jcrepcuu (CM., HalpuMep,
pa6orsr [11,20]).

C Apyroii CTOPOHBI, yYeT BKIJa CBA3BAHHBIX CO-
CTOSTHUH MOKET WM3MEHHTH 3Ty CHTyalmio. B 9acTHO-
cru, Kak ObLI0 mokasaHo B pabore [18], B cmibHOM
MarauTHoM 1oste (B 3> B.) BKJaJ BO30YXKICHHBIX
COCTOAHUN TO3UTPOHUA B IOJAPU3AIMOHHBIN Onepa-
TOp HOTOHA TOIABIEH OTHOCUTEJNBHO BKJIAJA OCHOB-
HOro cocrosiHus axTopoMm mnopsika B/B.a? > 1.
IIpu sTOM pOXKIEHWE TO3UTPOHUS B OCHOBHOM CO-
crostHarU POTOHOM MOJIBI 1 MM OJHOOTOHHBINH pac-
a1 HA HETO KMHEMATUIECKH 3allPeleHbl, TaKuM obpa-
30M, 3aKOH JAUCIEPCHA Jyist (POTOHA MOMBI 1 IpaKTHIe-
CKM HE M3MEHSIETCS M OCTAETCS OJU3KAM K BaKyyMHO-
My, a 4-BEKTOP SHEPTUU-UMILYJIbCA SIBJISETCS TIPU ITOM
POCTPaHCTBeHHO-TI0106HbIM, ¢2 < 0 [11].

Ojmako st (bOTOHA MOJIBI 2 3TOT BBIBOJ, Kap/Iu-
HaJbHO MEHSETCH. 3aKOH JIUCHepCcun i (hOTOHA MO-
Il 2 omnpejiesieTcs u3 ypasHenusi ¢° — %2 = 0, rue
2#(2) — cobeTBeHHOE 3HAUEHNE TTOMSPU3AIIORHONO OTle-
paTopa B CHWJIbHOM MArHUTHOM II0JI€, KOTOPOE C YIE€TOM
BJIMSIHUST IO3UTPOHUS UMeeT ciesyromuii sy [19]:

Az
#?) = —afexp(—p) (%H(z) + 1_2)\72_) @)

2) O6oznadenus BEKTOPOB IOJISIPU3ALIMU CUMBOJIaMu 1 1 2 co-
OTBETCTBYIOT |- B L-nonsipusaiwsM B [3] wm E- n O-mozaMm B

3aps10BO-CUMMETPHYHOM tasme [10].

Bueck p = 7 /28, z = qf /4m?, byskuus H(z) oupe-
JeIgeTcs CIeIyTOIHM 06PasoM:

H(z) =
, 0<z<1, (3)
H(z)=- ! 1n\/z+ 1
2\/2(1—-2) Vz—+vz-—1
1—|—2 T z>1, (4)

A= %(1n(4.5u) — 2.441n(In(0.15u))) ,

o BepBi=p) | )
a? p ’

Ei — UHTerpaJibHad ITOKa3aTe/IbHad @yHKLH/IHZ

3
B-g = [ 220 ©)

[Monsipuzanuonnplil onepaTop (HOTOHA € YIETOM
BJIMAHUA CBA3aHHON 3JIEKTPOH-IIO3UTPOHHOI ITaphl IT03-
BOJISIeT HAHTH 3aKOH JUCIIePCHN qﬁ = f(¢*) nna dboro-
HA BTOPOI MOJ[bI B OKPECTHOCTHU IUKJIOTPOHHOI'O PE30-
Hamca, ¢f = 4m?, B KOTOPOIi BIUsIHEE O3UTPOHIS Be-
simko. CriekrpasibHast TuHuS POTOHA PACHIEIIIETCS Ha
nse (puc. 1). Bepxussg U3 HAX C POCTOM ¢> ACHMIITO-
TUYECKU CTPEMUTCS K CIIEKTPAJIBHON JIHHIH qf = 4m?,
COOTBeTCTBYIomeil e e~ -Imape co CBOGOIHLIME 3JIEKTPO-
HOM U IIO3UTPOHOM, HOKOSIIIIUMUCST OTHOCUTEJIBHO JIPYT
apyra. HukHsist KpuBast TpubJIMKAETCs K CIIEKTPAJIb-
HOll Jmauy no3uTporus ¢ /4m? = 1 — X*(p) (uwrpux-
[yHKTUPHAS JINHUS HA PHC. 1).

Kax Buguo usz dopmyi (2) u (3), (4), cobersentoe
3HAYEHUE TOJISPU3AIMOHHOTO oneparopa st (GhoToHA
MOJIBI 2 CTAHOBUTCsI OOJIBITUM B OKPECTHOCTH ITUKJIO-
TPOHHOIO pe3oHanca. Ilosromy mpu pacuaere HabJIIO-
JIA€MbIX XaPaKTEPUCTHUK (BEPOATHOCTH PACHICIICHUS,
KOJINYECTBO POXKIAEMBIX (DOTOHOB U T.JI.) HEOOXO/uU-
MO YUYUTBHIBATH IIEPEHOPMUPOBKY BOJIHOBOI (DyHKIUI
dorona:

922
eP) = eV 7, 23t =1- }:972((» (7)

MondunuoBaHHbIil ¢ yIeTOM BKJIA/Ia ITO3UTPOHUS
[TOJITPU3AIMOHHBIN OIIEPATOP OIIpeJIesisieT HOBbIE IIpa-
BHJIa 0TOHOPA 110 MOJISIPU3AIHAM (DOTOHA JJIsT TIPOIECCa
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Puc. 1. 3akoH pgucnepcun pnsi ¢oTtoHa moabl 2 € yde-

TOM BKJaga cBsi3aHHoOW e

e -napbl B CUJIbHOM MAarHWTHOM
none. CnnowHble NUHUM — BeTBU Aucnepcun hpoToHa Mo-
Obl 2, WTPUXNYHKTUPHAs JIMHWSE — CNeKTpasibHas JIMHUS

NO3UTPOHNS

v — 7. Kak nokaseiBaer aHajmus, JJisi BEpXHEl BeT-
Bu juctepenn dhotora Mojsl 2 (em. puc. 1) mpu ¢2 = 0
nMeeM qf ~1-X(0)? > 0, rae A ompeiessieTcs ypaBHe-
uueM (5). CrenoBaresbHO, JJIsl HETO CYIIECTBYeT KUHe-
MaTmIecKas ob1acTnb, rae ¢° > 0. Ee maamame oTKpoI-
BaeT HOBBII KaHaJI PeaKIuu Yo — 7Y17Y1, OJIaraBIIuiicsa
3aKPBITHIM B UCCJIEJIOBAHUSIX, B KOTOPBIX HE YUUTHIBA-
JIOCD BJIMSTHEE TIO3UTPOHUS HA JIUCIepcuio. B 1o ke Bpe-
Msl KQHAJIBL Y] — 7Ya7y2 U Y1 — Y172 B 9TOI Ke obacTu
OKa3bIBAIOTCS KHHEMATHIECKN 3aKPbITHIMHU.

Ciiejyer OTMETHTD, 9TO aHAJIOTMIHAS] KHHEMATHIe-
CcKasl CUTyaldsi UMeeT MeCTO JIJIsl [Iporecca =y — 7y B
CHJIBHO 3aMarHMYeHHOM asme [17], rae tak:ke B 06-
nactu ¢2 > 0 OTKPBIBAETCH HOBBI KAHAJ PACIICIICHIST

Y2 = Y171-

3. BEPOATHOCTD AJId ITPOLOECCA
PACHIEIIVIEHNA ®OTOHA B CMJIBHOM
MATHHWUTHOM IIOJIE C YYETOM BJINAHNA
IIO3UTPOHUMLA

JIjis1 pa3IngHbIX acTPOPUZNISCKUX TIPUIOKCHHI I,
B 9ACTHOCTH, aHAJIN3a IEPEHOCA U3JIYyYCHUS IPEeICTaB-
JIZET CAMOCTOATE/IbHBI HHTEPEC BLIYUCIUTH BEPOAT-
HOCTB morjiomenust poToHa B peaknuu v — ~y. Co-
riacHo pabote [16], BbIpazkeHNe I Hee MOXKHO TIPe/I-
CTABUTH B CJICIYIOIEM BHJIE:

gy 2
Wiy = M/|M/\~>)\IA”| ZNZy Zyr X
) v 3k
x0(wa(k) —wy (k—k ) —wyr(k ))——,  (8)
wk/w/\//
e A u )\/, 2= 1,2 obozHavaeT MOJISIPU3AINIO HATA b

HOT'O Cl)OTOHa 1 KOHEYHDbIX Cl)OTOHOB COOTBETCTBEHHO,
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do = (wx, k) — 4-BEeKTOp SHEPTUM-UMITYJIbCA HAUAIb-
Horo dorona, ¢, = (wr, k') u ¢/) = (war,k”) — KoHeu-
HBIX HOTOHOB, hakTop grar = 1 — (1/2) Jy A~ BBesEH
JUISL ydeTa BO3MOXKHOI TOXKJIECTBEHHOCTH (POTOHOB B

KOHEYHOM COCTOSTHHH.

Ucnonbsys pesyiabrarsl paborsl [11], MoxkHO 1pe-
CTaBUTh AMILUINTY/IbI pacilerieHust (bOTOHA B CHJILHOM
MArHUTHOM TIOJIE€ TIO PA3PEITEHHBIM KAHAJIAM B CJIELy-
IOIIEM BHIE:

3/2 / 1" I~ 1
My 19 = —4mi (g) WX
T

arqf*ql”
112
x H <fﬁ> . (9)
3/2 ’ o
Moy = —Ami (g) (¢'d") %
™ q%q12q112
q/2 q//2
<Jantr (1) + e (1)) ao

Man = Misia(g < q"), (11)
rue dyuxuua H(z) oupenensiercsa dopmynamu (3), (4).

BeposaTHOCTh paciieliennst B KaHajle Yo — Y171,
KOTOPBIii 3alIpeleH B YNCTOM MarHUTHOM I0J1e 6e3 yue-
Ta BKJIaJa HO3UTPOHHS, MOXKET OBITH BBLIYUCJICHA aHA-
JIUTHYECKH TI0 AHAJIOTHU C BEPOATHOCTBIO PACHICILIC-
Hust GoroHa B 3amarHmveHHoil miasme [17]. C yue-
TOM JUCHEPCHU W NEPEHOPMHUPOBKHU BOJHOBOH (DyHK-
A HAYAJIBHOTO (DOTOHA OHA MOYKET OBITH IIPE/ICTaB-
JIeHa B BUJE

Waos11 =
ol q? ¢ q2
= —ZH (-5 ]=* — | 0(¢%), (12
7.[-2 <4m2 w qi (q )7 ( )

riae H(z) oupenensiercst dopmynamu (3), (4), 0(x) —
TITa~-PYHKINA, &

F(z) =2Inz — 1 + 272, (13)

BeposgrrocTs mpornecca noruonienns hoToHA 110 Ka-
HAJIY Y2 — 7171 IPEICTABICHA HA PUC. 2 KaK (DyHKIUS
SHEPIUU HAYaJbHOIO (POTOHA JIJI MATHUTHBIX IIOJIEi
B =100B. u B = 200B..

Bepograoctn morsiomennsi  poTroHa B KaHAJIAX
Y1 = Y1Y2 U Y1 — Y27Y2 OBUIM IOJIyYEHBI YHCJIEHHO U3
dopmysbr (8) ¢ mogcranoskoii (9) u (10) u ¢ yuerom
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W 103
*10°
Wo = 0.6} §
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0.99983 0.99984 0.99985
w
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Puc. 2. BepositHocTb nornoweHnst boToHa B KaHane

Y2 — Y171 448 3HadeHuwii marHuTHoro nonsi B/B. = 100
(cnnowHas nunus), B/Be = 200 (nyHkTupHas nuHns). 3aecs
Wo = (a/m)*m ~3.25-10%cm !

'S

0.5

Puc. 3.

norsoweHnsi  poToHa
Y1 — 7Y17y2 AN 3HAYEHUI MArHWUTHOro nonas B/B8 = 100
(cnnowHas nuuus), B/Be = 200 (nyHkTupHasi nuHnst). 3aecs

BepOHTHOCTb B KaHane

Wo = (a/m)*m ~3.25-10%cm ™!

BJIUSTHUSL ITO3UTPOHUsI HA JIUCIEPCUI0 U IIePEHOPMU-
POBKY BOJIHOBBIX (DYHKIHIT (DOTOHOB id 3HAYEHUI
nHAYKIIn MarauTaoro noua B = 100B. u B = 20085..
Ha puc. 3-6 onu npejicraBieHbl Kak PyHKITUU SHEPTUN
HadabHOrO poroHa. Kak BusHO Ha puc. 5 u 6, BeposiT-
HOCTBH MPOIIECCa pacienyieHns pOoTOHa B 9TUX KaHaJIax
OKa3aJlaCh MeHbIIe, YeM B CHJIbHOM MarHUTHOM II0JI€
6e3 ydera BJIMSIHUsI TIO3UTPOHUSI. DTO CBSI3AHO C TEM,
YTO B KMHEMATHUECKoil obgacTu ¢ > 0 9TH KaHAJIbI
3aKpLIThI. HecMOTpss Ha TO UTO JIsT TPOIECCOB C
yauacrueM (hOTOHA MOJbI 2 BEPOSITHOCTH CYyMMUPYETCsI
10 JBYM BETBSM JUCIEPCUH, B 00JaCTH, B KOTOPOit
JAHHBbIE KAHAJBI SIBJIAIOTCS Pa3pernieHnbIMi, (Hha30BbIit
00'beM peakIii BCe YKe OKa3bIBAETCsl MEeHbIIe, YeM 6e3
yJera BJIMAHUs O3UTPOHUS HA JIUCIIEPCUIO (DOTOHA.
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3.0,

2.5

2.0,

w
7o 1S
1.0
05
045 05
Puc. 4. BepositHocTb nornoweHnst ¢oToHa B KaHane
Y1 — Y2772 4N 3HAYEHUI MArHUTHOro Mnons B/B8 = 100

(cnnowHas nuuus), B/Be = 200 (nyHkTupHasi nuHnst). 3aecs

Wo = (a/m)*m ~3.25-10%cm ™!
5
4
w3
Wo
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Puc. 5. BepositHocTb nornoweHnss ¢oToHa B KaHane

Y1 — Y172 B cunibHOM MarHuTHom none (B/Be = 200). MyHk-

TUpHas IMHUS COOTBETCTBYET BEPOSITHOCTI peakunm B 3aMar-

HUYeHHOM Bakyyme 6e3 yyeTa Bknaga nosutporus [11]. 3aecs
Wo = (a/m)*m ~3.25-10%cm !

Vuer BiMSHNS BKJIAJa MO3UTPOHUA B JUCIEPCHUIO
doToHA B CHJIILHOM MATHHTHOM IOJI€ O€3 TIa3MbI I0-
Ka3aJjl CyIIeCTBOBAHUE HEHYJIEBOI BEPOSITHOCTH paciia-
Jla 10 KaHaJy Y2 — Y17yl B KMHEMaTH4ecKoi objiacTu
w < 2m KaHaJ Yo — Y171 OyIAeT OCHOBHBIM, TaK KakK
KAHAJBL Y] — Y17Y2 U Y1 — Y2Y2 KHHEMATUYIECKN T10/IaB-
JIeHbI. XOTsI BEPOSITHOCTH paciajia pOTOHA [0 KaHAJLY
Yo — Y171 OTJMYHA OT HyJIsk TOJIBKO B Y3KOM JUAIIA30HE
SHEpruil HavYaabHOro (POTOHA U IIPU STOM 3HATUTE]Ib-
HO YCTYIIAeT 110 BeJIMYMHE BKJAJly B BEPOSITHOCTH 3a
cUeT KOMITOHOBCKOIO paccesiaus [17], nporece pacua-
1a (GOTOHA MOXKET UI'PATh BAXKHYIO POJIb B MEXAHU3ME
U3MEHEHUsI 9rcjia (POTOHOB B MOJIE/ISX U3JIYUCHUS MC-
TOYHUKOB MATKUX IIOBTOPAIONIUXCS FAMMa-BCILIECKOB.
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0.5

Puc. 6. B KaHane

doToHa
Y1 — Y27y2 B cunbHoM mariuTHom none (B/Be = 200). MyHk-

BepositTHocTe  nornoweHusi

TUpHast IMHNSA COOTBETCTBYET BEPOSITHOCTI peakunm B 3aMar-
HUYeHHOM Bakyyme 6e3 yyeTa Bkiaga nosutporus [11]. 3aecs
Wo = (a/m)*m ~3.25-10%cm !

4. 9OPEKTUBHOCTD ITPOU3BO/JCTBA
POTOHOB

Kaxk y:xe ormeuasioch Bo Bejienun, B cOBpeMeHHDBIX
MOJIEJIAX ONMUCAHUS PAINOU3IIY Y€HUS CUJIHHO 3aMarHu-
YEeHHBIX HEHTPOHHBIX 3Be371 He0OX0IMMO 3D hEKTUBHOE
poxjenue e'e”-mnasmMbl B Marautocdepe [9,21]. B
CBOIO OY€PE/Ib, JIEKTPOH-IIO3UTPOHHBIE TAPBI B CHJIb-
HOM MarHUTHOM mosie B > B, nanboJiee BepoaTHO Oy-
YT poxKaaThest dboroHamu Moael 2 [9,22,23], mostomy
[IPEJICTABJISIET OT/IEJbHBI WHTEPEC BBIYUCIUTH YOBLIb
quciia GOTOHOB MOJBI 2 38 CIET PEeaKIuu Yo — Y171 B
eJINHAUIIE 00beMa 38 €JIMHUILY BPEMEHU:

dN _/ d*k

avdai ~ ) @np
fo = (1 +exp(w/T))~!

— paBHOBeCHasl (DYHKIIUsI paciipejieieHns (HhOTOHOB.
Momynb sToit Bemmauubl Kak (GYHKIHS OT TeMIIepaTy-

(14)

Y2—Y17Y1 fw 9

rje

pot T boToHHOTO Ta3a AT BETUINHB MATHUTHOTO TIOJIS
B = 200B, upejicraBjieH Ha puc. 7.

YHucteHHbIN aHAIN3 TTOKA3BIBAET, YTO YOBLIb YNCIIA
(BOTOHOB MOJIbI 2 B CHJIBHOM MarHHUTHOM II0JIe C yde-
TOM BJIMSIHUSI TIO3UTPOHUS 3a CYET Paclaja B KaHaje
Y2 — Y17Y1 B TOM 2Ke JHMalla30HE TeMIlepaTyp Ha 47
[TOPSA/IKOB MEHbIIIEe, YeM B IPUCYTCTBUHU CUJIBHO 3aMar-
HgeHHON 1wiasMel [17]. CrrenoBaTesibHO, BIMsIHUE 110~
3UTPOHUS [IOJIABJISIET IIPOTECC N3MEHEHUs Incaa HPoTo-
HOB MOJIBI 2. DTO MOYXKHO OObSCHUTH T€M (DAKTOM, UTO
B pacCMaTPUBAEMOM B JIAHHOI paboTe ciydae BEpPOsT-
HOCTH IPOIECCa CUIBHO TIOAaBJIEHA EPEHOPMUPOBKOIL

214

1035

1034
dN 1
dvdt’13

1033L

1032}

0.0

Puc. 7. /iamenenne yncna doToHOB Moabl 2 3a CHET peakuuu
Y2 — Y171 B CuNbHOM MarHuTHoMm nosie (B/B. = 200) B egu-
HULe obbemMa 3a efuHNLY BPEMEHN, B3ATOE MO MOAYIIIO

BOJIHOBOI dyukImu dhorona (7) u3-3a 6JIU30CTH KUHe-
MaTUIeCKN PA3PEINeHHON 00JIaCTH IHEPIUil HAYAJIBHO-
ro ¢poToHa K MOPOry qf = 4m? . Tlo-BIIUMOMY, JJISI Ca-
MOCOIJIACOBAHHOI'O PEIleHUs STOM 3a/1a491 HeOOXO MO
TakKe y9eCTh IPUCYTCTBUE 3aMATHUIEHHON IJIA3MBI 1
BJIMSTHEE [TIO3UTPOHUS Ha aMILIUTY/Ly PEaKIUuu, 9TO, O/I-
HAKO, CBSI3aHO CO 3HAYUTE/IbHBIMU BBIYUC/IATEbHBIMU
CJIOZKHOCTSIMU.

5. SBAKJIFOYEHUE

B nanHOil paboTe BBIYUC/IEHBI BEPOSITHOCTH IIOIJIO-
meHust (pOTOHA B IIPOIECCe pacllelierns (POTOHa Ha
IBa, Y — 7YY, B CUJIBHOM MATCHUTHOM IIOJIE C YIE€TOM
BJIMSTHES [TO3UTPOHUS Ha JUCIIEPCUOHHBIE CBOiiCcTBa (DO-
TOHOB. BJiusiHue 1mo3uTpoHusi Ha BEPOSITHOCTD 9TOM pe-
AKINY SBJISIETCH TBOAKUM: C OJHOW CTOPOHBI, JHUCIIED-
CHoHHAS JUHUS (POTOHA MOJIBI 2 PACIIEIIACTCS HA JIBE,
¢ Jpyroit — ¢a30Bblii 00beM peakiuu yMeHbIIAeTCsl.
B pesyabrare BepositHOCTH pacriemienusi bOTOHA IO
KaHAaJIaM, U3BECTHBIM B IPUCYTCTBUM MATHUTHOTO IIO-
JIsl, HECKOJIBKO yMeHbIaercs. OJHOBPEMEHHO C ITHM
OTKPBIBAETCsI HOBBIIl KaHaJ PACIIEIIEHUST Yo —> Y11,
KUHEMATUYIeCKH 3allPEIIeHHbIN 063 ydaeTa BKJIAIa M03U-
TpoHusi. [TojryueHo BbIpazkeHue Jjisi BEPOSITHOCTU I10-
ryomnieHust pOTOHA B KaHAJE Yo — Y171 B aHAJIUTHYE-
ckoit popme. IIposemena omenka 3HPEKTUBHOCTH U3-
MeHEHUs IUC/Ia (DOTOHOB MOJIBI 2 38 CUET ITOT0 KaHaJIa.

BaarogaprocTu. Apropsr 6arogapst A. B. Kysz-
weroBa, A. 4. [Tapxomenko, A. A. I'Boznesau 1. C. Or-
HEBa 3a MoJIe3Hble 00CYKICHUS U TIEHHbIE 3aMeTaHus.



MITP, Tom 166, BeI. 2 (8), 2024

Mpouecc pacuiennerus poToHa B CUABHOM MarHUTHOM MoJie. . .

10.

11.

JIMTEPATYPA

. S. L. Adler, J. N. Bahcall, C. G. Callan, and
M. N.Rosenbluth, Phys. Rev. Lett. 25, 1061 (1970).

. Z. Bialynicka-Birula and I
Phys.Rev. D. 10, 2341 (1970).

Bialynicka-Birula,

. S. L. Adle, Ann. Phys. 67, 599 (1971).

. A. K. Harding, M. G. Baring, and P. L. Gonthier,
Astrophys. J. 476, 246 (1997).

. C. Thompson and R. C. Duncan, Mon. Not. Roy.
Astron. Soc. 275, 255 (1995).

. M. G. Baring, Astrophys. J. 440, 69 (1995).

. M. G. Baring and A. K. Harding, Astrophys. J. Lett.
507, 55 (1998).

. V. M. Malofeev, O. I. Malov, D. A. Teplykh et al.,
Astron. Rep. 49, 242 (2005).

. Ya. N. Istomin and D. N. Sobyanin, Astron. Lett. 33,
660 (2007).

C. Thompson and R. C. Duncan, Astrophys. J. 561,
980 (2001).

A. B. Kysnenos, H. B. Muxees, M. B. Hucrsakos, D
62, 1638 (1999).

5 2KOT®, e 2 (8)

215

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

. T. Bulik, Acta Astron. 48, 695 (1998).

P. Elmfors and B.-S. Skagerstam, Phys. Lett. B 427,
197 (1998).

H. Gies, Phys. Rev. D 61, 085021 (2000).

J. M. Martinez Resco and M. A. Valle Basagoiti,
Phys. Rev. D 64, 016006 (2001).

. A. Pymannes, M. B. Hucrakos, 2KOT® 128, 740
(2005).

M. V. Chistyakov, D. A. Rumyantsev, and N. S. Stus’,
Phys. Rev. D 86, 043007 (2012).

A. E. Shabad and V. V. Usov, Astrophys. Space Sci.
128, 377 (1986).

P. A. Awukwn, H. B. Muxees, 2K9T® 142, 463
(2012).

A. E. Hla6ax, Tp. ®UAH CCCP 192, 5 (1988).

4. H. Ucromun, . H. Cobbanun, 2K9TD 140, 681
(2011).

H. B. Muxees, M. B. Hucrgakos, [Tucema B 2K9TD
73, 642 (2001).

A. A. Yarkov, D. A. Rumyantsev, and M. V. Chis-
tyakov, Phys. Atom. Nucl. 85, 1566 (1988).



KT, 2024, Tom 166, b 2 (8), cTp. 216-231

© 2024
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We analyze the effect of the parton color randomization on pr broadening in the quark-gluon plasma with
turbulent color fields. We calculate the transport coefficient for a simplified model of fluctuating color fields
in the form of alternating sequential transverse layers with homogenous transverse chromomagnetic fields with
random orientation in the SU(3) group and gaussian distribution in the magnitude. Our numerical results show
that the color randomization can lead to a sizable reduction of the turbulent contribution to §. The magnitude
of the effect grows with increasing ratio of the electric and magnetic screening masses.

DOI: 10.31857,/50044451024080078

1. INTRODUCTION

The experiments on heavy ion collisions at RHIC
and the LHC led to the discovery of quark-gluon plasma
(QGP). The hydrodynamic simulations (for reviews,
see, e.g., Refs. [1-3]) of AA collisions at the RHIC and
LHC energies show that the QGP produced in AA colli-
sions flows as almost ideal fluid with a very small shear
viscosity to entropy density ratio n/s, of the order of
the lower bound n/s ~ 1/4x [4]. Hydrodynamical anal-
yses give strong evidence for the onset of the collective
flow/thermalization regime of the QCD matter at the
proper time 75 ~ 0.5 — 1 fm [3,5]. No clear consensus
has emerged on whether these facts can be explained
within the paradigm of the weakly coupled QGP. On
the one hand, calculations of the shear viscosity in the
kinetic theory with 2 — 2 parton processes in the lead-
ing logarithmic approximation [6] give n/s ~ 0.6 (for
the QCD coupling constant g = 2 and Np = 2.5), that
is considerably larger than required for description of
the flow effects observed in AA collisions at RHIC and
the LHC. This contradiction of the kinetic theory with
binary collisions to data on AA collisions was confirmed
by direct simulation of the QGP evolution in AA colli-
sions at RHIC energies within the Boltzmann equation
performed in [7]. The inclusion of the near collinear

* E-mail: bgz@itp.ac.ru
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splitting 1 <+ 2 processes [8] does not change consider-
ably the ratio n/s. However, in [9] it was shown that
accounting for the NLO corrections to the formulas of
the effective kinetic approach of [8] can considerably
reduce 17/s V. On the other hand, there is indication
that with the inclusion of the large angle 2 < 3 pro-
cesses the kinetic approach may give n/s ~ 1/4m [11]
without the NLO corrections to the parton cross sec-
tions. Also, the approach of [11] leads to considerable
decrease of the thermalization time [12] as compared
to the perturbative “bottom-up” scenario [13] based on
the Boltzmann equation with 2 — 2 and near collinear
2 < 3 processes, which does not explain the small ther-
malization time. However, one should bear in mind
that the analyses [7—9,11-13] ignore the possible plasma
instabilities that can appear for anisotropic initial par-
ton system produced in AA collisions [14-16]. Possible
importance of the QGP instabilities for AA collisions
was first discussed in [17]. One of the important QGP
instabilities is the chromomagnetic instability similar
to the Weibel instability in the ordinary plasmas [18].
The unstable chromomagnetic modes of the gluon field
due to the color Weibel instability must appear due
to strong anisotropy of the initial parton distribution
[13-15, 19| for which the transverse parton momenta

1) The large difference between LO and NLO results of [9]
arises from the large NLO correction to ¢ obtained in [10], which
is used in the framework of [9] for description of the small angle
parton scattering within the Fokker-Plank approximation.
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are larger than that along the beam axis. The gen-
eration of the unstable color fields can accelerate the
thermalization [19,20]. From the point of view of the
flow effects in AA collisions, it is important that in-
teraction of the thermal partons with the random color
fields can reduce the parton mean free path in the QGP,
and consequently can decrease the viscosity of the QGP
produced in AA collisions. This mechanism of genera-
tion of a small effective shear viscosity of the QGP in
AA collisions has been addressed in Refs. [21-23]. Also,
in [24] it was argued that the turbulent color fields in
the QGP can potentially be important for spin trans-
port in AA collisions. The effect of the instabilities
on the QGP evolution in AA collisions has attracted
much attention in the literature (for a review, see Refs.
25, 26]).

The reduction of the QGP shear viscosity in the
presence in the QGP of the turbulent collective color
fields is closely related to the turbulent enhancement
of the transport coefficient ¢ [23]. The transport co-
efficient ¢ characterizes the mean squared transverse
momentum acquired by a fast particle per unit length
in the QGP [27]. In terms of ¢ one can obtain the esti-
mate for the typical length, A, of degradation of the mo-
mentum for thermal partons in the QGP: A\ = b(p)?/4,
where (p) ~ 3T is the average parton momentum, and a
reasonable choice for the coefficient b is b ~ 0.5. Then,
using the fact that in the kinetic theory the shear vis-
cosity is approximately [28,29]

1
1~ Snlp)A )
(n is the parton number density) one can obtain the
approximate relation between n and ¢

n 1573
- ~ ) (2)

s q

that agrees reasonably with the estimates given in
[23,30].

Besides the effect of the turbulent contribution to
G on the QGP shear viscosity, it is also important for
pr broadening of fast partons with energy E > T pro-
duced in hard processes in AA collisions. Interaction of
fast partons with the collective color fields can also lead
to synchrotron-like gluon radiation [31], which may en-
hance jet quenching in AA collisions. The effect of the
collective background color fields on the pr broadening
of fast partons in an unstable QGP has been addressed
in [32] within the classical approach using Wong’s equa-
tions [33]. A quantum calculation of py broadening of a
fast parton in random color fields have been performed
in [34] (in the context of the parton pr broadening in

the glasma color fields). The turbulent contribution to
g is o< g*esre, where € is the mean energy density of
the turbulent collective fields, and r. is the correlation
length of these fields. This result is natural and quite
transparent since pr broadening arises due to random
transverse momentum kicks with ApZ ~ g%e;r2. How-
ever, the calculations of [32,34] ignore the fact that
gluon exchanges between the fast parton and the QGP
constituents can change the color state of the fast par-
ton. It is clear that such gluon exchanges will affect
the transverse momentum acquired by the fast par-
ton due to interaction with the collective color field,
since the change of the fast parton color state changes
the Lorentz force. One can expect that this should re-
duce the turbulent contribution to pr broadening, be-
cause the color randomization of the fast parton due
to the gluon exchanges effectively reduces the correla-
tion length of the Lorentz force in the collective color
fields of the QGP. Study of this effect is of interest both
from the point of view jet quenching and from the point
of view of the turbulent shear viscosity of the QGP
[21-23]. The purpose of the present paper is to study
this effect quantitatively. We perform calculations for
a simplified model of random background chromomag-
netic fields with alternate homogeneous field layers.
The paper is organized as follows. In section 2, we
give introductory overview of calculations of the contri-
butions to pr broadening from scattering in turbulent
color fields and from scattering on the thermal partons
treating these two mechanisms separately. We give a
new alternative simple derivation for ppr broadening in
the turbulent non-abelian fields. In section 3, we de-
velop a formalism for calculation of pr broadening in
the QGP with fluctuating background fields accounting
for the effect of the color randomization of fast partons.
In section 4, we present the results of numerical simu-
lations. Conclusions are contained in section 5.

2. TURBULENT AND THERMAL
CONTRIBUTIONS TO pr BROADENING

In this section we discuss briefly the quantum for-
malism for transverse momentum broadening of fast
particles passing through high-temperature QED and
QCD plasmas. The approach is similar to that used
in our previous studies on the propagation of positron-
ium atoms through a matter [35] and on the Landau-
Pomeranchuk-Migdal effect in QED and QCD [36].

We assume that the plasma is statistically homoge-
neous and isotropic. We consider a fast particle with
E > m with the initial momentum along the z-axis. At

5*
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Fig. 1. (a) The lightlike Wilson lines corresponding to the evolution operator for the transverse density matrix of a fast particle in
the eikonal approximation; (b) the closed Wilson loop made of the two lightlike Wilson lines and the transverse segments arising
from the Aharonov-Bohm phase factors in the initial and final density matrices

leading order in the particle energy E, the transverse
dynamics of fast particles in an external field can be de-
scribed in terms of a 2D Schrodinger equation, which
governs the z-evolution (on the light-cone ¢ — z =const)
of the transverse wave function [35,36]. In the trans-
verse Hamiltonian the role of “mass” is played by the
particle energy E. The transverse Green function can
be written in the Feynman path integral form [37]

K(py, 22|py, 1) :/DPX

2
X exp i/dz
z1

where M = F, and

M(dp/dz)?

L Wleh),

(3)

W({p}a 22, Zl) =

—ie/dz(AO—A3—AL-vl)

21

(4)

= exp

is the Wilson line factor for the trajectory p(z) in the
external potential A, (¢, p(2),z) at t — z =const. In
the high energy limit the transverse motion is frozen
and the Green function takes the eikonal form (for an
abelian external field)

K(p2722|p1721) :6(p2_p1)W(p522721)5 (5)

where

W(p,z2,21) = exp

= exp fie/dz(AO — A% (6)
is the lightlike Wilson line factor with n* = (1,0,0,1)

for p=p, = p,.
In the present analysis we will discuss pr broad-
ening in the eikonal approximation. However, using
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the path integral representation (3) for the Green func-
tions, one can show that for statistically transverse uni-
form medium the calculations of pr broadening with
accurate Green functions give the same results as the
eikonal approximation [35,36]. For this reason, all the
results presented in this paper remain valid beyond the
eikonal approximation.

2.1. pr broadening in turbulent background
fields

2.1.1. Abelian field

Let us consider first a charged particle propagating
in a fluctuating electromagnetic field. For a given ex-
ternal field, the evolution operator for the transverse
density matrix p(b,b’, z) = ¢(b, 2)¢*(b’, 2) (hereafter
we denote the transverse vectors with bold letters) in
the eikonal approximation (corresponding to the dia-
gram of Fig. la) reads

S(b, bla Z2|b7 bla Zl) = W(ba 22, Zl>W* (bla 22, Zl) =
= W(bazQazl)W(blvzlaZQ)a (7)

where W (b, z2,21) and W (b, 21, z3) are the lightlike
Wilson line factors given by (6) corresponding to the
paths from (b, z1) to (b, 22) and (b’, z2) to (b, z1), re-
spectively. The first equality in (7) shows that, for-
mally, the operator S can also be viewed as the eikonal
S-matrix for scattering of eTe™ pair. Below this fact
will be used to express the thermal contribution to ¢ in
terms of the dipole cross section oo+.- (or ogg for the
QGP) as was done in [35,36]. But for pr broadening
in turbulent fields we treat S as the evolution operator
of the density matrix.

For statistically uniform medium, the value of
(b + b’)/2 is immaterial, and one can take b = —p/2
and b’ = p/2 for the eikonal lightlike lines. We take
z1 = 0 and z9 = L. We will consider the evolution
operator as a function of p and L. The transverse mo-
mentum distribution, I(p), of the final particle (for the
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initial state with zero transverse momentum) can be
written in terms of the operator S as

<<(pp|5|po>>>,

> means averaging over the ensemble of

1

I(p) L

(8)

where <<
the background fields, pg is the density matrix of the
initial state with zero transverse momentum, and pp
is the density matrix of the final particle with trans-
verse momentum p. We assume that at z = 215 the
magnetic field vanishes, i.e., A, is pure gauge. The
density matrix of a particle with the physical trans-
verse momentum p in the presence of a non-zero pure
gauge transverse vector potential A reads

pp(22, p) = exp[—ipp] - W*(p/2,-p/2,22), (9)

where

b/
W (b’ b, z) =exp ie/d‘rAJ_
b

is the Wilson line factor for the straight transverse
path from b to b’, which appears due to the Aharonov-
Bohm phase shift [38]. Note that in the presence of a
real magnetic field, when A is not pure gauge, the
final particle can not be regarded as having a definite
transverse momentum. In this case, p can only be de-
termined with uncertainty of the order of the inverse
Larmor radius (which corresponds to the relative error
Ap/p ~ eB/p?).
Using (7), (8) and (9) one can write the momentum
distribution of the final parton as

(10)

1) = Gz [ deeolipal((Wlo. 1)), (1)

where W, is the Wilson factor for the closed path as
shown in Fig. 1b, which includes the two straight light-
like lines and the two transverse segments (correspond-
ing to the Aharonov-Bohm phase factors in the initial
and final density matrices)

Wc(p7 L) = W(ip/Qv 215 ZQ)W(p/2a 7p/2a 22)X
X W(p/Q, 22, Zl)W(_p/Qa P/Q, Zl)

= exp {iefcdx“/l“} (12)

with zy = 0, 290 = L. The definition of py broaden-
ing in the QGP in terms of the closed lightlike Wilson
loop was suggested in [39,40] in strong-coupling calcu-
lations of § using AdS/CFT correspondence. In [39,40],
it was assumed that pr broadening is associated with
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the long lightlike Wilson lines, and the effect of two
short transverse segments can be ignored. However,
one should be in mind that in some cases the whole
effect of pr broadening may come from the transverse
Wilson lines. For instance, this occurs for a fluctuating
transverse magnetic field described by a z-dependent
transverse vector potential: B = V x A (z). In this
case the lightlike Wilson factors equal unity, and pr
broadening arises due to fluctuating Aharonov-Bohm
phases in the transverse Wilson factors (or in one of
them). This occurs even if the transverse Wilson lines
are located outside the medium.
We write the averaged W, in the form

((Welp.1))) = exp[-P(p)). (13)
In terms of the function P(p), I(p) reads
10) = Gz [ dpexvlive -~ Plp)] . (1)
P) = gnz | dpexplipe p)] -

The value of (p?) is sensitive to the behavior of P(p)
at small p. For particle scattering in the collective tur-
bulent fields we have P(p) x p? in the limit p — 0. In
this case, from (14) one obtains

(0%) = V2P(p)| = lim 4P(p)/ .

p—0

- (15)

The integral over the closed contour fC dz"A, in
(12) can be transformed in an integral over the surface
spanning it with the help of the Stokes theorem

1
j{ dzt' A, = §/dUWF,“,.
c

In the limit of small p, the surface integral on the right
hand side of (16) can be written as

(16)

L

1 .
g/da“”FW %/dzijjJr

0

(17)

where j = 1,2 is the transverse index. Using (17) one
obtains at small p

/m/w«mVMAA»,u&

where, for brevity, for F;; we indicate only the lon-
gitudinal component z of the position four-vector
a* = (2,0,0,2). Assuming that the field correlation
radius, 7., is small compared to the medium thickness
L, from (15) and (18) one obtains

p’e

4

2

P(p) =

o0

(p?) = 2L62/dz<<ﬂ-+(z)Fi (0)>>.

0

(19)
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Fig. 2. A cartoon depicting the deformation of the rectangular Wilson loop of Fig. 1b to rewrite the closed non-abelian Wilson
line operator in terms of a surface integral

This formula can be rewritten as

®%) =20 [ E((fEH0)), e
0
where f;(z) = —eF;;(z) is the ith component of the

Lorentz force experienced by the charged particle with
velocity v = 1 along z axis. The formulas (19) and
(20) are comsistent with the physical picture of pr
broadening as a random walk in the tranverse momen-
tum arising from the transverse momentum kicks with
(Ap?) ~ €?esr? in scatterings on the domains of the
background fields.

2.1.2. Non-abelian field

Consider now pr broadening in the non-abelian tur-
bulent collective color fields. It was addressed pre-
viously in [32,34]. Here we give an alternative sim-
ple derivation very similar to that given above for the
abelian case. In the non-abelian case, the external po-
tential in the Wilson lines shown in Fig. 1 becomes
the color operator A, = AfT%, where T% is the color
SU(3) generator for the fast parton. And the abelian

formula (12) is now replaced by

TeW, =Tr [77 exp <zg7{ dx“AZT“Rﬂ ,
c

where P denotes path ordering of the exponential. We
assume that the beginning and the end of the path C
are at the upper left corner of the rectangular contour
shown in Fig. 1b. The non-abelian function P(p) is
defined as

L < <Tch(P,

R

(21)

L)) =expl-Plp)],  (22)
where dpr is the dimension of the color representation
for the fast parton i.e., for SU(3) dgp = 3 and 8 for
quarks and gluons, respectively.

The Wilson line operator W, can be rewritten in
terms of a surface integral with the help of the non-
abelian Stokes theorem [41-44]. For small p this can
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be done using the deformation of the contour C' to the
one with a sequence of small plaquettes as shown in
Fig. 2. Then, we obtain

~r[ITv]

(23)
n=1
[U ()]} =~ 65—
Zg v a a i
- 5 A F(2n) [ (20) TRQR(20)]5 . (24)
Qr(zn) = Pexp fig/dzn“AZ(z)T‘}g (25)

0
In (23)—(25) and below we suppress the time compo-
nent (2 = ) and the transverse components (x> = 0)
of the position four-vectors in arguments of £, and AZ
for notational simplicity. One can rewrite (24) as

n)

where F;w = QXFW is the color rotated field strength
tensor. Using (23), (26) and (21) one obtains

fi——A e

pv

U(= (2n) Tk, (26)

TrW, ~
p—0

~ Tr | Pexp fzng/sz z2)T% (27)

us-
% TY) = 6%drCr/(N2 1), from
(27) and (15) we obtain the non-abelian counterparts
of (18) and (19)

Then,
ing the relation Tr(

Plo) = R,
L z1
X/le/dZQ ~+(21)F‘ﬁi_(22)>>7 (28)
0 0
) = S / (PR 0)). @)
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2.2. Thermal contribution to pr broadening

2.2.1. Abelian plasma

Consider now the thermal contribution to py broad-
ening for charged particles in the QED plasma due to
multiple scattering on the plasma constituents. The
thermal contribution to pp broadening in the QED
plasma can be treated similarly to the case of ordi-
nary amorphous materials addressed in [35]. The func-
tion P corresponding to the product WW™* of the Wil-
son factors for the diagram of Fig. la, can be ex-
pressed through the Wightman photon field correlator

({(AF(2) A% (y))) as

Pin(p) = €L / dz|G(z,012) — G(z,p,2)], (30)

— 00

Gz —y) = n'n"((Au(x) A (y))) -

In the approximation of the static Debye screened
Coulomb centers (similar to that of [45] for the
QGP), neglecting correlations between the plasma con-
stituents, the function Py, (p) given by (30) can be writ-
ten as

(31)

Pi(p) = L0
where n = 3£(3)T3/7? is the number plasma density
(for the electron-positron plasma with zero chemical
potential, and T > m.), and o.+.-(p) is the dipole
cross section for scattering of the ete™ pair on the
scattering center. In the two-photon exchange approx-

imation o +.- (p) reads
J

where mp = eT/\/§ is the Debye mass for the QED
plasma [46]. The formula (33) corresponds to the func-
tion Py (p)

(32)

64

_ & goL—expliap)]
272

@ e

Octe- (p)

st

5 (p) = ﬁ / dall — exp(iap)|Pii(a)  (34)

with . .
, Le*3¢(3)T
Pilq) = 05— . 35
th (q) 2 (qg + m2D)2 ( )
The ratio
02 (P) = O¢te— /P2
(and Pji(p)/p*) has a logarithmic dependence

x In(1/pmp) at p < 1/mp due to the Coulomb tail in
scattering on the plasma constituents at ¢> > m%. Due
to the appearance of the Coulomb logarithm, for the
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thermal contribution the prescription (15) is replaced
by

(p*) ~ V*P(p) ~ AP (pmin) [ Pvin -

P~ Pmin

(36)

where pmin ~ 1/¢maz, and gma, is the maximal mo-

mentum transfer for 2 — 2 scattering of the fast parti-

cle on the plasma constituents (for a relativistic plasma

@2z ~ 6ET). The transport coefficient
= d(p*)/dL

in terms of the function Cy reads

~st
Qih =

27102 (P ~ pnﬂn) . (37)
The Coulomb tail leads to a logarithmic increase of
Gin, with the particle energy. In the static model, from
(34), (35) and (36) for G, in the leading-logarithmic
(LL) approximation one obtains
<6ET)

In 5 .
m

D
In the HTL scheme [47] the P:,(q) can be written

e*3¢(3)1°
473

A5t~
dip ~

(38)

as

P (q) = Le*TC(q) (39)

with
_mp
¢*(¢® +mp)’

C(a)

see Ref. [48]. This gives the HTL transport coefficient
in the LL approximation
n ( ) |

In the HTL scheme the coefficient of the logarithm
in Gy, is smaller by a factor of 72/9¢(3) ~ 0.912. This
difference is not surprising since the HTL scheme is as-
sumed to be valid only at the momenta ~ eT' < T. In
principle, since the Coulomb logarithm comes from the
broad region 6ET > ¢® > m?%, the prediction of the
static model for §;;, should be more accurate than that
of the HTL scheme at E > m%/T. Because in this
regime the coefficient of the logarithm is controlled by
the number density of the plasma, and this is clearly
fulfilled in the static model.

Note that for the QED plasma the turbulent and
thermal contributions to ¢ are additive, since these two
mechanisms do not affect each other.

6ET

2
mp

qHTL ~ e
th 127

(40)
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Fig. 3. Diagrams describing the dipole operator (41) for scattering of pp pair on the plasma constituent in the double-gluon
approximation

2.2.2. Non-abelian plasma

Calculation of the thermal pr broadening in the
QGP is very similar that for the QED plasma. Sim-
ilarly to QED, we can view the upper line < in Fig. la
as the Wilson line for antiparticle p, since in QCD for a
particle p (quark or gluon) in the color representation
R, —(T%)* equals the color generator 7% for p. Then,
similarly to QED, the evolution operator of the non-
abelian density matrix can be viewed as S-matrix for a
fictitious pp state. This is valid if we restrict ourselves
to contributions of one- and two-gluon exchanges be-
tween fast partons and plasma constituents (as shown
in Fig. 3).

In the approximation of the static Debye screened
color centers [45], the two-gluon exchange amplitude of
Fig. 3 acts as a color operator

®°, 516 (p)|p™, %) =
CRCtg4 / 1
= — d —_—
1672 q(q2 + mQD)2 x

858 — (158 (1) 2 SR04 P)
x 0267 — TR2TRETT ] (a)

where mp = ¢gT'\/1+ Np/6 is the Debye mass, and
Cr and C; are the Casimir color operators of the fast
parton and of the QGP constituent. This formula ac-
counts for that in Fig. 3, due to sum over the color in-
dices of the plasma constituent, the two-gluon ¢-channel
states are color singlets. This fact guarantees that, af-
ter summing over the color indices for the initial/final
pp states, all the intermediate pp states between scat-
terings on different QGP constituents are color singlets.
This allows one in calculating the function P to re-
place the dipole operator (41) by its expectation value
between the color singlet pp states, i.e., by the dipole
cross-section

a,p(p) = ({1}o(p)|{1}) =

_ CRCt94/ 1 .
= 6.2 dq(q2+m2D)2 1—exp(iq-p)|. (42)
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Then, one obtains for the QCD counterpart of (32)

Pst(p) — LY gy 1:0,5(p) _ L”Sffagﬁ(m
th (p) - 2 - 2 )

where n, 4 are the thermal number densities of quarks
and gluons, and ngf ' is defined as

(43)

ngff =nq+nyCa/Cp =

= £(3)[Np9 + Ca16/Cr|T? /7% . (44)

Calculating

Ca2(pmin) = O-;Z;E(pmin)/pgnm
in the LL approximation one obtains the thermal trans-
port coefficient for the static model

~st
th =~

9'CrE(3)[CrNFI + Cal6T®
3273

In the HTL scheme we have
P (q) = Lg’CRrTC(q), (46)

and the transport coefficient in the LL approximation
is given by

“HTL . g*CrT?[1 + Np /6]
qth ~ 47T

ET
In (6 . ) .1
mp
Comparing (47) and (45) one sees that in the LL ap-
proximation the ratio of ¢;j for the HTL scheme to that

for the static model is

7r2(1 + Nf/ﬁ)
6£(3)(1 + Ny /4)

Contrary to the QED plasma for the QGP the con-
tributions to pr broadening of the thermal and of the
background field mechanisms are non-additive, since pr
broadening due to the background field is modified be-
cause the color exchanges between the fast parton and
the medium constituents lead to change of the Lorentz
force experienced by the fast parton in the background
color field. For this reason, the two mechanisms of pp
broadening in the QGP must be treated on an even
footing.

~ 1.19 for Ny = 2.5.
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3. pr BROADENING OF FAST PARTONS IN
THE QGP WITH SIMULTANEOUS
TREATMENT OF THERMAL AND
BACKGROUND FIELD EFFECTS

In this section we study the non-additivity of pr
broadening in the QGP corresponding to the back-
ground field and to the thermal mechanisms for a sim-
plified model of the random background field. We con-
sider the case of fluctuating layered background color
magnetic field with the transverse layers. We assume
that in each layer the magnetic field is purely trans-
verse and homogeneous. The fields in different layers
are assumed to be uncorrelated. In this model the layer
thickness, AL, plays the role of the field correlation ra-
dius in the real turbulent QGP. The assumption of a
purely transverse (and magnetic) field does not seem to
be too restrictive, since for pp broadening the crucial
quantity is the transverse Lorentz force acting on the
fast parton. We consider a brick of QGP with N > 1
slabs (i.e., with L > AL) of fluctuating homogeneous
transverse color magnetic field B*. The fields in dif-
ferent slabs are assumed to be uncorrelated. For the
thermal QGP constituents we use the model of the De-
bye screened color centers [45] with the dipole color
operator given by (41). Also, we present the results
treating scattering of the fast parton on the thermal
fluctuations for the HTL scheme with a non-zero mag-
netic screening mass [48]. In each slab we take the
external vector potential in the form

A =(0,0,0,[B" x p]’) = (0,0,0,p-f*).  (48)

where B® is the transverse chromomagnetic field, and
f* is the transverse Lorentz force for ¢ = 1. We assume
that the vector potential is absent at the initial and
final points of the lightlike Wilson lines of Fig. la, and
consequently the tranverse Wilson factors can be omit-
ted. We treat the complex conjugated lightlike Wilson
factor of the parton p as that of p.

Our starting point is the evolution operator for the
transverse density matrix for the set {f} = (f1,..., fn)

of the Lorentz forces acting in the layers 1, ..., N, writ-
ten as
(49)

The transverse momentum distribution I(p) can be
written as

1
(27)?

< [ apespiip - pl(({1}IS(p.LATDHINY) . (50

I(p) X
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where |[{1}) is the color singlet wave function of the pp
pair, and e means averaging over the ensemble
of the fluctuating chromomagnetic fields and of the po-
sitions of the scattering centers. These two averagings
can be performed independently. The averaging over
the chromomagnetic fields is equivalent to averaging
over the vectors of the color Lorentz forces f for all the
layers. For a given set {f} of the Lorentz forces in the
slabs, the expectation value of the evolution operator
S between the color singlet initial and final pp states
can be written as

{1HS(p, L, {fHI{1}) =
Z ({1}s(p, 2n+41, 2N N)[¥N—1)... X

.....

S(pa 225 21, f2)|\D1><\P1|S(p7 Z15 20, f1)|{1}> )
(51)

x(

where
Zi = 21+ AL(’L — 1),

AL = L/N is the slab thickness, f; is the Lorentz force
in the slab i (we omit the transverse space and color
indices), and s(p, zi11, 2, f;) is the evolution operator
for a slab of the QGP in the interval (z;, z; 1) with the
Lorentz force f;. For each of the i = 1,...N slabs, by a
proper SU(3) rotation U;, one can transform the color
Lorentz force vector f{* to the one with components in
the Cartan subalgebra (i.e., with nonzero components
only for a = 3 and a = 8). Of course, the necessary
matrices U; may differ for different layers. Assuming
that the background color fields in different slabs are
uncorrelated, the averaging over the background fields
can be performed by independent integrations over the
SU(3) rotations U; of the Cartan vectors f; for each
of the slabs, and subsequent averaging over the Cartan
vectors f; in each layer. Fortunately, one can avoid in-
tegrations over the SU(3) rotations U;. We use the fact
that for any color operator O, depending on the color
vector f, the color wave function |¥) defined as

w) = [awowpi

can contain only color singlet states. This means that
in calculating the averaged over the chromomagnetic
fields expectation value of the operator S, on the right
hand side of (51) all the intermediate color states ¥;
can be replaced by the color singlet state {1}. After
this replacement, due to the relations

({1}s(p, zig1, zi, Us fi) {1}) =
= ({WUis(p, zig1, 2, [)U; H{1}) =
= <{1}|S(p, Zi+laziafi)|{1}>a

(52)

(53)
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we can exclude all the SU(3) rotation operators Uj.
Thus, we are left only with averaging over the Cartan
color vectors f{* with a = 3,8. Since the integrations
over the Cartan vectors are independent in different
layers, we obtain

(NS, LADHIY)) =
- {<<<{1}|5(PvAL,O,f)I{1}>>>f}N, (54)

where << . >> means averaging over the Cartan vec-

tors f. Note that the above formulas remain valid if we
include averaging over the positions of the color centers
(corresponding to the thermal part of pr broadening)
since for the double-gluon exchange amplitude (shown
in Fig. 3) the t-channel gluons are in the color singlet
state. Thus, in our model the problem is reduced to
calculation of the scattering matrix for a single slab of
the QGP with a homogeneous background chromomag-
netic field. We perform calculations for the Gaussian
distributions of the Cartan components of the Lorentz
force color vectors f, with a = 3,8

(55)

The interaction of quarks with the Cartan back-
ground fields f; g is diagonal, i.e., it changes only the
phase of the ¢qq wave function. But it is not the case
for gluons. To diagonalize the interaction of gluons
with the background field, as in [31], we use the gluon
states having definite color isospin, @ 4, and color hy-
percharge, @ p, (we will denote the color charge by the
two-dimensional vector Q@ = (Qa,Qp)). The diagonal
color gluon states, in terms of the usual gluon vector
potential, G, (a = 1...,8), read (the Lorentz indices
are omitted)

X = (G1 +ZG2)/\/§ (Q = (*170)%

Y = (Ga +iGs)/vV2 (Q = (~1/2,-V3/2)),
Z = (Ge +iGr)/V2 (Q=(1/2,-V3/2).
The neutral gluons A G3 and B G3 have
Q = (0,0), and do not interact with the background
field. Note that, despite the fact that the initial pp
state is the color singlet (due to the contraction of
the color indices) after propagation through the back-
ground field the non-singlet components appear, nev-

ertheless the total color charge @, 4+ @p of the pp pair
remains zero.

We assume that the two-gluon operator (41) can be
viewed as a local in the longitudinal coordinate z (this
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is the standard assumption in models of jet quench-
ing). In this approximation one can ignore the overlap
in the coordinate z of the background field effects and
the two-gluon exchanges on the pp state. We divide
the z-interval (0, AL) into a linear grid of M cells with
width h = AL/M. We assume that the two-gluon ex-
changes can only occur in the middle of the cells, i.e.,
at the transverse slices

zi=AL(i—1/2)/M, i=1,... M.

The background field, that acts outside of these slices,
changes only the phase of the intermediate pp states.
We will denote the color wave functions of the interme-
diate pp states in the chromomagnetic field as 1. Since
the external field does not change the total color charge
we have only pp states with @), + @5 = 0. The phase
factor for the intermediate pp pair in a color state 1
after propagating trough the medium a distance Az
reads

®y(Az,Q,p, f) = exp

ighzp' Y QfF

a=3,8

] , (56)

where
Q"= (Qy —Q3)/2=Q,.

For quarks we have 3 types of the color neutral ¢qq
intermediate states:

qlql (Q = (1/271/2\/§))a
¢ (Q=(-1/2,1/2V3)),
*¢® (Q=(0,-1/V3)).

For gluons (in the basis of charged and neutral gluons)
we have 10 types of the color neutral gg states: 6 states
made of charged gluons,

(@ = (=1,0)),
YY (Q=(-1/2,-V3/2)),
27 (Q=(1/2,~V3/2)),
XX(Q=(1,0)),

YY (Q=(1/2,V3/2),
27 (Q=(-1/2,V3/2)),

and 4 states with @ = (0,0) made of neutral gluons,

XX

AA, BB, AB, BA.

So for quarks the operator s is 3 x 3 matrix, and for
gluons it is 10 x 10 matrix.
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For a given background field (i.e., before averag-
ing over the color fields) the s-matrix element averaged
over the thermal states of the QGP can be written as

({115, AL, 0,p, NI{11)))
>

Y1, P M4l
X ©(p,h/2, Quit1, f)(Wnr1[Var (s h)|[¥nr)
X ®(p,h,Qu, f) ... 2(p, b, Qs f) (13| Valp, h)[th2) x
x ®(p, h, Q2, f){th2| Vi(p, h)|11) %
x ®(p, h/2,Q1, [){¥1{1}),

th

{1}ar41) %

(57)

where the operator V; reads (the index i indicates that
the operator acts at the longitudinal coordinate z = z;)

Vilp,h) =1 - (58)
The formula (58) corresponds to the first order term
of the standard Glauber series, that appears after av-
eraging over positions of the scattering centers. One
can introduce the total phase factor ®::(p, h, {Q}, f)
defined as the product of the phase factors ® for all
the intermediate states v;, for the set of the color
charges {Q} = (Qun+1,...,Q1) corresponding to the
color charges of the parton p in the set of the interme-
diate states {¢¥} = (Ynr41,-..,%1). Then, the matrix
element of the operator s averaged over the thermal
states and over the color Lorentz force f can be writ-
ten as

(({1}Is(p, AL,0, (1) )) =

> ) Wara [Var(p, ) [oar) - -+ %
Y1, P41

X (@3[Va(p, h)[92) (2 Vi (p, h)|¢o1) (¥a[{1}) %
X <<q)tot(pa h7 {Q}af)>>f’ (59)

where the averaged of the color Lorentz force factor
D0t (calculated using the Gaussian distribution (55))
reads

((@toh1@1.0))),

p2g202h?
= exp{ -—

4
with n, = 1/2 for k = 1 and M + 1, and 7, = 1 for
1<k<M+1.

M+1

> [;wzﬁ (60)

a=3,8
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The (p?) for one slab of the QGP with the back-
ground field in terms of s reads

< In [((({1}Is(p, AL, 0. NI (61)

p~1/qmax

To calculate (p?) uing (61) we write the operator
V as

V(p,h) =V (0,h) +v(p,h)

with v(p,h) = V(p,h) — V(0,h). Using (41) and (58)
we obtain at small p

(62)

VED(0,h) = 6065~

_ nhCrCig" [5[35@ (TRA(Ta)z (63)

327rm% o CR ’

_ 2hnelf . _
P hn CQ(pnnn) a a
Voa (P, h) = ———1 (TH)(TR)a =
2Cr

2p 5 _

P AR pa\8 (payB
= T8 (T2 . (64
ETATRE. (o0
In (64) we used that § = 2nCs.  Note that

V(p = 0,h) # 1 because the operator &(p) given by
(41) does not vanish at p = 0 (only its expectation
value between color singlet states vanishes at p = 0).
Note that the V(0,h) can be rewritten in terms of the
parton mean free path in the QGP A7, = 1/no, as

V250, h) = 6865

bofas TRATEE
SN R Ll LY
mfp R
with

T

_ do nC’RC’tg

L= da?%%r

mfp n/ dq? 32mm?, (66)
0

The A, fp characterizes the length of the color random-
ization of the parton p in the QGP [49]. Note that A, fp
defined by (66) is smaller that the mean free path X in
the formula of the kinetic theory [28,29] for  (1). The
latter is related to the transport cross section

-1 _ tr
AT = no,

4
= /dapsin29 ~ g/daqu,

with

tr
UP
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which is smaller than the total cross section entering
(66). Note that the HTL counterpart of (66), defined
by

2
max

/ dg*C(q?)

0

—1
mfp HTL ~

- gQCRT
4

(67)

gives logarithmically divergent )\;Llfp for the standard
HTL formula for C(¢?) derived in [48]

1
Cl*) == — ——5. 68
@)= 5wz (65)
This occurs due to the 1/¢? term in (68), which comes
from the transverse part of the gluon polarization ten-
sor I, and is related to the absence of screening for
the transverse static gluons, i.e., due to zero magnetic

screening mass, defined in the HTL scheme as
m3; = Rellz(0) = 0,

see [48]. In general, it is invalid [50]. In [48] it
was suggested to account for the nonzero magnetic
mass in the HTL calculation of the factor C' by using
Rellr(0) = m3, with nonzero my;. This leads to

1 1
C(d?) = — . 69
@)= e~ w0
Substituting this into (67), we obtain
2CRT m2
o ~ T w (Z2). (10
HTL,mp#£0 47 mi,

Lattice calculations of [51,52] give mp/ma ~ 2 — 3.
This can lead to a sizeable logarithmic increase of Ay, ¢},
for the HTL scheme with magnetic mass as compared
to the model with the static color centers [45]. Note
that the sensitivity of the color relaxation time (and
conductivity) to the ratio mp/my; was discussed long
ago in [49].

From (61) using (59), (60), (63) and (64) we obtain
for one slab

(%) = (P*)en + (P°) (71)
where <p2)th7f correspond to pr broadening due to
rescatterings on the thermal QGP constituents and
scattering in the background turbulent field affected by
the color randomization due to particle rescatterings on
the thermal partons. The thermal contribution, which

comes from v, reads

_ Mhin
Cr

ALqgr.
(72)

(P2 = (Y 5(Ta)sre)ag
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To obtain (72), we used that in (59), without the phase
factor @4, all the intermediate projectors |1y (Y| can
be replaced by [{1})({1}|. In this case, the right hand
side of (59) in the limit of small p becomes

{1}V (0, h) + v(p, ){IHM ~
~ 1+ M{1}v(p, h){1}),

that, after substitution into (61), leads to (72) (which
agrees with calculations of the thermal pr given in sec-
tion 2, as it must be). The (p?); term in (71) comes
from the Taylor expansion of the phase factor ®;,; and
the matrix elements of V' (0, h) in (59). Using (59), (60)
and (61) one can obtain

(73)

(0%)s = W0

x> ) e [V (0, )lba) - -
Y1y P41
x (Y3|V (0, h)|h2) (W2 [V (0, h) g1 ) (11 |[{1}) x
M+1 )
x> [Zﬂk@ﬂ - (74)
a=3,8 k=1

The background field contribution to the transport co-
efficient is

(P7) s

AL -

The formula (74), together with (63), can be used
for numerical calculation of the turbulent contribution
to the transport coefficient. Note that for quarks sum-
ming over the color index a in the second term inside
the square brackets in (63) can be performed analyti-
cally with the help of the Fierz identity for triplet color
generators:

il =

1
2N,

()7 (67} = 010

1 ..
= =40,
2 m©k
For gluon color generators we performed summing over
a in (63) numerically.
In the absence of rescatterings we have V(0,h) =1
(see Eq. (63), and (74) is reduced to

<p2>f _ h2M2g202 Z <Qa2>{1}'
a=3,8

(75)

From this relation, using

2CR

{113+ QE{1)) = 5

1 )
we obtain in our model without the thermal contribu-

tion
_ 2CRALg?0?
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This prediction agrees with formula (29) because in our

model
(FaFe0)) = ((FLOF40)) - F() (1)
with
(P F40))) = 202,
and
1—|z|/AL if |2| < AL,
Fz) = {o if [2] > AL . (78)

It is worth noting that the formulas (77) and (78)
show that our simplified model of the random back-
ground fields nevertheless leads to a quite reasonable
form of the field strength correlation function. For this
reason, one can expect that the use of the multilayer
homogeneous fields cannot greatly distort the results.

Note, finally, that although in our model we use a
specific geometry for the color exchanges, physically, it
is evident that it cannot be crucial for our predictions.
Because the only important quantity for the magnitude
of the effect of the color randomization on pr broaden-
ing is the ratio AL/\,,fp, which is clearly insensitive
to the specific choice of the z-distribution of the color
exchanges of the fast parton in a slab.

4. NUMERICAL RESULTS

In this section, we present numerical results for ¢
using formulas of previous section®. We use the QCD
coupling constant g = 2. To characterize the magni-
tude of the background color field we use the ratio of
the chromomagnetic field energy density e¢; = B%/2 to
the total QGP energy density a = €f/€10. We define
the total QGP energy density in terms of the equilib-
rium temperature in the ideal gas model:

et
15

77T2Nf
20

€tot = ( )T ~ 13.97*

(we take Ny = 2.5). We assume that the magnetic
field is isotropic. In this case for the Gaussian param-
eter o in (55) we have 0? = (2/3)aeor. We perform
calculations of ¢ for T' = 350 MeV, which seems to be
reasonable for the initial stage of the QGP evolution
at 7 ~ 1 — 2 fm for heavy ion collisions at the LHC
energies. In the absence of realistic calculations of the
turbulent QCD matter evolution in AA collisions, the

2) Note that our numerical calculations demonstrated that for
gluons the last two states made of color neutral gluons AB and
BA do not contribute to ¢, i.e., for gluons calculations can be

performed with 8 X 8 matrix.
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characteristics of the turbulent magnetic fields can not
be obtained theoretically. We perform calculations for
for « = 0.2 and 0.3. Such values of a can lead to
reasonable values of the ratio 7/s in the scenario with
the dominant contribution of the turbulent fields to the
QGP shear viscosity [21-23]. The ratio of the chromo-
magnetic energy to the total QGP energy substantially
higher than 0.2 — 0.3 looks unrealistic.

For quarks we perform calculations of ¢ for AL in
the interval between 0.5 to 2 fm. We present the re-
sults obtained for the number of slices (in Eq. (57))
M = 15. For the HTL version with mp/my = 3,
that has the smallest A,,rp, the estimated errors are
< 2% at L ~ 2 fm, and are < 0.5% at L < 1 fm (for
mp/my = 2 the errors becomes smaller by a factor of
~ 2 —3). For the static model even at L ~ 2 fm the er-
rors are < 0.3%. For gluons the needed computational
resources are considerably larger than for quarks (for
the same value of M). For this reason we performed
calculations for M = 10. For the HTL version we re-
stricted the maximal values of AL (AL < 1.1(1.5) fm
for mp/mar = 3(2)) to avoid regions where the errors
may be too large. For the static model we present the
results for the interval 0.5 < AL < 2 fm (in this inter-
val the estimated errors are < 3% at L ~ 2 fm, and are
<0.7% at L <1 fm).

In Figs. 4-7 we present results for the contribution
to q for quark and gluon from scattering on the thermal
constituents, and from scattering in the random chro-
momagnetic fields without and with the effect of the
parton color randomization. The calculations are per-
formed for the parton energy E = 50 GeV. Note that in
our model only the thermal contribution to ¢ depends
on the parton energy (due to the energy dependence
of the Coulomb logarithm). From Figs. 4-7 one can
see that the effect of the parton color randomization
reduces the turbulent contribution to ¢ by a factor of
~ 0.8 at AL ~ 1 and ~ 0.65 at AL ~ 2 fm for the
static model (the reduction is approximately the same
for quarks and gluons). For the HTL scheme the effect
is stronger. For mp/mp = 2(3), the color randomiza-
tion reduces the turbulent ¢ for quarks by a factor of
0.7(0.6) at AL ~ 1 fm and by a factor of 0.5(0.4) at
AL ~ 2 fm. The magnitude of the reduction of the
turbulent ¢ for gluons due to the color randomization
at AL ~ 1 fm in the HTL scheme is similar to that for
quarks.

Note that, since the turbulent contribution to ¢
is approximately energy independent, one can expect
that our results should be valid for the thermal par-
tons as well. The effect of the parton color random-
ization should lead to some increase of the turbulent
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quark, E=50 GeV, &; /8[0,‘20.2
04F  T=350 MeV, m_/m,=3

quark, E=50 GeV, g;/g,,=0.2 quark, E=50 GeV, ¢g;/¢,,=0.2
04  T=350 MeV 047 T=350 MeV, m /m,=2

L L L L L L L L
0 06 08 1 12 14 16 18 2 0 06 08 1 12 14 16 18 2 06 08 1 12 14 16 18 2
AL [fm] AL [fm] AL [fm]

I I [o I I I

Fig. 4. The transport coefficient ¢ for quark with energy E = 50 GeV in the QGP with 7' = 350 MeV, €y /e = 0.2 as a function

of AL for the static model (left) and for the HTL scheme with mp/mas = 2 (middle) and mp/mar = 3 (right). Solid line:

the turbulent contribution to ¢ obtained accounting for the color randomization of the fast parton; dashed line: the turbulent
contribution without the color randomization of the fast parton; dashed line: the thermal contribution

“Toe auark, E=50 GeV, €/¢,,=0.3 “Toe auark, E=50 GeV, €/¢,,=0.3 Cloe duark E50GeV, ei/€,=03 |
3 T=350 MeV 8 T=350 MeV, m /m, =2 8 T=350 MeV, my/m, =3 u
Joat 1 Joar | Zo4- |
<E <§ <E

I

N
I
N

I I oL I L I I I

006 08 1 12z 14 16 18 2 006 08 1 12z 14 16 18 2 06 08 1 12 14 16 18 2
AL [fm] AL [fm] AL [fm]
Fig. 5. The same as in Fig. 4 for €7 /€10t = 0.3
T T T T T T T T T T T T T T T
m; [ gluon, E=50 GeV, €:/€,,=0.2 ] m; Al gluon, E=50 GeV, &;/¢g,,=0.2 ] m; i gluon, E=50 GeV, ¢&;/¢g,,=0.2 ]
3 T=350 MeV 8 1 T=350MeV, my/m, =2 3 T=350 MeV, mg/m, =3
_08F 4 _o08- 4 _08F E
- - -
< < <
<G <G <G

0056 08 1 12 14 16 18 2 0.6 0.8 1 12 14 0.6 0.8 1
AL [fm] AL [fm] AL [fm]
Fig. 6. The same as in Fig. 4 for gluon
T T T T T T T T T T T T T T T
”;1.27 gluon, E=50 GeV, ¢&;/¢g=0.3 ] m;1_2; gluon, E=50 GeV, ¢&;/¢g;=0.3 ”;1.27 gluon, E=50 GeV, ¢&;/¢g,=0.3
& 4 T=350 MeV 1 & L T=350 MeV, my/m, =2 ] & 4 T=350 MeV, my/m, =3 1
50.8 20.8; B go.sf 4
Toe Toe ST —
0.2- 4 0.2F 4
O L L L L L L L 0 L L L L L O L L L
06 08 1 12 14 16 18 2 0.6 0.8 1 12 14 0.6 0.8 1
AL [fm] AL [fm] AL [fm]

Fig. 7. The same as in Fig. 5 for gluon
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shear viscosity as compared to predictions without the
color randomization (like that of [21,22]). For the HTL
scheme with mp/ma; = 2(3) the ratio n/s should be-
come bigger by a factor of ~ 1.2 — 1.5(1.3 — 1.8) for
AL~ 0.5—1 fm.

Finally, it is worth noting that the suppression of s
due to the color randomization of fast partons may be
enhanced by the effects of the running coupling, that
have been ignored in the present analysis. The lattice
calculations of [53] show that at small virtualities the
in-medium o4 may grow up to ~ 0.5 —0.8. The growth
of g at low momenta (and the perturbative logarith-
mic decrease at high momenta) is more important for
the parton color randomization length A, r, entering
(65) than for the thermal transport coefficient G, (for
which the relative contribution of the low momentum
region is suppressed by the factor ¢?). For this rea-
son, the suppression effect of the color randomization
on the turbulent contribution to ¢ should be bigger for
the scheme with the running coupling (if the models
with the fixed and the running coupling lead to similar
predictions for the thermal transport coefficient).

5. CONCLUSIONS

We have analyzed the effect of the parton color ran-
domization on the py broadening of fast partons in the
QGP with turbulent color fields that can be generated
in the QGP formed in AA collisions due to the non-
abelian Weibel instabilities. Calculations of the trans-
verse momentum broadening of a fast parton travers-
ing the turbulent QGP ignoring its interaction with the
QGP constituents give the transport coefficient ¢ ap-
proximately proportional to the product of the mean
field energy €y and the correlation length 7. of the tur-
bulent color fields. The gluon exchanges between the
fast parton and the thermal partons change the color
charge of the fast parton, that lead to random varia-
tion of the Lorentz force experienced by the fast par-
ton. This acts as a reduction of the correlation length
of the turbulent color fields, and reduces the transport
coeflicient.

We performed calculations of ¢ for a simplified
model of fluctuating color fields in the form of alternat-
ing sequential transverse layers of thickness AL of ho-
mogeneous transverse chromomagnetic fields with ran-
dom orientation in the SU(3) group, and gaussian dis-
tribution in the magnitude. We demonstrated that cal-
culation of ¢ may be reduced to calculation of pp broad-
ening in a single layer. We presented the one-layer (p2.)
in a form which is convenient for numerical simula-
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tions. We performed calculations using for the color
exchanges between the fast parton and the thermal
partons the static model of the Debye screened color
centers [45] and the HTL scheme [47] with a nonzero
magnetic mass [48]. Our numerical results show that
the color randomization can lead to a sizable reduc-
tion of the turbulent contribution to ¢. We find that
the reduction of ¢ due to the color randomization is
bigger for the HTL scheme, for which the effect grows
with increasing mD/mM. For the HTL version with
mp/my = 3 we obtained the suppression of the tur-
bulent contribution to § by a factor of ~ 0.6 for AL ~ 1
and ~ 0.4 for ~ 2 fm. We have found that the reduc-
tion of the turbulent contribution to ¢ due to the par-
ton color randomization is very similar for quarks and
gluons. The magnitude of the suppression is weakly
dependent on the average energy of the turbulent color
fields in the QGP.

Funding. This work is supported by the State pro-
gram FFWR-2024-0011.
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ATOMHbBIN MEXAHU3M BJAUAHUSA YAPYIX OE®POPMALNM
3MUTAKCUAJIbHbIX CJTOEB Ge HA MOBEPXHOCTMW Si(111) HA
ONDODY3INKO AOATOMOB Ge
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C NOMOLLUbLIO pacHEeTOB HAa OCHOBE Teopuu beHKLI,I/IOHaﬂa NNOTHOCTW nccnenoBaH ATOMHbI/i MEXaHU3M BANSHUS

aedopmaumii okaTus, obpasyrownxcs Ha NOBEPXHOCTN anuTakcuanbHbix cioes Ge(111)-7 X 7, BblpalyeHHbIX Ha

nognoxke Si(111), Ha gudpcpysuto apatomos Ge. Bbino HalifeHo, 4To aHepreTuyeckuii bapbep, orpaHuynBa-
rownii Murpaunto agatomoe Ge Ha bonblune paccTosiHUS, PacnoNOXKeH BOAN3U YrI0BbIX BaKaHCU CTPYKTYpbI
7 X 7 v BbI3BaH 0OPa30BaHNEM KOBANIEHTHOI CBA3N MexAy agatomMom Ge n aToMOM fuMMepa B COCTaBe CTPYK-
Typbl 7 X 7. MMoka3aHo, 4To yBennyeHune bapbepa Ha ynpyro-cKaToi NMOBEPXHOCTM MPOUCXOANT N3-3a YCUJIEHUS
CBSI3M B AUMEPE NPU OKaTWMN MOBEPXHOCTU, HTO BEAET K ocnabneruto cesizu mexay agatomom Ge n aTomom

anmepa.

DOI: 10.31857,/S004445102408008X

1. BBEAEHUE

Huddysus a1aToMoB 0 TOBEPXHOCTH KPUCTAJLIOB
OKa3bIBAET HEIIOCPE/ICTBEHHOE BJIMSIHUE HA POCT TOHKUX
ILUIEHOK, UX MOPGOJIOTHIO 1 (DOPMUPOBAHNE HAHOCTPYK-
TYP U HO3TOMY ABJIACTCH BasKHOI TEMOU UCC/IeJOBAHNN.
OyiauM u3 HaKTOPOB, KOTOPBIE MOT'YT BJIMATDH Ha JI(-
dby3uio aaTOMOB, SABISIOTCH yIpyrue jgedOopMaIuu pe-
[IETKA TTOBEPXHOCTH.

Panee ObuIO 3SKCIEPUMEHTAJBHO IIOKA3AHO, 9YTO
sHeprust akruBaruu audQy3un aJaToMOB Ha [TOBEPX-
HOCTSIX METAJIJIOB YMEHBINAETCS IIPU  JIATEPAIHLHOM
CXKATUM PEIETKN [TOBEPXHOCTU, U OBbLI TEOPETUIECKU
M3ydeH MeXaHm3M SToro ssienus |1, 2]. Bsuro o6-
Hapy’KeHO, YTO IPU CXKATUU IIOBEPXHOCTU METaJLJIOB
aJIATOMBI PACIIOJIATAIOTCH [TAJIbIIE OT HEe U IIOITOMY
UMEIOT MeHee TO(MPUPOBAHHBIN TOTEHITHA.

O 1HAKO 3aBUCUMOCTD SHEPruu akTuBanuu auddy-
3UU OT 3HaKa JlepOPMAIH PEIIETKNA Ha IOBEPXHOCTSIX
KOBAJICHTHBIX KPHUCTAJIOB, Takux Kak Si wim Ge, Mo-
JKeT MMeThb 0oJiee CJIOXKHBIN XapakKTep n3-3a HaIpaB-
JIEHHBIX M JIOKAJU30BAHHBIX CBsi3eil MEXK/y ajaroMa-
Mu u aromamu nosepxuoctu. OHON U3 HamuboJiee uc-

* E-mail: zhachuk@gmail.com
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CJIEJIOBAHHBIX YIIPYTIO-HAIIPSZKEHHBIX CUCTEM SIBJISIETCSI
Ge Ha MOBEPXHOCTU Si. DTO BBI3BAHO TEM, YTO HAHO-
cTpyKTypbl, copmupoBannbie Ha ocuose Ge/Si, mep-
CIIEKTUBHBI J[JI IPUMEHEHUs B OIITORIEKTPOHHBIX IIPU-
6opax [3]. [Tocrostanas pemerkun Ge npumepHo Ha 4 %
6ouibire, gem Si, u mosTomy ciou (Ge, BBIpAIEHHBIE HA
TOBEPXHOCTU Si, OKA3BIBAIOTCS CXKATHI B JATEPATbHOM
HaIlpaBJIeHNUH.

Panee Yepenanosoim u PoiixTireHaepoM ObLIO
9KCIIEPUMEHTAJIbHO IOKA3aHO, YTO SHEPIUHM aKTUBa-
nun juddysun agaromMoB Ge Ha OBEPXHOCTH CJIOEB
Ge(111)-7 x 7, Boipamennbix ma Si(111), yseaudyusa-
ercs ipu cxkarun pererku [4,5]. OgHako obbscHeHusT
3TOMY sBJIeHUIO He ObLio jano. llenbio jganHoit pa-
OGOTBI SBJISJIOCH ONpPEIE/IeHre ATOMHOIO MEXAaHM3Ma,
YBEJINUEHUsI SHEPIUH aKTuBaruu camoauddysun 1o
nosepxuoct Ge(111)-7 X 7 upu ee cxkaTum.

2. JETAJIN PACCYHETOB

Hna nccnemoBanus nuHaMuKu amaToma Ge Ha 1mo-
Bepxuoctu Ge(111) 6puia paccuuTana IIOBEPXHOCTD 10~
TEeHIMAJIbHON SHEPIrUn JIJIst 9TOr0 aTOMa Ha OCHOBE Te0-
pun dyurmmonasa mioraoctu. [lpu pacdere ucmossb-
30BaJIaCh OOIIENIPUHATAA MOEIb CTPYKTYPBI 7 X 7, €O~
CTosIIIasi U3 JIUMEpPOB, aJaTOMOB U JIe(EKTOB yIIaKOB-
ku (dimers — adatoms — stacking faults, DAS) [6].
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U3BecTHO, YTO 5Ta CTPYKTYpa SIBJISIETCS yCTOWYUBOMN
Ha mosepxHocTn Ge(111) B HEKOTOpOM JuamasoHe je-
dopmarmit cxxarus [7,8]. Pacuers GbLIN BBIIOJHEHBI C
TOMOIIbI0 porpaMmmuoro nakera SIESTA | ucnolib3yto-
IIIEro aTOMHBIE OPOUTAJIN B KaJeCcTBe DA3UCHBIX (PYHK-
it [9]. Beur ucnosb30BaH 0OMEHHO-KOPPEIAIINOHHBII
GbyHKIIMOHAJ B TPUOIMZKEHUH 0000IEHHOTO I'PATUCHTA,
(generalized gradient approximation, GGA) [10]. Husa
ONMCAHNS BAaJEHTHBIX JIEKTPOHOB aToMoB (Ge HMCIosb-
30BaJIMChH 110 JIBa Habopa s- U p-opburajieil u OJuH Ha-
6op d-opburadeit (13 dbynknuii Ha aTom). OcrajbHble
JeTaJl PACIETOB AHAJOTUIHBI UCIIOJIb30BAHHBIM HAMUI
paHee 1j1s1 uccjeoBanust 1uddy3un aToOMOB ST II0 110~
BepxHoctu Si(111)-7 x 7 [11].

Jljist  BBIYUCJIEHUSI 3aBUCUMOCTU IIOTEHIUAJBHON
sueprun ajaroma Ge or moJioxkeHusi B ddelike 7 X 7
[TOBEPXHOCTU, STOT aTOM IOMEIAJICS HA BBICOTE IIPU-
MEpPHO 3 A Ha 1 oepxHocThIO Ge(111). Koopiunara z
aroma (B HalpaBJIeHUW, [EPIEHINKYJISIPHOM HOBEPX-
HOCTH) MOIJIa CBOOOJIHO M3MEHATHCH, & KOODAMHATHI B
IockocTu ry ObLin ukcupoBanbl. CucremMa pejak-
CHpOBaJia JI0 TeX IOP, IOKa CUJIbI, JeHACTBYOIINe Ha
aroMbl, cranouauch Menee 0.013B/ A. B pesymnbrare
[IOJIy9aJIach ITOBEPXHOCTb IOTEHIMAJbHON SHEPIUU
JUTst asicopbuposasHoro aroma E(x, y).

Paccrosinne Mexkjiy ysjiaMu IeKCarOHAJIBHONM pe-
[IETKA [OBEPXHOCTHU, HA KOTOPOI BBIMHCJISLINCH 3HA-
9eHUsl TOTEHITNAJIBHON SHEPI AU, COCTABJIAIO IPUMEPHO
0.6 A. Tourble 3HaUEHNs SHEPIUil JTOKAIHHBIX MUHIMY-
MOB E(x,y) BBIUUCIIANNCH C UCIOIL30BAHUEM CBOOOI-
HO JIBUKYyIEerocss agaromMa Ge, MOMEIEHHOTO BOJIM3HT
JIOKAJIbHOT'O MUHUMYMAa IIOBEPXHOCTH MOTEHITHAJILHON
sHepruu. llorpermHocTs pacyeTHbIX 3HAYEHUN dHEepre-
THUYECKUX 6apbepOB, BbI3BaAaHHAST KOHEYHBIM PACCTOSHI-
eM MEXKJIy y3JIaAMHU I'eKCATOHAJIBHON PEIeTKH, He IIpe-
Boimasia 0.13B.

3. PE3VYJIBTATHI

Ha pwuc. 1a,6 mokasambl pacCIMTAHHBIE TOBEPXHO-
CTHU NOTeHIMAaIbHON sueprun E(x,y) mia agaroma Ge
Ha HeJeOPMUPOBAHHON U ylIpyro-cxkaroi Ha 4 % mno-
BepxHOocTsx Ge(111)-7 x 7. Ceersble (Temuble) 00J1a-
CTHU COOTBETCTBYIOT HU3KOI (BBICOKO{1) SHEpIUU cucTe-
MBI COOTBETCTBEHHO. OTHOCUTEIbHBIE SHEPIUH JIOKAIb-
HBIX MHHIMYMOB aJaToMa (IIPOHYMEPOBAHHBIX OT 1 J10
6) Ha 9TUX IIOBEPXHOCTSX, PACIOJIOKEHHLIX B Ge3lie-
dexrnoit (unfaulted, u) u pedekrnoii (faulted, f) no-
JIOBUHKAX siveiiku 7 X 7, npuBejieHbl B Tabure. MoxkHo
BHUIETDH, UTO JIOKAJIbHBIE MUHUMYMBI SHEPIUN TOBEPX-
HOCTHU PACIIOJIOXKEHBI BOJIN3HU aJaTOMOB U PECT-ATOMOB
CTPYKTYpBI 7 X 7, T/e aJCOpOMPOBAHHBIN ATOM MO-
JKeT HACBITUTH Cpa3y HECKOJIHKO ODOPBAHHBIX CBs3eil

Tabnuua. OtHocuTenbHble 3sHeprum (3B) nokanb-
HbIX MUHUMYMOB ajatoma Ge Ha

Ge(111)-7x 7. N — HOMeEp MWHMMYMa COMacHO

NMOBEPXHOCTU

puc. la,6, nnpekcsl u n f — oTHocATes k besgedekT-
Hoin (unfaulted) n pedextron (faulted) nonosuHkam
sveek 7 X 7. [ns kaxpoih mu3 nosepxHocteli (Hepe-
copmupoBarHoiil 1 ynpyro-oxatoit Ha 4 %) 3a Hadano
LLKaJIbl SHEPrIN MPUHSITA SHeprus Hanbonee rnybokoro

MUHUMYMa
N Henedbopmup. Yupyro-cxkaras
U f U f
1 0.22 0.11 — 0.26
2 0.07 0.00 0.21 —
3 0.15 0.12 — —
4 0.09 0.11 — -
5 — — — 0.15
6 — — 0.15 0.0

[MOBEPXHOCTU. BU3yaJIbHBIII OCMOTD pPeIAKCUPOBAHHOMN
KPUCTAJIJINIECKOI PEIIEeTKN MOKa3aJ/l, YTO MUHIMYMBI
SHEpPruu Ha HeleOpMUPOBAHHON oBepxHOCTH (1-4 Ha
puc. la) cBasanbl ¢ 06pa3sOBaHUEM AJ-JIUMEPOB B IIO-
JiokeHusx Ty. DT aj-IuMepbl COCTOAT U3 JIaTOMa B
CTPYKType 7 X 7 U JIOHOJHUTEIHHOTO aJICOPOUPOBAH-
woro (muddynmupyioniero) aroma Ge. Takoe paco-
JIO2KEHUE CTAOUJIBHBIX MECT aJICOPOIUU COOTBETCTBYET
HaliIEHHOMY paHee B OJIN3KOIl 110 CBOHCTBAM CHUCTEME
Si/Si(111)-7 x 7 [12]. IIpu cxKaTHM HOBEPXHOCTH HEKO-
TOpbIE U3 STUX MUHUMYMOB HCYE3AI0T, HO BMECTO HUX
nosiBysirores Hosble (5 u 6 Ha puc. 16).

Pacuer mnokazas, 9TO 3HEpPreTwvecKue Oapbepbl
MEXK/ly OTHeJIbHBIMA MUHUMYMaMHU IIOTEHIUAJIbHON
suepruu B gdeiike 7 X 7 wmuskme (0.2-0.33B). Dro
BBI3BAHO BBICOKOI KOHIIEHTpaIeil 000pBaHHbBIX CBA3€i
[IOBEPXHOCTH B 3TOI 00JACTH, PACIOJIOKEHHBIX Ha
ajaroMax u pecr-aromax. llosromy mpm murpammm
agaToMa (pOPMUPOBaHNE HOBBIX CBsI3eil W OOPBHIB CTa-
PBIX IIPOUCXOISAT OJHOBPEMEHHO, IPHUBOJSA K HI3KHUM
sHepreTuvdeckuM bapbepam. OJIHAKO JJIsT TIPEOJIOJICHUST
rpanun sueiiku 7 X 7 g guddys3un amaroma Ha
OOJIBIIIIE PACCTOSIHUS €My HEOOXOJMMO IIPONTH JO-
BOJIBHO BBICOKHIT Oapbep, PACIIOJIOKEHHBII HAJI PsiIaMU
JUMEpPOB 10 mepuMmerpy ddeek 7 X 7. @opmupoBanme
BBICOKOT'O 9HEPreTHIecKoro dapbepa B 3TO# obJsactu
BBI3BAHO TEM, YTO BCe CBs3U B JIUMepaxX CTPYKTYPbI
7 X 7 HACBIIIEHBI U TIOYTOMY &JIaTOMY TpebyeTcs B 3Ha-
YUTEIHHON CTENeHU OCJIabUTh CBA3b C MOBEPXHOCTBHIO.
YacroTa nepexosa agaroma (V) uepe3 sHepreTHIecKuii
G6aprep (FEp), coryacHO ypasHeHHIO AppeHmyca, Kc-

6*
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Puc. 1. a, 6 — Penbed nosepxHocTu noTeHumanbHoii sHeprun E(z,y) ans atoma Ge Ha nosepxHoctu Ge(111)-7 X 7. KoHTypHble
AuHUM pacnonoxerbl ¢ warom 0.2 3B no sHeprun. CeeTnble (TemMHble) 061aCTU COOTBETCTBYIOT HI3KOM (BbICOKOI) aHeprum. dne-
MEHTbI CTPYKTYPbI 7 X 7 Bbl4E/EHbI LUTPUXOBLIMU JIMHAAMU: BOMbLUNE KPYXKKN — afaTOMbl, CPefHNE — PeCcT-aTOMbl, FaHTEIbKI —
aumepsl. [poHyMepoBaHHble ToukM (u nan f) yKasbiBatOT Ha MecCTa JoKasibHbIX MUHUMYMOB B be3gedektHoli (unfaulted) n pe-
chexTHOI (faulted) nonosuHkax siueitkn 7 X 7. Ceetnbie nunun (L1-14) ykasbiBatoT NONOXKEHUS pacCUNTAHHBIX MYTEA MUTpaLum
afjlaToMa MexAy noJioBuHKamMu siqeiikm 7 X 7. CnaowHas TeMHas IMHUS MexAay MuHumymamun 2u u 2f Ha puc. @ — nyTb C MUAHU-
MaJibHOli BbICOTON 3HepreTuyeckoro bapbepa (minimum energy path, MEP) ans murpauum agatoma Ha 6osblume paccTosiHUs.
a — HepedopmuposanHas nosepxHocTb. 6 — Ynpyro-cokatas Ha 4 % noeepxHocTb. 6,2 — [Npodoman nosepxHocTeli noTeHuU-
anbHOMN 3Hepruu Baosb nuHnii L1-L4 Ha negedopmuposaHHoli (6) n Ha ynpyro-cxaTtoli (2) nosepxHoctsax Ge(111)-7 x 7. Ons
KaXK[ON M3 NOBEPXHOCTEN 3a Ha4aso LUKasbl SHEPruU NPUHSTA dHeprus Hanbonee rnybokoro Munumyma (2f ans Hegedopmu-
poBaHHONA 1 6f A5 ynpyro-cxaToli NOBEPXHOCTENR)

MMOHEHIINAIBHO 3aBUCAT OT BEJUYUNHBI 9TOrO Oapbepa Brouto maiimeno, 9To 9TO BBIZBAHO 0OpA30BAHMEM CJla-
v = voexp(—Ey/kpT), rne T — remmneparypa, kg — OBIX KOBaJIEHTHBIX CBsI3€il MEXK /Ly aJaTOMOM U aTOMaMU
MOCTOSTHHAST BosbiiMaHa, a IPeIRKCIIOHEHITNAIbHBIH jumepa. HTepecHo, 4T0 (OPMUPOBAHKE CBSI3M IIPO-
MHOYKUTEJIb Yy OIMUCBIBAET YaCTOTY IOIBITOK CKAYKOB HUCXOJNT, HECMOTPs Ha TO, UTO (POPMAJHHO BCE CBSI-

qepe3 dHepreTudecKuit 6apbep W 3aBUCAT OT JIOKAJIb- 31 B AuMepax CTPYKTYpbl 7 X 7 3aMkHyTbI. [leficTBu-
HBIX KOJIEeOAHUN KPUCTAJIMIECKON perreTku. Taxmm TEJILHO, HA PUC. 26 MOYKHO BHJIETH, YTO IIPU aJICOPOIIH
00pa30oM, COIVIaCHO IPUBEJIECHHBIM Ha PUC. 14,0 pesbe- amaroma Ge HaJ aTOMOM JIMMEpa MEXKJy HUMU HMe-
damM TOBEPXHOCTH HOTEHIMAJBHON SHEPIUH, AJATOM €TCsl JJIEKTPOHHAS ILIOTHOCTD, CBUETEIbCTBYIOMAs 00
Oy/1eT OTHOCUTEIBLHO OBICTPO JIBUTATHCH B sTdelike 7 X 7, obpazoBaHuu KOBaJIeHTHOI cBsizu. Ha puc. 16 nokaza-
lepecKaKuBasl MeXKJy Pa3/IMYHBbIMU JIOKAJIbHBIMHU MU- HBI pacCIUTAaHHbIE TPOMUIN TOBEPXHOCTEH MOTEHIN-
HIMyMaMU HEPIUU, IPU ITOM IEPECKOKH B COCEJTHIE aipHOM ueprun Brosb Jjmuanit L1-L3 ma puc. la mazg

UMK CBEPXCTPYKTYPBI 7 X 7 OyJyT NPOUCXOJNTH  aTOMaMH JUMEpOB. BujiHo, 9T0 poduiib BIAOIL JUHIHI
3HAYUTEIHLHO pexke. DTo sByeHne Habomasoch paee L1 mmeer Boicory 6apbepa 0.4-0.55B, torma kak s
mist apyrux cucrem [13-20]. smunit L2 u L3 Beicora 6apbepa cocrasisier 0.7-0.8 9B.

Ha puc. la MmoxkHO BujieTh, 4TO Hambojiee HuU3KMe  TakuM 0O6pa3oM, IIyTh ¢ MUHUMAJBHON BBICOTOH SHEP-
SHEPreTUIeCKre O0AphepPhl MEXKJIY MOJOBUHKAMU sSTI€EK reruueckoro Gapbepa (minimum energy path, MEP)
7 X 7 HaOJIIOAIOTCA HAJ[ ATOMAMU JIUMEPOB, IIPU ITOM qtst muddysun agaroma Ge Ha OOJIBINHE PACCTOSTHUS
Gapbep HaJlI aTOMOM JIMMEpa, PACIIOJIOKEHHBIH BOJIN- IIPOXO/IAT BJIOJIb TEMHON KPUBOI, COEIMHSATIONIEH MUHU-
31 YIVIOBOJ BAKAHCUU CTPYKTYPBI 7 X 7, HAUMEHBIIIHIA. myMbl 2u 1 2 f. Ce/ioBast TOYKa 9TOTO IIyTH PACIOJIO-
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yrnoBon \
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Puc. 2. BepTukanbHoe cedeHme niOTHOCTM BafiEHTHbIX 371eKTpoHOB Ans agatoma Ge, agcopbuposaHHoro B ueHTpe aunum L1

Ha puc. 1a, 6 (cedenne BpoNb psiga ANMEPOB CTPYKTYpbl 7 X 7). a — HepedopmuposarHas nosepxHocTb. 6 — Ynpyro-okartas

Ha 4 % noeepxHocTb. CTpenkoli nokasaHa KoBaseHTHast CBA3b, obpasytowasics Mmexay agatomom Ge n atomom aumepa. JnuHa
CBsi3eil yKa3aHa B aHrcTpemax

JKeHa HaJl ATOMOM JuMepa BOJII3H yTJIOBOIl BAKAHCHUH, a
BBICOTA Oapbepa OpeIessieT SHEPIUI0 aKTUBAIINY JT(D-

byzumn.

MokeT BO3HUKHYTH BOIIPOC, IOYEMY Oapbepbl
Broab qunnit L2 n L3 ma puc. la,6 Bble, 9eM BJIOTb
L1, xors Bce TmHUN TPOXOAAT HaJ aTOMAMU JTUMEPOB.
N3BecTHO, UTO CBA3U B JIUMEPax CTPYKTYPHI 7 X 7 Ha
HeebopMuposanuoit nosepxuocTu Ge(111) sBistrorest
pPACTSIHYTBIMU II0 OTHOIIEHUIO K CBA3dIM B 00beMe
kpucrasia [21]. Tak, cBsa3u B JuMepax, PacloIOKeH-
HBIX BOJIM3U YTJIOBBIX BaKaHCHil CTPYKTYpbl 7 X 7
JUIMHHEE CBs3ell B oObeMe KPUCTAJIa MPUMEDPHO Ha
4%, Torga KAk CBA3U B JUMEPAX, PACHOJIOKEHHDBIX
rocepeJinne
o1 (okosio 3%). Kpome Toro, jja aroma mumepa
BOJIM3M YTJIOBOH BakaHCHM HAOJIIOIAETCH HAMOOJIbIIEe
OTKJIOHEHHE YIJIOB MEXKJY CBA3AMHU OT 3HAUCHUS
109.5°, xapakTepHOro Jijis PEIIeTKA THUIa aJjiMasa.

MezK/1ly BaKaHCHUAMHU, MeEHee DPaCTsaHY-

06paszoM, sp>-rEOPUANZAINS  3TEeKTPOHHBIX
060/I0Y€K aToMa JuMepa, OJUKaMIIero K yrjaoBoit
BaKaHCUU, OKa3bIBaeTCs HauboJjiee CUJIbHO HCKayKeHa

Takum

U 9TO, BEPOSTHO, CIOCOOCTBYeT 0OpPA30BaHUIO CJIADOM
KOBAJIEHTHOM CBsi3u ¢ ajaromMoM Ge.

IIpn cxxarmm nosepxuoctu Ha 4% B JaTepajsbHOM
nanpasjennn iyt MEP Baoss siunun L1 B 3HaguTess-
HOIl cTereHu OKasblBaeTCs HepekpbiT (puc.16). eii-
CTBUTEJIHHO, SHEPreTHIecKnii bapbep B1oJb L1 Ha mpo-
duse TOBEePXHOCTU MOTEHINAJIBHON SHEPrun Ha puc. 12
CpaBHHUM C BeJUInHON 6apbepa Bo/b Juanilt L2-1.4 u
cocrasiisieT mpumepuo 0.83B.
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DHepreTuwdecknii 6apbep 9TO PA3HUIA SHEPIHUil B
CEeJIJIOBOII TOYKE U B TJIOOAJBHOM MUHUMYME ITOBEPX-
HOCTHU MOTEHITNAJIBHON SHepruu. Takum obpa3oM, yBe-
JITYEHNe SHEPreTHIeCcKoro dapbepa Baosb junnu L1 Ha
nosepxaoct Ge(111) npu ee cxkaTHNM MOKET OBITH BbI-
3BaHO KaK 00pa3oBaHueM 0oJiee MPOYIHDBIX CBA3€EH B TJIO-
GasibnoM Munumyme 6f B sueiike 7 X 7 (rabuauna), Tak
u ocaabJIeHUueM CBSI3U aJ]aATOMa C IIOBEPXHOCTHIO B CE/I-
JIOBOH TOYKE IpU ajcopbIimu Ha aroMe jumMepa (ujm
oba srux dakropa BMecre). 37eCh, OJHAKO, MMEETCs
TPYHOCTH, CBsI3aHHASI C TEM, YTO 3Heprun ajgaroma Ge
Ha He/eOPMUPOBAHHON M yIIPYTO-CXKATONH TOBEPXHO-
crax Ge(111)-7 X 7 Hetb3si CpaBHATH HELOCPE/ICTBEHHO.
st perieHnst 91O MPOGJIEMBI MBI IPUBS3aJIN PACCIH-
TaHHBbIE SHEPIUH K OOINEeMY yYPOBHIO BakKyyMa. Takum
00pa3oM, OBLIN PACCINTAHBI YHEPIUU AICOPOIUN ala-
Toma Ge Ha IJI00AJbHBIX MUHIMYMAX SHEPIUU B ddeii-
Ke 7 X 7 U celyIOBbIX TOYKaxX BJoJib juHuii L1. Beuio
HaiiIeHO, YTO SHEPIHUsl aJCOPOIMH B IJI00AJIBHBIX MUHU-
MyMaxX dHEPruu IpubJIN3UTEHHO OJIMHAKOBA I HEJe-
dbopMuUpOBaHHOI U yIIpyTro-c:KaToit nmosepxunocteit. Ha-
[IPOTUB, SHEPTHS aJIcOPOIUU B ceioBoil Touke L1 st
yupyro-cxkaroit nopepxuoctu Ge(111) nuxke, gem mjis
memedopmupoBannoiil, npumepno na (.28 3B. Ciremona-
TEJILHO, YBEJIUYCHNE YHEPIETHIECKOT0 Oapbepa BJ0JIb
L1 mpu cxxkaTuum mOBEPXHOCTH BBI3BAHO OCJA0JIEHIEM
cBa3n ajaroMa Ge ¢ MOBEPXHOCTHIO B CEJIOBOI TOU-
Ke (HaJ[ aTOMOM JMepa).

Pucynok 26 wiumrocTpupyer ATOMHBIN MeXaHU3M
storo sBienns. Cxkarue nmoepxuoctun Ge(111) mpuso-
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JIUT K COKPAIIEHUIO JJIMHBI M3HAYAJIBHO PaCTSIHYTOI
CBSA3M MEXKJy aromMamu auMmepa. Takum obpasom, -
Ha 9TOI CBSI3U CTAHOBUTCSI OJIM?KE K PABHOBECHOMW JIJIst
obbema Ge. DTO COIPOBOXKIAETCs] YBeJIMIeHUEM JIJIU-
HBI CBA3U MexK 1y ajgaromoM Ge u atomoMm aumepa. Co-
Kpallienne/ yBeJuueHne JJIMHbl CBA3M O3HAYACT yCHUJIe-
Hue/ocabieHne COOTBETCTBYIONINX ATOMHBIX CBSI3€ii.
Ha pwuc. 26 MoxXHO BHAETH, ITO 9TOT MPOIECC COMIPO-
BOXKJIAETCs TIePEPACIPEICIEHUEM JIEKTPOHHOM ILIOT-
HOCTHU OT cJjiaberolieil o-CBsi3u MeXKJIy aToMaMu K TOii,
KOTOpasi CTAHOBUTCSI CUJIbHEE.

W3 061mmx coobparKeHuit MOHITHO, ITO PACCMOTPEH-
Has B 9TOit pabore KapTuHa Tudy3un MOHOMEPOB Oy-
JIeT CIIpaBeINBa IIPU HEOOJIBIION KOHIIEHTPAIIUN aJI-
copbupoBaHHBIX agaToMoB (Ge, Korma KarKIblid Jiud-
byHaupyoMuit ATOM MOXKHO PACCMAaTPUBATH HE3aBU-
cumo. W3zyuenne muddysun KiacTepos ajJaToOMOB Ha
[TOBEPXHOCTU C IOMOIIBIO PACYETOB Ha OCHOBE TEOPUU
bYHKIMOHAA TIJIOTHOCTH MIPEJICTABJISIET B HACTOAIITAN
MOMEHT OYEHb CJIOXKHYIO 3a/1aqy, TPEOYIOILYI0 OI'POM-
HBIX 3aTPaT IIPOIECCOPHOTO BpeMeHu. PaHee B HECKOJIb-
KIX 9KCIIEPUMEHTAJbHBIX PAbOTax 00CYKIAJCH BKIAT
«Marm9ecKnx» KJACTepoB Si, 00pa3ylonuxcs Ha II0-
BepxHoctu Si(111)-7 x 7, B camoauddysuto u romosnu-
rTakcuasbHbli poct [22-24]. Oxnako B pabore Uepena-
HoBa u DoiixTieniepa [4] moka3aHo, YTO BKJIAJ] «Maru-
geckux» KjaacrepoB Ge B quddysuio u popMupoBaHue
JIBYMepHBIX OCTPOBKOB Ha nosepxHoctu Ge(111) B qua-
mazone Temmeparyp 400-700 K orcyrcerByer. 9toT BBI-
BOJI CJIeJIaH HAa OCHOBAHUU TOI'O, YTO IJIOTHOCTH «Malu-
JecKnx» KiaacTepos Ha nosepxaoct Ge(111) co cTpyk-
TYpoOit 7 X 7 HAMHOTO BBIIIIE, YeM Ha TOU YK€ ITOBEPXHO-
CTH €O CTPYKTYPOI H X 5, OJHAKO TP 3TOM KOHIIEHTDA-
[Usi JIBYMEPHBIX OCTPOBKOB, 00Pa3yIOIIUXCsI B IIPOIECCe
pocta Ge, He 3aBUCHUT OT CTPYKTYPbI IIOBEPXHOCTH.

CoriacHO U3JI0’KEHHOMY BBIIIE MEXaHU3MY 00pa3o-
BaHUsl SHEPIETUIECKUX 0ApbepOB HA T'DAHUIE SIEEK
CTPYKTYPBI 7 X 7, OJIU3KUil 110 BenauHe 6apbep J0J-
JKeH HAOJIIONATHCA Ha TPAHUIE d49eeK D X 5. DTo mpo-
UCXOJUT M3-3a JIOKAJIHHOTO XapaKTepa B3anMOIeCTBU
aJIaTOMa C IIOBEPXHOCTBIO, C OJIHO CTOPOHBI, U OIUHA~
KOBOII JIOKaJIbHOHN aTOMHO# CTPYKTYPOIl B PEKOHCTPYK-
musax b X 5 u 7 X 7, ¢ apyroit. Takum obpazom, Teo-
peruvecKue JIaHHble, W3JI02KEHHBIE BBIIIE, COTJIACYIOTCS
KaK C OTCYTCTBHEM 3aBUCHUMOCTH CKOPOCTHU jupdy3un
repmanus or cTpyKTypbl nosepxuocru Ge(111), rak u
C YBEeJIMYEHNEM SHEPTeTHIECKOTO Oapbepa IpU CKATUU
[OBEPXHOCTH, TI0JIy YeHHBIMU U3 SKcrepuMenTa [4]. Dtu
dakThI, a TAKKe BBIBOJIBI 00 OTCYTCTBUU BKJIAJA «Ma-
ruueckux» kiaacrepos Ge B muddysuio u popmupona-
HEE JIBYMEPHBIX OCTPOBKOB Ha mnosepxuoctu Ge(111),
ciesannble B padore Yepenanosa u Doiixriaeniepa [4],
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CBUJETEILCTBYIOT B II0JIb3y TOTO, YTO Ha HOBEPXHOCTH
Ge(111)-7 x 7 umeer mecro auddysus monomepos Ge.

4. BBIBO/IbI

UcciieioBano BiusiHEe ynpyrux jedopMaruii mo-
Bepxuoctu Ge(111)-7 X 7, Bosuukaiomux 1upu pocre Ge
Ha nomioxkke Si(111), va quddysuto aromos Ge. ITo-
Ka3aHo, UTO cKopocTh nuddysnn ajgaroma Ge 1o Heje-
dopmuposannoii mosepxuoctu Ge(111)-7x 7 oupemess-
€TCsl YHEPreTUIecKuM 0apbepoM, PACIIOJIOKEHHBIM Ha
rpaHuIie siueek 7 X 7 HaJl ATOMAaMU JUMEPOB BOJIU3H yI-
JIOBBIX BAKAHCHUIl CTPYKTYPBI 7 X 7. YCTAHOBJIEHO, UTO
CXKATHE MMOBEPXHOCTH YCUINBAET CBS3M MEXKJY aTOMa-
MU JUMEPOB CTPYKTYPBI 7 X 7. DTO NPUBOJUT K OCJIab-
JIEHUIO CBSI3U MEXKJLy JUMEPOM M aJ[aTOMOM U3-3a Iepe-
pacupeeseHns 3JICKTPOHHON INIOTHOCTH OT 3TOI CBA3U
K CBsI3U MexKly aromMamu jgumepa. OcjiabjieHue cBs3u
ajaToma Ge ¢ MOBEPXHOCTBIO BIIEYUeT 3a cOOO0M yBente-
Hue sHeprun akrusaiun nuddysun. Pesysibrarsr pado-
THI MOTYT HAWTH TPUMEHEHUE I ONMTUMUBAINHA ITPO-
[IECCOB POCTAa TOHKMX ILJIEHOK M HAHOCTPYKTyp Ge Ha
TOBEPXHOCTH Si.

Baarogapuoctu. Asrop BbIpazkaer OJjarojap-
MHOOPMAITTOHHO-BEIUNCINTEILHOMY — IIEHTPY
HI'V 3a npeocrasiienne J0CTya K BHIMUCIUTETHLHBIM

HOCTb

pecypcaM Kjacrepa.

dunancupoBanue. Pabora BoimosHena upu Gbu-
HaHCOBOI TOmAepKKe Poccuifickoro HaydIHOro (QoHIa
(mpoexT Ne19-72-30023).
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BJIMAHVE AMITJINTYAOblI MATHUTHOIO NMOoJ1i4 HA KNWHETUKY
MEPEMAIMHNYNBAHNA MATHUNTHBIX HAHOYACT KL,
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TeopeTnyeckn NCCNesoBaHO BAUSHME AMMINTYAbl MAarHUTHOMO MOJS HAa KUHETUKY MEPEMarHUYMBaHNS, a TakxKe
MarHuTornnepTepMmmyecknii adpdbekT, npoayunpyemMblli OAHOLOMEHHO hbeppoMarHnTHO! YacTuueli, uMmMobuau-
30BaHHOl B HemMarHuTHol cpeae. PesynbTaThl pacyeToB, OCHOBaHHbIE Ha MaTeMaTUYeCKU PerynsipHoli Teopuu
Kpamepca, nokasbiBatoT, 4To B YacTuue guccunauust W sHeprum nepeMeHHOro MarHMTHOro NoJisi MOXET pacTu
¢ amnanTtygoit nonsi Hy GuicTpee, Yem no kBagpaTuuHomy 3akoHy W ~ HZ. DToT BbIBOA, NO KpaiiHell Mepe,
B NPUHLMMNNANLHOM OTHOLWIEHNN OBBbACHSAET HeAaBHUE SKCMEPUMEHTbI MO MarHUTHON runepTepMumn B cuctemax
obe3fBIKEHHbIX YacTul, rae boina obHapyxkeHa 3asucumocts W~ H', v > 2.

DOI: 10.31857/50044451024080091

1. BBEAEHUE

KoMIo3uTHbIe CHCTEMBI, COCTOSIINAE U3 MArHUTHBIX
HAHOYACTHUIl, BHEJIPEHHBIX B HECYILYI0 HEMATHUTHYIO
Cpeily, IPUTATUBAIOT OOJIBIION MHTEPEC UCCIeI0BATE-
Jleil M NpakTUKOB Ojaronmapsi boraromMy HaOOpy YHU-
KAJIbHBIX (PU3NIECKUX CBOICTB, HAXOISAIINX AKTUBHOE
[IpUMEHEHNEe BO MHOTUX COBPDEMEHHBIX U IEPCIIEKTHB-
HBIX IPOMBIIIJIEHHBIX ¥ OHO-MEIUIINHCKUX TEeXHOJIOTH-
sax. O630pbl paboT 10 3TOH TeMaTUKe MOXKHO HANTH,
nanpumep, B [1-5]. B wacrnocru, Maraurno-runeprep-
MUYECKAN METOJ| TEPAINN OHKOJIOTUIECKUX 3ab0sIeBa-
HUIl OCHOBAaH HAa BHEJPEHUU MAIHUTHBIX HAHOYACTHUIL
B JUATCHOCTHUPOBAHHYIO OIIyXOJIEBYIO 00/IACTDH W HATDEB
9THUX YACTUI] IePEMEHHBIM MATHUTHBIM IOJIEM JI0 TEM-
nepatyp (kax npasuiio, seime 41-42°C), npu KOTOpbIX
omyxoJieBbie Kjerku norudator [6-14]. Ilepsas Teope-
Tudeckas pabora [15] mo MarauTHON runeprepMun oc-
HOBaHa Ha (DEHOMEHOJIOIMIeCKUX ypaBHenus Jlebast e-
pEMArHMYIMBAHUSA MATHUTHBIX HAHOYACTHUI[ B IIPHUOJIU-
JKEHUU JINHEIHOW 3aBUCUMOCTYA HAMATHUIEHHOCTH Jac-
THIL OT BHEITHETO 0I5, PaccMaTpuBancs cirydan qac-
THI, TMMOOM/IN30BAHHBIX BO BHEIHEH CpeJie, a TaKKe
9aCTUIl, CBOOOIHO BPAIIAIOIIUXCS B BA3KON KITKOCTH.
B paborax [16] kuHeTHKa HIepeMarHnInBaHusi UMMOOU-

* . .
E-mail: antoniusmagna@yandex.ru
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JIN30BAHHBIX (DEePPOMATHUTHBIX JACTHUIL UCCJIETOBAIACE
METO/IAMH CTATUCTUICCKON (DU3NKM Ha OCHOBE ypaB-
nennst Poxkepa—Ilnanka g GyHKIIU pacupesese-
HHUS 110 OPUEHTAIUAM MArHUTHOIO MOMEHTA YaCTHUILbI.
IIpuBeeHbI OTIEHKY BpEMEHNU PeJIaKCaIllii HAMATrHIIeH-
HOCTH YaCTUIILI B MMOCTOSHHOM MarHUTHOM Ioje. Teo-
peTudecKue MCCJIeJOBaHUS KUHETUKN IIepeMarHuYnBa-
HHUS HEIOJABUKHON YaCTHUIbI B IIEPEMEHHOM IIOJjIe IIPO-
BOJMIANCH B [17] IIpM NPOU3BOJILHBIX 3HAYEHUSIX I1apa-
MeTpa MATrHUTHON aHW30TPOIMHU U aMILIUTY/IBI ITOJIS.
B pamkax sToro moaxoma s onpeieseHns CTaTACTH-
9eCKM CpejiHeil HAMArHUYIEHHOCTU YaCTUIThI HEOOXO/ -
MO pellaTh, CTPOro roBOPsl, OECKOHEYHYIO CUCTEMY 3a-
neristonuxcs auddepennuaabablx ypaBHeHnH, 000c-
HOBaHUE BO3MOXKHOCTHU 0OPBIBA KOTOPOIT ¢ COXpaHEHTEM
KOHEYHOI'O YNCJIa YPaBHEHUIl IIPeJICTaBIISET CODOI OT-
JIEJIbHYTO 33J1a49y. AHAJIN3 TTOKA3BIBAET, ITO KOJTMIECTBO
YPaBHEHUII B CHCTEME, KOTOPOE HEOOXOINMO COXPAHUTD,
9TOOBI TOJIYYIUTH PE3YJIbTATHI C MPUEMJIUMON TOYHO-
CTHIO, OBICTPO PACTET IIPU YBEJIUICHIN [TapAMeTPa Mar-
HUTHON aHU30TPOINN YaCTUIILI U aMILIUTY/Ibl MarHUAT-
Horo mousis. ITosTomy akTyaJsibHOI ocraeTcsd 3aj@a4da o
BBIBOJIE KOMITAKTHBIX, JOCTATOTHO YIOOHBIX yPABHEHUIT
KMHETUKM IepeMarHUYMBaHUSA YaCTUIIBI, IIYCTh J1aXKe
IIPY OIPEJICJIEHHBIX OTPAHNYICHUSIX Ha (PU3MIECKUE Ia-
paMeTpbl CUCTEMBI.

OjHa w3 BakKHEHINNX XapaKTePUCTUK MATHUTHON
TUTIEPTEPMUHN KaK (PU3UICCKOTO SBJICHUS — 3aBUCHU-
MOCTh mHTeHcuBHOCTH W Juccunanum SHEPrud Mar-
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Bansuune AMNNTYAbl MAarHUTHOIO NOAA. ..

HUTHOTO T10JIs1 (MHT€HCUBHOCTH T€HEPUPOBAHMSI TEILIa,)
OT YaCTOTHI U AMILIATYIbI MArHUTHOTO 1ojisd. g ma-
JIBIX aMILIATY H( 10Jisi, IPU KOTOPBIX BBIIIOJIHSIETCS
pubJIMKEeHNe JIMHEITHON 3aBUCHUMOCTH HaMarHUIeHHO-
CTH OT WOJIsi, CTIPaBeUIMBO cooTHOmenne W ~ Hy.
VBenudaenue mosid BeAeT K Oosiee MeAIeHHOMN, TeM JIu-
HellHasl, 3aBUCUMOCTYA HAMAIrHUIYEHHOCTH CUCTEMBbI Yac-
THI] OT II0JIs, TIO9TOMY €CTECTBEHHO OXKWJIATh, 9TO ITO
JIOJIZKHO BECTH K 00JIee MeIJIeHHOI, 1eM KBaIPATUIHAA,
3aBUCUMOCTH JIUCCUTIAINE SHEPIUU OT aMILIATYIbI 10~
ast. OIHAKO HEOKMJIAHHO HeJIaBHUe SKCIepUMeHTHI 18]
mokazaJiz 60jiee OBICTPYIO, Y€M KBaIPATUIHAS, 3aBUCH-
mocte W~ Hy, v > 2.

[esibro 310l pabOThI SIBJIsIETCsI, BO-IIEPBBIX, BBIBOJ,
KOMIIAKTHOIO, YJI0OHOIO JIJIsi UCIOJIb30BaHUs ypaBHe-
HUAsl KUHETHKHU IepPeMAarHUInBaHUusS (PeppPOMATrHUTHON
JaCTUIbI B IIEPEMEHHBIX I0JISIX, KOTOPOe MOXKeT OBITh
HCIIOJIb30BAHO B JOCTATOYHO IIMPOKOM JIHAIIA30HE aM-
IUIATY/, 110J15. BO-BTOPBIX, HA OCHOBE 3TOrO yPaBHEHUsI
[IOKa3aTh, 9TO OoJiee ObICTPAasi, €M KBaJIpaTUIHAS, 32~
BUCHMOCTH UHTeHCUBHOCTH W JUCCHIIAIIN SHEPIUH OT
AMILIUTY/IBl IEPEMEHHOrO 1ottt H(, BIIOIHE BO3MOXKHA
U He sIBJISETCs CJIEICTBUEM METOINIECKUX WU JIPYTUX
OIMIMOOK IKCIIEPUMEHTA..

C 39710/ 1eJIBI0 MbI PACCMOTPHUM OJIHOJIOMEHHYO OJ1-
HOOCHYIO (PePPOMATHATHYIO YaCTUILY, UMMOOUIN30BAH-
HYIO B HeMarHUTHOW cpeje. OTMETHM, 9TO MUMMOOHU-
JIN3AIMsl MAIHUTHBIX HAHOYACTHI] 9aCTO UMEET MEeCTO,
HaIpUMeEp, IPU UX BHEJIPEHUU B OHOJIOIMYECKUE TKa-
Hi [19,20]. MbI orpannunBaeMcs aHAJIN30M CHJIBHOI
MarHUTHON aHU30TPOINIO YACTUIIBI, T. €. SHEPIHUsS ITOMN
AHM30TPOIINH IIPEJIIIOJIAraeTCsl HAMHOTO OOJIBbIIE TEILI0-
BoOIi sHeprun cucrembl. [I0CcKOIbKY, KaK N3BECTHO, SHED-
I'Usi MAIHUTHON aHU30TPOIUU IIPOIMOPIMOHAJIBHA 00b-
€My YaCTHUIIBI, 3TO O3HAYAET, UYTO pa3Mep YaCTHUIbl He
odenb MaJ. Hammpumep, MO2KHO TIOKA3aTh, 9TO JJIsd Mar-
HETUTOBBIX YACTHUIl, YACTO UCIOJB3YEMBIX B IKCIIEPU-
MeHTaxX U IPUJIOKEHUSIX, JHEPIUsl MArHUTHONW aHU30-
TPOIUU TPEBBIMIAET TEIUIOBYIO SHEPTUI0 IIPU KOMHAT-
HBIX TeMIepaTypax, KOTja JUAMeTP JacTUIbl 0OJIbIe
16-18 M (oreHKHN (DUBMIECKAX XAPAKTEPUCTUK MATHe-
TUTOBBIX YACTUIL MOXKHO HafiTu, Hanpumep, B [21]). 3a-
METHM, 9TO OCODEHHOCTH ITOBEPXHOCTH HAHOYACTUIIHI
MOI'YT BHOCHUTB JIOIIOJIHUTEJIbHBIN BKJIAJ| B SHEPIUIO €€
MarHuTHO# aHuzorponuu. [TosTomy B peajibHOCTH IIPU-
OJIMKeHre CUJIBbHON AHM30TPOITNH MOYKET BBITOTHATHCS
U jId 9aCTHIl C AUAMETPOM 3aMETHO MEHBIIUM yKa-
zanubix 16-18 am. Hakownern, mbr Oyziem mpenebperaTb
TUPOMATHUTHBIME 3D HEKTaMu, KOTOPbIE ITPOSABIISAIOTCS
TOJIKO IIPU BBICOKUX 9acTOTaX [0Jig (IOpsjKa Iura-
repir), CyIIECTBEHHO MPEBBINAIONIUX JUAIIA30H, JOILy-
CTUMBI JIJIsi MHOTUX TEXHOJIOTMYECKUX [TPUJIOXKEHUIA.
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Puc. 1. Viantoctpauns paccmaTprieaeMoii Hactuubl. Toncras
JINHNS — OCb JIEFKOrO HAaMarHWYMBaHMS HacTULLbI

2. MATEMATNYECKAA MOZAEJIb 11
OCHOBHBIE ITPUBJIN>KEHU £1

Pacevorpum mHenmoaBuKiyio (peppOMarHuTHYIO Ha-
CTHI (CM. WJUIIOCTPAIMIO Ha PHC. 1), OMENEeHHYO B
OCIIMJIIUPYIOIIEee MAIHUTHOE I0JIe, MapalIeJIbHOe OCH
JIETKOTO HAMATHWYUBAHUSA YacTuilbl. OT™MeTUM, 9TO B
IKCIIEPUMEHTAX «in-vitro» HalpaBJieHHe OCeil JIETKOTO
HAMAIHUYUBAHUS YACTUIL MOXKET OBITh 3a(UKCHPOBAa-
HO BJIOJIb BBIOPAHHOT'O HAIPABJICHUSI, €CJIA MTOJIUMEDH-
3AIMI0 MATHUTHOTO KOMIIO3UTA IIPOBOJIUTH B JIOCTATOY-
HO CUJIBHOM IIOCTOSTHHOM IIOJIE.

Ob6o3HauMM [4 — €IUHUYHBIA BEKTOD, HAIPABJICH-
HBII B/I0JIb MAPHUTHOIO MOMEHTBI YaCTHIB! (CM. puc. 1)
u f(u) — HOPMAJM30BAHHYIO HA eauHUIly (bYHKIUIO
pactpejesierus (IJI0THOCTD BEPOATHOCTH) 110 OPUEHTA~
IUsiM BEKTOpa . dTa PyHKINS MOXKET ObITh HaiifeHa
kak pemnienne ypapaenusi ®okkepa—I[lnanka, Koropoe
€ y9eTOM OCEBOI CHMMEeTpUU 3aJIa9U MOXKET ObITh 3a-
nucana B Buje [16,17,22]

0 0 .
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MO€E ee BHYTPEHHE KPUCTAJLINIECKON CTPYKTYPOii; 6 —
MIOJISIPHBIA YTOJI OTKJIOHEHHS BEKTOPA (4 OT OCH Mar-
HUTHO# AHU30TPOINA YACTUIII (CJIEIOBATELHO, OT Ha~
[PAaBJIEHNs] OCIUJIIMPYIOIEro T0JIs, CM. puc. 1); u —
Ge3pa3mepHasi, IO OTHOIIEHUIO K A0COJIIOTHON TeMIre-
parype kp© sHeprus gactunpl, © — abCOTIOTHAS TEM-
reparypa B KeJbBUHAX. JHEPIUsl U MOXKET ObITh IIPe/I-

CTaBJIeHa B BUJIE

—ocos?H — hcosb,
Kuv,
77 ke

(3)

m
—H
o kB@ )

31ech [1p — MArHUTHAs IPOHUIIAEMOCTb BAKyyMa; 1m —
abCOJIIOTHOE 3HAYEHNE MATHUTHOTO MOMEHTA JACTHUIIHI;
k — mapameTp MarHUTHON aHU30TPOINH YACTHIIBL; Vp U
d, — 00beM 1 ImaMeTp TACTHUIIBI; i — OTHOIIEHNE SHep-
run 3eeMaHa B3aUMOJEUCTBUsI JACTUIBI ¢ MATHUTHBIM
nojiem H K rerioBoit sHeprun kp®, KOTOpOe MOXKeT
paccMaTpuBaThCs KaK Oe3pa3MepHOe MArHUTHOE II0JIE;
o — 0Ge3pa3MepHbIil mapaMeTp MarHUTHON aHU30TPO-
mun gacTuibl. OTMETHM, YTO JjIsi MArHETUTOBBIX YaC-
THI], OOBIYHO KCIIOJIb3YEMbBIX B MEIUKO-OUOJIOMTIECKHIX
HPUJIOKEHUAX, 110 NOPAAKY Beamumusl 7p ~ 1079¢
(cm., manpumep, [21]).

B obmem ciyuae pemtenue ypasaenus (1) B Koneu-
HOIl aHaJIMTUYIECKO#l (popMe He IOJIydeHO. 3JeCh pac-
CMOTPUM CJIy4ail CHJbHONH MATrHUTHOW AaHU30TPOINUH,
KOT/Ia BBINOJHSIOTCS CHJIbHbIE HEpaBeHCTBa o > 1,
o > h. OrMeruM, 9TO HUKAKUX JIPYIUX OrpAHUIEHUI
Ha BEJIMYUHY MArHUTHOI'O I10JIs HE IIPEJIIIOJIaraeTcsl.

B pamvkax npuHsTHIX HPUOJIUZKEHHI B IIPOCTPaH-
CTBe (4 CYMIECTBYIOT JB€ IOTEHINAJIbHLIE SIMBI, pa3-
JeJIeHHDbIE TTOTEHIUAJILHBIM 0aphbepoM, T.e. (PYHKITAST
u(@) mpu 0 < @ < 7 WMeer nBa MUHMMyMa W OJIMH
MaKCHAMYM.

MuHUMYMBI TIOTEHITHAJIA U COOTBETCTBYIOT 6 = 0 1
f = m; OHE paBHBI COOTBETCTBEHHO

ug = —o — h,
(4)
Uy = —0 + h.
Suauenue 0,,,, yria @, CooTBETCTBYIOIIEEe MAKCUMY-

MY U, OLPEIEJIAeTCs U3 ypaBHeHud oS Oyar = —h/207;
3HAYEHNE MOTEHIINAIA B TOYKE MAKCUMYMa PABHO

h2
Umazr = E .

(5)

Bsenem BepositHoctun Py u P TOro, 9TO BEKTOD L
IPUHAJJIEXKAT TTOTeHIaabHbIM sivaM 0 < 0 < 7/2 u
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m/2 < 0 < 7 coorBercrBerHo. OHU MOIYT GBITH ONpe-
JIeJIEHBI CJIeJLyIOIINM 00pa3oM:

em(lﬁ
Py = / f(0)sin6 db,

0

o (6)
P, = / f(0)sin6 do.

0

OuesnHo, yesioBue HOpMupoBru Py+ P = 1 10mk-
HO BBINIOJIHSTHCsA. JlJ1st Toro urobsr Haitu Py, mpounTe-
rpupyem obe uactu ypasHeHust (1) Tax ke, Kak B 1ep-
Bom unrerpase (6). ITocsie npocrbix npeobpazoBanuii
[TOJIy JaeM

0P
- (7)
ot
Iist Toro 9robet HaiiTy j (6,4 ), MBI OY1€M UCIIOJb-
30BaTh OCHOBHBIC UJICU KJIACCHYECKOil Teopun Kpamep-

ca nuddy3un OPOYHOBCKON YacTHUIBI Yepe3 IMOTEHIIN-

27-D _j (Hmaz)-

aJIbHBII Gapbep (cM. Takxke [23]). Cieays sToMy MeTO-
1y, 1epenuiieM ypasaenue (2) B Buie

eu

J0) g = o (fe¥) )

sin 6

u npounrerpupyem obe gacru (8) mo 6 or 0 jgo m:

[iO) o ==l = fac). (9)
0
f():f(o)a fw:f(ﬁ)'

[Mockoubky o > 1, dyukuua u(f) BOau3u cBoero
MaKCUMyMa uMeeT (pOpMy BBICOKOTO OCTPOTO IHKA:

d*u

- 1.
d? 16, >

Umaz — UO,7 > 1;
ITosToMy MBI MOXKEM OIGHUTL MHTErpajl B JIeBOH dYa-
cru (9), ucob3ys cranJapTHbIe COOOPAKEHHs METOIA
nepesaJia:

) u ) eUmaz T
[30) 590~ i) S5
0
1 d*u
Q=_-=-"-"
2 dO? 10,

B juHeitHOM MpuO/IMXKEHUN 110 MAJIOMY OTHOIIIEHIIO
h/o noayuaem 2 = o u sin 6., = 1. CiegoBaresbho,

d9 ~ ](emaz ) \/g eumar .

s

Jie

0

eu

(11)

sin 0
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Hp

t/Tyo

Puc. 2. Cratnctuyeckmn cpefHsis npoekumust iy, BEKTOPA f4 KaK
dyHkumns oT Bpemenu. Lndpor Bozne kpusbix: 1 — h = 0.5;
2—h=25

Kom6urupys (9) u (11), nosyguaem

1
e“’”“) [fre"™ — foe"°]. (12)

Ucnonbsys (12) B ypasaeruu (7), yuuTbBas Co-
orHomenus (4) u (5), MeHsAsE JUIs yIPOICHHUS 3aIICH
3HAK NMPUOIMZKEHHOTO PABEHCTBA «~%» HA 3HAK PABEH-
CTBa «=», B paMKaX Opub/mkenus o >> 1 npuxomumM K
YPABHEHUIO

OB 1

Z-0 - h —h
9t 27, [fwe foe ] ,

Joorleic)
TI =TD\/ —€XpPy0+ — ¢
o 4o

OrmpesiesinM Tenepb CBA3b MEYKJLY BEPOSITHOCTHIO Py
U 3HaYeHUsAMHU fo, [r IJIOTHOCTU BEPOSITHOCTHU f B TOY-

(13)

kax § = 0 u 6 = m MuHEMYMOB noTennuasa u. s sro-
ro, Kak U B KJjaccmdaeckoir Teopuu Kpamepca, yarem,
YTO [EPEXOJl BEKTOPa 4 9epe3 BBICOKUH ITOTEHIHAb-
HBIl Oapbep — CPABHUTEIBLHO PEJKOe SBJICHUE, W Xa-
pPAKTEpHOE BPEMsT MEXKJIy JIBYMsl TAKMMU TIEPEXOIAMU
HAMHOTO 0OJIbIIIE BPEMEHU YCTAHOBJIEHUS TE€PMOIUHA-
MUYECKOT0 PABHOBECHsI B KarKJIOf U3 MOTEHIUAIbLHBIX
sIM, COBITJIAIONINM C Tp O TOPSAJKY Besuaunbt. [ToaTo-
My B KasKJbIii MOMEHT BPEMEHH MbI MOYKEM pPaccMar-
pUBaTh COCTOSHME BHYTPHU TAKOWH fMbI KaK MPaKTHYIe-
CKHU paBHOBECHOE, OMuChiBaeMoe (byHKIHeH pacipe/ie-
serns Bosbivana. O4ueBUIHO, 9TO HE O3HAYAET PABHO-
BECHOT'O PACIIPEIEJICHUST MEXK Y TIOTE€HITHAIbLHBIME SIMa-
mu. Takum 06pa3oM, B KaxKJI0# U3 MOTEHITUATBHBIX M
0<0<7/2un/2<0 < m BCOOTBETCTBUU PACIIPE-
JesearneM BosbIiMana umeeM

f(0) = foexp{uo —u(0)} (14)
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f((g) = fx eXp{uﬂ' - u((g)} (15)

IMoxcrasnss (14) B nepBoe coorromenue (6), mosy-
qaeM

977104’0
/exp{uo —u(f)}sinfdf =
0

]D() = f()

Omax
= fo/exp{—a (1 —cos®0) } exp{—h(1 — cosf)} x
0

x sin@df. (16)

ITockosibKy o > 1, byHKIMS exp {—a (1 — cos? 9)}
nmMeer ocTpblit MakcuMyM pu 6 = 0. B cuity HepaBeH-
crBa 0 > h skcnonenra exp{—h(l — cosf)} menser-
cst ¢ 6 mamHoro mesytennee, geM exp { —o (1 — cos?6) }.
Cuiesl0BaTENBHO, UCIOJIBb3YSI METOJ] [epPeBasa, Mbl MO-
JKEM TIPE/ICTABUTH

Omax

Py~ fo / exp{—c6?}6df =
0

1 1
= fO % (1 - eXp{UH?naz}) ~ fO % (17)
Amnasioruano
1
P~ fr—. 1
e (18)

Hizke jtst yao6crsa B ypasaernsx (17) u (18) Mbr
OyJIeM UCIOJIb30BATH 3HAK PABEHCTBA «=» BMECTO IIPU-
OIM>KEHHOTO PABEHCTBA, «AI».

B cuny ycioBust nopmuposku Py + P = 1, ucmosb-
3ya (17) u (18), upuxoaumM K paBeHCTBY

fQ + fﬂ- = 20. (19)
Kombunupyst coornomenus (17), (18) u (19) ¢ (13), mo-
JIydaeM ypaBHeHHue

0 1
ﬁ = — [Ueh — fochh] ,
8t TIT
(20)
T, s 2
7']]:2—1127'[) —360+Z_°.
g V g
Craructuyeckn CpeJHdd IPpOoeKIud eIUHUIHOI'O

BeKTOpa M Ha Hampasjienme o H wMoxker ObITH
pACCUUTAHA CJIEJYIONUM 00pPa30M:

Hh = [Lho + Mhr (21)
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rje

Omaz

/ f(0)cosOsinb db,
0

Hho =
(22)
Lhr = /f(@)cos@sin@d@.

Omaz

Yunresas (14), (15) u
nepenucaTh B BUJIE

(19), ypasuenue (22) MOKHO

Hho =
Omaz

= fo / exp{—0c (1 —cos®0) } exp {—h(1 — cos )} x

1
Osinfdf ~ fo—, (2
X cos 0 sin fo = (23a)

Uhr =

= f. / exp {—o (1 —cos? ) } exp {h(1 + cosf)} x
Omaa

1
x cosfsinfdf ~ —fr, —. (23b)
20

3aech, kak u B (17), (18), cHOBa MCIOIB30BAH METOJI
CEVIOBON TOYKM OICHKH OIPE/ETCHHBIX MHTErPAJIOB.
Toxcrasnsa (21), (23) B (20), npuxoAuM K ypaBHEHUIO

auh
— — [shh— ujchh 24
37 m[s fin, ch B] (24)
nJjm
6/’[’}L
— — [thh—
97 TN[ ),
T, €h_
II 4o
= —_—— = _ 2
™= nn T N (25)

™
TNO:2TD —360.
g

3. PE3VJIBTATHI 1 BBIBO/IbI

Eciu h He 3aBUCHT OT BpEMEHHU, HAIIPUMED, IIOCJIE
CTYTIEHIATOTO U3MEHEHHS TIOJIsl, TAPAMETD T MOCTOSI-
HEH U UTrpaeT PoJib XapaKTePHOI0 BPEMEHHU HeeJIeBCKOi
pejakcanym fi, K €ro paBHOBECHOMY 3Ha4YeHWIo th hj;
Tno dBisercd 3nadenneM Ty npu h = 0. [lomygyennas
OLIEHKA T( COBIAJAET C TAKOBOM, OJIy4YeHHoil B (23) B
npejiesie OU9eHb BBLICOKON MAIHUTHON aHU30TPOIHMH Yac-
runpl. Kak Bugno uz (25), 7y yMeHbIIaeTcs ¢ POCTOM
MAIHUTHOIO 10Jig A (HALOMHUM, IIPEIIOJIAraeTCs Bbl-
[IOJIHEHNE CHUJIBHOIO HepaBeHCTBa h < 0) , 9TO COOT-
BeTcTByeT BhiBOaM [16,17).

242

Korma h meHsieTcst co BpeMeHeM ¢, BeJIMIUHA Ty 3a-
BUCUT OT t W HE MOXKET PacCMaTPUBATLCI KAK BpPEM
penakcanun. HekoTopble pes3yiabTraTbl pacderos fip, ()
[10CJIe CTYIIEHYATOr0 U3MEHEHUsT A OT HyJIsI JI0 HEKOTO-
PBIX TOCTOSIHHBIX 3HAYEHUI MpEICTAaBICHbI Ha PHUC. 2.
VBenudenne KOHETHOTO 3HAYUEHUsT MOJIsT h TTPUBOIUT
K OoJiee OBICTPOI peJIaKCAIlMK (i, K €r0 PaBHOBECHO-
MY 3HAYEHHUIO. 3aAMETHM, 9TO TOCJE BBIKIIOTECHNST OIS
BPeMsI DEJIAKCAINY (i), K HYJIO OyaeT paBHO Ty, T.e.
60JIbIlle BPEMEHU PEJIAKCAIIMOHHOTO IIPOIIECCa IIPH yBe-
JimdeHun 1oJjist. TakuM o6pa30M, MMPOIECChl HaMAarHU-
9UBAHUS CUCTEMBI TIOCJIE YBEIUICHUS TOJISI U pas3Mar-
HIIMBAHYsI [IOCJIE €I0 YMEeHBIIEeHUs (BBIKJIFOYEHH s ), BO-
00111e TOBOPSsI, XapaKTepU3yTCsl Pa3HbIMU BpEMEHAMUI
peTaKcaImm.

Paccmorpum Tereps ciiydaii OCIUJIIAPYOMIErO [M0-
asgt h = hgcoswt, tie hg < o — ero ammuryna. Pe-
ntenve (24) npu nadagabaoM yciaosun iy, = 0 upu t =0
UMeeT BUT

¢
V(t) [ sh(hgcoswt)
t) =
h t)?
cexpd (L2 ) - (ap)
1 / (h
V(t) =exps | —— /exp Ocoswt)
TNO 4o
0

x ch(hg coswt’) dt’

Msr ompenesinm 3hhEKTUBHYIO KOMILJIEKCHYO BOC-
[IPUAMYKUBOCTD X HA YacTOTE CUTHAJIA CJIEJLYIOIUM 00-
pasom:

T
1 1
X (w, ho) = h—oTh_I>nOo 7 /Mh coswt dt,
0
27
] o)
"(w, ho) 11' 1/ inwt dt
w =— lim — sinwt dt.
X W, o ho T30 T Hh

0

BamMernmM, UTO OlpejieleHHasi TaKUM 00pa3oM BOC-
[IPUUMYUBOCTH OIIPEJIEJISIET CBSI3b MEK/Iy CPEIHUM BEK-
TOPOM i, OPHEHTAINH MATHUTHOTO MOMEHTA, YaCTUIbI
u 6e3pa3sMepHBIM TI0JIeM h.

WsmepsieMast BOCIPUUMYNBOCTH MaTepraJia, CBA3bI-
BalOIas HAMATHUIEHHOCTD BCETO KOMITO3UTA U PA3Mep-
Hoe mojie H, mponoprnuoHabHa X ¢ KOIMDPUIMEHTOM

m2
Ho ’UpkBT 2

e ¢ — obbeMHasl KOHIEHTPAIUS JACTHUIL.
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X

0.5

0.3

0.1

1 1 |
0 02 04 06 0.8
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Puc. 3. [elictBuTenbHble n MHUMbIE H4acTy 3PEKTUBHONR BOCMPUMMHYMBOCTM X B 3aBUCUMOCTU OT YFOBOW YacTOTbl MOJS w.
Lndpper Bozne kpusbix: 1 — ho = 0.5; 2 — ho = 2. MNapameTp wo = 27/Tno

k

X

0.4

0.2

2

X

0.25

0.15

0.05 | | |

Puc. 4. [eiictBnTenbHas n MHUMast HacTu 3PQEKTUBHONR BOCMPUMMUNBOCTY X B 3aBUCUMOCTU OT aMminTyabl ho ocuunnupyto-
wero nons. Kpusble: 1 — w = 0.1; 2 — w = wo. [MapameTp wp TOT X*e, 4TO Ha puc. 3

HekoTopsie pesynbrars! pacueros X’ n X" npusene-
HBI Ha pUC. 3 U 4.

O6e vactu X' 1 x” BOCHPpUUMYMBOCTH yMEHBLIIAIOT-
¢ ¢ aMIUIUTYIOH Mg TOJIst, KOTJa YIJIOBas 9acToTa W
CYIECTBEHHO MEHBIIE W, W yBEJIMIUBAIOTCSA IPH OTHO-
CUTEJILHO BLICOKUX 3HAYEeHUAX w. HacKOJIbKO HAM H3-
BECTHO, PAHEE ITO OOCTOATEIHCTBO B JIUTEPATYPE HE OT-
MEJAI0Ch.

XOoPpOIIo U3BECTHO, UTO IMEPEMEHHOE MATHUTHOE I10-
ste H Bo3biBaeT HarpeB heppoOMarHUTHBIX YACTHUIL, UC-
[I0JIb3YeMBblil, B YACTHOCTH, JJIsl TePallul OHKOJIOI'UUe-
cKux 3abojieBanuii (METO/ MAHUTHON IUlepTepMun).
QDusnyeckas TPUINHA ITOTO HATPEBA COCTOUT B JIMCCHU-
Ay SHEPIUU MArHUTHOIO 1101 IIPU llepeMarHuIuBa-
HUU YaCTUIIBL.

243

CpejiHee 3HAUEHNE SHEPIUH JUCCHIAINE 3a BPEMs
T > {27/w, Tno} MOXKeT ObITH ONPENEJNEHO U3 06~
IUX TEePMOJUHAMUIECKAX COOOparkeHui (cM, HApU-
Mep, [15]):
T

/ Mh

0

dH
—dt.
dt

m

WZ—NOT

(28)

Ucnonbays oboznavenust (3) u H = Hy coswt, ser-
KO TOJTyIaeM

T
kp®©
W = Lw, w:how%/uhsinwtdt,
T
> (29)
m
hog = H
0 = Mo ) 05
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w/ h%

0.8

0.4

0.8

1 1 1
0 02 04 06
a)/(oo

Puc. 5. Bespa3smepHasi MIHTEHCMBHOCTb FreHeprpoBaHUs Temna

B 4acTuubl B 3aBUCMMOCTU OT YrfoBoli 4actoTbl nons. Kpu-

Bole: 1 — ho = 0.5; 2 — ho = 2. NapameTp wp TOT Xe, 4TO
Ha puc. 3, 4

1

w/hd

0.8

0.4

0 0.5 hol

Puc. 6. 3aBncumocTb 6e3pa3mepHOil MHTEHCUBHOCTU 4MCCU-

1.5

2

nauum sHeprum w ot bespasmepHoit amnanTyabl ho MarHmT-
Horo nonsi. Kpueble 1 n 2 — w = 0.1wo n w = wop. MapameTtp
wo TOT ke, 4To Ha puc. 3

rme w — Oe3pa3mMepHasl WHTEHCHBHOCTDH JIUCCUTIAIIAN
sHepruu (MHTEHCUBHOCTD MeHEPUPOBAHMS TEILIA) B Ya-
CTHUIIE.

Hexkoropbie pe3ysibTaThl pacdeToB w Kak (DYHKIUH
OT YaCTOThI TOJIsl W [TOKA3aHBI Ha PHC. 5.

Kak BuJIHO, IpM OTHOCUTEILHO OOJIBIIIX YACTOTAX
W PACTET C AMILIUTY/IOH 1I0JIsi ObICTPee, YeM 10 3aKOHY
w ~ h3. lpu cTpemyienun w K 66CKOHEUHOCTH, W CTpe-
MUTCS K HEKOTOPOMY HACBIIIEHUIO. DTO XOPOIIIO U3BECT-
HBII Pe3yJIbTAT B TEOPUU MATHUTHON TUIIEPTEPMUH.

244

Hekoropbie pe3ysibTarTbl 3aBHCUMOCTH OTHOIIECHUS
w/ h% oT hg TpuBeeHbI Ha puc. 6.

DTOT PUCYHOK TaKKe IOKa3biBaeT 6oJjiee OBICTPYIO,
yem HE zasucumocts W or Hp, Korja HacToTa moJst
JIOCTaTOYHO BeuKa. OTMETHM, 9TO CKEHIMHIOBas 3a-
Bucumocts W ~ H{, v > 2 B KoMIo3uTax ¢ TMMoOu-
JIN30BAHHBIMU MATHUTHBIMH YaCTUIIAME ObLia 06HADY-
»kena B skcrepumenTax [18]. Takum oGpasom, mpose-
JEHHBIA TEOPETUICCKUN aHAIN3 MOKA3bIBAET, ITO POCT
MHTEHCUBHOCTU TEILIOBBIICJICHUS C aMILIUTY/I0W TI0JIs
ObICTpee, YeM 110 KBaJPaTUTHOMY 3aKOHY, (DU3MIECKH
BO3MOXKEH U HE MOYKET PACCMATPUBATHCS KAK PE3YJlb-
TaT METOJMYIECKO OIMTHMOKHU SKCIIEPUMEHTA.

4. BAKJIFOYEHUE

Teoperudecku paccMOTpeHa KHHETUKA IIEPEMArHU-
YUBAHUsI ¥ BbIJIEJIEHUE TEIJIa B IIOJHOCTHIO HEIlOBUXK-
HOI  OJHOJIOMEHHOW (HEePPOMATHUTHON UACTUIE O],
JefiCTBAEM OCIIMJLINPYIOIIEr0 MaruHuTHOro moJts. [Ipes-
oJiaraJjiach BBICOKasl MAlHUTHAsI AHU30TPOIIHMS IaCcTU-
Ibl, 9TO JOBOJIbHO TUIIMYHO KaK JJIsi MHOI'UX KCIIe-
PUMEHTOB, TAK W JJjId TEXHOJOTMIECKUX MPUMEHEHUT
HAHOJIUCIIEPCHBIX MATHUTHBIX KOMIIO3UTOB.

Hamu pacdernbl, OCHOBaHHBbIE Ha MATEMATUIECKH
rocsenoBaresibHOl  Teopun Kpamepca OpOyHOBCKOI
muddy3un depe3 BBICOKHI ITOTEHINAJIBHBIN Oapbep,
[IOKa3aJid, YTO CKOPOCTb JIMCCUIAINA MAlHUTHOM
sueprun W, Kak U 0KUJAJIOCH, 3aBUCUT OT aMILIATY/IbI
nonst Hy memmenmee, gem mo 3akony W ~ HO2 , KOorJia
JacToTa I0Jis OTHOCUTEJbHO Maja. Korma dacrora
[IPEBBINIAET HEKOTOPYIO IMOPOrOBYIO BeJUYUHY, (DPYHK-
tust W (Hp) mensiercs 6bictpee, uem HE. DToT BBIBOJL
00bsICHSIET, 110 KpaiiHeil Mepe, KaueCTBEHHO, HeJlaBHUE
9KCIIEPUMEHTAJIbHBIE pe3yiabrarThl [18], B KOTOpBIX
OBLIO TIOJTyYeHO CKEHJIMHIOBOE COOTHOIICHIE

W~HJ, ~v>2.

Hamu paccmorpen ciy4ail napaJuiesibHOIl opreHTa-
[ MATHUTHOTO [IOJIS ¥ OCH JIEPKOT'O HAMATHAINBAHUS
qacturpl. B pamkax npubmmxenus o > 1, o > h we
[IPEJICTAB/ISIET IPUHIMIIMAIBHOIO TPY/a PACCMOTPETH
CJIydail MPOU3BOJILHOTO YIJIa 3 MEXKLy STUMEI BEKTOPa-
vu. Iyt 9TOT0 HOCTATOYHO B TOJIYIEHHBIX 37€Ch COOT-
HOINIEHUSAX 3aMEHHUTHL Oe3pasmepHoe moje h ma hcosf
B IpeHeOperKeHNr MaJjioil KOMIIOHEHTON HaMarHUYeH-
HOCTHU B HAIIPABJICHUN, IEPICHINKYIAPHOM OCH aHU30-
TPOIUN YACTHIBI.

dunancupoBanue. Pabora momep:kama rpanToOM
MunucrepcrBa Hayku u obpazoBanus PP, mpoekrt

FEUZ 2023-0020.
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1. BBEAEHUE

Pazauanbie MeToanr MoanduKAII COCTaBa Kepa-
MHUYECKUX MATEPHUAJIOB IIyTeM 3aMelleHuii B KaTu-
OHHBIX IOJpEIIeTKaX IIUPOKO NPUMEHSIOTCA C  IIe-
JIBIO YTy UIITeHNS UX (PYHKITHOHAILHBIX XapPaKTEePUCTHUK.
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IIpumepaMu MOTYT CJIy?KHTh TBEpP/Ible PACTBOPBI Ha, OC-
HOBE DEJIKO3EMEIBHBIX Ta(HATOB C TOBBLIMEHHON MOH-
HOf TPOBOMMOCTBIO |1, 2], BBICOKOIHTPOIMITHBIE MHO-
FOKOMIIOHEHTHBIE COCTaBbl CErHETO- M IIhe303JIeKTPH-
KOB [3-5|, penkozemesbHOE JOIMMPOBAHIE MATEPUAJIOB
JUtst J1azepHoit TexHuku [6]. Karnonnble samemnieHust
OKa3bLIBAIOT 3HAUUTEIbHOE BIMAHUE U HA CBOICTBA BbI-
cokoreMmiepaTyphbix cepxuposoanukos (BTCII). Uu-
Tepec K 9TOH TeMATHKE CBA3aH KaK ¢ (PyHJIAMEHTA b
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HBIMU BOIIPOCAMHU BJIUSTHUSL J1e(DEKTOB Ha IIapaMeTpbl
CBEPXITPOBOJIAIIETO COCTOSIHUS TIPU  (-BOJTHOBOI CHM-
MeTPHHU CBEPXIIPOBOJISIIIEro apamMerpa nopsiika |7, 8],
TaK U C NPUKJIAJIHON TOYKH 3peHus. Kak usBect-
HO, CO3/IaBaeMble JOMUPOBAHUEM JIOKAJbHBIE HCKaYKe-
HUSI CTPYKTYPBI ABJSIOTCS JOMOJTHUTEIbHBIMA IIEHTPA~
MU [UHHUHTA U YBEJMIUBAIOT [LJIOTHOCTb BHYTPUKPU-
CTAJITINIECKOT0 KpuTrdeckoro Toka (J) [9]. s BTCII
YBayCuszO, (YBaCuO) Biusamme ma Benmduiy J, a-
CTHUYHOIO 3aMeIleHUs] MeJId B IEIOYeYHON ILJIOCKOCTU
Ha, TIEJIBIT PSIJT 9JIEMEHTOB ObLIIO U3y YEeHO B [10712]7 HaH-
Gosibiuit apdexr yBeauuenus J, (mpumepso B 4 pa3a)
ObL1 ToJtyueH npu 3ameriennn Ha Fe, Ga u Mo. [py-
UM BHJIOM J1e(pEeKTOB, yBEJINIUBAONIUM J, IPUMEDPHO B
JBa pa3a, ABjsgeTcd 3amernienne Ba na Sr B KosimuecTse
1-5% [13].

Ocoboe MecTO B 9TOM Psijly 3aHUMAET UTTPUEBAs
[TOJIPEIIETKA, IIOCKOJIBKY JIOIyCKaeT He TOJbKO da-
CTHUYHOE, HO W MOJIHOEe 3amerneHune Y Ha OOJIbIIMH-
CTBO PEJIKO3EMENIbHBIX JIEMEHTOB, HE OKA3bIBAIOIIETO
CyIIIECTBEHHOI'O BJIMSHUSI HA BEJUYUHY TeMIepaTypbl
cBepxupoBogiero nepexona (71.) u apyrue mapamer-
pa cBepxuposognuka [14,15]. B wactHocTH, BO3HUKA-
LU [IPU STOM IUHHUHI HE MPUBOJIUT K 3aMETHO-
My YBEJIMIEHUIO KpuTudeckoro Toka. Omauako s dexr
3HAYUTEILHOTO yBeJndeHnus: J, ObLI HEJABHO OOHADY-
JKEH IIpU JPYrOM THIIE 3aMelleHUsl B UTTPUEBOil I10-
sunun gyist cepun oopasnos BTCII Yy, Fe,BasCuz O,
(0 < x < 0.05) [16]. Huast JONMPOBAHHBIX KEIE30M
BTCII YBaCuO, cunTe3mpoBaHHBIX TBepI0(Ma3HbIM
MEeTOJIOM, OBLJIO IIOKa3aHO, YTO Haubojee 3(hbHeKTUBHON
SABJIAETCs HEeDOJIbIAas BeJIMIUHA JTOTMUPOBAHUs BOJINA3U
x = 0.03, upu KoTOpOi#l yBeamdeHue J, BO BHEITHEM
MarauTHOM 1oJjie 1 Tur jocTuraer mopsijika BeJIMInHbI.

B obpasmax ¢ KaTHOHHBIM JONUPOBAHUEM BarK-
HOM XapaKTEPUCTUKON SABJIACTCA CTEIeHb OIHOPOIHO-
CTH PacCIpeieIeHns IPUMECHBIX ATOMOB 110 00beMy 00-
pasma. B ciiyuae mmpoko ucnosib3yemoro Teepiodas-
HOT'O METOJ[A C TEJIBIO JOCTUYKEHUST OTHOPOTHOCTH TIPO-
BOJMTCSl MHOTOKPATHOE M3MeJIbueHne 00pasiia MexK Iy
orxkuramu. OJHAKO CyIIecTByeT psij JAPYrux, OoJiee
3P PEKTUBHBIX METOMOB CUHTE3a 00pasIoB ¢ BHICOKOI
CTEMEHBI0 KATUOHHOTO YIOPSIOUEHUs, B OCHOBE KOTO-
PBIX JIEZKUT CTAJHs IePeBOJla UCXOJHBIX KATHOHOB B
pactBop. OJHUM U3 HUX SIBJISI€TCSI 30JIb—T€/Ib-I1POIECC,
[TO3BOJISTIONIUH CO3/IATH OJTHOPOJIHOE PpACIpe/Ie/IeHIe Ka-
THOHOB B TeJie, & IOCJE €r0 CrOPAHUS IOy IUTh X~
TY, COCTOSIIILYIO U3 TOMOI'€HHOI CMeCH HaHOpPa3MepPHBIX
YACTHI[ UCXOAHBIX KoMuoueHTos [17]. Ilpumennresnbuo
k BTCII YBaCuO ocuoBHOe pa3BuTHE 30Jb-T€/Ib-Me-
TOJMKY OBLIO HAIPaBJIEHO Ha CHHTE3 0Opa3loB C Ma-
JIBIM pa3MepOM YaCTHIl. DBLI IIPeJIoXKeH U arpoOupo-

7 2KOT®, Bem. 2 (8)

247

BaH HUTPATHO-IUTPATHBIN BAPUAHT 30JIb—TeJIb-IIPOIeC-
ca [18], KoTOpBIil B JaJbHEIIEM HCIOIB30BAICS U B
Japyrux paborax [19-21].

B macrosimeit pabore n3yv4eHo BJIASHNAE CTEIIEHU O
HOPOJHOCTH OO'bEMHOTO pacipeienenus Fe Ha cBoiicTBa
BTCII Y, Fe;BayCuzO,, nonupoBaHHOrO »Kejie30M B
nuanazone (0 < z < 0.05). C ucnosbp3oBaHueM 30J1b—
reJb-MEeTOMKN Ha HAYAJbHON CTAJIMN CHUHTE3a MOJTy de-
HBI 00Pa3IbI ¢ BLICOKOH CTEIEHbIO OIHOPOAHOCTH, OIIpe-
JIeJIeHbl UX CTPYKTYPHBbIC, MaTHUTHBIC W CBEPXIIPOBO-
JIAIINE XAPAKTEPUCTUKA W MPOBEIEHO CPABHEHHE C CO-
OTBETCTBYIONIMMHI XapaKTePUCTUKAMU 00pasIoB, MMOJIy-
YeHHBIX TBepI0(a3HbIM METOIOM.

2. 9KCITIEPIMEHT

IlepBoit crajueit cuHTE3a KaXKJIOrO COCTaBa Ce-
pun obpasunos BTCII Y ,Fe;BayCuzO, (YFeBaCuO)
(z 0,0.02,0.03,0.05) sBjsiICd HUTPATHO-IUTPAT-
HBIIl BApUaHT 30JIb—T€JIb-IIPOIECCa, TTO3BOJISIFOIIMIA 110~

JIYIUTh BBICOKOIOMOIE€HHYIO HAHOPA3MEPHYIO IIUXTY.
Ilo cpaBmenuio ¢ 6osiee paHHUMU PabOTAME C IEJIHIO
YJIyUIIIeHUsT CBOWCTB IMUXThl TEXHOJIOIUsI €€ I0JIyde-
Hust Obuta Mogmduimposana. Ecau B paborax [17-19]
upeBapuTeIbHo Boicymienublii resb (upu 80°C) cro-
paJj B MydeJibHOI Tledn B Iporiecce Harpesa j10 520°C,
TO B HACTOSIIIEN paboTe BhIIAPUBAHUE TeJIs IIPOI0JIZKa-
JIH BILUIOTH JI0 €ro camoBociuiamenenus. [locie sToro
U3 TOJIYYEHHON MIMXTHI BHIKUTAJINA OCTATKE CAYKU TPH
T = 600°C (2 cyToK).

Hagpueiinmit cuaTe3 00pa3IoB U3 30JIb—TeJIb-IITIHX-
ThI IIPOBOJUJICS B arMocdepe KUCI0POIa B HECKOJIBKO
sranoB. Ha mepBom 3rame B pe3y/brare OTXKUIa IIPU
T = 895°C (48 4.) B nopouike u pu T = 925°C (24 u.)
B CIIPECCOBAHHOM BHJI€ Peakiidsi 00pa3soBaHUsI KOHEU-
soro coenubenusi Y FeBaCuO mporekaJsia npakTudecku
moHOCTHIO. Jlastee 0Opas3bl MeIEHHO HATDEBAJINCH
(ckopocts 1°C/4.) mo T = 955°C, upu 3TOM HpOUC-
XOJINJI MHTEHCUBHBII POCT 3€peH, a IJIOTHOCTh yBeJIU-
gnBagack 10 93 % ot penrrenosckoit. Hacoimenne 06-
PA3IOB KUCJIOPOJIOM TPOBOMIOCH IIyTeM MeJJIEHHOTO
oxJIaXKJIeHusI B ToKe Kucjaopona ot 920 mo 380°C ¢
rocieyromieil BorepkKoii B redenne 20 4. Obiee co-
JiepKaHre KUCJIOPOJa BO BCEX 00pasnax, OIpe/IesIeH-
HOE MeTOJIOM H0IOMETPUIECKOIO TUTPOBAHUSI, COCTAB-
Jgo Yy ~ 6.92 4+ 0.03.

Pedepentras cepust 06pa3iioB Tex Ke COCTABOB ObI-
Jia TI0JIyYeHa TBepodasHbiM MeTogoM. st mocTuke-
Hust ha30BOTO PABHOBECHST CTEXHOMETPUIECKAs] CMEChH
rommoueHTOB Y203, FeaO3, BaCO3 mw CuO orxura-
JIaCh B HECKOJIBKO CTa Uil B KMCJIOPOJIHOI aTMocdepe ¢
[IPOMEXKYTOUYHBIM MEXaHUYEeCKUM U3MejibueHneM. Tem-
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[epaTypbl U BpeMeHa OTKUIOB, IIPUMEHSIBIINECs IPU
CHHTE3€ UCCIIeJ0BAHHBIX 00PA3I0B, IpuBeIeHbl B [16].

PenrrenoBckue JlaHHBIE TOJIyYeHBI Ha JIu(PaKTO-
merpe Rigaku Smartlab SE (K,-usnyuenune Cu) B
mmanaszone yrios 10° < 20 < 120° ¢ umaTepBasOM
0.01°. CrpyKTypHbIE TapaMeTPhl PACCIUTHIBAIN C IO~
MOIIBIO mporpaMMuoro kominiekca FullProf B pamkax
[IPOCTPAHCTBEHHOM Ipymnsl Pmmm.

MukpocTpyKTypa 00pasioB UCCIEIOBAIACH C IIPU-
MEHEHUEM PAaCTPOBOIO 3JIEKTPOHHOIO MUKPOCKOIIA C aB-
tosmuccuonabiM KarogoM QUANTA 650 FEG. Beuim
caeanbl cepun MUKpodoTorpaduil pa3imdHbIX yIacT-
KOB Ha CKOJIe IIOJIMKPUCTAJIJIOB, IIOCJIe 9ero MPOBEeIeH
UX KOJUYECTBEHHbIN aHa/m3. KaKjIoMy KpuCTaJLIU-
Ty Ha IIOBEPXHOCTH CKojia (0bIiee KOJIMIeCTBO KOTO-
PBIX COCTABJISLIO HECKOJIBKO COTEH) CTABHWJICS B COOT-
BETCTBHE JnaMeTp Kpyra D, IMeIIero miola/lb, paB-
HYI0 BHIUMOI mjomaau Kpucrajuinra. lajgee crpou-
JIaCh THCTOIDAMMa pacIpejie/ieHns BeguanH D), pac-
CUYNTBIBAJIMCH [TAPAMETPhI COOTBETCTBY FOIIMX HOPMaJIhb-
HOI1 P, U JTOTapUMOMUAIECKON HOPMATIBHOHN Py, DyHKITIIT
pacupeesieHus, CpeaHuil pa3Mep KpUCTaaauToB D, u
JIUCIIEPCHSI.

Temmeparypa 1mepexojia B CBEPXIIPOBOJIAIIEE COCTO-
sIHUE OTIPEJIE/ISIJIACH U3 M3MEPEHUN TeMIIEPATYPHBIX 3a-
BUCUMOCTEN! HU3KOYACTOTHON KOMIIJICKCHOI MaruHuTHONR
BOCIPUUMYHUBOCTH (YaCTOTa IIEPEMEHHOTO MATHUTHOTO
nosg 980 I'n, ammmuryna b = 0.11, 1.0 u 3.09).

Wsmepenusi rucrepe3mca  HAMATHUYEHHOCTH — BO
BHemHeM 1ojie 710 6 'TU1 BBINIOJIHEHBI HAa YCTaHOBKE
PPMS-9 (Quantum Design). 113 Besuuunbl pazmaxa
rucrepesuca AM ¢ moMompbio  (HOPMYJIBI  MOJIEH
KPUTHYIECKOTO COCTOSIHUSI BUHA, JJIs1 [UTHHIPUIECKOTO
CBEPXIIPOBOJIHMKA [22] paccuuThIBAIACH IJIOTHOCTH
BHY TPUKPUCTAJUIMTIECKOTO KPUTHIECKOTO TOKA J.:

Jo =30AM/D,g. (1)

Jannasi popMysia cripaBejinBa B 00J1aCTH MArHUTHBIX
110J1eii, MPEeBBIMAIOIINX IIPUMEPHO BJIBOE II0JIE IIEPBOTO
MaKCHMyMa HAMATHUYEHHOCTH, B KOTOPO#l MOYKHO IIO-
naratk | M| < H ~ B . Bxoggamuii B dopmyy (1) ad-
deKTUBHEIN pa3Mep KPUCTAJIUTOB D g, OIPeIessio-
Uil pa3Max I'MCTepe3nca HAMarHMIeHHOCTH TOJTUKPHU-
craJjiia, He COBIAAET CO CPEIHIM PA3MEpPOM U OIIpe/ie-
JISIETCsI BhIPAsKEHUEM

—1

Doy = /D?’pln(D)dD /DQpln(D)dD (2)
IIpu BeiBOsE (2) yUTEHO, YTO BKJIAJ B MAIHUTHDIH MO-
MeHT o0Opa3lia OT CBEpPXIPOBOIHUKA C AuamMeTpom D
pormopiuonases J, D3, II09TOMY OCHOBHOM BKJIAJ Jia-
0T HauboJjiee KPyIHble KPUCTAJLIATHI.
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3. PE3VJIBTATHI 1 OBCY2K/JIEHUE

BaxkubiM KpuTeprueMm BbIOOpa METOJIa CUHTE3a JI0-
nuposaruoro BTCII YBaCuO sBisiack BO3MOXKHOCTH
JIOCTUZKEHUsI BBICOKOI CTEIeHU OJIHOPOIHOCTH paciipe-
JIeJIeHUsT TTPUMECHBIX aTOMOB 110 00beMy obpasra. Ha
puc. 1 (kpuBasg 2), upuseien dparment gudpakTo-
IPAMMBI 30JIb—TeJIb-IITUXTHI ¢ JIOCTATOYHO BHICOKIM CO-
nepxanueM Fe (z = 0.08), KOTOpBIl JeMOHCTPUPYET
oTCyTCTBUE Pe(IIEKCOB OT KAKUX-THOO0 COEINHEHUI 2Ke-
Jie3a, BKJOYas okcuy. Kpome Toro, mannas nudpak-
TOrpaMMa IIOJIHOCTBIO WJIEHTHUYHA JudpakTorpaMMe
muxTel 6e3 xkesesa (puc. 1, kpusas 1). st cpaBHeHust
Ha puc. 1 Takyke IpuBeIeHa TUOPAKTOrPAMMAa CTEXUO-
METPUYECKOl CMecu KOMMEPYECKHX peakTuBoB Y203,
Fe;03, BaCO3 u CuO, coorBercrBymOIIeil cocraBy ¢
2 = 0.05 (kpuBag 3), Ha KOTOPOIl XOPOIIIO BUJIEH UK OT
oKCHJIa Keje3a. Takum oO6pa3oM, B 30Jb—TeJIb-TNMIXTE,
B OTJINYKME OT OCHOBHBIX KOMIOHEHTOB Y203, BaCO3 n
CuO, me nponzonuia kpucraum3arus FeoOg, a kexe30
HaXOJNTCA B PEHTTEHOAMOP(PHBIX (POPMAX.

B pesysnbrare mpoBejieHus BHICOKOTEMIIEPATYPHBIX
OTZ2KHATOB 00pPA3Ibl 00enx Cepwuil, MOJYyIEeHHBIX KaK C
[IPUMEHEHUEM 30JIb—TeJIb-IIPOIecca, TaK U TBepaodas-
HBIM METOJIOM, MMEJIH OPTOPOMOUYECKYIO CTPYKTYPY.
IIpu sTom B comepxamux Fe obpasmax dukcupyer-
cs1 HeboutbIoe KoymdecTBo npumecHoit dpasnsr BaCuOq
(puc.2). C yBesmveHneM & IPOUCKOJUT YIIUPEHUE U

)
&'
=

Intensity, arb. un.

T

T I T
30 35

20, deg.
Puc. 1. PenTreHoeckne gudpaktorpammbl 30b—Te€/b-LUNXT
AN cuHTesa obpasuoB coctaBa YBaxCusO, (1), cocrasa
Yo.92Fep.08Ba2CusOy (2). Ons cpasHeHus npueeseHa au-
pakTorpamma cmecu kommepyecknx peaktnsos Y203, CuO,
BaCOs3, FeaO3 B cooTHOWEHMM, COOTBETCTBYIOWEM COCTaBYy
Yo.05Fep.05BaaCuszOy (3). Crpenkoii nokasaH nuk ot FeaOs3

20 40
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(a) (b)

20 30 40 50 60 70 20 30 40 50 60 70
20, deg. 20, deg.
Puc. 2. Pentrenorpammbl obpasuyos BTCIM Yi_,Fe,BasCusO,y, cnHTe3MpoBaHHbIX C NpUMeHeHneM 3osib—Tesb-npouecca (a),

TBepgodasHbiM metogoMm (b). ObosHaueHnsi 0bpasLOB yKasaHbl 0koNO KpuBbix. KpecTamun nokasaHbl NMKU OT NPUMECHOI dhasbl
BaCu02

=]
=
'{3 iy SR4
<
> SR3
oy SR2
__q _L_L,J

| SR1

Counts

0
40 60 0.00 0.02 0.04
D, pm X

Puc. 3. MukpodoTorpacpun obpasuos BTCI Yo.97Fep.03BazCuszOy, cnHTE3MpOBaHHBIX C NMPUMEHEHNEM 30J1b—Teb-MPOLIEC-

ca (a), TBepgodasHbim metogom (b) (obpasubl SG3 n SR3 cootBeTcTBEHHO). ¢ — PacnpegeneHne no pasmepam KpUCTasanToB

a5 obpasua SG3. CnnowwHble KprBble — COOTBETCTBYOLLME PYHKLMN pacnpedenernsi: HopManbHas (pr) u norHopmanbsHas (pi, ).

d — CpepgHuii pasmep KpUCTa/INTOB B 3aBUCUMOCTI OT cogepxaHusi xenesa x. ObosHaveHuss cepuii obpasLoB yKasaHbl OKOO
KPUBbIX
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Tabnuua. XapakTepncTuku nccnefoBatHbix 0bpasyos Y1 Fe;BasCusOy, cnHTeamposatHbix 30b—renb-metopom (SG)

1 TBepaodasHbiM MeTogomM (SR) ¢ pasnnyHbiM cofepXKaHuem xenesa z: napaMeTpbl 3/eMeHTapHol svelikn a, b, ¢; 0bb-

€M 3/71eMeHTapHON siuelikn Viey; cTenenb pombuyeckoro nckaxenusi o = (b-a)/(b + a); konuvecTso npumecHoln casbi

BaCuO2 (Fract.), TemnepaTypa Ha4ana nepexoaa B cBepxnposogsiuee coctosiHue 1,

O6paser x a, A b, A ¢, A Veenr, A3 1030 Fract., T., K
wt%
SG1 0 3.8220 3.8875 11.688 173.66 8.5 0 91.6
SG2 0.02 3.8226 3.8840 11.681 173.43 8.0 0.06(1) 91.5
SG3 0.03 3.8244 3.8838 11.681 173.50 7.7 0.15(2) 91.4
SG4 0.05 3.8308 3.8820 11.683 173.74 6.6 4.02(5) 90.9
SR1 0 3.8196 3.8850 11.685 173.40 8.5 0 91.7
SR2 0.02 3.8242 3.8836 11.685 173.52 7.7 0.74(6) 91.7
SR3 0.03 3.8259 3.8825 11.684 173.55 7.3 0.82(8) 91.6
SR4 0.05 3.8317 3.8802 11.684 173.71 6.3 1.46(6) 91.3
T,K T,K
86 87 88 89 90 91 92 86 87 88 89 90 91 92
0.00||||I||||I||||I|||||||||I||||I 0-00||||I||||I||||I|||||||||I||||I
-0.02
-0.04
-0.06
Q
S
=
_0.08 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I _0'08 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I

Puc. 4. TemnepaTypHble 3aBUCMMOCTU HU3KOYACTOTHOW MarHUTHON BOCMPUUMYMBOCTY (aMMIMTY4a NMEPEMEHHOro0 MarHWTHOro
nons 33) gnsa obpasuyos BTCIM Y oFeyBasCusOy, cnHTe3npoBaHHbIX C NpuMeHeHneM 3onb—renb-npouecca (a), Teeppodas-
HbiM MeTogom (b). ObosHaueHnst obpa3LOB yKa3aHbl OKOMO KPUBbIX

cMelrenre uPaKInOHHbIX MUKOB. [lapaMerpsl Kpu-
CTAJUINYIECKON PEIIeTKH, a TaKXKe BeCOBOe KOJIMYe-
crBO npumecHoit dasnl (Fract.), paccunranubie ¢ HOMO-
mpio mporpammbl FullProf B pamkax mpocTtpamcTsemn-
HOIt rpymmel Pmmm, npusejienst B Tabsmure. [pu u3-
MEHEHUU COJIEPYKAHUS YKejle3a M3MEHSIOTCS BeJININHbI
PEIEeTOUHRIX TTapaMeTpPOB 00pa3noB obenx cepuit, xa-
pakTep 3TUX U3MEHEHUIl OJ00eH I0JIyUYEeHHBIM PaHee
JUI CTPYKTYPHO HEYIIOPSAIOYEHHBIX 00pa3moB 0e3 10-
nuposanus [23]. Haubosiee 3aMeTHBIMU SIBIIAIOTCS YBe-
JINYUEHNE TapaMeTpa ¢ U 00'beMa 3JIeMeHTapHON saeiiku
Veell, a TaKyKe YMEHBIIIEHUAE CTEIIEHU POMOMIECKOTO UC-
kaxkenus 0 = (a-b)/(a+b), npu 9TOM BIHSHIE METOA
CHUHTE3a OKa3bIBAeTCs CaabbiM. Hammdame MOHOTOHHBIX
U3MEHEHUIl PeleTOYHbIX apaMeTpPOB IPU U3MEHEHUH
 monrBepxkaaer, uro Fe Bxoaut B crpykrypy BTCII.
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Merto,1 cuHTe3a NPOSBUIICA B IBHOM Pa3JINYNNA MUK-
pocTpyKTypbl 00pasios. Ha puc. 3a,b npusBeieHbl MUK-
podororpadun st obpasnos SG3 u SR3 ¢ comepxa-
mneM xkenesa r = 0.03. YMeHbIIeHne KOJIUTIECTBA OT-
JKATOB ¥ IIPOMEZKYTOYHBIX U3MEJIbUEHUI TP UCIIOJTB30-
BAHUU 30JIb—TeIb-IINXTHI TO3BOJISIET PEean30BaTh 60-
Jiee KPYIHDBIE W XOPOIO 0POPMIEHHBIE KPUCTAJINTEI,
a IUIOTHOCTH 3TUX 00pasios jgocturaer 93 % or pent-
renoBckoit. Ilpm sToM mumcmepcust o pasmMepaM KpH-
CTAJIINTOB OKAa3bIBAETCS JOBOJIBLHO OOIBINOIL, 1, KAK JIe-
MOHCTpUpYeT puc. 3¢, it obpasua SG3 quanasoH pas-
MepoB coctajsger ot 10 mo 65 mxm. Ha sToM pucyn-
Ke TMPUBEIEHDBI TaKKe COOTBETCTBYIONTIE (DYHKIINH Pac-
Ipe/ie/IeHUsI, HAWIYUIIee COrJIACHe C IKCIIEPUMEHTOM
Jaet Jiorapudmumiaeckas HopMaJsibaast dyHkns. Besn-
9UHBI CPETHUX Pa3MEPOB KPUCTAINTOB D, /I BCeX
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Puc. 5. lMonesble 3aBncumoctn HamarHnyeHnoctn obpasyos BTCI Y-, Fe,BaaCuszOy ¢ pasnuuHbiM copeprkaHnem >xenesa
2, CUHTE3NPOBaHHbLIX C NPUMeHeHneM 3osb—renb-npouecca (a,b,c,d), Teeppodastbim metogom (e, f, g, h). CTpenkamn nokasaHo
HanpaB/ieHNe N3MEHEHNSI BHELLHEro Nons
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Puc. 6. MNonesble 3aBUCNMOCTM MAOTHOCTU KPUTUHECKOro Toka npu Temnepatypax 7' = 60, 70, 75 n 80 K gns obpasuyos BTCI
Y 2 Fez;BaaCusOy ¢ pasnnyHbIM cofep>kaHneM >kesie3a &, CUHTE3MPOBaHHbIX C NPUMeHeHUeM 3onb—rens-npouecca (a,b,c,d),
TBepgodastbim metogom (e, f, g, h)

00pas3IoB, pacCYNTAHHBIE HA OCHOBE ITapaMeTPOB (PYyHK- xKanue xkejeza ¥ < 0.03 we Biauser na Benumauny 71,
Uil pacipejie/ieHusl, IpeIcTaBjieHbl Ha puc. 3d. BuHo, HebosbInoe ymenbitenne 1. mpoucxoaut npu x = 0.05.
9TO BCJIEJCTBHUE IPUMEHEHUA 30J1b-T'e/Ib-MEeTO/INKH yBe- IIpu =z = 0.05 mabiromaeTcd TakKe 3aMETHOE YIIIpe-
smaenne D, COCTaBJISET OT ABYX JI0 TPeX Pa3 B 3aBU- HHUE IIepexo/a, CBUJIETEJIbCTBYIONIEE O BO3pacTalonieit
CHUMOCTH OT X. CTPYKTYPHOI HEOIHOPOHOCTH. EIe OJHUM pe3yiibTa-

Bemuauaer T, ompesesieHHbIe U3 M3MEPEHUN TeM- TOM $BJISI€TCHA yMeHbIeHne 3hMEeKTUBHOrO SKPAHUPY-
IIepaTypHBbIX 3aBUCUMOCTEl HU3KOYACTOTHON MarHWT- eMOoro o0beMa KPUCTAJUINTOB II0 MEPEe YBEJIUUICHUS T
HOI BOCIIPUUMYIUBOCTH, OKA3BIBAIOTCS CJIA00 3aBUCSIITI- pu TBEPI0ha3HOM METOJIe CUHTEe3a, KOTOPBI JeMOH-
ME OT MeTojia cuHTe3a (cM. puc. 4 u Tabumiy). Coxep- crpupyer puc.4b. AHaju3 paBHOBECHBIX KPUBBIX Ha-
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MarHU9YeHHOCTU B OOJIBIINX IOJISIX JIJIs 9TUX 00Pa3IloB,
HpoBeJIeHHbIA B [24], m0Ka3aI1, 9T0 JAHHDLA pe3yJibTar
HE CBsI3aH C YMEHbIIIEHHeM O00'beMa CBEpPXIIPOBO/ISIIEl
dazbl, a sIBJISIeTCs [IPOsiBJICHUEM YBeJIMYeHUs] MarHuT-
HOIl aHM30TPOIUHU KPUCTAJLUIATOB. DMDMEKTHI BIAUIHUS
nonupoanns Fe BTCII YBaCuO na Benununny annszo-
Tpormu HabJIIOAIICH TaKXKe B [25].

Paznuame B MeToax CHHTE3a OKA3aJI0 CYIIECTBEH-
HOE BJIMSHUE HAa MATHUTHBIE CBOWCTBA B CHUJILHOM TIO-
CTOSIHHOM MATHUTHOM T0Jie. B 30/b-Tesib-00pa3iax
3HAYNUTEJILHO YBEJIMUMJICS pa3Max I'MCTepe3nca HaMmar-
uuuennoctu AM (H), 6osiee spKO NPOABUIUCH OCOOEH-
HOCTH, CBAI3AHHBIE C HEMOHOTOHHBIM TIOBEJICHUEM IT0JIe-
BBIX 3aBHCHMOCTEH (CM. puc. 5).

C nomompro dopmyast (1) U3 JaHHBIX H3Mepe-
HUsI TECTEPE3NCa HAMATHUIEHHOCTH PACCIUTAHBI [OJIe-
Bbl€ 3aBUCHUMOCTH ILJIOTHOCTU BHYTPUKPUCTAJLTHTIECKO-
0 KPUTHIECKOrO TOKa J.. Pe3ysibrarsl B 00/1aCTH T€M-
neparyp BOJIU3U TEeMIIEPATyPbl KUMIEHUsT YKUJIKOTO a30-
Ta, HanboJIee BaXKHOMN JJIsI TPAKTHIECKNX TPUMEHEHUH,
[IpUBeJIeHbI Ha puc. 6.

BugHo, 4ro co3maBaeMble IIPUMECHBIM KeJIE30M
[EHTPHI [MUHHUHTNA 3HAYUTEIHHO YBEIUIUBAOT J. 110
CPABHEHUIO C He COJIEPIKAIIIMI YKeJie3a 00pasaMu IIpu
oboux MeToax cuHTe3a. Pasjmmane B MeTO/e CUHTE3a 1,
COOTBETCTBEHHO, B CTEIIEHU ITPOCTPAHCTBEHHOTO YIIOPSI-
JIOYEHUsI ATOMOB 3aMEIEeHUsI, TPOSIBUIOCH B OOJIBIINX
3HAYEHUsIX J,., & TaKKe B 60JjIee SIPKO BBIPAXKEHHOM BTO-
pom MakcumyMe Ha KpuBbix J.(H) («muk-adpdexrs) B
30/1b-Tejib-00pasmnax. Ciemyer OTMETUTD, 9TO TUK-3h-
dexT peasm3yercs TakzKe IPHU 3aMeleHUsIX B MeJIHOM
u Gapuesoii nojgpemerkax YBaCuO [10, 11, 13], onua-
KO B paccMaTpUBaeMoOil cucreMe yBejamdenue J, MpH
TOW Ke CTeleHU JIONUPOBAHUS YKeJIE30M OKa3bIBAETCS
[IPUMEPHO B IIsiTh pa3 OoJibmie. B coorBercrBum ¢ cy-
MECTBYIOMUME TIPEJICTABICHUIME MTUK-3(DMEKT IBJIsI-
ercsi CJIeJCTBUEM B3aMMOJIENCTBUsI BUXPEBON peIeTKn
C CHCTeMOH IeHTPOB IHUHHMHTa. MarHutHoe mose Hp,
B KOTOpPOM J. IOCTUTraeT MaKCHMyMa, OTBedaeT has3o-
BOMYy mepexoiy B Buxpesoil pemerke [26]. IIpu srom
yBesindenne 3pOEKTUBHOCTH B3aUMOJIEHCTBUsT BUXPeEit
¢ ToYedHbIMEU JedeKTaMU KaK BCJIEJICTBUE yBeJIMde-
HUsI WX KOHIIEHTPAIUU, TaK U C POCTOM TEMIIEpaTy-
PBI, JIOJIKHO IPUBOJUTD K CJIBUTY BeJIHYIUHBI [, B 00-
JIacTh MeHbIuX 1oJielt [27]. Vimenno Taxoit addexr na-
OJII0TaeTCS B UCCJIEIOBAHHBIX 00PAa3Iax ¢ Pa3InIHbIM
cogepxanuem Fe (puc. 6).

BaxkHO oTMETHTB, YTO JlaXKe P CJIabOM JIOIMHUPO-
BaHUN (B HECKOJIBKO IPOIEHTOB) 3JIEMEHTAPHBIC sSTUeii-
KU ¢ KATHOHHBIM 3aMEIEHUeM HeJIb3sl PacCMaTpUBaTh
KaK M30JIMPOBAHHBIE C TOYKU 3peHust (POPMUPOBAHUSI
CBEPXIIPOBOJISIIEr0 COCTOsIHUST 1 3P (PEKTOB UHHUH-
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ra. /le#icrBurensno, pu x = 0.03 cpexnee paccros-
HHUE MEXKJIy TaKUMU g4YefiKaMU COCTABJIACT BEJIMIUHY
(Veenr /x)l/ 3~ 1.8HM, KOTOpasl OKA3bIBAETCS IIOPSIKA
JIUHBI KorepeHTHocTu. Takum obpazom, hopMupyeTcst
HaHOpa3MepHas CHCTeMa MArHUTHBIX /1e(EKTOB, B3au-
MOJEHCTBUE BAXpPEH ¢ KOTOPOU MMeeT KOJIJIEKTUBHBLIA
XapaKTep U OKA3bIBAETCS YyBCTBUTEJILHBIM K CTEIIEHHN
YIOPAI0YEHNA KATHOHOB 3aMeIleHUs.

4. BAKJIFOYEHUE

IIpoBenen CHHTE3 JIBYX cepuit BTCII
Y .Fe;BasCusO, (0 < 2z < 0.05), pasmmuaaio-

[UXCSA  METOJIOM IOJIyYeHUs] WMCXOJHOW IIUXTHI U
[TOCJIE/IYIOIIUX ~ BBICOKOTEMIIEPATYPHBIX OTKHUIOB. B
[IePBOIl CepUU IPUMEHSLIACH 30JIb—TeJIb-TeXHOJIOT S
HA HAYAJbHOM 3Talle, BO BTOPOIl MCIOJIb30BAJIACD
CMeCh KOMMEPYECKHX pPeakTUBOB. lIpumMeHeHue 30J1b—
PeJIb-IIPOIeCCa  IO3BOJIMJIO YMEHBIIUTH KOJUYECTBO,
TeMIIepaTypbl ¥ BpeMsl OTKUTOB W  PEAIn30BaTh
o0bpasmpl ¢ CyIMIECTBEHHO JIyYIIUMU CTPYKTYPHbI-
My u PUBMIECKUMU XapakTepuctukamu. lIposeien
KOMILJIEKC ~ PEHTI€HOBCKUX,  3JIEKTPOHHO-MHKPOCKO-
MUYECKUX U MACHUTHBIX WCCJIEIOBAHUN, OIPEJIEIEHO
BJIMSTHUSI METOJla CHMHTe3a Ha cBoiicTBa obpasnos. 1lo-
Ka3aHO, YTO 30JIb—TeJIb-IIPOIECC IO3BOJIUJI IIOJIYIUTh
BBICOKOILJIOTHBIE ~ KPYITHOKPUCTAJUINIECKHE — 00pasIbl
(morHOCTH  focTuraer 93 % OT peHTTeHOBCKOIM)
6oJiee OJTHOPOJIHBIM PACIIPEJIEJIEHUEM ATOMOB 3aMe-
mennsi. B pesysibrare YMEHBIIUJICS TEeMIIePATYPHBIi
WHTEPBAJI IEpexojia B CBEPXIIPOBO/ISIIEE COCTOSHUE,
YBEJIMUMJICSI pa3Max MarHHTOIIOJEBOIO TI'UCTEPE3UCa
HaMArHUYE€HHOCTH, D0Jiee SPKO MPOABUIUCH (D DEKTHI
HEMOHOTOHHOTO TIOBEJICHUS] HAMATHUIEHHOCTH.

ITpocTpaHCcTBEHHO-0HOPOIHOE pacipeiejieHnue
[IEHTPOB I[IUHHUHIA, CO3JaBAE€MbIX ATOMAMU 3aMe-
MEHusT B 30JIb—TeJIb-00pa3Iax, MpOsIBJISIETCA B yBe-
JINYEHUU IIJIOTHOCTH KPUTHYECKOIO TOKa W B 0OoJiee
sIDKO BBIPAyKEHHOM XapaKTepe BTOPOro MAaKCUMyMa B
noste H, Ha II0JIEBBIX 3aBUCUMOCTAX BHYTDPUKPHCTAJI-
JITYECKOTO KPUTHYECKOTO TOKAa. 3aBUCUMOCTH M), oT
CTeleHN JIONMPOBAHUS II03BOJISIET IIPOBOJIUTH BBIOOD
ontumaabaoro cocrapa BTCII-marepuasios na ocaose
YBaCuO c¢ 1espio 1ocTmKennsi MAaKCUMAJIBHOTO KPU-
THUYECKOTO TOKA IIPU 3aIaHHBIX (PU3NIECKUX YCJIOBHUAX
(reMmepaTypa U MAUHUTHOE II0JIe) IIPAKTUIECKOIO
[IPUMEHEHUS.

BaaromapuaocTtu. VsMmepenns MAarHUTHBIX CBOMCTB
P HU3KUX TEeMIeparypaXx M B CHJIbHBIX MarHUT-
HBIX MOJISX BBIIOJIHEHBI HA obopynoBanun [IKIT @MU
MOHX PAH. Mukpodororpacdbuu mosydeHsbl ¢ mO-
MOIIBIO CKAHUPYIOMIErO JIEKTPOHHOTO MUKPOCKOIA B

OKIT @MU NPXS PAH.
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dunancupoBanue. PaboTa BBITOIHEHA 32 CUYET

cybcuaun MwuHHCTEpCTBa HAYKHM M BBICIIETO 00Pa30-
Banusi Poccun, Boigesnennoit @UI X@ PAH na BbI-
MOJIHEHUE TOCY/IAPCTBEHHOrO 3ajanus 1mo Teme «Ha-

HOCTPYKTYPHUPOBAHHBIE CHUCTEMBI HOBOI'O IIOKOJICHUSA
C YHUKAJbHBIME (DYHKIIMOHAJBHBIMA CBOICTBAMU»

(Ne122040500071-0).
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We study the formation of the conductive channels in a-Si memristors and demonstrate their operation in the
crossbar array. The latter can be utilised as the basic component of the neuromorphic chip tailored for edge
computing. The conductive channels in «-Si are formed by the migration of Ag along with Cu ions. Such a
channel has switching current-voltage characteristics at high bias, Vpiqs>2V, and highly non-linear that at low
bias, Vpias<0.5V. Memristor can be re-programmed to different resistance states with short voltage pulses of
amplitude above 2 V. We demonstrate the programming of the memristor crossbar array and its operation in
vector-by-matrix multiplication with an 87% accuracy.

DOI: 10.31857,/S004445102408011X
1. INTRODUCTION

The concept of neuromorphic computing has
evolved over the decades into an interdisciplinary field
at the boundary between neuroscience and advanced
computing [1]. Aiming to overcome the limitations of
the von Neumann architecture, neuromorphic systems
tend to exploit in-memory and parallel computing
principles, which are crucially important for such
intensively developing areas as edge computing, the
Internet of Things, and machine learning [2]. Mem-
ristors, multilevel two-terminal storage devices, are
considered one of the candidates for the hardware
implementation of neuromorphic systems that enable
parallel computing with low power consumption [3].
The ideal memristor should have re-programmable
resistance states, strong non-linear current—voltage
characteristics at low bias voltage, and a long retention
time.

Typically, the core part of a memristor consists of
two metal electrodes and an insulating layer in between,

* E-mail: alena.samsonova@skoltech.ru
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which serves as a switching and non-linear medium. A
conductive channel can be formed by metal ions drift-
ing under an applied electric field in the insulating layer
[4]. When the electric field between the metal elec-
trodes exceeds a threshold value, the metal ions dif-
fuse into the insulating layer, where they form con-
ductive channels. The conductive channels are prone
to variations under external signals. Ideally, the vari-
ations should be done in a fully controllable way [5].
There is a wide range of insulating materials and met-
als used in the memristors, such as oxides, nitrides,
selenides, perovskites, polymeric materials, amorphous
silicon (a-Si), Ag, Cu, Ti, etc. [1] However, a common
problem, called the «tunability—stability dilemma» be-
tween the controllable tuning of resistance and its long-
term stability, remains unsolved [6]. It arises because
of the poor control of highly mobile metal ions. For
instance, Ag conductive channels in a-Si demonstrate
a good switching capability due to the high mobility of
Ag ions. However, its functionality is limited by the
large stochasticity of the ion movement, which results
in the low stability of conductive channels. Recently,
Yeon et al. has shown that Cu can promote and sta-
bilise Ag channels in a-Si [7]. Cu ions make stable
compounds with Si (silicides) and have good compati-
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Fig. 1. Material composition of the a-Si memristor with Ag/Cu conductive channels. a — Layer-by-layer structure of the device.

The Ni/Au electrodes contact the p-Si of the SOI wafer, whereas the Al electrodes contact the Ag/Cu layer. The conductive

channel is formed in a-Si by the diffusion of Ag and Cu ions. Polyamide insulates the bottom and top electrodes. b — AFM image

of the node of a memristor crossbar array. The conductive channel is formed in the polyamide window with a-Si/Ag/Cu/Ag

stack. ¢ — Optical microscope image of a 3x3 memristor crossbar array and one standalone memristor. A schematic of a dc

measurement circuit is included, illustrating the application of a bias voltage V} across Au (bitline) and Al (wordline) electrodes.
d — AFM image of a 1-um-thick p-Si prior to the deposition of a-Si/Ag/Cu/Ag stack

bility with Ag. The authors have significantly improved
the stability of resistance states and the repeatability
of switching in a-Si. Further improvement of the chan-
nel stability has been achieved by introducing a barrier
layer of intrinsic silicon oxide (i-Si0,) in between a-Si
and p-Si (p=0.001-0.005 Q-cm) [8]. This oxide exhibits
Ag diffusivity comparable to that in a-Si and on its
own demonstrates reliable multilevel resisitve switching
with high endurance [9-11]. At the same time, diffu-
sivity of Cu in -SiO,, is lower [12]. Thus, a thin layer
of i-SiO, may limit the motion of ions when stacked
with «-Si such that resistive switching occurs predom-
inantly at the «-Si/i-SiO, interface. However, despite
the broad research done with a-Si memristors, it is still
not entirely clear what factors might influence filament
stability of Ag/Cu filaments in o-Si.

For the applications, the memristors are assembled
into a crossbar array, see Fig. 1a. Such an array
can efficiently perform matrix operations, like vector-
by-matrix multiplication and solving linear equations.
It reduces the complexity of big data analysis prob-
lems from O(N3-%) — O(N*) to pseudo-O(N) [13]. For
such functionality, large-scale memristor crossbar ar-
rays must fully meet the following requirements: (i)
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uniform digital and analogue switching with <1% spa-
tial and temporal variation; (ii) stable analogue switch-
ing with linear and symmetrical up/down conductance
update; and (iii) long retention time of each resistance
state.

In this work, we study memristors made of Ag/Cu
conductive filaments in a-Si. When placed in con-
tact with p-Si, the memristor behaves as a one-diode-
one-memristor (1ID1R) with an intrinsic current non-
linearity [14]. Here, the role of the diode is played by
the Schottky barrier at the interface between p-Si and
a-Si. We explore both individual memristors and cross-
bar arrays of memristors. A stable channel is formed
when the thickness of the a-Si layer is 5 nm-10 nm.
The bias voltage for the formation of the conductive
channel is above 5 V. The resistance of the state can
be altered with the programming voltage pulses of am-
plitude above 2 V and duration longer than 0.1 s.

For assessment of the technology, we demonstrate
a product of a vector and a square 3x3 matrix. The
analog result agrees with the expected values with 87%
accuracy. The accuracy is limited by the presence of
the sneak path currents in a crossbar array and arbi-
trary fluctuations of resistance.
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2. EXPERIMENTS AND DISCUSSION

2.1. Fabrication of the memristors

The crossbar with the memristor is shown in
Fig. 1a. We start with the SOI wafer having a 5-
pum-thick p-Si as the device layer (p=0.01-0.02 2-cm)
isolated from a bulk Si with a 2-pm-thick SiOs layer.
The p-Si layer is thinned down to 0.8-1 um with SFg
plasma etching followed by fabrication of the 10-pum-
wide Ni(10 nm)/Au(90 nm) wordlines. The overall con-
tact resistance between p-Si and Au/Ni is below 3 k€.
The p-Si is then removed to isolate the wordlines from
each other, and only 10x10 pm? p-Si stands for mem-
ristor stack are retained. The surface of the stands
has a roughness of ~5 nm, see Fig. 1d. The stacks
of @-Si(5-10 nm)/Ag(3 nm)/Cu(3 nm)/Ag(15 nm) are
deposited on the stands during the next fabrication
step. The top Al (120 nm) electrodes, or the word-
lines, are fabricated over the stack perpendicular to
the bitlines. The Au/Ni and Al lines are isolated
from each other with the 500-nm-thick polyamide. The
polyamide also covers the p-Si stands, and only win-
dows of 1.25x1.25 um? to 2x2 pum? are open in the
polyamide for a-Si/Ag/Cu/Ag stack to contact p-Si.
We do not observe, however, any dependence of prob-
ability and density of the Ag/Cu filaments in a-Si on
the window size. We also explore the effect of varying
thicknesses of a-Si and Cu layers while keeping the Ag
layer intact, as the relative thicknesses of Ag and Cu
may affect the endurance of the memristor |7].

2.2. Operation of the memristors

The newly fabricated memristors have a high resis-
tance in the G2 range. The noticeable conductance ap-
pears when a bias voltage, typically larger than 5 V. is
applied, see Fig. 2 a. The transition is step-like; the cur-
rent increases by almost 6 orders of magnitude, from nA
to mA. At higher bias, the curve has several up/down
current steps. The negative bias below 4 V resets the
device to a high resistance state.

The memristor circuit can be modeled as a chain
of elements in sequence: the metallic Ni/Au electrode
with an ohmic contact to heavily doped p-Si, the in-
sulating «-Si, and the metallic Ag/Cu/Ag/Al top con-
tact. The phenomenological model of the device elab-
orated in [15] nicely fits an experimental -V curve;
see the dashed curve in Fig. 2 b. The model was devel-
oped for the metal-TiOs—metal structure. It takes into
account a time-dependent threshold bias voltage, non-
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Fig. 2. Current—voltage characteristics of the a-Si memristor.
a — The electroforming /-V curve of a fresh memristor. Con-
ductive Ag/Cu channels are formed in a-Si when the bias volt-
age exceeds 5 V. The state relaxes back to high resistance
when the negative voltage is applied. b — Approximation of
the electroforming curve with the generalised model, shown
with a dashed curve [15]. The fitting parameters are given in
Table 1

linear ion diffusion, and electron tunneling. A set of
the fitting parameters is given in Table 1. The thresh-
old switching voltage in the model, V,,, of 5.0 V is close
to what was observed in the experiment. The different
resistance states developed by programming pulses are
likely a result of the ion motion in the Ag/Cu filament
formed in a-Si. With an increasing number of program-
ming pulses, the arrangement of the ions in the filament
is stabilised, so it becomes harder to alter the resistance
states [16]. In the model, this corresponds to the satu-
ration of the state variable at the boundary [15].
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Table 1. Calculated fitting parameters according to the
phenomenological model presented in [15]. ay, an, wp,
and w,, determine when the motion of a state variable
is no longer linear and to which degree it is dampened;
Ap and A, show the speed of ion motion; V, and
V.. represent threshold voltages for positive and nega-
tive biases, respectively; a1 and a2 are related to the
thickness of the dielectric layer; b determines the non-
linearity of /-V characteristics; wo is the initial value
of a state variable; f(p*) is the final residue value of
the fitting parameters p*

ay a7 wp wy, | Ap | An Vi
1.10 | 13.42 | 0.017 | 0.57 | 0.33 | 3.11 | 5.06
Vi | a1 | ag b wo | f(p")
4.60 | 0.19 | 0.31 | 0.39 | 0.04 | 0.77

There are a limited number of distinct states that
memristors may take on in response to voltage pulses,
Fig. 3 a. The switching between the resistance states
is rather stochastic, but negative pulses predominantly
decrease conductivity and may even reset the memris-
tor to its original high resistance state. To alter the
resistance state, we apply square voltage pulses from
1 V to 7 V of various durations, from 50 ns to sev-
eral seconds; Fig. 3b. There is a little effect if pulses
shorter than 100 ms are applied. It may be explained
by the slow dynamics of the Ag/Cu ions in «-Si. A
somewhat similar threshold effect is observed with the
amplitude of the pulse. A noticeable effect starts with
pulses larger than 1 V; see Fig. 3 b, inset.

Despite the stochastic nature of resistive switching,
the states are stable over time, Fig. 4. It takes some
time for the resistance to relax to a stable value after
the programming pulses. The relaxation time is varied
among the memristors in a wide range of 7 ~100 ms—
1000 s. There is a correlation between the relaxation
time and the duration of the voltage pulse; a shorter
pulse results in faster relaxation. However, we did not
find any consistency in the relaxation time across dif-
ferent memristors.

The thickness of a-Si is one of the limiting param-
eters of the memristor. We observed stable multi-state
switching in a-Si with thickness ranging from 6 to 9 nm.
It is consistent with the results of other experimental
groups [7].

We have also investigated the transport properties
and switching behaviour of the Ag/Cu filament in a-Si
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Fig. 3. Response of pre-formed «-Si memristors to short volt-
age pulses. a — Change of the resistance with a sequence of
programming pulses 5 V/0.5 s (red bars). b — The thresh-
old nature of the programming with the pulse duration or
pulse amplitude (inset). The conductance changes when pulses
longer than 0.1 s and larger than 1 V are applied

at low temperatures down to 150K. The conductivity
at temperatures above 220 K can be modeled by the
activation of the electrons in the extended states of a-
Si by o = ogexp{(—F,/kT)}, where activation energy
E, = 0.1 ¢V, Fig. 5 [17]. We also observed that the
switching voltage decreases with rise in temperature,
suggesting that Joule heating may play a role in both
the formation and rupture of the channel, Fig. 5, inset.

2.3. Analysis of 3Xx3 memristor crossbar array

At low bias, the I-V curves of memristors are non-
linear. The non-linearity can be characterised by the
ratio of current at the bias voltage V' and that at V/2
[14]. For our memristors, the ratio reaches 12. The
non-linearity limits the size of the usable memristor
crossbhar array because of the parasitic sneak-path cur-
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E, = 0.1 eV. Inset: distribution of set and reset voltages in a
wide temperature range

rents, which alter the weight of the matrix nodes when
the input load to the matrix lines changes; see Fig. 6 a.
The parameters of our memristor allow us to design a
crossbar array of 10x10. For the demonstration, we
explore a smaller crossbar array of 3x3. Here, the 3-
memristor-long and 5-memristor-long sneak-path cur-
rents should be taken into account [18].

We programme memristors with 5 V pulses and
probe the states with 0.5 V pulses for 500 ms. In what
follows, we use conductance instead of resistance for
the state of the nodes. After the initial programming,
the memristors have conductances ranging from 4.4 nS
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Fig. 6. Utilisation of a 3x3 crossbar array of memristors for
vector-by-matrix multiplication. @ — Sneak-path current in
the memristor crossbar array. The current flows not only
through the target cell (ftarget), but also through the neigh-
bouring cells (Isneak). b — Matrix with the node weights. The
weights are conductances normalised to 2 nS for convenience

Table 2. The vector-by-matrix multiplication

vector (1 11 @ 1 0
prediction,nA (0 62.9 34.2) (0 14.3 10.2)
measurement,nA | (0 49.5 24.0) (0 13.0 8.6)
rel.dev., % (0 21.3 29.8) (0 9.1 15.7)
vector (r o 1) (0 1 1)
prediction,nA | (0 60.7 32.2) (0.2 50.7 26.1)
measurement,nA | (0 49.5 32.3) (0.1 49.5 23.8)
rel.dev., % (0 185 0.3) (0 24 88)

to 97 nS. We normalised them to 2 nS for convenience
and presented them in the form of a matrix of weights
in Fig. 6 b. One should mention that these values con-
tain the effect of sneak-path currents when the bias is
applied to the wordline of the corresponding node. We
would expect that the weight would change if several
input signals are applied to the crossbar array simul-
taneously. The memristors at the left-most bitline are
in the high-resistance state; thus, their conductance is
taken as 0. The current flowing across them is below
the noise level of our measurement system.

We exploit the crossbar arrays by applying voltage
signal to only one or to few wordlines. In the former
instance, we have the following input vectors (1 0 0),
(010) and (00 1), where «1» corresponds to 0.5 V
and «0» to 0.0 V. This method allows us to get the
weights in the matrix, Fig. 6 b. An expected output cur-
rent for the vector-by-matrix multiplication with this
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weight matrix at the j-th bitline is I; = >0, V;Gyj,
where V; is an input voltage to the i-th wordline and
G;; is the conductance of the node at the i-th wordline
and j-th bitline. We compare these results with the
that when the other vectors are at the input: (11 1),
(110),(101), and (01 1). The readings and relative
deviation (rel.dev = (|Ipred — Imeas|)/Iprea) are shown
in Table 2. The difference between the values can be
as high as 30%. It is due to the effect of sneak-path
currents combined with the non-linear conductance of
the memristors, G;; (V') # const. We should note that
the sneak path currents are eliminated when we send
the vector (11 1) [18]. Another possible reason of the
deviation is the fluctuation of G;;’s with time.

3. CONCLUSION

We fabricate and explore individual memristors and
crossbar arrays of memristors. The memristors have
switching non-linear I~V characteristics when the pro-
gramming voltage greater than 2 V is applied. It is
a consequence of the Ag/Cu filamentation in the thin
«-Si layer, which brings the resistance of the memris-
tor to the M2 range. We can alter the resistance state
with voltage pulses above 2 V and durations longer
than 100 ms. We have combined memristors into a 3x3
crossbar array and performed vector-by-matrix multi-
plication. The sneak-path currents and arbitrary fluc-
tuations of the resistance state result in an 87% accu-
racy of the operation.

Funding. We acknowledge support of Skoltech
Next Generation Program, grant number 1-NGP-1064.
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We put forward a generalized procedure which allows to restore the bulk-like electron and hole wave func-

tions localized in certain valleys from the wave functions of quantum confined electron/hole states obtained in

atomistic calculations of nanostructures. The procedure is applied to the lead chalcogenide quantum dots to
accurately extract the intravalley velocity matrix elements and the constants of the effective intravalley Hamil-
tonian of the exchange interaction for the ground exciton state in PbS and PbSe quantum dots. Our results
suggest that intravalley parameters in PbS quantum dots are much more anisotropic than the ones in PbSe.
Renormalization of the velocity matrix elements, forbidden band gap, valley and exchange splittings of exciton

and exciton binding energy are also calculated.
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1. INTRODUCTION

Currently, semiconductor-based nanostructures are
widely used for various applications. In particular,
quantum dots (QDs) [1] offer the tunability of various
properties from the basic ones like the effective band
gap to more complicated such as exchange interaction
in excitons [2] and carrier g-factor values [3,4]. Rapid
progress of experimental techniques demands for the
detailed theoretical insight into properties of semicon-
ductor nanostructures. However, until now there is a
gap between purely phenomenological methods based
on the k-p model [5,6] and atomistic calculations, both
empirical [7,8] and ab initio [9,10]. For the band struc-
ture calculations, the interpretation of the atomistic
results within the k-p framework is straightforward.
For nanostructure calculations in most cases additional
work has to be done. Observable quantities (splitting
energies, optical matrix elements, etc.) are available di-
rectly from the atomistic calculations. However, their
values typically results from the complex interplay of
conceptually different phenomena (mixing of the states
at interfaces, anisotropy of effective masses, exchange
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interaction, etc.). For the qualitative description and
prediction of physical properties of real nanosystems
the values of interest are usually the latter ones.

Particularly complex problem is the fine energy
structure of the nanostructures of multi-valley semicon-
ductors (e.g. lead chalcogenides, Si, Ge), where such
values of interest are blended by the mixing of the val-
ley states. In simple cases, such as SiGe quantum wells
[11,12] or [110]-grown PbX nanowires with the simple
surface [13], straightforward parametrization of the val-
ley splitting is possible. Though, in most cases the val-
ley mixing can be taken into account only phenomeno-
logically. In this work we focus on lead chalcogenides
and propose a generalized solution to this problem.

Lead chalcogenides PbX, X=S, Se are narrow direct
band gap semiconductors suitable for infrared optoelec-
tronic applications [14-16] due to the tunability of the
band gap in a wide range of the infrared spectrum.
Under normal conditions they have the rock-salt crys-
tal structure with O} space group and complex multi-
valley band structure. Conduction and valence band
extrema in PbX are located at the four inequivalent
anisotropic L valleys.

As a result of the broken translational symmetry in
lead chalcogenide quantum dots (nanostructures) dif-
ferent L valley states are mixed and the carriers wave
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functions are the combinations of the pure valley states
[17-19]. The valley mixing spreads the local density of
states in k-space among all the L valleys [18] and makes
it difficult to map the atomistic calculations onto the
effective model and vice versa [19]. In particular, the
very complex fine structure of the excitons stems from
the interplay of spin-orbit splitting, valley-mixing and
exchange interaction [19]. This also results in complex
behaviour of carriers’ g-factors [3]. The second mecha-
nism responsible for the lifting of the valley degeneracy
is the anisotropy of effective masses. The disentangle-
ment of different contributions to the exciton fine struc-
ture is further complicated by the strong anisotropy of
effective masses in PbX [17,20] which is, however, can
be captured successfully in the framework of the effec-
tive k-p theory, see, e.g., Refs. [21-23].

Below we present our solution of how to trace the
valley structure of the ground electron (hole) states in
PbX QDs from atomistic calculations to enable direct
mapping onto analytical models. The proposed proce-
dure relies on the symmetry analysis and computation
of the local density of states in reciprocal space at the
four inequivalent L points in the Brillouin zone. As an
example we use the obtained pure valley states to calcu-
late the intravalley anisotropic exchange constants and
intravalley interband velocity matrix elements in cu-
bic, cuboctahedral and octahedral PbX quantum dots
with tetragonal symmetry, similar to the ones studied
in Ref. [19].

We demonstrate that these quantities are almost
insensitive to the shape of the quantum dot and agree
very well with effective mass calculations. Direct ac-
cess to the valley states allows us to show that velocity
and exchange Coulomb matrix elements in PbS quan-
tum dots are much more anisotropic than in PbSe in
the considered range of quantum dot diameters from 3
nm to 25 nm.

2. VALLEY STATES

In bulk PbX crystal the valley states are the elec-
tron and hole states at the band extrema located at the
four inequivalent independent L valleys. In each val-
ley the states are classified by irreducible representa-
tions of the L valley wave vector point group Ds, [18].
This group has six spinor representations: two two-
dimensional I'] and four one-dimensional conjugated
I'J and T’ in Koster’s notation [24]. These represen-
tations are also known as L{, L] and LJ respectively
[25]. (Hereafter throughout the paper we use only the
Koster’s notation.) Since the one dimensional repre-
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sentations I'F and I'J are conjugated (related by time
inversion) they also form doubly degenerate energy lev-
elsTF T =T

2.1. Extended effective mass model

In PbX crystal the ground conduction band edge
states are odd and transform according to I'; (Lg),
while the ground valence band edge states are even and
form the basis of T'J (L{) [26]. The center of inver-
sion is assumed to be at cation. The standard basis
functions of T'F are (pseudo)spinors [24], therefore we
refer the band edge states at the L valleys as the valley
(pseudo)spinors

gz = (|baﬂaT>7|b7N;¢>)a (1)

where b c,v or «—»«+» is the band index,
w = 0,1,2,3 is the valley index and t,| are the in-
dices of (pseudo)spins oriented along the valley axis.
Due to the Oy, rotational symmetry of the bulk PbX
crystal the valley (pseudo)spinors in different valleys
are not fully independent. Indeed, for any g € O, the
functions gEi’L = 82, are also eigenstates of the bulk
Hamiltonian with same energy E?, but some at differ-
ent L valley gk, = k;. This allows us to construct the
valley (pseudo)spinor basis

gl‘)/P = (gga gl{a ggagg)

(2)

of the irreducible star of L valleys with known trans-
formation properties

gg;l)/P = gzl)/PDb(g)' (3)

We refer it as the ground valley multiplets. The trans-
formation matrices of €%, can be established explic-
itly by choosing specific rotations g,, € Oy, to relate the
valley states in different valleys, such as EZ = guf,’g.
Possible choices for g, are either the powers of Sy, ro-
toreflection [19], powers of Cy. [27] or Caz, Coy and Ca,
rotations [3].

When nanostructured the translation symmetry is
broken and the eightfold degenerate ground valley mul-
tiplets (2) split into several energy levels. The num-
ber of levels and their symmetries are determined by
decomposition of the transformation matrices D%(g),
Eq. (3), into irreducible representations of the symme-
try group of the quantum dot (nanostructure). Decom-
position of the D’ matrices is given by symmetrization
matrices S? via S®~ ' DYS®. The S matrices are chosen
in such a way so the new basis €% ,S° = £p

4
Z Z |b7M,7l> Sfm,Fin = |baFiaFZ> (4)

p=07n=1,1
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transforms as (pseudo)spin. Here |b,T';, F,) are the
states which transform as the standard basis func-
tions [24] of the irreducible representation I';. Sev-
eral S matrices for [111]-nanowires with Ds4 point
group and QDs with Ty symmetry were calculated in
Refs. [3,18,19]. In quantum dots (nanostructures) the
symmetry of the ground valley multiplets holds. In-
deed, the bulk states may be related to the states in
nanostructures in the two-step procedure: (i) forma-
tion of combinations of bulk states into states which
transform under representations of nanostructure sym-
metry group and (ii) renormalization of energies of
these states due quantum confinement (localization in
r-space and delocalization in k-space, see [5]).

2.2. Empirical tight-binding method

For atomistic calculations of PbX quantum dots
(nanostructures) we use the sp>d®s* nearest neighbour
variant of the tight-binding method [17]. In this model
the electron and hole wave functions are expanded over
the basis of Lowdin orbitals [n&) [28] localized near
atomic sites

[¥) =) CugIné). (5)
ng

Here ¢ describes both spin and one of the s,p,d or s*
type of the orbital, n is the atomic site index. Coeffi-
cients C¢ are obtained via numerical diagonalization
of the tight-binding Hamiltonian, which is represented
by a large sparse matrix

H= %" Huygne|n'¢) (ng]. (6)
nén’&’

In the nearest neighbour approximation there are up to
7-22.10% - N, nonzero elements in the matrix, where
7 = 6+ 1 is the maximal number of nearest neighbours
n # n'/ plus diagonal n = n’, 2 is the number of spins,
10 is the number of the sp3d®s* orbitals and N, is the
number of atoms in the quantum dot (nanostructure).
Numerical diagonalization of the tight-binding
Hamiltonian is performed using the thick-restart Lanc-
zos algorithm [29,30]. This is efficient iterative method
which has linear computational complexity O(m - N,)
of finding exactly m eigenvectors near the band gap.
Due to the Kramers symmetry the electron (hole)
energy levels F; are doubly or quadruple degenerate
depending on the point symmetry of the quantum dot
(nanostructure). There is some randomness in degen-
erate tight-binding eigenstates |i,p) (p = 1,...,n;) of

Eq. (6) A
H|i,p> =FE; |i,p> (7)

8 2KOT®, e 2 (8)

since any linear combination of degenerate states is also
an eigenstate with the same energy F;. For each energy
level F; these states €; = (]i,1),...,]¢,n;)) form a ba-
sis of an irreducible representation I'; of size n;. There-
fore we can define the symmetrized states |I';, F,) as

ZH,])) V;ni,Fz = |FiaFZ>7 (8)
p

where V' is a unitary matrix and |I';, F,) are the
(pseudo)spin-like states with standard transformation
properties [24]. Eq. (8) is readily generalized to any
number of energy levels

ErgV =Ep, 9)

where Erp = (€1,...,E,) is the set of sets
of tight-binding states with energies Fi,...,FE,,
Ep =(Er,,...,Er,) is the set of sets of symmetrized
states with standard transformation properties. The
matrix V' = diag(Vi,...,V,) is block-diagonal. Ac-
cidental degeneracy of states E; = Ej;,i # j is not
considered as may be removed by small perturbation.

2.3. Mapping tight-binding results to effective
mass model

The next step is to identify the states of the split
conduction and valence band ground valley multiplets
in atomistic calculations. In most cases they are simply
eight closes to the band gap states in each band. How-
ever, a situation when the distance between quantum
confined levels is smaller than the splittings of the val-
ley multiples is possible [18]. For such extreme case the
states of the ground valley multiplets can be identified
in k-space. As shown in Ref. [18] the ground electron
and hole states have the maximum of local density in
k-space exactly at the L points of the Brillouin zone,
while the maximum of excited states is slightly dis-
placed. In centrosymmetric quantum dots (nanostruc-
tures) excited states can be also distinguished by their
opposite parity.

Finally, we define the conduction (valence) band
valley states in PbX quantum dots (nanostructures)
by combining Egs. (4) and (8). In the matrix form it
reads as

£y pSt = Eh W, (10)

where &€ ;(E) are the raw conduction (valence) band
tight-binding states and € l"/ p are the corresponding val-
ley multiplets similar to Eq. (2). Instead of V?, Eq. (8),
we introduce a matrix W? to account for possible uncer-
tainties of the raw states to enable the inverse transfor-
mation to the basis of valley (pseudo)spinors given by
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peak 283.14 a.u. peaks 1.51 a.u.
L, L3

peaks 1.52 a.u. peaks 1.52 a.u.

Fig. 1. Local density in the k-space of the same |c, 0,1) valley
state in the Brillouin Zone surface near L valleys. The exact
positions of the L, valleys are indicated by white «x». The
main peak near Lo valley (upper left) is shown in red colours,
while the peaks near the other valleys L1, Lo, L are shown by
blue colours with different scale of the colormap. The values
(arb. units) of the maximal peak near each valleys are also
indicated on the plots

Ut =whst ! (11)

We factorize the matrix W (the band index is omitted
for brevity) into three matrices

W =VPR, (12)

where V' = diag(V;,, ..., Viy), Eq. (8), brings the tight-
binding states to the (pseudo)spin form, the matrix P
arranges the order of irreducible representations and
accounts for the phases of their bases and the matrix
R describes the possible rotation between repetitive ir-
reducible representations in the decomposition of the
valley multiplet. The matrix V can be computed as a
sum over the point group of the quantum dot (nanos-
tructure) as described in Appendix 4. The extra ma-
trix P traces the permutations and phase multipliers
for the irreducible representations in the decomposi-
tion, see details in Appendix 4. Parametrization of
the R matrix is given in Appendix 4. The unknown
phases and rotation angles for P and R matrices for
the ground wvalley multiplets can be obtained by the
numerical maximization of the local density of states
in k-space at the four L points of the Brillouin zone.
To demonstrate the procedure, we reconstruct the
valley states in the small cuboctahedral PbS QD with-
out inversion (D ~ 3.2 nm, N =4, M = 0 in Ref. [19]).
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|WG T(T

W54 (r)|?

Fig. 2. [111]-view of the local densities in r-space of conduction

band valley states |c, 1, 1) , 0 = 0, 1,2, 3 in the cuboctahedral

QD shown at the top (for [111]-view the size of the atoms

is reduced). The black arrows indicate the orientation of the
corresponding L valleys

A ()

A ()

The arrangement of atoms in this QD is shown in the
inset of Fig. 2. In tetragonal quantum dots the ground
conduction and valence band valley multiplets split into
two doublets I'g & I'; and a quadruplet I's. The only
fitting parameters are three discrete phase multipli-
ers for each band. As a result we obtain eight states
|b, 1,m =1,1) in each band b = ¢(v) localized near L,
valleys. The wave vectors of the L valleys are chosen as

ko || [111], ko || 111), ko | [111].
(13)
The 2D local density of the |c,0,1) state in k-space
near the L valleys is shown in Fig. 1. The part of the
density near the Lo valley is shown by red, while the
density near other valleys are shown by blue with differ-
ent scale. The scales of the colormaps are chose from 0
to the maximum of the local density in the correspond-
ing cross section, which are indicated on the plots in

arbitrary units. Omne can see that the main peak at

ko || [111],
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Fig. 3. Interband velocity matrix elements in the basis of valley state (c, 1, |V| v, i/, 1’) in the coordinate frame of the Lg valley,
Eq. (15), in QD with D ~ 3.2 nm (see text). Color encodes the amplitude of corresponding matrix elements

the Lg valley is about 200 times larger than the peaks
near other L,,p = 1,2,3 valleys. Moreover, these 2D
plots reveal the admixture of excited states at different
valleys since the maxima of their density are misplaced
from the L valleys. The positions of the L valleys in
Fig. 1 are shown by small white «x» at the middle of
each plot.

In Fig. 2 we also show the local density of all the
valley states |c, 1, 1), = 0,1,2,3 in r-space. To em-
phasize the difference of the local densities of the valley
states they are shown as projections onto the plane per-
pendicular to the [111] axis. In this plane projections
of the effective masses in L valley are isotropic, while
projections of the other valleys L,,, it # 0, are not. This
results in the anisotropy in the projections of the local
densities of the L,, p = 1,2,3, valley states, which is
clearly seen in Fig. 2. The axis of this anisotropy de-
pends on the projection of the corresponding L valley
onto the (111) plane. The state at the Ly valley is
isotropic in this projection. The density of spin-down
and valence band states look very similar.

3. RESULTS

We apply the developed method to unwind the val-
ley structure of states in cubic, cuboctahedral and oc-
tahedral PbS and PbSe quantum dots with tetragonal
symmetry Ty, similar to the ones studied in Ref. [19].
We show how having the explicit form of the valley mul-
tiplets helps to calculate physical properties of these

quantum dots, such as interband velocity matrix el-
ements and intravalley long range exchange Coulomb
interaction, which otherwise are not directly accessible.

3.1. Interband velocity matrix elements

First we consider one of the simplest yet useful prop-
erty of PbX quantum dots — interband velocity ma-
trix elements (c|V|v) between the electron and hole
ground levels. Velocity matrix elements in these quan-
tum dots are computed as a commutator of of the
tight-binding Hamiltonian with the coordinate opera-
tor, v = i[H,r]/h and we assume the diagonal approx-
imation r = 0,008, Where 1y, is the coordinate of
n-th atom [31]. Since the transformation of the tight-
binding states to the valley (pseudo)spinors (10) given
by the matrix U®, b = ¢,v (11), then the corresponding
transformation of the velocity matrix elements is given
by

Vyp=UVrgU". (14)

Result of this transformation is shown in Fig. 3 for the
same D = 3.2 nm cuboctahedral PbS quantum dot,
which atomistic structure is shown in inset of Fig. 2.
In Fig. 3 the interband velocity matrix elements are
given in the valley (pseudo)spin basis in the coordi-
nates frame

nog || [110],  noy || [112],  no || [111] (15

of the Ly valley. Upper panels show real part of
Vg, Uy, Uy (from left to right) components of the veloc-
ity matrix elements, lower panels show imaginary parts.
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Fig. 4. Intravalley interband velocity matrix elements v, v; in
1072 speed of light in PbS QDs with different shapes as a func-
tion of effective QD diameter. Results of the tight-binding cal-
culations are shown by symbols connected by thin solid lines.
The shape of the symbols represent the shape of the QDs: cu-
bic, cuboctahedral and octahedral. Results of the calculations
in the framework of anisotropic k.p theory are shown by thin
dashed lines. Dashed lines show the corresponding interband
velocity matrix elements in the bulk crystal

The absolute values of velocity matrix elements are in-
dicated by colour (positive by red, negative by blue,
zero by white), the scale of the colormap is same for
all the subplots. The upper left corner in each subplot
correspond to the intravalley velocity matrix elements
in the Ly valley. One can clearly see that the spin
matrices of the velocity operator in the Ly valley are
proportional to the Pauli matrices, v; < ;. The abso-
lute values of the velocity matrix elements in L valley,
Vg = Uy # v, represent the internal anisotropy of the
valley. One can also see there are traces of non-diagonal
by the valley index optical transitions. The intervalley
interband velocity matrix elements are non-zero due to
the admixture to the ground valley states of excited
states in other valleys seen in Fig. 1. This is a second
order perturbation with respect to the valley splitting
and it vanishes very quickly with increase of the size of
the quantum dot (nanostructure).

The structure of the velocity matrix elements in the
basis of valley states, Fig. 3, allows us directly calculate
their values as

Uy = Re <0705\L|UA.'E| U705T> )

Uy = IHl <0507\L|’UAZ/|U’07T>7
Vy = Re <Ca07T|1fz|va07T> :

(16)

Results of the calculations are shown in Fig. 4 for PbS
and in Fig. 5 for PbSe quantum dots in thousandths
of the speed of light. Longitudinal (v; = v,) intraval-

n
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20 25

15
D (nm)
Fig. 5. Same as in Fig. 5 for PbSe QDs

ley interband velocity matrix elements are shown by
blue, transverse ones (v; = v, = v,) by red. Tight-
binding data are shown by symbols connected by thin
solid lines for each of the three considered shapes of
the quantum dots: cubic by «o», cuboctahedral by «o»
and octahedral by «o». For the detailed description
of the atomistic structure and shapes of the quantum
dots see Ref. [19]. Solid dashed lines show the cor-
responding velocity matrix elements in bulk PbS and
PbSe crystals. Data calculated within the framework
of fully anisotropic k-p model [3] are shown by thin
dashed lines.

These plots, Figs. 4 and 5, reveal the scaling of the
internal valley anisotropy in isotropic PbS and PbSe
quantum dots. One can clearly see that velocity matrix
elements almost insensitive to the shape of the quan-
tum dots and converge to the corresponding values in
bulk crystal at large diameters. Also these plots re-
veal that intravalley velocity matrix elements in PbSe
quantum dots are almost isotropic in the range of di-
ameters from about 5 nm to 15 nm, compared to to
their PbS counterparts. Another interesting result is
that anisotropic k-p theory for spherical quantum dots
fails a bit to predict the scaling of the longitudinal com-
ponent of the velocity at small diameters, especially for
PbS.

3.2. Intravalley exchange interaction

The second application of the valley pseuodspinors
considered in this paper is the calculation of intravalley
anisotropic long range exchange Coulomb interaction
constants. These constant are calculated here for the
same PbS and PbSe quantum dots as in Sec. 3.1 and
Ref. [19].
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i nx=-0775

Ks (meV)

Fig. 6. In the main plot the averaged intravalley exchange con-
stant K, is shown as a function of QD diameter. Inset shows
the intravalley exchange anisotropy parameter nx as a func-
tion of QD diameter. Results of the tight-binding calculations
are shown by symbols connected by thin solid lines. The shape
of the symbols represent the shape of the QDs: cubic, cuboc-
tahedral and octahedral.
framework of anisotropic k-p theory are shown by thin dashed
lines. Thick dashed lines show the corresponding values in the
bulk crystal (see Table 1)

Results of the calculations in the

The problem with calculation of intravalley ex-
change interaction constants is the complicated inter-
play of intra- and intervalley Coulomb interaction and
the valley mixing of electron, hole and exciton states.
The full exciton Hamiltonian in PbX quantum dots has
four main contributions

Hy = Hy+ Hyy — J + K, (17)
where Hy = E,(D)1 describes the quantum confine-
ment of electrons and holes, Hy s the valley mixing,
J=J 1, J > 0 is the direct Coulomb interaction and K
is the long range exchange [19]. The quantum confine-
ment and direct Coulomb are trivial diagonal parts of
the Hamiltonian. The exciton fine structure is defined
by the valley mixing Hy s and exchange interaction K.
It was shown in Ref. [19] that intra- and intervalley ex-
change are equally important and a phenomenological
model for the exchange matrix K was proposed. The
model is isotropic with one exchange constant K (D)
which can be calculated analytically. In this model the
electron-electron representation of the long range ex-
change Hamiltonian in one L valley is

J

where K is the exchange constant and the spin matrix
results from the angular parts of exchange integrals on

1

2

oo

6

Friso
exch —

(18)
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Ks (meV)

25

Jewi=0016

5 10 15 20
D (nm)

Fig. 7. Same as in Fig. 6 but for PbSe QDs

the spherically symmetric electron and hole wave func-
tions. The model also takes into account the valley
splittings as external parameters and allows to calcu-
late absorption spectrum of the ground exciton level
which is then can be compared to the similar spectra
in tight-binding. Comparison of the phenomenologi-
cal model and tight-binding absorption spectra in PbS
quantum dots was used in Refs. [19] and [32] to esti-
mate the exchange constant in the tight-binding. The
obvious drawback of this approach is that it requires
a fitting procedure to minimize the difference between
absorption spectra. This approach is not accurate.

In this work we calculate the intravalley exchange
interaction constants straightforwardly fully taking
into account the valley anisotropy. As discussed in
Sec. 2 the L valley states, Eq. (1), transform ac-
cording to T'; and T} irreducible representation of
the wave vector group Dsg in conduction and valence
bands, respectively. Therefore in the direct product
I, @ =T7 @I, @'y there are two one-dimensional,
'y, I'y, and one two-dimensional, I';" irreducible rep-
resentations, each corresponding to an exchange con-
stant K, K; and K;. As a result, the electron-electron
representation of the Hamiltonian of the anisotropic in-
travalley exchange interaction has the following form

1
- K,= —
2

(U;UCE + U;Uy) (O’;O’Z)

6

1o Ky - K - (19)
Here we used same spin matrices as in Eq. (18). For
the known intravalley exchange matrix the exchange

constants K, K; and K; are calculated as

T (fraie) 3T (M, i)
K, = f ) Kt(l) = - 9 )

(20)
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where M; = o0, or 0,0y and M; = o%0,. Since the
energy of the dark excitons are not shifted by the ex-
change [33], it is natural to expect that

2K, + K

K, 21
- (21)
and the eigenvalues of H. aniso are
K+ K 2K,
E, =0, Et:%, E == (22)

The intravalley part (19) of the full 64 x 64 exhcange
Hamiltonian can also be calculated via the inverse
transformation (11). For the v ® ¢ exciton indexing
scheme the transformation of exciton states is given by
the direct product U* @ U°.

Results of the calculations are shown in Fig. 6 for
PbS and in Fig. 7 for PbSe cubic, cuboctahedral and
octahedral QDs with tetragonal symmetry. Instead of
K, K, K; in Figs. 6 and 7 we show K(D) and the
long range exchange anisotropy parameter

Ki(D) — Ki(D)

(23)
Tight-binding data are shown by symbols connected
by thin solid lines for each of the three considered
shapes of the QDs: cubic by «o», cuboctahedral by
«o» and octahedral by «o». Detailed description of the
atomistic structure and shapes of the QDs are given in
Ref. [19]. Data calculated within the framework of fully
anisotropic k-p model [3] are shown by thin dashed
lines. One can see that the intravalley exchange is al-
most insensitive to the shape of the QDs and does not
oscillate with the change of the QD diameter. The
tight-binding results agree well with anisotropic k-p
theory. Details of the k-p calculations are given in Ap-
pendix 4.

The asymptotic values for nx may be calculated
from k-p theory [34,35]. The longitudinal-transverse
splitting reads as

8¢ h? P2

hUJLT = ———5 =5 a
212,3
EoomoEgaB

(24)

where ap is the exciton Bohr radius and £ is the high
frequency dielectric permittivity, see Table 1. It may
be shown that the effect of the valley anisotropy may be
fully accounted by considering the direction-dependent
longitudinal-transverse splitting
8¢ hQPlQ( #

()
hw;s = ——5—=—=.
ccomiE2a

LT = (25)
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Table 1. Main components of longitudinal-transverse long

range exchange exciton splittings, anisotropic material param-

eters for bulk PbS and PbSe, high-frequency dielectric permit-

tivity and exciton Bohr radius. oef(l) are remote band contri-

butions [3]. Interband momentum matrix elements P, are
given In atomic units.

PbS PbSe
hwt 7 (peV) 76 19
Fel, o (peV) 110 11
(hwrr) (neV) 87 16
nx —0.775 | 0.689
P, (atomic) 0.1756 | 0.2699
P (atomic) | 0.2110 | 0.2243
E, (eV) 0.294 0.213
almo/h? 3.713 | 3.618
a¥mo/h? 0.481 0.784
agmo/h? 3.359 3.006
afmo/h? 0.697 0.946
e [36] 192 | 269
ap (nm) [37-39] | 18 16

Then, the anisotropy of the main components of
longitudinal-transverse splitting of the exciton is

wlLT_thT _ Pt2 _PZQ
{wrr)

= 2PT T Pl2.

nx = (26)

The values of nx for bulk PbS and PbSe are also given
in Table 1.

Similarly to the intravalley exchange, Eq. (19), one
can also compute the non-diagonal intervalley parts
H :X‘z;l, u # 1’ of the full exchange Hamiltonian. The
magnitude of the intervalley exchange in highly sym-
metric quantum dots is almost identical to the intraval-
ley one |[H!M" | ~ |H"", |, so the full exchange Hamilto-
nian is almost isotropic and also leads to the formation
of the ultra-bright valley-symmetric superradiant exci-
ton triplet as was shown in simplified model in Refs. [19]
and [27]. However, the intervalley exchange has very
complicated non-analytical form and we do not present
it here. The only difference with the isotropic approxi-
mation is that the valley anisotropy leads to the bright-
ening of some dark triplets. Though, their oscillator
strength is still two order of magnitude smaller and the

use of isotropic model [19] is fully justified.
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15
D (nm)

Fig. 8. Main plot: low temperature band gap energy, Eq. (27),
as a function of effective diameter in octahedral, cubeoctahe-
dral and cubic PbS QDs. Dashed line indicate the band gap of
the bulk PbS. Inset: the upper estimate for the exciton bind-
ing energy in PbS QDs. In both plots symbols show the data
calculated in tight-binding, solid lines show k-p results

3.3. Electron and hole energy spectra, exciton
binding energies

In this section we discuss energy spectrum of elec-
trons, holes and exciton binding energies in PbX QDs.
As mentioned above, in PbX QDs with Ty point sym-
metry the electron (hole) ground states are split into
two doublet levels I'g, I'7 and a quadruplet I's. Follow-
ing Ref. [19] we associate the electron (hole) ground
confinement energy with the energy of the quadruplet
state Ep,. This allows to fully parametrize the valley
splittings by two energy differences between doublet
levels, Er,, Er,, and the quadruplet level Er,. In this
notation the band gap energy reads as

EQ(D) EEIC‘g(D)iEFg(D) (27)
and the valley splittings are
E} (D) —ER (D), Ep(D)—ER (D), b=cv.
(28)

The band gap energy E4(D), Eq. (27), is shown in
the main plot in Fig. 8 for PbS and in the main plot
in Fig. 9 for PbSe QDs. Results of the tight-binding
calculations are shown by black symbols. The shapes
of the QDs are indicated by the shape of the symbols
similar to Figs. 6 and 7. Band gap of the bulk PbS and
PbSe crystals, see Table 1, indicated by dashed lines.
Solid lines show the band gap calculated in the frame-
work of the k-p theory in isotropic approximation, see
Appendix 4.

Parameters of the valley splittings, Eq. (28), are
shown in Fig. 10 for PbS and 11 for PbSe QDs. Due

269

Fig. 9. Same as in Fig. 8, but for PbSe QDs

to the fast decay of the valley splitting energies they
are shown on logarithmic scale. The shape of QDs in
Figs. 10 and 11 are indicated by shape of the symbols
and color: red for octahedral, green for cuboctahedral
and blue for cubic QDs. Negative values are shown by
hollow symbols, positive ones by filled. One can see
that the lowest values of the valley splittings are in oc-
tahedral QDs, their signs oscillate with the change of
the QD size parameter N, see Ref. [19] for details. The
largest values of the valley splitting are in cubic QDs,
they do not oscillate.

Insets in Figs. 8 and 9 show the estimate for the
exciton binding energy —J=1J 1, see Eq. (17), given
by the direct Coulomb interaction constant J > 0 in
PbS and PbSe QDs, respectively. Results of the tight-
binding calculations are shown by black symbols. Re-
sults of the k-p calculations are shown by solid lines.

In tight-binding the direct Coulomb is calculated
using the same technique with the same high-frequency
dielectric constant as for the exchange term. Similar
approach is used for k-p calculations, see details in
Appendix 4. This yields the upper estimate for the
exciton binding energy since the static dielectric con-
stant ¢ in PbX is about ten times larger than the high
frequency one e [36]. One can see that the upper
estimate for the exciton binding energy is about an or-
der in magnitude smaller than the effective band gap
in PbS and PbSe QDs, which correlates well with the
large observed exciton Bohr radii in these materials.

3.4. Valley and exchange exciton splittings

The splitting of the ground exciton level is con-
trolled by the valley mixing Hy o and long range ex-
change K Hamiltonians (17). Interplay of these two
contributions was thoroughly investigated in Ref. [19].
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oo i octahedral 3
e o + cuboctahedral ]
m o * cubic

'5' 10 15 20 25 5 10 15 20 25
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Fig. 10. Valley splitting energies, Eq. (28), in octahedral (red), cuboctahedral (green) and cubic (blue) PbS QDs. Data is shown
on logarithmic scale. Filled symbols show positive values of the splitting energies, hollow symbols show negative ones

(meV)

- ————————r

TS t octahedral 3
e o = cuboctahedral ]
o mao * cubic E

(meV)

"5 10 is"éd"és"'s 10 15 20 25
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Fig. 11. Same as in Fig. 10, but for PbSe QDs

Here we present the comparison of the two contribu- The total splitting of the exciton fine structure due
tions and focus on their scaling as a function of the QD to the valley mixing, Hy 57, neglecting exchange is given

diameter.
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Fig. 12. Total exciton splitting due to the valley mixing of

states AFvg, Eq. (29), and total exciton exchange splitting

AFk, Eq. (30). AEvgs is shown by color symbols: red for

octahedral QDs, green for cuboctahedral QDs and blue for cu-

bic QDs. AEk is shown by black symbols. In both cases the

shape of the QDs is also indicated by the shape of the symbols,
similarly to Fig. 6

by distance between furthest exciton levels

AEWVS = Z maX(Ellz‘G s Ellz‘77 Ellz‘s)fmin(Ellz‘G s Ellz‘77 Ellz‘s)'

b=c,v
(29)
As discussed in Ref. [19], neglecting the valley mixing,
the exchange Hamiltonian K leads to the formation of
the ultra-bright exciton triplet split by

8K

AFEg = 3

(30)

from the manifold of the dark exciton levels, where
K is the averaged (isotropic) intravalley exchange con-
stant, see Eq. (21). Due to the cubic (Ty) symmetry of
the considered QDs, the exchange Hamiltonian K does
not split the exciton triplets despite the pronounced
anisotropy of the intravalley exchange constants. How-
ever, the internal valley anisotropy of the exchange con-
stant leads to the brightening of another exciton triplet
to up to about 1% of the oscillator strength of the ultra-
bright exciton triplet. This effect is expected to be
more pronounced in anisotropic PbX QDs.

The splittings of the exciton level due to the valley
mixing, Eq. (29), and exchange Coulomb interaction,
Eq. (30), are shown in Fig. 12 for PbS and in Fig. 13 for
PbSe QDs. The total valley splitting AFEy g strongly
depend on the shape of the QD and shown by red, green
and blue color symbols for octahedral, cuboctahedral
and cubic QDs, respectively. The total exchange split-
ting AFk is almost insensitive to the shape of QDs
and shown by black symbols. One can see that in cu-
bic and cuboctahedral QDs the total valley splitting
is larger than the exchange one for all range of the
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Fig. 13. Same as in Fig. 12, but for PbSe QDs

computed QD diameters. Therefore in these QDs the
exciton fine structure is mostly defined by the valley
mixing of states. In octahedral QDs the valley split-
ting decays much faster. Therefore in small octahedral
QDs the exciton fine structure is mostly defined by the
valley mixing of states, while in large octahedral QDs
the exciton fine structure is dominated by long range
exchange interaction.

4. CONCLUSIONS

To conclude, we developed a generalized procedure
which allows us to restore the valley states in nanos-
tructures of multivalley semiconductors starting from
the quantum confined electron/hole states obtained in
atomistic calculations. The method allows for the ex-
traction of the parameters of effective Hamiltonians
and/or observables in the physically transparent ba-
sis and makes it possible for the direct mapping of the
results of atomistic calculations to simplified analytical
models.

To demonstrate the strength of the procedure we
directly extract the anisotropic exchange constants in
PbS and PbSe faceted (cubic, cuboctahedral and oc-
tahedral) QDs from the empirical tigh-binding calcula-
tions and compared the results to the fully anisotropic
k-p model. We also showed that in PbSe the in-
travalley exchange interaction, as well as the intraval-
ley velocity, is almost isotropic, while in PbS it is
strongly anisotropic with its longitudinal part being
close to zero.

The developed procedure does not depend on par-
ticular symmetry, periodicity or valley composition of
states of the considered nanostructure and therefore
can be applied for any atomistic calculations (including
density functional theory) of any multivalley semicon-
ductor nanostructure.
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APPENDIX A.
SYMMETRIZATION

Let € = (x1,x2,---,Xd) be the basis of an irre-
ducible representation I' of a finite group G of size
N, which transforms Vg € G as gx; = x;Tji(g) or
g€ = ET(g) and V be a unitary matrix. Then & = EV
also forms the basis of the same irreducible representa-
tion, but transforms Vg € G as g€ = €' D(g), where

Vg€ G: D(g) =V IT(g)V. (31)

Lemma: If D(g) and T'(g) matrices are known, then
the matrix V' can be calculated as

Vv
1

V=> T(UDg™").

geG

27rn

Vo =ae " a (32)

Here d is the dimension of the representation I', « is a
common phase multiplier, || = 1, and U is a matrix
with one or several ones. Additional phase exp(i27n/d)
and index n = 0,...,d — 1 are added explicitly to un-
derline the uncertainty of the root of the complex de-
terminant.

Proof. Consider the matrix D(g)V~'V, g € G.
Substituting V from Eq. (32) we obtain

D(g)V~*V = D(g ZV IT(YUD(g™).  (33)
Now wusing Eq. (31) and expanding ¢! as
(99')"tg = g"~'g we transform Eq. (33) to

V1Y T(¢"UD(g"")D(g) = V'VD(g). (34)

g//

Following the Shur’s lemma [40] the matrix V'V is
proportional to the unit matrix and its trace equals to

(V) = NTe(VI0).

Since V is unitary, then V! has at least one nonzero
element Vlgl # 0. Let Uj; = 6104, then

= Vi 'Un =Vt #£0.
l,j
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Therefore V o V, det V # 0 and Vj, is unitary matrix
satisfying Eq. (31). Notice the proof is very similar to
the proof of the great orthogonality theorem [40,41].
The unknown matrix U can be found numerically
simply by searching through all d? square matrices
with one nonzero element. The phase multiplier « is
chosen to adjust the time inversion symmetry given
by the complex conjugation operator K. Indeed, let
KE = EK, then
K& =€V IKV* = €K'
and the matrix
K' o a*?.

The phase exp(i27n/d) should also be adjusted. The
sum over the group elements (32) assumes either sum
over double group [24] or use of projective representa-
tions [40]. In calculations, it is more convenient to sum
over all different matrices which can be obtained from
the set of matrices of the generators of the group G,
which gives the same result.

Equation (32) can be generalized for projective rep-
resentations

T(r)UD(r~

w(r=tr)

N - 1)
VhxxV, V

>

reFyx

: (35)

where 7 are rotations of the point group F and w(r,r”")
is the factor system of the irreducible representation
[40]. Notice w must be the same for T" and D matrices,
which can be achieved via bringing both wy and wp to
the standard form. The proof of Eq. (35) is similar, ex-
cept the following property of the factor system should
be used

w(r™t rw((rr) 7t )

-1

w ((rr’) ,Tr’) = o) (36)
This is general property of the factor system [40]

w(h17h2h3)w(h2,h3) = w(hth,h3)w(h1,h2) s (37)

where

/

hy = (rr') 71, hs =1’

Formulae Egs. (32) and (35) can be applied also
for reducible representations such as I';, Ty, ... & T,
with no repetitive irreducible ones in the sum. Oth-
erwise the Shur’s lemma breaks and other techniques
should be used. However, this problem is not typical
for tight-binding or other atomistic methods, since in
most cases each energy level corresponds to single irre-
ducible representation and accidental degeneracies are
extremely rare.

h2 =T,
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APPENDIX B.
INTERCHANGE OF BASIS FUNCTIONS

LetI' = @?:1 I',, be a reducible representation of a
group G consisting of n repetitive equivalent irreducible
representations I',, of size m. Let

E=(E,,.E0.,....EN), i#j = E#E . (38)
be its basis which transforms under g € G as
g€ =ED(g) = €L, @ Dy, (9) (39)
and has time reversal symmetry
KE=ET=E1,Tng). (40)

Here 1,, is the n X n unit matrix.

The basis (38) is not unique. Indeed, consider an

interchange of basis functions

E=EU (41)
given by a matrix U. To satisfy Eqs. (39) and (40)
the new basis should be i) orthonormal £'T€’ = 1 and
should transform under g € G and K by the same
matrices ii) g€ = €' D(g) and iii) €* = E'T. These
conditions constrain the matrix U to: i) UTU = 1, ii)
Vg € G : D(g9)U = UD(g) and iii) UT = TU*. Due to
the Schur’s lemma [40] and the structure of the trans-
formation matrices D(g) = 1, ® D,,(g) the matrix U
matrix is a direct product U, ® 1,,, of n X n matrix U,
and the m X m unit matrix 1,,. Since T' = 1,, ® T},
the third condition UT = TU* requires U,, € O(n) to
be real orthogonal matrix.

For practical realization we construct the U,, matrix
as a product of n(n — 1)/2 Givens rotation matrices
Ri;j(¢) [42] and a matrix of phases P which sets the
signs of the basis functions:

Un =PI Rij(i5) or Un = [ [ Ris(d3y) | P, (42)

i<j i<j

where

Gij = Toij
and

P:diag(lap%"'apn)a Di ==+1. (43)

Nonzero matrix elements of R;;(¢)
[Rij(9)]wr = 1,k # 4 7,

i ()i = [Rij(9)];5 = cos(9),
—[Rij(9)lij = sin(¢).
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APPENDIX C.
COULOMB INTEGRALS IN ANISOTROPIC k-p

To calculate the intravalley exchange anisotropy in
k-p we use the anisotropic model and formalism pro-
posed in Ref. [3]. We consider spherical QDs with infi-
nite boundary conditions. The anisotropic k-p Hamil-
tonian is expanded into three terms

Ho™0 = [° 4 §[p + 6H,, (44)
where H° is the isotropic part of the Hamiltonian,
§Hp accounts for the anisotropy of the interband
momentum matrix elements and Mfla accounts for
the anisotropic far-band contributions to the effective
masses, see Ref. [3] for details.

Eigenstates of Hs0 are expanded over finite basis
of the solutions of the isotropic Hamiltonian Hs°

N
\pirllso _ ZC;\IJI;O (45)
p=1

and the coefficients C are found via diagonalization of
the full N x N matrix f[;;iso. Here indices ¢,p enu-
merate both valence and conduction band states. The
isotropic wave functions [3]

U = |Fopn, F.) = |
PIF+2.p (r)

are bispinors characterized by four quantum numbers:
total angular momentum F', its projection F,, p = £1
and main quantum number n which enumerates the
roots of dispersion equation. Q are spherical spinors.
The parity of bispinor (46) is given by m = (—1)F+%
To catch the exchange anisotropy in our calculations
we limit ourselves with two ground confinement levels
per band for each F' = 1/2 and 3/2 (N = 24 states
total).

Using the ansatz (45) the exchange matrix ele-
ments [19] become sums of integrals on Wi = [p)

HX

ia,jb —

N
3 CIrCerCCi (palrs)

pqrs=1

(47)

which are evaluated numerically. The total number of
integrals scales as N4, which is 331776 for N = 24.

To reduce the number of integrals to compute
we utilize the angular selection rules and employ
the index permutation symmetry. For a general
four-index Coulomb integral (pg|rs) there is parti-
cle permutation symmetry (pq|rs) (gp|sr), and
(pq|rs) = (rq|ps) = (ps|rq) if the matrix elements are
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real. In our case the matrix elements are real therefore
one has to compute only the matrix elements which
satisfy one of the following inequalities:

[ p<r<gq<s,
p<r<s<ug,
p<g<r<s,
p<qg<s<r,
p<s<r<gq,

| pP<s<g<rT.

(48)

These inequalities reduce the number of double inte-
grals to be evaluated for Eq. (57) up to four times.
Combined with angular symmetry the total number of
different integrals reduces to 298.

The explicit form of the exchange integral (47) is

(palrs) = < / XD o ) (32) T (31) s (),

€0 |I‘1 - I‘2| (49)

where [dx = [dr)__ is the spatial integral and the
sum over the bispinor indices ¢. Using the Fourier de-
composition of 1/r the Coulomb integral (49) reduces
to

(pq|rs) :/%Ip,.(k)lqs(—k)7 (50)

-+ pupuguqu]L 7_|_Qv,-i-> :
(51)

— [are®r (r.1.9,

N ~ P
Here f(r),g(r) are smooth envelopes, 21 = Q?ﬁf , are

spherical spinors and indices p,q,r,s and u,v denote
all four quantum numbers of the isotropic wave func-
tions (46). By introducing [43]

Li+L>

Ly

Q]II\/II oMy = E Wty v Y1, — 0+ M5, (52)
L=|L1—Lo|

observing (numerically) that
AJi+E TAI+ _ oSty l—%
QJiMf R U jSMf ; (53)

and using the plane wave expansion

0 l
e*T = a3 S (k)Y (o) Yim(or)  (54)

=0 m=—1

we further simplify I, to

I, (k) =
Lu+Ly

- 5

L=|L,—L,|

Ami" W vy v, Yo, Mot v, (0k) T (K)

(55)

where L, = F, = py/2, L, = F, + p,/2 and

R
/T2d7“jL k'f" fufv +pupvgugv]' (56)
0

Finally we reduce the Coulomb integral (50) to the
sum of double integrals

(palrs) = 86 _ntns, nay—nr, (—1) Mo x

Lmax

X Z Wir.nm, v, Wr,m, . /koL (k),
L=Loin

where the L limits are

Liin = max (|LP - Lr|7 |Lq - LSD ’
Liax =min (L, + Ly, Ly + L) .

Now the numerical integration is straightforward.

APPENDIX D.
ISOTROPIC K-P MODEL, DIRECT COULOMB
INTERACTION

The simplified isotropic variant of the k-p model
is described in details in supplemental materials for
Ref. [19]. It was shown in Ref. [19] that the isotropic
model successfully predicts the energy of the ground
quadruplet I's in both bands for both octahedral,
cubeoctahedral and cubic PbS QDs. Therefore the
model is used here to calculate the band gap energy
and exciton binding energy (direct Coulomb interaction
constant) for all the considered PbS and PbSe QDs.

Table 2. Isotropic parameters for bulk PbS and PbSe. Mo-
mentum matrix elements are given in atomic units. E, and
anisotropic parameters are given in Table 1

PbS | PbSe

P (atomic) | 0.1881 | 0.2556
a’mo/h? 2.635 | 2.674
a‘mq/h? 2.472 | 2.320
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Parameters of the isotropic model are obtained via
averaging of the anisotropic ones over the solid angle
B 20! +af

P = 72Pt2 + PZQ Oéb
V 3 ’ 3 ’

These parameters are listed in Table 2.
Following Ref. [3] the conduction (valence) band
ground states with projection F, are

b=c,v. (59)

1
|Can>: ‘F §a+1anOan>a

1
|Uan> = ‘Ealan Oan>a
where |F, p,n, F.) are bispinors (46). The explicit form

of conduction (valence) ground bispinors are

fe(r) QO%,FZ

ve .
ige (r) Q2 L

Y

T fﬂ (7’) QI%,FZ
—igy (1) Q%,Fz
Straightforward calculation of direct Coulomb matrix
elements (50) yields

J=—F, >0,
2e? 7 .
J= AR (R)IE(R), (60)
TEoo
0
where
R
180) = [ drriotkn) (A + i), b=c.0. (61
0
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We explore a two-parameter renormalization group (RG) within the framework of the «energetic approach»
introduced by L. Levitov, for the phyllotaxis model. Our focus lies on an equilibrium distribution of strongly
repulsive particles situated on the surface of a finite cylinder. We investigate how these particles redistribute as
the cylinder undergoes compression along its axis. Specifically, we construct the modular-invariant 3-function
for the system, which is explicitly expressed in terms of the Dedekind n-function. Utilizing this S-function, we
derive equations that describe the RG flow near the bifurcation points, which mark the boundaries between
different lattice configurations. By analyzing the structure of these RG equations, we assert the emergence of
Berezinskii — Kosterlitz— Thouless transitions under significant cylinder compression.
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1. INTRODUCTION

Amazing connection of cell packing with Fibonacci
sequences, known as phyllotaxis [1] was observed a long
time ago in the works of naturalists and remains till
now one of the most known manifestations of number
theory in natural science. The generic description of
growing plants based on symmetry arguments allowed
researchers to uncover the role of Farey sequences in the
plant’s structure formation (see, for example, [2—4]),
however, the question why the nature selects the Fi-
bonacci sequence, among other possible Farey ones,
was hidden until modern time. A tantalizing answer
to this question has been given by L. Levitov in 1990
in [5], who proposed an «energetic» approach to the
phyllotaxis, suggesting that the development of a plant
is connected with an effective motion along the opti-
mal path on a Riemann surface associated with the
energetic relief of growing tissue.

The energetic mechanism suggested in [5] was ap-
plied later in [6] to the investigation of the geometry
of flux lattices pinned by layered superconductors. It
has been shown that under the variation of a mag-
netic field, the structure of the flux lattice can un-
dergo a sequence of rearrangements encoded by the

* . . .
E-mail: sergei.nechaev@gmail.com
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Farey numbers. However, lattices emerging in sequen-
tial rearrangements are characterized by the specific
subsequence of the Farey set, namely, by the Fibonacci
numbers. Very illuminating experiments have been
provided in [7] for lattice formed by drops in rotat-
ing liquid, and in [8] for the equilibrium structure of a
«magnetic cactus».

The general classification of RG flows rhymes with
the development of bifurcations («catastrophesy) over
time in the theory of dynamical systems — see, for in-
stance [9]. In the catastrophe theory there are focuses,
saddles, limits cycles and other attributes of the sin-
gularity theory, with corresponding fixed points, RG
cycles and more exotic RG behavior. For instance, re-
cently the RG counterparts of homoclinic orbits in the
theory of dynamical systems have been found in the
field theory [10], they also provide examples of chaotic
RG flows [11]. The phenomenon of incommensurability
is also known in the theory of dynamical systems. Fol-
lowing the same logic, one could expect the existence
of RG counterpart of the incommensurability. Indeed,
the RG approach was successful in describing the in-
commensurable patterns in a Harper equation for the
electron in a crystal in presence of a magnetic field
[12,13] where it was argued that the tunneling in the
phase space is the crucial ingredient.

In an overwhelming majority of physical systems
[14, 15] the inmommesurability manifests itself in an
emergence of a «Devil’s staircase». The geometric
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signature of the incommensurability is the Riemann—
Thomae (RT) function which emerges in spectra of
sparse systems of various physical origin. Meanwhile,
the Riemann — Thomae function also appears as a prob-
ability distribution in a plethora of fundamental prob-
lems, such as stability diagram in fractional quantum
Hall effect [16,17], interactions of non-relativistic ideal
anyons with rational statistics in the «magnetic gauge»
approach [18], quantum 1/f noise and Frenel-Landau
shift [19], distribution of quotients of reads in DNA
sequencing experiment [20], frequency of specific sub-
graphs counting in the protein-protein network of a
Drosophilla [21]. Though the degree of similarity with
the original RT function could vary, and experimental
profiles may drastically depend on the peculiarities of
each particular physical system, a general probabilistic
scheme resulting in emergence of the fractal hierarchi-
cal distribution can be considered as the manifestation
of number-theoretic laws in nature.

Often two real parameters of a 2D RG flow are com-
bined into the single complex parameter, 7, which can
be interpreted as the modulus of the complex structure
for an auxiliary elliptic curve. The familiar examples
are: the Anderson localization problem with the time
symmetry breaking (T'SB) term [22], the integer quan-
tum Hall effect (IQHE) [23,24], and the Yang-Mills
theory with the T'SB 6-term [25,26]. In all these exam-
ples the real part of the complex parameter is the TSB
parameter. We suggest a bit more general perspective
and propose to consider the following generic complex
(modular) parameter:

z = [topological term] + i [disorder], (1)
hence we unite the topology and the disorder in the RG
flow. At any fixed value z = x + iy the partition func-
tions of considered systems fully enjoy symmetries of
the SL(2, Z) modular group and hence are the modular
functions. However when = and/or y run over time and
depend on some scale, u, the situation is more subtle.
It general, the RG flow involves two g-functions and is
described by the set of equations

dx
dln p

= ﬂx(xay); TR (2)

Typically, the disorder term enjoys both the pertur-
bative and non-perturbative remormalizations, while
the topological parameter is renormalized only non-
perturbatively. There are some known patterns of (-
functions with such properties:
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1. For the Berezinskii — Kosterlitz — Thouless (BKT)
transition one has

Bu = —cruv; By = —cou.

(3)

2. For the «Russian Doll» model which is the toy
example of the system with the cyclic RG flows (see,
[27] for review), the RG flow is discrete
1
N (4)

We focus our attention on a specific limit of RG
flows when the non-perturbative renormalization com-
ing from instanton-like contributions dominates — see,
for example, [13]. This happens in all examples when
y = Im z — 0 which means that we are looking at the
limit of a weak disorder in some frame, and the modu-
lar parameter is mainly governed by the «winding-like»
term. The details are model-dependent, however in all
cases this term has one and the same physical meaning:
it serves for counting topological defects.

One possible pattern behind the Riemann — Thomae
function and the Devil’s staircase is as follows. Con-
sider a physical problem, for example the fractional
quantum Hall effect (FQHE), and push the system into
the particular limit in the parameter space. For FQHE
this is the so-called «thin torus limity» — see for ex-
ample [17]. The system hosts some defects, and in the
limit under consideration defects form a lattice which is
a Wigner crystal in the thin torus limit of FQHE. Con-
sider now the propagation of a probe particle through
the sample which can be investigated, for instance, by
analyzing its spectral density. The modular SL(2,7)
group acts in the parameter space of this system. The
imaginary part Imz of the modular parameter 7 gets
identified with some function of disorder, while the real
part Rez corresponds to the chemical potential for
the topological charge relevant for the studied prob-
lem. The motion of the probe particle in the crystal
of defects can be mapped onto the motion in the fun-
damental domain of SL(2,Z7) and the rearrangements
of the lattice can be treated by analyzing the RG flow
in the vicinity of transition points which are identified
with points of lattice bifurcations. Generally speaking,
from the probe particle perspective, the rearrangement
of the lattice can be studied by varying the chemical
potential of defects (or of their number).

The paper is organized as follows: in Section2 we
define the model, discuss the modular properties of
the potential acting between particles, construct the
B-function and show explicitly its scale-invariant struc-
ture; in Section 3 we derive the RG flow equations in
the vicinity of critical (saddle) points and demonstrate

gn+1 =gn + = (9% + 0%); Ong1 = 0.
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the convergence of these equations at small y to the
ones describing the BKT transition in XY model; fi-
nally, in Section4 we summarize the obtained results
and in addition provide arguments showing that the
variable y besides its geometrical sense, can be related
to the disorder in a simple spectral problem.

2. PHYLLOTAXIS, MODULAR INVARIANCE
AND B-FUNCTION

2.1. The model

We consider, following L. Levitov [5], the model sys-
tem of IV strongly repulsive particles disposed and equi-
librated at the surface of a cylinder of fixed diameter,
D, and height, H and look at the rearrangement of
these particles when the cylinder is compressed along
its height under the condition that N and D remain
unchanged — see fig.1 a. This model can be regarded
as a kind of modification of a famous Tammes prob-
lem dealt with a packing a given number of points on
the surface of a sphere such that the shortest distance
between points is maximized. The Tammes problem
is known in plant’s geometry since 1930 [28] and it it-
self can be viewed as a particular case of the generalized
Thomson problem [29] of minimizing the total Coulomb
energy of charged particles distributed on the surface
of a sphere. The advantage and novelty of L. Levi-
tov’s phyllotaxis model with respect to the Thomson-
Tammes system is two-fold: (a) cylindrical lattice is
described by two parameters (D and H) and one can
change them independently, and (b) the equilibrium
lattices on the cylinder are transformed under the ac-
tion of the group SL(2,7), which essentially simpli-
fies the consideration of rearrangement of lattices when
changing D and/or H.

At the continuous compression of the cylinder, for
each height, particles form a triangular «Abrikosovy»
lattice with minimal energy [30]. Different lattice
topologies correspond to local minima of the system’s
energy U(x,y) and are parametrized by the modu-
lar parameter, z = x + iy, where z = f1(D,H),
y = fo(H) and f; and fy are some functions to be de-
fined below. The minima of the potential U(z) are clus-
tered in nested basins: larger basins consist of smaller
basins, each of these consists of even smaller ones, etc.
The basins of local energy minima are separated by
a hierarchically arranged set of barriers: large basins
are separated by high barriers, and smaller basins
within each larger one are separated by lower barriers.
The geometry which fixes taxonomic (i.e. hierarchi-

9 2KOT®, e 2 (8)

0,25
P 0.20
o
o
I 0.15-
;>:' max
= 0.10-
N’ .
-

0.05

0.00 -

0.

Fig. 1. a — Repulsive points distributed on the surface of the
cylinder form a lattice, characterized by the parameter «, with
a minimal energy. The lattice is rearranged when the cylin-
der is compressed along its vertical axis. b — Dependence
U(z,y = const) defined in (13) for the compressed lattice
(y=10"2 < 1 and 8 = 1) as a function of

cal) tree-like relationships between elements is called
«ultrametricy [31].

Here we provide an explicit construction of the en-
ergetic relief in a phase space of all possible patterns of
compressed lattices and demonstrate that the ground
state is related to the deepest valley in I'. The lat-
tice rearrangement caused by the cylinder compression
along its axis is associated with the RG flow on the
manifold I', which shares the modular properties. At
each height, H, particles on the cylindrical surface form
a lattice with a minimal energy. For strongly squeezed
lattices (y — 0) the corresponding energy, U(z,y), has
a sharp maximum corresponding to the barrier at every
rational point, 2 = m/n as it is shown in Fig. 1. One
sees that U(z,y) demonstrates the hierarchical behav-
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ior, which should be understood as follows: the transi-
tions between two arbitrary local minima at x; and xo,
are determined by the passage over the highest barrier
Umax (21, 22), separating the points 21 and xs.

The outline of our upcoming discussion is as follows.
We begin with the derivation of the potential U(z,y)
separating valleys between different equilibrium con-
figurations of particles on the cylinder. Taking into
account the invariance of the potential U(z) under the
action of the group SL(2, Z), we show that U(z) plays a
role of a B-function of the system. The explicit form of
the pg-function allows us to derive the RG equations in
the vicinity of saddle points of the potential U(z) and
solve these equations in a general form at any x and
y. Analyzing the structure of obtained RG equations
we demonstrate that they tend to the RG equations of
XY-model describing the BKT transition in a strong
compression limit (i.e. when y — 0).

2.2. The potential

Any particle on the cylinder can be parameterized
by a pair (h,, o, {mod27}), where n € N, subject
that all particles are arranged according to monotonic
growth of the height, h,. Projecting the cylindrical
surface conformally onto the plane, we get new coordi-
nates, r, »(z,y), of particles on the planar lattice,

m —+ nx
NG

where the connection between cylindrical and planar
lattices is set by the following change of variables:

() = (P2 0GG) imnbe 2 0)

o
r=—
2r’

= , > 0.
2 4

y (6)
Strong repulsive potential acting between particles can
be approximated by the conformally-invariant 1 /72 po-
tential. Consider two arbitrary particles one of which
is located at the origin of the (x,y)-plane and the sec-
ond — at some point (T, n; Ym,n). Suppose that the

potential U(r,, ,) has the following form:

: (7)

q
r2

m,n

U(rnb,n) —

where ¢ > 0 is some arbitrary parameter having sense
of a charge. The energy of a whole lattice reads

>

{m,n}€z2\{0,0}

U(z,y) = U(xm,naym,n) =
q

Y. @

I
{m,n}€z2\{0,0} """

(8)
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Substituting (5) into (7), we get

U(x,y) - Z

{m,n}€72\{0,0}

qy
(m + nxz)? + y2n?’

9)

Recall now the definition of the non-holomorphic
Eisenstein series, E(z, s), [32]:

2.

{m,n}ez?\{0,0}

S

Y

E(z,s) = m7

(10)

where z = x4+ iy and E(z, s) is a function of z = =+ iy
and is defined in the upper half-plane y > 0 for all
Re(s) > 1.

The non-holomorphic Eisenstein series of weight 0
and level 1 can be analytically continued to the whole
complex s-plane with one simple pole at s = 1. Notably
E(z,s), as function of z, is the SL(2,Z)-automorphic
solution of the hyperbolic Laplace equation:

i
(11)

The residue of E(z,s) at s = 1 is known as the first
Kronecker limit formula [33-35]. Explicitly, it reads
at s =1

2

ay?

82
a2

) Es) =

=s(l —s) E(z,y, s).

T
s—1

+2r (y+m2—In (" 2n() ) ) + O(s = 1), (12)

E(z,s—1)= +

where ~ is the Euler constant and 7(z) is the Dedekind
n-function.  Equation (12) establishes the impor-
tant connection between the Eisenstein series and the
Dedekind n-function, which we exploit below. Namely,
comparing (9) to (10), we conclude that

U(z,y) =~ qE(x +iy,s = 1) —
— 47qln (y1/4|n(ac + Zy)|) . (13)

Let us remind that the Dedekind n-function is de-
fined as follows:
n(z) _ emz/12 H (1 . e27rinz) ) (14)
n=0
The argument z = x4y is called the modular parame-
ter, and 7(z) is defined for all y > 0. The function 7(z)

is invariant with respect to the action of the modular
group SL(2,7):

0z +1) = ™12 g(2),

. (1> —VTine). "
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In general,
az+b
f— 1
n(CZer) w(a,b,c,d) Vez +dn(z), (16)

where ad —bc = 1 and w(a, b, ¢, d) is a 24th degree root
of unity [36].

2.3. The B-function

The construction of the S-function implies find-
ing the function which is invariant with respect to
RG transformations. The natural candidate for the
B-function is the potential U(z,y). To see the self-
similarity of U(z,y) along the RG flow (i.e. at y chang-
ing from +oo down to 0), we counsider the function
U(z,y|D;1) in some initial domain Dy and compare it
with its own part U(z,y|D2) in a smaller domain Ds.
It is always possible to find a conformal transform

[(z,y) € Da] = [(2',y") € D]

constructed on the basis of generators of SL(2, Z) such
that
U(xla yl|D2) - U(IL’, y|D2)

Below we demonstrate the corresponding construction
on a particular example.

In Fig.2a we provide the generic 3D view of
the function U(z,y|D;) (at ¢ = 1) in the domain
Dy =(0<z<1,1072 < y < 1). All local maxima,
(xj,y;) of the relief U(x,y) depicted by white points,
lie at the level U(z;,y;) ~ —3.248. For better visual-
ization only the part of the function U(z,y) bounded
from below, namely U(z,y) > —3.8 is drawn in Fig. 2
and in Fig.3 in all panels. Coordinates of particular
local maxima shown in Fig. 2 are

0(14). Allsh),

o(54). c(8%)

140 14 387 38

In Fig. 2 b, we depict a number of fundamental do-
mains of the group SL(2, Z) together with exact loca-
tions of their centers (points zo, 21, 22, 23, 24) which (up
to the shift x — =+ 1/2) exactly match the local max-
ima of the relief U(x,y) in Fig. 2 a. We will return to
the determination of coordinates of these points at the
end of this subsection.

The contour plot of the function U(z,y|D;) in the
domain D; is shown in Fig.3 a. To demonstrate the
scale invariance (the self-similarity) of U(x,y) = U(z),
where z = x + iy, we select a new (smaller) region, Do,
designated by the yellow square in Fig. 3 a and seek for
a conformal transform 2’ = f(z) which maps U(z|D2)
onto U(z'|Dy) as it is shown in Fig. 3 a, b.

32/
-3_4:':
-36}
—3.8-".-.'

y
V3
yels
2
h,
N P
23 h
=
>
L 0 z, oz, 1>
2 2

(b)

Fig. 2. a — 3D view of the function U(z, y|D1) in the domain

D =(0<xz<1,0<y<1). b— For better visualization

only the part of the function U(xz,y|D:) lying in the interval
U(x,y|D1) > —3.8 is plotted

For domains D; = (0 < z < 1,1072 < y < 1)

and Dy = (z¢ — 0.1 <z <z +0.1,107% <y < 0.2),
23

where zc = 53 is the z-coordinate of the point

C (%, %), the mapping Dy — D; is realized via the

conformal transform

, z—1

=) = (17)

The contour plot of the function U(z’,y’) given by (13)
is presented in Fig. 3 b. The variables (2/, ") are defined
by the folowing equations:
, z—1 3 — Tx + 42 + 49?

' = Re = ,
4z —3 9 — 24z + 1622 + 1692
z—1 Y
4z —3  9—24x + 1622 + 16y2°

(18)

y =1Im

9*
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D5

Dy

(b)

Fig. 3. a — Contour plot of the function U(z,y|D:1) in the do-

main D; = (0 <z < 1,0 <y < 1). The function U(z,y|D2)

in the domain Dy shown by yellow square in the panel (a)

is conformally mapped by the function f(z) (see (17)) onto

U(zy|D1) in the domain Dy as it is shown in the panel (b).

The corresponding mapping demonstrates the scale invariance
of U(z,y)

The varables (z,y) lie in

D, ( ).

As one sees, the plot in Fig.3b exactly coin-
cides with the one in Fig.3a in the whole do-
main D 0 <z < 1,0 <y < 1). Sub-

%) imto (18) we get

23 0.1< <§+01 1073 <y<0.2

stituting B (Jc = %, Y=

B’ (m' = %7:(/ = ﬁ) and for C(m: %7:(]: 3_\/85)
we get C’ (Jc' =2y = § — see Fig.3. So, we can

conclude that the domain D, is expanded onto the
domain D; such that the structure of the potential
U(z,y) remains completely scale-invariant.
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Generically all local maxima (points z1,z2,... in
Fig. 2 b can be constructed via successive reflections of
the fundamental domain of the free group I'y as it is
shown in Fig.2b. The corresponding Cayley graph is
a 3-branching Cayley tree. Recall that the 3-branching
Cayley tree can also be viewed as the Cayley graph
of the group A, which has the free product structure:
AN~ 7y @ Zy ® Zo, where Z5 is the cyclic group of
second order. The matrix representation of generators
h1, ho, hs of the group A is well known:

1 1 1 -1

N [=

hi=

0 -1

o

(19)
Taking the point, zp = ‘/75 1, we can find its image, 2z,
after N recursive applications of generators from the
set {hq, ha, hs} according to the following formula:

% for N =2k —1,

CNZ

ZN = =+ N0+bN (20)
ANZ0 T ON for N = 2k,
cNzo +dn

where Z means complex conjugation of z, £k = 1,2, ...,
and {an,bn,cn,dn} are the coefficients of the matrix

(

Using (19)—(21) we reproduce the coordinates of the
points A, B, C in Fig. 2. The sequence which converges
to the Golden ratio is as follows:

(

where N = 3M, M = 1,2,3,... The limiting value of
Too = Rezn_so 18 the Golden ratio:

N terms

b /_/—
an- ON ) — Tishihahahihg...

21
o dy (21)

N terms

) = (hgh1h2) ... (hshiho) =

asy bsm
csv dsyr

= (hshiho)*™ . (22)

azpcsm + bsndsy
2 2 =
s+ d3py

(VB—1) = 0.618034.. (23)

lim
M — o0

1+1
Zoo ==+ =
2 2

1

2

The sequence of «zigzag» reflections is encoded in the
continued fraction expansion of the Golden ratio, ¢:

1 1

S(VB—1) =

¢ (24)
1+
1+

1+

14
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where interlacing odd and even «1» correspond to the
left and right turns of a zigzag path in Fig. 2 b.

3. RG EQUATIONS AND A SIGNATURE OF
BKT TRANSITIONS

Understanding RG flow as adiabatic particle’s dy-
namics (APD) in a complex potential is very useful in
studying the behavior of RG flows in the vicinity of crit-
ical points which can be regarded as bifurcation points
in the APD problem. Here we derive the corresponding
RG equation for the potential

U(z,y) = 4mgtn(y/4fn(z + iy)])

defined in (13). The function U(z), where z = = + iy,
plays the role of a g-function which remains invariant
under the action of the group SL(2,7) in particular
when y tends to 0. Recall, that in the phyllotaxis
problem changing y from = 400 down to 0 can be
interpreted as the re-distribution of repulsive particles
(equilibrated at the surface of the cylinder) when the
cylinder is squeezed along its axis.

The contour plot of U(xz,y) for ¢ = 1 in the region
(0.01 < z < 0.99, —0.35 < y < —0.32) is shown in
Fig. 4 a. By (zs(k),ys(k)) we denote the coordinates of
the saddle points (k = 1,2,...), they are shown in cyan
in Fig. 4 and have the following generic expression:

n1mi + nams

xs(k) =

)

2 2
mi +mj
1

2 2
mi +mj

(25)
Ys =

where (m1,ma,n1,n2) are some integers. In particu-
lar, in Fig.4 a we have depicted the following points
constituting the Fibonacci sequence:

31
55/’
8 1)

13713
), etc.

21 1

347 34
From the topological point of view there is no difference
between all these saddle points, however the orientation
of saddles with respect to the z-axis is different and the

(2,(1),5,(1)) = @%
(2:(2),4:(2)) = (
(2:(3),4:(3)) = (

(xs (4)7 ys(4)) - <
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geodesic (dashed cyan curve in Fig. 4 a, parameterized

by the equation
5 2
4 )

crosses saddle points with different k at different an-
gles. The coordinates (x5(k),ys(k)) of saddles which
constitute the Fibonacci series are

1
7

y(z) 5

(s (k). o1 =
( G2 — G3F V5

2k+1 2k+17 ~2k+1 2k+1
G =G G =Gy

- ) 7

k=0,1,2,..,00, (26)

where

Gy = %(1+¢5), Gy = =(1—-5).

N | =

To proceed, we expand the potential U(z,y) in the
vicinity of a saddle point (zs,ys) and find the equa-
tion describing the corresponding surface U(z,y) near
(zs,ys) = (xs(k), ys(k) (to shorten forthcoming expres-
sions we suppress the index k). The Taylor expansion
of U(x,y) up to the second order reads

Uz — x5,y = ys) = U(s,ys) + Uz (x — 25)°+
+2Usy (. — @) (y — ys) + Uyy (y — 98)27 (27)
where the derivatives Uy, Uyy = Uy, and Uy, are

taken at the point (zs,ys). The first derivatives in
the Taylor expansion (27) are nullified at the point
(xs,ys), and the condition U, U, — Uiy < 0 ensures
that the point (z,ys) is actually a saddle. Note also
that the term, U(zs,ys) = U(zs(k), ys(k)), gives one
and the same constant for any & and therefore can be
suppressed. Define now the coefficients

U.L.L = az, Uz,y = ag, Uyy = as
at every saddle point. These coefficients,
ay = al(kz), ag = ag(k), az = ag(k),

depend on k, where k =1, ..., 00 in (26).

Derive now the RG flow in the complex z = = + 1y
plane in the vicinity of saddle points (zs,ys) of the
surface U(z,y) which plays the role of the S-function,
as it has been shown in Section 2.3. Introducing the
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Fig. 4. Contour plot of the Riemann surface U(x,y):ln(y1/4|n(x+iy)|) in the region (0.01 <z <0.99, —0.35<y < —0.32) (a).
White points are the same as in Fig. 3, while cyan points designate the bifurcation points of the RG flow, and the dashed arc is

the open geodesics passing through all saddles (z(k), ys(k)) constituting the Fibonacci series (k =0, ..., 00) — see (26). Plots
of the surface U(z,y) in vicinity of three first saddles (zs(k),ys(k)) for k =1,2,3 (b—d)

coordinates u = r — x5 and v = y — ys and separat-
ing real and imaginary parts, we may write down the
following first-order nonlinear differential equations de-
scribing the RG flow in the complex plane w = u + iv:

d
Y :a1u2—a302,
dlnp (28)
dv = 2ao uv
dlnp ~ “F

where p is the RG time.

Equations (28) imply that the RG flow near the
bifurcation points is fully determined by the topology
of the S-function U(z,y). It is worth mentioning that
our construction is consistent with ideas expressed in
works [37-39]. In particular, in [37] the connection be-
tween the RG flows and the topological structure of
the [-function has been discussed in the context of
CFT/ADS; duality, while in [38] and in [39] the equa-
tions for RG flows ideologically similar to (28) have
been derived to describe the behavior of RG flows in the
FQHE in the vicinity of critical points. The emergence
of BKT fixed points in similar context has been also
discussed in [40] for layered high-T, superconductors.

Before proceeding with the derivation of the solu-
tion of (28), let us formulate the main idea behind our
computations. Comparing the orientation of the (u,v)
coordinate system with respect to (z,y) one for differ-
ent k (see Fig.4 b, ¢, d), we can note that with increas-
ing k the (u,v)-system is turning in such a way that
at k — oo it coincides with the (x,y) one. Computing
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explicitly the shape U(z,y) in vicinity of the saddle
point (z4(k),ys(k)) for k = 1,2,3, we see that with
k — oo the coefficient a; = U,, tends to zero, while
the coefficients ay = U, and a3 = Uy, remain finite. To
demonstrate this, we have depicted in Fig.4 b, c, d the
potentials U(x,y) in vicinity of first three terms of the
Fibonacci series for k = 1,2, 3:

Ui (u,v) = —3.31 — 0.92u—
—0.920% + 1.85uv,

Us(u,v) = —3.31 + 2.60u>+

4+23.3902 — 15.58u, (29)

Us(u,v) = —3.31 — 1.25u—
—78.65v2 + 19.77uw.

One sees from (29) that with increasing k the coeffi-
cient a1 (k) in front of the term u? relatively decreases.
Returning to (28) we see that when the coefficient a; is
nullified, the corresponding equation coincides with the
equation describing the RG flow in XY model near the
BKT transition point. Thus we expect that at y — 0
which means strong compression of the fillotaxis lattice
the corresponding lattice rearrangements (bifurcations)
are closer and closer to the BKT transition.

Let us return now to (28) and provide its generic so-
lution for arbitrary values a1, as,as. Dividing the first
equation of (28) by the second one we can convert the
system (28) into the following single equation

du

dv  2asv  2asu’ (30)
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Introducing the new function h and writing v = hv,
we arrive at the equation in which the variables can be
separated:

dh aq as , _q
=-—-1 — . 1
dv (2&2 ) h= 2a2h (31)
Solving (30) we get
ag
po— In (a3 — (a1 — 2a2)h?) = In(Gv),  (32)

where G remains invariant along the RG flow (i.e. G
does not depend on the scale ). Plugging the function
h = u/v in (32) and denoting G*/*2~2 by A, we have

asv? — v/ 2 A = (a; — 2a)u’. (33)

Substituting u(v) into the second equation in (28) and
performing the integration, we obtain an non-explicit
solution for v(pu)

Vvai — 2as

azv? — Avez
ay
Ay 2
(a1 — 2a9) a3v 1]——x
as
2L _9
1 as ar —az ve A
%2 Fi | 3, - - +
2 a1—2a2 a1—2a2 as

+ 2a2 <a3v2 - szé>> =lnpu.  (34)

Despite (34) looks rather complicated, it is essen-
tially simplified in the limit of small y. Substituting
a; = 0 into (31) we get the set of equations describing
the RG flow in the XY-model in vicinity of the BKT
transition. The critical scale (the correlation length)
near the transition point is defined by the condition

vV —2a2AIn pe ~ 1

which implies the BKT-like dependence of the correla-
tion length, y., on A:

’uc ~ el/\/—QagA- (35)

One can see from (29) that the coefficient as in front of
the uv term periodically changes the sign. So, one can
expect the signature of the BKT-like transition (35)
when as < 0.

The physical meaning of encountered critical behav-
ior could have the following interpretation. When the
cylinder is squeezed along its principal axis, the corre-
sponding lattice of repulsive particles experiences a set
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of successive rearrangements («bifurcations» ). Each bi-
furcation is a collective effect that is accompanied by
the melting of the lattice. Our analysis permits us to
conjecture that at least some of these bifurcations in
the strong compression limit can be associated with
the Berezinsky — Kosterliz—Thouless transtion.

4. DISCUSSION

The main result of our work is as follows: we have
provided arguments in support of the conjecture that
bifurcations of the lattice formed by strongly repulsive
particles equilibrated at the surface of a finite cylinder
are the points of phase transitions in the thermody-
namic limit. At strong cylinder compression the equa-
tions describing RG flow near these transition points
converge towards describing the Berezinskii-Kosterlitz-
Thouless behavior in the XY model. The numerical
check of this conjecture is highly demanded since our
analysis is not restricted to the specific model of phyl-
lotaxis. Relying on a general topology of the g-function
in the vicinity of transition points one could expect
the signature of BKT transition in various physical
systems such as: (i) layered high-T. superconductors
[40], possessing the Fractional Quantum Hall Transi-
tion (FQHT) at small disorder (small o), (ii) 1D Hub-
bard model on a ring [41].

The main ingredient in our construction is the lat-
tice potential U(z,y) defined in (13) which is invari-
ant under the modular transformations and is scale-
invariant as it is shown in Section 2.3. The potential
U(z) exhibits a hierarchical structure, with its min-
ima forming clusters of nested basins. Larger basins
encompass smaller basins, and this nested pattern con-
tinues with each smaller basin containing even smaller
ones. The basins hosting local energy minima are
delineated by a hierarchical arrangement of barriers,
where larger basins are separated by high barriers, and
smaller basins within each larger one are divided by
lower barriers. The geometric structure that establishes
taxonomic, relationships between these elements is re-
ferred to as «ultrametric» [31]. The self-similarity of
the function U(x|y) is evident from Fig.5, where we
have plotted a set of curves U(x) at various values of
y. To enhance visualization, the curves at different y
values (ranging from 0.003 to 0.05) have been vertically
shifted.

It is worth noting that the form of the generic po-
tential U(z|y) closely resembles the potential between
different energetic minima in a magnetic cactus [43].
We have discovered that the alignment between Fig. 5
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yk+2< yk+1

yk+3< yk+2

0.2 0.4

0.

6 0.8 x

Fig. 5. Set of plots of U(z|y) on x taken at different values of y in the region 0.003 < y < 0.05. For better view the curves for
different y are shifted in the vertical direction. As smaller y as more generations of peaks are proliferated

and Fig. 3 in the paper by [42] goes beyond mere coin-
cidence. By considering a more general potential of the
form W(zly) = UP(z|y), where 0 < p < 1, and iden-
tifying a with Q/(27) (see [42]), it becomes possible
to fine-tune the parameters y and p to precisely match
W (z|y) with the shape of the energetic barriers between
equilibrium configurations of the magnetic cactus. This
alignment leads us to hypothesize the presence of sad-
dle structures in the potential describing the magnetic
cactus, akin to the one depicted in Fig.2 a. As previ-
ously noted, the very occurrence of the BKT-like tran-
sition is determined by the saddle-like topology of the
B-function near the bifurcation points. Therefore, a
model system such as the magnetic cactus holds signif-
icant promise as a testing ground for exploring BKT
transitions.

The variables x and y in the potential U(z,y) are
combined in one complex variable, z = = + iy, play-
ing a role of a modular parameter. It has been men-
tioned in the Introduction that typically the real part,
x, has a sense of a «topological term», while the imag-
inary part, y, deals with the contribution coming from
the «disordery. Besides, the potential U(x,y) has been
constructed in a purely geometric way, and if the co-
ordinate x has a rather clear topological sense since it
is related to the winding angle « according to (6), the
meaning of the coordinate y as a disorder is far from
obvious. To establish the connection of y with the dis-
order we demonstrate that the function /—U(z, y) has
an interpretation as a spectral density in a well-known
model of a spectral statistics of random walks on en-
semble of intervals of length n (n = 1,2,3,...), and n is
distributed exponentially with the density

Qn(ﬁ) - (6'6 — 1)€_Bn.
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It is shown below that the corresponding spectral den-
sity, p(A\,B) coincides with the properly normalized
value

W(.Z',y) = _U(l‘ay)

where the following change of variables is implied:

Ir = — arccos
™

,2<A<4, y=yg(B)

(the function g(3) will be discussed below). This rela-
tion allows to establish a clear-cut view on the link of
y with the disorder strength, f3.

So, consider the spectral statistics of a discrete
Laplace operator, L, on the interval of length n with the
periodic boundary conditions. Our desire is to compute
the spectral density p(A) of L on the ensemble of ran-
dom intervals distributed with the probability density
Qr(B), which is nothing else as a discrete formulation
of the random walk trapping problem on ensemble of
random intervals [43,44]|. The spectrum of the n x n
periodic three-diagonal Laplacian matrix, L, x, with
entries

[@ii =2, Giit1 =Git1, =1, a;; =0,

otherwise({i,7} = 1,...,n)],

reads

mj

Ajn =2 —2cos ,
’ n+1

1<j<n (36
The spectral density p(\) of the ensemble of n x n pe-
riodic random matrices L,,«, can be written in a form
of a resolvent:
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n m

DD 6= Ajm)

m=1j

p(A,B) = lim =

( »

n m 1
= lim — m _—
i 3 Qu() Y y e 67
e—0 m=1 j=1 Js

where (...) means averaging over the distribution
Qm(B) = (e —1)e™P™ and the identity
5(z) ! lim Im (38)
==1
Tes+0 T — 1€
is used to regularize the d-function in (37). Substi-

tuting (36) into (37), we find the following expression
for p(N):

p(A.B)
1.0
B=7x10"
08
0.6
0.4

0.2

A
0.5

1.0

15 20 25 3.0 35 4.0
(a)

W(Ly)

1.0

0.8

0.6

0.4

0.2

n s rumt ra— 7 T f palaam el 7 }\l
15 20 25 30 35 40
(b)

Fig. 6. a — Plot of the function p(\,3) for n 200,

B8 =7x10"2. b— Plot of the function n = 200, 8 = 7x 1072

for y = 10~*. The parameters 3 and y are adjusted to provide
one and the same «resolution cutoff»

05 1.0
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e(e? —1)

p(A,B) = lim —

n— oo

e—0

X

m

X i e pm Z
m=1

j=1 ()\—2+200s

1

(39)

N
wfil) + &2
The function p(A, 8) lies in the interval [0 < A < 4],
is symmetric and has maximum at the point A = 2.
The spectral density p(A, ) in Eq.(39) matches at
0 < 8 < 1 the function W (z,y)

< >1/2 \/7 In (y1/4|7l(1'+iy)|) (40)

under the following change of variables in (40):

1 A—2
I = — arccos ,
T 2

12y
T

W(z,y)

Y= g(ﬁ) = h(n,e)ﬁ,

where h(n, €) is some function of n and & (but not of 3),
and 0 < g < 1. To see this matching, it is convenient
to compare the normalized functions,

~ ~ p(\B) WA, y)
PNB) = o =2,y WA=27)

In Fig. 6 a, b we have plotted the normalized functions
p(\, B) (panel (a)) with the following set of parame-
ters: m =200, 5 =7-10"2, and n = 200, B =7-10"2
(panel (b)) for y = 10~*. The values 8 and y are ad-
justed in such a way that both plots provide one and
the same «resolution cutoff» (i.e., number of smallest
peaks which can be still resolved).

W\ y) =

The parameter y in (40) has a sense of a «resolution
cutoff» of the Dedekind relief. The relation between the
strength of the disorder, 3, and the cutoff, y, can be
established using the following qualitative arguments.
On one hand, the maximal denominator in (39), n, de-
fines the total number of peaks that can be resolved,
Nmaz- Lhe corresponding resolution cutoff can be es-
timated as n,nq:8 ~ 1. On the other hand, the cutoff
y in (40) can be estimated as y ~ 1/Npmas. Thus, in
the limit 8 — 0 one has a relation y ~ . Thus, the
variable y at y — 0 can be interpreted as an effect of
a disorder: as more pure the system (8 — 0), as more
detailed fractal structure in Fig. 6 (see also Fig.5) can
be seen.
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JIMYHO WJIK 110 9JIEKTPOHHOM movre B orckanuposanuoM suje (PDF daiibr).

ITo Bcem BOIIpOCaM MOZKHO O6paH_LaTbCH B peJaKINIO.

Ajpec: 117334, Mocksa, yi. Koceiruna, 1. 2, Penakiusa 2KQTO

E-mail: jetp@kapitza.ras.ru Tesedpon: +7 (499) 137 56 22
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K CBEJEHVIO ABTOPOB

Penakmusa 2K9T® npocur aBTOpOB 11pu HAIIPABJIE-
HUU CTaTeil B IeYaTh PYKOBOJCTBOBATHCs IIPUBEJIEH-
HBIMU HUYKE [IPABUJIAMHU.

1.

e n3J102KkeHNe OPUTMHAJIbHBIX HayYHbBIX PEe3yJIbTaTOB,

B ZK9T® nybaukyrorcs craTbu, COIEpKa-

He OIyOJIMKOBAHHBIX U HE IPEIHA3ZHAYEHHBIX K Iy0Jin-
KAl B JIPyTOM MecTe. B OTIebHBIX CiIydasX IO 3a-
Ka3y PeJIKOJUIErNH IyOJUKYIOTCS aKTyaJIbHbIE CTATbhU
0030pHOroO Xapakrepa.

2. Crarbu JOJKHBI OBITH U3JIOXKEHBI C IIPEJIE/Ib-
HOI KPaTKOCTBIO, COBMECTUMON C ACHOCTBIO M3JIOXKe-
HUsl, 1 OKOHYATEbHO oOpaboranbl. Cieryer nzberarnb
[MOBTOPEHUsI JIAHHBIX TabJINI[ Wi I'PapUKOB B TEKCTE
CTaTbH, & TAKIKE [IPEJICTABICHUS IUCJICHHBIX PE3Y/IbTa-
TOB B Bujie TabsuIl u rpadukos ogHoBpeMmenno. He cire-
JIyeT 3JI0YIIOTPEDJISATh BBEJIEHIEM HOBBIX aDOpeBHATYD
B JIOIIOJTHEHUE K OOIMENPUHATHIM, TakuM Kak AMP, YO
U T. .

3. K crarbe HEOOX0MMO mpmiiaraTb KOPOTKYIO aH-
HOTAIMIO, B KOTOPOU JOJIZKHBI OBITH YETKO ChOpPMYJIU-
POBaHBI [eJIb U PE3YJIbTAThl paboT (AHHOTAIIUS U Pa3-
Jiest «BbIBOJIbI» HE JIOJIKHBI JIyOJIUPOBATD JIPYT JIPYTa).

4. Pegaxkmus MIpUHAMAET CTATHU:

a) 10  SJIEKTPOHHOI
JETP@kapitza.ras.ru;

6) B «on-line» pexkmume Ha BeG-CTpaHHIlE YKypHAJIA

IIo4dre 110

aapecy

(www.jetp.ac.ru);

B s/1eKTpoHHOM BapuaHTe TEKCT JOJIZKEH OBITH e/l
craBiied B ¢opmare WTEX wmim Word, pucynkm —
B dopmare EncapsulatedPostScript (x.eps), xaxprii
PHUCYHOK OTJIe/IbHBIM (aitiiom. B Tom cirydae, ecnu cra-
Thsl MOCBLJIAETCH IO JIEKTPOHHOM [TOYTE, TEKCT JOJIZKEH
OBITH TIPEJCTABJICH JIOTOJHUTEHHO B (hopmare pdf.

5. Ilomcrpounble mnpuMedaHUs TOJKHBI
CILIOIIHYIO HyMepaluio 1o Bceit cratbe. [lutupyemast
JIITEPATyPa JIOJIZKHA JIABATHCA HE B BUJIE I1OJICTPOYHBIX

nMEeThb

npuMedaHuii, a OOIIUM CIIUCKOM B KOHIIE CTATHH C yKa-
3aHUEM B TEKCTE CTATbU CCHUIKH IOPAIKOBOM 1mudpoii
B IPsIMBIX CKOOKax (Hanmpumep, [1]). JTureparypa gaer-
Cs1 B TIOpsIIKE YIIOMUHAHUA B cTaThe. [lopsamok odpopm-
JIEHUS JIATEPATYPBI BUJCH U3 CJAEYIONUX IPUMEPOB:

201

. B. B. Bepecrenkunii, E. M. JIudmmw, JI. I1. ITura-
eBckuii, Keanmosasn snexmpodunamura, Hayka,
Mocksa (1984), c. 1.

. A. M. Ceprees, P. 1. Yepnosa, A. 9. Cepruenko,
OTT 30, 835 (1988).

. R. Brewer, J. M. Faber, C. N. Malleson et al.,
Phys. Rev. A 18, 1632 (1978).

A. N. Stirling and D. Watson, in Progress in Low
Temperature Physics, ed. by D. F. Brewer, North
Holland, Amsterdam (1986), Vol. 10, p. 683.

. K. 1. 'pomos, M. 3. Jlaumcoepr, B c6. Tes. doka.
X Bcecowsn. xoug. no gusuke Hu3KuT memne-
pamyp (Tamxkent, 1986), Hayka, Mocksa (1987),
c. 434.

. M. P. Elliot, V. Rumford, and A. A. Smith,
Preprint TH 4302-CERN (1988).

JI. H. IMajmumosa, A. C. Kprokos, IIpempust
oA NeP-16-22 (1987).

. H. B. Bacunnwes, Hucc. ... kaug. dus.-maTem. Ha-
yk, MI'V, Mocksa (1985).

. A. Fang and C. Howald, E-print archives, cond-
mat,/0404452.

6. Bce pucyHK® 0/KHBI OBITH BBIIOJHEHBI 9ET-
KO, B popmaTe, 006eCednBaroeM SICHOCTb TOHUMAaHUSI
Beex gierasieit. Hajmuen wa pucyHKax cjeiyer 1mo Bo3-
MOKHOCTH 3aMEHATDH I pamMu 1 OYKBEHHBIMI 0003Ha~
YEHUsIMU, Pa3bsICHIEMbIMU B IOJIINCH K PUCYHKY WJIU
B TEKCTe.

7. Pepmaxmus 1moceliaer aBTOpPY OJHY KOPPEKTY-
py 1o 3JeKTpoHHO# moure B Bume *.pdf-daitma. Cou-
COK HUCIIPABJICHUIT JOJIZKEH OBITH OTIPABJIEH aBTOPOM
Ha 3JIEKTPOHHBIN ajipec KypHaJia B TeYeHNe HeJeJIn.

9. K pykonmncu HeoOXOMMO IPUIOKHUTH 3JIEKTPOH-
ublit agpec (e-mail), mouToBbIil agpec mecra pPabOTHI
¢ WHJEKCOM, (PaMUIUIO, MMOJHOE UM U OTIECTBO AB-
TOpa, ¢ KOTOPBIM MPEJINOYTUTEIHLHO BECTH IepeIncKy,
a TaK»Ke HoMep KOHTaKTHOro TeJjedoHa.
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