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B craTtbe mccienyoTes HerIagKie 3a1ady BEIITYKIION cToXacTHYecKoit ontuMusanni. C TOMOIIBIO
TEXHUKU CINIAXKUMBaHU, 0a3upyloleiicsa Ha 3aMeHe 3HaueHUs (DYHKLMY B pacCMaTpUBaeMoOil TOUKe
YCPemHEHHBIM 3HaueHneM (QyHKIUM 10 mapy (B /;-HOpMe Wiu [, ~-HOpMe) MaJIoTO paamyca ¢ IIeH-
TPOM B 3TOi TOUKe, MCXOAHAs 3a7a4a CBOAUTCS K NIaaKoi 3agave (KoHcTaHTa JIMMIIMIIA TpagueHTa
KOTOPOM 0OpaTHO TIPOIOPLIMOHAIBHO pagnycy mapa). BaKHBIM CBOCTBOM MCITOIB3YEMOTO CIVIa-
KUBaHUsI SIBJISIETCS] BO3MOXHOCTbH BBIYMCIIATHL HECMELIEHHYIO OLEHKY IpaJMeHTa CINIaKEeHHOM
(YHKIINM Ha OCHOBE TOJIBKO peaan3aiii HCXoqHOM ¢yHKINHU. [ToydeHHYIO TIagKyIo 3a1ady CTO-
XaCTUYECKOM ONTUMM3ALIMU MpeIaraeTcs gajee pellath B pacipeaeeHHOM apxuTeKType denepa-
TUBHOTO 0Oy4YeHMs (3aJadya pelnaeTcs mapauiebHO: Y3JIbl JeJIaloT JIOKAJIbHbBIE IIard, HallpuMep,
CTOXaCTUYECKOTO IPagueHTHOIO CITYCKa, IOTOM KOMMYHULIMPYIOT — BCE CO BCEMU, 3aTEM BCE 3TO
roBTopsieTcst). Lleab craThit — MOCTPOUTH Ha 6a3e COBpEMEHHBIX JOCTMKEHMIT B 001aCTH Ge3rpaai-
€HTHOI1 HEIIaJKOM ONITUMU3ALIMU U B 001aCTU (heepaTUBHOIO 00yYeHUs 0e3rpaaeHTHbBIE METOIbI
pellIeHns 3a1a4d HETIAIKOM CTOXaCTUYECKOI OITUMHU3AILINN B apXUTEKTYPE (PerepaTUBHOTO 00y4de-
Hug. bu6n. 22. ®ur. 3. Tao6n. 1.

KiroueBble ciioBa: Oe3rpaJMeHTHBIE METOIbI, METOJAbl C HETOUHBIM OpakyJioM, (deaepaTMBHOE
obOyJeHue.

DOI: 10.31857/50044466923090028, EDN: MLJEUH

1. BBEAEHUE
B cratbe paccmaTtpuBaroTcs 3a5a4M CTOXaCTUYECKON ONTUMU3aLAN

Jmin, /(0= E [/(x,0)] (M

U UX ceIoBbIe 00001eHUs. [Tpr aTOM cunTaeTcs, 4To GYHKIUSA f(Xx) — BBIMYKJIasi, HETaaKast U UMeeT
orpaHMYeHHYI0 KoHcTaHTy JIummuiia. Takske mpeamnosaraeTcst, YTo ISk HaOII0IeHUS TOCTYITHA peajli-
sanus byHkunn f(x,E), Ho He ee rpaauenT (110 x) Vf(x,£). Bonee Toro, B paboTe Takke paccMaTprBa-
eTcs ciIyyait, Koraa aTa peaau3alys J0CTyIHa ¢ HeOOJbIIUM IIIYMOM HecaydaiiHoi mpupoabl. JJaHnHas
CTaThsl OCHOBBIBAeTCS Ha padoTe [1], B KOTOpOii IIpelyioXXeH ONTUMabHBINA aITTOPUTM (C TOYHOCTHIO 10
JIoTapu(PMUUIECKMX IT0 pa3MEPHOCTHU IIPOCTPAHCTBA MHOXUTEIEH B OLICHKAX OpaKyJIbHBIX BEI30BOB) pe-
reHus 3anadu (1) cpasy 1Mo TpeM KpUTepusaM: 1) 9rciio opakyIbHBIX BBI30BOB (BeIYMCIeHU f(x,E)),
2) 4uCIIo MoceIoBaTeIbHBIX UTEpalivii MeTo1a (Ha OMHOM UTepalli MOXHO BbI3bIBATh OPaKyJl MHOTO-
KpaTHO), 3) MaKCUMAaJIbHO IOITYCTUMBIN YPOBEeHb (IOTEHIIMAIBHO BpaXXAecOHOr0) IIIyMa, IIpu KOTOPOM

Dpagora Beimonnena npu puHaHcoBoi omaepxkke PH® (rpoekT 23-11-00229), https://rscf.ru/project/23-11-00229/.
TOcHoBHOi BKJIaJl B CTaThblO NMpUHamIexXuT Anekcanapy JlobaHoBy (lobbsasha@mail.ru). ComiacHO mpaBujiaM XXypHajia, aB-
TOPBI CTaTbM PACCTABJICHBI B aJ()aBUTHOM TTOPSIIKE.
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1459

BCe ellle BO3MOXHO IOCTUYD XKeJaeMoil TOUHOCTU. B ocHOBe momxomna [ 1] JeKUT JOBOJILHO cTapast Uaest
(cMm., Hampumep, [2]) 3aMeHbl HUCXONHOU Hemiaakoi QyHKIMM [f(x) ee CIIaXeHHOU Bepcueit

Sy () = E;[f(x + ¥é)], tae € — paBHOMEPHO pacrpeneIeHHBIN CIyYailHbIil BEKTOP Ha Bf (1) — enuHNY-
HOM €BKJIMIOBOM LlIape C LEHTPOM B HyJie. 15 criaxkeHHOoH hyHKIMYU KOHEYHas annpokcuManus (¢
LIaroM Y) IpOMU3BOJHOI MO ClydailHOMY HalpaBJIeHUIO (BBIOPAHHOMY PABHOBEPOSITHO HA €IMHUYHOM
€BKJINJIOBOM cepe) OyaeT HecMellleHHOH (paHAOMU3UPOBAHHOI) OLIEHKOM I'paareHTa, obJafgaroliei
MPU UCIIOJIb30BAHUN CUMMETPUYHOI pa3HOCTHOM anpoKcUMaluu xopolieit aucnepcueit [3] — takoi
Xe, Kak eciiy O0bl f(x) Obuia DIagKoM.

B npyroii pa6ote [4] TTOKa3aHO, YTO €CJIM UCIIOJB30BaTh CIIaXKMBaHUE He MO eBKIMIOBOMY IIapy, a

IO apy B /,-HOpPME, TO B OMPEACICHHBIX CUTyallASIX MOXHO YIYYIIUTh OLEHKU [ 1] Ha yMciio opakyiib-
HBIX BBI30BOB Ha JIOTapU(PMHUIECKU MHOKUTENH (IT0 pa3MepHOCTH ITpocTpaHcTBa). OmMHAKO IIPU 3TOM
B [4] He oOcyxXmaics BOIPOC O YKCJIe MOCJieN0oBaTeIbHbIX UTEpaliiii M UCHIOIb30Balach Apyras (bomee
y3Kasl) KOHLEMIMS Bpaxk1eOHOTro 1IyMa, IJIsi KOTOPOii BOIIPOC O TOYHBIX HUKHUX OLIEHKAaX, HACKOJIBKO
HaM M3BECTHO, MTO-TIPEXKHEMY OCTACTCS OTKPBITHIM.

B HacTostI1Iel cTaThe MOKA3aHO, KAK MOXHO B TEOPUH YIYUIIUTh pe3yJIbTaThl paboThI [ 1] 3a cueT cxe-
MBI criaxkuBaHus u3 [4] (cM. Takske padoTy [5], B KOTOpOIi JaHHAas cXeMa CITTaXKMBaHMS TaKKe TIpeia-
rajach, HO aHaJIM3 ObLT MTPOBeAEH MeHee TOUHO). Kak yxke oTMedanoch BhIIIIE, YAy4dIIeHUs] HOCAT JioTa-
pudpMmIeckuii Macitad. OTMETUM IIPU 3TOM, UTO IIPOBEICHHEIE B PA00OTE YMCIIEHHBIE SKCIIEPUMEHThI
HE CMOTJIU SIBHO YJIOBUTH 3(P(PEKT TAKOro yIydIlIeHUsI OLICHOK.

JlpyruM BaxXHBIM HaIlpaBJIEHUEM pa3BUTHS paOOTHI [1] cTamo 06o0IIeHne BceX pe3yIbTaTOB 3TOM

paboThl (M ee MOaMMUKALIMY CO CITIaXXKMBAaHMEM Ha L1ape B /;-HOPME) Ha PACIIPENEIEHHbIE aITOPUTMbI
B apxXUTeKType deaepaTuBHOTo ooydeHust [6]. OTMeTHM, 4TO B (peepaTUBHOM OOYYEeHUN paccMaTpU-
BaroTcs 3agaun tTuna (1), Bo-IepBbIX, INIAAKKE, BO-BTOPHIX, C IIOJIHOTPAAUEHTHBIM (CTOXaCTUYSCKIIM)
opakysioM. 3agava (1) perraeTcs HE3aBUCUMO B KaXKIIOM y3JI€, IIOTOM y3JIbl KOMMYHUIIMPYIOT 1 BHIYHC-
JISIIOT cpemHee (1o y3/1aM), 3aTeM CHOBa HAUYMHAIOT HE3aBMCUMO pelllaTh 3a1auy, CTapTysl C 3TOrO Cpel-
Hero. Yepe3 HEKOTOpOe BpeMsI y3JIbl CHOBA KOMMYHUIIMPYIOT, CYUTAIOT CPEeIHEE U IPOLECC MOBTOPSIET -
cs... B maHHOI1 paboTe 3a CYET MCIIOJb30BAaHMUS CXEMBI CITIAXKUBaHUS (C BBEICHUEM AOIOJTHUTEILHOMN
paHIOMU3alLMHU) TTOJyYaeTCsl CBECTU HeIIaAKYIO 3a1a4y CTOXaCTUYECKOM ONITUMU3AIIUM ¢ 6e3rpagueHT -
HBIM OpaKyJIOM, K IJIaIKOM 3a/1a4e CTOXaCTUYECKOM ONITUMU3ALUI C OPAKYJIOM, BBIIAIOIINM CTOXaCTH -
YeCKMI TpagueHT, B KOTOPOM CTOXacTHKa (popMUpyeTCs U3 N3HAYAIbHOM CTOXaCTUKU, IPUCYIIEH HC-
XOJHOI MOCTaHOBKE 3aJauyM, U CTOXAaCTUKE, BOZHUKINEH MPpU CIJIaXKMBAaHUU (paHIOMU3UPOBAHHOIA).
Oxa3anock, 4YTO B CYIIECTBYIOIIEH ceiiyac TuTepaType IMpakTUIeCK OTCYTCTBYIOT METOIbI (peiepaTUB-
HOTo o0y4YeHMs I HerTankux 3agad. [1lo-Buaumomy, 3To OBLIO CBSI3aHO C T€M, UTO A1 HeTJIagKuX 3a-
124 B 00IIEM CITydae HeBO3MOXHO OCYIIECTBIISAT GaTd-napajien3anuio (nmapauieausanuio o &). Ox-
Hako 151 6e3rpalueHTHOTO opaKyJia 6aTy-Tapaien3alns BO3MOXHA 3a CUeT TOSIBJICHUS JOTOJHU-
TeJIbHOM (paHAOMM3UPOBAHHOI) CIIy4aliHOCTH B BuIe ciaydaiiHoro HampasieHus [1]! CobcTtBeHHO 3a
CUET DTOTO M yJaeTcs MepeHeCTH pe3yJIbTaThl padboThl [1] Ha apXUTEKTypy dpenepaTUuBHOTO OOyYeHMSI.
HackonbKo HaM U3BECTHO, pe3yjbTaTaM, MOJy4eHHBIM B TaHHOM HampaBJeHUM, ceifuac HeT KOHKY-
PEHTOB, ITO3TOMY 3[IeCh He IIPUBOIUTCS JIUTEPaTyPHBI 0030p KOHKYPHUPYIOIINX paboT.

2. OCHOBHOM BKJIAL U CTPYKTYPA
OCHOBHOI BKJIaJl CTaTbV COCTOUT B CJICAYIOLLEM.

* IIpuBooMM NMoapoOGHOE OMMCAHUE IBYX CXEM CIJIAXXKMBAHUS (MapasulesibHO): C /; U [,-paHIOMMU-
zauusaMu. Haxogum KoHcTaHTy JIuniuia rpagueHTa Lfy 7151 [ -panaoMu3aumu. ist IBHOTO onycaHust
OLIEHKU BTOPOTO MOMEHTA B /,-paHIOMHU3ALUU C IBYXTOUEUHONH OOPAaTHON CBSI3bI0 HAXOAUM KOHCTaH-
Ty ¢, KOTOpast B UCXOIHOM cTaThe [3], M3 KOTOPO# 3Ta KOHCTAHTA ObIJIa B35ITa, TaK M HE OblJIa ITOCYMTAaHA.
ITonydyaem oLieHKY AMCHEPCHUU (BTOPOTO MOMEHTA) LISl ONHOTOYEYHOTO cityyas /; -paHnomusanuu. [1o-
Ka3blBaeM, YTO /;-paHIOMU3AIIUS C OMHOTOUEYHBIM OPaKyJIOM TaKXKe MPEBOCXOAUT /,-pPaHIOMU3ALIHUIO C
TOYHOCTBIO 110 In d, KaK M ¢ ABYXTOYEYHBIM OPaKyJIOM.

* TTosyyaeM omnTuUMaJIbHbIE BEpXHME OLIEHKA CKOPOCTHU CXOJMMOCTH MpPOOATYEHHBIX aJTOPUTMOB
nepBoro nopsaka Minibatch SMP u Single-Machine SMP nis pelieHust 3agadq onTUMHU3ALMH C CEIJIO-
BOI TOYKOI B apXUTEKType (heIepaTuBHOIO OOyUeHMSI.

* OnuchIBaeM TEXHUKY T€eHEpUPOBAHMS Oe3rpadeHTHHIX aJITOPUTMOB (pelIeHNs CeIIOBhIX 3a1a4 1
3a/lady BBIMYKJIOK ONTUMMU3AIUM), ONTUMAJIbHBIX IO KOJMYECTBY KOMMYHUKAILIMOHHBIX payHAOB N ,

XKYPHAJT BEIYMCIIUTEIbHON MATEMATUKU U MATEMATUYECKOU ®U3UKU  Tom 63 Ne 9 2023



1460 AJIBAIIIKAP u np.

MaKCUMAaJTbHOMY 3HAYEHUIO JOITYCTUMOTO IITyMa A 1 opakynbHOI cnoxxHoctu 7. [Toka3piBaeM, 4TO OfI-
HOTOYEYHbIC U IBYXTOUECUHBIC aITOPUTMbI B apXUTEKType delepaTUBHOIO O0YyYeHUS, UCITOJIb3YIOIIe

/,-paHIOMM3aLMIO, Pa0OTAIOT JIyUllle aJITOPUTMOB, UCTIOJIb3YIOLIUX /, -pPaHIOMU3ALIUIO, C TOYHOCTBIO 10
Jiorapudma B /,-HopMme. CpaBHMBAEM OHOTOUYEUYHBIE AJITOPUTMBI C ABYXTOYEHBIMU U ITOKA3BIBAEM, YTO

2
JUTSI pellieHUsI C € TOUHOCThIO (110 DYHKIIMM) OMHOTOYEYHbIE aJITOPUTMbI TPEOYIOT B O(d /€”) Gobliie 00-
pallleHni K Opakyly, YeM ABYXTOUeuyHble. AHanM3upyem padbotry ainroputMa Minibatch Accelerated
SGD, ucnonb3yst pazHble CXeMbl CIJIAXKMBAHUS, HA MPAKTUYECKOM IKCIIEPUMEHTE.

CTpyKTypa CTaTtbu Cleaylouias: B pasa. 3 U 4 IpeacTaBlIeHO KpaTKoe BBEACHUE B TEXHUKU CITIAXKM-
BaHUA U peaepaTUBHOE 00yYeHNE COOTBETCTBEHHO. B 1. 4.2 MpUBOIMTCS TJIaBHBIN pe3yabTaT paOOTHI.
B pasn. 5 npuBeaeHbl OCHOBHBIE UAEU J0Ka3aTebCTB TeopeM 1, 2. HuclieHHbIe 5KCIEPUMEHTHI TIpe/-
CTaBJIEHHI B pas. 6.

3. CXEMBbI CTTTAXKNBAHUA

Cxema craXkrBaHMSI TIO3BOJISIET CO3[aBaTh Oe3rpaaleHTHBIC METOAbI PElIeHUs HeIIaAKuX 3ajaad,
MOIUGUILINPYST OTHOMMEHHBIE aJITOPUTMEI IIEPBOTO TTOPSIKa, MIpeTHAa3HAYCHHbBIC TS PEIICHMS Tal-
KUX 3am1a4d. BriepBbele cxema crmaxkuBaHUs ObUTa OIMcaHa B KHUTE [2], roe mpencraBieHa uiaes peleHMs
3a7a4 METoIaMU MEPBOTO MOPsSIAKA, UCMOJb3YsI BMECTO CTOXaCTUUYECKOIrO OpakyJia MepBOro mopsiaka
OGe3rpamTeHTHBIN CTOXaCTUIECKUIT OpaKyJyl, KOTOPBIi MmorydeH 4epe3 TeopeMy Crokca. C TeX Imop yxKe
MIPUAYMAIA Pa3IndHbIe TEXHUKH CITIaXKMBaHUsI, OMHAKO OCHOBHAs MaesT BocxomuT ot [2]. B manHOM

paszeiie NpeacTaBuM Napasule/IbHO IBE CXEMBI CITIaXKMBaHUSL: C /j-paHaomusauueii [4, 5] u ¢ /,-paHno-
Mu3zanueii [ 1], BKIIOUaIIIyI0 CTOXaCTUYSCKYIO OTITUMU3ALIUIO U CMEILIEHHYIO OLICHKY 0e3rpagueHTHO-
ro opaky:a. [Jist 3Toro paccMaTpuBaeTCsl CTOXacTUYecKasi HervIaaKasl BhIITYKJIas 3a1a4a ONTUMU3aluN

min {/(x):=E [/}, 0))

xeQc
rme Q — BBIYKJIOE M KOMITAKTHOE MHOXecTBO U f(x,§) — Bbimykias (DyHKIUSI Ha MHOXECTBE

0, =0+ BZ(y). 3nech NpeanojaraeTcs, 4To 0e3rpaarMeHTHBIN OpaKysl BO3BpallaeT 3HaueHue (PyHK-
uuu f(x), BOSMOXHO, C HEKOTOPBIM BPaXXIEOHBIM IIyMOM O(x):  f5(x) := f(x) + d(x).

3. 1. Obo3nauerus u npeonoaoXiceHus
d
O06o3HauuM 4yepe3 {(x,y) := Z (XY CTaHIapTHOE CKalAPHOE MPOM3BE/ICHUE X,y € RY. Yepes
i=
d 1/p d d
||x||p = (Z[:l|x,-|p) ob6osHauyaeM [,-Hopmy (p=1) B R® u B,(r):= {x eR: ||x||p < r}, u

So(r) = {x eR: ||x||p = r} onpenessiiot /,-wmap u /,-chepy coorBeTcTBeHHO. OGBeM /, -1apa onpee-
JISIeTCs Yepes

d
[21“ [l + 1D
V(BL(r)) = cgr’ = L2

r,
d
F(— +1
p
7] i) o o 0
rae I'() obo3Hauaetr raMmma-gyHKIuto. 1151 0003HaUeHUS “paccTOSTHUS” MeXAy HauaJlbHOI TOYKOH X

. = (|0 ~
M pellieHMEM MCXOAHON 3aJa4yu X. BBOOAUM R := O(Hx - x*H ), rae O(-) saBusercst O() ¢ TOYHOCTBIO 10
Y4

Jorapudma vind.

Ipennoaoxenue 1 (tumnviieBa HerpepbiBHasT hyHKIMsT). DyHKIMs f(x,E) u aBnasiercss M -JIATIIIH-
LEBOI HeTPePbIBHOM DYHKIMEH B /,~-HOPME, T.€. IS BCEX X, y € O UMeeM

[f .0 = f(x.O < MOy -],
BOHCC TOI0, CYHICCTBYET ITOJIOXKUTEC/IbHAA KOHCTaHTa M , KOTOpasd onnpeacjasdaeTcd CJIACOYyIOINM 06pa30M:

EM 2(F,)] < M*. B 4acTHOCTH, JUISI p = 2 ucnoJjib3yeM o0o3HaueHue M, ajist KOHCTaHThl JInnuia.
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IIpennonoxenue 2 (orpaHUYEHHOCTb 1irymMa). st Bcex x € Q BBIMOJHSIETCS |6(x)| <A, toe A —ypo-
BE€Hb HETOYHOCTH (IIIyma).

Ipemnonoxenne 3. [l Beex x € Q Boimnonnsercs Ee[|f(x, §)|2] <G .

3.2. Inadkas annpokcumayus

ITockonbKy 3agaya (2) sIBJIsIETCSI HETJIaAKOM, TO BBOAUM CJIEAYIOIIYIO INIaAKYyI0 alllpOKCUMALIUIO He-
DIagko GyHKIIMNI

Fy(x) =B [f(x + 7)), (3)
rae y > 0, € — cay4yaiiHbli BEKTOP, PABHOMEPHO pacIpeleIeHHbINA Ha B;i( 1) (masiee orpaHUYMMCS pac-
cMoTpeHueM ciydaeB p = 1 u p = 2). 3aech f(x) := Ef (x,§).

Crenyouias JjeMMa NpeAacTaBisieT COBOKYITHOCTb CBOMCTB alnmpoKcuMaluuu GyHKUUU f B 3aBUCH-

MOCTH OT paclipeaeiieHust BeKTopa €. OCHOBBIBasch Ha [1, 4, 7] u monoaHsIs1 HaliIcHHOM KOHCTaHTOM
Jlumuuna rpagueHTa Lfv B cilyyae p =, BBINUIIEM CBOICTBA QYHKUUH f.

Jlemma 1. /[ns 6cex x,y € Q ¢ npednoaoxcenuem 1 cnpasedaueo

ée RB'(1) ée RBY(1)

SX) < () < f(x) + \/%YMz S(X) < fy(%) < f(x) + 1M,
fY — M -aunwuyesa:
00 = 0] < My - o, 0D = fy0| < My =,

Sy umeem L, -nrunuiuyessiii epaduenm:
Y

900~ o), < Ly -5, 900~ Vo), = 341

ede g makoi, umo 1/p +1/q = 1.
JlokazaTeabCTBO MPUBEIECHO B I1. 5.1.

3.3. Pandomu3zayus ¢ 08yxmoueuHoii 00pamHoil c8s13vi0

AnmpoxcuManus rpagreHTa 3airyMIeHHON (pyHKIIMN J(x, €) u3 (3) MoXeT GBITh TOJTyYeHa Yepe3
IBE TOYKHU, OMU3KUX K x. JJIsI 3TOTrO omnpeneanM CliydaiiHbIM BEKTOP e, PABHOMEPHO pacIlipeacIeHHBII

Ha Sl‘f(l). Torma rpagieHT MOXET OBITh OIIEHEH CIIEIYIOIIEi anmmpoKCUMAaIIe.

* OueHka rpagveHTa s /,-paHiomMusanui (e € RSld(l)) [5] (cM. Takke [4]):
V(G e) = 217 (3x +¥6,8) = fy(x = ye,8)) sign(e). @)
* OueHka rpagveHTa s /,-paHaoMu3alui (e € RS;’ (1)) [3]:
V(G e) = 2% (fa(x +7e,8) = f(x = Ye.&)e. 3)
st otileHKM rpaaveHTa B (4) u (5) BbiOpaHa LieHTpajibHasi KOHEYHO-pa3HOCTHAsI CXeMa paHIoMU3a-

LIMU, TaK KaK B paboTe [8] MosICHsIeTCsT, UTO B MIAJKOM CJIy4yae BhITONHEE OLICHUBATh TPaIUECHT UMEHHO
LEHTPaIbHOM KOHe4YHO-pa3HocTHOU cxeMoii (CFD), a He mpsMoii KOHEYHO-Pa3HOCTHOM CXEMOM

(FFD). Ormetum, uto nipu A = 0 OLeHKM OyIyT HECMEILCHHBIMY, T.¢. E, [ny(x, &, e)] = ny(x).

Hanee npuBeneM CBOMCTBa ny(x, €,e) T IBYX paHIOMU3AIINA, UCTIONB3YsT M3BECTHBIE PE3Y/IbTATHI
u3 [1, 3-5, 9, 10]. Bo MHOrMx padoTax mis /,-paHIOMU3aLMU OLIEHKA BTOPOIO MOMEHTA 3aIIUChIBAETCS
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C TOYHOCTBIO JO KOHCTAHThLI ¢, ITIO3TOMY B JICMMC 2 IIPpUBOAATCA OUCHKNW BTOPOro MOMECHTaA OJIA l] 4

l,-paHIOMU3aIUil C yTOUHEHUEM KOHCTaHTHI C .
Jlemma 2. Jlns 6cex x € Q ¢ npednonoxcenusmu 1 u 2 umeem

i) ny(x, &, e) ¢ I,-pandomuzayuu (4) umeem oyenky oucnepcuu (6Mopoii MOMEHM):

2 2 d’A’
Ee[ (x,i,e)||q] < K(p,d)[Mz +mj

edel/p+1/qg=1u

22

K(p,d) = 48(1+2)’d ”.
Ecau A docmamouno mana, mo

E, [V 8 el | < 2xp, 3.

ii) V/’Y(x, €, e) ¢ ,-pandomuszayuu (5) umeem oyenky oucnepcuu (6mMmopoii MOMeHM):

E (VA8 el | < wp.a) (Mz N YZ]

eel/p+1/g=1u
-2

K(p,d) =2min{g,Ind}d .
Ecau A docmamouno mana, mo
E (VA8 ol | < 2x(p,ayns.

JlokazaTeabCTBO MPUBEAECHO B I1. 5.2.

3.4. Pandomuzauyus c 00HomoueyHol 00pamHuoil céa3bH0

(

6)

(7

):[J'[ﬂ CJIydasd Korga IByxXTodyeyHasd 06paTHaﬂ CBSA3b HEAOCTYITHA, CXEMbI CIJIa>KMBaHUSA MOT'YT UCITOJIb-

30BaTb OJHOTOYCYHYIO O6paTHYIO CBA3b YEPE3 CIICAYIOIYIO HECCMCIIICHHYIO OLICHKY.

» OueHka rpagyMeHTa s /[, -paHiomMus3alui (e € RSld (1)):
V(x80) = § (53 + Ye.L)signe).
» OueHka rpaaveHTa ajs /,-paHaomMusaiui (e € RSf () [1]:
VA(x.E €)= d;(ff,(x +rede.

Torna cBoiicTBa VfY(x, &, e) Uil IBYX paHAOMU3allrii OynyT UMETb CIAeAYIOIIMNiA BU/IL.
Jlemma 3. Jlns 6cex x € Q ¢ npednonoxcenusmu 2 u 3 umeem

i) Vﬂ{(x, &, e) ¢ I,-pandomuzayuu (8) umeem oyenky oucnepcuu (6Mopoii MOMEHM):

E[ VA8 e)||]<1<<p,d)(7+7j

edel/p+1/qg=1u
4-2

K(p,d)y=d "’.
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Ecau A docmamouno mana, mo

i) VA (x, €, e) ¢ ,-pandomuszayuu (9) umeem oyenky oucnepcuu (6Mopoii MOMeHM):

VixEe) | < 2x(p, d)G—j. (10)
’ Y

2 2
E[|VfxEe) | < K(p,d>(G—+A—],
|:|| Y ”q] YZ ,YZ
eel/p+1/g=1u

52

K(p,d) = min{q,Ind}d *.

Ecau A docmamouno mana, mo

Gz

. (11)
YZ

Jloka3aTeabCTBO IIPUBEICHO B II. 5.3.

IV/,(x,E, e)||;] < 2x(p,d)

3.5. Aneopumm cenaxcusanus

OCHOBBIBAsSICh Ha BBIIIIE MPEICTABIIEHHBIX 3JIEMEHTAX, OMUIIEM OOIIUI ITOAXOM, UMEHYEeMBIM KaK
cxema criaxkuBaHusl. [IpearnosoXXumM, 4To y HAC €CTh HEKOTOPBIN YCKOPEHHbBIN MAaKEeTHBIN alroOpuTM

2 N
A(L,0") apxuTeKTyphl (penepaTUBHOTO O0OyUeHMsI, KOTOPBIK peliaeT 3agady (2) ¢ mpearnoyioXeHUeEM,
4TO [ SBJISACTCS TJIATKOMN U YIOBIIETBOPSIET

Vfo) -V, < Ly -+, Vxreo,

U C TIOMOIIIBIO CTOXaCTMYECKOI'O OpaKyJa IepBOro IMopsiika, KOTOPbIi 3aBUCUT OT CAydyaiiHOI BEeJIMYU-
HbI 1| ¥ BO3BPALIAET B TOUKE X CMEILEHHbIN CTOXaCTUYECKMIA rpanueHT V  f,(x, M)

E, [ IV, A = V] | < o7,

< 2 I
TOII[a 06LL[I/II/I IIOAX0d CXEMBbI CITIa2KMBaHHWA COCTOUT B IPMMCHCHUN A(L, (0 ) K CITIaXXK€CHHOM 3a1a4e

min, J(x) (12)

IUTSI pelIeHus] ¢ €/2 TOYHOCTBIO C U3BECTHBIMU NapamMeTpaMu | = e, V, Sy (x,m) = ny(x, Ee), L= LfY u
Y, IpeaCcTaBlIeHHasA B CIEACTBUU 1.

Cnencrue 1. ContacHo jieMMe 1, YTOOBI TTOJIyYUTh €-TOYHOCTh pellieHus 3aaaduu (2), HeoOXoaAUMO
pemnTh 3aaayvy (12) ¢ €/2-TOYHOCTHIO CO CIEAYIONIUM apaMeTPOM

CxeMa CIIaXXUBaHUs C /;-paHaoMu3anueit CxeMa CIIaXXUBaHUs ¢ /,-paHioMu3anueit
v = Jde =_£€
4M, 2M,

rae € > 0 SBISIETCS KeJIaeMOM TOUHOCTBIO peleHMs 3agauM (2) ¢ TOUKU 3peHUsT CyOONTUMAaIbHOCTU:
N
Elf(x™) = f(x)] <&

CrnencrBue 2. ComtacHo jemMMe 1, MOACTaBJIsIs mapaMeTp Y U3 ClIeACTBUS 1, uMeeM

CxeMma cIiaxXuBaHu4 ¢ /| -paHnomMusanuein Cxema criaxkuBaHu4 ¢ [, -paHIOMU3aLUER
L - WdMM, L - WdMM,
HoT e Ho T e
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Cnencreue 3. ComntacHo iemMMe 2 ypaBHeHUS (6) 1 (7) 1711 AByXTOYSYHOTO OpaKyJia IpUMYT BUI

CxeMma cIiaxXuBaHu4 C /| -paHaomMusanuei

Cxema criaxkuBaHu4 ¢ [, -paHIOMU3aLUENR

2
2—=
o’ <48(1+2d "M;

2
2_=
6’ <2V2min{g,Ind}d "M;

€CJIU A 1OCTaTOYHO MaJia.

CnencrBue 4. CormacHo Jemme 3 ypasHeHwus (10) u (11) mist omHOTOYEYHOTO OpaKyJia IIPUMYT BUI

Cxema cIiaxXuBaHu4 C /| -paHIomMusanuei

Cxema cIiaxkuBaHuA ¢ [, -paHIOMU3aLUel

32

32

2042 2042
o’ <32d PG—jyz o’ <8min{g,Ind}d PG—%
€

€CJIu A 1OCTaTOYHO Maja.

3ameuanne 1. Eciii BMecToO cTOXacCTUYeCKOM HeNIaaKOM BEITTYKJION 3agayi onTUMu3anuu (2) pac-
cMaTpUBaTh CTOXaCTUYECKYIO HETIIAMKYIO BEITYKIIO-BOTHYTYIO 3a0a9y C CEIIOBOI TOUKOM

min, max, {£(x,y) = E[f(x,».9]},

x€Q,cR™ yeQ,

TO IPUMEHAA CXEMY CITIa’)KMBaHUA, OIIMCAHHYIO BbIIIIC B JaHHOM pasaejie, OTOACJIbHO K X 1 y NMEPEMEH-
HBIM, ITOJIYYUM TE€ 2K€ pE€3YyJIbTaThbl, UTO U IJIsA BbIHYKﬂOﬁ OINTUMMU3ALINU ITPU COOTBECTCTBYIOIINX U3MECHEC-

HusixX f(x,E) Ha f(z,§), tne 7 := (x, ),z € 0, := O, X 0, , 32 UCKJIIOYCHUEM OJIHOTO MyHKTA B JieMMe 1:

* (e RB{’(I)) BMECTO

F() < 00 < f(x) + J%sz

nMeemM
2 2
x,y)——=Y,M,, < f(x,¥) < f(x, )+ =V M, ;
S(x,p) \/Evy 2y S () S f(x,p) JEY 2,

« (¢ € RBJ(1)) B7MecTO

f0) < f(x) < f(x) + VM,

NMEEM

f(X,y) - YyMZ,y < f;{(xay) < f(X,)’) + ’YXM2,x’

e Y = (Y,,Y,), a M, u M, , — COOTBETCTBYIOIINE KOHCTaHThI JInmuia B /,~-HOpMe.

4. PEJEPATUBHOE OBYYEHUE

ApXUTEKTypa pacrpeaeIeHHOro 00y4eHUS BBIIISIAUT CIAEAYIONINM 00pa3zoM: MeXIy “KOMITbIoTepa-
MU” pacrpenesnsieTcss Habop JaHHBIX, KaXIblii KOMIBIOTEDP AeIaeT OAHO JIOKaalbHOe OOHOBIeHME (JIO-
KaJIbHBIN 111ar, HAITPUMED, 1Iar CTOXaCTUYECKOTO IPaueHTHOrO CIycKa), MOCJe Yero MpoOUCXOIUT II0-
OasibHOE 0OHOBIEHUE (TTTOOATBHBIN IIaT, KOMMYHUKAIIUS BCEX KOMITLIOTEPOB CO BCEMU ), Hajiee eMod-
Ka JIOKaJIbHO-TJI00aJIbHBIX OOHOBNIeHUI TToBTOpsieTcsd. OnHaKo IobajibHOe OOHOBJIEHUE, HalpuMep
Mpu OOJIBIIIOM pa3Mepe JaHHBIX, TPATUT MHOTO BBIYMCIUTEbHBIX PECYPCOB, B OTJIMYKE OT JJOKATbHOTO
oOHOBJIeHUs. Torna BBOAUTCS apXUTEKTypa (heaepaTUBHOTO 00ydeH s, MpeacTaBieHHas Ha ¢ur. 1, rae
B TOMOT€HHOM cjlyyae B KOMMNbIOTEPOB AeNaloT MapauiesibHO K JOKaJbHbIX OOHOBJIEHUM Tepen Kax-
JIbIM KOMMYHUKAIIMOHHBIM PayHJIOM, 00111ee YUCI0 KOTOPbIX cocTaBisger N . Takum odpazom, NK sB-
JISIETCSl OOIIMM YUCJIOM UTepaluit anroputma, a I' = NKB siBisieTcsi 0OIIUM YMCJIOM BbI30BOB CTOXa-
CTMYECKOTO rpajareHTa.

4. 1. Onmumanvhble areopummol nepeo2o NOPO0Ka

B maHHOI cTaThe OCTAHOBUMCS M PACCMOTPUM KJIACC MPOOATUEHHBIX YCKOPEHHBIX METOAOB MIEPBOTO
nopsinka, a umeHHo Minibatch Accelerated SGD (Mb-Ac-SGD) u Single-Machine Accelerated SGD

KYPHAJT BBIYMCIIUTEIBHON MATEMATUKU U MATEMATUYECKOU ®U3UKU  Tom 63 Ne 9 2023
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1 2 N-1I N
- ave -
]
B |-L‘J sss
- ENENEN ) ===,
\—v—/
K

@ur. 1. Apxutekrypa deaepaTUBHOro 00ydeHMs.

(SM-Ac-SGD) u3 [11], Local-AC-CA u3 [12] u FedAc u3 [13], pe3ynbTaTbl CKOPOCTU CXOOMMOCTU
KOTODHBIX MpeACTaBiIcHEI B Ta0j. 1. B Tabiuiie ObLIN MCIIOIBL30BaHbI CIEAYIOIIEe 0003HAaUYeHUS: R €CTh

0
e = e
JIMYECTBO KOMMYHMKAIIMOHHbIX PAYHIOB, L — rmagkocTs.

Jist KBagpaTUdHOM 11e1eBO (DYHKIIMU ObLIO MOoKa3aHo, 4To K > 1 JOKaJIbHOE€ OOHOBJICHUE TTPUBO-
IUT K ONITUMAJIbHBIM OlleHKaM cKopoctu cxommumocTu (anroputMm Local-AC-CA u3 [12]). Anroputm
FedAc u3 [13] 06001maeT pe3yabTaThl cTaThu [12] Ha ciiydyaii BBINTYKJIBIX QYHKIIWIA.

Ho yxe B 2021 1. ObUIM HOJYyYEHBI ONITUMAJIbHBIE OIIEHKM CKOPOCTH CXOIMMOCTHU B cTathbe [11]. B
JIAaHHOM CTaTb€ YTBEPXKAAETCS, YTO ONTUMAaJIbHbIE OLIEHKM MOXHO MOJYYWUTh TOJBKO B IBYX CJlIydasix.
IMepBriii ciyyait (anroput™ Minibatch Accelerated SGD) nmpennosaraeTt, 4ToO KaXXIblil KOMITBIOTED Bbl-
MOJIHSIET OJHO JIOKAJIbHOE OOHOBJIEHHE Tepen KOMMYHUKAlIMOHHOM payHaoM. Bropoit ciyuait (aiaro-
put™ Single-Machine Accelerated SGD) npenmnoJjiaraet, 4To paboTaeT TOJIbKO OAUH KOMITbIOTEP, KOTO-
poiii BeimoHsIeT NK ooHoBineHuii. HecMoTps Ha moka3aHHbIe pe3yabTaThl cTaThu [11], Ha mpakTHKe B
o0l1eM cilyvyae BBIMYKJIbIX (DYHKLMI TOJlydaeTcs UCIoJib30BaTh K > 1 JIOKaJIbHBIX 111aroB, He3HAYU-
TEJIbHO Tepsisl TIPU 3TOM B TOUHOCTU, OJHAKO CYIIIECTBEHHO BBIUTPBIBASI B BBIYUCIUTEBHBIX pECypcax.
HMMeHHO MpaKTU4ecKHe pe3yabTaThl MMO3BOJISIIOT OXKUAATh B OyayIlIeM MO3UTUBHBIC TEOPETUUYECKHUE Pe-
3yJIbTaThI.

CyliiecTByIOIIME aJTOPUTMBI TTEPBOTO MOPSIIKA ISl apXUTEKTYPhl (pefepaTUBHOTO OOyYeHUs 3a4ua-
CTYIO pelIaloT 3aJa4y BbITYKJI0K onTUMM3alMu. YTo kacaeTcs 3aja4y ONTUMU3alUH C CEJTOBOI TOUKOM,
TO aJITOPUTMBI B apXUTEKType (hellepaTUBHOIO OOyYeHUsI Ha JAaHHBIE MOMEHT OTCYTCTBYIOT. B maHHOI1

2; B — Xon4yecTBO paboTalonX KOMIbIOTEPOB; K — YMCJIO JIOKAJIbHBIX OOHOBJIEHUI; N — KO-

Ta6muna 1. Pe3ynbraThl CKOPOCTH CXOIMMOCTH

Anroput™m E[fO]-r*=... Ccpuika
2
Mb-Ac-SGD LR", oR (Woodworth u zip., 2021) [11]
N?  VBNK
2
SM-Ac-SGD LR" | oR (Woodworth u 1p., 2021) [11]
N’K? ~NK
2
Local-AC-CA LR” . _OR (Woodworth u aip., 2020) [12]
N’k?* BNK
2 1/3 2/3 54/3  71/2 _1/2 53/2
FedAc LR™ _OR | minll 0" R L'0" R (Yuan, Ma, 2020) [13]
N2k  ~BNK NK'3 NK'*
LR* OoR
Mb-SMP max{——,——— IMpunoxenune A
{N JBNK}
LR OR
SM-SMP max<{—,— [MpunoxeHnue A
{NK «/NK}
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CTaTbhe Mbl pa3paboTaiu U NMOJYYUIN ONTUMAJIbHbBIE OLIEHKU CKOPOCTH CXOIUMOCTHU IMTpOOaTYEHHBIX M-
TozloB TepBoro rnopsiaka Minibatch SMP (Mb-SMP) u Single-Machine SMP (SM-SMP) nist perieHust
3a/lay ONTUMMU3ALIMU C CEAJI0BOI TOYKOM, UCTIOb3Ysl aHAJIOTUYHBIN MOAXOMA, YTO U B BBIITYKJION OTITHU-
muzanuu [11]. OLeHKN CXOAMMOCTHU ISl aJITOPUTMOB PELLIEHUS CEIJIOBBIX 3a/au TakKe NPUBENECHbI B
tadi. 1. [TogpoOHOE ommcaHue MOJyUYeHUsT BEPXHUX OLIEHOK CKOPOCTHU CXOIMMOCTH IJIsl aJITOPUTMOB
Minibatch SMP (Mb-SMP) u Single-Machine SMP (SM-SMP) npuBeneHo B IpUJIOXXKeHUU A.

4.2. OnmumanvHble areopummbl Hyae8020 HOPAOKA

31ech MPENCTABIEH IJIaBHBINA pe3ylbTaT JAaHHOM CTaThbM, KOTOPBIN 3aKJIo4acTcs B OObeAUHEHUU
JIBYX TJIOOAJILHBIX MJIEH B 00JIAaCTHU ONITUMU3ALIUH, TIpeACcTaBJIEHHBIE B pa3a. 3 1 1. 4.1. A UMeHHO pellie-
HUE CTOXaCTUYECKUX HEMIAAKNX BBIITYKJIBIX/BBIITYKJIO-BOTHYTHIX 3a1a4 ONTUMMU3alIMK O0e3rpagie HTHbI-
MU aJITOPUTMAMU apXUTEKTYPHI (heiepaTUBHOIO 00ydeHus. st pa3paboTKU U IPUMEHEHUS Oe3rpaan-
€HTHBIX METOJIOB pellieHUsI HeTJIaAKUX 3a1a4 IpeajiaraeTcsl BBIOpaTh METO/ MIEPBOTO MOPSIAKA, UCITOJb-
3yeMbIi JJIsl pellleHMs IIagKuX 3aJad B apXUTeKType deaepatuBHOro odydeHus. Jaaee HeoOXoaMMoO
MOIU(MUIMPOBATh AJITOPUTM BEIOPAHHOIO METOJA MyTeM 3aMeHbI BHIYMCIIEHUSI CTOXaCTUYECKOTO Irpa-
JUEHTA Ha 0e3rpalueHTHYIO annpokcumauuio ¢ /; (4) wiu /, (5) pannomusauueid. [TosryyeHHbIN 6e3rpa-
JUSHTHBIN aJIrOpUTM OylIeT UMETh OMHOMMEHHOE Ha3BaHUE aJITOpUTMa TIepPBOro MopsiaKa, OAHAKO OH
He OyneT TpeboBaTh MH(POPMAIIUIO O CTOXaCTUYECKOM IpagueHTeE.

ITyctb mon anroput™Mom A(L, 62) OyaeM IIOHMMATh YCKOPEHHbIE ITAKETHHIC aJITOPUTMBI pELLIEHUS 3a-
J1ad BBITYKI0M onrtuMmu3anuu: Minibatch u Single-Machine Accelerated SGD, Local-AC-CA u FedAc
M YCKOpEHHBbIE ITaKeTHBIC aJITOPUTMBI pEIIeHMS 3aJad C cemIoBOil Toukoit: Minibatch SMP u
Single-Machine SMP B apxutexktype denepaTuBHOro o0ydyeHus . Toraa B Teopemax 1, 2 mpenmosaraem,
YTO BBIMOJHSIETCS TaHHOE CBOMCTBO: aaroputM A(L, 02) (co cMeIIeHHBIM Oe3rpaIreHTHBIM OpPaKyJIOM
ny(x, €,e)) ABIsIETCST HAIEXHDBIM, €CJTM CMENIEHHUE U3 CJEACTBUS 5 VIS /,-paHIOMU3ALINN, U3 CIIEICT-

BUSI 6 1T [, -paHIoOMU3a1uy (PaCCMOTPEHHBIX B I1. 5.4) He HAKATUTMBAETCS B TEYEHNE UTePAIIUU METOA.

To ectb, ecu mst A(L, 62) npu A = 0:

ELf,(x") = f(x)] S ©4(N),

TOoTAa
4-2

snpuA>0ud "AY7 < x(p,d)M; u3 (6):
E[f(x") = f(x)] S O(©,(N) + dARY™); (13)
cmpu A > 0ud Ay’ < dM; s (7):

E[f,(x") = f(x)] < O(©,(N) + VdARY™). (14)

I1pennosoxeHne o BEINOJHEHUU JAaHHOTO CBOICTBA Oa3upyeTcs Ha ctaThe [ 14], roe ObLI pa3padoTaH
aHaJIN3 CXOOUMOCTH METOMOB IUIST CMEIIEHHBIX CTOXaCTUIECKUX opakyJsioB. [loaTroMmy B Teopemax 1, 2
MIPUBOINUM PE3YJIbTaThI, IPEAIToJiarast, YTo MOXHO IO aHAJIOTUH TTPOBECTH aHAJIN3 CXOOMMOCTH METO-
JIOB (peiepaTUBHOTO OOyUYEeHUSI, pACCMOTPEHHBIX B 3TOI paboTe, IJ1s1 CMEIIEeHHBIX CTOXaCTUYECKUX Opa-
KynoB. OTHAKO B TOKA3aTeIbCTBE TeopeM 1, 2 OymeM paccMaTpuBaTh ciaydail ipu A = 0 ¥ IPUBOAUTH
OINITUMAJIbHBIE OIIEHKH TTapaMeTPOB pa3paboTaHHBIX Oe3rpaaeHTHBIX aJITOPUTMOB.

Teopema 1. Cxema cenancusanus u3 paso. 3, npumensiemas Kk 3adaue (2), obecneuusaem cxo0umocms
caedyrouux dsyxmoueunvlx beszepaduenmusix areopummos: Minibatch u Single- Machine Accelerated SGD
[11], Local-AC-CA [12] u FedAc [13]. Jpyeumu caoeamu, 045 00CmMuiCeHUs: € MOYHOCMU pelleHuUs 3a0a4u
(2) Heobxodumo npodeasamv NK umepayuii c MaxcumaibHo 00nyCMUMbIM YPOGHEM uyma A u oouum uuciom
6bi306a beszepaduenmuoeo opaxysa T 6 coomeemcmeauu ¢ blOPAHHbIM MEMOOOM U CXEMOU CeAANCUBAHUSL:

* Minibatch Accelerated SGD
i) 0aa I, -pandomuzayuu (4):

2
A=0| =1
JdM,R
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1/4 252
N = 0[51 \/MMZRJ I O[K(p,d)MzR j;
€

>

KN¢’
dM?R’
22 0{ 3 j p=2,
_ | X(p,d)M,R" | _ €
r=o g2 ] (MR
0( 522 j p=1

ii) 0aa I, -pandomuzayuu (5):

2
A=0| =1
(JZMZRJ

1/4 252
N = o[ dINMMRY g K(p.d)dM;R ),
€ KNe

2
€

2 p2
O((lnd)MzR j o1

2
€

2 p2
o) o

2

2 p2
_— O(K(p,d)szR Jz
€

* Single- Machine Accelerated SGD

i) daa I -pandomusayuu (4):

2
A=0 £ ;
(QMZRJ

2 p2
N=1: Kzoﬁ@@gﬁJ;Bzh
€

dM; R B
2.2 P ) P - 29
7 = ol KB MR | _ €
- &2 | (MR
0[—22 j p=1
€

ii) 04 I, -pandomuzayuu (5):

82
A=0 ;
[JEMsz

2 p2
N =1 Kzogmﬁgﬁﬂ;gzh

€
~(dM:R’
22 0( 3 J pP=2
_ &l K(p,d) MR _ €
r=o & | <((nd)M2R?
O[sz’ p=1

e Local-AC-S5A

i) 0na I, -pandomuzayuu (4):

2
A=0| =1
(@MzR]
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N =1: K=0 d1/4VMM2R . B = K(pad)MZ .
’ S KNe® )
0[dM§R2] R
_ o e MR _ e’
r=o (MR
0[ 822 j p=1
ii) 024 l,-pandomuzayuu (5):
2
=0l £ :
(JZMZRJ
N =1: K=0 d1/4 MM2R . B = K(pad)MZ .
b 8 b KN8 b

I
S
=
S
e
=
Il
I

0
2 p2 2
_— OKK(p,d)MzR ] _ S

2
€ 5[ n d)12t42 j "
€
 Federated Accelerated SGD (FedAc)
i) 0aa [, -pandomuzayuu (4):
2
=0l £ :
(JZMZRJ
1/6 1/3 4/3 2 p2
v = of 4/, dmﬂ MR g o XBDMR)
K BN¢’
., P=2,
- O[K(P,d)zjwz j ( f j
g
ii) 024 I, -pandomuzayuu (5):
2
=0l £ :
(@MzR]
1/2 1/3 4/3 2,2
N=0 d (K(Psdl)/éuz/3 M,R . K=0 K(p,d)]\[zzR . B=1;
K BN¢

s(dM
d)M; R’ 0( § j P2
T=0~(K(pa ) 2 jz €

2 2 p2
€ = (Ind)M;R _
O|————|, p=1L
€

ITonpo6HOE moKa3aTeIbCTBO TEOPEMEI 1 MpUBeAeHO B IpUIoKeHUU B.

I1o pesynbpraTamM TeOpeMbl 1 CTOUT OOpPAaTUTh BHUMAaHME, YTO KOJMYECTBO JTOKAILHBIX OOHOBICHUMI
K > 1cucnonb3oBaHueM B > 1 KOMIIbIOTEPOB IIPU ONITUMAaIbHbBIX 3HAaYEHUAX N U T MOAy4UIOCH TOJIb-
KO JIJIst omHOro ajiroputMa, a uMmeHHo Local-AC-CA, KOTopblii IIpUMeEHSIeTCsI A1 YaCTHOI'O KBaIpaThy-
HOTO CiIy4asi. DTO IIOATBEPXKAAET, YTO B TEOPUM Ha JAHHBIIA MOMEHT CYIIIECTBYET TOJILKO IBA OITUMAaIb-
HbIX (110 A, N u T') anroputma: Minibatch u Single-Machine Accelerated SGD. B pa6ore [13] moka3a-
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HO, UTO Ha MIPaKTUKE MOXKHO MOJYYUTh PE3YIbTAT, B KOTOPOM aJITOPUTM COBepLIaeT MapauieabHo K > 1
JIOKaJIbHBIX OOHOBJIEHUI Ha KaxIbIX B > 1 KOMIIbIOTEpaX.

B TeopeMe 2 TakKe MoTydeHbI ONTUMATBHBIE OIIEHKH ITapaMeTPOB, PACCMOTPEHHBIX B 11. 4.1 aNTOpuT-
MOB JIJISI pEIlIEHUsI CTOXaCTUYEeCKUX HETIaAKUX 3a/1au C CEIJIOBOI TOUKOM, ONTUMAJIBHBIX TTO A, N u 7.

Teopema 2. Cxema cenaxcusanus u3 paso. 3, npumensiemas Kk cednoeoil 3adaye (CM. 3aMmedanue 1), obec-
neuusaem cxo0umocms cAe0yIOUWUX 08YXmoveuHbix 6ezepaduenmusix areopummos: Minibatch SMP u Sin-
gle-Machine SMP u3 npunoxcenus A. Jpyeumu crosamu, 0451 00CMUICEHUS € MOYHOCMU PeUieHUs. ce010801
3adauu (cM. 3aMedaHue 1) veobxodumo npodesame NK umepayuii ¢ MakKcumanbHo 0ONyCmMuMsiM YPOGHEM
wyma A u obwum uucaom 8vl306a bezepaduernmnoeo opakyra T 6 coomeemcmauu ¢ 6blOPAHHBIM MEMOOOM U
CXEMOIl C2NANCUBAHUS:

* Minibatch SMP
i) 0aa I, -pandomuzayuu (4):

82
A=0 ;
(JEMZRJ

2 p2
N=1; K=1; qugﬂﬁﬁﬂ}
€

dM; R’ _
K(p,d)M2R? (% © } P2
TZO[ D, 2 J:

0

2 2 p2
MR
( 22 ]’ pzl,
€

€
82
A=0 ;
[JEMQRJ

2 p2
N=1; K=1; B=%g&@%5}

ii) 0aa I, -pandomuzayuu (5):

2

€
~(dM*R*
S, 0( 2 } p=2,
_ A x(p,d)M,R™ | _ €
r=o & | <((nd)M2R?
O[ = j’ Pk

» Single-Machine SMP
i) 0na [, -pandomuzayuu (4):

82
A=0 ;
[JEMsz

2 p2
N =1 K=0[M} B=1;
€
2p2
22 O(dMéR} p=2,
7 = o Xp.DOMR” | _ €
e’ MR’

ii) 0aa I,-pandomuzayuu (5):

2
A=0| =1
(@MzR]
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K(p,d)M; R’

N=1;, K=0 MR B=1;
€
~(dM:R’ _)
2 2 2 b p_ b
_ Al X(p,d)M3R™ | _ £
=0 | As(naymR
o| MDMK | =)=y,

€
ITonpo6HOE MOKa3aTeabCTBO TEOPEMEI 2 TIpUBEACHO B mpuiioxkeHun C.

ITo pesynbTataM TeopeMsbl 1 U TEOpEMBI 2 HE TPYAHO YBUNETh, YTO JIJISI BCEX AJITOPUTMOB ONTUMAJIb-

2 p2
= (Ind)M;R
HOE YUCJIO BBI30BOB 6€3rpaiueHTHOIO OpaKya B /;-HOpMe paBHsieTcs 0| ————— | ¢ /,-paHnomMusa-
€
2 p2
e, B TO BpeMsI Kak IJIs /, -paHnoMu3annu paBHsietcs O 22 , TIe € ABISIETCS TOYHOCTBIO pellie-
€

HUS HeDIaJKoi 3anaun. JlaHHBIN pe3ysbTaT MOATBEPXKIAET, YTO CXeMa CIIaXUBaHUS C /| -paHAoMuU3a-

LMel Jydlle paboTaeT B apxXUTEKType (enepaTMBHOrO OOy4YEHMsI, YeM CXeMa CIIaXMBaHUs C /,-
pangomusanueit. B paszn. 6 mpoBepuM 3TOT pe3yJIbTaT Ha MPaKTUYECKOM SKCIIEPUMEHTE.

3ameuanue 2. /{151 moaydeHUsT pe3yabTaToB TeopeM | 1 2 MCIIOJIb30BaIOCh MIPEAIIONIOXKEHNE O I0-
CTYIIHOCTH ABYXTOYEUYHOM 0OpaTHOM ¢BI3U (cM. 11. 3.3). Eciau BMecTo ABYXTOYEYHOM OOpaTHOM CBI3U
HCMOJIL30BaTh OMHOTOUEYHYIO (CM. II. 3.4), TO 3TO MpPUBEIAET K TaKOU K& UTePAllMOHHON CIOKHOCTU
(KOMMYeCTBY KOMMYHUKALIMOHHBIX payHI0B) N M MaKCMMAaJIbLHOMY YPOBHIO HETOYHOCTH A, OTHAKO

2 o o
OpakyJbHasl CJIOKHOCTh BO3pacTeT B O(d /€ ) pa3. JlaHHBIH ciTydait moapoOHO pacCMOTPEH B MPUJIO-
xeHun D.

3ameuanmne 3. CTOUT OTMETUTH, YTO Uies OOBEIMHEHUS NBYX TEXHUK, a UMEHHO (elepaTUBHOIO
o6yqe1-u/1ﬂ CO CxeMaMu CIjlaXkKmBaHHWs, HE OrpaHMYMBACTCAd paCCMOTPEHHBIMU aJirOpUTMaMiM IE€PBOro
MOPSIIKA U MOXKET ObITh UCIHOJb30BaHAa JJISI pEelleHUsT HeDTaAKUX 3a7a4 OPYTMMU alTOPUTMaMU, UC-
MOJIb3YEMBIMU B apXUTEKType (peaepaTuBHOrO OOyYeHUSI.

5. CXEMbI JOKA3ATEJILCTB

ITpuBemeM cxeMbl IJIs1 4OKA3aTEJIbCTB TeopeMbl 1 1 TeopeMbl 2. [TogpoOHbIe ToKa3aTeIbCTBa 3TUX
TeopeM MOXHO HaiiTu B mpuiioxkeHuu B, C. 3nech cpoKycupyeMcst Ha JTOKa3aTeIbCTBE JIEeMMBI 1-3 1 Ha
HaXOXXIEHUH OLIEHKHW YPOBHSI HETOYHOCTHU (BpakaeOHOTO I1IyMa).

5. 1. Jloxazamenvcmeo nemmut 1

B naHHOM I1. pacCMOTPUM HEEBKJIMIOBBIN cTydail, Koraa CaydailHblil BEKTOP € paBHOMEPHO pacimpe-
JleJieH Ha /;-11ape. J1oka3aTeabCTBO €BKIJIMIOBOTO ClIyyasi MOXHO HailTu B Teopeme 2.1 u3 [1].

st Bcex x, y € Q BEpHO Clenymoliee:
2

D) f(x) < f,(x) < f(x) +-=T1M>;

v \/E’Y 2
2) fy — M -numuuiesa:

[£0) = A0l < My =],
3) fY VMeEET LfY = é—M—nnanueBuﬁ IrpaJreHT:
v

VA = VA, < Ly ly =, < L Iy =

rae g Takou, uro 1/p +1/q = 1.

P’
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IloxasaTenbcmo. ,Z[J'[H IICpBOro HEpAaBCHCTBA IICPBOIO CBONCTBa BOCITIOJIB3YEMCA BBIITYKJIOCTBIO
byHkumn f(x)

[0 =E [f(x +v9)] 2 B [f(0) +(V/(0),ve)] = E: [f ()] = f(x).

J11s1 BTOpOTO HEpaBEHCTBA MEPBOro CBOMCTBA, IPUMEHSI JieMMy 1 13 [4], nMeeMm:
£, = £ = [E: [f(x +v0)] = F(0)] < E, [| £ (x +78) = F(0)[] < yME, [[l]]] < %sz,

UCIIOJNB3YS TOT QAKT, UTO f sIBJIsSIETCS M ,-TUIIIUULEBOM.

st BTOporo cBoiicTBa:
|/, = [ = [E: [f 5 +78) = f(x +¥O)] SE[|f (v + 7€) — f(x+ v < M|y - X, -
N nng tperbero cBoiicTBa, npumMmeHsis Jemmy 11 u3s [15] umeem mwist moObIX X,y € Q,
IVAG) = VA, = | | V7o +om@de— [ Viee+ouende| <
By Bl (1) g

<

IVf (DW(z — y)dz - IVf (DWz — x)dz
O oy

< Mjlu(z—y)—u(z—X)ldz,
o,

q

I

+5 X € Bld(’y)a
1€ BTOPOE HEPABEHCTBO CIEAYET U3 7 = X + € U(x) = V' (B, (V) [anee nyist OeHKU UH-

0 wmHaue.
Terpaia I, IpUMEHWM TOT e TIOJXOJ, YTO U B TOKa3aTeIbCTBE JeMMBbI 8 u3 [16] 1 paccMoTpuM ciryyau
e ”y - x”l >2yn ”y - x”l s 2.

Cayuaii 1 (|y — x|, > 2y). s Beex & mycts ||é — x||, <y, Toraa umeem |é — y|, > v = pE —y) =0,
MO3TOMY
@ - y) — @ - x)|de = 1.
le—x <y
AHaJIOTMYHO I BCeX & mycTh [€ — y||, < vy, Torna umeem (€ — x) = 0, oaTomy
@ — y) — @ - x)|dé =1.
le-yl=y
CrnegoBaTesbHO,
[hEe-»-pe-vlde= [ pE-n-ne-xlde+ [ [pE-y-nE-x|de=2.
o le—xl <y le—l, <y
oy a7l =,
v v

IMockonbky 2 <

, yuuTbiBasg TOT akT, 4Tto s p € [1,2] BBINOJIHEHO

1L
ly=xl,<da "y-=x

0’ TOTda ITOJIYYMM CJICAYIOIIECC HEPAaBECHCTBO:

d"y -,

[ @ - ») —n@ - x)de <
2, i
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Cayuaii 2 (|y — x|, < 2y). Pasnoxum unrerpan /, Ha 4 unTerpana

[ u@ = ») - n@ - x)|de =

o,
= [ pe-p-pe-wle+ [ |E-y-n@E-xjde+
Jo-s <y & eyl <y Jo-s <y & eyl 2y
+ [ kE-p-pe-wde+ [ pE-y-pE-x)de
le=x v & -y, <v le—x, >y & [e-yl,=v

Ter[epb pacCMOTpUM Ka)KI[beI MHTErpal U3 pa3Io>KE€HUA I10 OTACJIbHOCTH.
1. 111 TIepBOTo M YETBEPTOTO MHTETPAJIOB CIIPABEIJIMBO CIICIYIOIIee:
M@ - x) = U@ - y).
Torz[a, ITOACTAaBJIAA B HepBbIﬁ HHTErpali, ImoJ1ydmm
U@ - y) - @ - x)|dé = 0. (15)
le—xl,<v &l <y
AHEU'IOFI/I‘{HO, TIIOACTAaBJIsALA B ‘ICTBCpTLIfI MHTErpali, rnmojJdydymm
@ - y) — e - x)|dé = 0. (16)
le—xl, >y &le-l, =y
2. Kornmal|e — x||, Sy & e -y, 2 ywm|e —x|, >y &|e -y, < v, umeem
hE-n-n@E-xde= [ |JuE-y-nE-x)|d,
le—xl <y & e,y le=xl, 2y & e, <y

rie Weé —x) u Weé — y) He IepeceKaroTcs, MO3TOMY, UCIIOJb3Ysl 3TO U CUMMETPUIO UHTETPasoB, U,
~ d |~ ~

OIpeaearB MHOXECTBO § = {e eR |||e - x||1 <vywm ||e - y||1 > y}, MOJIyYM CyMMY BTOPOTO U TPEThETro

WHTETpajaoB

2 [ pE-»-ue-xjde =2 (17)

e~ <1 & eyl 2y ca¥

rae Vg — 06beM Ha MHOXECTBE S

CyMMupys 3HaUeHMSs YeTbipeX nHTerpaion (15)—(17), monyuum

[l = ) - ue - x)|de = ﬁVs, (18)
O

d

rae Vg — 00beM Ha MHOXECTBE S'.

Tereps HaiiIeM BepxHIOIO rpaHuLLy V yepes||y — x||p. ITycts V,,,(r) — 06beM cdepndeckoro Koimaka

C paccTostHUEM F 10 LieHTpa /,-cdepsl. Torma

Vs =cY' — W (”y ;x"p} (19)

O6beM d -MepHOTo c(heprIeCKOro KoJmaka V,,, MOXeT ObITh BbIYMC/IEH Yepe3 (d — 1)-MepHyo [ -cdepy
CIIEIYIOINM 06pa3oMm:

v
I/cap(r) = ch—l (Y_ p)dfl dp JJ1 re [Os Y]s

r
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d
rae ¢; = %, dz1.dnare[0,y] umeem

I/c'ap(r) = —C4 (Y_ r)d’l < 03
Vao(r) = (d — ey (y—r*7 >0,

e V.o, Veap — TMEPBast ¥ BTOPast IPOU3BOIHBIE 10 7 COOTBETCTBEHHO. CIIe10BaTENbHO, V,,, BBINYKJIa Ha

[0,7], u o onpeneneHUIo CyorpaiueHTa UMEEeM

Veap(0) + Veop (0 < Voo (r) - st r € [0,].

Tak kak V,,,(0) = %cdyd u V., (0) = —c, Y, orciona crenyer, 4to

%cdvd—cdflv"‘lslfcap<r> it re 0,7, (20)

Hockoneky [y — x|, /2 <y u ormeuas, uro |y — x||p /4 <y - x||p /2 <|ly - x|, /2 BbinomHsercs ms

pe|l,2], MoXeM 3amaTb r = ||y—x||p /4 <y u noacraButh B (20). CnenaB 310 U ucnonbsys (19),
MOJIyYUM

y—x gy =X
. (n : "”J L. ¥
Teneps, noxncrassist MOJAYYEHHYIO OLIEHKY V B (18), uMeem
ﬂMé—ﬁ—M@—xWEgﬂﬂ@:jL
0, Ca

d
2
IMockoneky ¢, = E, MOXHO YBUIETh, YTO

ilu(é ~ ¥)— W@ - x)|dé < 2iy||y -,

Tenepsb, nosy4nB OLEHKY ISt UHTErpaia /;, UMeeM, 4To

me—vmmms%gh_wf

5.2. Jloxazamenbcmeo nemmut 2

B nanHOM moapasziene cocpenoTOuMMCS Ha 10Ka3aTeJbCTBO JeMMBbl 2 ISl [,-paHnoMu3aiuu. Bo
MHOTUX padoTax, Hanpumep B [1, 3, 9], olleHKa BTOpOoro MOMeHTa s 6e3rpafueHTHOM alIpoKCUMa-
muu (5) npuBeAeHa U J0Ka3aHa ¢ TOYHOCTBIO 0 HEKOTOPOIM YMCIOBOM KOHCTAHTHI ¢. B maHHOM moka-
3aTeNIbCTBE pa3depeMcs, YeMy K€ paBHa 3Ta YUCI0Basi KOHCTAHTA ¢ . A TIOApPOOHOE 10Ka3aTeIbCTBO JIEM-

MBI 2 JUIS /;-paHAOMU3ALUU IPUBEAEHO B 1eMMe 4 [4].

Hust Becex x € Q ¢ npennojoxeHusmu 1 u 2 VfY(x, €,e) u3 (5) uMeeT HIKHIOIO OLIEHKY (BTOPOIi MO-
MEHT):

d’A’?
E&DWﬂ@@x%]SM@d%¢M§+jz%,

rmel/p+1/g=1nu
K(p,d) =2min{g,Ind}d”"".
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Jloka3aTenbcTBO. JlaBaiiTe paccMOTpUM

(fs(x + 7e,) — f(x — ve,8))e

iy

2
= L [ (108 8490 S =769 - 8x - 10)] o

d
e [Ipeszol] - |2

Y ([Eée["e” (f(x+7e,8) — f(x —7e,8)) ]+[E [”e” (8(x + ye) — 8(x — ve)) ])

2 2 2
III€ MCIIOJIb30BAaJICs TOT (baKT, YTO IS BCeX a, b, (a + b)” < 2a” + 2b°. Jlnst nepBoro ciaaraeMoro (21) BbI-
TOJIHSIETCS CIIeIyIolIee C TIPOU3BOJIbHBIM ITAPAMETPOM O C YUETOM CUMMETPUYHOTO pacipeaeaeHus e

[l (6 + 0.8 - x — e, 8] =
272 Se q e, e

2
- ;’_Yz[Eg,e (el ((/Cx +ve.8) = ) = (fx = ye.B) - o))’ | <

”Y’—szae[llell (fx+700)-0) +(f(x - 108 -a) | = (22)

= %([Eg,e Lell (fx +ve.8) — o) [+ B[ (fOr = ve,) - @) ) =

-2 [l U v -ay]

Ilpumensis HepaBeHcTBO Komm—IlIBapua mig (22) U UCHOJb3Ys [E["e"ﬂSK'(p,d), rae

K'(p,d) = min{g,Ind}d*’*”", nonyunm

25 e [l (/x + 7e.8) ~ )] < 2d” [E{J[E Jell WE[(fx v 8- )] <

23
MKmm (3

[EE[\/[E (f(x+7ve,8)—a) ]J
Crnenyroiasi ieMMa, KOTOPYIO paCCMOTPUM, SIBJISIETCSI yTOUHEHUEeM JiIeMMBI 9 [3] ¢ yKazaHWeM YMCI0BOit

KOHCTAaHTHI C.

Jlemma 4. Jlna awboii gpynxyuu f(e), xomopasa searaemes M -aunuiuyeoii omHocumensvHo l,-Hopmol,
umMeem mMecmo, 4mo ecau e pagHoOMepPHO pacnpedeneH Ha eeKAudosoll cihpepe, moeda

M; M,
V2d

Joka3arenbcTBO. [1ycTh HEpaBEHCTBO KOHIIEHTPAIIMU MEPHI, UCITOB3YIOIIee MAaTEMAaTUIECKOE OKU-
JlaHUe, UMeeT BUJT

JE(r@-Elr@)] <

Pr(f - Ef| > 1) < K exp(-nt’),

rae K UM — Heu3BeCTHbIe MapaMeTpbl. Torna, YToObl HAWTU MapaMeTpbl K U 1, BBIITUIIEM HEPABEH-
CTBO, UCITOJIB3YIOLLYIO MeAUaHy (PYHKIMU, UCTIONb3Yys MapaMeTpbl K U T (Tak Kak B JUTepaType, Ha-
npumep B [10], 0OBIIHO 3aIChIBaeTCI HEPABEHCTBO KOHIICHTPAIIMK MepHI Ha cpepe, MCTIONb3YS MEI1-

aHy byHKuMu M ;, a He MaTeMaTUIECKOE OKUIAHKE):

Pr(f — M,| > 1) < 2K exp(-nt’/4) = dexp(~dt’ /2M3). (24)
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2 o
IMoncrasnsas napameTpsl K = 2 um = 2d /M) u3 HepaBeHcTBa (24), 3anulleM CTaHIapTHBII pe3y/1bTaT
0 KOHLIEHTpalUH JIMIIINIEBBIX (DYHKIWI Ha eBKIMA0BOM eIMHUYHOI chepe

Pr(|f(e) — Elf (e)]] > 1) < 2exp(—2dt>/M3).

CiiengoBaTeabHO,

oo

JE[(r@-Els@)']= \/ [ Pr((f@ -Elr@)" > 1)ar =

t=0

[ T 2 M
= Jjo Pr(|f(e) ~E[f(o)]| > ¥r)dr < J __[02exp(— M‘?]dt = /2(252’

oo

1€ B MOCJICAHEM HIare MCIriojJb30BaJICA (baKT, qTOo J-

. exp(—x/;)dx = 2. TakuM ob6pa3zoM, HaifieHa ync-
=

1
JIOBasi KOHCTaHTa ¢ = —= u3 JeMMbI 9 [3].

V2

3aTeM ucnonb3yeM JieMMy 4 BMecTe ¢ TeM dakToMm, uto f(x + Ve, &) sisiercst YM,(E)-muniunueBoit
OTHOCHTENIBHO e C TOYKH 3peHust /,-HopMbl. Takum o6pasom, wist (23) u o := E[ f(x + Ye,&)] Bbmon-
HsleTCsl

. 2(p,d) YE| M3E)
WQ [\/Ee [(f(x+ye,§)—a)4“ <A Kygp d) ¥ E/_2; ]= 2K (p,d)dM;. (25)

st BToporo ciaraeMoro (21) BBIIOJHSIETCS CIIEAYIolee:

2 2A2 7 ,d d2A2
;_Yz[Ee [l (8Cx + ve) - 8(x — o))’ ] < dyz AEHE K(PY—Z), (26)

IMoncrasnsts (25) u (26) B HepaBeHCTBO (21) 1 3aHOCST KO3(DDUIIMEHT V2B K'(p,d), mOTy4rM yTBEpPXKIIE-

HUE JeMMBI 2 115 [, -paHaoMu3auuu ¢ K(p,d) = \/EK'( p,d)= V2min {g,Ind} da¥ .

5.3. Jloxazamenbcmeo aemmol 3

PaccMmoTpuM KpaTkoe AoKa3aTesIbCTBO JIeMMBI 3 11l ciiydasi ¢ /-paHnomusaiueil. C eBKIUI0BbIM
cllydaeM MOXHO MO3HAKOMUTLCS B Claeayoolux padotax [1, 17].

Jas Bcex x € Q ¢ NpearojgoXeHussMu 2 u 3 ny(x,ﬁ_,,e) 13 (8) uMeeT HIXHIOI OLICHKY (BTOpPOIt
MOMEHT):

|
o

E[IVAe G el ] < S5 (67 + A7),

,YZ

rel/p+1/g=1.
Joka3areinbcTBO. [loKa3aTenbCTBO 3TOH JeMMbl OyAeT 6a3upoBaThCsl Ha TOKA3aTeIbCTBE JIEMMBbI 4
u3 [4]. Ucnonb3ys onpeneiaeHue ny(x, €, e), MoyInum

4-2

d p

YZ

2
[E["ny(x, g, e)||§] = %[E[( F(x+ye) + 8(x))’ [sign(e); ] =L E[(f(x+70)+ 8(x))].

Hanee ¢ npeanogoXeHUusIMU 2 1 3 TIOJIyYUM YTBEPKICHUE JIEMMBI:

42 4—=

E [||ny(x, £, e)||j] = def’ E[(f(x+70) + 8(x)) | <
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5.4. Ouenku ypoeHs HemoyHocmu

IIpuBenemM HEOOXOAMMBbIE JIEMMBbI U CIAEACTBUS IS HAXOXIEHUS IBYX OLIEHOK YPOBHSI HETOUHOCTH
(BpaxnaeOHoro uryma): ajis /, -panpomusanus (4) u 1 [, -pangomusauus (5). 1ist 3Toro BOCHob3yeM-
CSI U3BECTHBIMU pe3yJIbTaTaM1 M TEMMU K€ CYKIEeHUSIMU, UTO 1 B [18].

Jlemma 5 (cM. [4]). Pyukyus Jy(x) dugppepenyupyema co caedyrouum epaduenmom c |, -pandomusayueir:
Vf,(x) =E, [% F(x +ve) sign(e)}.
Jlemma 6 (cMm. [19]). @ynkyus f,(x) dupgheperyupyema co caedyiouwgum epaduermom ¢ b, -pandomusayue:

Vf(x) =E, B Fflx+ ye)e]

Jlemma 7 (cm. [20]). Ilycmob 6ekmop e — cayuaiinbiii eOUHUYHBLIL 6eKMOP U3 e8KAUD080T eOUHUUHOU cghe-

pot e : ||.e||2 = 1}. Toeda ons écex r € R? caedyem
E[Ke, )] < =22.
[Ke, )1 ”

Jlemma 8. J[aa ny(x, Ee)u ny(x) € npednonodcenuem 2, 8bINOAHAEMCs credyrujee:
dAE,[[(sign(e), )]
'Y b

E: [(VA(x.&e),n 2 (Vf(x),r) -

2de ny ¢ l,-pandomuszayuei;

dAE [(e, r)l]
lE&,eva;{(x: év e), r>] 2 <ny(x)a r> - >
2de Vf, ¢ l,-pandomusayueil.

Joka3aTenbcTBO. PaccMoTpuM crienyromye yTBepKIeHus.

i) nad [ -pannomusanuu (4):

Vi, (x,Ee) = 2% o +70.8) = fo(x — ye,E))sign(e) =

4
2y

) %((f (x +7e.8) = f(x — Ye.&))sign(e) + (B(x + ye) = 8(x — ye)) sign(e)).

W3 manHOrO paB€HCTBa CJICAYET

(f(x + 7e,€) + 8(x + ve) — f(x — Ye,§) — 8(x — Ye))sign(e) =

d

IE&,eKVf;{(xa aﬂ e),r)] = _EE_,,eK(f(x + Ye, é) - f(x —Ye, g))Sign(e)arﬂ +
2v 27)
+ % E,[((3(x + Ye) — 8(x — ye))sign(e), r)].
IIpuMeHsist aeMMy 5 K riepBoMy ciaaraeMomy (27), moJiydum
2% Fe J((f(x + Y, 8) — £(x — Ye,E))sign(e), )] =
= 217 Fe [(f(x + Ye,E)sign(e), )] + 2% Fe [/ (x — Ye,E) sign(e), )] = (28)

= ‘—;[Ee [(Ee [f (x + ye,&)]sign(e), r)] = %Eer (x + ye)sign(e), r)] = (Vfy(x),r).
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It BTOporo ciaraemoro (27) ¢ yuetom |3(x)| < A mosydum
[—;[Ee[«&x + ve) — &(x — ve))sign(e),r)] = —% 2AE,[(sign(e), n|] = —%A[Ee[KSign(e),r)H- (29)

Hcnonb3ys ypasHeHus (28) v (29) nst ypaBHeHUs (27), NOJyYUM YTBEPKIAECHUE JIEMMBI 1151 /;-paH-
JIOMU3AlIUU.

ii) mis [, -pangomuszanui (5):
Vf(x.Ee) = %( filx +ve,8) = f(x — e, E)e =

= %(f(X+Ye,§)+5(x+ye)—f(x—ye,§)_5(x_Ye))e =
4
2y

W3 nanHoro paBCHCTBA CJICOYCT

((f(x +ve,8) = f(x = ve,8))e + (8(x + ye) — &(x — Ye))e).

E. J(Vfx.Ee).r)] = 2% Ee J((f(x + Ye.B) — £(x — Ye.E))e.r)] +
(30)
+ 2% E,[((3(x + Ye) — 3(x — Ye))e, P)].

IMpumenss ntemmy 6 K iepBomMy ciaraeMomy (30), mosryaum

LRI+ 10D~ fx 1906l =
= L EL /(5 e8]+ 2B (= e, e, )] = (31)
2y 2y

=S ElE L0+ vedlen] = SIS G+ 1006 = (VA0
s Broporo ciaraemoro (30) ¢ yaetom |8(x)| < A mosrydum
(@0 -+ 1e) = 80x = e, )] 2 =1 AL IKe. ) = = AE (el (32)
Hcnonb3ys ypasHeHus (31) u (32), asst ypaBHeHus (30) moslyduM yTBEpXXKIAECHUE JIEeMMbI 115 [,-paH-

JOMM3AllN.

Cnencrue 5. 3ameTuM, 4TO BeKTOp sign(e) = (sign(e),...,sign(e;)) B /,-HOpMe TIpu OOJIBIION pa3-
1 d 1
MEPHOCTH MPOCTPAHCTBA d BEAET cebsl CXOXKUM 00pa3oM, KaK BEKTOP M3 HE3aBUCUMBIX pajleMaxepoB-

CKUX ClTyJailHbIX BeMuMH. Torna u3 HepaBeHCcTBa XUHYMHA cieayeT E[[(sign(e), )| < ||r
IMpumeHsiss nTaHHOE HEPABEHCTBO K JIeMMe 8, TTIOTTyIUM

), re re R
dA
EAIV/(x,0)1 = V(x),r) = %

CnencrBue 6. [TprMeHsist yTBepXAeHUE JIeMMBI 7 K JIEeMMeE 8, TTIOJIy4YMM TO K€ HEpaBEeHCTBO, YTO U B
d
pa6ore [18] mis Bcex r € R

JdA
EAVA(x,e)] = VI(x),r) < %

Tenepb paccCMOTPUM, KaK MOJIYYUTh OLICHKU YPOBHSI HETOYHOCTH (IIIyMa).
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Jde

2

N3 (13) u (14), moacrasnsisi 3HaYeHWE MapaMeTpa Y U3 cinenctsus 1 (y = 114 /| -paHoIoMu3anuu,

Y= T l,-panpoMuszauun) u R = on — X
HETOYHOCTH (11yMa) 1714 /; U /,-paHIOMU3aLUIi:

5 IIOJIYyYUM OIpaHUYMUTECIIBHBIC YCIIOBUA Ha YPOBCHDb

CxeMma cIiaxXuBaHu4 ¢ /| -paHaoMusanuei Cxema criaxkuBaHu4 ¢ [, -paHIOMU3aLUER
2 2
A _& A _&
JdM,R JdM,R

3ameuanne 4. CTOUT OTMETUTh, UTO PE3YILTATHI JIEMMBI 8 U CIIEACTBUIA 5 1 6 7151 CEAIOBBIX 3a1a4 Ta-
KUe Xe U JOKa3bIBaloTCsl aHaJornuHo. CliemoBaTelIbHO, OLICHKU YPOBHSI HETOYHOCTH JIJIsI 3aJa4U C Cel-
JIOBOIi TOYKOIi COBITAAAIOT C OLIEHKAMM JIs1 BBITYKJI0i onTuMu3auuu. C 1ieabio u3bexaHusl IIOBTOpe-
HUiT OyIeM CChlIaThCS Ha 3TO 3aMeUaHue KaK Ha Pe3y/IbTaT MoJIyYeHUsT OLEHOK YPOBHSI HETOUHOCTH JJIs1
CEIUIOBBIX 3a7ad.

6. YUCJIEHHBIE SKCITEPUMEHTbI

HpI/IBeI[CM YUCJICHHOC CPAaBHCHME IBYX TEXHUK CIJIa>KMBaAHUA B apXUTEKTYPEC (l)e,[[epaTI/IBHOI‘O 06y—
YCHUA. PaCCManI/IBaCM CTOXaCTUYCCKYIO HETJIAAKYIO 3aJa4yy OIITUMMU3allu Ha MHOXECTBE CUMILJIEKCA

0= {x eR’: Ix[, =1,x > O} ¢ dyrkumeit f : R — R, onpeneeHHYIO ClIeoyIOIINM 00pa3oM:
F(x) = b, x)+|].,

d N "
rae b € R" — ciyyaiiHbIil BEeKTOp, paBHOMEPHO paclipeneseHHbI Ha oTpe3ke [0,1]. B kauecTBe MeTona
OINTUMU3ALMU UCTIONb3YETCSl Oe3rpalueHTHBIN IByXTOUeUHbI aropuTM Minibatch Accelerated SGD,
paccMOTpeHHbIH B pasa. 4. Ha ¢wur. 2 npencrasieHa 3aBUCMMOCTb OLIMOKU f(X) Ha mocienHeit utepa-

0 8
LIU1 OT U3MEHEHMS KOJIMUECTBA JIOKATbHBIX BEI30BOB Oe3rpaaueHTHOro opakyaa K = 3°,...,3" npu pas-

— It
JIMYHOM KOJIMYeCcTBe MalllMH B = 8 u B = 32, paboTawlluux napaiieiabHo, rie X = - E i at— HO-
==

Mep utepanu. KoanmdyectBo urepaimii 66110 BeIOpaHo KN = 3%, Yem Gosbure K , TEM MEHBbIIIE KOJIM-
YeCTBO KOMMYHUKAIIMOHHBIX payHIOB /N , 00paTHOE TakKe BEpPHO. YpOBEeHb HeTOUHOCTU A = () (6e3
BpaxaeOHOro 1ryma), pasaMepHocTh 3agaun d = 100.

He tpynHo 3amMeTuTh 13 (OUT. 2, 9TO IIpU YBEIMYSHUHN YN CJIa JOKATBHBIX 00HOBIeHU K (YMEHBbIIIe-
HUU PpayHIOB CBSI3U N ), TOUHOCTb YXyIIIaeTcs (TeM CaMbIM MOATBEPKIAasi TEOPETUIYECKUE PEe3yIbTa-
ThI), OQHAKO He KpUTUYHO. TO eCThb IIpU pellleHUN NPaKTUISCKUX 3a1a4, HECMOTPSI Ha TEOPUIO, MOXHO
OpaTh YUCJIO JIOKAJIbHBIX OOHOBIEeHU K < 36, YTOOBI MOJYYUTh JOCTATOUYHO XOPOIIUA pe3yabTaT. Tak-
K€ CTOUT OOpaTUTh BHUMaHUE, YTO Ha MIPAKTUKE CXeMa CIJIaXKMBaHUsI C /,-paHIOMM3alMeil He TOJIbKO
HE yCTyMaeT CXeMe CIIaXKMBaHMS ¢ /,-paHAoOMU3alreil, HO NHOTIA U MPeBOCXOnUT ee. OJHAaKO BO3HU-
KaeT MHTEPEC Y3HaTh, B KAKMX CIIy4YasiX CXeMa CIJIaKMBaHMS C /-paHIoMU3alMell Oy1eT MpeBOCXOAUTh

(a) (6)

8 3ameiicTBOBaHHBIX MamuH (B = 8) 32 3ameiicTBOBaHHBIC MAIIWHEL (B = 32)

-#- /|-pannomMusanus -#- /|-pangomMu3auus

-#- [,-panaomMusauus -#- [,-pangomMusauus

100 101 102 103 104 100 10! 102 103 104
JlokanbHbie 00HOBIeHUS (K)

@ur. 2. 3aBUCUMOCTD OITMOKM OT YMCJIa MAIIMH B ¥ pa3IMYHBIX JIOKAJIbHBIX OOHOBJICHU K .
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(a) (6)

VYposens mryma A =0 VYpoBeHb myma A = 6e — 05
0.9~ Il --- [\-paHnomMu3anus 09 | -~ I;-panzoMusaLIs
0.8 1 —= l-paHIoMHU3aLKS 0.8+ —= l-paHIoMHU3aLKS
B o7t
=V \ 0.7F W
gg I \"'--....,__ 0.6 - "g‘.'-"'-'-"-'::;-.;:'-“f"‘.';_'.f::...__"-‘--—'.-.-'-'z.'s;'.-;.—.._
. C 1 1 1 1 o 1 1 1 1 1 1 1 1 |-.
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
KonmuaecTBo ntepanmii KonmdecTBo ntepanmii

®ur. 3. 3aBUCMMOCTb OLIMOKYU OT KOJIMYECTBA UTEPALIMiA TTPU PA3IMYHBIX 3HAYSHUSIX YPOBHSI HETOYHOCTH Tipu 20 3a-
MmycKax.

CXEMY CIJIAXXUBAHUS C [,-paHaoMu3auueit. s 3Toro paccMOTpUM JBa ciydyasi BBIUMCIEHUs Oe3rpaau-
€HTHOTO OpaKyJia: ¢ BpaxaeOHbIM IIIyMOM U 6e3 BpaxaeoHoro 1ryma. Ha ¢wur. 3 npencraBneHa 3aBUCH-
MOCTb OIIMOKM f(X) OT KOJUYECTBA UTEPALIUI U YPOBHS HETOUHOCTHU (HAJIMYMS BpaXXa1eOHOTO 11ymMa)

-5 I

A=0uA=6x10". Yucno padboTaronux napauieibHO MalllMH BbIOpaHo B = 8. Ha Kaxnoii maiHe
2

KOJIMYECTBO JIOKAIBbHBIX BEI30BOB 0€3rpaIMEHTHOTO OpaKyJja paBHseTrcsd K = 37, a KOJIM4eCTBO KOMMY-

6 " _ A8
HHUKaIIMOHHBIX payHaoB 3 . Takum oOpa3om, obmiee yncio urepauuiit NK = 3°. PasMepHOCTb 3amaun
d =100, KonruyecTBO 3amyckKoB paBHsieTcs 20.

ITo ¢ur. 3 MoXHO caeaTh BEIBO, YTO MpPH JO0ABISHUS BpaxkaeOHOTO IIIyMa CXeMa CITIaKMBaHUSI C

/, paHDOMM3aLMeEN Pa0OTAET JIyUllle, YEM CXEMa CIVIAXKUBAHUS C [,-paHIOMU3aLUEN B apXUTEKType (de-
JIepaTUBHOTO OOYUYeHMSI.

7. SAKJIIIOYEHUE
B nanHoi1 pa60Te ObLIU TTIOJIY4Y€HbI BEPXHUE OLICHKU OIITUMAJIbHOTO aJITOPUTMA PCIICHUA CEAJTOBBIX
3aJa4 B apXUTCKTYpEC (I)eﬂepaTI/IBHOl"O O6y‘ICHI/I$I 1 HalllJTX KOHCTAHTY Jlummia ost I'pagr€HTa B CXEME
Crila>kmBaHuA C 11 -paHI[OMH3aHPICI>i. HDI/IMCHHH Crila>kmBarOmme CXCMbI, CO30aJI ONITUMAJIbHBIC 0e3-

ITpaguCHTBIC IBYXTOUYCYHbLIC 1 OOJHOTOYCYHbLIC aJITOPUTMBI C 11 n lz—paH}IOMI/I3aLII/IeI71, 6]'[31"0)13.1)51 KOTO-
PBIM MOZKHO p€IIaTb CTOXaCTUYCCKHNEC HETJIaAKHNE BBIITYKJIBIC 3ada4l OIITUMU3ALIUN U BBIITYKJIO-BOI'HY-
ThIC 3a4a4 OIITUMMU3allU1 B HaCTpOﬁKC @CﬂepaTI/IBHOI’O O6y‘{eHI/I${ C HCTOYHbBIM 6631‘paI[PICHTHbIM opa-

KYJIOM. HOKHSZU'II/I, IIpHU KaKMX YCJIOBUAX CXEMaA CIJIaXXKMBaHUA C ll —paH):[OMI/I3a]_II/I€I71 pa60TaeT JIyd1ie,

4yeM ¢ [,-paHIoMu3aImeil B apXuTekType peneparuBHoOro ooyueHus. bpuio mokazaHo Ha MpakKTUKE, YTO
YUCJIO JIOKATBLHBIX OOHOBIICHUI MOXKET OBITh YBEIMICHO 3a CUET YMEHBIIICHUS KOJIMIEeCTBA KOMMYHM -
KaIITMOHHBIX PAyHIOB CBS3U, TIPU 9TOM OOIIlee KOJTMIECTBO UTEPAIINIT OCTAETCS MPEXKHUM.

IIPUIIOXKEHHUE
A. BEPXHUE OLLIEHKHA
PaccMoTpuM T71aaKy10 BBITYKJIO-BOTHYTYIO CEIJIOBYIO 3a1avy

min  max f(x,y), (I1.33)
xeQ, cR™ yer;[R{dy
e f: 0, X0, — R — BRIMyKJIO-BOTHYTAs JUMIINIEBA HETIpepbIBHAs GyHKIUS, O, U O, — BBINYKJIbIC
MHOXecTBa. [lJIsh MPOCTOTHI U3JIOKEHUS BBeleM MHOXeCTBO Q, = O, X Q,, 7 = (X, y) ¥ MOHOTOHHBIA
oneparop F':

V. f(x.y)
F(z) = F(x,y) = [ . (I1.34)
_Vyf(xa y)
Torna z € Q, — peuleHre BapuallMOHHOro HepaseHcTBa (BH) BbiiaauT cienyronmm o6pasom:
(F(z),% —2)<0 VzeQ,. (I1.35)
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OLICHI/IBaTL HCETOYHOCTb BO3MOXKHOI'O pENICHUA T € Qz 6y,[[€M O OIIMOKE

Erry(2) = Max(F(w), 2 — u). (T1.36)

B manpHeiilieM Hakj1agbiBaeM Ha F, TOMUMO MOHOTOHHOCTHU, TpeOOBaHMe

V(z,2'€ Q) : |F(2) - F(@)k < Lz =z||+V, (1.37)

rne L 20,V =2 0 — u3BeCTHbIE KOHCTAHTHI, ||* = max <, z). Yl npeanonaraem, uro F(z,&,) siBaser-

CAd HCCMCIICHHBIM MU UMECCT OIrPaHUYCHYIO TUCIIEPCULIO, T.C. VZ (S Qz CITpaB€aJIMBO

HF(zE)] = F(z), H|F(z,E) - F@kl <o

J11s1 pactripocTpaHeHMSI OCHOBHOTO pe3yiibTaTa ctaThi [ 11] Ha cenmosbie 3agaun 1 BH B kauecTBe an-
ropuTMa BbioepeM Stochastic Mirror Prox (SMP), onmucanHoro B paborte [21]. B nanbHeitiieM paccMoT-
puM aBa MeTona apxuTekTypsl FL, mpemioxenHsble B [11] u HazoBeM ux Minibatch SMP u Single-Ma-
chine SMP. /1719 3TOr0 BOCITOJIBE3yeMCS M3BECTHBIMM pe3yJIbTaTaMU U IIPEAITOIOXKECHUSIMHA.

Algorithm 1. Anropurm SMP
1: Uanumanusauusi. Beidepute 1y € Z "u pasmep maram, 1 <t <7,
2:Mart,t=1,2,...,¢: Ilo U3BECTHOMY r,_; € ZO, BBIYMCIINTE
we =P (cF (), 1= B (F W) (I1.38)

Korna t < ¢, BBINOJIHATH LIMKJI IO Liara ¢ + 1.
3: Ha mare ¢ BbIBEIuUTE

-1
5] T
IIpeanonoxenne 4. s Bcex z € O, ¢ L € [0, ) uMeeM
[EF(z.&) - F@lk su  E|F(z.E) - F)k] < o’
IIpeanonoxenne 5. s Beex 7 € O, U BCEX f UMEEM
[E[exp{nF(z, &) - F)k /02H < exp{l}.

Jlemma 9 (cm. [21]). Ilyecms BH (I1.35) ¢ monomournsim onepamopom F (11.34), yooeremeopsroujum
mpebosanuto (I1.37) pewaemces ¢ nomoubio t wae06020 areopumma 8, UCNOAB3YS CMOXACMUYECKUL OPaKy

(I:" = F(z,&,)), u nycmo pazmepor waza 1|, = M yoosaemeopsiom 0 < 1 < \/é Toeoa

(i) ¢ npednonoxcuem 4 umeem
A R’ mri,2 2
E{Err(Z)} € Ky(t) =|—+—=|V "+ 20" ||+ 2uR;
(Em, (@) < K0 = | &4 T 420 [
(ii) ¢ npednosoxcenusmu 4, 5 das aroboeo A > 0
Prob{Err,(2) > Ky(t) + AK,()} < exp{-A’/3} + exp{-Ar},
ede

76N L 20R
2 Jt

Caencrsue 7. Mcrionb3ysl pe3yabTaThl JEMMEL 9, paclpoCTpaHUM HUASI0 ONTUMAILHOIO aJirOpUTMa
[11] m TOTyYrM BepXHHE OILIEHKMH.

K@) =
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® Minibatch SMP

JlaHHBIN aropuTM BbITIONHsIET N utepauunit SMP, ucronb3ys nmpodaTyeHHbIE TPaJMEeHTHI pa3Mepa
BK . Bo BpeMs1 KaXkaoro payHaa CBsI31 Kaxkasl MallliHA BEIYUCIIET K CTOXaCTUYECKOIO OpaKyJa, 3aTeM
MAaIlIWHbI TIOCHLIAIOT CBOM MUHMOATYN, YCPEAHSS B OMMH OOJBIION MUHMOATY padMepoM BK , 3aTteM

OHU OOHOBJISIIOT W, U r, B cooTBeTcTBUU C (I1.38). Tak Kak BbluMcAeHME NPOOATYCHHOIO CTOXaCTUYE-
2
CKOTO OpaKyJia yMeHbIIaeT aucrnepcuio B BK pa3, To 0003HaYUM o) K = g—K. IIpenmomoxum, 4TO pas-

Mep 1lIara 1, = M aJiropuT™Ma § paBeH

. 2BK
= min R s I1.39)
L L@L INV? + 202)} (

rne N — 3amaHHoe yucio utepauuit. Torna ¢ mpeamnoiaoxeHuem 4

7LR’ / ’420°
E{Err,(Zy)} < K§(N) = max L N ,7R V3B-;(1\(/5 }+ 2UR. (IT1.40)

Tak kak BepxHsist rpanuna (11.40) nast omm6ku aniroputma 8 co crparerueii mara (I1.39) 3aBucur cxo-
XnM obpazoMm ot ¢ u V', To V' MoxXeM 3aMeHUTh Ha ¢. Torna

. 7LR OR
E{Err,, < KEN + 2UR,
{ I.I’v1(zN )} O( ) max |:4 N \/—:| !"L

€CJIN BBIITOJHAIOTCA IMPECATTOJTOXKECHU A 4 u 5, TO
Prob{Errvi(éN) > K5(N) + AK{"(N)} < exp{-A/3} + exp{-AN},

e

2 JN

OR
VBKN

K¥(N) =

7
2

¢ Single-Machine SMP

JaHHBIN ailropuT™ B oTiinuue oT Mini-batch SMP urHopupyeT B — 1 MallluH U BbInojiHAeT KN 11a-
roB asiroput™Ma SMP. Torna npeanonaoxuMm, 4To pa3mep wara 1, aroputMa SMP pasen

1 2
= min ,7R , (IT.41)
L L@L \V7KNG + 262):|

rne KN — 3agaHHOe 4ucio utepanuii. Toraa c nmpearnogoxkeHueM 4 uMeeM

7 LR’ 24+ 20°
E{Err,;(3xy)} < KF(KN) = max L P 7111/1’3;2]\76 } +2uR. (11.42)

Taxk xak BepxHss rpanuiia (11.42) nns ommbOku anroputMma 8 co crparerueii mara (I1.41) 3aBucur cxo-
KUM obpa3oM oT 6 u V', To V' MoxeM 3aMeHUTh Ha G. Torna

7LR’ cR
+ 2UR,
4 KN’ «/ N} H

E{Err,(Zxn)} < KF(KN) = ma){
€CJIV BBITTOJIHAIOTCS TIPEATNONoXeHNs 4 1 5, TO
Prob{Errvi(éKN) > KXKN) + AI({“(KN)} < exp{-A?/3} + exp{-AKN},
TIe
K*(KN) =1 9R_
KN = S

3anmineM JeMMYy, UCIIOJIb3ysl TaKoi e moaxomn, uTo 1 Woodworth [11], 4TOOGB 00beAMHUTE ABa aJIro-
putMma (Mini-batch SMP u Single-Machine SMP) B onuH onTUMabHbBINA aJITOPUTM.
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CnencrBue 8. ins mob6eix L, R 6, K,N,M >0 amroput™m ucnoab3dyer Minibatch SMP, xorma

2 2
<ON u ucnonansyet Single-Machine SMP, korna K > —— oN TOTHA C IIPEAIIONIOXEHUEM 4 UMeeM

TR I’R”
OR . |LR® oOR
E{Err, ()} <c + + min + 2UR,
{Err (@) (KN JBKN [N x/KND "

IIe ¢ — HCKOTOpad 4yucjoBad KOHCTaHTaA.

B. JOKA3ATEJIBCTBO TEOPEMBI 1

HpI/IBC,[[CM IIOJTHOC JOKa3aTCIIbCTBO TCOPEMbI 1. I[J'IH 3TOTIO p3306LCM J0Ka3aTeJabCTBO Ha IBC YaCTHU:
JOKa3aTCJIbCTBO OJIA [1 -paHOOMM3AIIM U 1OKAa3aTCJIbCTBO OJIA [2 -paHOOMM3AIlINN.

[ /,-paHIOMU3aIIM1 UMEEM CIIEAYIOIIME aITOPUTMBI:
e Minibatch Accelerated SGD

JlaHHbI# anroput™ nociae N payHIOB CBSI3U IaeT CKOPOCTh cXoauMocTu st f,(x) (em. [11, 22]) B
COOTBETCTBUU CO CJICICTBUEM 5:
2

4L, R
LA™ = Fla)] < 4" _40R _'_dAR’
Ly ) = sl N2 JBKN v

e x(y) = argmin f,(x).

xXely

Jde

2

€

Ecnu nmeem E—TO‘{HOCTL st pyHKUMK fi(x) Cy = (13 cienctBus 1), TO UMeEEM € -TOYHOCTbD JJIsI

dyHkuum f(x):

FO™) = Fa) S flrg ™) = FOs (D) S filxge ) = F (1) + J-sz <

<E E_ g
2 2

YT0OHBI ObLITIA %—TO‘IHOCTL anst f,(x) Hy>KHO

%R <® (I1.43)
4L, R’

1\/;2 < %, (T1.44)
‘;‘?N < g. (11.45)

e

2

IMoncrasnsis LfY —aM (3 cnenctBud 2), rae Y = no = 2x(p,d)M. 22 (13 cnencTBus 3) B Hepa-

BeHcTBa (I1.43)—(I1.45), monyyum

2 2
A< A< & A= -E
6dR 24JdM,R JdM,R

YPOBEHb HETOUHOCTH,

N2 > IVAMM,R? N 4vod"*\[MM,R N O(dww/MMzRJ
€ €

2
€

KOJIMNYECTBO KOMMYHHMKaIIMOHHBIX payHIOB,

33 ST6C°R _ o IS MR | o O(mp,d)Mi ]

KN¢* KN¢* KN¢’
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KOJIMYECTBO pa60TaIOH_II/IX ImapauiCJIbHO MallliH 1

2 p2
T NKB — 1152K(p,2d)M2R

=
€
dM}R’ _ _
K(p,d) MR’ 0( 2 j p=2 =2
=T-= O(A—zzj cienymoollee: = S
€ M5R

00I1Iee KOJIMYIECTBO BEI30BOB IBYXTOUYEYHOTO 6E3rpamMeHTHOTO OpaKyJia;
¢ Single-Machine Accelerated SGD

JaHHbIii anroputm rmocie NK urepauunii 1aet CKOpocTb cxonumocTu st f,(x) (em. [11, 22]) B coot-
BETCTBUM CO CJIEACTBUEM 3S:

4L, R?
F £ (VK < fy 4(5R dAR’
[f(Xee ) — f )] < VK «/ﬁ( Y

e x:(Y) = argmin f,(x).

xeQy
Ecnu umeem %-TO‘{HOCTB IJTsT QYHKITA T Sx)ey= \/78 (13 cnenacTBus 1), TO UMeeM € -TOYHOCTbD IJIsI
M,
byHkuun f(x):
SO = FOe) < Fle™) = FOa(D) < ™) = Fla(m) + [sz <S+i=e
Yr1o06nI ObLIA %—TO‘IHOCTb amst f,(x), Hy>KHO
dAR . & (11.46)
Y 6
4L, R’
zfv - < §’ (I1.47)
K°N 6
46R _ ¢
<= (I1.48)
NKN 6
IMoncrasnsis LfY —aM (u3 cnenctBu 2), e y = @ no = 2xk(p, a’)M22 (u3 cnenctBus 3), B HEpaBeH-
ctBa (I1.46)—(I1.48), moryaum ?

A\

e’ e’
ASE:A_—:A=0( j
6dR 24JdM,R JdM,R

YpPOBE€Hb HETOYHOCTH,

2 2 252
NK > 576(; R — NK > 1152K(p,2d)M2R
€ €

Tak kak N HamnpsIMylo 3aBUCHUT OT K, TO KOJIUYECTBO KOMMYHUKAIIMOHHBIX PAyHJIOB MOXHO B3SITh
N =1, Torna

2p2
K(p,d)M, R
NK=K=0 (ps )2 2
€
KOJIMYECCTBO JIOKAJIbHBIX BbI3OBOB 6C3FpaﬂI/IeHTHOFO opakyJja n

2p2
7 — Nkp — L152K(p, M3 R

2
€
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252
. 0[‘””3" J p=2 (=2
:TZO(K(;:, )M, j: e
€ MSR
OGH.IGC KOJIMYECTBO BbI3BOBOB IBYXTOUYCYHOI'O 663FpaI[I/IeHTHOFO opakyJa,
e L.ocal-AC-SA

JlaHHBI anropuT™ mocne N payHIOB CBsI3H IAET CKOPOCTh CXOAMMOCTH Utst fi(x) (eM. [12, 22]) B
COOTBETCTBUH CO CJICICTBUEM 5:

2

4L, R
BN = fa)] < A" _40R +dAR’
[£/(Xag ) = f ()] N kN Ty

e x(y) = argmin f,(x).

)y

Jde

Ecnu numeem %—TquOCTL JUTSE (PYHKITA T fy(x) ¢ Y= —— (13 caencTsus 1), TO UMeeM € -TOYHOCTb JJISI
2
dyHkuum f(x):
2
SO = £05) < S O™ = S0 ) € filia™ = S (D) + =M, < S+ise
Yto0bI ObLIA %—TO‘{HOCTI) anst f,(x), Hy>KHO
dAR (€ (11.49)
Y 6
4L, R’
—A <k (1.50)
K°N 6
40R € (T1.51)
BKN 6
Jde

no’ = 2x(p, a’)M22 (3 cnenctBust 3), B HEpaBeH-

Ioncrasnsasa L ;= aM (n3 cnencrBus 2), e y =

crBa (I11.49)—(I1.51), nonyuum

2 2
A< A< & A= L
6dR 24JdM,R JdM,R

2

YPOBEHb HETOUYHOCTH,

2 1/4
NK> 96J2A42M2R L NK S N JMM,R
€

€
Tak kak N Hamnpsgamyro 3aBUCUT OT K , TO KOJIMYECTBO KOMMYHUKAIIMOHHLIX pPayHIOB MOXHO B34ATb

N =1, Toroa
1/4
NK = K — O(d_ JMMRJ
€

KOJIMYECTBO JIOKAJIBbHBIX BHI30BOB 0€3rpaJMeHTHOTO OpaKyJia,

2 p2 2 p2 2p2
ST6C°R’ _, o USHP MR |y _ o K )MR

KNe KN¢e KNe
KOJINMYECTBO pa6OTaIOH_II/IX nmapaujCJIbHO MallliH 1

B>

T = NKB =

1152x(p,d)M; R? .

2
€
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dM?R®
[ 322 J r=2 @=2),

MR’

€

2

2 p2
e O(K(P,d)MzR j _
& 0

o0l11Iee KOJIMYECTBO BBI30BOB JBYXTOYEYHOTO Oe3rpalMeHTHOTO OpaKyJia;
¢ Federated Accelerated SGD (FedAc)

JlaHHbI# anroput™ nocsie N payHIOB CBSI3U Ia€T CKOPOCTDb CXOAUMOCTH JIst f,(x) (cM. [13]) B cooT-

BETCTBUU CO CJIEACTBUEM 5:
2 1/3_2/3 p4/3  71/2 _1/2 3/2
R L:"0”"R L:"0’°R
ki OR n in{ fy fy +dAR

[ N+l < f , ,
it 0= TS 00 Taien KN KON |y

e x(y) = argmin f,(x).

Xe 'y
€ _ «/_ de
Ecnu numeem E—TO‘{HOCTB amst pyHkumu f,(x) ¢y = (13 cneacTBus 1), TOo UMeeM € -TOYHOCTbD JJTST
2
dbyukumm f(x):

SO = F08) < Flxa™) = FON) <€ filxag™) = FOx(D) + [sz <Z+f-e
YT0OBI ObLITIA %—TO‘{HOCTL anst f,(x) HYy>KHO
dAR g (I1.52)
Y
LR .
<=, (I1.53)
KN® 8
_;’[?N < g (I1.54)
' Llf/y362/3R4/3 L%261/2R3/2 -t
min N AN < § (T1.55)
IMoncrasnsist LfY = aM (u3 cnenctBus 2), rne y = % no’ = 2x(p, a’)M22 (u13 cnenctBus 3), B HEpaBeH-

ctBa (T1.52)—(I1.55), moyunm ?

2 2
A< A& S paA=0| -
6dR 24JdM,R JdM,R

YpPOBEHb HETOUHOCTH,

81/2K1/2L1/2R 1/2 1172 J1/4 3 11/2 2 7172 12
NK2—— o g 21 KD MM R = K
€ € €
2 p2 2
Be Be "~ Be?

K2/3L1//-3(52/3R4/3 K3/4L1f/261/2R3/2
NK > min ¥ , i =
€ €
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1/3 ,2/3 41/6 1/3__2/3 p4/3 ~l/2 13/4 ,1/4 172 _1/2 3/2
jNszm{z K" (MM R 2K (MM,) "6 R }j

s 32
e e”

1/3 1-2/3 51/6 1/3_2/3 p4/3 2/3
27°K"d(MM,)" "6 R — NK = K ‘
€

= NK 2 4/3 84/3

-2
Takum o6pa3zom, HaMMEHbIIIEee YMCI0 KOMMYHUKAIIMOHHBIX PAYHIOB MpU ycaoBUuM, uto NK € [1,€ 7]

u'le [1,8_2], OyIeT UMETh BUTL

ol oy SLOTRY (@ i d)M) MR
~ - = 13 = N = 1/3_4/3 )
€ K'’¢e K¢
TorIAa
2 n2 2n2
K~li k2 OR g o MRDMR
€ BN¢e BN¢e

KOJIMYECTBO JIOKAJbHbIX BBI3OBOB 6C3I‘pa,I[I/ICHTHOFO OopakyJa, B =1 — KOJIMYECTBO pa60TaIOH.II/IX I1a-

pajyIeIbHO MalllMH U
dM3 R’

2 p2
T~L. T=nNkB= 0(—K(p’d)M2R j: ®
0

2 2 22
3 3 MZR
(—;2 J p=1 (q=-),

o0l1ee KOJIMYSCTBO BBI30BOB ABYXTOYCYHOTO 6E3rpaueHTHOTO OpaKyia.

a4 [,-paHnOMU3aIIU1 UMEEM CJISAYIOIIUE aITOPUTMBI:
e Minibatch Accelerated SGD

JlaHHbI# anroput™ nociae N payHIOB CBSI3U JaeT CKOPOCTb CXOAMMOCTH st f,(x) (em. [11, 22]) B
COOTBETCTBUH CO CJICICTBUEM 6:

2

4R JdAR
VBKN v

b

4., R
ELf,(xi™) = f(a)] < Af;

e x:(Y) = argmin f,(x).

xeQy
Eciu umeem %—TO‘IHOCTL st QyHKUMK f,(x) ¢y = 2 (13 cieactBus 1), TO UMeEEM € -TOYHOCTb 151
2
byHkMn f(x):
S0 = F5) S S = FOD) < S0 = S +YMy <24+ 5=

YT0OKI ObLITIA %—TO‘{HOCTL anst f,(x), Hy>KHO

. < 25 (T1.56)
4L, R’
]32 < 2, (11.57)
‘;‘?N < 2. (T1.58)
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_dm

Iloncrasnas LfY = —— (W3 CJIeACTBUA 2), TIe Y =

no = 2x(p, a’)M22 (13 cnenctBus 3), B Hepa-

BeHcTBa (I1.56)—(I1.58), moayuum ?

A< A< € a-of £
6VdR 12VdM,R JdM,R

YPOBEHb HETOYHOCTH,

N2 > BVAMM,R N 4\3d"* JMM,R N 0[d‘/ 4w/MM2R]
€ €

2
€

KOJIMYCCTBO KOMMYHHMKAIIMOHHBIX PAYHIOB,

5> ST6C°R | p S USHK( MRy o K(p.d)MsR’
KN¢’ KN¢’ KN¢’

KOJINYECTBO pa6OTaIOLLII/IX napauiCJIbHO MalliluH 1

1152x(p,d)M; R® -

T = NKB = >
€
~(dM; R
d M2R2 0(—22j3 P = 2 (q = 2):
:,T:(;(K@, M; J: e )
€ ~((Ind)M;R

o0111ee KOJIMYECTBO BHI30BOB IByXTOUEYHOTO GE3rpaiueHTHOTO OpaKyJa;
¢ Single-Machine Accelerated SGD

JanHb1i anroput™ nociie NK utepanuii 1aet CKOpOCTb CXOOUMOCTHU IJIsI Sy (%) (cm. [11, 22]) B cooT-
BETCTBUM CO CIIEACTBUEM 6:

4L, R’ Jd
LAY = fx)] € 4" 40R | dAR’
[/ (g ) = f()] VK TINKE Ty

rae x(y) = argmin f,(x).

v

Ecnu nmeem %—TO‘{HOCTL IUTST QYHKIIA T fy(x) cy= 2 (13 caeacTBus 1), To UMeeM € -TOYHOCTb IJIsI
2
dyHKIIMU f(X):
FOWY = F(x) € FOm™) = FOaN) < fixae™) = F(xy) + M, < § + § =¢.
Yr1o0bI ObLIa %—TO‘{HOCTB anst f,(x), Hy>KHO
VdAR € (11.59)
Y 6
4L, . R®
h <& (1.60)
K’N? 6
46R _ ¢
<& (T1.61)
JKN "6
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_dm

IMoncrasnsist LfY = —— (W3 CJIeACTBUA 2), TIe Y = no = 2x(p, a’)M22 (13 cnenctBus 3), B Hepa-

BeHcrBa (I1.59)—(I1.61), moxydnm ’

2 2
A< A< & S Aa=0[-EL
6VdR 12VdM,R (\/EMZR

YPOBEHb HETOUYHOCTH,

NK 2>

2 p2 2 p2
1152x(p,d)M> R
576c§R — NK > (p,z) 2R
€ €
Tak kak N Hamnpsamyro 3aBUCUT OT K , TO KOJIMYECTBO KOMMYHUKAIIMOHHLIX payHIOB MOXHO B34Tb
N =1, Torna

2
€

KOJIMYECTBO JIOKAJIbHbBIX BBI3OBOB 663TpaI[I/ICHTHOFO opaxkyJjia n
2 p2
1152k(p,d)M:R
2 =

2 p2

T = NKB =
€
2 p2

. O[Mj, =2 (=2,

:>T=O[K(p’ )M; jz e )
€ ~( (Ind)M;5R
0(%} p=1 (q=-0),
€
00111e€ KOJIMYECTBO BBI30BOB IBYXTOYEYHOTO OE3rPaIEeHTHOTO OPaKyJIa;

® Local-AC-SA
JlaHHbIi anroput™ nociae N payHIOB CBSI3U [aeT CKOPOCTb CXOAUMOCTH WIst f,(x) (eMm. [12, 22]) B
COOTBETCTBUHU CO CJIEICTBUEM 6:
2

4L,R JaAR
E N+l < T 40R n
[/ (Xag ) = S ()] N T TBkN Ty

e x«(y) = argmin f,(x).

xeQy

Ecnu umeem %-TO‘{HOCTB IJ1sT QYHKITAN Sx)ey= ﬁ (13 cnencTBus 1), TO UMeeM € -TOYHOCTbD IJIsI
2

byHKUMK f(x):

O™ = f) S flxe ™) = fOe(D) < filxag ) = fO(P) +YMy < S+ 8 =g

£
2
Yr1oObl ObLTa %—TO‘{HOCTB anst f,(x), Hy>KHO

JdAR

<& (11.62)

Y 6

4L, R’

A <& (T1.63)

K°N 6
AoR ¢ (T1.64)

BKN 6
IMoncrasnsis LfY = \/ﬂ (u3 cirencTBuA 2), e Y = € yo’= 2x( p, a’)M22 (u13 cnenctBug 3), B Hepa-

BeHcTBa (I1.62)—(11.64), monyaum ’

2 2
A<—LE A< & A=0]-E
6VdR 12VdM,R (\/EMzR
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YpOBEHb HETOYHOCTH,
2 1/4
NK > 48x/2A/§M2R L NK > 43d JMM,R
€ €

Tak kak N HanpsIMylo 3aBUCHUT OT K, TO KOJMYECTBO KOMMYHUKAIIMOHHBIX PayHIOB MOXKHO B3SITh
N =1, Torma

1/4
NK =K = 0[—“’ VMM2R]
€

KOJIMYECTBO JIOKAJIbHBIX BI30BOB 0€3rpaJlMeHTHOIO OpaKyJia,

5> SI6G°R o USK.AMR o (o, d)M;R
KN¢’ KN¢’ KN¢’

KOJIMYECTBO pa60Ta10u11/1x napauieJbHO MalliMH 1

2 p2
11521((1),2(1)M2R N
€
~(dM; R _ _

€

2 p2
o[—(‘“dli‘“} p=1 (@@=,

T = NKB =

2

2 p2
- O[K@,d)MzR j _
€

00l11Iee KOJIMYECTBO BBI30BOB JBYXTOYEYHOTO Oe3rpaIMeHTHOTO OpaKyJia;
¢ Federated Accelerated SGD (FedAc)

JlaHHbI anropuT™ rnocsie N payHIOB CBSI3U Ia€T CKOPOCTb CXOAUMOCTH IIst f,(X) (cM. [13]) B cooT-
BETCTBUU CO CIICACTBHEM 6:

2 1/3_2/3 p4/3 7172 __1/2 13/2
HrGN ) — foa)] < 2 SR JEn O R Lo R JaaR
e KN?  ~BKN KN KVAN y ,

e x«(y) = argmin f(x).

o,
Ecnu numeem %—TO‘{HOCTL ITST (QYHKIIA T fy(x) cy= € (13 ciaenctBus 1), To UMeeM € -TOYHOCTb JIJIsT
2
dyHkuum f(x):
O™ = F06) € O™ = FOa () € f00 ™) = foa ) + 1My <2+ 5 = e
Yr1o6bI ObLIA %—TO‘{HOCTB anst f,(x), Hy>KHO
JdAR _ e (11.65)
Y 8
LR ¢
< (I1.66)
KN? 8
OR €
<& (11.67)
VBKN ~ 8
Ll/362/3R4/3 L1/201/2R3/2
min {2 < (T1.68)
KN K'*N 8
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_Jam

BeHcTBa (I1.65)—(I1.68), monyuum

no' = 2x(p, a’)a’M22 (13 cnenctBus 3), B Hepa-

(u3 cinencteus 2), tae Y =

Iloncrasnsas L 7,
2

2 2
e € _ €
8VdR 16vdM,R (\/dM2Rj

YPOBE€Hb HETOYHOCTH,

81/2K1/2L1/2R 1/2 2172 4174 4 #1/2 2 £1/2 1/2
NK 2o T g 21 KD MMy R = K
€ € €
2n2
NK 2 S4OR g s TR DAMGR e 1
Be’ Be Be
n
K2/3LI/3 2/3R4/3 K3/4Ll/2 1/2R3/2
NK > min fi , =
€ €
) 21/3K2/3d1/6(MM )1/3 2/3R4/3 21/2K3/4d1/4(MM )1/2 1/2R3/2
:>NK2m1n{ 73 32 =
€ €
21/3K2/3d1/6(MM )1/362/3R4/3 K2/3
= NK > 84/32 :NK284/3.

-2
Takum oO6pa3zom, HaMMEHBbIIIee YMCI0 KOMMYHUKAIIMOHHBIX PAyHIOB MpU ycaoBuuu, uto NK € [1,€ 7]

u'le [1,8_2], OyIeT UMETh BUI

8L1/3 2/3 pé/3
Nl N
€ K¢

LN - O(d‘“m(p, d)M)“MzR““]

K33

TOTaa

2 p2
k~l k2 OR g o[ XM R
€ BN¢’ BNe

KOJIMYECTBO JIOKAJIbHBIX BBI30BOB 0€3rpalieHTHOIO OpaKyida, B = 1 — KOJMYeCTBO pabOTaIOIIMX Ia-

pajuIeIbHO MaIlH U
~(dM; R

2 p2
0(—““"”2”2R} p=1 (g=o),

€

2

T~-L: T=nNKB= 0[—‘((”"1)‘”42 j=
€

00111ee KOJIMYECTBO BHI30BOB JABYXTOYCYHOTI'O 663I‘pa,[[I/IeHTHOFO OopakyJa.

C. JOKA3ATEJBCTBO TEOPEMUBEI 2
[NpuBeneM MmoaHOE TOKA3aTEILCTBO TeOPeMHI 2. [IJ1s1 3TOro pa3o0beM J0KA3aTeIbCTBO HA ABE YACTU:
JI0KA3aTeabCTBO AJIS [ -pAaHAIOMU3ALUU U 10Ka3aTEIbCTBO LIS [, -pAaHIOMU3ALIUN.
[ /,-paHIOMU3aIIM1 UMEEM CJICAYIOLIME aITOPUTMBI:
e Minibatch SMP

JlaHHBIN anropuT™M nociae N payHIOB CBSI3U 1AE€T CKOPOCTb CXOAUMOCTH IJISI fY(x) (cM. cnencTBue 7)
B COOTBETCTBUU C 3aMeYaHUeM 4:

7 LR? 7_OR }_l_dAR.

[E[fY(Z”)]<maX{4 N " JBKN] v
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Ecnn nmeem %—TO‘IHOCTL st yHKUMK f,(z) ¢ Y = Jde (u3 caencTBus 1), TO UMeEM €-TOYHOCTD IS
2
byHKUNK f(2):
2 €, €
) S flzy) +—=YM, < =+==¢.
S(zy) < filzy) \/EYZ 275
YT008BI OBITA %—TO‘{HOCTB amst f,(2), HyXKHO
dAR € (1.69)
Y 4
2
max{/LR" 7 OR | € (1.70)
4 N BKN 4

de

2

IMoncrasnsis Lfy .yl (u3 cnencrsud 2), rne y = no’ = 2x(p, a’)M22 (13 cinenactBus 3), B HEpaBeH-

ctBa (I1.69) m (I1.70), monyaum

2 2
A< A< & A= L
6dR 24JdM,R JdM,R

YPOBEHb HETOUHOCTH,

2 p2 2 p2
N > 7846 f N> 1568K(p,d3M2R .
BKe BKe
TaK Kak K = 1, aN HampsaMylo 3aBUCHUT OT B, TO KOJINMYECTBO KOMMYHUKAIIMOHHBIX payHI0B MO>XKHO

B3dTb N =1, Torna
252
~ b= o X-DMR
KN¢g
KOJIMYECTBO padOoTaIIMX HapaUIeIbHO MAIlIMH U
252
1568K(p,2d)M2R N
€

dM?2R?
( 322 J r=2 (@=2),

M;R?

00I11Iee KOJIMIECTBO BHI30BOB IBYXTOUEYHOTO 6E3rpaTMeHTHOTO OpaKyJla;
¢ Single-Machine SMP

HaHHblii aroputM mocie NK urepauunii 1aetT CKOPOCTb CXOAUMOCTH 1St f(x) (CM. crencTBue 7) B
COOTBETCTBUU C 3aMeYaHUueM 4:

T = NKB =

2

2 p2
:Tzovmmej:
¢ 0

7LR’ , SR | , VdAR
B f(z < max<-— ,7 + .
L)l {4 KN JI(N} y
€ _ Vde
Eciu umeem E—TOHHOCTb st pyHkumu f,(z) ¢y = (u3 cienctBus 1), TO UMEEM €-TOYHOCTb IS
2
byHKIMK f(2):
2 €. €
) S fillzy) +—=YMy, < =+ ==&
S(@y) < filzy) /—dY 23575

YT10o6kI ObLTA %—TO‘{HOCTL TS fy(z), HYXHO

JAAR _ e (1.71)
Y 4
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max{7 LR’ ; oR } < i. (T1.72)

4 KN’ J_
Jde

2

2 2
A££:A£8—3A=0[8—j
6dR 24JdM,R JdM,R

Iloncrasnsis Lfy — dM (3 cnencTBud 2), rae Y = no’ = 2x(p,d)M 22 (u3 3), B HepaBeHcTBa (I1.71)

u (I1.72), nonydum

YPOB€Hb HETOYHOCTH,
7846°R’ 1568x(p,d)M; R
NP0 R N> 2
Ke Ke
Tak kak N HalipdaMyro 3aBUCUT OT K , TO KOJIMYECTBO KOMMYHMKAIIMOHHbLIX PAaYHIOB MOXHO B34Tb
N =1, Torna

2 p2
=K=0 K(pad)ﬁlzZR
KNe

KOJIMYECTBO JIOKAJIbHBIX BI30BOB 0€3rpaJIMEHTHOTO OpaKyJia 1

T = NKB =

1568K(p,d)M; R’
2
€

- O(szijJ, =2 (=2,
e 0(K<p,d)2M2R jz e
; O[AZ—RJ p=1 (q=-o),
0011ee KOJIMYECTBO BBI30BOB ABYXTOYEYHOTO OE3rpaleHTHOTO OpaKYJIa.
|&Mb—[ZaH,ﬂOMI/I\?va_gI/H/I HMMEEM CJIIEAYIOIIME aJITOPTMbI:
e Minibatch SMP

JlaHHbI anropuT™ rocsie N payHIOB CBSI3M AaeT CKOPOCTb CXOAUMOCTH ISt f,(x) (CM. ciienctaue 7)
B COOTBETCTBUMU C 3aMeUaHueM 4:

7LR? R JAAR
ELf,(zy)] < max {Z 7 \/;’KN} + .

Y
Ecaun umeem %—TO‘IHOCTL ISt PyHKIIMN K@) ey= (13 ciaeacTBus 1), To IMEEM €-TOYHOCTD IJIsI
2
byskumm f(z):
f@n) < e +yMy <245 =
YT10o6kI ObLTA %—TO‘{HOCTL TS fy(z), HYKHO
JdAR & (I1.73)
Y 4
7LR’ OoR €
max <= (H74)
{4 N’ «/ BKN }
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JdMm

(I1.73) u (I1.74), nonyunum

IMoncrasnsist Lf (n3 cneacteug 2), roe y = o = 2x(p, a’)M22 (13 3), B HepaBeHCTBa

2

2 2
A< & A33—3A=0( € J
4JdR 8VdM,R JdM,R

YpPOBE€Hb HETOYHOCTH,

2 p2 2 p2
> 78405 N> 1568K(p,dZM2R
BKe BKe

Tak kak K =1, a N HanpsIMylo 3aBUCHUT OT B, TO KOJIMYECTBO KOMMYHUKALIMOHHBIX payHIOB MOXHO
B3dTb N = 1, Torma

2 p2
= B=0 K(p:d)AIZZR
KN¢e

KOJIMYECTBO pa60TaIOH_II/IX nmapaujCJIbHO MalliliH 1

1568k(p,d)M; R®

2
€

~(dM?R’ _ _
[—ij p=2 (@=2),

T = NKB =

€

2 p2
ON(—(lnd)[yzR ] p=1 (=),

€

2 p2
e O[K(P,d)MzR J _

2
€

o0llee KOJIMYECTBO BEI30BOB ABYXTOYEYHOTO O€3rpaIueHTHOTO OpaKya;
¢ Single-Machine SMP

JlaHHBIN anaroputM 1nocie NK utepaluii 1aeT CKOPOCTh CXOOUMOCTU IJIST fy(x) (cMm. ciencTBue 7) B
COOTBETCTBUU C 3aMeYaHueM 4:

7LR> . oR | . JdAR
[E[.fy(ZNK)] < max{‘—‘ KN ,7m} + Y .

Ecimm nmeem %—TO‘{HOCTL ST PyHKIIMN fY(z) cy= (13 caeacTBus 1), To UMEEM €-TOYHOCTD IJIs

2

dynkunn f(z):
flzy) < filay) +YM, < §+§ =
Yr1o0bI ObLIA %—TO‘{HOCTb st f,(z) HyKHO
s = cgt’ (T1.75)
v
e {Zt %zv \/i } 4§1 (T1.76)

_Jdm

(I1.75) u (I1.76), moxyanm

o = 21<(p,a’)M22 (13 3), B HepaBeHCTBa

Iloncrasnas LfY (n3 cneacteug 2), roe y =

2

2 2
A< A< & S A=0]- % J
4JdR 8VdM,R [JEMZR
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YPOBEHb HETOUHOCTH,

N > T840°R 5 1568K(p, MR
K¢’ K¢’

Tak xax N HampsIMyio 3aBUCHUT OT K, TO KOJIUYECTBO KOMMYHUKAIIMOHHBIX PAayHIOB MOXHO B3SITh
N =1, Toroa

2 p2
K O[K(P,d)MzR ]

KN¢?
KOJIMYECCTBO JIOKAJIBHBIX BEI3OBOB 663rpaﬂI/ICHTHOI‘O opakKkyJja n
2p2
T NKB — 1568K(p,2d)M2R -
€

~(dM3 R

2 p2
0(—“““”2”2R} p=1 (g=o),

2
€

2 p2
€

00111ee KOJIMYECTBO BHI30BOB ABYXTOUYCYHOI'O 6C3I‘pa,I[I/ICHTHOI‘O OopakyJa.

D. OAHOTOYEYHBIE BESI'PAIMEHTHBIE AJITOPUTMBbI

IMponenaem Takyo ke poueaypy, Kak 1 B 1. 4.2 11st co3maHust 6e3rpagie HTHBIX OMHOTOYEYHBIX al-
TOPUTMOB.

st Hayasa Ha npuMepe JeMMbl 10 mokaxeM, 4To JieMMa 8 TakKe BBITTOJTHSIETCS U IS OMHOTOYeU -
HOTO opakxyJa.

Jlemma 10. /[1a VfY(x, Ee) u VfY(x) € npeononocenuem 2, 8bIN0AHAemMcs caedyrujee:
dAE,[[(sign(e), )l
!Y b

[EE_,,eKV.fy(x?&’ e)9r>] 2 <V.fy(x)vr> -

20e ny ¢ l,-pandomu3zayueil;

dAE,||(e,
L (V6 0). ] 2 (V). ) — ZAEdlenl]

2de Vf, ¢ L,-pandomusayueil.
Jloka3zaTenbcTBo. PaccMOTpUM clienyroniye yTBEepKIeHUSI:
i) nns /[ -pangomusanuu (8):

Vfi(x.Ee) = ‘—;fa(x + Ye.E)sign(e) = ‘—;<f<x +Ye,&) + 8(x + 7)) sign(e) =
= 4 (f(x + ye.&)sign(e) + 8(x + ye)sign(e)).
W3 IaHHOTO PaBEHCTBA ClEMyeT !
Ee [(V/,(x,E€),r)] = ";[Eg,er(x + Ye,&)sign(e), Pl + %Ee[@(x + Ye)sign(e), r). (I.77)
IIpumensis nemmy 5 K nepBomy cinaraemomy (I1.77), momyaum

D, [(f(x +ye.E)sign(e), )] = LE, [(E [ f(x + ye.E)]sign(e), )] =
v p v (T1.78)
= TG G+ 10 i@, = (V0.
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st Broporo ciaraemoro (I1.77) ¢ mpenmosioxkeHrueM 2 IOJIyIuM
Q[Ee[@(x + Ye)sign(e),r)] 2 —QA[EJKsign(e),r)I]- (I1.79)
v v

Hcnonbsys ypaBHenus (I1.78) u (I1.79), nnst ypaBHeHust (I1.77), mojiydum yTBepXKIeHUE JIEMMBI ISl
/,-paHIOMU3aLINN.

ii) wist 1, -pasgomusamu (9):
Vf(x.E ) = %fa(x +ye.8)e = ‘—;<f<x +Ye,) + 8(x +ye))e =
- %( F(x+7e,E)e + 8(x + ye)e).
W3 TaHHOTO PaBeHCTBA ClEMyeT
Ee [(V/(x.E0).P)] = %[Eg,ew(x +7e,8)e,r)] + %[Ee[@(x +ye)e.r)]. (I1.80)

IMpumenss nemmy 6 K nepBomy ciaraemomy (I1.80), momyanm

%[Eg,er (x +ve,S)e,r)] = ‘—;[Ee [Ee [/ (x +ve.9)]e,r)] =

d (I1.81)
= ;Eer (x + ve)e,r)] = (Vf(x),r).
Hst Broporo ciaraemoro (I1.80) ¢ mpenmoiioxxeHueM 2 IOJIyIuM
9 13 + yede.r)] 2 =4 AE [Ke. A)]. (T1.82)
v v

Hcnone3ys ypasHenus (I1.81) u (I1.82), nns ypaBHenust (I1.80) monyyum yTBepKAeHUE JIEeMMBI 1151 /, -
paHIOMU3AINMN.

Tak kak jieMMa 8 BBIIOJTHAETCS U1 OJHOTOYEYHOTO OpaKyJia, TO CIEACTBUA 5, 6 U 3aMeuaHue 4 Tak-
K€ BBIMOTHSIOTCS IJISI OMTHOTOYEYHOTro opakyia. TakuM o6pa3oM, Terepb MOXEM MOIYYUTh OLIEHKU Ma-
pPaMETPOB OAHOTOYEUHBIX O0€3rPaIUEHTHBIX METOAOB Il /; U [,-paHAOMU3ALUU, AHAJIOTUYHBIM 00pa-
30M, KaK 1 B II. 4.2, ucnoiis3yd 11. 3.4. B Teopeme 3 mipencTaBiieHbI OLIEHKM Oe3rpaafeHTHBIX METOIOB
BBIMYKJIOM ONTUMM3AlIMU, a B TeopeMe 4 OLIeHKM 151 CEIJIOBBIX 3a1ay.

Teopema 3. Cxema cerancusanus u3 paso. 3, npumensemas K 3adaue (2), obecneuusaem cxo0umocms
credyrouux 00HomoueuHolx bezepadueHmubuix areopummos: Minibatch u Single- Machine Accelerated SGD
[11], Local-AC-CA [12] u FedAc [13]. Apyeumu crosamu, 0as docmudiceHusi € MOYHOCMU pelleHust 3a0auu
(2) Heobxodumo npodesamv NK umepayuii c MaxcumaibHo 00nyCmMuMbIM YPOGHeM uyma A u oouwum uuciom
6bi306a beszepaduenmuoeo opakysa T 6 coomeemcmauu ¢ blOPAHHBIM MEMOOOM U CXeMOU CeAANCUBAHUSL:

* Minibatch Accelerated SGD

i) 0aa [, -pandomuzayuu (8):

2
A=0|=—|;
(JEMZRJ

~ = of 47 MM,R . K=1. B=0 K(p,d)M;G°R’® :
£ KN¢*
~(d*M>G*R’
0[2—4 , p=2 (@=2),
_ €
~(dM;G’R’
0(2— , p=1 (g=0),

4

22 p2
- O(K(p,d)MzG R j
€

4
€
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ii) 04 l,-pandomuzayuu (9):

2
=0l £ :
(\/EMQRJ
1/4 2,212
Nzod\WMﬁ; K=1: BzOmn@mfR;
£ KN¢
~(d*M?>G*R
DM2GR 0[ 24 J’ p= (g = 2),
Tzé[x(zm ; jz e
& (d(ln d)M;G*R J Z1 (=0

* Single-Machine Accelerated SGD

i) 0aa [, -pandomuzayuu (8):

2
A=0|=—|;
(JEMZRJ

2 ~2p2
N =1; Kzogﬂﬂiiﬁ} B=1;

4
€

~d%mj
0( , p=2 (@=2),
Tzé(m%@fG%j__ g

0

4
e ("if] p=1 (g=-0o),

ii) 024 I,-pandomuzayuu (9):

2
A=0|=—1;
(JEMsz

2,~2p2
N=1; K=0F@@iiﬁ} B=1,

4
€

(242 p2

- 0("(}4"}, p=2 @=2),

_ Al x(q,d)d"G"R" | _ €

r=o 4 " A(d(nd)G* R
O(—j, p=1

€
X
* Local-AC-SA

i) 0aa I, -pandomuzayuu (8):

2
A=0|=—1
(JEMQRJ
1/4 22 p2
N=1. K:o(d— JMMRJ BZO(M}
€

KN¢e'

(222
0(%] p=2 (@=2),

5 252
O(difj, p=1 (q=w),

4

22 p2
Tzéﬁ@deRJz
€
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ii) 04 l,-pandomuzayuu (9):

N=1 K= d”4 d"MMR). o (K(q,d)de R j
’ £ KN¢g* ’
5(LCR j p=2 (q=2).
_— (K(q,d)d G? R et
d)G*R
(In J p=1 (qg=-o),
8

* Federated Accelerated SGD (FedAc)

i) dasa I -pandomusayuu (8):

2
A=0|=—|;
(JEMZRJ

1/6 1/3 ~2/3 p4/3 22 p2
Nzo[d (K(q,d>lﬁ(41z/‘3422> G'R j; Kzo(mq,d)dGR} Bl

BN¢'

(24202
O(dif], p=2 (¢=2),
B 252
0("08—41?), p=1 (g=oo),

4
€

2~2p2
T=0~(K(q,d)d G’R jz

ii) daa ,-pandomusayuu (9):

2
A=0 £ ;
(JZMZRJ

_(d" g, MM PGPRY (g, d)d’GPRY). .
L B~

(242 P2
0(%) p=2 (@=2),

2 p2
O(d(lnciZGRJ, P

I[OKaC%aTeJIBCTBO PaCCMOTpI/IM JI0KA3aTEeAbCTBO ISl KaXKIOM paHOOMU3alIUM M KaXJ0Tro METoAda
OTICJIIBHO.

4
€

22 p2
TZG(K(q,d)d G’R jz

s [, -paHIOMUW3AIIMK UMEEM CIIEAYIOLINE aITOPUTMBI
e Minibatch Accelerated SGD

JlaHHbI# anroput™ nociae N payHIOB CBSI3U JaeT CKOPOCTb CXOAMMOCTH Ut f,(x) (em. [11, 22]) B
COOTBETCTBUU CO CJIEICTBUEM 5:

4L, R’ Jd
E N+ly < Th dAR
[ £y (g ) = ()] Iz +JBKN Y

e x: () = argmin f,(x).

xeQy
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Jde

M (u3 cieacTBud 1), TO UMEEM € -TOUHOCTH 15T
2

Ecnu numeem %—TquOCTL ITSE (PYHKIIA T fy(x) cy=
byHKIIUM f(x):

+—-=E&

0o |

[0 = FO6) S filoae ™) = Fa()) S filxae™) — FOs(Y)) + %YMZ < g

YT008BI OBITA %—TO‘{HOCTL ans f,(x), Hy>KHO

*/EYAR < 2, (11.83)
4L, R

]32 < %, (1.84)
‘;?N < % (11.85)

2.2
IMoncrasnsis LfY oyl (u3 cnencTeud 2), e Y = % no’ = M
2 €

(u3 cnencTBud 4), B HEpa-

BeHcTBa (I1.83)—(I1.85), momyyum

2 2
A< A< & pA=0]-E
6VdR 12VdM,R JdM,R

YPOBEHb HETOUHOCTH,

N> 48JdMM,R’ N> 4\3d"* MM, R N = O[dl/“./MMsz
> TNEEERT o N > T NIRRT £ yoPLpR
€ €

€

KOJIMYECTBO KOMMYHUKAIIMOHHLIX payHIO0B,

22 p2 22 p2
5 2304k(p, OMG°R’ _ 5 _ O(K(p,d)MzG R j

2 n2
B>OR _ p X
KN¢g

KN¢e KN¢g

KOJIMYECTBO pa6OTaIOLLH/IX nnapajJujCJIbHO MalliluH 1

2~2p2
23O4K(p,aZ)M2GR -

T = NKB =
€
~(d*M3G*R®
- 0(2—4, 2 (g=2),
_ ~(k(p,d)M;G’R* _ £
=r=o &t | <(dM2GPR

o0l1ee KOJIMYSCTBO BBI30BOB OMHOTOUEUHOTO 0e3rpageHTHOTO OpaKyJia;

¢ Single-Machine Accelerated SGD

JaHHb1ii anropuTM nocijie NK utepanuii 1aeT CKOpOCTb CXOTMMOCTH IJIST Jy(%) (cm. [11, 22]) B cooT-
BETCTBUM CO CJICACTBUEM 5:

2

AL, R™ 4R _dAR

T+ + ,
N°K® ~NK Y

ELfOa ) = f()] <

e x«(y) = argmin f,(x).

xeQy

KYPHAJT BBIYMCIIUTEIBHON MATEMATUKU U MATEMATUYECKOU ®U3UKU  Tom 63 Ne 9 2023



BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1499

Ecim umeem %—TquOCTL ITSE (PYHKIIA T fy(x) cy= :1/]\—6;9 (13 caeacTBus 1), TO UMeEM € -TOYHOCTb JIJIsT
2
byHKIIUM f(x):
Fa™y = £o) S fxie™) = FOaD) < £, ™) = Fae(D) + J%sz < % + § =&

€
Yr1oObI ObLTa E—TO‘{HOCTB anst f,(x), Hy>KHO

<& (I1.86)
Y 6
4LfyR2 e
P < o (11.87)
46R <€ I1.88
JKN ~ 6 ( )

am Jde | 2 _ 4x(p,d)M;G
2

(3 cnencTBudg 2), TAE Y = —— U O
aM

Iloncrasnas LfY =
P €

(u3 cnencTBus 4), B Hepa-

BeHcTBa (I1.86)—(I1.88), momyunm

2 2
A< A< & pA=0]-E
6VdR 12VdM,R JdM,R

YPOBEHb HETOYHOCTH,

S 2304k(p,d)M;G’R’

NK 2 .

2 p2
576(; R _ Nk
€ €

Tak kak N HamnpsIMyio 3aBUCHUT OT K, TO KOJIUYECTBO KOMMYHUKAIIMOHHBIX PAyHJIOB MOXHO B3SITh
N =1, Torna

2~2 p2

€

KOJIMYECTBO JIOKAJIbHBIX BHI3OBOB 663rp3.,[[I/ICHTHOFO opakKkyJjia n

2304k(p,d)M,G*R’ -

T = NKB = -
€
~(d*M;G’R®
2 2.9 0(2—4’ p=2 (q=2)9
_ ~(k(p,d)M;G*R* _ £
=T=0 e | <(dM2GPR

00l1Iee KOJIMYECTBO BEI30BOB OMHOTOYEYHOIO O0€3rpagreHTHOTO OpaKyJia;
e Local-AC-SA

JlaHHbI# anroput™ nocie N payHIOB CBsI3U [aeT CKOPOCTb CXOAUMOCTH WIst f.(x) (eMm. [12, 22]) B
COOTBETCTBUU CO CJICICTBUEM 5:

4L, R’ [IAR
E x;V“ — ()] £ Ay 40R + d
(™) = /el K°N?> <BKN vy

e x:(Y) = argmin f,(x).

xeQy
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Ecim umeem %—TquOCTL ITSE (PYHKIIA T fy(x) cy= \/—8 (13 caeacTBus 1), TO UMeEM € -TOYHOCTb JIJIsT
2
byHKIIUM f(x):
Fen™y - fma<ﬂu$5.ﬂ@w»<ﬁu$5.ﬂ&mrifw@_g S=e
Yrto0nI ObLIA %—TO‘{HOCTB st f,(x), HY>KHO
JdAR _ & (11.89)
Y 6
4L, R’
T <E (I1.90)
K°N 6
46R _ & (T1.91)
BKN 6
2,42
IMoncrasnsis Lfy oyl (u3 cnencteud 2), e Y = % no’ = w (43 cnencrtBud 4), B Hepa-
2 €

BeHcTBa (I1.89)—(I1.91), nonyyum

2 2
A< A< & pa=0[--E
6VdR 12VdM,R (\/EMzR
YpPOBEHb HETOUHOCTH,

48VdMM,R’ 4\3d" MM, R

— > NKz2———.
€ €

Ta]( Kak N HaripsaMy1o 3aBUCHUT OT K, TO KOJIMYECTBO KOMMYHUKALIMOHHBIX PayHAOB MOXHO B34Tb

N =1, Torna
/4 [xrag
NK =K = 0[—‘1 MMzRJ
€

N’K* >

KOJIMYECTBO JIOKAJIbHBIX BLI30BOB 0€3rpafeHTHOIO OpaKyia,
2 p2 22 p2 22 p2
576(512{ B> 2304K(p,d)]:42G R —~B=0 K(p,d)M24G R
KNe KNe¢g KNe¢g

KOJINYECTBO pa60Talou11/1x nmapajjacjibHO MalliIMH U

2304x(p,d)M1G’ R -

B>

T = NKB = :
€
~ dzMszRzJ
o Ome%GRJ dM%%2
e ~

00l11Iee KOJIMYECTBO BBI30BOB OHOTOYEYHOTO OE3rpageHTHOTO OPaKyJia;
¢ Federated Accelerated SGD (FedAc)

JaHHBII anropuT™M mocie N payHIOB CBSI3U 1a€T CKOPOCTh CXOMMMOCTH IJIST Jy(%) (cm. [13]) B coot-
BETCTBUM CO CIIEACTBUEM 5:

2 1/352/3 p4/3 [1/251/2 pi/2
ELf G ™) = ST < Lf”Rz s Ry it 13R L 14R L YdAR
KN®  BKN KN KN v
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1501

e x«(y) = argmin f(x).

o
Ecnu umeem g—TOqHOCTb amst pyHkumu f,(x) ¢y = % (13 caeactBus 1), To UMeeM € -TOYHOCTbD JJIsI
2
dyHkuumn f(x):
S ™) = FOu) < flxa ™) = FOa)) < fea ™) = £ s (D) + J%YMZ <S+l=e
YToO6k! ObLIA %—TO‘{HOCTB anst f,(x) HYy>KHO
‘/EYAR < § (11.92)
LR
K;Vz < g (I1.93)
EIIEN <&, (11.94)
1/3_2/3 p4/3 71/2__1/2 13/2
min{ 5% X ,Lfv °© K lce (11.95)
K1/3N K]/4N 8

2.,~2
Vde \, ;2 _ 4K(p.)M3G

Iloncrasnsas L ;= am (u3 cnencteud 2), e Y =
P €

(u3 cnencrtBus 4), B Hepa-

BeHcTBa (I1.92)—(I1.95), moayyum

2 2
A< A< E S A=0|--E
8VdR 16VdM,R (JEMQR
YPOBEHb HETOYHOCTH,
. 81/2K1/2L1/y2R N 161/2K1/2d1/4M1/2M;/2R K1/2

7 = NK = NK =—,
€ € €

NK

2 p2 2 ~2p2

NK >
Be’ Be' Be'

2/3 71/3_2/3 pA/3  1-3/4 71/2__1/2 p3/2
NK > mi K LfY "R K LfY 6'°R
> min " , " =

2 2

= NK 2 min
€ €

16K2/3dl/6(MM2)1/3K(p,d)l/3G2/3R4/3 16K3/4d1/4(MM2)1/2K(p, d)1/4Gl/2R3/2} N

2/3 51/6 1/3 1/3 ~2/3 p4/3 2/3
16K7"d""(MM,)""«(p,d)""G""R :>NI(2K

2 2
€ €

= NK 2

—4
Takum oOpa3oM, HauMEHbIIIee YUCI0 KOMMYHUKAIIMOHHBIX PayHAOB MpU ycaoBuuM, yTo NK € [1,€ ']

u'le [1,8_4], OyIeT BBIDISIIUTH CIEAYIONIUM 00pa3oM:

1/3 _2/3 p4/3
Nl 3o RE

€ K¢

B dl/é(K(p’ d)MM )1/3G2/3R4/3
= N = 0( e /3822 ;
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1502 AJIBAIIIKAP u np.

TOrIa

K ~

mw|,_.

BN¢’ BN¢'

KOJIMYECTBO JIOKAJIbHbIX BBI3OBOB 663I‘pa,I[I/IeHTHOI‘O opakyJa, B =1 — KOJINYECTBO pa60TaIOH.II/IX I1a-
pau1eJIbHO MalllH 1

2 pn2 22 p2
© > OR :>K=0[K(p’d)M2GR)

~(d*M3G’R’
DM2G R ( 24 > =2 (@=2),
T~L1 T=NKB=0~(—K(p’)42 j= N
€ € ~dM>5G"R
0(—284 j p=1 (qg=">),

o0111ee KOJIMYECTBO BI30BOB OHOTOYEYHOTO 663Fpa£[I/ICHTHOFO opakyiJa.

a4 [,-paHnOMU3aIIU1 UMEEM CJIEAYIOIME aITOPUTMBI:
e Minibatch Accelerated SGD

JlaHHbI# anroput™ nociae N payHIOB CBSI3U JaeT CKOPOCTb CXOAMMOCTH st f,(x) (em. [11, 22]) B
COOTBETCTBUH CO CJICICTBUEM 6:
2

N 4L, R°  46R  JdAR
ELf (™) = f()] < jé +JB‘;(N+ ;

e xx(y) = argrgin Sy ().

)y

Ecnu umeem g-TO‘{HOCTb IJ1s1 QYHKIIAT S(x)ey= ﬁ (13 caeactBus 1), To UMeeM € -TOYHOCTbD IJIsI
2
byskumm f(x):
Fii™) = 06 € L00™) = SO ) € 00 = S )+ My <5+ 5 = e

YT0OHKI ObLITIA %—TO‘{HOCTL anst f,(x), Hy>KHO

*/EYAR < %, (11.96)
4L, R’

132 < %, (11.97)
‘;’IfN < 2. (11.98)

Jam

pasenctsa (I1.96)—(I1.98), noayunm

2 ,~2
(3 cnenctBusA 2), roe Y = 2L no’ = M
) €

Iloncrasnas LfY = (u3 cnencTBus 4), B He-

2 2
A< A8 S A=0]-EL
6VdR 12VdM,R JdM,R

YPOBE€Hb HETOYHOCTH,

2 1/4 1/4
N> 48\/2A€M2R _ oy > W3 MMR O(d w/MMzR]
€ € €

KOJINMYE€CTBO KOMMYHUKAIIMOHHBIX payHIOB,

ST6°R _, g BUKP.DMGR _ o o[ K(p.d)MG°R’
KN¢g? KN¢g' KN¢g'

B>
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1503

KOJINYECTBO pa60TaIOH_II/IX IHapayui€JIbHO MalllMH N
2~2p2
2304K(p, )M;G’R _

€

T = NKB = s
€
(MG’ R
2 2.9 (2—45 p=2 (q=2)’
_ A(k(p.d)M2GRY) _ e
=T=0 e | <(d(n d)M>G*R?
0(—42], p=1 (g=o0),

o0l1ee KOJIMYECTBO BBI30BOB OMHOTOUEUYHOTO O0e3rpagueHTHOTO OpaKyJia;

¢ Single-Machine Accelerated SGD
JaHHblii anroput™ nocsie NK utepaunii 1aeT CKOpPOCTb CXOAUMOCTH s f,(X) (cMm. [11, 22]) B cooT-

BETCTBUMU CO CJIICACTBUEM 62
4L, R’
] 4oR «/dAR,

E NK+1\ < .
[fy(xag ) f(x* )] N2K2 \/N_K ’Y

e X (Y) = argrgin Jy ().

Ecin umeem ~-TouHOCTD 1Tst hyHKLMM f,(X) C Y = ﬁ (13 caeacTBus 1), To UMeeM € -TOYHOCTbD IJIsI
2

dyHkun f(x):
™ = f) € 0™ = FOa ) € [0 = fam) +yMy <5+ S =
Yr1o0bI ObLIA %—TO‘{HOCTB anst f,(x), Hy>KHO
JEYAR < % (11.99)
4L, R’
sz;vz < 2, (1.100)
j% < 2 (T1.101)
2,~2
@ (u3 cnenctBus 2), toe Y = ﬁ UG = M (13 cnenctBust 4), B He-
2 €

Iloncrasnsis LfY =
paBeHcTtBa (I1.99)—(I1.101), momydum
2

2

Ye 3 _ €
A< —~A<—E& S A=0| £
6VdR 12VdM,R (JszRj

YPOB€Hb HETOYHOCTH,
_ 2304x(p,d)M;G’R’
> . .

2 p2
Nk >R i
€ €

Tak kak N Hamnpsamyro 3aBUCUT OT K , TO KOJIMYECTBO KOMMYHUKAIIMOHHLBIX payHIOB MOXHO B34Tb

N =1, Toroa
K(p, d)MzszR2]
4

NK=K=0
€
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1504 AJIBAIITIKAP

u Ip.

KOJIMYECTBO JIOKAJIbHbIX BBI3OBOB 6e3rpaI[I/ICHTHOI‘O OopakKkyJja n

T = NKB =

K(p,d)M3G’R®

4
€

=T=0

-

(moger)- 1

d*MG*R’
€
d(Ind)M;G*R’

2~2p2
2304K(p,a:)MZGR -

€

4

j, p=2 (q=2),

)

Z =1 (g=0),

€

o0l111ee KOJIMYECTBO BHI30OBOB OJHOTOYEYHOIO 6e3rpaﬂI/ICHTHOFO opakyJa,

e Local-AC-SA

JlaHHBIN anropuUTM mnocjiae N payHIOB CBSI3U JaeT C
COOTBETCTBUM CO CJIEACTBUEM 6:

4L, R’

KOPOCTb cXOAUMOCTH Uist fi(x) (em. [12, 22]) B

ELf(xae ) = f ()] <

e X (Yy) = argrgin Jy(%).

K*N*?

4R JAAR
VJBKN v

Ecnu umeem g-TO‘{HOCTb st pyHKmu f,(x) cy = ﬁ (13 cnenacTBus 1), To UMeeM € -TOYHOCTb IJIsI

2

byskumm f(x):
Fi™) = £08) € 0™ = FOa) € 0™ = foa )+ 1My <2+ 5 =2
YToO6kI ObLIA %—TO‘{HOCTI) anst f,(x), Hy>KHO
VdAR _ € (11.102)
Y 6
4L, R
L <& (11.103)
K’N? 6
40R € (11.104)
BKN ~ 6
2,2
IMoncrasnsis Lfy = @ (u3 cnencrBuA 2), roe Y = 2L no' = M (13 cnenctBus 4), B He-
€
pasencrsa (11.102)—(11.104), momyanm ?
2 2
A< A8 S A=0]-EL
6VdR 12VdM,R JdM,R
YPOB€Hb HETOYHOCTH,
2 1/4
NK > 48«/3A42M2R _ Nk > BB MM R
€ €

Tak kak N HamnpsgamMyro 3aBUCUT OT K , TO KOJIMYECTBO KOMMYHUMKAIIMOHHLIX PayHIOB MOXHO B34Tb

1/4
NK = K — 0[01_ JMMRJ
€

N =1, Toroa

KOJINMYCCTBO JIOKAJIbHBIX BBIBOBOB 6€3rpa,I[I/ICHTHOFO opakyJa,

Bz B

R2

2 2
5766123 N

KN¢e KN¢e

XKYPHAJT BBIYMCIIUTEIBHOM MATEMATUKU Y MATEMATUYECKOUW ®U3UKU

5 2304x(p, d)]:lzsz

22 p2
= B=0 K(P,d)sz; R
KN¢e

|
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1505

KOJIMYECTBO pa60TaIOH_II/IX ImapauiCJIbHO MallliH 1

2304Kk(p,d)M,G’R’ .

T = NKB = s
€
~(d’M;G’R’
. 0(2—4 L p=2 @=2),
A (k(p d)MIGPRY) _ e
=T=0 e | ~(d(nd)M2G*R?
0(8—42} p=1 (g=),

06]1[66 KOJIMYECTBO BBIBOBOB OAHOTOYECYHOI'O 663FpaHI/ICHTHOFO opakyila,
¢ Federated Accelerated SGD (FedAc)

JlaHHbI# anroput™ nocsie N payHIOB CBSI3U AT CKOPOCTH CXOAUMOCTH [JIst f,(x) (cM. [13]) B cooT-
BETCTBUU CO CIICACTBHEM 6:

:
=

EL ™) = fo)] € 2+ —OR 4 min ) 2= RN
KN KN KN v

e x(Y) = argmin f(x).

v

Ecnu numeem %—TO‘{HOCTL IUTST (QYHKIIAT fy(x) cy= € (13 caeacTBus 1), To UMeeM € -TOYHOCTb JIJIsT
2
dyHkuum f(x):
Fixi™ = fs) € flxi™ = o)) < S ™) = fs () +YM, < § +§ =&
Y1o0bI ObLIA %—TO‘{HOCTB anst f,(x), Hy>KHO
JdAR _ € (T1.105)
Y 8
LR .
i > <2, (I1.106)
KN 8
OR €
<=, (I1.107)
vBKN 8
13 _2/3 p4/3 71/2__1/2 p3/2
min 22O R Lo RO|_e (I1.108)
Kl/3N 4 K1/4N - 8 . :
2,42
IMoncrasnss Lfy = @ (u3 cnencrBuA 2), toe y = ﬁ no' = M (13 cnenctBus 4), B He-
2 €

paBeHctBa (I1.105)—(I11.108), monyuum

2 2
A< pA<—8& S A=0|-EL
8VdR 16VdM,R JdM,R

YPOBEHb HETOUHOCTH,

V2KV 2R 12 p1/2 J1/4 2 7172 2 7172 1/2
N2 T g O KD MR e = K
€ € €
) 242 2
Be Be Be
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1506 AJIBAIIIKAP u np.

K[BPRY? KA 26 2R

fy fy

, =
€ €

NK > min{

2 ’ 2

= NK > min
€ €

16K2/3d1/6(MM2)1/3K(p, d)1/3G2/3R4/3 16K3/4d1/4(MM2)1/2K(p, d)1/4G1/2R3/2} N

2/3 41/6 1/3 1/3 ~2/3 pd/3 2/3
16K °d""(MM,)""«(p,d)""G”°R :>NK2K

2 2
€ €

= NK 2

-4
Taxkum oOpa3oM, HauMEHbIIIee YUCTIO KOMMYHUKAIIMOHHBIX PaAyHAOB MPU yCI0BUUU, UTO NK € [1,€ ']

ule [1,8_4], OyIeT UMETh BULL

8L1/3 2/3R4/3 1/6 1/3 ~2/3 p4/3
Nr\zl: N> . :>N=0d (x(p,d)YMM,)""G™""R ,
€ K/ € K'g?
Toraa
2.9 22 p2
kol k>R gl o[ pdMGR
€ BNe BN¢g

KOJINYECTBO JIOKAJIBHBIX BBI3OBOB 6e3I‘pa,Z[I/ICHTHOFO opakyJa, B = 1 — KOJIMYECTBO pa60TaIOH_II/IX Ima-
pajuIeIbHO MAIlH U
N d2M2G2R2
0[2—4 . p=2 (@=2),
€
22 p2
0VWMMQGR} pe1

4

4
€

T~—=: T=NKB= 0(
€

Km@mGRj

2 (g = =),

€
00I1Iee KOJIMIeCTBO BEI30BOB OMHOTOYEUYHOTO O€3rpaIueHTHOTO OpaKyJa.

Teopema 4. Cxema cenaxncusanus u3 paso. 3, npumensemas K ceda06oil 3adaue (cm. 3ameuarue 1), obec-
neuusaem cxo0UMOCMb CAOYIOUUX 0OHOMOUEUHbIX be3epadueHmHbIX areopummos: Minibatch SMP u Sin-
gle-Machine SMP u3 [Ipunoocenus 8. Jpyeumu crosamu, 04s 00CMuUiCeHUst € MOYHOCIMU PeUleHUs Ce0N08011
3adauu (cm. 3ameuarnue 1) neobxodumo npodesamsv NK umepayuii ¢ MaKkcumaibHo 0onycmumosiM yposHeM

wyma A u o0wum 4ucaom vi308a 6e3epaduenmiuozo opakysaT 6 coomeemcmauu ¢ 8bI0PaAHHBIM MEMOOOM U
caedyroueli cxemoll cenaNCu8anus:

* Minibatch SMP
i) daa I -pandomusayuu (8):

2
A=0| -t —|
(JZMZRJ
K(p,d)M;G’ R
N=1; K=1; B=0&ﬁ—7L—J;
€

d*M2G*R
= ) r=2 (@=2),

4

meMﬁRj
€

Qz

p=1 (q=),

o
g

ii) 024 l,-pandomuzayuu (9):

A= Oﬁ%j

N=1; K=1; B= Fm”MﬁRJ
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1507

DM2GR 0[01 M24GRJ’ 2 (=2,
Tzé(x(pw ; jz e

p=
o (d(ln d)M>G*R j Z1 (=0

* Single-Machine SMP

i) daa I -pandomusayuu (8):

82
A=0 ;
[JEMQRJ

2,42 2
N =1; K=0[K(P,d)]‘442G Rj; B=1;
€

~(d*M3G’R’

2,212 0[ 24 , p=2 @=2),
~ ~(k(p,d)MIG’R*) _ €

r=o | <(dM2GPR?

ii) 021 I,-pandomuzayuu (9):

2
A=0| =1
(JZMZRJ

2~2p2
N=1, K=0[—K(1”d)M2GR]; B=1;

4
€

d’M>G’R
0(;—4} p= (g =2),

(d(ln d)MzG R J

4

22 p2
T:(;[Mj:
€

= 00) .
,Z[OKaESaTeJIBCTBO. PaCCMOTpI/IM JI0Ka3aTeAbCTBO JJISI KaXKI0MN paHOIOMU3allMM U KaXXJ10Tro ME€Toaa OT-
JOCJIBbHO.

[ [, -paHAOMHU3ALIUY UMEEM CIIETYIOLIUE aIlTOPUTMBI:
e Minibatch SMP

JlaHHbI# anropuT™ rmocsie N payHIIOB CBSI3M 1aeT CKOPOCTb CXOAUMOCTH ISt f,(x) (CM. criencrue 7)
B COOTBETCTBUU C 3aME€YaHUEM 4:

2
E[f(zy)] < max{zLR ’7\/EI§N} + \/EAR.

4 N Y
Ecnu numeem %—TO‘IHOCTL st yHKUMK f,(z) ¢ Y = \/78 (13 cienctBus 1), TO UMeEM €-TOUYHOCTbD IS
2
byHkumm f(2):
Zv) < folzy) + M, <E+E=¢
S(@y) < filzy) \/—'Yz 575
Yr1o0bI ObLIA %—TO‘{HOCTB nnst f,(z), HyXXHO
JdAR & (11.109)
Y 4
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1508 AJIBAIIIKAP u np.

2
max{Zﬂj OR }gﬁ. (11.110)

4 N BKN) 4

2 ,~2
IMoncrasnsas Lfy = dM (u3 cnencTBud 2), e Y = ﬁ no = w
2 €

(u3 cnencTBud 4), B Hepa-

BeHcrBa (I1.109) u (I1.110), monyyum

2 2
A< A< & S A=0]-E
WNaR " 8JdM,R JdM,R
YpOBE€Hb HETOYHOCTH,
2 n2 22 p2
784G 5 N> 3136K(p,d)il/[2G R _
BKe BKe

Tak xkak K = 1, a N HanpsIMylo 3aBUCHUT OT B, TO KOJMYECTBO KOMMYHUKAIIMOHHBIX pPAyHIOB MOXHO
B3sTh N =1, Torma

N 2

2~2p2
o p_ O(K(p,d)MzG R J

KNe!

KOJINYECTBO pa60Ta10u11/1x nmapajjacjibHO MallIMH U

2304x(p,d)M, G’ R’ .

4
€

T = NKB =

~(d*M3G’R®
- (2— p=2 (@=2),
A (w(p,d)MG?RY _ e
=r=0 e ) <(dM2GPR
€
OGH.ICG KOJIMYECTBO BBIBOBOB OAHOTOYECYHOI'O 6C3I‘paﬂI/IeHTHOI‘O opaKyJIa;

¢ Single-Machine SMP

HaHHblii aroput™ nocsie NK utepauunii 1aeT CKOPOCTb CXOAUMOCTH st £, (x) (cM. cnencTBue 7) B
COOTBETCTBUM C 3aMevaHueM 4:

7 LR* Jd dAR
ELf, (zvg)] < maX{4 KN 7F} »

e

Ecnu nmeem %—TOI{HOCTL anst pyHkumm f(z) ¢y = M (13 cneactBus 1), To UMeEEM €-TOYHOCTb IS
2
dyHkuum f(z):

Zy) < filzy) + M, <E+E=¢
S(@y) < filzy) \/—'Y 22575
Yr1oObl ObLTa %—TO‘{HOCTL nmst f,(2), HyXKHO
JdAR _ & (TL.111)
Y 4
max{; LR, %} 3 (M)
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BE3ITPAIMEHTHBIE METOJblI ®EJEPATUBHOI'O OBYYEHUA 1509

2,42
IoncraBnsaga Lf \/_M (u3 cnencrBuA 2), roe y = £ yo’= axlp, M, G dgMzG

2 €

(13 cnenctBus 4), B He-

paBeHctBa (I1.111) u (I1.112), monyuyum

2 2
A< & ASS—:A=O( € J
4JdR 8VdM,R JdM,R

YPOB€Hb HETOYHOCTH,

2 p2 22 p2
N278402R N N23136K(p,d)4]\[2G R N
Ke Ke

Tak kak N HamnpsIMyio 3aBUCHUT OT K, TO KOJIMYECTBO KOMMYHUKAIITMOHHBIX PAyHIOB MOXHO B3SITh
N =1, Toroa

2~2p2
= K=0 K(P,d)sz R
KNe

KOJMYECTBO JIOKAJIbHBIX BBIBOBOB 6631"paIII/ICHTHOFO opakyJjia n

2304Kk(p,d)M,G’R’ -

4
€

L) oy o,
e O(K(p,d)ﬁfz(; R ) 23 .
¢ O(M} p=1 (=),
€
O6H.ICC KOJIMYECTBO BBIBOBOB OAHOTOYCYHOI'O 6C3FpaZ[I/ICHTHOFO opakyJa.

14 [, -paHaoMU3a1IUN UMEEM CIIEYIOLIAE AJITOPUTMBL:
¢ Minibatch SMP

JlaHHbI# anropuT™ rmocsie N payHIIOB CBSI3U 1aeT CKOPOCTh CXOAUMOCTH ISt f,(x) (CM. ciiencrue 7)
B COOTBETCTBUH C 3aMeUaHUEM 4:

7LR’ . oR |  dAR
E[fy(ZN)] < max {4 N ’7\/BKN} + y .

T = NKB =

Ecnu nmeem %—TO‘IHOCTL 11 GYHKINHA fY(z) cy= ﬁ (13 caeacTBus 1), To IMEEM €-TOYHOCTD IJIsI
2

byHkunn f(z):
S@) < fla)+ My <S4S =
Yr1oObl ObLTA %—TO‘{HOCTB nst f,(z), HyXXHO
JdAR _ & (T1.113)
Y 4
7 LR GR €
max <=, I1.114
{4 N’ x/ BKN } 4 ( )
2,~2
IMoncraBnss Lfy = Jam (u3 cnenctBuA 2), rae y = 2L no' = M (u3 cnencteus 4), B He-
2 €

paBeHctBa (I1.113) u (I1.114), monyyum

2 2
A< . —A<—& S A=0 £ J
war 8VdM,R [JEMQR
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1510 AJIBAIIIKAP u np.

YPOBEHb HETOUHOCTH,

1840°R’ _ 5 3136K(p,MG'R’
BK¢’ B Bke*
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