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Ipennaraercs yHUGUIIMPOBAaHHBIN aHAIN3 METOMIOB JIJISI TAKOTO IIMPOKOTO Kjlacca 3a1ay, Kak Ba-
pUAaLMOHHbBIE HEPABEHCTBA, KOTOPBIN B KAYECTBE YACTHBIX C/IydaeB BKJIIOYAET B CeOsl 3aMa4i MUHM-
MM3allMK U 3aa9i HaXOXIeHUs cemioBoii Touku. [IpeniaraemMblii aHaIM3 pa3BUBaeTCs HA OCHOBE
SKCTPAarpagrMeHTHOIO METOA, SIBJISIOIIETOCs CTAHAAPTHBIM Ul PEIIeHUs] BapUallMOHHBIX Hepa-
BeHCTB. PaccMaTpuBarOTCSI MOHOTOHHBIM M CMUTbHO MOHOTOHHBIH ClTydau, KOTOPBIE COOTBETCTBYIOT
BBIITYKJI0-BOTHYTBIM M CHJIBHO-BBIIYKJIO-CHJIBHO-BOTHYTBIM 3aJa4aM HaXOXICHUsI CEIUIOBOM TOY-
ku. TeopeTnueckuil aHaaIM3 OCHOBAH Ha MapaMeTPH30BAaHHBIX MPENNOJOXKEHUAX IJIs UTepaIvii
SKCTparpanreHTHOro Merona. CiaemoBaTeIbHO, OH MOXKET CIIy>KUTh IIPOYHOM OCHOBOA [Tt 00benm-
HEHMS YKe CYIIECTBYIOIINX METOIOB Pa3IMYHBIX TUIIOB, a TAKXKE JJIST CO3MaHUST HOBBIX aJITOPUTMOB.
B yacTHOCTH, YTOOBI [TOKA3aTh 3TO, MBI pa3pabaTbiBaeéM HEKOTOPhIE HOBbIE HAIEXKHBIE METOIBI, B
TOM YHCJIE METOJI C KBAHTU3ALIMEN, TOKOMITOHEHTHBII METO, pacipenesieHHbIe paHAOMU3UPOBaH-
HbIE JIOKAJIbHbBIE METOIBI U Ip. BOJBIIMHCTBO M3 YIIOMSIHYTHIX ITOIXOMOB MPEXIe HUKOIIa He pac-
CMaTPUBAJTUCH B OOIITHOCTU BapHALIMOHHBIX HEPABEHCTB U MIPUMEHSIITACH JIWIIb IJIs 32124 MUHUMU -
sauuu. CTaOMIIBHOCTh HOBBIX METOIOB ITONTBEPKIAETCS IIPEAOCTABISIEMbIMU YUCIACHHBIMHU 9KCIIe-
puMeHTamu o obydyeHuto moneiieit GAN. bu6:. 35. @ur. 3. Tao6a. 1.

KiroueBble cj0Ba: 3KCTparpagdeHTHBIM METOHN, CTOXaCTUYECKHME BapuallMOHHbIE HEepaBEeHCTBA,
KBaHTU3ALMS, PEAYKIIUS TUCIIEPCUM.
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1. BBEAEHHME

OcHOBHasg MOCTaHOBKA 3aa4y, paCCMAaTPUBAEMOI B HACTOSIIIEH CTaThe, - pellieHNEe BapUallOHHO-
ro HepaBeHcTBa (BH) — uMeer ciaemytomnimii Bum:

Haiitu z¥e ¥ Takoe, 4TO (F(z*),z - z*) +h)-hz* =20 Vze %, (1)

e iR 5> RuU {+eo} — ToOmXomsIIAs IMOJIYHETIPEPbIBHASI CHU3Y BBIITyKJas (byHKIUS, F: R > RY —

d
orepatop, ¥ — HemycToe 3aMKHYTOE BBIMTYKJIOEe MOAMHOXeCTBO R .

IMpuBeneM cpaszy HEKOTOPHIE KJTACCUIECKUE IIPUMEPHI 3a11a4, KOTOPBIE MOTYT OBITh IPEICTABICHEI B
Buze (1).

Dpagora seimonnena npu huHaHCOBOM momaepxke MuHo6pHayku P® (roczamanue) Ne 075-00337-20-03 (mpoekt 0714-
2020-0005).

189



190 BE3HOCHUKOB u np.

3anaya Munummusamum. [lojioxxuM, uyto F(x) sBJSIeTCS TpaIUEHTOM HEKOTopoi (GyHKIUMU f(x), a

d
h(x) = 0y (x) — nHAMKaTOpHast pyHKIMS MHOXecTBa & . B yactHocTh, npu ¥ = R, x* € ¥ saBisiercs
pemenrieM (1) Torma u ToabKO Torma, Koraa Vf(x*) = 0. B ciaydyae BBITyKIIOM (PYHKIIUM €My COOTBET-
CTBYET IT100aJIbHBIN 9KCTPEMYM.

3anaua naxoxaenus ceaoBoii Touku (CT). PaccMoTpuM MUHHMMaKCHYIO 3aa4yy
min max f(x,y). (2)
xeX ye%¥

DTta 3ama4ya MOXET OBITh TakXke npeAacTaBiaeHa B Buae (1). JloctatouHo BeIOpath F U g caeayiommuMm o0-
pazoMm:

V., f(x,y)
-V, [,y

Kakus cjIy4dyae 3agayv MMHUMU3all, HCPAaBEHCTBO (1) SIBJISIETCSI HEOOXOIUMBIM YCIOBHEM OIITUMAJIb-

F(z) = h(z) = 85(x) + dgy(¥).

d, d
Hoctu. B yacTtHoCTH, eciu f(x, y) Beimykiio-BorHyTa u X = R™, Y = R™, 310 yCIIOBUE SIBIISIETCS TAKKE
M IOCTATOYHBIM, TIpPUYEM pellieHue (x*, y*) BaprallMOHHOTO HEpaBEeHCTBA TOTA SIBJISIETCS] I100aTbHOMN
CeIJIOBOI TOUKOIA:

FOHAEY) S fxy) S fley)  Vxed, yed.

OTH IIpUMepbl MOKA3BIBAIOT, 4TO Kiacc 3agad BH mocraTtoyno mupok. B yacTHoCTH, 3amay MUHI-
MU3allM1 MOTYT paccMmatpuBaThes B ooiHoct BH. Ho 00bI4HO npeanoyuTaloT MpoOBOAUTh aHAIU3 3a-
a4y MUHUMM3AlMK OTACIbHO U He3aBucuMoO. Ha maHHbBI MOMEHT aHaIu3 3a1a4 MUHUMM3A1MK pas3-
paboTaH ropasno mupe 1 nryoxe, 9em 1 3agad BH. O1o ¢cBs13aH0 co cnoxkHOoCThIO 3agaun BH: MHOTHIIE
TEXHUKN U3 MUHMMMU3ALMU ellle He MepeHEeCeHbl UM He MOTYT ObITh NepeHeceHbl Ha BH. ITosTomy
npexnue Bcero pemrenne BH nHTepecHo ¢ Touku 3peHus HaxoxaeHus: CT.

3amayn CT nMeoT MHOXECTBO ITpaKTUUYECKNX NpuiokeHni. Kak, HarpuMep, XOpoIllo N3BECTHHIC
KJIaCCUYECKME TIPUMEPhI U3 TEOPUU UTP 1 ONITUMaTBHOTO yIipaBieHus (cM. [1]). B mociaenHue romsl 3a-
payu CT cranuy IOIyasSpHBIMUA U B HECKOJIBKUX JIPYTMX OTHOLIEHUSIX. MOXHO OTMETUTh BETBb paboT,
MOCBSIIEHHBIX PELICHUIO HeTIaIKMX 3a1a4 IyTeM ux nepedopmyaupoBanus B Buae 3agaau CT (cM. [2],
[3]), a Takke mpuMeHeHMe TaKuX ITOIX0A0B K 3agauyaM o0paboTku nuzoobpaxeHuii (cm. [4], [5]). OnHako
B IICPBYIO ouepeab MHTEPECHBbI MPMJIOXEHUS CEIJIOBBIX 3aJad B MalllMHHOM oOydeHuu. KoHewHO,
npexne Bcero 3aech cTouT yrmoMaHyTb 0 GAN. B ki1accuyeckoii popmynnpoBke [6] oOyyeHMe 3TUX MO-
Jenei iBasieTCs MUHUMAKCHOM 3a1ayeii.

JloBONIBLHO OOJIbIIASI YACTh MPUKJIATHBIX 3a4a4, B TOM YMCJIE 3aJa4Yi MAIlIMHHOTO OOY4YeHUSI, SIBJISIOT-
CsI CTOXaCTUYECKUMMU, II03TOMY €CTECTBEHHO COCPEIOTOUYMTRLCS Ha CIydae, KOraa HEBBITOAHO (MJIN JaxXKe
HEBO3MOXHO) BBIYMC/IUTH MOJHOE 3HAaYeHME I'paJudeHTa U KOIJa BMECTO 3TOIO MCIIOJIb3YIOTCS HEKO-

TOpble cTOXacTUYeckue oleHKM. Hanpumep, misi ¢yHkuum usz (2), uMmeromieid Bun flx, y) =
= [Epw p,~D, [fpx,py(x, y)]. B yactHocTtH, B ciiyyae GAN f ecTb (pyHKIIMS TTOTEPD, @ IEPEMEHHBIE X U Y
WHTEPIPETUPYIOTCI KAK OTHOCSIIMECS K ABYM MOJIEJISIM: X — ITapaMeTpbl IUCKPUMUHATOPA, a y — Te-
Heparopa, p, — 00yJarolIuii MpUMep U3 peaTbHOTO HAbOpa AaHHbIX, p, — CIIYYaHbI BEKTOP, KOTOPBI
reHepaTop MCHOJb3YET IS CO3MaHMs MOMIEIbHBIX KOMUI peajibHOro Habopa maHHbIX. CTaHaapTHOE
MPEATIOJI0XKEHUE CTATUCTUYECKOTO OOYUYEHHUSI COCTOUT B TOM, YTO paclpenesieHue NJaHHbIX D, Heus-

BECTHO, a IOTOMY TOJHBIN rpaareHT V , f(x, y) He MOXeT ObITh BEIUMCIIEH, TOTAA KAK MOXHO JIETKO BbI-
YUCJIUTH TPAAUEHT JJ1s HEKOTOPBIX OTAEAbHBIX TaHHBIX. Bo3Bpalliasich K 0OCHOBHOI1 mipobiieme (1) aToii
CTaThU, MHTEPIIPETUPYEM CKa3aHHOE BHIIIE CISAYIONMIMM 00pa3oM: MPEIMOIOKUM, YTO MBI HE UMeeM
noctymna K “gectHomy” F(z), a TOJIbKO K HEKOTOPOI HECMEIIIEHHO CTOXacTHYeCKoi olieHke F(z,E):

F(2) = B p [F(2,9)]. 3

B HacToseit paboTe Hac TakxKe OyleT MHTEPECOBAaTh Apyrasi CToXxacThuueckasi IOCTaHOBKa 3aJ1a4yu
(1), aTO TOT Cciyyaii, Korma 3HauyeHue F — 3To cpeiHee 3HaYeHUe GOJIbIIIOTO Ynciia OepaTopoB:

M
1
= E ) 4
F(z) Mm:]Fm(z) 4

Takue NocTaHOBKU BO3HUKAIOT B pe3yJibTaTe MPUMEHEHUS TToAXoaa MHTerpupoBanus MoHTte-Kapio.
Hanpumep, ycts ans (2) umeercss M dacteit Habopa MaHHBIX, TOTAA MOXXHO BBIYUCIUTH IPagiUuEHThI
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YHUDUIIUPOBAHHBIN AHAJIM3 METOIOB PEILLIEHUS 191

V. (), V, f,(x,y) s Kaxnoi U3 5THX 4acTei, TOrma Kak BBIYMCIEHUE MOJHBIX IPaaMEHTOB

V.f(x,y), V,f(x,y) 6yner oueHb 10pOruM 1 MoTpedyeT MHOTO BpeMeHU. OTCI0a KaXeTCs €CTECTBEH-
HBIM BBIOMpPATh CIy4aliHbII MHAEKC M 4acTh HaOOpa NaHHBIX HAa KaXXI0H UTEpALlUU U YUYUTBHIBATb I'pa-
JUEHTHI TOJIBKO Ha HEfl. DTOT MOAXOI OOBIYHO UCIOJB3YETCsl IPU NMPAKTUYECKOM PELIEHUHU 3a1a4 00y-
YEHMUSI.

IIpuBeneHHBbIH BhIIIe B3I Ha (4) CIIpaBeMIMB B cliydyae, KOTaa y Hac €CTh TOJbKO OMHO YCTPOMCTBO
JUIST BeIumMciieHuit. OQHAaKo B Cllydae pacnpeneaeHHOro 0Oy4eHUSI MOXHO IIPOCTO OOMEHMBATHLCS JaH-
HBIMU MEXIy YCTPOWCTBAaMHU, M TOTIA KaXIOMY YCTPOICTBY OyIeT COOTBETCTBOBAaTh CBOM F,,. B Takoit
MOCTaHOBKE 3a7a4yy TAKXKe MOXHO paccMaTpuBaTh B BUje (4), HO MBI IIPEANOYTEM MEPENUCaTh ee Cle-
IYIOIIUM 00pa3oM:

F(Z)=®(Z)+MZ - Z), (5)
rae BeKTopsl P(Z) = [ET(zl),...,F,g(zM)]e RY 7z = [le,...,zL]e R"™ w Z=1z",...7 e R™ nna
— 1 M . M
zZ= 3 L1 Z,- Jlerko mpoBepuTh, YTO 3agaya MHUHUMHU3AUUMU min, [Zmzl Son(X) +

M
+ %Z 1”x’" - )?||2} cootBeTcTBYeT BH c oneparopom (5). AHanornuHo, 3agaua CT
e

M A M . M ,
min max | > £, v+ 5D 6 =7 =2 v =7
m=1 m=1 m=1

Takke cooTBeTcTBYeT BH ¢ oniepatopom (5) (kak moctpouts BH 13 3apauyn MUHUMU3alMK U 3a1a4M Ha-
XOXIEHUS CeIJIOBOI TOYKU OINMCAHO BhIle). PazoOpaBiinch B MHTYULIMU, TIEPEXOAMM K UHTepIIpeTa-
UMU: Zj,...Z, — JOKAJIbHBIE MOJEIU HA KaXIOM YCTPOWCTBE, 7 — II0OalbHAasi MOJEb, MOJIyYeHHasI
yCpeIHEHUEM BCEX JIOKABHBIX Moeseil. [TOHSITHO, 4TO HYyXXHO BLIOpAThH IMapamMeTp PEryIspu3anmu A
JIOCTaTOYHO OOJBIIUM, YTOOBI perteHus 3a1ad (4) u (5) ObUIM IPUMEPHO OOMHAKOBBIMU: Z,, = Z. Ho
HMMEET JIM CMBICI OpaTh A, MaJibIM (Harpumep, Korga A = 0, Mbl UIMEEM MPOCTO JIOKAIbHbIE MOAEN)?
Oka3sbIBaeTCs, Aa: TaKas MOCTAHOBKA 3aJa4y C MEPEMEHHOI A, 3HaUYEHUE KOTOPOI MOXET BapbUPO-
BaThCsI, MOPOANIIA LIEIYIO TEHASHIINIO B ITIEPCOHAIM3UPOBAaHHOM (pelepaTUBHOM OOy4eHUM — deaepa-
TUBHOE 00y4YeHue co cMelnuBaHueM (cM. [7], [8]). [ToctaHoBKa (5) OyAeT nocieaHei u3 opMyaupoBoK
3agauu (1), KoTopble OyayT UCCAEa0BaTbCS B paMKax MpeajiaraeMoro YyHu(uIMpoBaHHOTO aHaJIn3a.

1. 1. Dxcmpaepaduenmmoliit memod

CroxacTUUeCKN TPaTUEeHTHBIN CITyCK ITO-TIPEKHEMY SIBJISIETCSI OCHOBHBIM METOIOM MWHWMM3a-
IIUW, OH UCITOJIb3YETCs TS GOJIBIIIOTO KOJIMIECTBA 3a/1a4 MAIITMHHOTO OOYJYeHUST, HECMOTPS Ha HAJTM4I1e
6oJiee COBpeMeHHBIX MeTO0B. OCHOBHBIM e METOIOM PEllIeHUS TIaAKNX BapyUallMOHHBIX HEPABEHCTB
SIBJISIETCS DKCTparpaanueHTHBIN MeTon (cM. [9]). B TpocToM BHIe METOIBI TAKOTO poaa 3aIlTMCHIBAIOTCS
CIIEMYIOINM 006pa3oMm:

7 = prox,(2° —g"), 2 = prox,, (2" — 1", (6)

e prox,(z) = argmin, {yh(x) + %"z - x||2}. B KjaccuyeckoM, IeTepPMMHUPOBAHHOM, BapHUaHTE

k k k+1/2 k+1/2
g =Fz)ug 2= F(z W/ ). DTOT MeTOlI ONTUMAJIEH C TOYHOCTBIO 0 YMCJIEHHBIX KOHCTAHT JUIS
[JIaAKUX MOHOTOHHBIX U CUJIbHO MOHOTOHHBIX BapuallMOHHBIX HepaBeHCTB (cM. [10]). IIpuyem Ha
MMpakTUKe 3TOT METOH TOKa3bIBaeT cebsI Jydlle, YeM CIIyCK C uTepalueil OoOBIYHOTO BHIA

k+1 k k
Ve == zZ —Yg - boee Toro, U3BeCTHO, UTO METOM, O€3 JOMOJTHUTEILHOTO 1Iara pacxoguTcd i Haubo-

o k+1/2
JICC paCIIpOCTPaHCHHBIX OMIMHEWHBIX 3amay. CJ'IC}IOB&TCJ'[LHO, BBIYUCIICHUEC T / ABIACTCA KITIOYC-

BBIM. B HacToseit paboTe [1s Halllero yHu(UIIMPOBAHHOIO aHAJIM3a Mbl UCITOJIb3yeM MeTox (6) ¢ He-
CKOJIbKO 00Jiee CI0XKHOM CTPYKTYpPOIA:

k+1/2 k+

8= A -w', % = prox, (@ - 1gh), 2 = prox,(TF — g, (7)

e Wt = zk+1 C BEPOSITHOCTHIO (1 — T) mimm w' — unave. Bunno, yro mpu T = 0 BepHO wh = zk, U METO[T
(7) B Tounoctu cootBeTcTBYET (6). Meton (7) Obln BliepBbie npemioxeH B [11].
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192 BE3HOCHUKOB u np.

1.2. Om munumuszauyuu k BH

Meton SGD wucronb3yercs mis pelleHus 3aJad MUHUMU3AlMM ¢ CEpeINHBI MPOIIIOro BeKa (CM.
[12]) u ¢ Toro BpeMeHU ObLT pacIMPEeH OrPOMHBIM KOJIMUYECTBOM Pa3IMYHbIX MOAU(UKALINA. DTO Me-
TOIBI yMeHbIIeHus aucnepcuu (cm. [13]), kBanTtoBanus (cM. [14]), koopauHATHBIE MeTOOBI (cM. [15]) n
T.1. (pasnmuuable BapuaHTel SGD cMm. B [16]). B ominune ot 3aga4y MUHMMA3AlMK, BApUAIIMOHHEIE HE-
paBEHCTBA M CEeIJIOBBIEC 3a1a4M HE UMEIOT TaKOTO IIMPOKOro Habopa TEOPETUUECKUX PE3YJIbTaTOB, XOTS
6a3oBblii MeTon wis 3anauu BH u Gosee cinoxeH, v gaeT MMpPOKUiA mpocTop st TBopuyectBa. Ho B TO
K€ BpeMsl pa3BUTHE TeX Xe WIEH, UTO U ISl 3a1a4 MUHUMU3auuu, 11t BH npoucxoaut 3HauuTebHO
MeJIeHHee, B TOM YMcJie U U3-3a Toro, 4To BH 6osee 00111 1 cJToKHBI B TEOpeTUYEeCKOM aHanuze. a-
Jiee Mbl TIepevyrcIMM OCHOBHbIE TOCTUXXKEHUS B obyiacTu pelieHus: BH kacaTenbHO KOHCTpYyUpOBaHUSI
METOMOB, MOAOOHBIX YXK€E CYLIECTBYIOLIUM METOAAM MUHUMU3ALIUU.

Ba3zosbie MmeToabl. Kak oTMeuasioch paHee, 6a30BbIM MeToioM peltieHust BH siBnsieTcst akcTparpanm-
eHTHBII MeTox (cM. [9]); e1tte 6osee ob1as ero Bepcus Ha3biBaeTcst Mirror Prox (cwm. [3]). AHanu3 B cTo-
XaCTUYECKOM ClIydyae ¢ orpaHU4YeHHO aucrepcueii iryma onucat B [10]. CTouT o6paTuTh BHUMaHUE Ha
WHTepeCHbIe MOAU(UKAIIUU ITOTO METO/IA: C OMHUM JOTOJHUTEIbHBIM BBI30BOM opakyJia (cM. [17]) u
C TTIOBTOPHBIM BBIZOBOM (cM. [18]). M0oXXHO TakzKe IIPUYINCIIMTD KJIaCCUIECKNE METOIBI, OTIIMYAIOIIAECS
MO CTPYKTYpE OT BKCTparpagueHTHoro us [19], [20].

Penykuusa mucnepcun. HanpasieHne pa3padboTKu METOOOB peayKimu aucnepcuu as 3agad BH u CT
pa3BUBAJIOCh, HAUMHAasI ¢ padoThl [21], rae npeacraBieH METOI, OCHOBAHHbBIA HAa CUJIbHO BBIMYKJIO—
CUJIBHO BOTHYTBIX cemiax (cuiabHO MOHOTOHHEIX BH). Takke B [22] ObUI IpemIoskeH METO IJIsI CUIIBHO
moHoTOHHBIX BH. Hakonernr, crout BeimemTh padoty [11], KoTopas nepecekaeTcs ¢ MPOILILIMA pe-
3yJIbTaTaMM WM TIOBTOPSIET UX, MPEAOCTABJISISI METOAbI PEAYKIIMY IUCTIEPCUU IJISI MOHOTOHHBIX U CUJTb-
HO MOHOTOHHBIX BH. OT™MeTnM, 4TO npuBeAeHHBIE BBIIIE METOABI CUJIBHO OTJIMYAIOTCS APYT OT ApYyra,
0oJiee TOro, OHU JAJIEKU OT KJIACCUIECKOM penyKIUM AUCIIEPCUM IS 3a1a9 MUHUMU3AIIUH.

ITokoMnoHeHTHBIE M KBAHTH30BaHHbIEe MeToAbl. [TokoMnoHeHTHBIe MeToab! A1t 3anad CT u BH u3y-
YEHBI HE CIIMIIIKOM XOpOIIo. MOXHO BbIIEIUTH paGOTHI, ITOCBSIIIEHHBIE KOHKPETHBIM MOKOMITOHEHT-
HBIM METOJaM JJIsI KaKMX-To oTpeneaeHHbIX KiaaccoB 3amad CT (cum. [23], [24]), a TakKe paOOTHI 110 0e3-
rpagueHTHBIM MeToaaM (cM. [25]). MeToabl ke ¢ KBaHTU3aLMeH, crienuaaiu3upoBanHble ajs 3agad CT,
JIO CHX TIOp COBCEM He Mpeiarajiich.

JlokanbsHbie MeToabl. HammpaBiieHre pa3paboTKu JOKAJILHBIX METOAOB U3YYEHO COBCEM HE B TOI Mepe
(eMm. [26], [27]), Kak 3TO cnemaHo 1S 3aJad MUHUMK3aLWKU. B HacTodleil pabore MBI oGpaliaeM BHU-
MaHMe He Ha AeTepMUHHUpPpOBaHHbIe MeTonbl TUIIa Local SGD, a Ha paHTOMU3NMPOBAaHHBIE, KOTOPBIE MO-
T'YT ObITh MPUMEHEHBI /ISl pellieHUs 3aaa4du (5), HanmpuMep, Kak onucaHHble B [7]. CyTh 3TUX METOI0B
B TOM, UTO Mbl C HEKOTOPOI BEPOSITHOCTHIO BbI3bIBAEM U JieJIaeM 1Iar TOJILKO MO opakyiy mist O(Z),

uHaye obpamaemcsi K MZ — Z). Bbi3oB ®(Z) cOOTBETCTBYET JOKAILHOM UTEPALIUK, 2 BBI30B M(Z — Z) —
KOMMYHMUKAIIMHU.

1.3. Haw 6xnao

YundummpoBanneiii anaim3. B Hacrosieit pabore nmpenaraercs YHU(UIIMPOBAHHBINA TEOpETUYE-
cKMit aHanu3 Wit MeTonoB Tumna (6) u (7) B CMUIbHO MOHOTOHHOM M MOHOTOHHOM ClTydasix. AHaJNU3 OC-
HOBaH Ha MapaMeTPM30BAaHHBIX IIPEAITOJIOXKEHUSIX, IO3TOMY OH IIO3BOJISICT JIETKO KOHCTPYMpPOBaTh U
aHaAJIM3UPOBATh OTPOMHOE KOJIMYECTBO HOBBIX METOIOB.

VaydiieHHble OLeHKH IS CYIeCTBYIOMMX MeToaoB. B ncxonHoM aHanu3se Past ES u3 [17] B ctoxacTtu-
YEeCKOM CUJIbHO MOHOTOHHOM CJlydyae NOCTUTraeTcs cyoJiMHeliHast CKOPOCTb CXONMMOCTHU, TOTAA KaK MbI
MOXEM rapaHTUPOBaTh JUHEWHYIO CKOPOCTb B I€TEPMUHUPOBAHHOM WIEHE U CYOJIMHENHYIO B CTOXA-
CTUYECKOM WieHe. boiee Toro, Mbl IpenocTabiisieM olieHKY 1J1st Past ES u B croxacTUueckoM MOHOTOH-
HoM ciydae. KpoMe Toro, Mbl TOKpbIBaeM pe3yJabTaThl 1J1s1 HEKOTOPBIX IPYTUX CYIIIECTBYIOIIMX METOAOB
WJIM HEMHOTO UX 0000111aeM.

I1ars HOBBIX MeTOHOB. bojiee BaxKHBIM, 4YeM 00OOIIeHNE IPYTUX PE3YJIbTATOB, SIBIISIETCS ITOTydYeHUE
HOBBIX HaJle>KHBIX MeTONOB. B ottune ot [16], K MOMEHTY HalmMCaHUs KOTOPOI OOJBILIMHCTBO aHAJIN-
3UpPYEeMBIX TaM METOHOB YK€ ObLIM OIUCAaHbI B APYTUX paboTax, B Halllekl paboTe 6oJjiee IMTOJIOBUHEL M-
TOJOB SIBJISIIOTCSI HOBBIMU. DTO MOKOMIIOHEHTHBIE METOMIbI, METOABI C KBAHTU3AaIUE, METOABI C COM-
IUIMPOBAaHUEM MO BaXKHOCTH, JIOKAJIbHbIE PAHIOMU3UPOBAHHBIE METOIHI.
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DKcnepuMeHTbl. MBI IPEIOCTABIsIEM CPAaBHEHNE METOIOB Ha ITpUMepe MPaKTUIECKOM 3a1auu, B KO-
TOPOM JIEMOHCTPUPYEM, UTO IIpejiaracMble HAMU HOBbIE METOIbLI MOTYT IIPEBOCXOAUTH 1O 3PP EeKTUB-
HOCTH CYLISCTBYIOIINE. DKCIIEPUMEHTHI IPOBOISITCS Ha UICKYCCTBEHHOM OMJIMHEITHOM 3a1a4e U B HEKO-
TOpBIX ciaydasx Ha GAN.

2. ITOJIYVHEHHBIE PE3VJIBTATbBI

n
,HJ'IH Ha4dajia BBEAEM OCHOBHBIC OIMIPCOCICHUS. MEr HCITOJIb3YEM aHHOTAaLUIO <X, y) = Z lx,-y,- I
i=

d d
CKaJISIPHOTO ITPOU3BeNeHNs BeKTOPOB X, y € R”. OHo mopoxmaer /,-HopMy B ipocTpaHcTBe R” B Takom

BUIE: ||x|| = {x, x).

2. 1. OcHosHbie npednonodiceHus

Jlamee HaM OTPeOYIOTCS IBa OCHOBHBIX IpeaIiojoxeHus. Hailre mepBoe mmpeamnoyioxkeHue OTHOCUT -
cs1 K MOHOTOHHOCTH onieparopa F u3 (1) U CuIbHOI BBITyKJIOCTU g. B yacTHOCTU, MBI paccMaTpuBacM
CTPOTO MOHOTOHHBIM Y MOHOTOHHBIH caydar. C TOUYKH 3peHMS 3aIa4t ITOUCKa CEITIOBOI TOYKHU 3TO CO-
OTBETCTBYET CUIIBHO BBIITYKJIIO-CUJIBHO BOTHYTOMY U BBIITYKJIO-BOTHYTOMY CITy4JasiM.

IIpeanonoxkenne 1. (CM) CribHast MOHOTOHHOCTD/CUJIbHAS BEITYKIIOCTh. Cyujecmeayom Heompuuya-
menvHbie Ly, L, makue, umo [, + L > 0 u credyrouue Hepagencmea eepul 015 6cex 7,7, € %:

<F(Zl) - F(z), 5 — Zz) 2 Up "Zl - Zz|

2
5

Wz) = hzy) = (VA(z)),2 — 2) 2 %uzl -

(M) MOHOTOHHOCTB/BBITYKJIOCTb. J71st Bcex z;,2, € %
(F(z) = F(22),2 = 22) 20, h(z)) = h(z) = (VI(z), 2 — 22) 2 0.

Bropoe npennonoxeHre KIOUEBOE 1 MO3BOJISIET HAM pacCMaTpUBaTh pa3Hble METOABI JJIs1 pELIEHUS
BH B ynudunmpoBanHoM Buae. CyTb 3TOTO TPEAITOIOXKEHUS TIPOCTa, aHAJIOTUYHO ¢ [16], MBI BBOTHM
HEpaBEeHCTBA JIJII OCHOBHBIX WJIEHOB, KOTOPbIe HEOOXOIUMO OLIEHUTH MPU aHAJIM3E IKCTpa-rpaarueHT-
HBIX METOJIOB.

k k o
IIpennonoxenue 2. Ilycmos nocredogamenvrocmu {Z } u {w"} 6biau noayuensl 8 pe3yiomame CAY4AUHbIX

k+1/2

umepauuii (7). Ilpednosoxcum, ymo cmoxacmuuecKue onepamopot g He cMeujenbl 05 6cex k :

[E[gk+l/2|zk+l/2:| _ F(zk+l/2). (10)

Hanee npennonoxuM, 4To CyleCcTBYIOT HeoTpuuatensHole A, B, C, E, D,, D,, D; up € (0;1] u panaom-

k o
Has MoCIeI0BaTENbHOCTD {G } (MOXKET OBITh HYJIEBOI1), UTO BBITTOJHSIIOTCS CIEayIONIMe HEPAaBEHCTBA:

[E[Hgk“/z _gk”z:l < A[E[szﬂ/z —w"ﬂ+B[E[csi]+Dl,
E[o?,] < (1-pE[c} ]+ C[E[sz“/z - w"m +D, (1)

El:“gk+l/2 _ F(zk+1/2)H2} < E[E|:sz+l/2 B Wkuz} D,

IMoxoxue HepaBeHCTBa MOTYT OBITh HaiiieHBI B aHamu3e MeTonoB (6) u (7) (cm. [10], [11]). D10 mMep-
Bast paboTa, KOTopast pacCMaTprBaeT BapMalliOHHBIe HEpaBeHCTBA B TaKOit OOIITHOCTH.

2.2. Yuuguyuposanuas meopema

MBI TOTOBBI TIPEACTABUTH OCHOBHOM TeOpETUUECKUI pe3y/IbTaT JaHHOM cTaThu. J1J1s1 Hauaaa BBeaeM
dyaK1IMIIO JISITYHOBA, C TOMOIIIBIO KOTOPOU Oy/IeM aHATM3UPOBATh CXOINMOCTb:

2 2
vk = ,CHZkH 4+ “wkH 2+ T'Y2G;2<,
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rme KkoHcTaHnTa 7' > 0. OTOT KpUTEepUii UCHONL3YETCS B CHUIBHO MOHOTOHHOM CIIydae.
J1si MOHOTOHHOTO Cily4asi UCTIOJIb3yeTcsl ApYyroit Kputepuit — pyHkius 3azopa (cM. [3], [10]):

Gap(z) = max [(F(u),z — u) + h(z) = h(u)].

31ech MakCUMyM GepeTrcsd He 1o BceMy MHOXeCTBY % (Kak B KJIACCUUYECKOM BepCUN), a 1o 6 — Kom-
IMaKTHOMY MTOIMHOXKeCTBY MHOXecTBa % . TakuM 006pa3oM, Mbl MOXXEM pacCMaTpUBaTh HEOrPAHUYEH-
Hble MHOXecTBa % . DTO AOIyCTUMO, TaK KaK TaKOi BApUAHT KPUTEPUS BEPEH, €CJIU pELICHUE 7* JIEXKUT
B 6 (cM. [20]).

Teopema 1. Ilycmb ebinoanero npeonosoycenue 2. Toeda, ecau 0ONOAHUMENBHO BbINOAHAEMC O0OHO U3
VCA08ull npednonoxcerus 1, eepHul caedyoujue OUeHKI:

1-1 . 1-1 uT>@:
224+ TC 4(up +1y) T op

K-1 K-
E[Vk] < max{(l - y“F—-"“h) ;( _E) }Vo Yz(zpl +TD,)

16 2 min {YMF My p}
16 2

* 045 CUABHO MOHOI’)’lOHHOZO/CLl/leO 6bINYK/1020 cay4aees ¢ < mln{

2x/2A+TC+E

8max [Hz - uH } + 4YZT(50
YK

2B

* 04151 MOHOMOHH020/8bINYKA020 CAYHACE € Y < ——no—— T > ==

E[Gap(z") | < +Y(7D, + 3TD, + Dy),

20e 7K = 1 KL _k+1/2
K &=ik=0

Merton (7) B yCIOBUSIX IPEANOIOXEHMs 2 CXOOUTCS JIMHEMHO B CUJIBHO MOHOTOHHOM cJlydae U Cy0-
JIUHEWHO (~1/K) B MOHOTOHHOM CJly4yae 10 ONpeaeIeHHOTO paanyca OCLHUISIIMUA CXONUMOCTU, KOTO-
PBIit 3aBUCUT OT BTOPOTO WicHa B TeopeMe 1. PopMaTbHO MOXHO JOOUTHCS CXOAUMOCTH IO 3TOMY UJie-
HYy 3a QUKCUPOBAHHOE YUCIJIO 1AroB. 151 3Toro He0OXOAMMO NMPaBWIbHO BbIOpaTh 1ar y (cm. [28]).
JIJ1s1 HEKOTOPBIX METOIOB Mbl MCITOJIb3YEM 3TO, YTOOBI ITOJIYYUTh KJIACCUYECKME OLEHKN CXOOUMOCTU
(cM. oapoOHee 00 3ToM B I1. 2.3). OnTUMasbHbIMA BHIOOD IIara IJjisl KaxKI0To MeToAa HaXOAUTCS B IIPU-
JIOXKEHUH, COOTBETCTBYIOILIEM 3TOMY METOY.

Jlanee mpuBeIEM 10Ka3aTeabCTBO TeopeMbl 1. [IJ1s1 Hayaia moKaxkeM JIieMMY.

d
Jlemma 1. ITycmo h |\, — cuabHo gbinyKaas u 7' = prox.,(z). Toeda das écex x € R™ cnpasedauso cae-
dyroujee HepageHcmeo:

<z+ —Z,X— z+> > y(h(f) — h(x) + %”f - xH2).

Jloka3aTeqbcTBO. MBI MCTIOTB3yeM YL -CUIBHO BBITTYKIOCTb (QyHKLIMY YA (9):

¥(AG0 = M) = (Whiz'),x - 27) 2 %H

BMecTe ¢ onpeieJieHMEM ProxX U HEOOXOIMMBIM ycioBueM ontumyma: YVA(z') = z — 7', 9T0 3aBepLIaeT
JI0Ka3aTeIbCTBO.

k+1/2 k+1 k+1/2)

Jloka3arenbcTBo Teopemsbl 1. [To temme 1 st z = proxyh(Zk - ygk) nz = proth(Zk 4

IJId X = u nmojiydyaem

(& =2 g -2 2 Y(WM) )+ %HZM - ”“2)’

k+1/2 —k k  k+l k+1/2 k+1/2 k+1 k+1 k122
<z+/ -z +Yg,z+—z+/>27(h(z+/) h(z+)+u”Hz+—z+/Hj.

XKYPHAJT BBIYMCIIUTEIBHON MATEMATUKU U MATEMATUYECKOU ®U3UKU  Tom 63 Ne2 2023



YHUDPULIUPOBAHHBIN AHAJIN3 METOJOB PEILLIEHUS 195
Hanee cyMmmMupyem JBa HEpaBEHCTBA 1 MPOBOJIUM HEKOTOPBIE MePECTAaHOBKM:
<Zk+1 _ zk’u _ zk+1> n <zk+1/2 _ Zk,zkﬂ _ k+l/2> + Y< k+l/2 g ’Zk+1/2 Zk+1> n
n Y< k+1/2 _ Zk+1/2> > Y(h(zkﬂ/z) — h(u) + &szﬂ B Zk+1/2H2 + &szﬂ _ “Hz)-
2 2
VMHOXKas1 Ha 2 M MCITONIB3YS OTIpeeICHNE 75 us (7), nonygaem
2T<Zk+l _ zk,u _ zk+1> + 2(1 _ ’t) <Zk+l _ wk,u _ zk+1> + 2’E< k+1/2 Zk zk+1 _ Zk+1/2> +

+2(1-1) <zk+l/2 _ Wk’Zk+l k+1/2> + 2Y< k+l/2 gk’zk+l/2 k+1> + 2Y< k+1/2 _ Zk+1/z> >

> 2’Y(h(zk+l/2) — ) + %“zkﬂ _ Zk+1/2“2 + %szﬂ _ uuzj.

JI71s1 IepBOii M BTOPOIi CTPOKM KCIONIb3yeM BeIpaxeHne Xa,b) = |a + b||2 - ||a||2 - ||b||2 U TIOJTy4aeM
el = e )+ o et )

2 2 2 2 2
+ r(”zk+1 - zkH - “ZkH/Z - zk“ - szH - zk+]/2H )+ (1-7) (“zk“ — wkH — sz+1/2 — w"” -
k+1 k+1/2 2 k+1/2 k _k+1 2 k+1 k+1/2 k+1/2
—Hz -z /H)+2Y<g 2 —gh >+2Y< Pu-z />>_

> 2Y(h(zk+1/2) — hu) + %“zkﬂ _ Zk+l/2“2 + %szﬂ _ uuz)

Hebonpinas nepectaHoBKa JaeT

k+l k+1/2 k”2 _ k+1/2

(1+ )2 o ARG
e 'YHh)HZkH k+1/2” " 2’Y< k+1/2 gk’zk+1/2 k+1> 2Y< k+1/2 /<+1/2 _ u> _ 2y(h(zk+l/2) ~ hu)).

A
—-Ww —_

—quﬁer"—u“2+(1—‘c) wk—u‘2 (1—1:)“z

Y3 npoctoro daxra: 2a,b) < nd| + 1l]||b||2 ca=g"?—g" b= -7 =2y, crenyer

k+l k+1/2 k+1/2 k”z _

2 k 2 X 2 L2
Qe = <ol o + -0~ ol -2 - a-of -
_ (% + wh)szﬂ _ zk+l/2”2 + 272 Hgk+1/2 _ ng2 B 2Y<gk+l/2’zk+l/2 _ u> _ 2Y(h(zk+l/2) — h(w)).

Z[anee pPaCcCMOTPUM pa3HbIC CJIydau TEOPEMHEI. HauneM ¢ cuiibHO MOHOTOHHOFO/BBIHYKJ'[OI‘O cirydad. 3a-
MCHUM U = Z*, BO3bMEM ITOJTHOC MAaTEMATNYCCKOC OKNIAAHUE U ITOJTYYUM

L e W[ S e U
= =0 | [ = [ = (2 e[ Jet =2 v e -6 ]

3 2y[E|:<gk+1/2’zk+l/2 B Z*> ) - h(z*)} _ I[E[sz _ g 2] (- DE |:”wk g 2} _

e B e L e N T
_ 2Y[E[<[E[gk+l/2 |Zk+1/2]’Zk+1/2 _ Z*> + h(zkH/Z) _ h(z*)].

Hanee mpuMeHUM IIpeArionoxenue 2, a umeHHo, (10) u (11):
(1+ yuh)[E[sz“ } < I[E[”zk e 2} (- t)[E[Hwk e 2} _p [H g J
_(- T)[E|:“zk+l/2 “ } ( + wh) [“zm B zk+l/2”2i| £ 2y (A[E|:sz+l/2 B Wk” }+ B[E[Gi] 4 Dl) B
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_ ZY[E[<F(Zk+1/2) 2 *> + W) - h(Z*)J _ T[E[ k *1 (- ’C)[E[“wk g 2} B

—t[E[zkH/z H ( +yuh) [ 2}—((1—1)—2y2A)[E[zk+1/2—wkuz}+2yzB[E[oi]—

_ 0 [<F( k+1/2) A2 Z*> + h(zk+1/2) _ h(z*)} + 2YZD1.
CBoiicTBo penreHus (1) maet

*2}9[ED ¢ *2}+(1—T)[ED ' *2} [ - H
el _ k12 2] _((1_ - —272A)[E[ L2, H }+ 2yzB[E[c5k] _

~ 29 [(FE) = F(29,2 = %) |+ 27D,

k+1 k+1/2
—Z

k+l

(1+%uﬁ[z

frmlel

M o IIPCAITOJIOXKECHUIO 1 B CTIbBHO MOHOTOHHOM cJIydyac 1ojJay4ymm

(1+Wh)[E|: - *2}S’E[ED k *2}+(1—t)[E[Hwk—z* 2} [ k4172 “ }
e |- (= -2 A - 2]
- 2qu[E[ [N & 2} +27°D,.

C npyroii CTOPOHBI,

K+l K+l

E[ z*%}Z(l—TE[z
CyMMHUpYs IBa MPeIbIAYILIUX HEPABEHCTBA, UMEEM
p P .
‘C[E[z z* ]+[E[w * ]S‘C[E[H
2
_WhlE[Z ]_(%"‘W»h)”{ L

+2YBE[ o} |+ 27D, - 2qu[E[ z

*2:|+T[E|:k *2]
o Joellt ]

2]—«1—n—2¢ E|Jc

27
k+1/2
-4 .

w

k+1 k+1

k+1/2 “ }
k+1/2 “ }

kol _

Jlo6aBuB [E[szGiH], MBI TOJIYIUM (PYHKLIUIO JISITTyHOBA C JIEBOM CTOPOHBI:

z*2}+E[w z*2J+[E[YZTGiH]ST[E[sz—z*2J+[EDwk

LA zkﬂ - 2WF[E||[ g 2} - Wh[E|: z 2} - (% + Wh)[E|: AT A
~((1-p- 2y2A)[E[ 2 wk“z] + 27 BE[ o} | +E[Y'Tor,, |+ 27D,

C npeanonoxeHneMm 2 s G, oaydaeM

[E[Vkﬂ]sr[E[ ¢ *2}1@“ ¢
el - mel

K+l K+l

_ %

A
n

EVeul = TlEl: <

_T[E[

k+1

k+1/2 “ }

2, H }_

1]1-p+2fyrt)-
k1)) 2}_((1 —0)-27A-Y TC)[E[

o 2} + (2D, + TD,).

k+1

_Z*

k+1/2
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k+l k+1/2|?
V4 —Z

Jrli-p e P)elrrel]- e

k+1 k+1/2
—Z

2 2

<1

)
EVea) < 78| - o | +E[ o - 2
((l T) -2y A - Y2TC) [ k+1/2 H} ( +'YH;,) [

k+1/2

k+1/2
, UTO JAET

+

k+1

z - z*

z —z"

HUcnonp3yem —
k+1/2 k|2
-l

1.

}r YD, + TD,).

- y(2uF + %}r[E[ R } (mf + %)(1 - r)[E[
M3 npocteix (akToB: - z* > A - - zkH2 u |zk+1/2 —z* ? > o
k2 k”z
z w|[ , ciaenyer
2 2
et <[ - ol oo o 2ot
- ((1 ~D) -2/ A-yTC - y(zup +ﬁj(1 - r)jE[ - w"ﬂ -
(13)
_ (% + Wh)[E[ T } (1 'Y(zHF M;,D ’C[E[ k172 Zk‘ﬂ B

- y(p,p + %)r[E[Hz" - zﬂ - y(uF + %j (1-1)F [Hwk - zﬂ + Y (2D, + TD,).
Hanee paboraeM ¢ nipenmnociuenHeii crpokoii (13):

“t{r +E e et - 2> 2] ~y(hr +H8)a1- n[E[Hwk o 2] - _g(uF b oot - 2
G e Oy e (e N (R e U
Aot -f (u el - u (uf Aja-op - ]s

Al At i) 1)

4
2 Y L Wy k+/2 k|
4( 4) (“F+4JT[E[Z Z’HJF

o)
Aot}

4
*2J+[ED k

1.

L H }

IMoncraBus (14) B (13), moiry4um

[E[Vkﬂ]S‘C[ED ‘ *2}+(1—p+E)E[YZTGi]—

ot A1)
(15)
(oo o) T o) -oF -
_%(HF th [HW —z* J+ YD, + TD,).
Ocraetcs TOJIBKO BBIOpaTh Y < min -1 ; -7 ,T > 4B Y TIOJTyYUTh
224+ TC 4(up +u,) P

' ]) (1 p)[E[YTGk]+Y(2DI+TDZ)

E[V,.,] < (1 Y(u +“hD(r[E[ ‘ *2]+[E[ ¢
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B pesynbTate
E[V,.] < max{(l - yufl—zuh);@ - %)}[E[Vk] +Y'(2D, + TD,).
BrinosHeHue peKypCcUBHBIX MEPEX0J0B 3aBepIllaeT 10Ka3aTeIbCTBO.
Hanee paccMOTpUM MOHOTOHHBII/BBITYKJIbIH ciydait (W, = 0, L = 0). HaunewMm c (12) ¢ nonoiaHu-
TeJIbHbIM 0003HaUYeHUEM gap(zk+1/2,u) = (F(zk+1/2), - uy + h(zk+1/2) — h(u):

2
k+1/2 k+1/2 k
_z H _

k 2 k 2
Z —uH +(1—’c)‘w —uH —’c”z

2ygap(z
-(- T)szﬂﬂ _ WkHZ + 272 “gk+l/2 _ gk”z _ 2y<gk+l/2 _ F(Zk+l/2)’zk+1/2 _ u>.

2
k+1
,u)+”z - —uH <1

Jlo6GaBuB K 00eUM YaCTIM Hwk+] - u”z U IPOBENS HEKOTOPhIE MEPECTAHOBKU, TOJTYYUM
vgap " < et o ol [ el o et o -
(- T)szﬂ _ ”H2 + Hwk-H _ ”H2 _ T“ZkH/Z B zk“z - T)sz+l/2 _ WkHZ +
n 2Y2 Hglm/z _ gk”z _ 2,Y<gk+1/2 _ F(Zk+l/2),zk+l/2 _ u>.

IMpocymmupyem no k£ = 0,1,..., K —1, Bo3bMeM MaKCMMyM OT 00eux dacteii o z € C, najee BO3bMeM
MaTeMaTU4eCKOe OXMAAaHME 1 MOJIyYUM

2yE [nl}ee}@x :(Z_:) gap(z*?, u)} < max [THZO - qu + Hwo - uHZJ +

ue
K-1 2 2 2 K-1 2
+ | max Z[—’cuwk - u” —(1- 17)sz+1 - u“ + Hwk+1 - u“ } - Z{’CE [szﬂ/z - zkH J +
ueé prd k=0

+(1-1F |:sz+1/2 _ Wk‘ﬂ _ 2YZ[E l:“gk+l/2 _ gku2ﬂ +E {r&%@x :; [<gk+1/2 _ F(zk+1/2)’u _ zk+1/2>ﬂ.

2
Hcnonwsys npeamnooxenne 2 mrs E [Hgk”/ 2 ng J, noJiydaeM

ue@

K-1
2 2
2vE {max Z gap(zkﬂ/z,u)} < max [THZO - u” + HWO - uH } +
ueé =
-1

< 2 +1 2 +1 2 +1/2 2
HE{%%XZ[_THW]C —uH _(1—T)“zk _uH +”wk _”H H_Z[T[E[“zk / _ZkH }+
=0

+(1-1)F |:sz”/2 - ka -2y (A[E[sz”/2 — wkm + BE [Gﬂ + Dl)} +

+ 20k {Tﬁ@x §[<gk+l/2 — Py 0 zk+1/2>ﬂ’

k=0

K-1
Jlo6aBUM U BbIUTEM Zkio [yz TE [Giﬂﬂ Y IPUMEHUM MPEANOI0XeHHe 2 ISl G , UTO JAaeT
K-1

7 {m 5 gap(zkﬂ/z,u)} [ —of | —of T+ S [vrefor ])- S [rrefot, ]+
k=0 k=0

k=0

K-l 5 5 2 £l 2
v Efmax | <ot - =l ool || 3 |-
= =0

ue P
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e _ wkm L 27KD, + E[ZYZB[E [ot]]+

K-1 —
2 2
+ 27[E{m XZ 2Ry 0 - zk+1/2>ﬂ < max IHZO - u” + Hwo - uH }+
k=0 el

+(1—r—2yzA)[E[

K-1

+ [y T((l pE[o} |+ C[E[

k=0

+ [E{rileg@x;[—’c”w - qu -(1-7|z

K-1

2o o) S rreot )+

0
2
k+1/2 H }

K-1

2kl
- w"”zﬂ +2Y’KD, + :(Z:_(I)PYZB[E EAIE
s -] g - o of ]

k+l H

k+1 H

I—I

+(1—r—2yZA)[E[

K-1

+2[YZT(1+%—p) [okﬂ Z;[YZT[E[GiJf']]

K-1 2 K-1
+[E maxZ[—’cHwk —u” —(1-7|z
ueé =

o= of ]| Sl

2
2w ﬂ +vKQ2D, +TD,) +

k+1
-

2
k+1/2 H } +

+ (1—1—y2(2A+TC))[E[

= k+l/2 k+1/2 k412 }
+ 27[E{r£1€a}ﬁx;[<g F(z Y, u—z ﬂ .

NI—1 2B
Cy<————uT === nonyyum
! N2A+TC p

2vE {max Egap(zkﬂ/z,u)} < max [‘c”zo — u”z + Hwo - u”z} + szcé +

K-1
{m p [l -0 o - u\rﬂ ; (16
k=0
+ Zy[E{ nax 3 [<g"“/2 — FE?)u— 2)]} +v'K(2D, + TD,).
k=0

st Toro 4yToOBl 3aBEPLIUTH JOKA3aTEJIbCTBO, HAIO OLEHUTDH YJIEHBl B MOCIEIHUX IBYX CTPOKAaX.
k+1/2 k+1/2 _k+1/2 0 0
Hauynewm c [E[maxz <F (z * )—g Y ,Z W/ —uﬂ. OnpenennM MOCAeNOBaTENbHOCTb Vi V. = 7,

k+1

v prOXYh(V _ ,Ysk) c 8/( — F(zk+l/2) _ k+1/2

g . Torga nosyuum

>

>
>

<8k,zk+l/2 _ u> _ <8k’zk+l/2 _ Vk> n - <8k’vk _ u>. (17)

0

b
Il

0

~
Il

>~
Il

=

IMo onpenesenuio v+ (cBoiicTBO prox), wist Beex z € %
k+1 k k k+1
<v+—v +y§,z—v+>20.
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INepernucas 3TO HEPABEHCTBO, MOIYYUM

<'YS v Z> <78k _ k+1> + <Vk+l _ Vk’z _ Vk+1> < <Y§k,vk _ Vk+l> +%Hvk _ Z”Z _

2 2 2 2 2 2
A of At o T L T A o Lo -

At = Tl e - of - -4
Bwmecre ¢ (17) aTo naet
> (6 >z< O Re (1 oy ¥ Y Y U
k=0 ’ k=0 ’ Y=o 2 2

h

8¢ V2 _ IK_ Bkz Ao 1P

i ARSIV R Gt B

bepem MakcumyM 110 u 1 ToJrydaem
K—

K-1 1
max <5k,zk+1/2 - u> < Z<8k,zk+l/2 - vk> + imax v’

ue6 - 27 ueé

_u2+l(Kil F(2y k+1/22.
: e 28—

BepeM IMOJTHOE MaTEMaTHUYECCKOC OXKMIAaHUE U ITOJIydacM

& ok k+1/2 &k k+1/2 k Y[H k+1/2 k+1/2|12
E{%%§k0<5 ,Z —u>}S[E{ <5 ,Z -V >}+§I;[E[”F(Z )—& ” }"'

k=0

+ imax”vo _ uuz _ [E{i <[E[F(zk+l/2) _ gk+l/2|zk+l/2 _ Vk:I,ZkH/Z _ Vk>:| n (18)

2rY ueé =

P I3l o Lot -of = el - ] Lo -of

Jlaee oneHUM

« 2 2 2
[E{max et —off =0 4 - H,

ueé =

IJIA 9TOTO 3aME€TUM, YTO

K-l 5 5 5
1 1
E| max [—Tuwk —u” —(1—17)sz+ —uH +Hwk+ —uH] =
ueé per

- [E{max 3 [—2 <(1 —Z ' - wk+1,u> —(1- T)Hz“1 THW “ + H o ﬂ =

€
uet £

=F S 2((1 k+1 k k+1 E S 1 k+1|2 k| k+1|2
_ {mz[_ (-0 ok~ ,u>ﬂ+ L;_( o [+ }

k+1

Io onpenenenuio, w' ' [E[(l — |l + | - ||wk+1||2] = 0, Toroa

E{mx St - 1o —of o -] -
uet &
=2F {max /;< - w"+1,—u>} =2F {rge%@xg«l — 0wk — Wk+1’u>i|-
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Janee MOXHO IIPOBECTU PacCyKISHMS aHAJIOTUIHO LIEeTIOYKe paccykaeHmuit mrs (18):
K-1 5 2
E maxZ[‘cHwk—uH +(1-71) wkH—uH } <
uc@ =

K-1 K-1
2 2
< E [E[H(l — 0+t — W } + max “vo - uH = E [E[H[E I 1
=0 uee =0

K+l 2
7 - -

1,

0o k+1 k+1)? H 0o ”22 1
g o] = S ] e - (19
K-1
k+1|?

[E[ “(1 r)z"+‘+rw"u2+(1—r)z

- Zt(l—‘c)[E[
=0

IMoncrasus (18) u (19) B (16), moxyaum

k|2 0 2
+ er H + mava - u” =
£ ue6

Il
o

K+l k|2 0 2
7 —w + max|v —u .
ueé

2vE {r{llea%x g gap(zkﬂ/z,u)} < max |:(2 + T)Hzo - qu + Hwo - quJ + 'szG(z) +
k=0

+ KZ‘IT(I - t)[E[

k=0

L wkH2:| +vE |:HF(Zk+1/2) _ gk 2

ﬂ +Y'KQ2D, + TD,).

2
IMpennonoxenue 2 mis E [HF (%) = g2

J JacT
e E N [ R e

+ E[T(I—T)[E[
Ji=1
JE

- w"”z] + yzE[E[

- w"Hzﬂ +Y’Tol + VK@D, + TD, + D,).

Cy<

IIPpUXOIUM K

K-1
2\([E{max21gap(zk“/2 u)} < max [(2 + ‘c)Hz - u” + Hw — u” :|+ (1- ‘C)Z[ [
+ [E[

2
k+1 k
—WH+

| ﬂ +PTo; + KD, +TD, + Dy) < max [(2 F o o +[w - uﬂ Qo)

K-1
+YTor +3(1-DY [[E[ g 2] 4 [E[ P w"”zﬂ +Y’KQD, + TD, + D).
k=0
2B =
Bepuemcsa k (15) cu, =0, =0,7 2=, y< ———— U NOJIy4YUM
H Hr 0 'S oharTC

k+l k+1/2]?
—Z

EVial SE[V] - ((1 T) -2V’ A — YZTC |:k+1/2 } [
<E[y,]-Y= T) [ k4172 _ ] (1- T)E[

} +v° (2D, +TD,) <

K+l k+1/2

2} + 722D, + TD).

OTtkyna

2 2
1/2 1 1/2
k+1/ WkH Zk+ zk+ /

3(1 —‘E)[E|: z

} <6E[V, =V, ]+ 6y (2D, + TD,). (1)
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IMoncrapnssa (21) B (20), monydaem

2vE max ]2 gap(z*™?u) | < max [(2 + ’c)HzO - qu + “wo - uuz] + 'szG(z) +

K-1
+63 [E[Vi] =E[Vin] + Y (2D, + TDy) |+ Y K@D, + TD, + Dy) <
k=0

< max [(2 + 70— + 7|’ - uﬂ + 7Y To2 + VK(14D, +7TD, + Dy) <
< max [16”5’ - uﬂ +7YTol + VK(14D, +7TD, + D).

OcraeTcss HEMHOTO MOAKOPPEKTUPOBATh KPUTEPUIA CXOMMMOCTU HA MOHOTOHHOCTb F' M HEPaBEHCTBO
HMenHceHa 1151 BBITYKIbIX (DYHKIIWIA:

K-1 K-1
E Iile%engap(zkﬂ/z’”) —F m%@XZ[<F(Zk+1/2),Zk+1/2 B u> + h(zk+l/2) _ h(u)] >
pye=;| “EE =0

> TG%XERFW)’ZHW - u> + h(zkﬂ/z) - h(u)} >

> [E[K max [<F(u),z" - u> + @) - h(u)]] = KE[Gapz") ],

_k _ 1 K-1 k4172
TO€ MbI UCITOJIB3YEM T = — Z . Yto mpmBOINT K

K &=k=0
8 max, [Hzo - u‘ﬂ + 472T cé
YK

E[Gap(z") | < + (7D, +3TD, + D).

2.3. AHaau3 045 pa3nuuHvix Memooos

31ech Mbl yCTaHABIIMBAEM CBSI3b MEXIY €AMHBIM aHAJIM30M Y KOHKPETHLIMU METOAAMU, YIOBIIETBO-
PSIOIIMMU MpenronoxeHuio 2. B ckobkax ykazaHsl pasneinbl [1puiioxeHus, rae mpeacTaBiieH TICeBI0-
KOJI, COOTBETCTBYIOIIIETO METO/Ia, a TAKKe €ro aHaJIU3 TP MPEANOoI0KEHUN 2, OCHOBAHHBII Ha IIpUMe-
HEHUU TeopeMEbI 1. B GONBIIMHCTBE Clly4aeB aHAIM3UPYIOTCS ONEPATOPHI, YIOBICTBOPSIOIINE CIEAYIO-
1IeMY YCJIOBUIO.

Ipennonoxenue 3. F(7) — oepanuuenno-iunuuyes ¢ koncmanmamu L u D, m.e. ons aobvix 7,7, € &
6€pHO

2 2 2 2
1Fz) = F@)| < L'z - 2| + D"
3ameTuM, uTo 11t D = 0 3TO 3KBUBAJIEHTHO ompenejeHuIo guniumiesoctu. [lpu D > 0 a3To npen-
MOJIOKEHME MOKPBIBAET CIIydaii, KOrma oIlepaTop He SIBISCTCS JUITIINIIEBLIM, HO OTpaHUYEH.

o CymectByone meToapl (A.1)—(A.3). IIpexnae Bcero XoTeaoch Obl YIIOMSHYTh METOIbI, KOTOPHIE
COOTBETCTBYIOT HallleMy ITapaMeTPU30BaHHOMY HPEAIIOI0KEHUIO. DTO, KOHEUHO, KITACCUMYECKMIA DKC-
tparpagueHTHBI (cM. [10]) mna 3amaum (1)—(3). Jlamee oTMETMM METOABI ¢ OOHOKPATHBIM BHI30BOM
opakyna (cM. [17]); oTamumre 3TUX METOIOB OT KJIACCUYECKOTO DKCTparpagueHTHOIO B TOM, YTO Ha KaK-
JIOM UTepaliu OHU BBIYUCIISIIOT HOBOE 3HaUeHue orepaTopa F auiib oquH pa3. Hanmpumep, 3Toro Mox-

HO OGUTBCSI, MCTIONB3Ys 3HaYeHMe F ¢ mpenbinyiueil urepamu: g = F(Z*7%), ¢ = F("?) 8

k _ ky  k+1/2 _ k+1/2
9KCTparpagueHTHOM MeTone uMeeM g- = F(z'), g = F(z )). BapuaHTt MeTona peayKiuu auc-
nepcuu (cm. 11]), cnenmuaan3mpoBaHHBIN 11 3aga4 pemieHnst BH (1)—(4) Taxske yooBIeTBOPSIET yCIIO-
BUSIM MpeljiaraeMoro aHajiu3a.

KO-KOBp].[](lTI/IBHOCTl). Gy IPEAITOJIOKEHNE aHAJIOTUYHO JIUITIIIHUIEBOCTHU OIi€paTopa:
2
|F(z) = F)| < I{F(z) ~ F(z2), 21— 22)-
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BunHo, 4TO /-KO3PIIMTUBHBIN OTlepaTOp TaKXKe SBJsieTCs [-IUMIIuLeBbIM (00paTHOe, BOOOIIE TOBODS,
HeBepHO). bosee Toro, eciiu F — rpaaveHT BbINMYKJION (DYHKILMHU, TO /-TUMIIULIEBOCTb U /-KO3PLIUTUB-
HOCTb 9KBUBAJICHTHBI. B TuTepaType nMeeTcsl aHaJIu3 HEKOTOPBIX METOIOB (HAaTpUMep, METOAA PEIyK-
AU TUCTIEPCUU, CM. [22]) ¢ 5 TUM JTOMOJHUTEIbHBIM TOTylleHuEeM. JJOBOTBHO JIETKO MpOaHaIU3upO-
BaTh MHorue Metoanl peineHus BH c npeamnonoxeHneM KO-KO3PUMTUBHOCTU. MBI TakKe MOIJIM Obl
MOCTPOUTH YHU(DULIMPOBAHHYIO TEOPUIO BOKPYT HETO U TaK MEPEHECTH MHOTME METO/Ibl MUHUMU3aLUU
B KoHTeKcT BH. Ho ocHOBHas mpo6seMa npeanonaoXeHus 0 KO-KO3PLUUTUBHOCTU COCTOUT B TOM, UTO
9TO CBOMCTBO HE BBIIIOIHSETCS IJISI CAMOI1 pacIipoCTpaHEeHHOM, OMIMHelTHOI, 3amaun. IToaToMy Takoit
aHaIM3 OyIeT CIPaBeIIUB TOJBKO IJISI MUHMMM3AllNH, a 3TO YKe IpoaesiaHo B [16].

Coord-ES s (1)—(3) (A.4). Ham nepBblit HOBBIIX METO IO3BOJISIET pabOTaTh HE C ITOJIHBIM OIlepa-
TopoM F', a BHIOMpATh €ro CIy4YaiiHy0 KOOpaAUHATy (KOOpAMHATHI) U AeaTh IIar TOJIbKO BIOJb Hee. Me-
TOJIbI 3TOTO THIIA HAa3bIBAIOTCSI KOOPAMHATHBIMU (CM. [29]). C moMoIIbI0 TAKMX METOIOB MOXKHO MPOU3-
BeCTH OoJiee TIATETbHBIN ITOUCK PEIIeHUsT — BRIOpATh HAIIpaBJIeHUS, B KOTOPBIX OTIEPAaTOP U3MEHSIETCS
B OOJIBIIICH CTETIEHM, U IIPOAEIBIBATh OOJIbIlIe IIaroB B 3TUX HampasiaeHUsIX (cM. [30]). Taxke koopau-
HATHBII METOJ OYeHb OJIN30K K O0e3rpaaueHTHBIM MeTomaM (cM. [25]), KoTophle akTyabHbI, KOTIa MbI
paboraem ¢ GYHKIIMSIMUA B COOTBETCTBUH C MOIEIIBIO YSPHOTO SIIITUKA 1 HE MOXKEM BBIYHCIIUTD OIIEPaTop
F/rpanueHT.

Quant-ES gns (1)—(3) (A.5). Cyts Quant-ES 3akitouaeTcsi B UCIOJIb30BaHUM TaK Ha3bIBA€MOTO
orepaTopa KBaHTU3ALIUU:

EQ(x) = x, [E||Q(x)||2 = (o||x|| IUTST TIOOBIX  X.

Taxkue omepaTtopbl MOryT OBITh PAHIOMU3UPOBAHHBIMU WU N€TEPMUHUPOBAHHBIMU C OOJBIIUM WU
MaJibIM ITapameTpoM  (cM. [14], [32]), HO Bce OHU MMEIOT OHY U TY K€ (DYHKIIMIO — CXKaTh BEKTOP X.
MeToabl ¢ KBaHTU3ALMEN TONYJISIPHBI C TOYKW 3pEHUS pacTipeieIEHHOM ONTUMU3aliM, TOCKOJIbKY OC-
HOBHOM Mpo0JeMoii TaM SIBJISIETCS KOMMYHUKALIUS, a cxKaTue Mo3BOJIsIET NiepenaBaTh MeHbIe UHOOP-
MalluU 1, CJIeA0BaTENbHO, BBIUTPHIBATH B 3TOM OTHOILLIEHUU. MBI TIpecTaBiisieM MEeTO JJ1s1 BapyuallMOH-
HbIX HEPABEHCTB, KOTOPBIH MOXET UCMOJIb30BaTh KBAHTU30BaHHbBII OMeparop.

QVR-ES for (1)—(4) (A.6). QVR-ES coueraeT MeTOAbI peIyKLIMKA AUCIIEPCUUN U KBAHTU3ALIMHU, T.€.
CHayajia Mbl BbIOUpaeM cllydyaitHy1o GYHKIIMIO C HOMEPOM m U3 M BapUaHTOM, a 3aTeM TaKXKe KBAaHTU-
3yeM ee. B npocreiiiiem Bune 3t1o BeIISIUT Tak: O(F,,(z)), B HAllIEM METOJE 3TO IEJAETCsl HEMHOTO B
JIPyTOM BU/JI€, HO CyTh OCTaeTCsl TOM XKe. DTOT METOJ, KPaCOYHO IEMOHCTPUPYET TMOKOCTH HAIIIETO IO/ -
X0Jla 1 BO3MOXKHOCTb CO3[IaHUsI Pa3IUUYHbIX KOMOWHALIMIA METOJIOB C UCMOJIb30BaHMEM MapaMeTpU30-
BaHHOTO TIPEITOJOXEHUS 2.

IS-ES (1)—(4) (5.7). B aToMm ciayuyae MBIl paccMaTpuBaeM 3agady 0oJjiee oo1nyto, yeM (1)—(4). 3nechb
MpeanojaraeM, YTo Mbl He BbI3biBaeM (PYHKIIMM CIy4ailHO U paBHOMepHO oT 1 1o M . Tenepb Kaxkablii
orepatop F,, UMeeT CBOIi BeC, B 3aBUCUMOCTH OT KOTOPOTO €r0 MOXHO BBI3BIBATh Yallle WJIN PeXKe.

Local-ES for (1)—(5) (5.8). DTOT METOD OTHOCHUTCS K TaK Ha3bIBAEMbIM JIOKAJTbHBIM METOAAaM, KOTO-
pBle IeNTafoT Psi JIOKATBHBIX OOHOBIICHUIN MEXIy MepUOOMIECKMMHI KOMMYHUKasIMu. Harm Meron
SIBIISIETCS paHIOMU3MPOBAHHBIM (CM. [7]) M OCHOBaH Ha MeTOoIe U3 TIPeAbIIyIIero ab3alia, a TakKe 1c-
MOJIb3YET TEXHUKY COMITJIMPOBAHUS 110 BaXKHOCTH.

3. BAKJIIOYEHUE

B HacTosi111eli paboTe ObLJ pACCMOTPEH 3KCTparpaarveHTHBIM MToaXo/, 6a30BbIi MOAXOM A5 pELICHUS
BapHallMOHHBIX HEPABEHCTB, a TAKXKE Pa3/IMYHbIC €T0 MOIU(UKALIMU. MBI TIpeaCTaBUIN YHUPUIIUPO-
BaHHBII aHAJIU3, C TIOMOIIBI0 KOTOPOIO MOXHO €IMHOOOpa3HO aHAJU3UPOBATh CEMEIICTBO METOIOB,
OCHOBAHHBIX Ha 3KcTparpamveHTe. [loaydyeHHBI YHUDUIUPOBAHHBII aHAIW3 TTO3BOJIUI YIYUYIIUTh
OLIEHKY CXOJMMOCTH YK€ CYILIECTBYIOIINX METOIOB, a TAKXKE MPEACTABUTHL HOBbIE METOIBI M X TapaH-
TUU cXoauMocTH. B GyayiieM xoTelroch Obl yCOBEPIIEHCTBOBATh AHAJINU3, YTOOBI B €r0 MPEAIIOIOXKEHUS
MoarnagaaId METOAbI, KOTOPhIE HE MOTYT OBITh OIMMCAHBI TEKYIIEH Bepcueil aHanm3a.
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ITPUHIIO’KEHUE
A. AHAJIN3 JJI PA3JIMYHbBIX METOIOB

A. 1. Dxempaepaduenmusiii memod

HaunewMm c npocreiiiiero ciydast B pamkax (1)—(3) — cToxacTU4ecKoro ¢ paBHOMEPHO OTpaHUYeH-
HBIM 1rymowm [10]:

F) =E[FzY)], E[|Fc8-FI|<d,

e z u & HesaBucUMBIe. [IJIs HETO MOXeT ObITh IPUMEHEH ClIeAyIOInii MeTon (AJroput™ 1):

Algorithm 1. DxcTparpagueHTHbiit MeTon (Extra Step)

ITapamerpnr: Pazmep mara v, K.

Nuanmmamm3anusa: BeiopaTs e %.
fork=0,1,....K -1

Bri6path ciryuaiinbie &€, £1/2

7 = prox,(2° - YF(z",E")),

k+1 k k+1/2
7 = prox,, (2" - yF(Z% €

end for

k+1/2)).

k k
3aMeTuM, 4TOo B 3TOM ajiroputMme T = 0, U, cjiefoBaTeJbHO, w = z~ 1JIs1 11000ro k. Takke MblI moJjia-
raem ¢, = 0. Crenyroluas 1eMMa oIpezessieT KOHCTaHTHI U [1pennonoxeHus 2:

Jlemma 2. IIpednosoxcum, umo F oepanuuenno-arunwuyes c koncmaumamu L u D (npednososcenue 3),

k k+1 a2
moeda g° u g u3 anreopumma 5.1 ydoeasemeopsiom npednoasoxceruro 2 ¢ koHcmammamu A = 3L°,

D =3D’+60°, D, =0".

1/

k+1/2
JlokasaTeabcTBo. Jlerko yGeauThes, uto g /- HecMelleHHo. danee

E|le 7 - [ =E[Jre e - ret g | < | fre - Fef |+
+3E D\F(zk+l/2,§k+1/2) - F(zk+1/2)m +3E U\F(zk,ék) E F(z")ﬂ <
<3LF [sz“/ ? - zkﬂ +3D + 607,
11, HaKoHelL,
(e ronf -l oy rnf <o

Caencrsue 1. I1peanonoxum, 4to F orpaHMYeHHO-JIMOIIMIEB ¢ KoHcTaHTaMu L 1 D. Torma skc-
TparpagueHTHBIN MeTon Extra Step

® ¢ CWJIbHO MOHOTOHHOM cCJj1y4dae C Y < min {L ;} YAOBJIETBOPACT

6L 4 (1p + 1)

el - s 1] e -

® B MOHOTOHHOM ciy4ae Y < 1/3L ynoBieTBopsieT

0 2
8max, “z —uH

YK

2. 96Y(D’ + 267)
Wr+ Wy, ’

+YQ21D* + 435°).

E [Gap(ZK)J <
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Ilpu npasuavrom ewvibope Y (cm., Hanpumep, [28]), MoxuCHO npuiimu K cre0yrouwum OUeHKAM CKOpoCmu
cxooumocmu:
® 8 CUNbHO MOHOMOHHOM CAy4ae

[E[Hz’( _ o 2} _ @(exp(_(w + ) (K — l)j“zo _

96L
® 8 MOHOMOHHOM cAyHae

(D* + %) j
W + )’ K =1))

i L max,q [HZO - U“Z} (D + o)max,¢ [Hzo - M‘H
E[Gapz*)|=0 I + T .

3aMeuyanue. DTOT aHAINU3 ITOKPBIBAET DIagKuii cirydaii mpu D = 0. YToOKI MOJIy4UTh OLEHKU JIJISI HE -
[IaJIKOTO, HO OTpaHUYEHHOTO oneparopa F, 10CTaTouHO B349Th L = 0 U MOJIOXUTb 1/L = +oo.

[pu npaBunbHOM BBIOODE 7Y (CM., HAIpUMED, [28]), MOXHO IPUITH K CIECAYIOIIMM OLIEHKaM CKOPO-
CTH CXOOUMOCTH:

® B CMJIBHO MOHOTOHHOM cCJiy4yae
- + ) (K — 1
[E[HZK -7 } = @(exp(—(w )( )j“zo - z*

96L
® B MOHOTOHHOM cJTyyae

2 (D* +6%) ]
+ 3 ,
MUr +U,) (K —1)

Lmax,q [HZO - M“Z} (D +o)max, [HZO B ”‘H
K ’ VK |

E[Gapz")] = 0

A.2. DxempaepaduenmHuutii Memoo 6e3 00NoAHUMENbHO20 8bl308a OPAKYAA
31ech MBI TakKXKe paccMaTpuBaeM MOCTAHOBKY, aHAJOTMYHYIO paccMaTpUBaeMOil B TpedblaylleM
nyHkre: (1)—(3). OgHako Tenepb paccMaTpuBaeM Mogudukanuio merona Extra Step.

Jlemma 3. Ilpeononoscum, umo F oepanuuenno-arunwuyee c koncmaunmamu L u M (npednosoicenue 3),

k+1

moeoda gk u g u3 areopumma 2 y0oeaemeopaiom npeononodceHuro 2 ¢ koncmanmamu p =1/3, B =3,

C=20",D =60", D, =4D> +126°, D, = 0.

Algorithm 2. DxcTparpagMeHTHbIN MeTo 6€3 TOMOJHUTEILHOTO Bbi3oBa opakyia (Past-ES)

ITapamerpnr: Pasmep mara v, K.

WNunnuanu3zamusa: Beiopartb zo e%.
fork=0,1,...,K -1
BrI6paTh ciydaitto &, ., »,

k+1/2 k k=172
7= prox,,(z° — YF(z v 2k-12))s
7= pfOth(Zk - YF(ZkH/z,gkﬂ/z)),
end for

Tlokasareasctso. [Tonoxum o, = ||[F(Z*™*) — F(*""*)*, Torna
E[o} | <2 [HF(zk) - F(z“‘“)Hz} L OE [HF(ZH/Z) - F(zk)Hz] <20F [Hz" - zk““uz] n
+20°E [Hz"*‘/ = zkﬂ +4D* = 2L°F [sz — ﬂ +4D +

+2L°F [sz_l —YF(E T80 -2 (zk_3/2,§k_1)uz] =2IF [sz - zﬂ +
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22 e ) - r g [ 4 < 22 - ]
+ 6L272E[HF(z"“/ %) - FE 2)”1 +4D> +126° <
<22e[e - 2]+ 2e[od ] 40 4120
et onoxuTh Y < 1/(3L). CrienoBatenbHo,

[E[Hgkﬂ/z B ngZ:| _ [E|:“F(Zk+]/2,&k+1) B F(Zk_l/zsﬁ.,k)uz:i <3F [Gﬂ +60%,
U, HAKOHell,
[E[Hglm/z B F(zk+1/2)H2j| _ [E|:HF(zk+l/2’€k+l/2) B F(Zk+l/2)“2i| <s

Cnencrsue 2. [Ipennonoxum, 4To F orpaHUYCHHO-IUAMIINIEB ¢ KoHcTanTaMu L u D. Toraa Past-ES

| 1
12024 (up +11y)

2} < (1 _ ,Y!J‘Fl'; th'” -

® B CUJIbHO MOHOTOHHOM ciyyae c 7 =36 u y < min{ } YIOBJIETBOPSIET

2, 192y(376° +12D%)
We+ LUy, ’

el o

1
® B MOHOTOHHOM ciiydyaec 7 = 18u y < YOOBJIETBOPSIET
LY

0 2 2

8max, [”z - u” ] + 727200
YK

Jug cmeayrolero MeToaa Mbl pacCMaTPUBaeM TMTOCTAHOBKY ONTUMU3allMU ONlepaTopa BUIA CYMMBI:

(1H)—(4).

E[Gap(z")] < +7(216D° + 6916%).

A.3. Dkecmpaepaduenmmuutit Memoo ¢ pedykuyuell oucnepcuu

Algorithm 3. DkcTparpagneHTHbII MeTon ¢ peaykiueiil nucnepcuu (VR-ES)

ITapamerpnr: Pazmep mara v, K.

Wavmmmanu3anus: BeiopaTh L =we 9.
fork =0,1,...,K -1
¥ =t + 1 -owt
Bb16paTh paBHOMEpHO cityyaiitHo my, € 1,...,. M,

M2 = prox,,(Z° = yF(w")),

= prox,,(Z° - Y(F,, &) = F, W) + FW"))),
k+1
K+l _ {z , C BEpPOSTHOCTBIO 1—T,

k
w", C BEpOSTHOCTBHIO T.
end for

MpbI noyiaraeM O, = 0. CHCI[YIOH_IEIH JIEMMa Ja€T 3HAYCHHWA KOHCTAHT AJIA ITPEAITOJI0XKEHMA 2:

Jlemma 4. [Ipednonsoncum, umo Kaxcowiii ka u cam F oepanuuenno-aunwuyesnt ¢ koncmaumamu L u D

(npednonoxncenue 3), moeda gk u ng u3 aseopumma 3 y0061emeopsaom npeonosodceHuIo 2 ¢ KOHCMaHmamu
A=1',D =D, E=41", D, =4D".
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k+1/2

Joka3artenbcTBo. JIerko yoeauTbes, 4To g HecMmelleHHo. Hanee

El:”gkﬂ/z - gk‘ﬂ = [E[Hka(zkn/z) . ka(wk) + F(w") — F(wk)‘ﬂ _
e[| - R0 | s e[ w07
U, HAKOHelI,
lEl:Hng/z _ F(zk+1/2)H2:| = [ED F,, (Zk+l/2) ~F, (wk) + F(Wk) _ F(zk+l/2)H2jl <
<2F [HF,”,( "~ F, (wk)‘ﬂ +2F [Hp(zk+1/2) 3 F(Wk)Hz} < 4I’E l:”wk 3 zkﬂ/z‘ﬂ 4D

Cnencrsue 3. [1penmnonoxxuM, YTO KaxKIbIid ka ¥ caM F orpaHM4YeHHO-JIMIIIIHNIIEBEI C KOHCTAHTaMU
L u D.Torna VR-ES

Nl-1., 1-=7
22L 4 (up +11y)

K-1
2 _ ety o_
J=(1-re) e

® B CWJIbBHO MOHOTOHHOM cJiy4yae € Y < min{ } YOOBJICTBOPACT

k+1

2
i, 2) L 329D

2 2
E[‘c”zkﬂ - + Hw + HWO - " T
T )

V-1

/6L

¢ B MOHOTOHHOM cJj1iy4yae € Y <

YOOBJIETBOPACT

0 2
8max, [”z - u” ]

YK

o k
Ha xaxnoii nTe€palu Mbl BbIYUCJIAEM JIMIITb OOJWH OII€paTop U3 M . Ho B MOMEHT OOHOBJIEHUST W

E[Gap(z*)] < +11yD%

o k
HEeoOXOaUMO BBIYMCIUTDL Bce M OoIepaTopoB B HOBOM TOYKEC w . Ha ocHOBaHMM 3TOTO MBI MOKEM BBI-
6paTI) OINITUMAJIbHOC 3HAYECHUE OJId T CICAYIOLINM o6pa30M:

1-9M ~1 = == M.
M +1

A.4. [lokomnonenmublii IKcmpazpadueHmuboLit Memoo
BepHeMcst Hazaa U CHOBa pacCMOTPUM HauboJiee OOIIyI0 TOCTAaHOBKY 0e3 KOHeUHBIX cyMM: (1).

Algorithm 4. [TokoMnoHeHTHBII 3KcTparpagueHTHbIN MeTon (Coord-ES)

ITapamerpnr: Pazmep mara v, K.

Wuvmmmanu3anus: BeiopaTh L =we%.
fork=0,1,....K -1
7' =1+ (1 -t
Br1GpaTh paBHOMEPHO cilyvyaiiHo i, € 1,...,d,
2% = prox,,(z° = yF(W"),
2 = prox,, (@ - wdIF(Z""")], e, — dIF(W)], e, + F(W"))),

k+1
K+l {Z , C BEPOATHOCTBIO 1—T,

W =
k
w", C BEpPOSITHOCTBIO T.

end for

IMonoxum G, = 0. Caenyroiast iemMa AaeT 3HAYEHUSI KOHCTAHT [U1s1 IPEATIOJNOXKEHUS 2.
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Jlemma 5. [lpeonosoncum, umo F oepanuuenno-arunuuyes c koncmaumamu L and D (npednonoxcenue 3),
k+1

k 2 2
moeda g" u g"" u3 areopumma 4 yooeaemeopaiom npednonoxcenuio 2 ¢ koncmaumamu A = dL°, D, = dD",

E=2d+1)L’, D, =2(d+1)D".

Joka3arenbcTBO. Jlerko yoenurbesi, 4To gk+1/ g

HECMCIICHHO. IlaJIee
F [Hg“‘” - gkﬂ —F [Hd[F(zk“/z)],-k e, —dIF(W")], e, + Fw') - F(wk)\ﬂ =

— [E[Hd[F(zkn/Z) - F(wk)]ikeik 2} <dE [“F(an/z) B F(wk)‘ﬂ < a’LZ[E[”ZkH/Z B wk‘ﬂ 4D

1, HAKOHEII,
E| g - P | = E[JdF ) e, - dlF0 g + Fosy - P | <
< F [Hd[F(sz )~ F(wWh)l, e, 2} +2F [HF &) - Fow'* )ﬂ <

<2(d + ) F D\w" _ zm +2(d +1)D%

Cuencrsue 4. [Ipenmonoxum, uro F orpaHMYeHHO-UIIIIMIEB ¢ KoHcTaHTaMmu L 1 D. Torna Coord-ES

Nl-t. 1-=71
202dL 4y + 1)

® B CWJIbHO MOHOTOHHOM CJly4ae ¢ Y < min{ } YIOBJIETBOPSIET

e R e I G B R e
16 TR
® B MOHOTOHHOM cJlyyae ¢ Y < %\/;—12 YIOBJIETBOPSIET
8max,q [Hzo - u‘ﬂ
E[Gap(z")] < +Y(9d +2)D".

YK
OnTtumainbHoe 3HaueHue T = d/(d +1).

A.5. Keanmu3zosarHulil s5xcmpazpadueHmmblii Memoo
B aTOM TTyHKTE paccMaTprBaeTCss METOM, UCITOIB3YIONMINIT KBAHTU30BaHHBII OTIepaTop.

Algorithm 5. KBaHTH30BaHHBII 3KcTparpaaueHTHbI MeTon (Quant-ES)

ITapamerpnr: Pasmep mara v, K.

Wammmanu3anus: BeiopaTh L =we 9.
fork=0,1,....K -1

=t + -

22 = prox,,(z, - yF(w')),

" = proxy, (g —YO(FE™) = FOv')) + yF(w')),
K+l zkH, C BEPOSITHOCTBIO 1 — T,

v - {Wk, C BEPOATHOCTBIO T.

end for

Omnpenenenne 1. Q(x) Ha3bIBACTCS K@aHmu3ayueil BEKTopa x € [Rd, eciin
EQ() = x,  EJ0ef = o]
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IIJIST HEKOTOPOTO (.
Jlemma 6. IIpeonosoxcum, umo F oepanuuenno-asunuwuyes ¢ koncmanmamu L u D (npednosoxncerue 3),
k K+l _ 2
moeda g u g = u3 areopumma S5 Y0084emeopsaom Npeonoaodcenuro 2 ¢ Koncmaumamu A = oL,
D, =wD’, E=20+1)L, D, =2n+1)D".

1/2
HecMmelreHHo. Hanee

[El:Hng/Z B gk‘ﬂ _ [E[HQ(F(ZHW) ~ Fwr)) + Fw') — F(Wk)Hz} _

- [E[HQ(F(ZkH/z) _ F(Wk))uz:i < of |:HF(zk+l/2) B F(wk)Hz] < 0)L2[E[sz“/2 B wk‘ﬂ -

1, HAKOHell,

k
JlokasaTeabcTBo. JIerko y6eauThes, uto g-

Q%Mﬂ‘”fwwﬂZEH@HJWS—HM»+FWS—HJWﬂHs
<2 [”Q(F(zkn/z) _ F(wk))“z} +oF |:HF(wk) B F(Zk+1/2)“2:| <

<20+ 1)[’E [”wk _ ZHQ] + 2w+ 1D

Caenctsue 5. [1penrnonoxum, yto F orpaHudeHHO-TUMIINLEB ¢ KoHcTaHTaMu L u D. Torna Quant-ES

NI=-1t. 1-1
2L*/Z°’4(HF + 1)

2} < (1 _ YHF_W)K_I (THZO g

16
Vli-1

® B MOHOTOHHOM cJ1y4ae € Y <——— YAOBJIETBOPACT

2IN4Aw+ 2
2
8§max, ¢ |:Hzo - uH }

YK

Paccmotpum ciiyvaii D = 0. KBaHTu3amus TpedyeTcs, 4ToObl cXXaTh MHMOPMAaLIUIO, TPU 3TOM () BbI-
CTYIAET 371eCh Kak KO3 (HUILIMEHT CXKaTusl, T.€. Mbl IIEpeiaeM B () pa3 MeHbIlle MH(hOpPMaIIUK, YEM €CIIU
OBbI MbI KICITOJIB30BAJIM HE KBAHTU30BaHHBIN oniepaTop. OpHako pa3 B 1/(1 — T) utepanuii (korma Mbl 00-

® B CWJIbHO MOHOTOHHOM cJlyyae ¢ Y < min{ } YIOBJIETBOPSIET

2
[E[’CHZH] s Hwk+1 -

2
2) + 32ywD ’
Ur + 1y,

2
+ Hwo —z*

E[Gap(z*)] < + Y90+ 2)D’.

k .
HOBJISIEM W' ) HEOOXOIMMO BEIYUCIIUTh UMEHHO He KBAHTU30BaHHBIM ortepaTop. OCHOBBIBASICh HA 3TOM,
MOXHO BBIOpaTh ONTUMAaJIbHOE 3HaYSCHUE UISI T CJIEAYIOLIMM 00pa3oM:

(-t~11 = (=_9
o)

o+1

A.6. Keanmu3zosanhulii s3xcmpazpadueHmublii Memoo ¢ pedykuyueil oucnepcuu

Hamee MBI COBMeIIaeM MIeHW KBAaHTU3ALIMUA M PEIyKIIUU TUCIIepCUU U cydas 3amadu (1)—(4) ¢
oIrepaTopoM BHIa KOHEYHON CYMMBI.

Algorithm 6. KBaHTH30BaHHBIN 5KCTparpaareHTHBIN METO ¢ PeAyKIINEH TUCTIEPCUH

ITapamerpnr: Pasmep mara v, K.

Wuvmmmanu3anus: BeiopaTte zo =w'e %.

fork =0,1,...,K —1
Be16paTh paBHOMEpHO cityyaitHo my, € 1,...,. M,
¥ =1 + -t

" = prox,(Z — YFW")),
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7 = prox,,(Z — YO(F,, (%) = F, (W) + YyF(W")),

k+1
k+1 _ |25 € BEPOATHOCTBIO 1 —T,

w =
k
w, C BEPOATHOCTHIO T.

end for

IMonoxum O, = 0. C.T[CI[Y]OHI&H JIEMMaA JacT 3HAYCHHNA KOHCTAHT OJIA ITPEAITOJIO0XKEHMA 2.

Jlemma 7. IIpeononoxcum, umo Kaxicoviii ka u cam F oepanuuenno-aunuiuyeswt ¢ koncmaumamu L u D

+1

(npednonoxcenue 3), moeda gk u gk uz aneopumma 6 yodoesemeopsiiom npeonosoxcenuio 2 ¢ A = a)Lz,

D, = oD’ E=2(0+1)’, D, =2(0+1)D"

k+1/2

Joka3arenbcTBo. JIerko yoeauThes, 4To g HecMmelnleHHo. danee

[E|:Hgk+1/2 B gk‘ﬂ _ [E|:”Q(ka(zk+l/2) B ka(wk)) - FOwt) - F(Wk)“2:| _
o - o 0 - i o] - 0
1, HAKOHEII,
E[Je - A | = Ef o, ) - oty + Forty - F ] <
<2F [“Q(ka (Z7%) - ka(wk))‘ﬂ N 2[E[HF(Wk) B F(Zk+1/2)H2:| <
<2@+DLE [Hwk - 2“2] +2(0+1)D.

Caencraue 6. [1penrnonoxum, 4To Kaxiplii £, 1 cam F OrpaHU4eHHO-JMITILULIEBbI ¢ KOHCTAHTAMU
L v D. Torna KBaHTU30BaHHbBIN 9KCTparpaiueHTHbI METOM C peayKlMeil IUCepcumn

Vi-t. 1-1
20204 (1y + 1)

® B CWJIbBHO MOHOTOHHOM cJiy4yae € Y < 1’1’111’1{ } YAOBJIETBOPACT

[E[r”zk“ A me —z* 2} < (1 —~ YHF—W')K_I (ero o Hwo —z* 2) + 32y0D’
16 We + 1y,
® B MOHOTOHHOM cCJiy4dac C 'Y < QL\/% YAOBJIETBOPACT
o
—
E[Gap(z") ] < e Hz u” + (90 + 2)D*.

YK

OnrumanbHOE 3HaYeHUE T 3[AECh TO XK€, YTO U B IIPEABIAYIIEM ITYHKTE.

A.7. Dxempaepaduenmubiii Memoo ¢ COMNAUPOBAHUEM NO BAICHOCMU

31ech Mbl paccMaTprBaeM 0oJjiee OOIIMIA ciTydaii, HeXeIU MPOCTO cliydail KOHeYHOI cyMMBbl. Terepb
Kaxnaast GyHKUNST UMEeT CBOIi BeC p,,. A UMEHHO, pACCMOTPUM THUCKPETHYIO CIy4aiiHYIO MEPEMEHHYIO
1 BUIA

M
PO =m)=p, D pn=1.
m=1

Ha xaxnom riare Mbl obpartaemes K F. Beca/BeposSTHOCTH p,, MOTYT OBITh 3aJJaHbl AlIPUOPH, WIIU Ke

MbI MO2KEM 3aaTb UX CaAMOCTOATE/IbHO: HAITPUMEDP, UMECT CMBICJT BbI6paTb Pm = Lm/ (z Lm)
m
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Algorithm 7. DkcTparpanueHTHbBINA METO C COMITJIMPOBAHUEM 10 BaXKHOCTU

ITapamerpor: Pazmep wara y, K

Wuvmmmanu3anusa: Beiopats zo =w'e %.
fork=0,1,....K -1

Bri6pats 1,

78 =1 + (1 - 1w,

Y = prox,,(Z — YFW")),

2 = prox., (% - vpl(Fm G172 = E, (w0 + YFw')),
Nk

k+1
W — {z , C BEpOSITHOCTBIO 1 —T,

k
w, C BEPOATHOCTHIO T.

end for

Jlemma 8. [Ipeonoaoorcum, umo kaxcowiii F, oepanuuenno-aunwiuyee ¢ koncmaunmamu L, u D,, (npedno-
ko kel
aoxcenue 3), kak u F coomeemcmeento ¢ koncmanmamu L u D, moeda g" u g u3 areopumma 7 yooeae-

M L2 M D2 M L2 2
meopsiiom npeonoaodceHulo 2 ¢ Koncmawmamu A = E . D = E - E=2 E 2+ [
m=lp m=1 P m=l

Pom
2
D, = 2[2’" ID'" + DZJ.

Pm

m m

k+1/2

Joka3artenbcTBo. JIerko yoeauTbes, 4To g HecMellleHHo. Jlanee

ElJst - |-

=E

2

F, (2" = E, (W) + Fw") = F(w")

2
L (R, %) - B (')

-6 L - notf
<y Logfle - wf]e 32

m=1 =1 Pm

Nk

E

1, HAKOHEII,

2
<

HE[Hng/Z B F(Zkﬂ/z)uz] _r

L, (2 = B, (W) + Fw*) = F(Z7?)
Nk

2
< 2| [ (F, ) - F, "))

pﬂk

sz[ ”’+LJ [” —zk+l/2“2}+2(§:§—’3’+02).
m=1 ¥m
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CnenctBue 7. [1pennonoxum, 4to Kaxnaplili F,, orpaHM4eHHO-JIUIIMLEB ¢ KOHCTaHTamu L, u D,

(mpennonoxenue 3) U F ¢ koHctanTamu L v D. Torma skcTparpagyie HTHBIM METO/I C COMITJIMPOBAaHUEM
10 BAXXHOCTU

NIl-t . 1-1
2 b
2\52’” L, 4(up + 1)

"1 D,
2
} <

M 2
)2 Y0
MF + Mh m=1 Pm

® B CWJIbHO MOHOTOHHOM cJiyyae ¢ Y < min YIOBJIECTBOPSIET

k+1 *
-z

E[THZI{H e
S
Ve

2
2\/2L2 +4>" Ly
m=1 pm

2
+|w

2
+ “wo —z*

® B MOHOTOHHOM cJj1iydyae € Y < YAOBJIETBOPACT

8 max UZO - u‘ﬂ M 2
E[Gap(z*)] < - +y 9;?—: +2D?

A.8. Jlokanwvhbiil sxcmpazpaduenmuslii Memoo

BOTOT MeToq NpeaHa3HayeH i pacrpeneacHHoit 3agaun (1)—(5). CyTb MeToaa 3aK/I04aeTcs B I1e-
PEKITIOUEHU Y MEXTY JIOKAIbHBIMU UTEpALIUSIMU U YCPETHEHUEM CO 3HaYeHureM Ha cepBepe. C BeposT-
HOCTBIO T IIPOU3BOIUTCS JIOKAJIbHBIN IIaT C BEPOSITHOCTBIO 1 — T — I1ar KOMMYHUKAITUU.

_ =T _T Md . — _ 1 M
3nech Z,, =17°,...,7 1e R ¢z _ﬁzqu'” (1 TO Xe st Wy, ).

Algorithm 8. PannoMu3npoBaHHBINM JIOKATBHBIN 3KCTparpagneHTHBIM METOM

ITapametpor: Pazmep wwiara y, K, BEPOSITHOCTB p.
Nunnuanu3zamusa: Beioparts zo =w' e %, z,?, = zo IJISI BCEX m.
fork =0,1,...
ZF =1Z" + (1 -t
Z" = prox,, (Z° = @ ) + MW" - W),
lq)(Z ), C BEpPOSITHOCTBIO T,

G2)=1"
1—7\,(Z —Z,s), € BEPOIATHOCTHIO 1 —T,
-1

7" = prox,, (Z* = GZ ) -G ) + W) + A - W),
Z“l, C BEPOSITHOCTHIO 1 — T,

k+l
W= = .
W™, ¢ BEpOATHOCTBIO T.

end for

Ha camoM Jiejie aHaIn3 1JIs1 5TOT0 METO/A y3Ke ObLI IPOEJIaH B IPEAbIIYIIEM IIyHKTE. JIeCTBUTENBHO,
31eCh Mbl MUMeeM J1Ba oniepatopa: ™(Z) u MZ — Z,,,,), apnsiroluxcs L 1 A IIaaiKUMU COOTBETCTBEHHO.
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Eciau BeiObpats T = L/(L + \), TO BEpHO
Cnencreue 8. PaHIoMU3UPOBaHHBIN JTOKATBLHBINM 9KCTparpagreHTHBIIA MEeTO,

W YA
WAL + 0P 4 (up + W) VL + A

2
<
M

2
) 20 S0
Wp + Wy =l P

® B CJIbBHO MOHOTOHHOM cJiy4yae € Y < min YOOBJICTBOPACT

K+l

< (1 ] * M”jm (’CHZO - 7"

16
JA
W6(L +N)*?

2
0
8 max, [Hz - u” } M2 ,
+v 92—’" +2D
YK m=1 Pm
OTcrona MOXHO MOJIyYUTh OLIEHKY U151 YMCI1a JIOKAJIBHBIX 11ar0OB U YACJIa KOMMYHUKALIWIA:
® B CUJIbHO MOHOTOHHOM Clly4yae

0 (—M log l) KoMM. O (—VLO‘JFL)
m £ m

® B MOHOTOHHOM cCJjiy4yaec

o (w/m + L)QZJ ot O (\/LO\, + L)QZJ
€ €

2
+w

2 0
+“w —z*

® B MOHOTOHHOM cJlyyae ¢ Y < YIOBJIETBOPSIET

E [Gap(ZK)] <

1
log— JIOKAJIbHBIX ITarosB.
€

JIOKAJIbHBIX ITIarosB.

OTMGTI/IM, YTO 3TU OLCHKU ABJIAIOTCA JOCTATOYHO XOPOIIMMHU ITPpHN MaJIOM 3HAYCHUU A.

B. DKCITEPUMEHTHBI
B.1. Ienepamuerno-cocmszamenvHuvle cemu

B xauecTBe mpuMepa oNTUMM3ALIMU MUHUMAKCHOTO 11€J1€BOTO (pyHKIIMOHAJIA TPY PA3TUYHbBIX MO~
X0Jlax ONTHMMU3ALIMU Oblja TMpeaoXeHa 3aadya ONTUMU3ALMU T€HEPATUBHO-COCTA3aTeNIbHbIX CEeTei
(GAN). GAN — 3TO cTpyKTypa IS OLIEHKU TeHEPaTUBHBIX MOAEJE C MOMOIIbIO COCTSI3aTEIBbHOTO
mpoliecca, B KOTOpOM Mbl OJHOBPEMEHHO O0yyaeM JBe MOAEIW: TeHepaTuBHYIO0 Mojeab G, KOoTopas
dukcupyer pacnpeneieHue JaHHbIX, 1 IMCKPUMUHATUBHYIO MOJiesib D, KOTOpasi OLIEHUBAET BEPOSIT-
HOCTb TOTO, UTO TIPUMED TMPUIIIEN U3 00yJarolieil BBIOOpKU, a He U3 G . D(G(Z)) — 3TO BEpOSITHOCTH (CKa-
JISIpHast), 9YTO BBIXOHA TeHepaTtopa G ecTh peajbHOe n3obpaxenue. CornacHo cratbe [yademnoy [6], B
9TOi1 3agaue D MbITaeTcsl MAKCUMU3UPOBATh BEPOSITHOCTb TOTO, YTO OH MPaBUJIbHO KJIaCCUPULIUPYET
peanbHbIe U (eiikoBbie nzoopaxkeHusd (Ig(D(x)), a G TbITaeTCI MUHUMU3UPOBATh BEPOSITHOCTD TOTO,
yTo D OynmeT npencka3biBaTh €ro BEIXOAHBIE TaHHbIe Kak deiikoBbie (I1g(1 — D(G(z))). 3 cTtaTbu hyHK-
nust norepb GAN ecTh

min max E,_p,, llg(Dx)]+ E.p o lle(1 = D).

Llenblo HaIIMX KCOEPUMEHTOB He ObUIO ITOJIyYeHME HAWIYYIIUX Pe3yJbTaTOB IS TeHePaTUBHBIX
ceTell Wi rmoaxonoM K dopmyauposke 3agaun 11 GAN. B Hallimx akcrnepruMeHTax Mbl IOATBEPKIAEM
pabdoTtocrnocodHocTh SVRG, a Takke MeTog0B KBaHTU3aUuU Ayt o0yyeHust GAN.

JlanHble, MOJETb M OITUMHU3ATOPLIL. [[JIST IpOBEaeHMS SKCIIEPUMEHTOB ObLIO MPEIJIOKEHO UCITOIb30-
Bath gataceT CIFAR. OH comepxut 50000 1 10000 n3oOpakeHunii B oOyJyalonieii 1 BaJIMIallMOHHOMN
BBIOOPKAX COOTBETCTBEHHO, PABHOMEPHO pacIipeIe]IeHHBIX MO AeCATH KitaccaM. J1J1s1 Kaxk[oro OnNTUMHU-
3al[MOHHOIO TOIXO04a B Ka4eCTBE ONTUMM3aTopa Mcrob3oBajicsa Adam. B xome skcriepumeHTa OBLT
MIPOBEJeH aHaJIM3 TUIlepIliapaMeTPOOB KaxKI0ro U3 ONTUMMU3aTOPOB (T'eHeparopa U TMCKPUMMUHATOPA)
(Tabm. 1).

ITo pe3ynbTaTaM IMPOBEIEHHOIO aHAJIM3a CXOOUMOCTH (TIPOBEPSJINCH Pe3yabTaThl pabOTHI ITOCITe

100 smox 0OyueHus1) ObUTM BBIOpaHbI ciemyromue napameTpsl: B, = 0.9, B, = 0.999 u koadbureHT
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Taomna 1. HaGop aHanu3upyembIx TUTiepriapaMeTpoB

B, 0.5 0.9 0.99
B, 00.99 0.999 —
CKOpOCTh O0Y4YEHUS 0.9x107* 1x107* 2x107*

—4
cKopocTu 00ydyeHust = 2 X 10 111 o0oux MeTooB onTuMu3aluu. Pazmep Habopa 371eMeHTOB, Ha KO-
TOPOM IIPOM3BOIUIACKH OJHA UTEepaLvsl BBIYUCIEHUS I'pageHTa, COCTaBISLI 64.

1t npoBepKM KayecTBa BblAaBaeMbIX M300paXkeHU I ObliIa MCIIoJIb30BaHa MeTpukKa Inception score
(em. [32]):

IS(G) = exp(E,.., Di (p(y|X)|| p(¥)),

TIe X ~ p, O3HAYaeT, 4To U300pakeHUe X CTEHEPUPOBAHO U3 pacnpenenenus p,, Dy, (p|lq) — paccTo-
sane Kynpbaka—JIeiitOHepa MexX Ty IByMsI pacripeae/IeHUsIMU p, q.

[anHas MeTprKa ITO3BOJISIET aBTOMATUIECKH OIIEHUBATh KAYeCTBO KAPTUHOK, TEHEPUPYEMBIX MOJIE-
Jiblo. B xom1e uccienoBaHus ObLI0O MOKAa3aHO, YTO TaHHASI METPUKA XOPOIIIO KOPPEIUpYyeT ¢ pe3y/ibraTa-
MU OIIEHKH YeJIoBeKa Ha creHepupoBaHHBIX n3obpaxkeHusx CIFARI10. lanHass MeTpuKa UCHOIb3YeT
HelpoHHYIO ceTh Inception v3, ipenobydeHHyI0 Ha gatacete ImageNet, 1 cobnpaeT CTaAaTUCTUKY BbI-
XOIHBIX JAHHBIX pa0OTHI CETU, TIPUMEHEHHOM K CTeHEpUPOBAHHBIM U300pakeHUsIM. [1JIst aKcrepruMeH-
TOB OBLIO IpPEmIOXKEHO UCIonb3oBaTh apxutekrypy DCGan (cum. [33]) ¢ momxomom Conditional (cM.
[34]). OcobGeHHOCTh TaHHOI apXUTEKTYpPhI 3aKII0YAETCSI B TOM, UTO Mbl MOXEM OOYYUTH MOAEIb COM-
TUIMPOBATh M300paxkeHUsI U3 OIPEAeJICHHOIO pacIpeaeeHus, COMIUIBI U3 KOTOPOTO OYAYT CXOXMU C
5JIeMEHTaMU 13 JKeJIaeMOTO paclipeieJieHrs 00yJaroIeil BBIOOPKH.

OCHOBHOM 1IEJIBIO 3TOTO OKCIIEpUMECHTAa Obl1a BO3MOXHOCTbH HE nepeo6yanb OIIpEACICHHBIC apXH-
TCKTYPbI ITOA Pa3HbIC ITOAXOAblI OIITUMMU3ALINN. B IIpouecce O6y‘ICHI/IH reHeparop m 1MCKpUMHMWHATOP
NMEJIN OJMHAKOBOC KOJIMYECTBO 1LIAaroB OonTuMmn3anuun.

Pe3ynbraTsel. [locMoTpuTe Ha pUCYHKU, TIpencTaBieHHble Ha ¢ur. 1 u 2. ComtacHo pe3yabTaTaM, I1o-
JIy4EeHHBIM B paMKaX 3KCIIEPUMEHTOB, MOXHO 3aMETUTh, UTO ITOAXOIbI, IIPEIJIOXKECHHEIC B TAHHOM CTa-
The, MMO3BOJISIOT JOCTUTHYTh JIYUIIIUX PE3YJIbTATOB, II0 CPAaBHEHUIO C OPUTUHATBHBIMU.
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®ur. 1. Pe3ynbrathl paboThl MOZIEN, MTOJYYSHHbBIE TTPU €€ ONTUMU3AlUK C TTOMOIIBI0 MeTona Adam pa3HbBIMU CIIOCO-
GaMM: TTOJIXO/I C MCITOJIb30BaHUEM KBaHTHU3aLMU/KiUnuHra 70% Bcex TpaJueHTOB MOJIEIH, TIOIXO C UCITOIb30BaHU-
€M PenyKIIMU TUCTIEPCUU, OPUTMHAIBHBIN TToaxon (cM. [6]).
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@ur. 2. Ot n306paxkeHus ObUTM CreHepUPOBaHbI apxuTeKTypoii conditional DCGan, koTopast o6ydJajiach C MCIOIb-
30BaHMEM Pa3HBIX IMOAXOIOB: (a) — UCXOMHAsl ONTUMM3ALIMS C MCIoNIb3oBaHueM Adam 1, (6) — ONTUMM3ALIUS C 3aHY-
sneHueM 70% Bcex 3HaUCHUI IPalueHTOB, (B) — ONTUMU3ALMSI CO CTOXaCTUYECKON penyKIueil JUCTIEPCUN TPaIueHT-
HOTO CITyCKa.

e MeTon penyKLMK IUCHEPCUN MO3BOJISITT ONITUMU3UPOBATh (PYHKIIMOHAJ TOYHEE, YeM OPUTUHAJIb-
HBIi c1TOCcO0, Ha MPOTSIKEHUU BCEid STTOXU ONTUMU3ALMU, OMHAKO, MPUOJINKASICh K KOHEYHBIM UTEpa-
LUSIM KaXXI0i 5MoXy 00y4eHUs, MOIHBII TPagueHT JOCTATOUHO CHJILHO OTJIUYANICS OT HAIpaBICHUS
rpaguMeHTa, IoJlydaeMoro Ha TTOCIEAHUX UTePALUSIX, YTO BHOCHIO HETOYHOCTD ITPY ONTUMU3ALIMU, UTO
MPUBEJIO K MepeoOyYeHUIO TeHepaTopa.

e MeTo ¢ UCHONIb30BaHMEM KBAHTU3ALIMW/KIUMIIIMHTA (ClydaiilHBIM o6pa3oM obnyisercsa 70% ot
BCEro rpaJiveHTa MOJIeJd, Kak B TeHepaTope, TaK U B AMCKPUMMHATOPE, UTO COOTBETCTBYET OIEpaTOpy
cxkatss Rand70%), mo3BoimiI NpenoTBpaTUTh TIepeoOydeHrne reHepaTopa M TUCKPUMUHATOpa Ha paH-
HUX CTaIUsIX, YTO, B CBOIO OYEPEIb, TTO3BOJIIIO TOCTUYD JIYIIITUX PEe3yTbTAaTOB.

IToasoas urorn, Bce BBILICYITOMSIHYThIE OAXOAbI TO3BOJIMIIM MOJAYYUTh PE3yabTaThl JIy4lle IOJIy-
YEHHBIX MPU OPUTUHAILHOM TMOAX0Je OOyUYeHUsI TeHEPATUBHBIX MOAEIEH U MOTYT OBbITb ITPUMEHEHDI
it ontuMu3aunuyu GAN, HO KBaHTU3aMs TO3BOJISIET OBICTPO MOJYYUTh HAMJTYJIIINE PE3YyIbTaThl IIPU
COXpaHEHMU BbIYMCIUTEIBHBIX PECYPCOB.

B.2. loauyeiickuii vs. Ipabumens

Paccmotrpum 3agauy Ionuueiickuii vs. I'pabutens, 4ToObI CPaBHUTH IIPOU3BOAUTEILHOCT HEKOTO-
PBIX METOMIOB, MPEACTAaBJICHHBIX B Hallleii cTaThe. B 3T0l 3amaye Mbl paccMaTpuBaeM KBaApaTHBINM TOPOJ,
pasmepom 200 nHa 200 xkneTok. B Kaxmom ropoje ectb oM M Oynka Muaunuu. [ paburesrs BEIOMpaeT
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@ur. 3. CXoIMMOCTh METOIOB C IOMOJIHUTEIBHBIM I1aroM jist 3agaun [lonuneiickuii vs. I'padurens (20): (a) — MeToIbI
Extra Step u Past-ES, (6) — Extra Step u Coord-ES, (B) — Extra Step u Quant-ES.

OOWH OOM IUISI OrpalyieHusI, IIOIMIEeICKIIT BEIONpaeT OyaKy, B KOTOPOU OyIeT dexXXypuTh. 3agaya 3a-
KJII0YaeTCsl B HAXOXKIECHU M ONTUMAJIbHOM CMEIIaHHOM CTpaTeruu IJIsl IpOTUBOOOPCTBYIOIIUX UTPOKOB:
rpabuTeIsl U TTOJIULICHCKOro B UTpe, Tae Ledb IpadbuTess — aTaKoOBaTh BHIOPAHHbBIN IOM i C MAKCHUMAalb-
HBIM 0JIaTOCOCTOSTHUEM W;, a LIEJIb MOJULIEIICKOro — BBIOpaTh ONTUMAaJIBHBII MOCT ¥ TOHMAaTh rpabuTe-
JIs1, 9TOOBI IIPEAOTBPATUTh HAHECEHHBI MM MaKCUMaJIbHBINA OKMAAaeMbIii yOBITOK. MBI TIpenmojaracm,
YTO BEPOSATHOCTB MTOMMAaTh BOpa IUIST OMPEICIIEHHOTO A0Ma [ M TOCTa j paBHA eXp (—Gd(i, j)) ISt (pyHK-
LIUM PaCcCTOSIHUSA d , KOTOpasi BBOAUTCS Bbillie. Mbl MOXeM chOpMyIUPOBATh OMMMCAaHHYIO MOCTaHOBKY
KakK 3aJ1ayy O MOMCKe OMJIMHEIHOM CeaTOBOIM TOUKM:

n

. 1 T 4k

min max f(x,y):= —Zy A )x, (I1.22)
xeA(nz) yeA(nz) ni=

JUISL X U ¥, KOTOPbIE SIBJISIIOTCS BEKTOPAMU BEPOSITHOCTU BbIOOpA KaKOTO-J1M00 JOMAa U TTOCTa COOTBET-

CTBEHHO, U JJIsI MATPUIL

k) _ _ (k) ..
Ap” = w" [1—exp(-0d(, )],
k
e 6rnarococrostire w' U DyHKIMS paccTosTHUS d ONPENesISIIOTCS CISAYIOMM 06pa3oM (3TH BbIpa-
>KEHUS JIETKO MOHSATD, ECJIU MIPEACTABUTD i KaK CIUTIOIIEHHYIO KOOPAMHATY Ha UTPOBOM II0JI€ Pa3Mepa

nXn,i(x,y) = xn+y, rpadpuk w rpeacrapisieT co00il MUpaMuy ¢ HEHTPOM B LIEHTPE ITOTO Mo U d
€BKJIMOBO PAaCCTOSIHUE Ha HEM):

imodn—n/2

12
W = w1+ §Y ~A0,0),

dG, j) = \(i/n]~| j/n])* + (imod n — jmod n)’.
st sKcnepuMeHTOB ObLIM BbIOpaHbl TapameTpbl 0 = 0.6, n =25, ¢ = 3. Metoasl Coord-ES,
Quant-ES u Past-ES ucnosb3yoT Takoe ke 3HayeHue Y, Kak Merop, Extra Step, KoTopoe sIBsieTcs1 oI-
TUMaJbHBIM JJIS TIOcJienHero. Mbl cpaBHUBaeM MeToq Past 1o KoJndecTBy oOpallleHui K opakyiy F,
METOJ C KBaHTU3alUE MO KOJIMYECTBY UCITOIb3YEMbBIX OUT, KOOPAUHATHBINA METO/ MO KOJINYECTBY KC-
MOJIb3yeMbIX KoopauHar (dur. 3).

b

w=1- 2min{||_i/nJ -n/2
n
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