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1. BBEAEHUE. IIOCTAHOBKA 3AJAY M

Ha nipotstxennu psina get nuddepeHInalIbHbIe ypaBHEHUS ¢ pa3pbIBHBIMU ITPaBbIMU YaCTSIMU IIPY-
BJIEKAIOT BHMMaHWEe MHOTHX McciienoBaTeseii. Takme ypaBHEHUS ITPEACTABISIIOT MHTEpPEC KakK ¢ Teope-
TUYECKOM TOUYKHU 3PEHUS, TaK U C TOUKHU 3peHUS IIprtoKeHui. [TocienHue necsats JIET IpoodjieMa cyle-
CTBOBAHUS pellieHNT 0OBIKHOBEHHBIX TU((hepeHLIMaTbHBIX YpABHEHWI BTOPOTro NOPSIAKa C pa3phIBHBI-
MU MpaBbIMM YacTsIMu m3ydaiach B [1—12]. Hacrosimas paGora sBisieTcsl MPOMODKEHUEM 3THUX
UCccaed0BaHUM.

PaccMmoTpuM MoaebHYIO KpaeBylo 3amady It 0ObIKHOBEHHOIO U depeHIINaTbHOTO YpaBHEHUS
BTOPOTO MOPSIAKA ¢ TTapaMeTPOM U Pa3pbIBHOI ITpaBoiil 4aCThIO, B KOTOPOU pellieHUs BEIMCKIBAIOTCS B
SIBHOM BHIE. A UMEHHO,

—u" = Ag(x,u(x)), xe€(0,1), (1)
u(0) =u(1)=0. (2)

31ech A — MOJOXUTEIbHBII TapaMeTp, MpaBas YacTh
) = {a, ectm u<l1,

b, ecmrm u>1,

MMECT pa3pbIB IICPBOro poda BAOJIb JUHUU U = 1, a U b — BellleCTBEHHBIE YHCJIA.

OtmeTuM, uto eciiu u(x) — peuieHue 3agauu (1), (2), To v(x) = u(1 — x) Takxke ABIIETCI pelIeHUEM
aTOM 3amaun. JelCTBUTEILHO, UMEEM

—v"(x) = —u"(1 - x) = Ag(1 — x,u(1 - x)) = Ag(x,v(x))
(mocjeqHee paBEHCTBO CIIpaBeIJIMBO B CUIIY BUA IIPaBOil YacTH), a TakKKe
v(0)=u(1)=0, v(1)=u(0)=0.

Dpagora Beimonnena npu (unHaHcoBoii nomaepxkke PH® (kon mpoekra Ne 23-21-00069, https://rscf.ru/project/23-21-
00069/).

1296



O PEILIEHUAX KPAEBOWM 3AJIAUU 1297

Takum o6pa3omMm, perreHust KpaeBoit 3amadyu (1), (2) 1160 CMUMMETPUYHBI OTHOCUTEIBHO MPSIMOI
x =1/2 (1.e. u(x) = u(1 — x)), 1TMOO UMEIOTCS TapHble PEUIEHUs, TTOJydyaeMble OTPAXKEHUEM OTHOCH-
TEJbHO JAHHOM TTPSIMOIA.

2. AHAJIMTUYECKOE PEITIEHUE 3AJAYUN

B 3aBrCHMMOCTH OT TapaMeTpa A PEIINM UCKOMYIO 3a1a4y aHaJIUTUIECKM TIPY Pa3INYHbBIX 3HAYEHU -
ax a 1 b. UMeeMm HmKecaeayomme TeopeMbl 1—4 o yrcie peimeHunii KpaeBoii 3amauu (1), (2).

Teopema 1. ITycmo 0 < a < b. Toeoa 3adaua (1), (2) umeem 00no pewenue npu A € (0,8(2b — a)/bz) )
U (8/a,+oo), mpu pewenus npu ) € (8(2b - a)/b2,8/a) u 06a peuwrenus npu A = 8(2b — a)/b* uau h = 8/a.

Jloka3zarenbcTBo. CHavajaa ycTaHOBUM BUJ pellieHus. bynem nckate pemenue 3agauu (1), (2) uepes
3amavy Komwm mist ypaBHeHus (1) ¢ HadainbHbIMU yeioBusiMu u(0) = 0, u'(0) = ¢.

IToka u(x) < 1, ypasHenue (1) naer —u" = Aa, u
_ 1 2
u(x) = tx — E?»ax . 3)

Ecmnt < 0,10 u(l) = ¢ — (1/2)ha < 0, ¥ pelieHuit, ynoBiaeTBopsomux ycaosuio u(1) = 0, HeT. [ToaTo-
myt>0.

@ynkuumst (3) nocruraer Makcumyma npu x = t/(ha), pasHoro u(t/(ha)) = 9 /(2ha). Ecnu
t < +2\a, TO 3TOT MaKCUMYM HeE IPEBOCXOAUT EAMHMIbI, a 3HAYUT, pelieHue u(x) <1 npu Bcex
x € [0,1]. Takum oOpa3oM, BO3MOXKHO CYIIIECTBOBaHME pEllIeHUS B BUe Tapabdosl (3).

PaccmoTrpum Tenepb ciyuaii ¢ > v2Aa. Toraa cyiectByeT x; Takoe, 4to u(x;) = 1. [Toncrasnss (3),

2 2
MOJIy4YUM KBazapaTHoe ypaBHeHue (1/2)Aax; —tx; +1 = 0 ¢ pemeHusmu x, = (¢t + Vvt~ — 2Aa)/(ha). On-
HAKO CJIEYET YUYECTh, YTO MOCTIE MEPEXO/Ia PELIEHMS YePE3 JIMHMIO 1 = | mpaBas 4acTh g(X,u) MEHSIET
3HA4YEHUE, U PElleHNE TIepecTaeT OMuchiBaThes (popmylaoii (3). Tak uTo paccMaTpUBATh CAEAYET JULIb

x =(- Vi* = 2ha)/(\a). U3 (3) Haiinem u'(x)=1t—Aax, = V2 =2a > 0.

IMoxka u(x) > 1, ypaBHeHue (1) umeer Bun —u" = Ab, U pellieHUe ONMUChIBaeTCs hopMYyI0it
() = () + /() (x = x) = ZAb(x ~ )’ @)

ITockonbKy MBI MILEM peLIeHUs, yIOBJIETBOpSIoINe ycioBnio #(1) = 0, To gomkKHa HAalWTHUCh TOYKA
X, € (x;,1), IpU KOTOPOJi pellIeHNe BHOBb NepecedeT JIMHUIO, Ha KOTOPO# MpaBas 4acTb TEPIUAT pas-
peIB, T.e. u(x,)=1. Ilomaraga x=x, B (4) m yuutbBagd u(x)) = u(x,) =1, x, > X;, HaxoAUM

X, —x; = 2u'(x,)/(Ab). ATorma u'(x,) = u'(x;) — Mb(x, — x,) = —u'(x;) = —t* —2\a < 0.

Hakonew, nipu x = x, BHOBb u < 1, 1 peleHue gaetcst GopMyioin
, 1
u(x) = u(xy) + u'(6,)(x — x,) — me - x,)% (5)

B cuny u(x,) =1, u'(x,) < 0 moyry4yum, 4to u(x) < 1 Ipu x = X,, TaK YTO OOJIbIIE PELLIEHNUE HE ITEPECEYET
JuHuio u = 1. Takum o6paszomM, BO3MOXHO CYIIIEeCTBOBaHWE pellIeHUs B BUlle OObeIMHEHUS TpeX Mapa-
601 (3)—(5).

Ilepeitnem Terepb K HAXOXKICHUIO caMuX perieHuii. PaccMoTpum perienus Buaa (3). OrpaHuueHue
u(1) =0 mnpuBomutT K 3HayeHMio = (1/2)ha, TaK YTO peEIlIEeHUE OIMCHIBACTCS YPAaBHEHUEM
u(x) = (1/2)hax(1 — x). OHoO mocTUraeT Makcumyma mnpu x = 1/2, papHoro u(1/2) = (1/8)Aa. Yciobue
t < +/2\ha paBHOCWIBHO ycaoBuIo u(1/2) < 1, 0OTKyaa MOXHO IOJIydUTh 3HAYEHMS [TapaMeTpa, Ipu KO-
TOPBIX 3TO pellleHUe CYIECTBYET: A < 8/a.
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1298 BACKOB, ITOTAITIOB

PaccMoTpuM Tenepsh pelieHusi, cocTosiime u3 Tpex napadoi. [Tomoxum

—hax +t, 0<x<x,
u'(x) =<-Abx+r, x <x<Xx,,
—Aax+s, x,<x=<I.

Takoit BbIOOD u'(x) ymosaerBopsieT ypaBHeHuwo (1), eciu u(x) > 1< x < x < x,. O6o3HaAUUM
u'(1/2y=c. Torma r = (1/2)Ab+c. B TOuke Xx =X, [IOKHO OBITh BBIMIOJHEHO PaBEHCTBO
—hax, +t = —Abx; + r, otkyna t =r — Mb —a)x, = (1/2)Ab — Mb — a)x, + ¢. Tlo aHanorum, B TOYKE
X = X, JIOJDKHO ObITb —Abx, + r = —hax, + s, otkyaa s = (1/2)Ab — Mb — a)x, + ¢. Wtak, yuer Hemnpe-
PBIBHOCTH #(x) IPUBEJ K BHIPAXKEHUIO

—Aax — Mb — a)x, +%7\.b +¢, 0<x<x,

u'(x) = —Xb(x —%) +e, X <X <X,
—Aax — Mb — a)x, +%kb +¢, x, <x<I.

I[Ipounrterpupyem ero ¢ yuerom orpanndyeHuii (2). Umeem

—%kaxz —Mb — a)x;x +%7\.bx +ex, 0s<x<x,

2
u(x) = —lkb(x—l) +c(x—l)+d, X <X <X,
2 2 2

%xa(l—x2)+x(b—a)xzu—x)—%xba—x)—ca—x), X, <x<lI.
VYurem, 4to u(x,) = u(x,):

2 2

—lkb(xl —l) +c(x1 —l)+a’ = —lkb(xz —l) +c(x2 —l) +d,
2 2 2 2 2

OTKyza

1
_Exb(xz —x)(q +x - 1) =c(x;, — x),
U B CUIIy X, > X, ioiydaeM ¢ = —(1/2)Ab(x, + x, —1).
Tenepsb yuteM HenpepblBHOCTH u(x). [Ipu x = x; motpedbyem

2
—17\,axl2 —Mb — a)x} +l7\,bx, +cx = —17\.b(xl —l) +c(xl —l)+d,
2 2 2 2 2

OTKyJa

d=Ywrle Ly —ayxl
8 2" 2

HpI/I X = X, OOJIZKHO BBITIOJHATBCA

2
—17\.b(x2 —l) + c(x2 —l) +d=La +17Lax22 — Abx; — Aax, L +§7ubx2 —c+cx,,
2 2 2 2 2 2 2

OTKyIa

1 3 1 1 2
d==-ha—-Ab—=c+Mb—-a)x, —=Mb—a)x;.
5 g 5 ( )X 5 ( )X5

IpupaBHUBasI BEIpaXXeHUs IS ¢ , HAXOOUM

1 1 1 1 3 1 1
gkb +§c —Ek(b —a)x; = Eka —gkb —Ec + Mb — a)x, —Ek(b - a)x;,
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O PELLIEHUIX KPAEBOM 3AJAYU 1299
OTKy[Ia
_1 2 1 2
c==Mb—a)x{ —=Mb—-a)(1-x,)".
2 2
IpupaBHUBaHKE BLIPAXEHUIA IUIsl ¢ JAET
—%kb(xl +x,—1)= %k(b — @)% — X, + 1) + X, — 1),

" 6o x; + x, =1, 6o —(1/2)Ab = (1/2)Mb — a)(x; — x, + 1), oTKyna x, — x; = 2b—a)/(b —a) > 1,
YTO HeBO3MOXHO B cmity 0 < x; < x, < 1. Takum obpazom, x, = 1 — x;. Otcroga cnenyet ¢ = 0.

Hakower, yareMm tpe6oBanue u(x,) = 1. Torna (1/2)Aax; — Abx; + (1/2)Abx, = 1, oTKyzna

(2b — a)x’ — bx, +% —0,

_bEb = (8/M)(Q2b —a)
2026 - a) ' (6)

X

DT KOPHU MMEIOTCS B cilydae b° — 8/AM)(2b—a) = 0 wiu A = 8(2b — a)/bz. OnHako cieayer ele
y6enunTtbes B BbinmoaHeHn U yeiioBus 0 < x; < x, < 1. [TooxutenbHOCTD x; oueBUAHA. B cuiy x, =1 — x,
OCTaeTcsl MPOBEPUTD, UTO X; < 1/2. DTO ycoBUE MPUBOIUT K HEPABEHCTBY

+ 10— 8p-ay<b-a
A

CHpaBeUIMBOMY [Jisl HIXKHETO 3HakKa B CWIy ycioBus a < b. JIJIT BepXHEro 3Haka IToJlydaeM
b — (8/0)(2b —a) < - a(2b — a), otkyna A < 8/a. OTMETUM, YTO B CHJIY ITOJIOXKUTETHLHOCTH @ Orpa-

HUYEHUS HA A COBMECTHBI: 8(2b — ar)/b2 <8/a.

TakuMm o6paszoM, mpu 0 < A < 8(2b — a)/b2 3agayva (1), (2) uMeeT eNMHCTBEHHOE pellleHUe

u(x) = %Xax(l - X). (7

Ipu A = 8(2b — a)/b2 MOMMMO pellieHus (7) MosIBJIsIeTCs pellieHue

4 2 b
=x(b"—a2b-a)x), 0sx<——"mo
b’ ( ( )) 2(2b — a)

u(x) = 4(2b—a)x(1_x)_b—a’ b < x< 3b—2a’

b 2b—a  2(2b-a) 2(2b — a)

4 2 b
—(1=-x)((b—a) +a2b—a)x|, 1-——=x=<1.
il )((b - @) +a(2b - a)x) YET

ITpu 8(2b6 — a)/b2 < A < 8/a CyllIeCTBYIOT TPU PELLICHUsI, OTHO M3 KOTOPbIX naeTcst popmynoii (7), a nBa
JIPYyTUX UMEIOT BUII

%kx(b—Z(b—a)xl—ax), 0<x<x,
u(x) = %?\,bx(l ~ ) —%k(b o), x < x<x, 8)
%X(l—x)(b—a—2(b—a)xl tax), x<x<I,

XKYPHAJT BEIYMCIIUTEIbHON MATEMATUKU U MATEMATUYECKOW ®U3UKU  Tom 63 Ne 8 2023
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@ur. 1. I'padbuku pemenuit u(x) npua =1, b =2, A = 6.4.
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@ur. 2. 3aBucumocTb u(0.5) oT A ipua =1, b = 2.

e x, = 1 — x;, a x; naetcs BeipaxkeHnuieM (6). [Ipu A = 8/a ocrarotcs nBa peteHust u(x) = 4x(1— x) u

2
4x(L—l—xJ, 0sx<s—9%
a(2b — a) 2(2b - a)

u(x) = ¥ x(1 - x) - % =9) a 4b —3a
a

=X

Y—a’  2Qb-a) = 2Qb—a)

2
4U—MFQ:&+%,I——JL—$XSI
a(2b —a) 2(2b-a)

Hakownerr, ipu A > 8/a ocTaetcst eMMHCTBEHHOE pellieHue (8), B KOTOPOM x, = 1 — x; U

_ b= = (8/M)(2b—a)
212b - a) '

Xy

Teopema 1 nokazana.

IMpounmocTpupyeM MOTYIeHHEIN pe3ynbTaT. Ha ¢wur. 1 n3o6paxkeHbl rpaduKu Tpex pelreHnit Kpa-
eBoii 3amaun (1), Q)npua =1, b = 2, A = 6.4. Huxuauii rpadyK COOTBETCTBYET PELIEHUIO, HE ITPOXO-
JSIeMy Yyepe3 TOUKHY pa3pblBa MpaBoii YaCcTH, a IBa BEPXHUX I'padrKa MpoXoasT yepes obyacTb u > 1.

Kaxnoe pewenue 3agauu (1), (2) npu a > 0 nocturaet cBoero Makcumyma npu x = 1/2. Ha ¢wr. 2
n300paxkeHa 3aBUCUMOCTb MaKCUMaIbHOTO 3HaueHus #(0.5) ot mapamerpa A . ITo aTroMy rpaduKy JIerko
MPOCIICTNTh N3MEHEHHE KOJTMIECTBA PEIICHUIA.

Teopema 2. ITycmo a = 0 < b. Toeda 3adaua (1), (2) umeem 0orno pewrerue npu A € (0,16/b), dea peute-
Hus npu h = 16/b u mpu pewerus npu h € (16/b,+o0).

Jloka3aTenbcTBo. CHavaia 3aMeTUM, YTO IIpu ¥ < | ypaBHeHue (1) mpuHumMaeT Bua ¢ = 0, v ero pe-
LIEHUSIMU SIBJISIFOTCS InHeliHble pyHKuuu. CylecTByeT eAMHCTBEHHAs JIMHeHast (pyHKILIMS, yaoBJIe-
TBOpSIOIIas ycJIoBusaM (2): u = 0. DTo TpUBUAIBHOE pellleHre, CYIIECTBYOIee ITPU BCeX 3HAYCHMSIX
napameTpa A > 0.
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Temeps Oymem McKaTh pelieHMs, nepecekawinue JuHUio ¥ = 1. Paccmorpum 3amauy Komm mis
ypaBHeHUs (1) ¢ HayanbHbIMU yenoBusMu u(0) = 0, u'(0) = ¢. BHavane u < 1, ypaBHeHue (1) umeer Buj
u" = 0, u pemeHue u(x) = tx. O4eBUIHO, YTO NpU ¢ < ( peleHue He TOCTUTHET 3HaueHus u = 1. Tak
yto ¢ > 0. [ToTpedyem cyuiectBoBanue x; € (0,1) Takoro, uro u(x;) = 1. Torna ¢ = 1/x;.

Ipu u > 1 ypaBHeHue (1) npuobperaet Bua —u" = Ab, Tak uto u'(x) = u'(x)) — Ab(x — x;) = 1/x, —
—Ab(x—x),a

u(x) = 1+ L (x = x) = L ab(x - x) )
X 2
YT0OBI yIOBAETBOPUTH OrpaHudeHuIo (1) = 0, pellieHue CHOBa TOJIKHO Mepeceyb MpsiMylo u = 1, mo-
3TOMY CYLIECTBYET X, € (x;,1) Takoe, uTo u(x,) = 1. [loncraHoBka x = x, B (9) c yuetoMm x, > x; 1aet

2

_ 2 10
Abx, (19

Xy — X

Orcwona u'(x,) = —u'(x) = —1/x,.
Hanee u < 1wu u'(x) coXpaHsIET CBOE 3HAUEHUE, TAK UTO OONBIIIE PEITEHUE HE TIPUMET 3HAYCHUS U = 1.
Takum obpazoM, pelreHue T0JKHO UMETh BU

i, 0s=sx=x,
X
u(x) = L vex+ d, x<x<x,,
2
1__x’ x2 < X < 1_
X
N3 ycnoBust HEMPEepBIBHOCTA TIPOU3BOAHOM u'(x;) = 1/x; = —Abx, + ¢ HaxoauM ¢ = 1/x; + Abx,. U3
yernoust u(x;) =1 Haxomnm d =1+ (1/2)Abx{ —cx; = —(1/2)Abx.. Hanee, yciuosue wu(x,) =1 maer

(1-x,)/x, =1 wm x, = 1 — x,. C yaerom (10) monyuaem 1 — 2x, = 2/(Abx,) wm 2x; — x, + 2/(Ab) = 0,

OoTKyZa
X, :li\/1—16/(7»b)‘ (11
4
JlaHHOe pelieHrue BO3MOXKHO TIPU 3HAYeHMSIX napamerpa A = 16/b. OTMeTuM, 4TO 110 3TOI hopmyIie
crnpaseiuBbl HepaBeHCTBA ) < x; <1/2m0 < x <x, <1.

TakuMm o6paszoM, npu 0 < A < 16/ cyluecTBYET JUILb TPUBHAIbHOE pemteHue u = 0. [Ipu A = 16/b
MOMMMO TPUBUAJIBHOTO MOSIBJISIETCS €11Ie PellleHe

4x, 0$x$l,
4
1 1 3
ux)=8x(l—-x)—=, -s=x==,
) ¢ 2 4 4
3
41-x), ==x=1
( ) 1

Haxkonen, mpu A > 16/b nMeeM Tpu pellieHUsI, OAHO U3 KOTOPbIX TpMBUAIbHOE 1 = (), a ABa APYIMX Aa-
10TCsT (popMyIToi

X
=, 0=x=yx,
X

u(x) = %kbx(l — %) —%xbxf, X <x<x,

1-x
—, xsxs=l,

X

B KOTOPOi X, = | — x|, a 1Ba 3HAYEHUS X, HAXOOATCI U . Ma 2 JoKa3aHa.
oTopoii x, =1 — x;, a 1Ba 3Haye , Haxonartcest u3 (11). Teopema 2 nokasaHa

XKYPHAJT BEIYMCIIUTEIbHON MATEMATUKU U MATEMATUYECKOW ®U3UKU  Tom 63 Ne 8 2023
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®@ur. 3. I'padviku perrenuit u(x) npua =0, b =2, A =9.
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@ur. 4. 3aBucumoctb u(0.5) orA ipua =0, b = 2.

Taxke MpoMJUTIOCTpUPYEM TToJIydeHHbIe perieHus . Ha dur. 3 nzoodpakeHbl rpaduKu TpexX peleHuin
zagaun (1), (2) mpu a =0, b =2, A =9. HerpuBuanpHble pelleHUs AOCTUTAIOT MakKCUMyMma IIpU
x = 1/2. Ha ¢wur. 4 nuzobpaxeHa 3aBUCUMOCTh 3HadeHU 1(0.5) OT mapaMerpa A, 110 KOTOPOI MOXKHO
MPOCJICANTh U3MEHEHNE KOJMYECTBA PEIICHUIA.

Teopema 3. Ilycmo a < 0 < b. Toeda cywecmeyem cuemnoe MHOICECMBO OUDPYPKAUUOHHBIX 3HAUCHUL
napamempa A, \,,... makux, yumo npu A€ (0,A,) 3adaua (1), (2) umeem eduncmeennoe peuieHue, npu
Ae (Mg, Ayy) cywecmeyem 2k + 1 pewenue, npu A = N, umeemcsi 2k pewenuii ¢ ciyuae Heuemnozo k u
2k — 1 pewenue 6 cayuae wemnoco k. 30eco A, = —8(k2(b —a)’ — bz)/(abz), Aoy = —8k°*(b — a)z/(abz),
k=1.

JokasarenbcTBo. CHavaia pacCMOTPUM ciydaii, korna u < 1. Ypasuenue (1) umeer Bug —u'" = Aa,

ero petrenue u(x) = (1/2)Aax(1 — x) ynosietrBopsieT ycioBusM (2) v nputoM u < (. Takum oGpasom,
3TO pellleHue CyIecTBYeT Mpu BeeX A > 0.

Ternepb paccMOTpUM Cilydaii, Korga pelieHue nepecekaet auHuio u = 1. [lycts x;, x,,..., x,;, — Bce
TOYKH, MPU KOTOPBIX u(x) = 1, u'(x) # 0. DTUX TOYEK YETHOE KOJIMYECTBO, MOCKOJIbKY JJISl TOTO, YTOObI
BBITIOJTHUTB YCJIOBUS (2), pellieHre JOJDKHO IEPeTH MeXIy o0nacTsIMu ¢ < 1 1y > 1 4eTHOE YKCJIIo pa3.

PaccmotpumM 3anauy Ko st ypaBHeHus (1) ¢ HayainbHbIMU yenoBusiMu u(0) = 0, u'(0) = ¢. Torna
nipu 0 < x < x; OyaeMm uMmeTh u'(x) = t — Aax, TaK 4to u'(x;) = t — Aax,. [Ipu aTOM J-: u'(x)dx = u(x)) —
— u(0) =1, Tak uto tx; — (1/2)hax, = 1, otkyna t = 1/x; + (1/2)hax;, au'(x)) = 1/x, — (1/2)hax,.

Mpu xy,; < x < Xy, OymeM uMeTh u'(x) = u'(xy,,) — Ab(X — Xy;,;), TPUYEM B CHIIy YCIOBMIA

X2i42
U(xy;,5) = U(xy;,;) = 1 DOJKHO BBITIOJIHATBCA paBeHCTBO.[ “u(x)dx = 0, otkyna u'(Xy;,)) (Xoieg — Xo11) —

X2i+1
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— (1/2)Ab(Xy15 = X5131)" = 0, M B CHIY HEPABEHCTBA Xyyy < Xy UMEEM Xypy — Xy = 2u'(Xy:11)/(AD).
Hpu 9TOM U'(Xy145) = U'(Xp101) = AD(Xpian — Xpi41) = —U'(Xp14)-

Ipu x,; < x < Xx,,,; OyaeM uMeThb u'(x) = u'(x,;) — Aa(x — x,;). AHAJTOTMYHO, o u'(x)dx = 0, orkyna
2i 2i+l1 2i 2i

Xi
Xoip1 = Xor = 2U'(xy)/(Aa), v u'(Xypp) = —U'(Xy;).
TakuM 06pa3oM, B TOUKAX X, X,,...,X,, 3HAUYEHUS MPOU3BOIHON MMEIOT YePeayIoIInecs: 3HaKU 1
OMMHAKOBHI TT0 a0COTIOTHON BemuuHe: u'(Xy;,,) = u'(x)), u'(xy;) = —u'(x)).
HakoHell, pacCMOTPUM IIPOMEXYTOK X,, < x < 1. 3mech u'(x) = u'(xy,) — Aa(x — Xy, ), U B CUITY YCIIO-

1
BUil u(x, ) =1, u(1) =0 HOIKHO BBIMOJHSITHCS PABEHCTBO I u'(x)dx = —1 unmm u'(xy, ) (1 — xy) —

— (1/2)Aa(1 = x,,)> = —1. Otci0ma t'(xy) = —1/(1 = x5 ) + (1/2)ha(1 = x5, ).
W3 paBeHctBa u'(x,,) = —u'(x;) nojryyaeM ypaBHeHUE

l—l?»axl S

x] 2 1 - X2k

1
—=Aa(l—x
5 (1= xy)
WK
1 - X2k - xl _ 1 7\‘
— = Tl =_"da(l - x; — xy).
x1(1 _ xzk) 2 ( 1 2k)
Ortciona 6o x,, = 1 — x;, 160 x,(1 — x,,) = 2/(Aa).
Terepb BCITOMHUM, YTO
JW) W) ) 2()
a g e T X b b
Torma 1= x4+ (x, — X))+ + (X — Xop) + (1 = x5) = X, +2cu'(x))/A+1—xy,, THE ¢ = k/b —
— (k —1)/a. Otciona x,;, — x; = 2cu(x))/h = 2¢/(Ax;) — acx; .
Ecmn x,, = 1—x,, 701 —2x, = 2¢/(Ax,) — acx,, (2 — ac)x; — x, + 2¢/A =0 u

N J1=(8¢/M)(2 - ac)
: 2(2 - ac) '

Xoiyl — X

(12)

JaHHoe penieHre BO3MOXKHO TTPU YCIOBUU

2 2 2
1-%0_a)=0 wm A=8cQ-a0=-3KC=A =b) oy
A ab
Ecmu x,(1 - xy,) = =2/(Ra), TO
1+ 2 -x, =2 —acx, (1-ac)xi —x —M=O,
Aax, Ax, Aa
141+ 8/0a)(1 — ac)’
x = : (13)
2(1—ac)
JlaHHOE pellieHNe CYIIEeCTBYeT IPH YCIOBUM
2 2
1+3(-acy =0, r=-8(1-acy= —w, k=1,
Aa a ab

Cnenyet BBISICHUTb, MOTYT JiU popMmyibl (12) u (13) naBaTh ONMHAKOBBIE 3HAYEHUS X;. DTO BaXHO
JUIS1 KOJIMYECTBA PELLIEHU, MOCKOJIbKY KaXIOMY X; OAHO3HAYHO COOTBETCTBYET cBOe 3HaueHue u'(0) u,
TakKrMM 00pa3oM, cBoe pellieHue 3agauu u(x). PaBeHcTBO

1+ 1= (8¢/M2 —ac) _ 11+ (8/a))(1 — ac)’
2(2 —ac) 2(1-ac)
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@ur. 5. Ipaduku pereHuit u(x) npua = —1,b =2, L = 64.
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@ur. 6. 3aBucumoctb u'(0) orA ipua = -1, b = 2.

PaBHOCUJILHO

+(1—ac),[1-3€2 - ac) = 1+ 2 - ao) [l + > (1 - ac)’,
A ra
OTKYZA CJIEHAYET

81— acy@—ac) = £22 - ao) 1 + B (1 - ac)’ +2(2 = ac) + 3-(1 - ac)’(2 — ac’,
A Aa Aa
—470(1 —ac) = 1 +%(1 —ac) +1 +ﬁ(1 — ac)’(2 - ac),
-1 —%(1 —ac) == /1+%(1 —ac),

16 2, 64 4 _ 8 2
1+E(1—d6‘) +ﬁ(1—ac) —1+E(1—00) s
A =-8(1-acl.

a

IMpu takom 3HaueHuu 1— (8¢/A)(2 —ac) =1/(1— ac)z, U Mpy BbIOOpE BEPXHETO 3HaKa B (opmy-
ne (12) momyunMm x; = (1+1/(1 —ac))/(2(2 — ac)) = 1/(2(1 — ac)), yto coBmagaeT ¢ dopmynoit (13).
[MockombKy pelieHre OqHO3HAuYHO onpenensieTcs 3HaueHueM #'(0), KOTOpoe BbIpaXkeHO uepes X, Mpu
A =—(8/a)(1- ac)2 peleHue, 3amaBaemoe popmynoii (13), coBmamaeT ¢ pelieHrueM, BhITEKAIOIIUM U3
¢opmynsr  (12). HMHTepecHO TakxkKe OTMETUTb, 4YTO IpM ITOM 3HAYCHUM I1apaMeTpa
u'(0) = 1/x, + (1/2)hax, = 0. Teopema 3 nokasaHa.
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[MpomuniocTpupyem mojrydeHHBIN pe3ynbTaT. Ha dur. 5 nzo0paxkeHs!I mecTh pemeHuii 3agadn (1),
Q)npua=-1,b =2, A = 64. B nannom ciydae 3HaueHue u(0.5) He 06A3aTENBHO ABISETCA TOYKON
MaKCUMyMa pellIeHUid, U OTCJIeAUTb KOJIUUEeCTBO pellleHUIi Mo 3TOMY 3HaYeHUIO He yaaeTcs. Jis1 aToi
ueau Ha ¢ur. 6 npuBeaeH rpaduk 3aBucumoctu u'(0) ot A.

Teopema 4. IIycmo 0 < b < a. Toeda 3adaua (1), (2) umeem eduncmeenHoe peuieHue npu cex 3HA4EHUSIX
napamempa A € (0,+oo).

Joka3aTtenbcTBo. Ciiyyail @ = b o4eBUAEH, ITOCKOJIBLKY MpaBasl YaCTh HEMPEPHLIBHA, U €MUHCTBEHHOE
petenue u(x) = (1/2)hax(1 — x).

PaccMmoTpum cay4ait ¢ > b. CHavana OyneM McKaTh pellieHus, Jiexallue B 00jacTi ¢ < 1. OHu nume-
10T BU1 (7) ¥ YIOBJIETBOPSIOT YCJIOBUIO u < 1 ipu A < 8/a.

Tenepb MPeaNnoNOXUM, UTO PEIIEHUE 3aXOAUT B 00J1aCThb 1 > 1, APYTUMU CJIOBaMMU, CYIIIECTBYET TOY-
Ka x; € (0,1) Takas, uto u(x;) = 1, u'(x;) > 0. Torna us-3a kpaesoro yciaosus u(1) = 0 goJKHA HAUTUCH
TOYKa X, € (x;,1) Takas, uyro u(x,) =1, u'(x,) < 0. 3aTem, B CUIly OTPUMLIATEIBHOCTH BTOPOI NPOU3BO -
HOM, u'(x) yOBbIBa€T U OCTAETCs OTPULIATEIbHOM, TaK YTO pellieHre Oobliie HE MPUMET 3HaUeHUe u = 1.
ITosTOMY OHO COCTOUT M3 TpeX mapadoJl.

IHomoxum

—Aa(x—x)+s, 0<
u(x)=<-Ab(x—x)+s, x <

31ech yxKe yuTeHO TpeOboBaHre HeTpepbIBHOCTHU u'(x) . UHTerpupoBaHue ¢ y4eTOM Ha4aIbHOTO YCJIOBUS
u(0) = 0 1 HEeNPEPBLIBHOCTHU PELICHUS NPUBOIUT K BBIPAXKEHUIO

—%ax2 +Aax;x +sx, 0<x=<x,
u(x) = —&b(x - xl)2 + sx +7—”ax12, X=X S Xy,
—%a(x - x2)2 —%‘b(x2 —x)(2x —x; —x,) + sx + %axf, X, =x=1.
VYuet kpaeBoro ycnoBus u(1) = 0 Mo3BOJSET BIPA3UTH
5= %la(l— X —x)(1+x, —x2)+%xb(x2 —x)(2 =X - X,).
B cuity paBeHcTBa u(x,) = u(x,) uMeeM

sx; + %kaxlz = —%Xb(xz —x)" +sx, + %Xaxlz,

s(x, —x) = %M)(x2 - xl)z,
OTKY/Ia C YYETOM X, > X; ¥ BBIPAKEHUS LIS § MOJTydaeM
%ka(l —x = ) (14 X, — %) +%kb(x2 —x)(1=x —x,) = 0.
Torma ;mb6o x, + x, = 1, 6o
%ka(l + X — X)) + %lb(xz ~x)=0,

OTKYZAa X, — x; = a/(a — b) > 1, YTO HEBO3MOXHO.
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@ur. 7. Ipaduk pemeHus u(x) npua =3, b =2, L =9.
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@ur. 8. 3aBucumoctb u(0.5) orA ipua =3, b = 2.

Takum o6paszoM, x, = 1—x; us = (1/2)Ab(1 — 2x,). OcTaercst paccMOTpeTh ycinoBue u(x;) = 1:

1 1 2
Abx (1 =2x)+—-Aax; =1,
5 1( 1) S haxi

(a - 2b)x2 + bx, —7% =

Ecnu a > 2b, TO

_ —b++/b* +(8/M)(a - 2b)
1 5

2(a - 2b)

BTOPOI1 KOPEHB HE YAOBJIETBOPSIET ycaoBUio X; > 0. B cuny 0 < x; < x, <1 MBI JOJXHBI UMETh X; < 1/2,
oTkyna A > 8/a.

Ecnu a = 2b, 10 X, = 2/(Ab),  ycinoBue x; < 1/2 cnipaBemivBo mipu A > 8/a.
Ecom b < a < 2b, TO

_bEB = (8/M)(Q2b—a)
2(2b —a) '

1

2
VYcnosue x; < 1/2 npuBOAUT K HEPABEHCTBY J_r\/ b —(8/N)(2b — a) < b — a, B KOTOPOM IIpaBast 4acTh OT-
pulaTesibHa, TMTO3TOMY BEpPXHUI 3HAK HE IMOAXOMUT. JIJIsi HUDKHETO 3HaKa yCJIOBUE BBIMOJHSIETCS MPU

A>8/a.

Takum o6pazom, nipu a > b U A > 8/a, UMeeTcsl eAMHCTBEHHOE 3HAUCHHE X;, KOTOPOE MO3BOJISIET
MOJy4YUTh pemeHue Buaa (8).
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®ur. 9. 3aBUCUMOCTD OIIIUOKHM OT €.

OO0BennHSSI PaCCMOTPEHHBIC CaydaM, MOJydaeM CYILIECTBOBaHUE €IMHCTBEHHOIO pEIISHUS IIpU
Bcex A > 0. Teopema 4 mokasana.

Ha ¢ur. 7 uzobpaxen rpaduk pemrenus 3agauu (1), (2) npua = 3, b = 2, A = 9. Pemenune nocru-
raeT MakCMMyMa Iipu x = 1/2. 3aBUCUMOCTb 3HaueHuit u(0.5) OT mapameTpa A MpuBeacHa Ha ¢ur. 8.

OrmeruM, yto mpu a € R u b € (—oo, O] OCTalOTCS JIMIIb pelneHus u(x) Buaa (7), He BhIXOISIIME U3
oGacty 4 < 1 U cylIecTBYIOLIME ITpU Aa < §.

Takum 06pa3zoM, pacCMOTPEHBI BCE BO3MOXHBIE COOTHOILIEHUST MEXIY YUCITIaMU a U b.

3. YU CJIEHHOE PEIIIEHUWE 3ATAYN

IMpubnmkeHHoe pelieHUe KpaeBoit 3amauu (1), (2) Oyaem uckaTb METOAOM Hpuctpenku (cm. [13]).
H1s1 3TOrO CHAYalla BbIOMpaeM Hayrall 3HAUYEeHUA £, U £, — HadaJlbHbIe TpuonkeHus 3HaueHud u'(0). Pe-
iraem 3aauy Koru st ypaBHeHust —u; = Ag(x, 4;) ¢ HadaubHbIMK yciaoBusiMu 4;(0) = 0, u(0) = ¢, Ha-
xoauM 3HaueHus u,(1), i = 0,1. 3aTeM nosyyaeMm cieayrolliee NpuoInKeHUe:

L — 1

p— 1

fooo=¢f —— i il
T () — (1)
[portrecc mponokaercs, ToKa He OyIeT BHITOIHEHO HepaBeHCTBO |u;(1) < €, tne € > 0 — BeIOpaHHas
>XeJlaeMast TOYHOCTb.
3anauy Kouwu mist ypaBHeHus (1) ¢ HadasbHbIMU yeaoBusa My u(0) = 0, u'(0) = ¢ peuraeM MeTOAOM
Oiinepa. BelbnpaemM KoanuecTBo NpomMexyTkoB N, mar 4 = 1/N. O0o3HauuM x; = ih, u; OynyT npu-
OvKaTh 3HA4EeHUS U(X;), a u; COOTBETCTBEHHO u'(x;). Ilonaraem u, = 0, y; = ¢. Ha kaxxgoM 1miare pac-
CUMTBIBACM U, = u; — Ag(x;,u)h, Uy = u; + (1/2)(u; + uj,))h.
3a cueT MpOoCTOoii JIeBOi YyacTu ypaBHeHUs (1) maHHBIN METOM JaeT TOuHOoe pelineHue 3agayn Ko
MPU YCIOBUU, YTO TOYKHU, B KOTOPBIX TIpaBast YaCTh UCITBITHIBAET CKAYOK Ha pellleHU |, TTONaaaloT Ha y3-

JIbI ceTKU. OIHAKO YMCIEHHBII METO, KaK MPaBUIIO, UCITOJB3yeTCsI TOTAA, KOIma HeT TOYHOM MHMOop-
Maluu 00 3TUX Toukax. [ToaToMy mpeasaraercs ciaeayoiiast KOppeKTUPOBKa.

u(1), i=1,2,....

Nnnumanuzanust: u, = 0, uy = t.
PaccuuteiBaeM u;,, = u; — Ag(x;,u)h, ., = u; + (1/2)(w; + u;,;)h. Ecaum  BBIMOJIHEHO ycioBUE

(u; —1)(4;, —1) = 0, To nponokaeM. B npoTMBHOM cilydyae NpOBOAMM KOppeKLuio. bynem uckarb Ha
otpeske [0, 4] Takoif monmar /4. , 9T0 MpyU BBIYUCIEHUN

A} A} 1 A} Al

we = u — Ag(Ox, u)he, Wk =u,-+5(ui+u*)h (14)
MOJYy4YUM 3HayeHMe . = 1. [l 3TOro mpemnaraercsd MCMoab30BaTh OMHAPHBIN ToncK. HaumHaem ¢
h=0,h = h,u =u;,u. = u,,. Ha xaxnoit urepanuu BeioupaeM cpenHee sHayenue s, = (1/2)(h + h,)
M BBIUMCISIEM  COOTBETCTBYIOLIME U, = u; — Ag(x,,u)h,,  u, = u; + (1/2)(u; + u.)h.  Ecim
(u; —1)(u, — 1) <0, To mpucBauBaeM kh = h,, u, = u,, UHaue nojaraem #. = h,, u, = u,. I[Ipouecc npo-

Cco
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JIOJIKAeTCsT 710 TeX Mop, MOoKa 3HaUeHKe MoJlara He OyIeT HaliIeHO ¢ 3aaHHOI TOYHOCThIO: |4, — /| < 8,
rne 8 > 0. IMyctb A = (1/2)(h + h,). Torna BerYMcisieM mepBblil iofwmar mo dopmynam (14), a 3atem
BBIYUCIISIEM BTOPOW Tommar u;,, = e — Ag(x;, u;,)(h — h), v, = e + (1/2) (s + ) (h — h). 3mech B

IIpaByIO 4aCTb HEeO0OXOAUMO MOACTABUTH BEIUMCICHHOE nepea 3arryCKOM KOppEKIIMM 3HAYCHUC U,
ObI IIOJIYYHNTDb €€ 3HAYCHUCEC IMOCJIE CKa4yKa.

i1, ITO=
Ecnu A ynaetcst HaXoguTh TOYHO, TO TAKOW METOJI TTO3BOJISIET MOJTy4aTh TOUHOE PEIIEHNE pacCMaT-
puBaeMoii 3amaun Koru.
Ha ¢ur. 9 B norapudmMmyecknx ocsx MPUBEAECHBI PEe3yJIbTaThl YUCICHHBIX PACYETOB 3aBUCUMOCTH
OIIMOKY max |u; — u(x;)| TpUOIMKeHUSI TOUHOTO peteHus u(x) KpaeBoii 3anauu (1), (2), u306pakeHHOTO
1

Ha BepxHeM rpacduke Ha (ur. 1, 3HAYSHUSIMU «;, BEBIMUCICHHBIMM TI0 ONMCAHHOM cXeme, OT BbIOOpa €
npu 3HayeHusixa = 1, b = 2, A = 6.4, N = 1000, d = €. B naHHOM city4yae olnbka uMeeT mopsiaok O(€).
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