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B pabote nmokasaHo, 4YTO UHTErpajibHOE TOXAECTBO, MojydeHHoe B padote [.E. AnylmkuHcKoit u
C.W. PenrHa 1151 IpUOIMKEHHBIX pELIeHU OUTapMOHMYECKOM 3a1a4y ¢ IPENSITCTBUEM, YIOBJIE-
TBOPSIOLIMX MOTOYEYHOMY OrpaHMYEHUIO Ha BTOPYIO TUBUPTEHIIMIO, CIPABEIJIMBO IJIsSI MPOU3-
BOJIBHBIX IPUOIMKEHHBIX pelreHuii. C MOMOIIBIO 3TOTO pe3y/ibTara IoJydeHa HOBask OLIEHKA Mephbl
OTKJIOHEHUSI MPUOJMXKEHHBIX PELICeHUIA OT TOYHBIX B Cily4yae, KOrjaa MpUOIMKEHHbIC PEIICHUS He
YIOBJIETBOPSIOT IOTOUEUHOMY OTPAHUYEHMIO Ha BTOPYIO IUBUPTEeHLIMIO. bubi. 5.

KimoueBble ci10Ba: BapuallMOHHasI 3a7a4a, OLIEHKU OTKJIOHEHUSI OT TOYHOT'O PEIICHMUSI.
DOI: 10.31857/S0044466923030031, EDN: DXXEPD

B pa6orte [1] paccMoTpeHa 3amaya MUHUMHA3ALIT GYHKIIMOHAIA

J(v) = j(%|Avl2 - fv)a’x S min, veK, (1)

Q
ZO}’

e Q — orpannyeHHast 06;1acTb B R ¢ umumneBoii rpanuueil 0Q 1 eqMHIYIHOl BHELIHEH HOPMAIBIO
Vv, f 1 ¢ — 3agaHHble PYHKIIUU Takue, 4yTo f € L,(Q), Cz(ﬁ) 1 G(x) <0 Ha 0Q.

Ha 3aMKHYTOM BbIITYKJIOM MHOXKCCTBC

K={e H}(Q):v>0ms. B, HIQ = {v e HX(Q): vy, = 3_v
VioQ

M3BecTHO, uTO 3amaya (1) uMeeT eIMHCTBEHHOE PEellIeHUE U € H130C(Q) N I/Vlf,’:’(Q) (em. [2], [3]), mpu-
yem
Au—-FHu-0=0, Au>f, u=2d6 B Q
OTMeTHM cpa3zy, 4To AJIsl TOTO, YTOOBI MHOXECTBO K OBIJIO HEMYCTO, Ha (PYHKUMIO ¢ HEOOXOIUMO
HAaJIOXKUTh TOTIOTHUTEIBHOE YCIOBUE Ha rpaHuile d€2 wiu BOIu3u Hee. MHavye, HampuMmep, B cydae
X
Q=(11)cR u ¢x)=1-x" w151 m060it byHKIIHN v € H (Q) nMeeM v(x) = j (x —EW"(E)dE =
-1
= o(x + 1) mpu x — —1, YTO HECOBMECTHUMO C YCIOBUEM V = O T1.B. B {2. B KauecTBe yITOMSIHyTOIO ycio-

BUS MOXHO B34Tb O(x) < C (dist(x,BQ))2 st x € Q, rie C > 0 — HeKOTOpast KOHCTaHTa, WiK d0/dv > 0
Ha MHOXecTBe dQ2 M {x : ¢(x) = 0}, eci HOpMaJIb V OIpenesieHa BO BCeX TOUKax 3TOro MHoxkectBa. To-

Dpagora soimontena npu (UHAHCOBOM Momaepkke MUHUCTEpCTBA HAYKU U BbIcIIero oopazoBanus Pecnyoauku Kazaxcran
(rpant AP14869246).

351



352 BECOB

raa 3JieMeHTOM MHoOXecTBa K OyaeT, HarpuMep, C'p2 ¢ noaxopsueit koucranroi C' > 0, toe p — pe-
IyJIIpM30BaHHOE paccTosHue 10 02 u3 [4, m1. VI, § 2, Teopema 2].

B [1] BBomuTCs Takxke npoctpaHcTBo H (L, divDiv) ={y e L, (M, @y - divDivy € L,(Q)} dyHk-

sym
dxd _ pd(d+1)/2

LU CO 3HAYEHUSIMU B IPOCTPaHCTBE M, = CUMMETPUYHBIX (d X d)-MaTpuil.

Huns (ennHcTBeHHOTO) pelieHus u € K 3agauu (1) B [1] monyyeHo cieayioliiee MHTErpajbHOE TOX-
TIeCTBO.

Teopema 1 (cm. [1, Teopema 2.1]). Ilycmb ue K — pewenue 3adauu (1). is awoboil ynkyuu
y*e H(Q,div Div) makoii, umo

divDivy*(x) = f(x) npune xef), 2)

u noboil pynkyuu v € K cnpasediuso mocdecmeo

B + 7 = |V VY =+ i (divDivy* = /)(v - )dx, (3)
ede

hw) = IV V@ =, + 50, w0 = Sl =y, 1507

CYyMb Mepvl OMKAOHeHUs PYHKYuUil v u y* om mounwsix peutenuii u u p* 3adauu (1) u conpsaxcennoil 3adauu
(cm. [1]) coomeemcmeaenno,

Uy(v) = j (div DivVVu — £)(v — u)dx — j [DivVVu - vy (v — u)ds,
{u=0} T,
[-] — ckauox coomeemcmeyroweii eauuunvt Ha epanuue I, mexncdy obaacmamu {u = O} u {u > ¢},
Wi = [ (divDivy* = f)w - ¢)ax.
{u>0}

Hanee, kak 3ameueHo B [1], yciaoBue (2) HeymoOHO IS NPUIOKEHUM 1 XOTEJI0Ch OBl UMETh OLIEHKY
BEJIMYUHBI WW(V) + W¥(y*) n1st moobix pyHkuuit y* € H (L, div Div), a He TOJIBKO 1151 y*, yIOBJIETBOPSIIO-
mux yciaoBuio (2). Takas olieHka mojiydeHa B [1] B ciemyioieM Bue.

Teopema 2 (cMm. [1, Teopema 2.2]). Jlna arobvix gpyukyuii y* € H(Q,divDiv) u v e K u npoussoavrhoeo
yucaa B € (0,1] umeem

SRV, = )+ a0 50 < . @

2de
My, y*,B) = %(1 +BVVy -y, + 2%0}3 ¢/ —divDiv y»),[; +
+ I(div Div y* — f)(v — 0)dx,
Q

Cr — koncmanma u3 Hepasercmea Ppudpuxca ons obaacmu L.

Ha camoM Jnejie HeclIoXKHOE paccyXIeHne MOKa3bIBaeT, UTO caMa TeopeMa 1 cripaBeninBa IS JIio-
obix hyHkuuit y* € H(Q,div Div) (T.e. orpaHrnueHue (2) MOXHO CHSTh yXe B TeopeMe 1) 1 1151 1IoObIX

dyHKIU v € HO2 (Q) (aHe TonpKO WIsA v € K).
Teopema 1'. ITycmb u € K — pewenue 3adauu (1) u p* — pewenue conpsaxcernoil 3adaqu. Toeda oas aro-

ovix ynkyuil y* € H(Q,divDiv) uv e H02 () cnpasedauso moucdecmeo (3).

N o 2
HJoka3zarenbcTBo. B cuny miiotHoctu pyukuuii us C, (€2) B Hj)(€2) TeopeMy 10CTaTOYHO 10KA3aTh 151

v € Cy (). 3adukcupyem npousBosbHbie GyHknu y* e H(Q,divDiv) u v e Cy (Q). Iycts C > 0 —
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Ob MHTET'PAJIbHOM TOXIOECTBE U OLIEHKE OTKJIOHEHHUA 353

Takash KOHCTaHTa, 4To (x) < C(p(x))2 (cm. BoeIE) U |v(x)| < C(p(x))2 npu Bcex x € Q. PaccMoTpum

dbynkumu v, = 3Cp2 € HO2 Q) u y§ € H(Q,div Div) Takyio, 4To

div Div y§(x) = 2| f(x)| +|divDivy*(x)] mpumb. xe Q

(Jterko mokasatb, YTO Takast (pyHKIUsI y§ CYIIeCTBYET, TOCKOJIBKY MpaBasi YaCTh HEPABEHCTBA 3/1eCh U3
Ly(Q)), v ycTh v, = vy — (v, — V), ¥ = y — (¥ — y*), t € R. Torma v, € Hy(Q), y* € H(Q,div Div),
npuyeM TipH [¢| < 1/2 BBITTOJHEHBI HEPABEHCTBO v, > ¢ u yciosue (2) s y;. [Toatomy B cuity Teope-
MblI | 115t v, vy iipu |¢| < 1/2 cripaBemyuBo ToxnecTso (3). Ho st v, u y 06e yactu Toxxnectna (3) siB-
JITIOTCSI MHOTOUYJIEHAMU BTOPOM CTEIEHH 110 ¢. PaBeHCTBO IBYX MHOTOWIEHOB ITpH Beex |f| < 1/2 o3Ha-
YyaeT TOXIECTBEHHOE PAaBEHCTBO ATUX MHOTOUJIEHOB MpPU BcexX 7, a 3HaUuT, unpu ¢t =1. Honpu ¢t =1
nMeeM v, = v u y = y*. Teopema nokazaHa.

B yacTHOCTH, B MOneNibHOM 3aaave u3 [1], pa3n. 3 wisa hyHKuuu 7* ycnoBue (2) HapylieHo. Tem He
MeHee TOXIeCTBO (3) coxpaHsieTcsl, YTO MOXHO MPOBEPUTH, BBIUMCIUB BCE MHTETpaiibl (Harpumep, ¢
IIOMOIIBIO OHJIAMH-KalIbKyasaTopa [5]):

5632 , 1376 _ 12512

_ 160 , 896 _ 1376 _ w _
V)= —t ===, V) = , n*) =172,
Wo(vy) 3 9 9 w(v) 45 9 45 We (77%)
1
872 3392 1 e _ 26368 e 133024
*m*)=—=—=+T72 ===, —|v-i, =——, " = (v, — P)dx = ———,
Wi 35 35 2” ., 567 j( D=0 405

TaK 4To 00€ yacTu ToxaecTBa paBHbl 118 112/315 = 374.9587 (B BbluMcCieHUE UHTErpaioB B [1] BKpa-
JIMCh HEKOTOPBIE OIIMOKHM, TaK YTO B HepaBeHCTBe (3.6) u3 [1] cBoOGOAHBIE OT 3 WieHBI ClieBa U CIpaBa
JIOJDKHBI OBITH paBHBI 374.9587...).

Takum obpa3om, B BUe TeopeMbl 1' MBI mojiydaeM ycuiieHue ooeux teopeM 1 u 2 u3 [1]. JdeiicTBu-
TeJILHO, CpaBHEHMeE TeopeM 1' 1 1 oueBUIHO, a IJisd CpaBHEHUS TeopeM 1' 1 2 1OCTaTOYHO 3aMETUTh, UTO
JieBasl 4acTh HepaBeHCTBa (4) CTpoOro MeHbIIIE? IEBOI YaCTH TOXIECTBA (3) (xoadhuLIeHTHI TPU KBaI-
patax L,-HOpM yMeHbllieHbI Ha [3/2), a IpaBasi 4YacTh HepaBeHCTBa (4) CTPOro GoJIbIIIe MPABOM YacTh
Toxnaectsa (3) (momumo yBenndeHust Ha 3/2 koadduiieHrta npu kBaapare L, -HOPMbI, 100aBJICH elile
OIVH HEOTPULATENbHBIA WiIeH — KBaapaT HOpMbl paszHocTu (f — divDivy*), ¢ koadduumreHToM

3Cr/(2B)).

OnHako cienyeT OTMETUTD ellle OAMH MOMeHT. OCHOBHas 11eJb HepaBeHCTBa (4), KaKk U TOXIe-
ctBa (3), — NOJIYyYUTh OLIEHKY OTKJIOHEHUS MPUOJIMKEHHBIX PELIEHUI OT TOYHBbIX. I1py orpaHnyeHun
(2) (m v € K) Bce uneHbl B JIeBbIx YacTsx (4) u (3) HeoTpullaTeJibHbI, [TO3TOMY BCE 3TU JIeBbl€ YACTH WU
K€ TOJIbKO CYMMY KBaJpaToB L,-OTKJIOHEHUI (CyMMy B CKOOKax B JIEBOI 4acTu (4)) MOXHO paccMar-
pUBaTh Kak Mepy OTKJIOHEHMsI, OlleHKa KOTOPOoii (IMpY MCII0JIb30BaHUU HEpaBeHCTBA (4)) Win Xe ToY-
HOE 3HaueHue (IIpY UCTOJb30BaHUM TOXAECTBa (3)) naeTcs MpaBoii YacThblo (HepaBeHCTBRA (4) WK TOX-
nectBa (3) cooTBeTCTBeHHO). [1py 3TOM BCe yuacTBYIOIIIME B OLIeHKE (DYHKIIMU U3BECTHBHI (B OTJIMYME OT
TOUYHBIX pellIeHUI, KOTOPbIE B O01IeM Clydyae HEU3BECTHBDI).

Ho npu chaTum orpannyenus (2) wieH Wg(y*) MOXET NePECTaTh ObITh HEOTPULIATENBHBIM, U €10 YXKE
He cJieflyeT BKJII0YaTh B Mepy OTKJIOHEHUs. UTOOBI MOJIyYUTh HEPABEHCTBO, KOTOPOE MOXHO UCITOJb30-

BaTb B IIPUJIOKEHU X, JaHHbIN YJIEH HY>KHO OI€HUTDH CHU3Y. HaHpI/IMCp, 9TO MO2KHO CAEJIaTb TaK3Z

2 Ecin TONBKO 06€ YacTH TOXIECTBA He o0panialoTcsl B HyJlb, 4YTO BO3MOXHO TOJIbKO TIpU v = u U y* = p*. Ho v u y* pac-
CMaTpUBAIOTCSl KaK MPUOIMKEHHBIE PEIlIeHUs], KOTOPble Mbl BEIOMPAaeM U TOUHOCTb MPUOIMKEHUST KOTOPBIMU XOTUM OLle-
HUTb, TO3TOMY BBIOOD u = v U p* = y* o3Hayas Obl (PaKTUYECKU, YTO HAM U3BECTHBI TOUHbIE pellieHus 3anayu (1) u conpsi-
JKEHHOM 3aJIa4u.

3B KOHKPETHBIX MPUIOXEHHUSIX MOXKET ObITh U3BECTHA KaKasi-TO IOMOJIHUTEIbHASI UH(MOpMAaLUs O MOBEIEHUU TOYHBIX pellie-
HUI1, KOTOpast MOXET TTOMOYb TTOJTyYNUTh 0OJIee TOYHYIO OLIEHKY 3TOTO WieHa.
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M) = [ (@ivDivy* = £).(u — 0)dx + [(divDiv y* - £)_(u — 9)dx =
Q Q
= j (divDiv y* — £),(u — d)dx + j (div Div y* — ) (u — v)dx +
Q Q

+ j (div Div y* — £)_(v — b)dx > j (div Div y* — f),(u — d)dx +
Q

Q

+ j(div Div y* = £)(v = 9)dx — |(div Div y* = )|, CGZ[VV@ =), =

Q

> j (div Div y* — f),(u — d)dx + J-(div Div y* — f)_(v — ®)dx —
Q Q
Cy N 2
_ 2_E"(f —divDivy )+||1Q - 5||VV(u - v)||L2 ,

rne (a). = —(—a), := min{a,0} u § > 0 — nmpousBosIbHAsI KOHCTaHTa. [T03TOMY U3 TeopeMbl 1' ToTydaem
ciemyloliee HepaBeHCTBO.

Teopema 2'. ITycmb u € K — pewenue 3adauu (1) u p* — pewenue conpsaxcennoii 3adauu. Toeda ons aro-

ovix ynxyuil y* € H(Q,divDiv) uv e HO2 (Q) u ar0boeo B € (0,1) cnpasedaueo Hepasencmeo

DI, e  amDiv -oies
Q

\ ®)
< %”vvv -y + j (divDiv y* — ), (v — d)dx + S—E”(f ~ divDivy*) [
Q

3aMeTuM, 4TO 3/IeCh yKe B JIEBOU YaCTU BCE YJIeHbl HEOTpUILIATeIbHBI (ITPU YCJIOBUM v € K) B OTJIU-
yre OT HepaBeHCTBa (4) B TeopeMe 2, rae 3HaK 4ieHa uif(y*) anpuopu HeusBecTeH. [Ipu 3ToM JeBast
yacTb HEpaBeHCTBa (5) 3aBeIOMO He MEHbIIIe JIEBOU YacTu HepaBeHCTBa (4). [ToaToMy B KauecTBe Mephbl
OTKJIOHEHUSI PYHKIMK v € K U y* OT TOUHBIX pellleHUl u U p* COOTBETCTBEHHO 0o0Jiee eCTECTBEHHO
paccMaTpHMBaTh JIEBYIO YaCTh HepaBeHCTBA (5), HeXeIu JIEBYIO YacTh HepaBeHCTBA (4) U3 TeopeMBbl 2.
Mnu xe B KauecTBe TaKOU Mepbl OTKJIOHEHUS MOXKHO paccMaTpUBaTh TOJILKO MEPBbIE 1Ba YJeHa B JIEBOI
yacTu HepaBeHCTBa (5). Torma HepaBeHCTBO (5) HEMEIJIEHHO JaeT OLIEHKY TaKoil Mephl Yepe3 U3BeCT-
Hble (DyHKIIMU (TTOCKOJILKY TPETUIA U UeTBEPThIi WIEHbBI B JIEBOU YacTu (5) 3aBeIOMO HEOTPULIATEIbHBI
v e K).

OTMeTUM TakKe, 4YTO €CJIM BBITIOJIHEHO ycJioBUe (2), TO MOCAeIHUH YieH B (5) oOpalliaeTcs B HYJIb U,
yeTpemitsisi B K HyJTio B (5), mosydaeM ToxXaecTBo (3) (TouHee, Mojy4aeM HEPaBEeHCTBO, Y KOTOPOTO 06e
YacTU COBMANAOT C COOTBETCTBYIOIIMMHU YacTsIMU ToxaecTBa (3)). Takum obpa3zom, MOXKHO caelaTh

BBIBOJI, YTO 4eM MeHblIe [,-HopMma dyHkuuu (f — div Div y*), (kKoTtopas ¢dakTuyecky MOKa3bIBAET,
HACKOJIbKO CUJIbHO HapylleHO ycioBue (2)), TeM 0oJjiee TOYHYIO OLIEHKY OTKJIOHEHMUS TaeT HepaBeH-
cTBO (5) (TTpu moaxosiieM BeIGope [3).

ABTOp BBIpaxkaeT 61arogapHocTh AHApeto [eHHagbeBUYYy KyIMKOBCKOMY M pElIeH3CHTY 3a TT0JIe3-
HbIE 3aMeYaHUsI.
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