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Simulation of self-induced capillary break up of a viscous liquid jet
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Abstract. The aim of the study is to reveal the patterns of self-induced disintegration of a viscous liquid jet flowing out at low
speed from a capillary hole under microgravity conditions. The research method is numerical modeling of the regularities of
self-induced capillary decay using the methods of Lagrange mechanics. Results. A verified technique for numerical simulation
of a capillary jet of a viscous liquid based on the methods of Lagrange mechanics. Identified patterns of self-induced decay of
a viscous jet under microgravity conditions. Dependence of the length of the undisintegrated part of the jet on the viscosity of
the liquid and the velocity of its outflow from the capillary nozzle. Conclusion. The developed numerical simulation technique
allows one to correctly and efficiently (from the point of view of the computing resource used) simulate the dynamics of a
capillary jet, taking into account complex nonlinear and boundary effects. A pronounced effect of viscosity on the regularities
of the disintegration of a jet moving at low speed has been established. The obtained spectral characteristics of perturbations in
the jet make it possible to raise the question of the possibility of developing an asymptotic theory of the self-induced decay of
a viscous jet.

Keywords: capillary disintegration of a jet, capillary waves, global instability, liquid droplet-radiator.
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D4EC484 EFDG< EF4AB6<FES I4BF<K9E><@. !95B?PLB9 <;@9A9A<9 BCD989?SRM<I C4D4@9FDB6 @B:9F
CD<69EF< > <;@9A9A<R D9:<@4 >4C?9B5D4;B64A<S. �4>BAB@9DABEF< I4BF<K9E>B7B D4EC484 EFDG<
B5EG:84?<EP 6 D45BF4I [5, 6].
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�4>BAB@9DABEF< >4C<??SDAB7B D4EC484 EFDG< 59; 6?<SA<S E<?O FS:9EF< Q>EC9D<@9AF4?PAB
<;GK9AO SCBAE><@< <EE?98B64F9?S@< E <ECB?P;B64A<9@ 54L9A E5D4EO64A<S [7310]. 1>EC9D<@9A-
FO CDB6B8<?<EP EB EFDGS@<, 79A9D<DG9@O@< D4;?<KAO@< >4C<??SDAO@< HBDEGA>4@<.  9AS?ES
D48<GE EFDG<, GE?B6<S E@4K<64A<S HBDEGA>< <EF9>4RM9= :<8>BEFPR, CDBH<?P E>BDBEF< EFDG< A4
6OIB89 <; HBDEGA>< < F. 8. #B>4;4AB, KFB CD< ?R5OI 7D4A<KAOI GE?B6<SI A4 6OIB89 <; HBDEGA><
>4C<??SDAO= D4EC48 @98?9AAB= EFDG< 6 GE?B6<SI @<>DB7D46<F4J<< CDB<EIB8<F E4@BCDB<;6B?PAB,
59; 6A9E9A<S 6 E<EF9@G 6B;@GM9A<= <;6A9. #B8 89=EF6<9@ D4;?<KAOI H4>FBDB6 (BFDO64 >4C9?P,
>B?954A<S <I ;4DB8OL9= < 8D.) 6 EFDG9 (D<E. 1) 6B;A<>4RF >BDBF>B6B?AB6O9 597GM<9 >4C<??SDAO9
6B?AO. "A< 86<:GFES > >4C<??SDAB= HBDEGA>9, BFD4:4RFES BF A99 < <;-;4 QHH9>F4 �BC?9D4 FD4AE-
HBD@<DGRFES 6 8?<AAB6B?AB6O9 D4EFGM<9 6B;@GM9A<S. $4;6<F<9 8?<AAB6B?AB6OI 6B;@GM9A<=
CD<6B8<F > D4EC48G EFDG<, 6 CDBJ9EE9 >BFBDB7B HBD@<DGRFES AB6O9 6B;@GM9A<S.

1>EC9D<@9AFO CB>4;4?<, KFB CD< E4@B<A8GJ<DB64AAB@ >4C<??SDAB@ D4EC489 EGM9EF6G9F 
A9E>B?P>B D46AB69EAOI ;A4K9A<= 8?<AO A9D4EC46L9=ES K4EF< EFDG< (E4@BD4EC484RM4SES EFDGS 
S6?S9FES @G?PF<EF45<?PAB= 8<A4@<K9E>B= E<EF9@B=). #D< QFB@ GEFB=K<6O@ > 6A9LA<@ 6B;89=-
EF6<S@ B>4;O649FES ?<LP EBEFBSA<9 E @<A<@4?PAB= 8?<AB= EFDG<. #DBJ9EE GEF4AB6?9A<S @B:9F 
;4A<@4FP CDB8B?:<F9?PAB9 6D9@S (6C?BFP 8B A9E>B?P><I 89ESF>B6 E9>GA8). �;-;4 QFB7B CB?ABJ9A-
AB9 Q>EC9D<@9AF4?PAB9 <;GK9A<9 ;4>BAB@9DABEF9= E4@B<A8GJ<DB64AAB7B D4EC484 6B;@B:AB ?<LP 
6 >BE@<K9E><I Q>EC9D<@9AF4I. � A4EFBSM9@G @B@9AFG CDB6989A FB?P>B B8<A F4>B= Q>EC9D<@9AF, 
97B D9;G?PF4FO <;?B:9AO 6 D45BF9 [7]. � >4K9EF69 D45BK9= :<8>BEF< <ECB?P;B64?4EP 6B84, 8<4@9FD 
EFDG< EBEF46?S? B>B?B B8AB7B @<??<@9FD4. �?S BC<E4A<S 6?<SA<S 6S;>BEF< A4 >4C<??SDAO9 6B?AO 
<ECB?P;G9FES 59;D4;@9DAO= >D<F9D<й CB8B5<S 4 K<E?B "A9;BD79 Oh:

Oh =
µ√
σρr0

,

789 µ 4 >BQHH<J<9AF 8<A4@<K9E>B= 6S;>BEF< :<8>BEF<. � GE?B6<SI >BE@<K9E>B7B Q>EC9D<@9AF4 [7]
;A4K9A<9 Oh ∼ 10−3. �@9EF9 E F9@, CD<@9A<F9?PAB > ;484K9 EB;84A<S �)�, <AF9D9E CD98EF46?S9F
<;GK9A<9 ;4>BAB@9DABEF9= E4@B<A8GJ<DB64AAB7B D4EC484 EFDG= 6S;><I :<8>BEF9= E I4D4>F9DAO@
;A4K9A<9@ K<E?4 "A9;BD79 Oh ∼ 0.1. 1FB B5NSEAS9FES F9@, KFB 6E9 CBF9AJ<4?PAB CD<7B8AO9
8?S <ECB?P;B64A<S 6 �)� D45BK<9 F9?4, B5?484RM<9 A<;>B= <EC4DS9@BEFPR, <@9RF 6OEB>GR
6S;>BEFP.

#D<@9A<F9?PAB > A96S;>B@G E?GK4R D4;D45BF4AO 869 F9BD9F<K9E><9 @B89?<, CB;6B?SR-
M<I BC<EO64FP @9I4A<;@ E4@B<A8GJ<DB64AAB7B D4EC484 @98?9AAB= EFDG<. #9D64S CD98?B:9A4
#.�. 3>G59A>B [11] < BEAB64A4 A4 @B89?< S6?9A<S 7?B54?PAB= A9GEFB=K<6BEF<, D4;D45BF4AAB=
�. �. �G?<>B6E><@ [12]. % 99 CB@BMPR <;GK9AO ;4>BAB@9DABEF< D4;6<F<S 6B;@GM9A<=, D4ECDB-
EFD4ASRM<IES 6 EFDG9 CB F9K9A<R < CDBF<6 F9K9A<S.  B89?P CB;6B?S9F B5NSEA<FP CD<K<AO
E4@BCDB<;6B?PAB7B D4EC484 EFDG< CD< ?R5OI 7D4A<KAOI GE?B6<SI, 4 F4>:9 D4EEK<F4FP EC9>FD 8B-
@<A<DGRM<I 6B;@GM9A<=. !98BEF4FB> CB8IB84 4 A96B;@B:ABEFP D4EK9F4 4@C?<FG8O 6B;@GM9A<=
< 8?<AO D4EC484RM9=ES EFDG<.

h

x

x = 0
x = xk

$<E. 1. �EF9K9A<9 EFDG< <; >4C<??SDAB= HBDEGA><

Fig. 1. Outflow of a jet from a capillary nozzle
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�FBD4S 4 @B89?P 7D4A<KAB= A9GEFB=K<6BEF< 4 D4;D45BF4A4 �. '@9@GDG [7]. %K<F49FES,
KFB 6B;@GM9A<S 6 EFDG9 79A9D<DGRFES 6 D9;G?PF4F9 BFDO64 BF A99 ;4DB8OL4 >4C?<. % CB@BMPR
HGA>J<< �D<A4 D4EEK<FO649FES EC9>FD D4ECDBEFD4ASRM<IES CDBF<6 F9K9A<S EFDG< 6B?A. % GK9FB@
7D4A<KAOI GE?B6<= A4 HBDEGA>9 D4EEK<FO64RFES I4D4>F9D<EF<>< BFD4:9AAB7B BF 7D4A<JO 6B;@G-
M9A<S. �?<A4 D4EC484RM9=ES K4EF< EFDG< BCD989?S9FES E CB@BMPR I4D4>F9D<EF<> BFD4:9AAB7B
6B;@GM9A<S. #B8IB8 CB;6B?S9F D4EEK<F4FP 8?<AG D4EC484RM9=ES EFDG<. % 97B <ECB?P;B64A<9@
6OS6?9AB EGM9EF6B64A<9 A9E>B?P><I @9F4EF45<?PAOI D9:<@B6 D4EC484. #B>4;4AB, KFB GEFB=K<-
6O@ S6?S9FES EBEFBSA<9 E @<A<@4?PAB= 8?<AB= EFDG<. � A98BEF4F>4@ @9FB8<>< E?98G9F BFA9EF<
<ECB?P;B64A<9 CD<5?<:9AAB7B EBBFABL9A<S 8?S D4EK9F4 HGA>J<< �D<A4, A9 GK<FO64RM97B A4?<-
K<S D4EFGM<I @B8 6B;@GM9A<S < 6B?A->4GEF<> 5B?PLB= 4@C?<FG8O [13]. �DG7B= A98BEF4FB> 4
<ECB?P;B64A<9 ?<A9=AB= F9BD<<, 6 FB 6D9@S >4> 6 B>D9EFABEF< >D4S EFDG<, 789 HBD@<DGRFES
597GM<9 6B?AO, 4@C?<FG84 6B;@GM9A<= 69?<>4. 'E?B6<S BFD4:9A<S A4 >4C<??SDAB= HBDEGA>9
6 DS89 E?GK496 BEAB64AO A4 CD<5?<:9AAOI ?<A9=AOI EBBFABL9A<SI. !4>BA9J, D4;D45BF4AA4S
@B89?P A9 GK<FO649F 8<EE<C4F<6AOI QHH9>FB6 (6 EFDG9 A4<5B?99 <AF9AE<6AB ;4FGI4RF <@9AAB
>BDBF>B6B?AB6O9 597GM<9 >4C<??SDAO9 6B?AO).

� CD98EF46?9AAB= D45BF9 @9FB8B@ K<E?9AAB7B @B89?<DB64A<S <EE?98GRFES ;4>BAB@9DABEF<
E4@B<A8GJ<DB64AAB7B D4EC484 EFDG< 6S;>B= :<8>BEF<, <EF9>4RM9= <; >4C<??SDAB= HBDEGA>< EB
E>BDBEFPR, ED46A<@B= E >4C<??SDAO@ CD989?B@ V 6 GE?B6<SI @<>DB7D46<F4J<< < 64>GG@4.

1.  9FB8<>4 K<E?9AAB7B @B89?<DB64A<S

�4> CD46<?B, 8?S @B89?<DB64A<S >4C?9B5D4;B64A<S CD< D4EC489 BE9E<@@9FD<KAOI EFDG=
(E@. D<E. 1) <ECB?P;GRFES 4E<@CFBF<K9E><9 D4;?B:9A<S E<EF9@O GD46A9A<= !46P93%FB>E4 [14].
� >4K9EF69 @4?OI C4D4@9FDB6, CB >BFBDO@ CDB<;6B8<FES D4;?B:9A<9, 6O5<D4RFES BFABL9A<9
D48<GE4 EFDG< > 99 8?<A9, 4@C?<FG84 A4K4?PAB7B 6B;@GM9A<S EFDG< < F. 8. "8AB <; A4<5B?99 K4EFB
<ECB?P;G9@OI D4;?B:9A<= CD98?B:9AB 6 D45BF9 [15]. #BE?9 C9D9IB84 > 59;D4;@9DAO@ C9D9@9AAO@
(6 >4K9EF69 98<A<JO 8?<AO 6O5<D49FES A4K4?PAO= D48<GE EFDG< r0, E>BDBEF< 4 69?<K<A4 V ,
6D9@9A< 4 BFABL9A<9 r0/V ), GD46A9A<S D4;6<F<S 6B;@GM9A<= CD<A<@4RF 6<8

∂tu+ u∂xu = ∂x

(

∂xxh

(1 + ∂xh2)
3/2
− 1

h (1 + ∂xh2)
1/2

)

+ 3Oh
1

h2
∂x
(

h2∂xu
)

,

∂th+ u∂xh = −1

2
h∂xu ,

(1)

789 h 4 D48<GE EFDG<, u 4 ED98A9@4EEB64S E>BDBEFP 69M9EF64 EFDG<.
%<EF9@4 (1) CB?GK9A4 <; GD46A9A<= !46P93%FB>E4 E <ECB?P;B64A<9@ CD98CB?B:9A<S B

FB@, KFB I4D4>F9DA4S 8?<A4 6B?AO 6B;@GM9A<= EFDG< ;A4K<F9?PAB CD96BEIB8<F 99 D48<GE. 1FB
CB;6B?S9F <ECB?P;B64FP FB?P>B 7?46AO9 K?9AO D4;?B:9A<= 6 DS8 &9=?BD4 ;46<E<@BEF< E>BDBEF<
:<8>BEF< < 846?9A<S 6 EFDG9 BF D48<GE4.  <A<@4?PA4S 8?<A4 6B?AO D4EFGM97B 6B;@GM9A<S
EBEF46?S9F 2πr0. �B;@GM9A<S E @9APL9= 8?<AB= 6B?AO QHH9>F<6AB ;4FGI4RF CB8 89=EF6<9@
8<EE<C4F<6AOI QHH9>FB6. #BQFB@G 6 CD4>F<K9E>< <AF9D9EAOI E?GK4SI <ECB?P;B64AAO9 CD< 6O6B-
89 (1) CD98CB?B:9A<S 6OCB?ASRFES E 6OEB>B= FBKABEFPR. 1FB CB8F69D:849FES @AB7BK<E?9AAO@<
ED46A9A<S@< F9BD9F<K9E>< CB?GK9AAOI D9;G?PF4FB6 E Q>EC9D<@9AF4@<, A4CD<@9D [16, 17].

"8A4 <; FDG8ABEF9= CD<@9A9A<S E<EF9@O GD46A9A<= (1) 8?S @B89?<DB64A<S ;4>BAB@9DAB-
EF9= E4@B<A8GJ<DB64AAB7B D4EC484 EBEFB<F 6 A9B5IB8<@BEF< BC<E4A<S @AB7B>D4FAB7B BF89?9-
A<S ;4DB8OL9= >4C9?P BF EFDG<. #D< 99 D4;DO69 6 D9L9A<< ;484K< HBD@<DGRFES E<A7G?SDAB-
EF< [18], 8?S K<E?9AAB7B D4;D9L9A<S >BFBDOI A9B5IB8<@4 C9D@4A9AFA4S 484CF4J<S D4EK9FAB=
E9F><. �DB@9 FB7B, 6B;A<>49F DS8 E?B:ABEF9=, E6S;4AAOI E BC<E4A<9@ >D4S EFDG<. � 84AAB=
D45BF9 8?S @B89?<DB64A<S >4C<??SDAB= EFDG< <ECB?P;B64?<EP @9FB8O �47D4A:96B= @9I4A<><.

%4HDBAB6 �. �., �BDBF996 �. �., �D<7BDP96 �. �., (<?4FB6 !.�.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6 683



$4A99 84AAO= @9FB8 <ECB?P;B64?ES 6 D45BF9 [5] 8?S @B89?<DB64A<S I4BF<K9E>B= 8<A4@<><
<A9DJ<BAAB-7D46<F4J<BAAB7B D9:<@4 CB8>4CO64A<S :<8>BEF< <; >D4A4.

 B89?PAO9 GD46A9A<S CB?GK9AO 6 F9I :9 CD98CB?B:9A<SI, KFB < E<EF9@4 (1): CBEFBSAEF6B
4>E<4?PAB= E>BDBEF< < 846?9A<S CB D48<GEG EFDG<, 4 F4>:9 A9E:<@49@BEFP :<8>BEF<. �6B8<FES
C9D9@9AA4S ξ

ξ(x, t) =

x0
∫

x

πh2 (z, t) dz,

789 x0 4 >BBD8<A4F4 >BAJ4 EFDG<, z 4 4>E<4?PA4S >BBD8<A4F4 EFDG< (E@. D<E. 1). �>E<4?PAGR
E>BDBEFP 69M9EF64 EFDG< @B:AB CD98EF46<FP 6 6<89 u = ∂tx(ξ, t). �E?< >BBD8<A4F4 ED9;4 >4C<?-
?SDAB7B EBC?4 x = 0, 6OD4:9A<9 8?S ><A9F<K9E>B= QA9D7<< EFDG< CD<@9F 6<8

K =
1

2
ρ

ξ(0,t)
∫

0

u2 (ξ, t) dξ.

�E?< EFDGS A4IB8<FES 6 GE?B6<SI @<>DB7D46<F4J<<, FB CBF9AJ<4?PA4S QA9D7<S EBBF69FEF6G9F
CB69DIABEFAB=

Π = 2πσ

x0
∫

0

h (z, t)

√

1 + (∂zh)
2dz.

�47D4A:<4A EFDG< @B:AB CD98EF46<FP 6 6<89

L = K − # =
1

2
ρ

ξ(0,t)
∫

0

u2 (ξ, t) dξ− 2πσ

x0
∫

0

h (z, t)

√

1 + (∂zh)
2dz. (2)

�<EE<C4F<6A4S HGA>J<S 6 BDFBABD@<DB64AAB= E<EF9@9 >BBD8<A4F {yi}, B8A4 <; BE9= >BFBDB=
EB6C4849F E BEPR EFDG<, <@99F E?98GRM<= 6<8 [19]:

Ė = −1

2
µ

ξ(0,t)
∫

0

∑

i,j

(

∂vj
∂yi

+
∂vi
∂yj

)2

dξ,

789 vi 4 CDB9>J<S E>BDBEF< 69M9EF64 EFDG< A4 BEP yi. % GK9FB@ BE96B= E<@@9FD<<

Ė = −3µ
ξ(0,t)
∫

0

(

∂ξu

∂ξz

)2

dξ. (3)

�?S K<E?9AAB7B D9L9A<S CDB6B8<?4EP 8<E>D9F<;4J<S ?47D4A:<4A4. %K<F4?BEP, KFB EFDGS
CB89?9A4 A4 N + 1 :<8><I K4EF<J (D<E. 2). !G?964S K4EF<J4 EBBF69FEF6G9F >D4R EFDG<,

xf

xN xN-1

N N-1N-2
N-3 N-4

x3
x2

x1 x0

0
12

34
567

$<E. 2. %I9@4 D4;5<9A<S EFDG< A4 :<8><9 K4EF<JO

Fig. 2. Scheme of splitting the jet into liquid particles
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4 N -S 4 :<8>B= K4EF<J9, A9 GEC96L9= CB?ABEFPR 6O=F< <; >4C<??SDAB7B BF69DEF<S. #D< QFB@
EK<F49FES, KFB k-S K4EF<J4 B7D4A<K9A4 >BBD8<A4F4@< xk−1 < xk+1.

"5N9@ < @4EE4 k-= :<8>B= K4EF<JO D46AO, EBBF69FEF69AAB

ξk =

xk
∫

xk−1

πh2 (z, t) dz,

mk = ρξk.

�E?< EK<F4FP, KFB k-S K4EF<J4 86<:9FES EB E>BDBEFPR C9D9@9M9A<S FBK>< xk, ><A9F<K9E>4S
QA9D7<S EFDG< EBEF46<F

K =
1

2
ρ

ξ(0,t)
∫

0

u2 (ξ, t) dξ =
1

2

∑

k

mk (ẋk)
2 =

1

2

∑

k

mku
2
k.

� 8<E>D9FAB@ CD<5?<:9A<< 8<EE<C4F<6A4S HGA>J<S CD<A<@49F 6<8

Ė = −3µ
ξ(0,t)
∫

0

(

∂ξu

∂ξz

)2

dξ = −3µ
∑

k

mk
(ẋk − ẋk+1)

2

(xk − xk+1)
2 .

$4EK9F D48<GE4 EFDG< CDB<;6B8<FES CB HBD@G?9

hk =

√

mk

π (xk − xk+1)
.

$4EK9F C?BM48< CB69DIABEF< k-= :<8>B= K4EF<JO, CDB<;6B8<FES 6 CD98CB?B:9A<< EBBF69F-
EF6<S 99 HBD@O GE9K9AAB@G >BAGEG

Sk = π (hk + hk−1)

√

1

4
(xk − xk−1)

2 + (hk − hk−1)
2.

&B784 CBF9AJ<4?PA4S QA9D7<S EFDG<:

Π = 2πσ

x0
∫

0

h (z, t)

√

1 + (∂zh)
2dz = σ

∑

k

Sk = σSΣ.

% GK9FB@ CD<6989AAOI EBBFABL9A<=

L =
1

2

∑

k

mku
2
k − σSΣ,

4 GD46A9A<9 86<:9A<S k-= :<8>B= K4EF<JO CD<A<@49F 6<8

d

dt

∂L

∂uk
=

∂L

∂xk
+

1

2

∂Ė:

∂uk
.

#B8EF46?SS 6 CBE?98A99 EBBFABL9A<9 6OD4:9A<S 8?S ?47D4A:<4A4 < 8<EE<C4F<6AB= HGA>J<<,
GK<FO64S E6S;P @9:8G @4EEB= :<8>B= K4EF<JO < D48<GEB@ EFDG<, @B:AB CB?GK<FP:

d

dt
(mkuk) = −

∂SΣ
∂xk
− 3Oh

(

h2k
uk − uk+1

xk − xk+1
− h2k−1

uk−1 − uk
xk−1 − xk

)

. (4)

�OD4:9A<9 (4) S6?S9FES D4;ABEFAO@ 4A4?B7B@ 8<A4@<K9E>B7B GD46A9A<S E<EF9@O (1).
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�?S BC<E4A<S CB6989A<S >D4S EFDG< 6 6OD4:9A<9 8?S D4EK9F4 CB?AB= C?BM48< 99 CB-
69DIABEF< A9B5IB8<@B 8B546<FP K?9A, I4D4>F9D<;GRM<= C?BM48P 7D4A<KAB7B Q?9@9AF4. #D<
CDB6989A<< <EE?98B64A<= CD98CB?474?BEP, KFB CB69DIABEFP >D4S EFDG< <@99F HBD@G C4D45B?B<84.
�7B I4D4>F9D<EF<>< BCD989?S?<EP E <ECB?P;B64A<9@ <AHBD@4J<< B5 B5N9@9 7D4A<KAB7B Q?9@9AF4,
4 F4>:9 E GK9FB@ ;46<E<@BEF< D48<GE4 EFDG< BF >BBD8<A4FO 6 B>D9EFABEF< >D4S EFDG<. $48<GE
EFDG< A4 6OIB89 <; HBDEGA>< CD98CB?474?ES D46AO@ D48<GEG >4C<??SDAB7B BF69DEF<S.

+<E?9AA4S ;484K4 (4) S6?S9FES :9EF>B= <;-;4 A4?<K<S FD9FP9= CDB<;6B8AB= D48<GE4 EFDG< 6
A9?<A9=AB@ 6OD4:9A<<, BC<EO64RM9@ 89=EF6<9 >4C<??SDAOI E<?. �?S 99 D9L9A<S <ECB?P;B64-
?4EP EI9@4 «CD98<>FBD 3 D9?4>E4FBD» [20]. $4EK9F C9D9@9M9A<S K4EF<J A4 >4:8B@ 6D9@9AAB@ L479
CDB<;6B8<?ES 6 A9E>B?P>B QF4CB6.

!4 QF4C9 CD98<>FBD4 EK<F4?BEP, KFB E@9M9A<9 K4EF<J BF A4K4?PAB7B EBEFBSA<S CDB<EIB8<F
CB8 89=EF6<9@ <A9DJ<< < E<?O 6S;>BEF< Fv. �?S >4:8B= K4EF<JO D4EEK<FO64?BEP B5AB6?9A-
AB9 ;A4K9A<9 E>BDBEF< uk ← uk + ∆t · Fv/mk < EBBF69FEF6GRM99 QFB= E>BDBEF< C9D9@9M9A<9
xk ← xk + ∆t · uk.

!4 QF4C9 D9?4>E4FBD4 CB?B:9A<9 K4EF<J GFBKAS?BEP CGF9@ GK9F4 89=EF6<S >4C<??SDAOI E<?
Fcap. $4EK9F 69?<K<AO Fcap CDB6B8<?ES 8?S >BAH<7GD4J<< K4EF<J, CB?GK9AAB= A4 QF4C9 CD98<>FB-
D4. #B?B:9A<9 K4EF<J GFBKAS?BEP 6 EBBF69FEF6<< E HBD@G?B= xk ← xk + Fcap(∆t)

2/(2mk).
!4 FD9FP9@ QF4C9 CDB<;6B8<?ES D4EK9F E>BDBEF< :<8><I K4EF<J CGF9@ 89?9A<S 69>FBD4

C9D9@9M9A<S A4 69?<K<AG L474 CB 6D9@9A<.
�9?<K<A4 6D9@9AAB7B L474 8?S E?98GRM97B QF4C4 D4EK9F4 ∆t BCD989?S?4EP CBE?9 6OK<E?9-

A<S E>BDBEF< K4EF<J. �?S QFB7B D4EEFBSA<9 @9:8G EBE98A<@< K4EF<J4@< 89?<?BEP A4 69?<K<AG <I
BFABE<F9?PAB= E>BDBEF<. �O5<D4?BEP @<A<@4?PAB9 CB?GK9AAB9 «6D9@S EFB?>AB69A<S» tcol :<8><I
K4EF<J. �9?<K<A4 L474 CB 6D9@9A< D4EEK<FO649FES E CB@BMPR 84AAB7B 6D9@9A<. +<E?9AAO9
Q>EC9D<@9AFO CB>4;4?<, KFB EIB8<@BEFP K<E?9AAB7B 4?7BD<F@4 8BEF<749FES 6 E?GK49, >B784 ∆t
CD<@9DAB 6 15 D4; @9APL9 tcol. #D< CDB6989A<< D4EK9FB6 ∆t EK<F4?BEP 6 100 D4; @9APL9 tcol.

"EB59AABEFPR ;484K< S6?S9FES 6B;A<>AB69A<9 6 D9L9A<< ;BA 46FB@B89?PAOI D9L9A<=,
BC<EO64RM<I ;4>BAB@9DABEF< D4;DO64 EFDG< CD< BF89?9A<< BF A99 ;4DB8OL9= >4C9?P (D<E. 3).
#D< QFB@ ;4DB8OL< >4C9?P 5B?PLB7B D48<GE4 B>4;O64RFES E6S;4AAO@< 8DG7 E 8DG7B@ FBA>B=
C9D9FS:>B=. �?S BC<E4A<S CB8B5AOI S6?9A<= CDB6B8<?4EP 8<A4@<K9E>4S 484CF4J<S D4;5<9A<S
EFDG< A4 :<8><9 Q?9@9AFO. +<E?9AAO9 Q>EC9D<@9AFO CB>4;4?<, KFB D9;G?PF4F D4EK9F4 C9D9EF49F
;46<E9FP BF K4EFBFO D4;5<9A<S 6 E?GK49, >B784 D4EEFBSA<9 @9:8G EBE98A<@< :<8><@< K4EF<J4@<
EBEF46?S9F @9A99 1/3 ?B>4?PAB7B D48<GE4 EFDG<. �?7BD<F@ D4EK9F4 46FB@4F<K9E>< D4;89?S? <?<
B5N98<AS? K4EF<JO F4>, KFB5O D4EEFBSA<9 @9:8G A<@< A4IB8<?BEP 6 CD989?4I BF 1/15 8B 1/5
?B>4?PAB7B D48<GE4 EFDG<. �DG7<9 CD<K<AO <;@9A9A<S K<E?4 :<8><I K4EF<J CD< D4EK9F9 4
<EF9>4A<9 AB6OI CBDJ<= :<8>BEF< <; >4C<??SDAB= HBDEGA><, 4 F4>:9 BF89?9A<9 BF EFDG<
;4DB8OL9= >4C9?P.
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Fig. 3. Dependence of the jet radius on the coordinate
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#BE>B?P>G CDBJ9EE D4;DO64 EFDG< <@99F A9 7<8DB8<A4@<K9E>GR CD<DB8G (6 D4@>4I 7<8DB-
8<A4@<K9E><I ;4>BAB@9DABEF9= :<8><= C9D9L99> GFBAK49FES 8B @B@9AF4, >B784 CDB<EIB8<F 97B
D4;DO6 <;-;4 F9D@B8<A4@<K9E><I H?G>FG4J<=), CD< 6OCB?A9A<< K<E?9AAB7B D4EK9F4 EK<F4?BEP,
KFB D4;DO6 CDB<EIB8<F 6 @B@9AF, >B784 D48<GE EFDG< EF4AB6<FES @9APL9 A9>BFBDB= >D<F<K9E>B=
69?<K<AO, 6O5BD >BA>D9FAB7B ;A4K9A<S >BFBDB= BCD989?S?ES J9?S@< CDB6989A<S D4EK9F4.

!4 D<E. 3 CD<6989AO D9;G?PF4FO D4EK9F4 EFDG< E Oh = 0.15, <EF9>4RM9= <; HBDEGA>< EB
ED98A9= E>BDBEFPR u0 = 2 (E>BDBEFP @B8G?<DB64?4EP CB ;4>BAG u = u0(1 + 0.1 · sin(2πt · 0.7/u0))
6 @B@9AF 6D9@9A< t = 37 (D<E. 3, a 4 EFDGS J9?<>B@; D<E. 3, b 4 C9D9L99>, EB98<ASRM<= ;4DB8OL<
>4C9?P). � B>D9EFABEF< FBK>< E >BBD8<A4FB= x = 43.7 6<89A CDBJ9EE B5D4;B64A<S 6FBD<KAB= ;BAO
46FB@B89?PAB7B D9L9A<S 6 B5?4EF< BFDO64 FBA>B7B C9D9L9=>4 BF ;4DB8OL4 >4C9?P.

#DB69D>4 EIB8<@BEF< < 69D<H<>4J<S D4;D45BF4AAB7B >B@CPRF9DAB7B >B84 CDB6B8<?4EP
CGF9@ K<E?9AAB7B D4EK9F4 <A>D9@9AF4 DBEF4 8?<AAB6B?AB6OI 6B;@GM9A<= (6B?AB6B9 K<E?B
k = 2πr0/λ, 789 λ 4 8?<A4 6B?AO 6B;@GM9A<S). �; E<EF9@O GD46A9A<= (1) E?98G9F, KFB @4?O9
6B;@GM9A<S E k < 1 D4EFGF E <A>D9@9AFB@ ω, BCD989?S9@O@ HBD@G?B= [13]:

ω =

√

1

2
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4
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$<E. 4. %D46A9A<9 D9;G?PF4FB6 K<E?9AAB7B D4EK9F4 (FBK><)
69?<K<AO H4>FBD4 DBEF4 6B;@GM9A<= ω E 4A4?<F<K9E><
CB?GK9AAO@ ;A4K9A<9@ (CGA>F<D) CD< Oh = 0.15

Fig. 4. Comparison of the results of numerical calculation
(points) of the disturbance growth factor ω with the analytically
obtained value (dotted line) at Oh = 0.15

!4 D<E. 4 CD98EF46?9AO D9;G?PF4FO ED46A9A<S
;46<E<@BEF< ω(k) CD< Oh = 0.15 E D9;G?PF4-
F4@< K<E?9AAB7B D4EK9F4, CDB6989AAB7B 8?S
<EE?98B64A<S D4;6<F<S 6B;@GM9A<= 6 :<8>B@
J<?<A8D9 8?<AB= 11λ. #B?B:9A<9 7D4A<KAOI
:<8><I Q?9@9AFB6 A9 <;@9AS?BEP. �@C?<FG-
84 E<AGEB<84?PAB7B A4K4?PAB7B 6B;@GM9A<S
D48<GE4 EFDG< EBEF46?S?4 1% BF 97B ED98A9=
69?<K<AO. �A4?<;G CB869D74?4EP ;46<E<@BEFP
4@C?<FG8O 6B;@GM9A<S 6 J9AFD4?PAB= 6B?A9
BF 6D9@9A<. #BE?9 CDBF9>4A<S C9D9IB8AOI CDB-
J9EEB6 GEF4A46?<64?ES D9:<@ Q>ECBA9AJ<4?P-
AB7B DBEF4 4@C?<FG8O 6B;@GM9A<S, 4 CD< 99
CD96OL9A<< ;A4K9A<S CBDS8>4 0.1 ED98A97B D4-
8<GE4 EFDG< A45?R84?<EP <;@9A9A<S 69?<K<AO
H4>FBD4 DBEF4, 6O;64AAO9 D4;6<F<9@ A9?<A9=-
ABEF<. �9?<K<A4 ω D4EEK<FO64?4EP CB 84AAO@,
CB?GK9AAO@ A4 CDB@9:GF>9 6D9@9A< @9:8G A4-
K4?PAO@ CDBJ9EEB@ GEF4AB6?9A<S < D4;6<F<9@
A9?<A9=ABEF<.

2. $9;G?PF4FO K<E?9AAB7B @B89?<DB64A<S

 B89?<DB64A<9 E4@B<A8GJ<DB64AAB7B >4C<??SDAB7B D4EC484 CDB<;6B8<?BEP 6 CD98CB?B-
:9A<< A4?<K<S 6 A4K4?PAO= @B@9AF 6D9@9A< A4 6OIB89 <; HBDEGA>< A9CB86<:AB7B >4C<??SDAB7B
@9A<E>4, EBEFBSM97B <; 89ESF< :<8><I D4EK9FAOI Q?9@9AFB6. %>BDBEFP <EF9K9A<S :<8>BEF< 6
A4K4?9 D4EK9F4 D46AS?4EP u. �?S FB7B KFB5O 6 EFDG9 5OEFDB EHBD@<DB64?ES GEFB=K<6O= D9:<@
D4EC484, EBBF69FEF6GRM<= @<A<@4?PAB= 8?<A9 A9D4EC46L9=ES K4EF< EFDG<, 6 E<EF9@G 6ABE<?<EP
6B;@GM9A<S, FB 9EFP CDB<;6B8<?BEP @B8G?<DB64A<9 E>BDBEF< <EF9K9A<S EFDG< E 4@C?<FG8B= 0.1
< C9D<B8B@ 2π · 0.7/u (;A4K9A<9 k = 0.7 5?<;>B > @4>E<@G@G ;46<E<@BEF< H4>FBD4 DBEF4 BF k).
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&BA><9 C9D9L9=>< CD4>F<K9E>< A9 6?<SRF A4 8<A4@<>G BEAB6AB= K4EF< EFDG<. #BQFB@G CD98CB?4-
74?BEP, KFB D4;DO6 CDB<EIB8<F, 9E?< D48<GE EFDG< @9APL9 0.05r0. � A9>BFBDOI E?GK4SI A45?R84?ES
BFDO6 BF EFDG< CDBFS:9AAB7B HD47@9AF4, EB89D:4M97B SD>B 6OD4:9AAO9 ;4DB8OL< A9E>B?P><I
>4C9?P; 4A4?B7<KAB9 S6?9A<9 A45?R84?BEP < 6 A4FGDAOI Q>EC9D<@9AF4I [21]. #D< BF89?9A<< BF
EFDG< ;4DB8OL4 >4C?< 8?S CBE?98GRM97B 4A4?<;4 EBID4AS?<EP: 6D9@S D4;DO64 EFDG<, >BBD8<A4F4
J9AFD4 @4EE BF89?<6L97BES BFD9;>4 EFDG<, 4 F4>:9 97B @4EE4 < ED98A9@4EEB64S E>BDBEFP.

%?B:ABEFP BCD989?9A<S 8?<AO A9D4EC46L9=ES K4EF< EFDG< l B5GE?B6?9A4 >B?954F9?PAO@<
<;@9A9A<S@< CB?B:9A<S 99 >D4S. %FDB<?4EP ;46<E<@BEFP >BBD8<A4FO J9AFD4 @4EE BF89?<6L97BES
BFD9;>4 EFDG< BF 6D9@9A< BF89?9A<S. #D<@9D 7D4H<>4 84AAB= ;46<E<@BEF< CD<6989A A4 D<E. 5, a;
D4EK9F CDB6B8<?ES 8?S ;A4K9A<= Oh = 0.05, u = 1. �<8AB, KFB CB?B:9A<9 >D4S EFDG< >B?95?9FES
BFABE<F9?PAB ED98A9= 69?<K<AO E 4@C?<FG8B=, CD<5?<;<F9?PAB EBEF46?SRM9= 10% 8?<AO EFDG<.
�A4?B7<KAO9 >B?954A<S A45?R84?<EP 6 Q>EC9D<@9AF4I [7310]. �?<AB= A9D4EC46L9=ES K4EF< EFDG<
EK<F4?BEP ED98A99 ;A4K9A<9 >BBD8<A4FO J9AFD4 @4EE BF89?SRM9=ES >4C?<.

!4 D<E. 5, b CD<6989A4 ;46<E<@BEFP l BF E>BDBEF< <EF9K9A<S EFDG< 8?S D4;?<KAOI Oh.
%C?BLAB= ?<A<9= <;B5D4:9A4 Q>EC9D<@9AF4?PAB CB?GK9AA4S 6 >BE@<K9E>B@ Q>EC9D<@9AF9 [7]
;46<E<@BEFP. �?S 69D<H<>4J<< @9FB8<>< K<E?9AAB7B @B89?<DB64A<S 6 C9D6B= E9D<< D4EK9FB6 (A4
7D4H<>9 D9;G?PF4FO B5B;A4K9AO FD9G7B?PA<>4@<) <EE?98B64?4EP ;46<E<@BEFP l(u) 8?S Oh = 0.01.
$9;G?PF4FO IBDBLB EB7?4EGRFES E >BE@<K9E><@ Q>EC9D<@9AFB@ [7]. &4>:9 CDB<;6B8<?ES D4EK9F
;46<E<@BEF< l(u) CD< Oh = 0.05 (>DG7< A4 7D4H<>9) < Oh = 0.15 (>648D4FO). #D< ;A4K9A<SI u ∼ 1
K<E?B "A9;BD79 ;4@9FAB 6?<S9F A4 8?<AG A9D4EC46L9=ES K4EF< EFDG<: CD< CB6OL9A<< 6S;>BEF< 8B
Oh = 0.15 l 6B;D4EF49F 6 A9E>B?P>B D4;. "8A4>B CD< CB6OL9A<< E>BDBEF< QFB 6?<SA<9 BE?459649F.
#D< u CD<@9DAB D46AB@ 4 BFABE<F9?PAB9 G8?<A9A<9 A9D4EC46L9=ES K4EF< EFDG< <;-;4 89=EF6<S
6S;><I E<? EBEF46?S9F CBDS8>4 10%.

�BCB?A<F9?PAB D4EEK<FO64?ES HGDP9-EC9>FD 6B;@GM9A<= 6 EFDG9 a(k). % J9?PR CD98BF-
6D4M9A<S 6?<SA<S ;4>BAB@9DABEF9= D4;DO64 C9D9FS:9> @9:8G ;4DB8OL4@< >4C9?P A4 EC9>FD
6B;@GM9A<= (6 FBA>B= C9D9FS:>9 HBD@<DGRFES >BDBF><9 6B?AO), 8?S D4EK9F4 a(k) 6O5<D4?ES
@B@9AF, >B784 C9D9FS:9> A9 5O?B. %<EF9@4 <@99F >BA9KAGR 8?<AG, EC9>FD «8<E>D9F<;<DG9FES» E
L47B@ ∆k ∼ 2π/l. �9?<K<A4 C<>B6OI ;A4K9A<= 6 EC9>FD9 a 6B;6B8<?4EP 6 >648D4F 8?S 4A4?<;4
EC9>FD4?PAB7B D4ECD989?9A<S QA9D7<<.
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$<E. 5. a 4 �46<E<@BEFP BF 6D9@9A< >BBD8<A4FO J9AFD4 @4EE BFDO64RM9=ES BF EFDG< >4C?< (u = 1, Oh = 0.05).
b 4 �46<E<@BEFP l(u) 8?S D4;?<KAOI Oh (EC?BLA4S ?<A<S 4 >BE@<K9E><= Q>EC9D<@9AF; D4EK9F: 4 4 Oh = 0.01;
• 4 Oh = 0.05; ■ 4 Oh = 0.15)

Fig. 5. a 4 Time dependence of the coordinate of the center of mass of a drop detached from the jet (u = 1, Oh = 0.05).
b 4 Dependence l(u) for various Oh (solid line 4 space experiment; calculation: 4 4 Oh = 0.01; • 4 Oh = 0.05;
■ 4 Oh = 0.15)
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$<E. 6. %C9>FD 6B;@GM9A<= 6 EFDG9: a 4 u = 1, Oh = 0.05; b 4 u = 1, Oh = 0.15; c 4 u = 4, Oh = 0.05; d 4 u = 4,
Oh = 0.15

Fig. 6. Spectrum of perturbations in the jet: a 4 u = 1, Oh = 0.05; b 4 u = 1, Oh = 0.15; c 4 u = 4, Oh = 0.05;
d 4 u = 4, Oh = 0.15

!4 D<E. 6 CD<6989A4 ;46<E<@BEFP C<>B6OI ;A4K9A<= a2(k) 8?S EFDG= E u = 1 < u = 4 CD<
Oh = 0.05 < Oh = 0.15. #D< @4?B= E>BDBEF< <EF9K9A<S :<8>BEF< A45?R849FES L<DB><= EC9>FD
6B;@GM9A<=. % G69?<K9A<9@ E>BDBEF< <EF9K9A<S EC9>FD EBED98BFBK<649FES 65?<;< k = 1. #B@<@B
QFB7B BEAB6AB7B @4>E<@G@4 CD< 5B?PLB= E>BDBEF< u 6 EC9>FD9 A45?R849FES 8BCB?A<F9?PAO=
@4>E<@G@ 65?<;< k = 1.25 4 ;A4K9A<< 6B?AB6B7B K<E?4, 5?<;>B7B > 8?<A9 6B?AO 1=D< [13].

�4>?RK9A<9

#D98?B:9AA4S @9FB8<>4 CB;6B?S9F >BDD9>FAB < QHH9>F<6AB @B89?<DB64FP 8<A4@<>G >4C<?-
?SDAB= EFDG< E 6B;@B:ABEFPR GK9F4 E?B:AOI 7D4A<KAOI QHH9>FB6.

#DB6989AB @B89?<DB64A<9 E4@B<A8GJ<DB64AAB7B D4EC484 6S;>B= EFDG< 6 GE?B6<SI @<>-
DB7D46<F4J<<. 'EF4AB6?9AB 6OD4:9AAB9 6?<SA<9 6S;>BEF< A4 ;4>BAB@9DABEF< D4EC484 EFDG<,
86<:GM9=ES E @4?B= E>BDBEFPR.

� A4EFBSM99 6D9@S A9 EGM9EF6G9F 4A4?<F<K9E>B= @B89?< S6?9A<S E4@B<A8GJ<DB64AAB7B D4E-
C484 6S;>B= EFDG<. $9;G?PF4FO 6OCB?A9AAB7B <EE?98B64A<S EC9>FD4 6B;@GM9A<= 6 E4@BD4EC484R-
M9=ES EFDG9 E6<89F9?PEF6GRF B FB@, KFB CD< Oh ∼ 0.1 EC9>FD 597GM<I 6B?A EBED98BFBK9A 6 @4?B=
B>D9EFABEF< 59;D4;@9DAB7B 6B?AB6B7B K<E?4 k = 1. �BCDBE B 6B;@B:ABEF< D4;D45BF>< 4E<@CFB-
F<K9E>B= F9BD<< E4@B<A8GJ<DB64AAB7B D4EC484 6S;>B= EFDG< FD95G9F 84?PA9=L97B <;GK9A<S.
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Kink dynamics of the sine-Gordon equation
in a model with three identical attracting or repulsive impurities
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Abstract. Purpose of this work is to use analytical and numerical methods to consider the problem of the structure and
dynamics of the kinks in the sine-Gordon model with <impurities= (or spatial inhomogeneity of the periodic potential).
Methods. Using the method of collective variables for the case of three identical point impurities located at the same distance
from each other, a system of differential equations is obtained. Resulting system of equations makes it possible to describe the
dynamics of the kink taking into account the excitation of localized waves on impurities. To analyze the dynamics of the
kink in the case of extended impurities, a numerical finite difference method with an explicit integration scheme was applied.
Frequency analysis of kink oscillations and localized waves calculated numerically was performed using a discrete Fourier
transform. Results. For the kink dynamics, taking into account the excitation of oscillations in modes, a system of equations for
the coordinate of the kink center and the amplitudes of waves localized on impurities is obtained and investigated. Significant
differences are observed in the dynamics of the kink when interacting with a repulsive and attractive impurity. The dynamics
of the kink in a model with three identical extended impurities, taking into account possible resonant effects, was solved
numerically. It is established that the found scenarios of kink dynamics for an extended rectangular impurity are qualitatively
similar to the scenarios obtained for a point impurity described using a delta function. All possible scenarios of kink dynamics
were determined and described taking into account resonant effects. Conclusion. The analysis of the influence of system
parameters and initial conditions on possible scenarios of kink dynamics is carried out. Critical and resonant kink velocities
are found as functions of the impurity parameters.
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�6989A<9

"8A<@ <; A4<5B?99 <;GK9AAOI 6 A4EFBSM99 6D9@S A9?<A9=AOI 8<HH9D9AJ<4?PAOI GD46-
A9A<=, BFABESM<IES > >?4EEG GD46A9A<= �?9=A4-�BD8BA4, S6?S9FES GD46A9A<9 E<AGE-�BD8BA4
('%�) [133]. "AB CD<@9AS9FES 8?S BC<E4A<S 6B?AB6OI CDBJ9EEB6 6 79B?B7<<, @B?9>G?SDAB= 5<B?B-
7<<, H<;<>9, >BE@B?B7<< [234]. !4CD<@9D, 6 H<;<>9 >BA89AE<DB64AAB7B EBEFBSA<S '%� CD<@9A<@B
CD< BC<E4A<< 8<A4@<>< 6B?A A4@47A<K9AABEF< 6 H9DDB@47A<FAOI >D<EF4??4I, 86<:9A<S 8<E?B-
>4J<= 6 >D<EF4??4I, CDBJ9EEB6 6 8:B;9HEBAB6E><I E69DICDB6B8SM<I >BAF4>F4I, D4ECDBEFD4A9A<S
6B?A ;4DS8B6B= C?BFABEF< 6 B8AB@9DAOI BD74A<K9E><I CDB6B8A<>4I, D4ECDBEFD4A9A<S Q?9>FDB-
@47A<FAOI 6B?A 6 E69DID9L9F>9 A4 BEAB69 7D4H9A4, 8<A4@<>< 4AE4@5?S 6;4<@B89=EF6GRM<I
8<E?B>4J<= 6 ?<A9=AB@ 89H9>F9 Q?9>FDB>BA69>F<6AB= EFDG>FGDO :<8>B7B >D<EF4??4 [539]. '%�,
5G8GK< A9?<A9=AO@ GD46A9A<9@ 6 K4EFAOI CDB<;6B8AOI, S6?S9FES CB?ABEFPR <AF97D<DG9@O@.
�;69EFAB @AB7B 97B FBKAOI D9L9A<= F<C4 ><A>, EB?<FBA, 5D<;9D < E?B:AB7B @G?PF<EB?<FBAAB7B
F<C4 [1, 2, 10, 11]. !4IB:89A<9 AB6OI D9L9A<= '%� < <EE?98B64A<9 6?<SA<S D4;?<KAOI 6B;@G-
M9A<= < @B8<H<>4J<= S6?S9FES 4>FG4?PAB= ;484K9= EB6D9@9AAB= F9BD<< A9?<A9=AOI 6B?A. �?S
<ECB?P;B64A<S 6 D94?PAOI H<;<K9E><I @B89?SI K4EFB 6 GD46A9A<S E<AGE-�BD8BA4 8B546?SRF
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8BCB?A<F9?PAO9 E?4749@O9 [1, 2, 12,13]. 1F< E?4749@O9 AG:AO 8?S GK9F4 A4?<K<S 6A9LA<I E<?
< 8<EE<C4J<< 6 E<EF9@9, A9B8ABDB8ABEF< C4D4@9FDB6 ED98O < CD. #B?GK49@B9 6 D9;G?PF4F9
F4>B= @B8<H<>4J<< GD46A9A<9 E<AGE-�BD8BA4 G:9 A9 <@99F FBKAOI 4A4?<F<K9E><I D9L9A<=.
� F4><I E?GK4SI K4EFB CD<@9AS9FES F9BD<S 6B;@GM9A<= 8?S EB?<FBAB6 <?< @9FB8 >B??9>F<6AOI
>BBD8<A4F [1, 2, 13315], E CB@BMPR >BFBDB7B G84?BEP CB?GK<FP D9L9A<S 8?S 5B?PLB7B >B?<-
K9EF64 CB8B5AOI ;484K. !4CD<@9D, <EE?98B64A4 8<A4@<>4 ><A>B6, EB?<FBAB6 < 5D<;9DB6 CB8
89=EF6<9@ D4;?<KAB7B 6<84 6A9LA9= E<?O (S6?SRM9=ES HGA>J<9= 6D9@9A< < CDBEFD4AEF69A-
AOI C9D9@9AAOI) [16,17]. �DG7<@ CBCG?SDAO@ A4CD46?9A<9@ <EE?98B64A<= S6?S9FES <;GK9A<9
6?<SA<S CDBEFD4AEF69AAB= @B8G?SJ<< C9D<B8<K9E>B7B CBF9AJ<4?4 (<?< CD<@9E<) A4 8<A4@<-
>G EB?<FBAB6 '%� [13, 14, 18330].  B89?P E<AGE-�BD8BA4 E CD<@9ES@< (>4> @B89?<DG9@O@< 6
6<89 89?PF4-HGA>J<< FBK9KAO@<, F4> < CDBFS:9AAO@<) CD<@9A<@4 8?S BC<E4A<S, A4CD<@9D,
E?GK4S @AB7BE?B=AB7B H9DDB@47A9F<>4 [31333]. #B>4;4AB, KFB ><A>-CD<@9EAB9 6;4<@B89=EF6<9
@B:9F CD<6B8<FP > 79A9D4J<< ?B>4?<;B64AAOI A4 CD<FS7<64RM<I CD<@9ESI 6B?A (<?< CD<@9EAB=
@B8O) [2, 23330] < 6 D9;G?PF4F9 4 > ;A4K<F9?PAB@G <;@9A9A<R 8<A4@<>< ><A>4. &4>:9 CD<-
FS7<64RM4S CD<@9EP @B:9F CD<6B8<FP < > 6B;5G:89A<R @G?PF<EB?<FBAB6 '%�. %?GK4= 86GI
CD<@9E9= [29, 33] 849F 5B?PLB9 D4;ABB5D4;<9 AB6OI @G?PF<EB?<FBAAOI D9L9A<= < 8<A4@<K9E><I
QHH9>FB6 CB ED46A9A<R EB E?GK49@ B8AB= CD<@9E<.  B:AB B:<84FP 9M9 5B?PL97B D4;ABB5D4;<S
D9L9A<= < QHH9>FB6 CD< A4?<K<< FD9I < 5B?99 CD<@9E9= 6 E<EF9@9. � 84AAB= D45BF9 <EE?98G9FES
8<A4@<>4 ><A>4 6 @B89?< E FD9@S B8<A4>B6O@< CD<@9ES@< E GK9FB@ 6B;5G:89A<S A9?<A9=AOI
?B>4?<;B64AAOI A4 CD<@9ESI 6B?A.

1. &BK9KA4S CD<@9EP

$4EE@BFD<@ E<EF9@G, BCD989?S9@GR ?47D4A:<4AB@

L =

∞
∫

−∞

[

1

2
u2t −

1

2
u2x + (1− εδ(x)− εδ(x− d)− εδ(x− 2d))(1− cosu)

]

dx, (1)

789 εδ(x) @B89?<DG9F FBK9KAGR CD<@9EP, δ(x) 4 89?PF4-HGA>J<S �<D4>4, ε 4 >BAEF4AF4, d 4
D4EEFBSA<9 @9:8G EBE98A<@< CD<@9ES@<. �4@9F<@, KFB 9E?< C4D4@9FD ε 5B?PL9 AG?S, FB <@99@
89?B E CD<FS7<64RM9= CD<@9EPR, S6?SRM9=ES CBF9AJ<4?PAB= S@B= 8?S ><A>4, 9E?< C4D4@9FD ε
@9APL9 AG?S, FB <@99@ 89?B E BFF4?><64RM9= CD<@9EPR, S6?SRM9=ES CBF9AJ<4?PAO@ 54DP9DB@
8?S ><A>4. �47D4A:<4A (1) EBBF69FEF6G9F GD46A9A<R 86<:9A<S 8?S E>4?SDAB7B CB?S u(x, t) 6<84

utt − uxx + sinu = [εδ(x)− εδ(x− d)− εδ(x− 2d)] sinu. (2)

'D46A9A<9 (2) S6?S9FES @B8<H<J<DB64AAO@ GD46A9A<9@ E<AGE-�BD8BA4. +?9AO 6B;@GM9A<S 6
CD46B= K4EF< GD46A9A<S (2) BC<EO64RF, A4CD<@9D, E9@<E?B=AO9 H9DDB@47A<FAO9 EFDG>FGDO E
D4;?<KAO@< ;A4K9A<S@< @47A<FAB= 4A<;BFDBC<< ε 6 D4;?<KAOI E?BSI [21, 23]. � E?GK49 9E?<
CD464S K4EFP GD46A9A<S (2) D46A4 AG?R, FB BAB <@99F D9L9A<9 6 6<89 ><A>4

u0 = 4arctg ex−X(t) (3)

(789 X(t) 4 >BBD8<A4F4 J9AFD4 ><A>4) <?< CDBEFD4AEF69AAB-?B>4?<;B64AAB9 D9L9A<9 6<84 «CB>B-
SM<=ES 5D<;9D» [1, 2]

u(x, t) = 4 arctg

(√
1−Ω2

Ω

sinΩt

ch((x− x0)
√
1−Ω2)

)

, (4)
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789 Ω 4 K4EFBF4 5D<;9D4 < x0 4 >BBD8<A4F4 97B J9AFD4. $4EE@BFD<@ 8<A4@<>G ><A>4 E GK9FB@
6B;@B:AB7B 6B;5G:89A<S ?B>4?<;B64AAOI 6B?A A4 CD<@9ESI. �?S F9BD9F<K9E>B7B 4A4?<;4 EFDG>FG-
DO < 8<A4@<>< D9L9A<= GD46A9A<S (2) @B:AB <ECB?P;B64FP CD<5?<:ёAAO= @9FB8 >B??9>F<6AOI
>BBD8<A4F, >BFBDO= D4A99 CD<@9AS?ES > BC<E4A<R 8<A4@<>< ><A>4 6 @B89?< E B8AB= FBK9KAB=
CD<@9EPR [1, 2]. !4?<K<9 ?B>4?<;B64AAOI 6B?A A4 FDёI CD<@9ESI (<?< CD<@9EAOI @B8) GK<-
FO649FES CGFё@ 66989A<S FDёI >B??9>F<6AOI C9D9@9AAOI, a1 = a1(t), a2 = a2(t) < a3 = a3(t),
>BFBDO9 S6?SRFES 4@C?<FG84@< QF<I 6B?A. (BD@4 6OD4:9A<= CD<@9EAOI @B8 4A4?B7<KA4 FB=,
KFB <ECB?P;B64?4EP D4A99 8?S E?GK4S B8<ABKAB= CD<@9E< [2, 29]:















u1 = a1(t) exp (−ε|x|/2),

u2 = a2(t) exp (−ε|x− d|/2),

u3 = a3(t) exp (−ε|x− 2d|/2).

(5)

� CD<5?<:9A<< >B?954A<= @4?OI 4@C?<FG8 CD98CB?B:<@, KFB an(t) = an0 cos (Ωt+ θ0), 789 θ0 4
A4K4?PA4S H4;4. $9L4S GD46A9A<9 (2) CD< BFEGFEF6<< ><A>4 8?S E?GK4S B8<ABKAB= CD<@9E< @B:AB
CB?GK<FP 6OD4:9A<9 8?S K4EFBFO CD<@9EAB= @B8O Ω =

√

(1− ε2/4). "5M99 D9L9A<9 ;484K< u
5G89@ <E>4FP 6 E?98GRM9@ 6<89:

u = u0 + u1 + u2 + u3. (6)

#D98CB?B:<@, KFB Ẋ(t), an(t), ȧn(t) 8BEF4FBKAB @4?O (CBDS8>4 ε), FB 9EFP CD<@9EAO9 @B8O E @4-
?O@< 4@C?<FG84@< 6B;5G:84RFES @98?9AAB 86<:GM<@ES ><A>B@. � D4@>4I QFB7B CD<5?<:9A<S
@O D4EE@4FD<649@ un � u0. &B784 A9?<A9=AO9 K?9AO 6 ?47D4A:<4A9 (1) @B7GF 5OFP D4;?B:9AO
6 DS8 &9=?BD4 6C?BFP 8B K?9AB6 6FBDB7B CBDS8>4 CB ε [2]:

cos (u0 + u1 + u2 + u3) ≈ cosu0 −
(u1 + u2 + u3)

2

2
cosu0. (7)

#B8EF4AB6>4 (6) 6 (1) A4 BEAB69 CD<5?<:9A<S (7) CD<6B8<F CBE?9 <AF97D<DB64A<S > AB6B@G
QHH9>F<6AB@G ?47D4A:<4AG, ;46<ESM9@G BF AB6OI C9D9@9AAOI X(t), a1(t) , a2(t) < a3(t):

L ≈ −8 + 4Ẋ2(t) +
ȧ21(t)

ε
+

ȧ22(t)

ε
+

ȧ23(t)

ε
+ 2 (ȧ1(t)ȧ2(t) + ȧ2(t)ȧ3(t))E1+

+2ȧ1(t)ȧ3(t)E2 + 2εa1(t)
[

F1(X(t)) + F2(X(t))e−
εd

2 + F3(X(t))e−εd

]

+

+2εa2(t)
[

F1(X(t)) + F3(X(t))e−
εd

2 + F2(X(t))
]

+

+2εa3(t)
[

F1(X(t))e−εd + F2(X(t))e−
εd

2 + F3(X(t))
]

−

− 2εa21(t)

[

Ω2
0

2ε2
+

1

2
U1(X(t)) +

1

2
U2(X(t))e−εd +

1

2
U3(X(t))e−2εd

]

−

− 2εa22(t)

[

Ω2
1

2ε2
+

1

2
U1(X(t))e−εd +

1

2
U2(X(t)) +

1

2
U3(X(t))e−εd

]

−

− 2εa23(t)

[

Ω2
0

2ε2
+

1

2
U1(X(t))e−2εd +

1

2
U2(X(t))e−εd +

1

2
U3(X(t))

]

−

− 2εa1(t)a2(t)
[

−Y1/2ε+ U1(X(t))e
−εd

2 + U2(X(t))e
−εd

2 + (−1/2 + U3(X(t)))e
−3εd

2

]

−

−2εa1(t)a3(t)
[

− Y2/2ε+ U1(X(t))e−εd + U2(X(t))e−εd + U3(X(t))e−εd

]

−

− 2εa2(t)a3(t)
[

−Y1/2ε+ (−1/2 + U1(X(t)))e
−3εd

2 + U2(X(t))e
−εd

2 + U3(X(t))e−
εd

2

]

+

+2ε(U1(X(t)) + U2(X(t)) + U3(X(t))).

(8)
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�89EP U1(X(t)) =
1

ch2(X(t))
, U2(X(t)) =

1

ch2(X(t)− d)
, U3(X(t)) =

1

ch2(X(t)− 2d)
,

F1(X(t)) =
sh(X(t))

ch2(X(t))
, F2(X(t)) =

sh(X(t)− d)

ch2(X(t)− d)
, F3(X(t)) =

sh(X(t)− 2d)

ch2(X(t)− 2d)
,

E1 =
(2 + εd)

2ε
e−

εd

2 =

(

1

ε
+

d

2

)

e−
εd

2 , E2 =
(1 + εd)

ε
e−εd =

(

1

ε
+ d

)

e−εd,

Ω2
0 = 1− ε2

4
− ε2

2
e−εd − ε2

2
e−2εd, Ω2

1 = 1− ε2

4
− ε2e−εd,

Y1 = εe−
εd

2 + 2

(

ε2

4
− 1

)

E1, Y2 = εe−εd +

(

ε2

4
− 1

)

E2.

'D46A9A<S 86<:9A<S 8?S X(t), a1(t), a2(t) < a3(t) @B7GF 5OFP CB?GK9AO CGFё@ CD9B5D4;B64A<S
QHH9>F<6AB7B ?47D4A:<4A4 (8) 6 E<EF9@G GD46A9A<= �47D4A:4 6FBDB7B CBDS8>4:










































































































































































































































































4Ẍ(t)− ε(U ′

1 + U ′

2 + U ′

3)− ε[a1(F
′

1 + F ′

2ed + F ′

3e
2
d
) + a2([F

′

1 + F ′

3]ed + F ′

2)+

+a3(F
′

1e
2
d
+ F ′

2ed + F ′

3)] +
1
2ε[a

2
1(U

′

1 + U ′

2e
2
d
+ U ′

3e
4
d
) + a22([U

′

1 + U ′

3]e
2
d
+ U ′

2)+

+a23
(

U ′

1e
4
d
+ U ′

2e
2
d
+ U ′

3

)

+ 2a1a2(U
′

1ed + U ′

2ed + U ′

3e
3
d
) + 2a1a3(U

′

1 + U ′

2 + U ′

3)e
2
d
+

+2a2a3(U
′

1e
3
d
+ U ′

2ed + U ′

3ed)] = 0,

([ä1 + a1(1− ε2/4)][(1/ε)[1− ε2E2
1 ]− ε[E2

1 + E2
2 − 2εE2

1E2]]+

+a1[[ε[U1 + (U2 − 1/2)e2
d
+ (U3 − 1/2)e4

d
]][1− ε2E2

1 ]−
−[ε[(U1 + U2 − 1/2)ed + (U3 − 1/2)e3

d
]]εE1[1− εE2]−

−[ε[(U1 + U2 + U3 − 1)e2
d
]]ε[E2 − εE2

1 ]] + a2[[ε[(U1 + U2 − 1/2)ed + (U3 − 1/2)e3
d
]]×

× [1− ε2E2
1 ]− [ε[(U1 + U3 − 1)e2

d
+ U2]]εE1[1− εE2]−

−[ε[(U1−1/2)e3d + (U2+U3−1/2)ed]]ε[E2−εE2
1 ]]+a3[[ε[(U1+U2+U3−1)e2d]][1−ε2E2

1 ]−
−[ε[(U1 − 1/2)e3

d
+ (U2 + U3 − 1/2)ed]]εE1[1− εE2]− [ε[(U1 − 1/2)e4

d
+

+(U2 − 1/2)e2
d
+ U3]]ε[E2 − εE2

1 ]]− [ε[(F1 + F2ed + F3e
2
d
)(1− ε2E2

1)−
−[(F1 + F3)ed + F2]εE1[1− εE2]− [F1e

2
d
+ F2ed + F3]ε[E2 − εE2

1 ]]]) = 0,

([ä2 + a2(1− ε2/4)][(1/ε)[1− ε2E2
2 ]− 2εE2

1 [1− εE2]] + a1[[ε[(U1 + U2 − 1/2)ed+

+(U3 − 1/2)e3
d
]][1− ε2E2

2 ]− [ε[U1 + (U1 + 2U2 + U3 − 3/2)e2
d
+ (U3 − 1/2)e4

d
]]×

× εE1[1− εE2]] + a2[[ε[U2 + (U1 + U3 − 1)e2
d
]][1− ε2E2

2 ]− [ε[(U1 + 2U2 + U3 − 1)ed+

+(U1 + U3 − 1)e3
d
]]εE1[1− εE2]] + a3[[ε[(U3 + U2 − 1/2)ed + (U1 − 1/2)e3

d
]][1− ε2E2

2 ]−
−[ε[U3 + (U1 + 2U2 + U3 − 3/2)e2

d
+ (U1 − 1/2)e4

d
]]εE1[1− εE2]])−

−(ε([(F1 + F3)ed + F2][1− ε2E2
2 ]− [F1(1 + e2

d
) + 2F2ed + F3(1 + e2

d
)]εE1[1− εE2])) = 0,

([ä3 + a3(1− ε2/4)][(1/ε)[1− ε2E2
1 ]− ε[E2

1 + E2
2 − 2εE2

1E2]] + a1[[ε[(U1 + U2 + U3 − 1)e2
d
]]×

× [1− ε2E2
1 ]− [ε[(U1+ U2− 1/2)ed + (U3 − 1/2)e3

d
]]εE1[1− εE2]− [ε[U1 + (U2− 1/2)e2

d
+

+(U3 − 1/2)e4
d
]]ε[E2 − εE2

1 ]] + a2[[ε[(U1 − 1/2)e3
d
+ (U2 + U3 − 1/2)ed]][1− ε2E2

1 ]−
−[ε[(U1+U3−1)e2d + U2]]εE1[1−εE2]− [ε[(U1+U2−1/2)ed + (U3−1/2)e3d]]ε[E2 − εE2

1 ]]+

+a3[[ε[(U1−1/2)e4d + (U2−1/2)e2d+U3]][1−ε2E2
1 ]− [ε[(U1−1/2)e3d+(U2+U3−1/2)ed]]×

× εE1[1− εE2]− [ε[(U1 + U2 + U3 − 1)e2
d
]]ε[E2 − εE2

1 ]])− (ε[[F1e
2
d
+F2ed+F3][1−ε2E2

1 ]−
−[(F1 + F3)ed + F2]εE1[1− εE2]− [F1 + F2ed + F3e

2
d
]ε[E2 − εE2

1 ]]) = 0,

(9)
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789 ed = e
−εd

2 . �; D9;G?PF<DGRM97B A45BD4 GD46A9A<= 6 CD989?PAB@ E?GK49 d → ∞ @B:AB
CB?GK<FP G:9 <;69EFAB9 GD46A9A<9 8?S E?GK4S 86<:9A<S ><A>4 6 @B89?< E B8AB= CD<@9EPR [2].
#D< X(t) → ∞ GD46A9A<S (9) BC<EO64RF E6S;4AAO9 >B?954A<S CD<@9EAOI @B8, D4EE@BFD9A-
AO9 D4A99 6 [34]. %A4K4?4 D4EE@BFD<@ 6?<SA<9 FDёI CD<@9E9= A4 8<A4@<>G ><A>4 8?S E?GK4S
BFF4?><64RM9= CD<@9E< CD< BFEGFEF6<< CD<@9EAOI @B8 an(t) = 0:

Ẍ(t) +

3
∑

k=1

(

ε

2

th(X(t)− xk)

ch2(X(t)− xk)

)

= 0, (10)

789 xk 4 >BBD8<A4F4 k-= CD<@9E<. 'D46A9A<9 (10) 8?S E?GK4S B8AB= < 86GI CD<@9E9= E6B8<FES >
G:9 <;69EFAB@G GD46A9A<R 86<:9A<S ><A>4 [29]. '@AB:<6 97B A4 Ẋ(t) < CDB<AF97D<DB646 CB
6D9@9A<, CB?GK<@

Ẋ2(t)− Ẋ2(0)−
3
∑

k=1

(

ε

2

(

1

ch2(X(t)− xk)
− 1

ch2(X(0)− xk)

))

= 0. (11)

�E?< ><A> 86<:9FES BF 5B?PLB7B D4EEFBSA<S X(0) −→ −∞, FB @B:9@ A9E>B?P>B GCDBEF<FP 6<8
GD46A9A<S (11):

Ẋ2(t)− Ẋ2(0)−
3
∑

k=1

(

ε

2

1

ch2(X(t)− xk)

)

= 0. (12)

% CB@BMPR GD46A9A<S (12) @B:AB A4=F< >D<F<K9E><9 E>BDBEF< 8<A4@<>< ><A>4 8?S
E?GK4S CD<@9E< 6 6<89 54DP9D4 (E@. A<:9, D<E. 2). �ECB?P;GS E<EF9@G GD46A9A<= (9), @B:AB
A4=F< 6E9 6B;@B:AO9 EJ9A4D<< 8<A4@<>< ><A>4 8?S E?GK4S BFF4?><64RM<I < CD<FS7<64RM<I
CD<@9E9=. #D98CB?B:<@, KFB 6 A4K4?PAO= @B@9AF 6D9@9A< t = 0 ><A> A4IB8<FES A4 BFABE<F9?PAB
5B?PLB@ D4EEFBSA<< BF CD<@9E9=, X(0) = −10, < ;4F9@ 86<:9FES E A4K4?PAB= E>BDBEFPR Ẋ(0),
4 CD<@9EAO9 @B8O BFEGFEF6GRF a1(0) = ȧ1(0) = a2(0) = ȧ2(0) = a3(0) = ȧ3(0) = 0. !4
D<E. 1, a 6 ;46<E<@BEF< BF A4K4?PAB= E>BDBEF< A4=89AO E?98GRM<9 EJ9A4D<< 8<A4@<>< ><A>4
8?S E?GK4S BFF4?><64RM<I CD<@9E9=: BFD4:9A<9 BF C9D6B7B 54DP9D4 CD< E>BDBEF< @9APL9=
A9>BFBDB= >D<F<K9E>B= (?<A<S 3, E>BDBEFP 0.502), CDBIB:89A<9 K9D9; C9D6O= 54DP9D < BFD4:9A<9
BF 6FBDB7B (?<A<S 2, E>BDBEFP 0.5035), CDBIB:89A<9 K9D9; 6E9 FD< CD<@9E< CD< E>BDBEF< 5B?PL9=
>D<F<K9E>B= (?<A<S 1, E>BDBEFP 0.505).

!4 D<E. 1, b3d CD98EF46?9AO 6B;@B:AO9 E?GK4< 8<A4@<>< ><A>4 CD< D4;?<KAOI ;A4K9A<SI
A4K4?PAB= E>BDBEF< < D4EEFBSA<S @9:8G CD<FS7<64RM<@< CD<@9ES@<. #D< CDBIB:89A<< ><A>4
A4 CD<@9ESI 6B;5G:84RFES 6OEB>B4@C?<FG8AO9 ?B>4?<;B64AAO9 >B?954A<S 5D<;9DAB7B F<C4,
>BFBDO9 EGM9EF69AAB 6?<SRF A4 8<A4@<>G ><A>4. �B-C9D6OI, ;A4K<F9?PA4S K4EFP QA9D7<< ><A>4
@B:9F 5OFP CBFD4K9A4 A4 <I 6B;5G:89A<9. �B-6FBDOI, CBE?98GRM99 6;4<@B89=EF6<9 ><A>4 E
?B>4?<;B64AAO@< A4 CD<FS7<64RM<I CD<@9ESI 6B?A4@< @B:9F CD<69EF< > D9;BA4AEAO@ QHH9>F4@
(A4CD<@9D, 6 E?GK49 B8<ABKAB= CD<@9E< CD< A9>BFBDOI C4D4@9FD4I @B:9F A45?R84FPES BFD4:9A<9
BF CBF9AJ<4?PAB= S@O [1, 2]). �B784 CD<@9E< D4ECB?B:9AO 8BEF4FBKAB 5?<;>B 8DG7 > 8DG7G,
6 ;46<E<@BEF< BF A4K4?PAB= E>BDBEF< A4=89AO E?98GRM<9 E?GK4<: CDBIB:89A<9 ><A>4 CD<
v0 = 0.27 (>D<64S 1, D<E. 1, b), E?GK4= >64;<FGAA9?<DB64A<S CD< v0 = 0.08 (>D<64S 2, D<E. 1, b),
>B?954A<9 A4 FDёI CD<@9ESI E CBE?98GRM<@ BFD4:9A<9@ CD< v0 = 0.09 (>D<64S 3, D<E. 1, b),
E?GK4= D9;BA4AEAB7B BFD4:9A<S CD< v0 = 0.24 (>D<64S 5, D<E. 1, b).  B:AB 6O89?<FP E?GK4=
CD< v0 = 0.06: ><A> @B:9F >B?954FPES A4 FDёI CD<@9ESI, 6OEFGC4RM<I >4> B8A4 >B??9>F<6A4S
CD<@9EP, 6 F9K9A<9 8?<F9?PAB7B 6D9@9A< (>D<64S 4, D<E. 1, b). #D< G69?<K9A<< D4EEFBSA<S @9:8G
CD<@9ES@< @B:AB A45?R84FP C<AA<A7 ><A>4 A4 >4:8B= CD<@9E< BF89?PAB < 5B?99 E?B:AO=
EJ9A4D<= C<AA<A74 ><A>4 E 97B C9D9E>B>B@ @9:8G CD<@9ES@< (E@. D<E. 1, c). &4>:9, <;@9ASS
D4EEFBSA<9 @9:8G CD<@9ES@<, @B:AB CB?GK<FP F9 :9 EJ9A4D<< 8<A4@<>< ><A>4, >4> < 8?S E?GK4S
<;@9A9A<S A4K4?PAB= E>BDBEF< (E@. D<E 1, d).
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a b

c d

$<E. 1. �46<E<@BEFP >BBD8<A4FO J9AFD4 ><A>4 X BF 6D9@9A< t. a 4 %?GK4= 54DP9D4 CD< ε = −0.5 < d = 3: v0 = 0.505
(?<A<S 1), v0 = 0.5035 (2), v0 = 0.502 (3). b 4 %?GK4= S@O CD< d = 1, ε = 0.5: v0 = 0.27 (?<A<S 1), v0 = 0.08 (2),
v0 = 0.09 (3), v0 = 0.06 (4), v0 = 0.24 (5). c 4 %?GK4= S@O CD< ε = 0.5, d = 6: v0 = 0.188 (?<A<S 1), v0 = 0.138 (2),
v0 = 0.1165 (3), v0 = 0.078 (4). d 4 %?GK4= S@O CD< ε = 0.5, v0 = 0.22: d = 3.5 (?<A<S 1), d = 2.5 (2), d = 2.698 (3),
d = 3 (4), d = 1.2 (5)

Fig. 1. Dependence of the kink center coordinate X on the time t. a 4 The case of a barrier at ε = −0.5 and d = 3:
v0 = 0.505 (line 1), v0 = 0.5035 (2), v0 = 0.502 (3). b 4 The case of a well at d = 1, ε = 0.5: v0 = 0.27 (line 1),
v0 = 0.08 (2), v0 = 0.09 (3), v0 = 0.06 (4), v0 = 0.24 (5). c 4 The case of a well at ε = 0.5, d = 6: v0 = 0.188 (line 1),
v0 = 0.138 (2), v0 = 0.1165 (3), v0 = 0.078 (4). d 4 The case of a well at ε = 0.5, v0 = 0.22: d = 3.5 (line 1), d = 2.5 (2),
d = 2.698 (3); d = 3 (4); d = 1.2 (5)
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� �1

$<E. 2. �46<E<@BEFP @<A<@4?PAB= E>BDBEF< CDBIB:89A<S ><A>4 A48 FD9@S CD<@9ES@< BF C4D4@9FD4 1− ε

Fig. 2. Dependence of the minimum speed of the kink passage over three impurities on the parameter 1− ε

2. %?GK4= CDBFS:ёAAOI CD<@9E9=

�?S CD4>F<K9E><I CD<@9A9A<= A9B5IB8<@B D4EE@BFD9FP 5B?99 D94?<EF<K9E><= E H<;<K9E>B=
FBK>< ;D9A<S E?GK4= CDBFS:9AAOI CD<@9E9=. 'D46A9A<9 E<AGE-�BD8BA4 8?S E?GK4S CDBFS:ёAAOI
CD<@9E9= <@99F 6<8

utt − uxx +K(x) sinu = 0, (13)
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789 K(x) 4 CDBEFD4AEF69AA4S A9B8ABDB8ABEFP C9D<B8<K9E>B7B CBF9AJ<4?4.  B:AB ED46A<FP
CB?GK9AAO9 8?S CDBFS:9AAB= CD<@9E< D9;G?PF4FO EB E?GK49@ FBK9KAOI CD<@9E9=. '%� 6 @B89?<
E CDBFS:9AAO@< CD<@9ES@< @B:AB D9L<FP FB?P>B E CB@BMPR K<E?9AAOI @9FB8B6. !4 E97B8ASL-
A<= 89AP D4;D45BF4AB 8BEF4FBKAB 5B?PLB9 >B?<K9EF6B @9FB8B6 K<E?9AAB7B D9L9A<S CB8B5AOI
GD46A9A<= [2, 14, 25, 26]. �BECB?P;G9@ES @9FB8B@ >BA9KAOI D4;ABEF9=. �O59D9@ FD9IE?B=AGR
S6AGR EI9@G D9L9A<S, E 4CCDB>E<@4J<9= CDB<;6B8AOI A4 CSF<FBK9KAB@ L45?BA9 F<C4 «>D9EF»,
>BFBDO= CD<@9AS?ES D4A99 8?S 5B?99 CDBEFOI @B8<H<>4J<= '%� (E@., A4CD<@9D, [24]). 1FB
K<E?9AA4S EI9@4 6FBDB7B CBDS8>4 4CCDB>E<@4J<< CB ∆x < τ, 789 ∆x 4 L47 CB >BBD8<A4F9, τ 4
L47 CB 6D9@9A<. "A4 B5?4849F GE?B6AB= GEFB=K<6BEFPR (τ/∆x) ⩽ 1/2. � A4L9@ E?GK49 EI9@4
S6?S9FES «B8ABL47B6B=», <ECB?P;G9F ED46A<F9?PAB A95B?PLB9 >B?<K9EF6B B5D4M9A<= > C4@S-
F< < B5?4849F CBF9AJ<4?B@ 8?S BCF<@<;4J<< 6OK<E?<F9?PAB7B 4?7BD<F@4. +4EFBFAO= 4A4?<;
>B?954A<= ?B>4?<;B64AAOI 6B?A, >BFBDO9 D4EEK<FO64RFES K<E?9AAB, 6OCB?AS9FES E CB@BMPR
8<E>D9FAB7B CD9B5D4;B64A<S (GDP9. �?S 97B D4EKёF4 <ECB?P;G9FES 4?7BD<F@ 5OEFDB7B CD9B5D4;B-
64A<S (GDP9 (�#(). 1FBF 4?7BD<F@ B5?4849F IBDBL9= CDB<;6B8<F9?PABEFPR, B8A4>B A4<5B?99
BCF<@<;<DB64AAO9 D94?<;4J<< �#( A4>?48O64RF BCD989?9AAO9 B7D4A<K9A<S A4 <EIB8AO= DS8.
�?S CB87BFB6>< 84AAOI <EIB8A4S 8<E>D9FA4S ;46<E<@BEFP <AF9DCB?<DG9FES >G5<K9E><@ EC?4=AB@
E 9EF9EF69AAO@< 7D4A<KAO@< GE?B6<S@<, <; >BFBDB7B EFDB<FES AB64S 8<E>D9FA4S ;46<E<@BEFP
A4 D46AB@9DAB= E9F>9 E G69?<K9AAO@ >B?<K9EF6B@ FBK9> 4CCDB>E<@4J<<. �; AB6B= 8<E>D9FAB=
;46<E<@BEF< D4EEK<FO649FES K4EFBFAO= EC9>FD E CB@BMPR �#(. �?S CB6OL9A<S FBKABEF< BCD9-
89?9A<S K4EFBFO FBK>< @4>E<@G@B6 K4EFBFAB7B EC9>FD4 GFBKASRFES E CB@BMPR <AF9DCB?SJ<<
EC?4=AB@ �><@O. $4EE@BFD<@ HGA>J<R K(x) CDS@BG7B?PAB7B 6<84:

K(x) =

{

1, 9E?< |x| > W/2, |x+ d| > W/2, |x− d| > W/2,

K, 9E?< |x| ⩽ W/2, |x+ d| ⩽ W/2, |x− d| ⩽ W/2.
(14)

#GEFP 6 A4K4?PAO= @B@9AF 6D9@9A< A4 A9>BFBDB@ D4EEFBSA<< BF CD<@9E9= <@99FES ><A>, 86<-
:GM<=ES E CBEFBSAAB= E>BDBEFPR. #D< CDBIB:89A<< ><A>4 K9D9; B5?4EFP CD<@9E9= <EE?98G9@
6B;@B:AO9 EJ9A4D<< 97B 8<A4@<><. $4EE@BFD<@ 6A4K4?9, >4> < 6 CD98O8GM9@ C4D47D4H9, E?GK4=
54DP9D4. �?S BCD989?9AABEF< A4K4?B >BBD8<A4F CB?B:<@ 6 J9AFD9 6FBDB7B 54DP9D4, J9AFDO 8DG7<I
54DP9DB6 5G8GF A4IB8<FPES CB B59 EFBDBAO BF A97B E 59;D4;@9DAO@< >BBD8<A4F4@< x1 = −3
< x3 = 3, W = 1, K = 2. #GEFP ><A> 86<:9FES <; 59E>BA9KABEF< 6 EFBDBAG CBF9AJ<4?PAOI
54DP9DB6. �E>?RK4S 6;4<@B89=EF6<9 ><A>4 E 54DP9D4@< 6 A4K4?PAO= @B@9AF 6D9@9A<, 6 A4L9=
;484K9 A9B5IB8<@B A4K4?PAB9 CB?B:9A<9 ><A>4 ;48464FP 8BEF4FBKAB 84?9>B BF 54DP9DB6.

+<E?9AAO= 4A4?<; CB>4;O649F (D<E. 3, a), KFB 6B;@B:AO E?98GRM<9 EJ9A4D<< 8<A4@<><
><A>4: >D<64S 1 4 BFD4:9A<9 ><A>4, 86<:GM97BES EB E>BDBEFPR 0.59, BF C9D6B7B CBF9AJ<4?PAB7B
54DP9D4; >D<64S 2 4 CDBIB:89A<9 ><A>4, 86<:GM97BES EB E>BDBEFPR 0.595, K9D9; C9D6O= 54DP9D,
BFD4:9A<9 BF 6FBDB7B < 84?PA9=L99 97B ;4@>AGFB9 86<:9A<9 @9:8G C9D6O@ < 6FBDO@ (C<AA<A7);
>D<64S 3 4 CDBIB:89A<9 ><A>4, 86<:GM97BES EB E>BDBEFPR 0.59855, K9D9; C9D6O= 54DP9D <
BFD4:9A<9 BF 6FBDB7B; >D<64S 4 4 CDBIB:89A<9 ><A>4, 86<:GM97BES EB E>BDBEFPR 0.5986, K9D9;
C9D6O= < 6FBDB= 54DP9DO, BFD4:9A<9 BF FD9FP97B < 84?PA9=L99 97B ;4@>AGFB9 86<:9A<9 @9:8G
6FBDO@ < FD9FP<@ (C<AA<A7); >D<64S 5 4 CDBIB:89A<9 ><A>4, 86<:GM97BES EB E>BDBEFPR 0.602,
K9D9; FD< 54DP9D4. �B?954A<S ><A>4 @9:8G C9D6O@ < 6FBDO@, @9:8G 6FBDO@ < FD9FP<@ 54DP9D4@<
ABESF A9 74D@BA<K9E><= I4D4>F9D. "F@9F<@, KFB 8?S E?GK4S CDBFS:9AAB= CD<@9E< 5O?< A4=89AO
>4> D9:<@O 8<A4@<>< ><A>4, >BFBDO9 5O?< CB?GK9AO 8?S FBK9KAOI CD<@9E9= A4 D<E. 1, F4>
< AB6O9 D9:<@O, F4><9 >4> C<AA<A7. �E?< ED46A<64FP 69?<K<AO E>BDBEF9= ><A>4 8B < CBE?9
6;4<@B89=EF6<S E 54DP9D4@<, FB B>4;O649FES, KFB QF< E>BDBEF< CD4>F<K9E>< B8<A4>B6O, FB
9EFP 6;4<@B89=EF6<9 ><A> 3 CD<@9EP CD4>F<K9E>< GCDG7B9. !4 D<E. 4 CD98EF46?9A4 ;46<E<@BEFP
@<A<@4?PAB= E>BDBEF< CDBIB:89A<S BF K 8?S E?GK4S CDBFS:9AAB= CD<@9E< E W = 0.5 < 1.
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$<E. 3. �46<E<@BEFP >BBD8<A4FO J9AFD4 ><A>4X BF 6D9@9A< t. a 4 %?GK4= 54DP9D4 CD<W = 1,K = 2, d = 3: v0 = 0.59
(?<A<S 1), v0 = 0.595 (2), v0 = 0.59855 (3), v0 = 0.5986 (4), v0 = 0.602 (5). b 4 %?GK4= S@O CD< W = 1, K = 0.5,
d = 2: v0 = 0.28 (?<A<S 1), v0 = 0.283043899 (2), v0 = 0.2849 (3), v0 = 0.33 (4), v0 = 0.343 (5), v0 = 0.3426 (6).
c 4 E?GK4= S@O CD< d = 2, W = 1, K = 0.5, v0 = 0.3. d 4 %?GK4= S@O CD< W = 0.5, K = 0.5, v0 = 0.1: d = 1.52
(?<A<S 1), d = 1.55 (2), d = 1.505 (3)

Fig. 3. Dependence of the coordinate of the center of kink X on time t. a 4 The case of a barrier at W = 1, K = 2,
d = 3: v0 = 0.59 (line 1), v0 = 0.595 (2), v0 = 0.59855 (3), v0 = 0.5986 (4), v0 = 0.602 (5). b 4 The case of a well
at W = 1, K = 0.5, d = 2: v0 = 0.28 (line 1), v0 = 0.283043899 (2), v0 = 0.2849 (3), v0 = 0.33 (4), v0 = 0.343 (5),
v0 = 0.3426 (6). c 4 The case of a well at d = 2,W = 1, K = 0.5, v0 = 0.3. d 4 The case of a well atW = 0.5, K = 0.5,
v0 = 0.1: d = 1.52 (line 1), d = 1.55 (2), d = 1.505 (3)
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Fig. 4. Dependence of the minimum velocity of the kink passage over three impurities on the parameter K

%D46A9A<9 E D9;G?PF4F4@<, CB?GK9AAO@< 8?S E?GK4S FBK9KAOI CD<@9E9=, CB>4;O649F >4K9EF69AAB9
EB6C489A<9 ;46<E<@BEF9=.

$4EE@BFD<@ E?GK4= CBF9AJ<4?PAB= S@O. !4 D<E. 5 CB>4;4AO 6B;@B:AO9 EJ9A4D<< 8<A4@<><
><A>4 8?S E?GK4S K = 0.5, W = 1, d = 2. &4>, A4 D<E. 5, a CB>4;4A E?GK4= C<AA<A74 A4
C9D6B= S@9 CD< v0 = 0.28, A4 D<E. 5, b 4 E?GK4= D9;BA4AEAB7B BFD4:9A<S ><A>4 CD< v0 = 0.33,
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$<E. 5. �46<E<@BEFP u(X, t) CD< K = 0.5, W = 1, d = 2: a 4 v0 = 0.28, b 4 v0 = 0.33, c 4 v0 = 0.343,
d 4 v0 = 0.3426

Fig. 5. Dependence of u(X, t) at K = 0.5,W = 1, d = 2: a 4 v0 = 0.28, b 4 v0 = 0.33, c 4 v0 = 0.343, d 4 v0 = 0.3426

A4 D<E. 5, c 4 E?GK4= CDBIB:89A<S 6E9I FDёI CD<@9E9= CD< v0 = 0.343, A4 D<E. 5, d 4 E?GK4=
D9;BA4AEAB7B CDBIB:89A<S <?< «>64;<FGAA9?<DB64A<S» ><A>4 CD< v0 = 0.3426. �; D<EGA>4 6<8AB,
KFB 6;4<@B89=EF6<9 ><A>4 < CD<@9E< A9GCDG7B9 < EBCDB6B:849FES <;?GK9A<9@ E6B5B8AOI 6B?A <
6B;5G:89A<9@ ?B>4?<;B64AAOI 6B?A 5D<;9DAB7B F<C4 A4 CD<@9ESI.

#D< A4K4?PAB= E>BDBEF< ><A>4 v0 @9APL9 A9>BFBDB= >D<F<K9E>B= E>BDBEF< CDBIB:89A<S
K9D9; FD< CD<@9E< vcr A45?R849FES 97B C<AA<A7 A4 C9D6B=, 6FBDB= < FD9FP9= CD<@9ESI (E@. >D<6O9
1, 2, 3 A4 D<E. 3, b). �; D<E. 3, b 6<8AB, KFB 6 A4K4?PAO= @B@9AF 6D9@9A< QF< >B?954A<S ABESF A9
74D@BA<K9E><= I4D4>F9D. "8A4>B K9D9; 5B?PLB= CDB@9:GFB> 6D9@9A< >B?954A<S BEJ<??SFBDB6
E<AIDBA<;<DGRFES < EF4AB6SFES 5B?99 74D@BA<K9E><@<. !45?R84?<EP F4>:9 EJ9A4D<< C<AA<A74
E C9D9E>B>B@ ><A>4 <; B8AB= «CBF9AJ<4?PAB= S@O» A4 8DG7GR (E@. D<E. 3, E). &4>B9 CB6989A<9
><A>4 B5GE?B6?9AB CBF9D9= QA9D7<< A4 <;?GK9A<9, 6B;5G:89A<9@ 6AGFD9AA<I EF9C9A9= E6B5B8O
><A>4 (A4CD<@9D, CG?PE4J<BAAB= @B8O), 6B;5G:89A<9@ ?B>4?<;B64AAOI >B?954A<= 5D<;9DAB7B
F<C4 A4 CD<@9ESI < <I 6;4<@B89=EF6<9@ @9:8G EB5B=. "F@9F<@, KFB K4EFBFO >B?954A<= ><A>4 A4
J9AFD4?PAB= < 5B>B6OI CD<@9ESI, IBFS CD<@9E< < S6?SRFES B8<A4>B6O@<, A9 D46AO @9:8G EB5B=
(ωa = 0.301, ωb = 0.318, ωc = 0.301). &4> :9, >4> < 8?S E?GK4S B8AB= < 86GI CD<@9E9= [27,28,31],
CD< BCD989?9AAOI ;A4K9A<SI E>BDBEF9= @9APL9 vcr A45?R849FES <AF9D9EAO= 8<A4@<K9E><= QH-
H9>F D9;BA4AEAB7B BFD4:9A<S ><A>4 BF CD<FS7<64RM<I CD<@9E9=, S6?SRM<IES CBF9AJ<4?PAO@<
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S@4@< (>D<64S 4 D<E. 3, b). � 84AAB@ E?GK49 ><A>, CDB=8S K9D9; B5?4EF< CD<@9E9=, BEF4A46-
?<649FES, CBFB@ A4K<A49F 86<74FPES B5D4FAB < GIB8<F 6 CDBF<6BCB?B:AGR A4K4?PAB= EFBDBAG
EB E>BDBEFPR 0.19. �4AAO= QHH9>F, F4> :9, >4> < 8?S E?GK4S B8AB= < 86GI CD<@9E9=, ABE<F
D9;BA4AEAO= I4D4>F9D, E6S;4AAO= EB 6;4<@B89=EF6<9@ ><A>4 E ;4DB:84RM<@<ES A4 CD<@9ESI
?B>4?<;B64AAO@< 6B?A4@< 5D<;9DAB7B F<C4. % CBF9D9= ><A9F<K9E>B= QA9D7<< ><A>4 A4 79A9D4J<R
5D<;9DB6 < <;?GK9A<9 6B?A E6S;4AB G@9APL9A<9 97B >BA9KAB= E>BDBEF< CB ED46A9A<R E A4K4?PAB=.
!45?R84?ES, >4> < 6 E?GK49 86GI CD<FS7<64RM<I CD<@9E9= [29], 9M9 B8<A D9;BA4AEAO= QHH9>F 4
«>64;<FGAA9?<DB64A<9». � QFB@ E?GK49 ><A>, <@9S E>BDBEFP @9APL9 @<A<@4?PAB A9B5IB8<@B= 8?S
CD9B8B?9A<S B5?4EF9= FD9I CD<@9E9=, CDBIB8<F K9D9; A<I (>D<64S 6 D<E. 3, b). #D< 84?PA9=L9@
G69?<K9A<< E>BDBEF< ><A>4 8B BCD989?9AAB7B ;A4K9A<S vcr (>D<64S 5 D<E. 3, b) BA GIB8<F A4
59E>BA9KABEFP. #B8B5AB9 8<A4@<K9E>B9 CB6989A<9 ><A>4 5O?B CB?GK9AB D4A99 < 8?S E?GK4S 86GI
CD<@9E9= [29].

$4;AO9 EJ9A4D<< 8<A4@<>< ><A>4 @B:AB CB?GK<FP CD< <;@9A9A<< D4EEFBSA<S @9:8G CD<-
@9ES@<, A9 @9ASS A4K4?PAB= E>BDBEF< < C4D4@9FDB6 E4@<I CD<@9E9=. !4CD<@9D, 8?S E<EF9@O
E C4D4@9FD4@< W = 1, K = 0.5 < A4K4?PAB= E>BDBEFPR v0 = 0.1, 8B d1 ≈ 1.505 ><A> 5G89F
>B?954FPES 6 B5?4EF< 6E9I FDёI CD<@9E9=, FB 9EFP CD<@9E< 89=EF6GRF >4> B8A4 QHH9>F<6A4S
(D<E. 1, b, >D<64S 4). #D< 84?PA9=L9@ G69?<K9A<< d EJ9A4D<< 8<A4@<>< @9ASRFES (E@. D<E. 3, d,
>D<6O9 1 < 2). �?S d = 1.52 >B?954A<S ABESF A9GEFB=K<6O= I4D4>F9D. �<A> C9D9E>4><649F @9:8G
98<A<KAO@< CD<@9ES@< < QHH9>F<6AB= CD<@9EPR. ':9 CD< d = 1.55 ><A> EB69DL49F ?<LP B8AB
A9CB?AB9 >B?954A<9 6 B5?4EF< QHH9>F<6AB= CD<@9E< < ;4I64FO649FES C9D6B= CD<@9EPR. 1FBF
EJ9A4D<= 4A4?B7<K9A E?GK4R, CB>4;4AAB@G A4 D<E. 3, b, >D<64S 1. #D< 84?PA9=L9@ G69?<K9A<<
d 8B A9>BFBDB7B ;A4K9A<S d2 ≈ 2.3 I4D4>F9D >B?954A<= ><A>4 EAB64 @9AS9FES. �E?< 6 B5?4EF<
1.505 < d < 2.3 ><A> <ECOFO649F >B?954A<S 6 B5?4EF< QHH9>F<6AB= CD<@9E< E CBE?98GRM<@
;4I64FB@ A4 B8AB= <; 98<A<KAOI, FB CD< 2.3 < d < 2.485 ><A> CDBIB8<F K9D9; 6E9 CD<@9E< <
GIB8<F 6 59E>BA9KABEFP. � B5?4EF< 2.485 < d < 3.64 >B??9>F<6AB9 6?<SA<9 CD<@9E9= CDB8B?:49F
G@9APL4FPES, C9D9IB8AO9 CDBJ9EEO G@9APL4RFES < ><A> ;4I64FO649FES 98<A<KAO@< CD<@9ES@<.
� QFB= B5?4EF< CBS6?SRFES EJ9A4D<< ;4I64F4 ><A>4 CD<@9EPR 59; C9D9IB8AOI CDBJ9EEB6, B8A4>B
F4><9 EJ9A4D<< S6?SRFES A9GEFB=K<6O@< < CDBC484RF CD< @4?9=L<I <;@9A9A<SI D4EEFBSA<S
@9:8G CD<@9ES@<. � B5?4EF< 3.64 < d < 3.8 ><A> A9 <ECOFO649F C9D9IB8AO9 CDBJ9EEO < ED4;G
;4I64FO649FES FD9FP9= CD<@9EPR. #D< 3.8 < d < 5.7 A45?R849FES C<AA<A7 ><A>4 A4 6FBDB= CD<-
@9E< <, A4K<A4S E d = 5.8, ><A> ;4I64FO649FES G:9 C9D6B= CD<@9EPR. "F@9F<@, KFB @<A<@4?PA4S
E>BDBEFP, A9B5IB8<@4S ><A>G 8?S CDBIB:89A<S B8AB= CD<@9E<, 6 A4L9@ E?GK49 D46A4 0.12.
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Fig. 6. Dependence of the final kink velocity vk on the initial
one v0 at W = 1, K = 0.5 and d = 2

#BIB:<9 EJ9A4D<< 8<A4@<>< ><A>4 @B:AB CB-
?GK<FP, A9 @9ASS 97B E>BDBEFP < D4EEFBSA<9
@9:8G CD<@9ES@<, 4 @9ASS <I C4D4@9FDO <W .
+<E?9AAO= EK9F CB>4;4?, KFB ;46<E<@BEFP >B-
A9KAB= E>BDBEF< ><A>4 BF 69?<K<AO A4K4?PAB=
E>BDBEF< EB89D:<F @AB7B D9;BA4AEAOI E>BDB-
EF9= (D<E. 6). 1F< E>BDBEF<, >4> < 8?S E?GK4S
B8AB= < 86GI CD<@9E9=, CBS6?SRFES E BCD989-
?9AAB= C9D<B8<KABEFPR, < CD< CD<5?<:9A<< >
>D<F<K9E>B= E>BDBEF< CDBIB:89A<S A48 FD9@S
CD<@9ES@< <I K<E?B G69?<K<649FES. �9DF<>4?P-
A4S ?<A<S A4 D<E. 6 EBBF69FEF6G9F EJ9A4D<R
«>64;<FGAA9?<DB64A<S», BC<E4AAB@G 6OL9.

#D< CD96OL9A<< 69?<K<AO vcr >BA9KA4S
E>BDBEFP ><A>4 A9?<A9=AB 6B;D4EF49F. &4>4S
:9 ;46<E<@BEFP I4D4>F9DA4 < 8?S E?GK4S B8AB=
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< 86GI CD<@9E9= [23, 29]. �?S D4EE@BFD9AAB7B A4@< E?GK4S W = 1, K = 0.5, d = 2 HBD@G?4,
CB?GK9AA4S 6 [3] 8?S E?GK4S B8AB= CD<@9E<

v2k = c(v20 − v2min), (15)

< E6S;O64RM4S >BA9KAGR E>BDBEFP ><A>4 E A4K4?PAB=, <@9RM9= 69?<K<AG 5B?PL9 vcr, CD< ;A4K9-
A<< >BQHH<J<9AF4 c = 1.47 IBDBLB BC<EO649F 69?<K<AG >BA9KAB= E>BDBEF<. �A4?<; D9;G?PF4FB6
K<E?9AAB7B Q>EC9D<@9AF4 CB>4;O649F, KFB QFBF >BQHH<J<9AF 6 A4L9@ E?GK49 S6?S9FES HGA>J<9=
BF C4D4@9FDB6 W , K, d < n 4 >B?<K9EF6B CD<@9E9=, 4 QFG ;46<E<@BEFP CD<5?<:9AAB @B:AB
CD98EF46<FP 6 6<89

c theor = WKdn/2. (16)

!4CD<@9D, 8?S D4EE@BFD9AAB7B 6OL9 E?GK4S c theor = 1.5 E 8BEF4FBKAB 5B?PLB= FBKABEFPR
EB6C4849F EB ;A4K9A<9@ c = 1.47, CB?GK9AAO@ K<E?9AAB.

�4>?RK9A<9

� EF4FP9 D4EE@BFD9A4 A9?<A9=A4S 8<A4@<>4 ><A>4 GD46A9A<S E<AGE-�BD8BA4 6 @B89?<
E FD9@S B8<A4>B6O@< CD<@9ES@<, D4ECB?B:9AAO@< A4 B8<A4>B6B@ D4EEFBSA<< 8DG7 BF 8DG74.
�E9 6B;@B:AO9 EJ9A4D<< 8<A4@<>< ><A>4 BCD989?S?<EP < BC<EO64?<EP E GK9FB@ D9;BA4AEAOI
QHH9>FB6. �?S E?GK4S FBK9KAB= CD<@9E<, BC<EO649@B= E CB@BMPR 89?PF4-HGA>J<<, E CB@BMPR
@9FB84 >B??9>F<6AOI C9D9@9AAOI CB?GK9A4 E<EF9@4 8<HH9D9AJ<4?PAOI GD46A9A<=, BC<EO64R-
M4S 8<A4@<>G ><A>4 < >B?954A<S ?B>4?<;B64AAOI A4 CD<@9ESI 6B?A. #B>4;4AB, KFB ;A4K<F9?PAO9
D4;?<K<S A45?R84RFES CD< 6;4<@B89=EF6<< ><A>4 E BFF4?><64RM9= < CD<FS7<64RM9= CD<@9EPR.
&4>, D9;BA4AEAO9 QHH9>FO BFD4:9A<S BF < CDBIB:89A<S A48 CD<@9ES@< A45?R84RFES FB?P>B
8?S E?GK4S CD<FS7<64RM<I CD<@9E9=. �<A4@<>4 ><A>4 6 E?GK49 CDBFS:9AAOI CD<@9E9= 5O?4
<EE?98B64A4 E CB@BMPR K<E?9AAB7B @9FB84 >BA9KAOI D4;ABEF9= E S6AB= EI9@B= <AF97D<DB64A<S.
'EF4AB6?9AB, KFB A4=89AAO9 EJ9A4D<< 8<A4@<>< ><A>4 8?S CDBFS:9AAB= CD<@9E< CDS@BG7B?P-
AB7B 6<84 >4K9EF69AAB CBIB:< A4 EJ9A4D<<, CB?GK9AAO9 8?S FBK9KAB= CD<@9E<, BC<EO649@B= E
CB@BMPR 89?PF4-HGA>J<<. #DB698ёA 4A4?<; 6?<SA<S C4D4@9FDB6 E<EF9@O < A4K4?PAOI E>BDBEF9=
A4 6B;@B:AO9 EJ9A4D<< 8<A4@<>< ><A>4. !4=89AO >D<F<K9E><9 < D9;BA4AEAO9 E>BDBEF< ><A>4
>4> HGA>J<< BF C4D4@9FDB6 CD<@9E<. #B>4;4AB, KFB @9ASS D4EEFBSA<9 @9:8G CD<@9ES@<, @B:AB
QHH9>F<6AB GCD46?SFP 69?<K<AB= ><A>-CD<@9EAB7B 6;4<@B89=EF6<S. !4=89AO >D<F<K9E><9 69?<-
K<AO D4EEFBSA<S @9:8G CD<@9ES@<, >B784 FD< CD<@9E< 89=EF6GRF A4 ><A> >4> B8A4 QHH9>F<6A4S
< >B784 CD<@9E< 89=EF6GRF A4 ><A> CD4>F<K9E>< A9;46<E<@B 8DG7 BF 8DG74.
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35. Magnus K. Schwingungen: Eine Einführung in die theoretische Behandlung von Schwingungsprob-
lemen. 4 Auflage. Wiesbaden: Vieweg+Teubner Verlag; 1961. 252 s. (in German). DOI: 10.1007/
978-3-663-10702-6.

36. Faleychik BV. One-Step Methods for the Numerical Solution of the Cauchy Problem. Minsk:
Belarusian State University; 2010. 42 p. (in Russian).

�>B@4EB6 �679A<= �D<7BDP96<K 4 DB8<?ES 6 E. �AGK<AB #D<@BDE>B7B >D4S (1958). ">BA-
K<? H<;<K9E><= H4>G?PF9F �4L><DE>B7B 7BEG84DEF69AAB7B GA<69DE<F9F4 (1980). �B>FBD
H<;<>B-@4F9@4F<K9E><I A4G> (2005, +9?�'). #DBH9EEBD >4H98DO F9BD9F<K9E>B= H<;<><
�4L><DE>B7B 7BEG84DEF69AAB7B GA<69DE<F9F4. !47D4:89A !47DG8AO@ ;A4>B@ «#BK9FAO=
D45BFA<> 6OEL97B B5D4;B64A<S $(» (2011) < #BK9FAB= 7D4@BFB=  <A<EF9DEF64 B5D4;B64A<S
< A4G>< $( (2008). "5?4EFP <EE?98B64F9?PE><I <AF9D9EB6 4 F9BD9F<K9E>4S < @4F9@4F<K9-
E>4S H<;<>4, H<;<>4 >BA89AE<DB64AAB7B EBEFBSA<S, EC<AFDBA<>4, 6OK<E?<F9?PA4S H<;<>4.
"CG5?<>B64? 5B?99 200 A4GKAOI < @9FB8<K9E><I D45BF.

$BEE<S, D9ECG5?<>4 �4L>BDFBEF4A, 450076 'H4, G?. �4>< �4?<8<, 32
'H<@E><= GA<69DE<F9F A4G>< < F9IAB?B7<=
E-mail: ekomasoveg@gmail.com
ORCID: 0000-0002-6194-3358
AuthorID (eLibrary.Ru): 29060

708
�>B@4EB6 �. �., �G8DS6J96 $. �., %4@EBAB6 �.2., !4;4DB6 �.!., �454AB6 �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6

https://doi.org/10.1016/j.physd.2004.04.002
https://doi.org/10.1016/j.physd.2004.04.002
https://doi.org/10.1134/S0965542514030075
https://doi.org/10.1002/mma.3908
https://doi.org/10.1134/S0021364015120061
https://doi.org/10.1016/j.cam.2016.04.013
https://doi.org/10.1007/s13538-018-0606-4
https://doi.org/10.20537/nd190103
https://doi.org/10.1016/j.jmmm.2013.02.042
https://doi.org/10.1016/j.jmmm.2015.03.019
https://doi.org/10.1088/1742-6596/1389/1/012004
https://doi.org/10.18500/0869-6632-003011
https://doi.org/10.1007/978-3-663-10702-6
https://doi.org/10.1007/978-3-663-10702-6
https://orcid.org/0000-0002-6194-3358
https://elibrary.ru/author_profile.asp?id=29060


�G8DS6J96 $B@4A �?48<@<DB6<K 4 DB8<?ES 6 'H9 (1989). ">BAK<? @47<EFD4FGDG (<;<>B-
F9IA<K9E>B7B <AEF<FGF4 �4L><DE>B7B 7BEG84DEF69AAB7B GA<69DE<F9F4 (2014). �4A8<84F
H<;<>B-@4F9@4F<K9E><I A4G> CB EC9J<4?PABEF< «&9BD9F<K9E>4S H<;<>4» (2018). !4GKA4S
D45BF4 E6S;4A4 E <EE?98B64A<9@ 8<A4@<>< EB?<FBAB6 GD46A9A<S E<AGE-�BD8BA4. �@99F
8<C?B@O < 7D4@BFO ;4 8B>?48O A4 @B?B8ё:AOI >BAH9D9AJ<SI. �O? A47D4:89A EF<C9A8<9=
�?46O $9ECG5?<>< �4L>BDFBEF4A (2015/2016, 2016/2017, 2017/2018).

$BEE<S, D9ECG5?<>4 �4L>BDFBEF4A, 450076 'H4, G?. �4>< �4?<8<, 32
'H<@E><= GA<69DE<F9F A4G>< < F9IAB?B7<=
E-mail: xc.89@mail.ru

%4@EBAB6 �<D<?? 2DP96<K 4 DB8<?ES 6 &R@9A< (1994). ">BAK<? H<;<K9E><= H4>G?PF9F
&R@9AE>B7B 7BEG84DEF69AAB7B GA<69DE<F9F4 (2018, @47<EFD4FGD4) < 4EC<D4AFGDG &R@9A-
E>B7B 7BEG84DEF69AAB7B GA<69DE<F9F4 (2022). "5?4EFP A4GKAOI <AF9D9EB6: H<?PFD4J<BAAB-
9@>BEFAO9 E6B=EF64 C?4EF4, ;484K4 B 86GIH4;AB= H<?PFD4J<< A9E@9L<64RM<IES :<8>BEF9=
E GKёFB@ >B?P@4F4J<BAAOI < EGHHB;<BAAOI CDBJ9EEB6, A9?<A9=A4S 8<A4@<>4 6B?A (EB?<FB-
AB6) 6 @47A<FAOI ED984I < <;GK9A<9 <I CB6989A<S CD< 6;4<@B89=EF6<< E «CD<@9ES@<».

$BEE<S, 625003 &R@9AP, G?. �B?B84DE>B7B, 6
&R@9AE><= 7BEG84DEF69AAO= GA<69DE<F9F
E-mail: k.y.samsonov@gmail.com
ORCID: 0000-0002-3170-7872
AuthorID (eLibrary.Ru): 1137615

!4;4DB6 �?48<@<D !<>B?496<K 4 >4A8<84F H<;<>B-@4F9@4F<K9E><I A4G> (2001), 8BJ9AF,
EF4DL<= A4GKAO= EBFDG8A<> ?45BD4FBD<< F9BD9F<K9E>B= H<;<>< �AEF<FGF4 H<;<>< @B?9>G?
< >D<EF4??B6 '(�* $�!. �6FBD 5B?99 40 A4GKAOI EF4F9=. "5?4EFP <AF9D9EB6: F9BD9F<K9E>4S
< @4F9@4F<K9E>4S H<;<>4, 6OK<E?<F9?PA4S H<;<>4.

$BEE<S, D9ECG5?<>4 �4L>BDFBEF4A, 450054 'H4, CD->F ">FS5DS, 71
'H<@E><= H989D4?PAO= <EE?98B64F9?PE><= J9AFD $�!
E-mail: nazarovvn@gmail.com
ORCID: 0000-0002-4749-1367
AuthorID (eLibrary.Ru): 127817

�454AB6 �4A<<? �BAEF4AF<AB6<K 4 EFG89AF H<;<>B-F9IA<K9E>B7B <AEF<FGF4 'H<@E>B7B
GA<69DE<F9F4 A4G>< < F9IAB?B7<=.

$BEE<S, D9ECG5?<>4 �4L>BDFBEF4A, 450076 'H4, G?. �4>< �4?<8<, 32
'H<@E><= GA<69DE<F9F A4G>< < F9IAB?B7<=
E-mail: danya.kabanov.95@mail.ru

�>B@4EB6 �. �., �G8DS6J96 $. �., %4@EBAB6 �.2., !4;4DB6 �.!., �454AB6 �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6 709

https://orcid.org/0000-0002-3170-7872
https://elibrary.ru/author_profile.asp?id=1137615
https://orcid.org/0000-0002-4749-1367
https://elibrary.ru/author_profile.asp?id=127817


Прикладные задачи 
нелинейной теории колебаний и волн

�;69EF<S 6OEL<I GK95AOI ;46989A<=. #D<>?48A4S A9?<A9=A4S 8<A4@<>4. 2023. &. 31, № 6
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2023;31(6)

!4GKA4S EF4FPS DOI: 10.18500/0869-6632-003071
'�� 532.54:51-72 EDN: PHVMFU

�89AF<H<>4J<S < CDB7AB; 8<A4@<>< C?BE>B= 6<ID96B= EFDG>FGDO
A4 BEAB69 @4F9@4F<K9E>B= @B89?< E<EF9@O FBK9KAOI 6<ID9=

�.!. �B6BDGI<A

2:AO= H989D4?PAO= GA<69DE<F9F, $BEFB6-A4-�BAG, $BEE<S
E-mail: � vngovoruhin@sfedu.ru

#BEFGC<?4 6 D984>J<R 13.07.2023, CD<ASF4 > CG5?<>4J<< 27.09.2023,

BCG5?<>B64A4 BA?4=A 13.11.2023, BCG5?<>B64A4 30.11.2023

�AABF4J<S. *9?PR D45BFO S6?S9FES D4;D45BF>4 < 4A4?<; 4?7BD<F@<K9E>B7B @9FB84 D9L9A<S B5D4FAB= ;484K< C?BE-
>B= 6<ID96B= 8<A4@<>< :<8>BEF< 4 <89AF<H<>4J<< < CDB7AB;4 D4;6<F<S EFDG>FGDO F9K9A<S CB 84AAO@ B 69>FB-
D4I E>BDBEF< :<8>BEF< 6 A45BD9 BCBDAOI FBK9>. � E<?G F<C<KAB= 8?S B5D4FAOI ;484K A9>BDD9>FABEF< F9BD9F<K9-
E><= 4A4?<; EIB8<@BEF< < 489>64FABEF< @9FB84 ;4FDG8A<F9?9A, CBFB@G QF< 6BCDBEO <;GK4RFES Q>EC9D<@9AF4?PAB.
 9FB8O. #D98?4749@O= @9FB8 <89AF<H<>4J<< < CDB7AB;4 BEAB64A A4 <ECB?P;B64A<< 6 >4K9EF69 @4F9@4F<K9E>B=
@B89?< 6<ID96B= 8<A4@<>< E<EF9@O FBK9KAOI 6<ID9=. #4D4@9FDO E<EF9@O 6<ID9= BCD989?SRFES E CB@BMPR @<A<@<-
;4J<< J9?96B7B HGA>J<BA4?4, BJ9A<64RM97B 5?<;BEFP <EIB8AB7B < @B89?PAB7B 69>FBDAOI CB?9= 6 BCBDAOI FBK>4I.
#DB7AB; D4;6<F<S 6<ID96B= EFDG>FGDO BEGM9EF6?S9FES E CB@BMPR D9L9A<S ;484K< �BL< 8?S @B89?PAB= E<EF9@O
B5O>AB69AAOI 8<HH9D9AJ<4?PAOI GD46A9A<= E CB?GK9AAO@< A4 C9D6B@ QF4C9 C4D4@9FD4@< < A4K4?PAO@< 84AAO@<.
$9;G?PF4FO. � D9;G?PF4F9 K<E?9AAOI Q>EC9D<@9AFB6 E F9EFB6O@< CD<@9D4@< 6OSEA9AB: 4?7BD<F@ EIB8<FES <; L<DB>B=
B5?4EF< A4K4?PAOI CD<5?<:9A<= C4D4@9FDB6 6<ID96B= >BAH<7GD4J<<; @9FB8 QHH9>F<69A 84:9 CD< <ECB?P;B64A<<
A95B?PLB7B K<E?4 BCBDAOI FBK9>; 4?7BD<F@ EIB8<FES 6 5B?PL<AEF69 E?GK496, >B784 <89AF<H<J<DG9@4S EFDG>FGD4
EBEFB<F <; 8BEF4FBKAB G84?9AAOI 6<ID9=; CDB7AB; D4;6<F<S F9K9A<S 849F IBDBL<9 D9;G?PF4FO 6 E?GK49 GEF4AB6<6L97B-
ES F9K9A<S; CD< A4DGL9A<< C9D9K<E?9AAOI GE?B6<= 8B?S G84KAOI D4EKёFB6 EA<:49FES, @B:9F <@9FP @9EFB ?B:A4S
<89AF<H<>4J<S < BL<5BKAO= CDB7AB;; CD< EIB8<@BEF< @9FB84 A4=89AAO9 >BBD8<A4FO < J<D>G?SJ<< 6<ID9= @B89?PAB=
E<EF9@O 5?<;>< > I4D4>F9D<EF<>4@ 6<ID9= F9EFB6OI >BAH<7GD4J<=, EFDG>FGDO ?<A<= FB>4 F9K9A<= FBCB?B7<K9E><
Q>6<64?9AFAO. #DB7AB; D4;6<F<S 6<ID96B= EFDG>FGDO 6 F9EFB6OI CD<@9D4I CDB89@BAEFD<DB64? IBDBL99 EB6C489-
A<9 A4 6D9@9A4I CBDS8>4 A9E>B?P><I B5BDBFB6 6<ID9=, < CD46<?PAB9 >4K9EF69AAB9 BC<E4A<9 A4 5B?PL<I 6D9@9A4I.
�4>?RK9A<9. $4;6<F < Q>EC9D<@9AF4?PAB <;GK9A 4?7BD<F@ D9L9A<S B5D4FAB= ;484K< <89AF<H<>4J<< < CDS@B7B CDB7AB;4
D4;6<F<S EFDG>FGDO C?BE>B7B 6<ID96B7B F9K9A<S, >B784 6 A4K4?PAO= @B@9AF <;69EFAO 69>FBDO E>BDBEF< :<8>BEF< 6
>BA9KAB@ A45BD9 BCBDAOI FBK9>. #DB6989AAB9 <EE?98B64A<9 CDB89@BAEFD<DB64?B 6OEB>GR QHH9>F<6ABEFP 4?7BD<F@4
8?S <EE?98B64A<S 8<A4@<>< C?BE><I 6<ID96OI EFDG>FGD, EBEFBSM<I <; G84?9AAOI 8DG7 BF 8DG74 6<ID9=.

�?RK96O9 E?B64: 6<ID96O9 EFDG>FGDO, 4?7BD<F@ <89AF<H<>4J<<, E<EF9@O FBK9KAOI 6<ID9=, @<A<@<;4J<S.

�?47B84DABEF<. $45BF4 6OCB?A9A4 CD< CB889D:>9 $BEE<=E>B7B A4GKAB7B HBA84, 7D4AF № 23-21-00371.

�?S J<F<DB64A<S: �B6BDGI<A �. !. �89AF<H<>4J<S < CDB7AB; 8<A4@<>< C?BE>B= 6<ID96B= EFDG>FGDO A4 BEAB69 @4F9-
@4F<K9E>B= @B89?< E<EF9@O FBK9KAOI 6<ID9= // �;69EF<S 6G;B6. #!�. 2023. T. 31, № 6. %. 7103726. DOI: 10.18500/0869-
6632-003071. EDN: PHVMFU

%F4FPS BCG5?<>B64A4 A4 GE?B6<SI Creative Commons Attribution License (CC-BY 4.0).

©�B6BDGI<A �.!., 2023

https://doi.org/10.18500/0869-6632-003071
https://elibrary.ru/PHVMFU
https://doi.org/10.18500/0869-6632-003071
https://doi.org/10.18500/0869-6632-003071
https://elibrary.ru/PHVMFU


Article DOI: 10.18500/0869-6632-003071

Identification and dynamics prediction of a plane vortex structure based
on a mathematical model of a point vortices system

V. N. Govorukhin

Southern Federal University, Rostov-on-Don, Russia
E-mail: � vngovoruhin@sfedu.ru

Received 13.07.2023, accepted 27.09.2023,

available online 13.11.2023, published 30.11.2023

Abstract. The aim of the article is developing and analyse an algorithmic method for solution finding of one inverse problem
of 2d vortex fluid dynamics. It is identification and prediction of the flow structure evolution of the based on the data on fluid
velocity vectors in a set of reference points. Theoretical analysis of convergence and adequacy of the method is difficult due
to the ill-posedness typical of inverse problems, these issues studied experimentally. Methods. The proposed method uses a
mathematical model of a point vortex dynamics system for identification and prediction flow structures. The parameters of the
model system are found by minimising the functional that evaluates the closeness of the original and model vectors fields at
the reference points. The prediction of the vortex structure dynamics is based on the solution of the Cauchy problem for a
system of ordinary differential equations with the parameters found in the first stage. Results. As a result of the calculations,
we found it out: the algorithm converges to the desired minimum from a wide range of initial approximations; the algorithm
converges in all cases when the identified structure consists of sufficiently distant vortices; the forecast of the development
of the current gives good results with a steady flow; if the above conditions are violated, the part of successful calculations
decreases, false identification and an erroneous forecast may occur; with the convergence of the method, the coordinates
and circulation of the eddies of the model system are close to the characteristics of the eddies of the test configurations; the
structures of the streamlines of the flows are topologically equivalent; convergence depends more on location than on the
number of vectors used for identification. Conclusion. An algorithm for solving the problem of identifying and the evolution
forecast of a 2d vortex flow structure is proposed when the fluid velocity vectors in a finite set of reference points are known.
The method showed its high efficiency when using from 40 to 200 reference points. The results of the study make it possible to
recommend the proposed algorithm for identifying flat vortex structures, which consist of vortices separated from each other.
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S6?SRFES 6BEFD95B64AAO@< CD< D9L9A<< @AB7<I CDB5?9@ 7<8DB4QDB8<A4@<><. � A<@ @B:AB
BFA9EF< ;484K< CDB7AB;4 E<ABCF<K9E><I CBFB>B6 A4 BEAB69 ECGFA<>B6OI EA<@>B6 @BD9=, B>94AB6
< 4F@BEH9DO [1,2], B5D45BF>< D9;G?PF4FB6 H<;<K9E><I < K<E?9AAOI Q>EC9D<@9AFB6 [335], 6<;G4?<-
;4J<< F9K9A<= [6], >DB6BFB>4 [7], CDB9>F<DB64A<S < BCF<@<;4J<< F9IA<K9E><I GEFDB=EF6 [8310].
�?S D9L9A<S C9D9K<E?9AAOI ;484K A9B5IB8<@O @9FB8O CB<E>4 < D4ECB;A464A<S 6<ID9= < <I
I4D4>F9D<EF<> 6 H<>E<DB64AAO= @B@9AF 6D9@9A< < CDB7AB;4 <;@9A9A<S 6<ID96B= EFDG>FGDO 6B
6D9@9A< < CDBEFD4AEF69. &4><9 6B;@B:ABEF< @B7GF CD98BEF46<FP @9FB8O @4F9@4F<K9E>B7B @B89-
?<DB64A<S < 4A4?<;4, 6>?RK4RM<9 864 QF4C4. !4 C9D6B@ CD98CB?4749FES <89AF<H<>4J<S 6<IDS
CB <;69EFAB= <AHBD@4J<< B F9K9A<<, 4 8?S CDB7AB;4 @B7GF 5OFP <ECB?P;B64AO A9EF4J<BA4DAO9
GD46A9A<S 7<8DB8<A4@<>< (E@., A4CD<@9D, [11313]).

�?S <89AF<H<>4J<< 6<ID96B= >BAH<7GD4J<< FD95G9FES D4;D45BF>4 < <ECB?P;B64A<9 B5-
D4FAOI CB8IB8B6, >B784 <;69EFAO I4D4>F9D<EF<>< F9K9A<S 6 A9>BFBDOI FBK>4I <?< B5?4EFSI,
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4 A9<;69EFAO@< S6?SRFES >B?<K9EF6B, D4ECB?B:9A<9, D4;@9DO, <AF9AE<6ABEF< 6<ID9=. � CBE?98-
A<9 89ESF<?9F<S CD98?B:9A DS8 @9FB8B6 <89AF<H<>4J<< 6<ID9=, 5B?PL<AEF6B <; >BFBDOI @B:AB
D4;89?<FP A4 864 >?4EE4. #9D6O=, < A4<5B?99 L<DB>B D4ECDBEFD4A9AAO= CB8IB8, EBEFB<F <; @4F9-
@4F<K9E><I >D<F9D<96, BEAB64AAOI A4 ?B>4?PAOI H<;<K9E><I 69?<K<A4I, BCD989?S9@OI F9K9A<9@,
F4><I, >4> CB?9 E>BDBEF9=, 846?9A<S, ;46<ID9AABEF< < <I CDB<;6B8AOI. #D<@9D4@< S6?SRFES Q-
@9FB8, λ2-@9FB8, Ω-@9FB8, < 8DG7<9. "C<E4A<9 < ED46A<F9?PAO= 4A4?<; A9>BFBDOI <; C9D9K<E?9A-
AOI @9FB8B6 84A 6 EF4FPSI [14317]. �<IDP CD< QFB@ BCD989?S9FES >4> E6S;4AA4S B5?4EFP E 6OEB>B=
«C?BFABEFPR» B8AB= <; I4D4>F9DAOI 69?<K<A. �B?PL<AEF6B F4><I @9FB8B6 S6?SRFES @4F9@4F<-
K9E>< EFDB7<@< < H<;<K9E>< A9CDBF<6BD9K<6O@<, AB FD95GRF CB8DB5AB= <AHBD@4J<< B F9K9A<<.
�FBDB= >?4EE EBEFB<F <; @9FB8B6, <ECB?P;GRM<I FBCB?B7<K9E><9 E6B=EF64 CBFB>4 6B 6E9= B5?4EF<
F9K9A<S, <?< 9ё CB8B5?4EFSI. &4><@< I4D4>F9D<EF<>4@< @B:9F 5OFP ;4@>AGFBEFP, <?< EC<D4?96<8-
ABEFP, ?<A<= FB>4 K4EF<J :<8>BEF<, A4?<K<9 BEB5OI FBK9> < E9C4D4FD<E 6 EFDG>FGD9 CBFB>4 [18,19].

#BE?9 G84KAB7B D9L9A<S B5D4FAB= ;484K< EF4AB6<FES 6B;@B:AO@ CDB7AB; D4;6<F<S EFDG>-
FGDO A4 BEAB69 D9L9A<S A9EF4J<BA4DAOI GD46A9A<= 1=?9D4, !46P93%FB>E4, 8DG7<I GD46A9A<=
@4F9@4F<K9E>B= 7<8DB8<A4@<><. #DS@O9 @9FB8O D9L9A<S F4><I ;484K IBDBLB D4;6<FO < L<DB>B
CD<@9ASRFES. $9;G?PF4FB@ 6OK<E?9A<= 6 QFB@ E?GK49 S6?S9FES 8<A4@<>4 CB?S E>BDBEF9= < 8DG7<I
I4D4>F9D<EF<> <EE?98G9@B7B F9K9A<S, KFB 849F 6B;@B:ABEFP 4A4?<;<DB64FP < CDB7AB;<DB64FP
EFDG>FGDG CBFB>4 6B 6D9@9A< [20322].
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EF4FBKAB CB8DB5AB= <AHBD@4J<< B F9K9A<<, BF>4;O64RF < FD95GRFES <AO9 CB8IB8O. �B;@B:AO@
D9L9A<9@ 6 QFB@ E?GK49 @B:9F 5OFP <ECB?P;B64A<9 @4F9@4F<K9E><I @B89?9= 6<ID96B= 8<A4@<><.
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<ECB?P;B64A4 < 8?S CDB7AB;4 D4;6<F<S 6<ID96B= >BAH<7GD4J<< 6B 6D9@9A<. � CD98EF46?9AAB= EF4-
FP9 CD98?B:9AB D4;6<F<9 4?7BD<F@4 >4> 8?S <89AF<H<>4J<< 6<IDS, F4> < 8?S CDB7AB;4 86G@9DAB=
6<ID96B= 8<A4@<><, CDB6B8<FES Q>EC9D<@9AF4?PAB9 <EE?98B64A<9 CD<@9A<@BEF<, 489>64FABEF< <
QHH9>F<6ABEF< F4>B7B CB8IB84. � >4K9EF69 EB89D:4F9?PAB7B CD<@9D4 <ECB?P;GRFES K<E?9AAO9
D9L9A<S 86G@9DAOI GD46A9A<= 1=?9D4 <894?PAB= :<8>BEF< E A4K4?PAO@ GE?B6<9@ 6 6<89 FDёI
6<ID96OI CSF9A 6 CDS@BG7B?PAB= B5?4EF< E A9CDBA<J49@O@< 7D4A<J4@<. �O5BD QFB= >BAH<7GD4-
J<< B5GE?B6?9A F9@, KFB E<EF9@4 FDёI FBK9KAOI 6<ID9= S6?S9FES CDBEF9=L9=, 89@BAEFD<DGRM9=
A9FD<6<4?PAGR 8<A4@<>G [24].

1. #BEF4AB6>4 ;484K< < @9FB8 <89AF<H<>4J<<

< CDB7AB;4 8<A4@<>< 6<ID9=

�<IDP S6?S9FES B8A<@ <; HGA84@9AF4?PAOI 7<8DB8<A4@<K9E><I B5N9>FB6, >BFBDO= Q@-
C<D<K9E>< @B:AB BC<E4FP >4> B5?4EFP F9K9A<S, 6 >BFBDB= K4EF<JO 6D4M4RFES 6B>DG7 B5M97B
J9AFD4 <?< BE<. "5M9CD<ASFB7B @4F9@4F<K9E>B7B BCD989?9A<S 6<IDS A4 84AAO= @B@9AF A9F, 4
97B HBD@G?<DB6>4 BEF49FES CD98@9FB@ 8<E>GEE<=. �484K4 <89AF<H<>4J<< 6<IDS @B:9F <@9FP
D4;?<KAO9 CBEF4AB6>< < A9 S6?S9FES @4F9@4F<K9E>< >BDD9>FAB=. �B;@B:AB=, < <ECB?P;G9@B=
6 EF4FP9, CBEF4AB6>B= @B:9F 5OFP BC<E4A<9 C?BE>B7B 6<ID96B7B F9K9A<S E CB@BMPR >BBD8<A4F
< <AF9AE<6ABEF9= J9AFDB6 6<ID9=, 4 F4>:9 EFDG>FGD ?<A<= FB>4 K4EF<J :<8>BEF< A4 BEAB69
<AHBD@4J<< B E>BDBEF< :<8><I K4EF<J 6 >BA9KAB@ (6B;@B:AB, @4?B@) A45BD9 BCBDAOI FBK9>. �?S
CB<E>4 I4D4>F9D<EF<> 6<ID96B= EFDG>FGDO @B:AB <ECB?P;B64FP @4F9@4F<K9E><9 @B89?<, CDBEF9=-
L9= <; >BFBDOI S6?S9FES E<EF9@4 FBK9KAOI 6<ID9=. � QFB@ E?GK49 <AF9AE<6ABEF< D4ECD989?9AAOI
6<ID9= < <I J9AFDB6 @B:AB BC<EO64FP E CB@BMPR E6B=EF6 FBK9KAOI 6<ID9=.
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1.1. "C<E4A<9 @9FB84 <89AF<H<>4J<< < CDB7AB;4. #GEFP 6 A9>BFBDO= @B@9AF 6D9@9A<
<;69EFAO 69>FBDO E>BDBEF< 6<ID96B7B F9K9A<S 6 A45BD9 <; N BCBDAOI FBK9>

U =
{[

x(j), y(j), u(j) =
(

u
(j)
1 , u

(j)
2

)]

, j = 1, . . . , N
}

, (1)

789 (x(j), y(j)) 4 >BBD8<A4FO BCBDAOI FBK9>, 4 u(j) 4 EBBF69FEF6GRM<= 69>FBD E>BDBEF<. !9B5IB-
8<@B BCD989?<FP <AF9AE<6ABEF< < >BBD8<A4FO J9AFDB6 6<ID9=, HBD@<DGRM<I 84AAB9 F9K9A<9.
�?S BC<E4A<S 6<ID96B= >BAH<7GD4J<< 5G89@ <ECB?P;B64FP IBDBLB <;GK9AAGR E<EF9@G FBK9KAOI
6<ID9=. �O5BD QFB= @4F9@4F<K9E>B= @B89?< B5GE?B6?9A E?98GRM<@< CD<K<A4@<: BFABE<F9?PA4S
CDBEFBF4, >4K9EF69AAB 69DAB9 BC<E4A<9 @AB7<I D94?PAOI F9K9A<= [25,26], FBCB?B7<K9E>4S Q>6<-
64?9AFABEFP ?<A<= FB>4 65?<;< FBK9KAB7B < B>D9EFABEF< S8D4 @AB7<I D4ECD989?9AAOI 6<ID9=.
#D< QFB@ EGM9EF69AAO@ A98BEF4F>B@ @B89?< S6?S9FES 6ODB:89AABEFP CB?S E>BDBEF< 6 FBK9KAB@
6<ID9, KFB 8B?:AB 5OFP GKF9AB CD< CBEFDB9A<< 4?7BD<F@4 <89AF<H<>4J<<.

�6<:9A<S K FBK9KAOI 6<ID9= A4 C?BE>BEF< BC<EO64RFES E?98GRM9= E<EF9@B= B5O>AB69A-
AOI 8<HH9D9AJ<4?PAOI GD46A9A<=:

ωiẋi =
∂H

∂yi
, ωiẏi = −

∂H

∂xi
, H = −

1

4π

K
∑

i,k=1, i 6=k

ωiωk ln(rik), i = 1, . . .,K. (2)

�89EP (xi, yi) 4 >BBD8<A4FO 6<IDS E AB@9DB@ i A4 C?BE>BEF<, rik = (xi−xk)
2+(yi−yk)

2, 4 ωi 4 97B
<AF9AE<6ABEFP (J<D>G?SJ<S). "K96<8AB, KFB H 4 74@<?PFBA<4A < C9D6O= <AF97D4? E<EF9@O (2),
FB 9EFP E<EF9@4 >BAE9D64F<6A4. !4K4?PAO9 ;A4K9A<S BCD989?SRF ;A4K9A<S <AF97D4?B6 E<EF9@O
FBK9KAOI 6<ID9=, 4 ;A4K<F, <A64D<4AFAO9 CB8CDBEFD4AEF64, A4 >BFBDOI CDB<EIB8<F 8<A4@<>4.
1FB B;A4K49F BFEGFEF6<9 4FFD4>FBDB6 < 8DG7<9 E6B=EF64 8<A4@<><, I4D4>F9DAO9 8?S >BAE9D64F<6-
AOI E<EF9@.

(GA>J<S FB>4 CB?S E>BDBEF<, CBDB:849@B7B E<EF9@B= FBK9KAOI 6<ID9=, <@99F 6<8

Ψ = −
1

4π

K
∑

i=1

ωi ln
[

(x− xi)
2 + (y − yi)

2
]

, (3)

789 (x, y) 4 >BBD8<A4FO A4 C?BE>BEF<. &B784 8<A4@<>4 C4EE<6AB= K4EF<JO BC<EO649FES E<EF9@B=
86GI B5O>AB69AAOI 8<HH9D9AJ<4?PAOI GD46A9A<=

ẋ = v1(x, y) =
∂Ψ

∂x
= −

K
∑

i=1

ωi

2π

y − yi

(x− xi)2 + (y − yi)2
,

ẏ = v2(x, y) = −
∂Ψ

∂y
=

K
∑

i=1

ωi

2π

x− xi

(x− xi)2 + (y − yi)2
.

(4)

%<EF9@4 (4) ;484ёF <ECB?P;G9@B9 CD< <89AF<H<>4J<< 6<ID96B= EFDG>FGDO @B89?PAB9 CB?9
E>BDBEF< v(x, y) = (v1(x, y), v2(x, y)) 6 ?R5B= FBK>9 C?BE>BEF<. #B?9 v(P, x, y) BCD989?S9FES
C4D4@9FD4@< >BAH<7GD4J<< FBK9KAOI 6<ID9= P = {K, (xi, yi,ωi) , i = 1, . . . ,K}, FB 9EFP K<E?B@
6<ID9= K, <I <AF9AE<6ABEFS@< ωi < >BBD8<A4F4@< (xi, yi) 6 B5?4EF< F9K9A<S. �89S CD98?4749-
@B7B 4?7BD<F@4 <89AF<H<>4J<< BEAB64A4 A4 CB<E>9 C9D9K<E?9AAOI C4D4@9FDB6 E<EF9@O (2), (4)
E <ECB?P;B64A<9@ <;69EFAOI 69>FBDB6 (1). #D< QFB@ J9AFDO < <AF9AE<6ABEFP 6<ID9= F9K9A<S CD<-
5?<:4RFES FBK9KAO@< 6<IDS@<, A9E@BFDS A4 G>4;4AAO= 6OL9 A98BEF4FB> @4F9@4F<K9E>B= @B89?<.

!9B5IB8<@B EHBD@G?<DB64FP GE?B6<9, >BFBDB9 5G89F B;A4K4FP, KFB E<EF9@4 FBK9KAOI 6<I-

D9= (2) CD< A9>BFBDOI ;A4K9A<SI C4D4@9FDB6 P̂ =
{

K̂, (x̂i, ŷi, ω̂i) , i = 1, . . . , K̂
}

>4K9EF69AAB
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BC<EO649F <EIB8AGR 6<ID96GR >BAH<7GD4J<R, 6 E<?G <@9RM97BES A45BD4 U . �?S QFB7B D4EE@BF-
D<@ A45BD 69>FBDB6 @B89?PAB= E<EF9@O (4) 6 F9I :9 BCBDAOI FBK>4I (x(j), y(j)), j = 1, . . . , N ,
KFB < (1):

V (P ) =
{[

x(j), y(j), v(j) =
(

v
(j)
1 = v1(P, x

(j), y(j)), v
(j)
2 = v2(P, x

(j), y(j))
)]

, j = 1, . . . , N
}

. (5)

�E?< U ≡ V (P ), FB 9EF9EF69AAB CD98CB?B:<FP, KFB E<EF9@4 FBK9KAOI 6<ID9= (2) CB?ABEFPR
BC<EO649F 6<ID96B9 F9K9A<9 CD< ;A4K9A<SI C4D4@9FDB6 P <; <@9RM97BES A45BD4 U .

�64 69>FBD4 u, v @B:AB ED46A<FP E CB@BMPR 86GI 69?<K<A:

d(u, v) =
‖u − v‖

‖u‖+ ‖v‖
, φ(u, v) =

1

2

(

1−
(u, v)

‖u‖ ‖v‖

)

. (6)

�9?<K<A4 d(u, v) 6 (6) I4D4>F9D<;G9F 8?<AO 69>FBDB6, 4 φ(u, v) 4 G7?O @9:8G A<@<. "59 I4-
D4>F9D<EF<>< CD<A<@4RF ;A4K9A<S 6 <AF9D64?9 [0, 1], D46AO AG?R CD< u = v < 98<A<J9, 9E?<
u = −v.

�?S ED46A9A<S 86GI A45BDB6 69>FBDB6 6 U < V (P ) 6 ;484AAB@ @AB:9EF69 BCBDAOI FBK9>
<ECB?P;G9@ 6OD4:9A<9

σ (U, V (P )) =
N
∑

j=1

[

cj d(u
(j), v(j)(P )) + Cj φ(u

(j), v(j)(P ))
]

. (7)

� 6OD4:9A<< (7) cj < Cj 4 69EB6O9 >BQHH<J<9AFO, >BFBDO9 CD< 6OK<E?9A<SI 6 EF4FP9 CD<A<-
@4RFES CB?B:<F9?PAO@< >BAEF4AF4@<, CD<Kё@ cj = 1− Cj . �E?< U ≡ V (P ), FB BK96<8AB, KFB
σ (U, V (P )) = 0. � E<?G <894?<;4J<< @4F9@4F<K9E>B= @B89?< EB6C489A<9 A45BDB6 69>FBDB6 (1) <
(5) @4?B69DBSFAB. �EF9EF69AAB CD98CB?B:<FP, KFB K9@ @9APL9 69?<K<A4 σ (U, V (P )), F9@ 5?<:9
864 A45BD4 69>FBDB6, < @4F9@4F<K9E>4S @B89?P >4K9EF69AAB ?GKL9 BC<EO649F EFDG>FGDG 6<ID96B=
>BAH<7GD4J<<. �DG7<@< E?B64@<, CD98CB?4749@, KFB <EIB8AO= < @B89?PAO= A45BDO 69>FBDB6
U < V (P̂ ) A4<5B?99 5?<;>< 6 G>4;4AAB@ E@OE?9, 9E?< (7) 8BEF<749F @<A<@G@4 6 CDBEFD4AEF69
C4D4@9FDB6 E<EF9@O CD< P = P̂ .

&4><@ B5D4;B@, ;484K4 <89AF<H<>4J<< 6<ID96B= EFDG>FGDO 6 D4EE@BFD9AAB= CBEF4AB6>9
E6B8<FES > CB<E>G C4D4@9FDB6 E<EF9@O FBK9KAOI 6<ID9=, @<A<@<;<DGRM<I (7)

P̂ = min
P
σ (U, V (P )) . (8)

�?S K<E?9AAB7B CB<E>4 @<A<@G@4 (8) 6 D45BF9 <ECB?P;G9FES >B@5<A<DB64AAO= 4?7BD<F@ A4
BEAB69 @9FB8B6 !PRFBA4 < 7D48<9AFAB7B ECGE>4.

"F@9F<@, KFB EHBD@G?<DB64AA4S CBEF4AB6>4 ;484K< <89AF<H<>4J<< 6<ID96B= EFDG>FGDO
B5?4849F @AB7<@< A98BEF4F>4@< 4 A9 S6?S9FES @4F9@4F<K9E>< >BDD9>FAB=, A9 6E9784 D4;D9L<@4,
D9L9A<9 @B:9F 5OFP A9 98<AEF69AAO@, D9;G?PF4F @B:9F E<?PAB ;46<E9FP BF 6O5BD4 BCBDAOI
FBK9>, CBDB:84RM97B A45BD U F9K9A<S < 8D. !4CD<@9D, BK96<8AB, KFB CD< N = 1 <89AF<H<>4J<S
CB B8AB@G 69>FBDG A96B;@B:A4. �A4?<F<K9E><= 4A4?<; CD98?B:9AAB7B CB8IB84 69EP@4 ;4FDG8-
A<F9?9A, B8A4>B, C9D6BA4K4?PAO9 D9;G?PF4FO D45BFO [23] CDB89@BAEFD<DB64?< QHH9>F<6ABEFP
@9FB84 8?S <89AF<H<>4J<< A9>BFBDOI @B89?PAOI F9K9A<=. �4?99, 6 D4;89?9 2 EF4FP< CDB6B8<FES
Q>EC9D<@9AF4?PAB9 <EE?98B64A<9 @9FB84 A4 CD<@9D9 6<ID96B= EFDG>FGDO <; FDёI D4ECD989?9AAOI
6 CDBEFD4AEF69 6<ID9= 6 C?BE>B@ >648D4FAB@ >BAF9=A9D9.

�E?< <E>B@O= A45BD C4D4@9FDB6 P̂ A4=89A, FB EFDG>FGDG ?<A<= FB>4 F9K9A<S @B:AB BC<E4FP
E CB@BMPR (3) CD< ωi = ω̂i, xi = x̂i, yi = ŷi, i = 1, . . . , K̂. #DB7AB; D4;6<F<S 6<ID96B= EFDG>FGDO
@B:9F 5OFP CDB698ёA E CB@BMPR D9L9A<S ;484K< �BL< 8?S E<EF9@O (2), (4) E A4K4?PAO@<
84AAO@< 8?S FBK9KAOI 6<ID9=, ;484649@O@< P̂ , < >BBD8<A4F4@< x(0) = x0, y(0) = y0 8?S D4EK9F4
FD49>FBD<= K4EF<J.
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1.2. �?7BD<F@ <89AF<H<>4J<< < CDB7AB;4 6<ID96B= >BAH<7GD4J<<. �89EP CD98EF46?9A
<ECB?P;G9@O= 6 84AAB= D45BF9 64D<4AF 4?7BD<F@4, BEAB64AAO= A4 BC<E4AAB@ 6OL9 @9FB89. #9D-
6O@ QF4CB@ S6?S9FES <89AF<H<>4J<S 6<ID96B= EFDG>FGDO, >BFBD4S EBEFB<F <; E?98GRM<I L47B6.
1. �A<J<4?<;4J<S. 1FB 6>?RK49F: BCD989?9A<9 BCBDAOI FBK9> < 69>FBDB6 A45BD4 (1), >B?<K9-
EF64 <ECB?P;G9@OI 8?S BC<E4A<S FBK9KAOI 6<ID9=K, A4K4?PAB7B CD<5?<:9A<S P (m),m = 0,
8?S C4D4@9FDB6 E<EF9@O (2), (4), A4K4?PAB7B L474 h < FBKABEF< ε @9FB84 @<A<@<;4J<<, D4;-
@9D4 L474 δ 8?S K<E?9AAB7B 8<HH9D9AJ<DB64A<S CB C4D4@9FD4@ @B89?PAB= E<EF9@O E
CB@BMPR >BA9KAOI D4;ABEF9=, K<E?4 L47B6 @9FB84 7D48<9AFAB7B ECGE>4 M , @4>E<@4?PAB7B
K<E?4 L47B6 4?7BD<F@4 Mmax, @<A<@4?PAB7B D4;@9D4 L474 hmin.

2. ,47 @9FB84 CB<E>4 @<A<@G@4.

P (m+1) =

{

P (m) − h∇σ
(

U, V (P (m))
)

, m ⩽ M,

P (m) − h
[

∇2σ
(

U, V (P (m))
)](−1)

∇σ
(

U, V (P (m))
)

, m > M,

789 ∇σ < ∇2σ EBBF69FEF69AAB 7D48<9AF < @4FD<J4 �9EE9 6OD4:9A<S (7) CB C4D4@9FD4@
@B89?PAB= >BAH<7GD4J<< P . �?S 6OK<E?9A<S CDB<;6B8AOI <ECB?P;GRFES 4CCDB>E<@4J<<
J9AFD4?PAO@< >BA9KAO@< D4;ABEFS@<.

3. #DB69D>4 GE?B6<S
∥

∥

∥
∇σ

(

U, V (P (m+1))
)
∥

∥

∥
< ε. (9)

�E?< GE?B6<9 (9) 6OCB?A9AB, FB A4=89AB CD<5?<:9A<9 6<ID96B= >BAH<7GD4J<< P̂ = P (m+1),
< D45BF4 4?7BD<F@4 CD9>D4M49FES. �E?< A9F, FB 4 C9D9IB8 > E?98GRM9@G L47G 4?7BD<F@4.

4. #DB69D>4 GE?B6<S
∥

∥∇σ
(

U, V (P (m+1))
)∥

∥ <
∥

∥∇σ
(

U, V (P (m))
)∥

∥. #D< 97B 6OCB?A9A<< h =

= h · 1.01, < h = h · 0.5, P (m+1) = P (m), 9E?< GE?B6<9 A9 EB5?R849FES.
5. m = m+ 1. #DB69D>4 GE?B6<= m < Mmax < h > hmin. #D< 6OCB?A9A<< B5B<I GE?B6<= 4
C9D9IB8 > CGA>FG 2 4?7BD<F@4, < «464D<=AB9» B>BAK4A<9 D45BFO 6 CDBF<6AB@ E?GK49.
#DB7AB; 8<A4@<>< 6<ID96B= EFDG>FGDO (6FBDB= QF4C 4?7BD<F@4) @B:9F 5OFP D94?<;B64A

FB?P>B CD< GEC9LAB= <89AF<H<>4J<< 6<ID96B= EFDG>FGDO (C9D6O= QF4C) < A4=89AAB@ @<A<-
@<;<DGRM9@ (7) A45BD9 C4D4@9FDB6 @B89?PAB= E<EF9@O P̂ . 1FBF QF4C EBEFB<F 6 D9L9A<< ;4-
84K< �BL< 8?S E<EF9@O GD46A9A<= (2), (4), CD< K<E?9 FBK9KAOI 6<ID9= K̂ E <AF9AE<6ABEFS@<
ω̂i, i = 1, . . . , K̂. � >4K9EF69 A4K4?PAOI GE?B6<= CD< t = 0 CD<A<@4RFES: xi(0) = x̂i, yi(0) = ŷi
< x(0) = xs, y(0) = ys, 789 (xs, ys) 4 >BBD8<A4FO CD98A4;A4K9AAB= 8?S CDB7AB;4 C4EE<6AB=
K4EF<JO CD< t = 0. �?S D9L9A<S ;484K< �BL< A4 <AF9D64?9 t ∈ [0, T ] <ECB?P;G9FES @9FB8 $GA793
�GFFO, T 4 8?<F9?PABEFP CDB7AB;4.

2. �89AF<H<>4J<S < CDB7AB; 8<A4@<>< F9EFB6OI >BAH<7GD4J<=

� >4K9EF69 EB89D:4F9?PAB7B CD<@9D4 8?S <89AF<H<>4J<< < CDB7AB;4 6<ID96B= EFDG>FGDO
<ECB?P;G9@ D9L9A<S ;484K< 8<A4@<>< A96S;>B= A9E:<@49@B= :<8>BEF< 6 >648D4FAB@ >BAF9=A9D9.
� F9D@<A4I HGA>J<< FB>4 ψ(t, x, y) < ;46<ID9AABEF< ω(t, x, y) 8<A4@<>4 C?BE>B7B 6<ID96B7B
F9K9A<S BC<EO649FES E<EF9@B= GD46A9A<= 1=?9D4

Dω

Dt
≡ ωt + ωxψy − ωyψx = 0, (10)

ψxx + ψyy = −ω. (11)

�89EP D
Dt
4 @4F9D<4?PA4S CDB<;6B8A4S. !<:A<= <A89>E B5B;A4K49F K4EFAGR CDB<;6B8AGR CB

EBBF69FEF6GRM9= C9D9@9AAB=.
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%>BDBEFP :<8>BEF< u = (u1, u2) 6OD4:49FES K9D9; HGA>J<R FB>4

u1 = ψy, u2 = −ψx, (12)

&9K9A<9 D4EE@4FD<649FES 6 >648D4FAB= B5?4EF< D : {0 ⩽ x ⩽ a, 0 ⩽ y ⩽ a}. !4 7D4A<J9 D
;484AO E?98GRM<9 7D4A<KAO9 GE?B6<S:

ψ(t, 0, y) = ψ(t, a, y) = ψ(t, x, 0) = ψ(t, x, a) = 0. (13)

'D46A9A<S < 7D4A<KAO9 GE?B6<S A9B5IB8<@B 8BCB?A<FP A4K4?PAO@ GE?B6<9@

ω(0, x, y) = Ω(x, y), (14)

789 Ω(x, y) 4 A9>BFBD4S HGA>J<S, BCD989?ёAA4S 6 D.
�;69EFAB, KFB ;484K4 (10)3(14) D4;D9L<@4, 9ё D9L9A<S BC<EO64RF @AB7<9 D94?PAO9 F9K9A<S,

>B784 6?<SA<9 6S;>BEF< :<8>BEF< CD9A95D9:<@B @4?B. �?S K<E?9AAB7B D9L9A<S <ECB?P;B64?ES
59EE9FBKAB-EC9>FD4?PAO= @9FB8. #B8DB5AB9 BC<E4A<9 @9FB84 8?S D4EK9F4 F9K9A<= 6 ;4@>AGFOI <
CDBFBKAOI B5?4EFSI @B:AB A4=F< 6 [21, 27], 4 6 BF>DOFOI 4 6 [28].

2.1. #BEF4AB6>4 6OK<E?<F9?PAOI Q>EC9D<@9AFB6. �?S Q>EC9D<@9AF4?PAB7B <EE?98B64-
A<S QHH9>F<6ABEF< CD98?4749@B7B @9FB84 <89AF<H<>4J<< D4EE@BFD<@ >648D4FAGR B5?4EFP D EB
EFBDBAB= a = 8. � >4K9EF69 A4K4?PAB7B D4ECD989?9A<S ;46<ID9AABEF< (14) 5G89@ <ECB?P;B64FP
>BAH<7GD4J<R <; FDёI B8<A4>B6OI 6<ID9= E J9AFD4@<, D4ECB?B:9AAO@< 6 69DL<A4I D46ABEFB-
DBAA97B FD9G7B?PA<>4 c J9AFDB<8B@ 6 E9D98<A9 D (FBK>9 (4, 4)), BFEFBSM<@< A4 1 BF J9AFDB<84

69DL<A4@<
(

x
(i)
c , y

(i)
c

)

, i = 1, 2, 3:

Ω(x, y) =
3

∑

i=1

W
(

x(i)c , y(i)c , x, y
)

, (15)

789 W (x, y) 4 HGA>J<S D4ECD989?9A<S ;46<ID9AABEF< 6 D4ECD989?9AAB@ 6<ID9.
$4EE@BFD<@ 864 >4K9EF69AAB D4;?<KAOI CD<@9D4, BF?<K4RM<9ES A4K4?PAO@ D4ECD989?9A<9@

;46<ID9AABEF< 6 6<IDSI:

W
(

x(i)c , y(i)c , x, y
)

=







G · e
−10·

(

x
(i)
c −x

)2
− 10·

(

y
(i)
c −y

)2

, r ⩽ R,

0, r > R,

(16)

W
(

x(i)c , y(i)c , x, y
)

=

{

G ·
(

R2 − r2
)2

, r ⩽ R

0, r > R,
(17)

789 r =

√

(

x
(i)
c − x

)2
+
(

y
(i)
c − y

)2
, 4 >BQHH<J<9AF G 6O5<D49FES F4>, KFB5O <AF9AE<6ABEFP

(J<D>G?SJ<S) 6E97B 6<ID96B7B CSFA4 D46AS?4EP 98<A<J9. #D< B5B<I A4K4?PAOI EBEFBSA<SI (15), (16)
< (15), (17) EG@@4DA4S ;46<ID9AABEFP 6E9= >BAH<7GD4J<< D46A4 3.

�; H<;<K9E><I, 6OK<E?<F9?PAOI Q>EC9D<@9AFB6 <;69EF9A Q@C<D<K9E><= ;4>BA 6;4<@B89=-
EF6<S 6<ID96OI CSF9A B8AB= BD<9AF4J<< (A4CD46?9A<S 6D4M9A<S). #D< 5B?PL<I D4EEFBSA<SI
@9:8G 6<IDS@< BA< 6D4M4RFES 6B>DG7 B5M97B J9AFD4 ;46<ID9AABEF<. �E?< D4EEFBSA<9 @9:8G 86G-
@S 6<IDS@< @9APL9 A9>BFBDB7B >D<F<K9E>B7B, FB BA< E?<64RFES (E@. [29] < EEO?>< 6 QFB= EF4FP9).
�9?<K<A4 >D<F<K9E>B7B D4EEFBSA<S ;46<E<F BF D4ECD989?9A<S < <AF9AE<6ABEF< ;46<ID9AABEF<
6 6<IDSI. �OK<E?<F9?PAO9 Q>EC9D<@9AFO E 86G@S A4K4?PAO@< >BAH<7GD4J<S@< CB>4;4?<, KFB
6 E?GK49 (15), (16) HBD@<DG9FES >64;<EF4J<BA4DA4S 6<ID964S EFDG>FGD4 (D<E. 1). #D< A4K4?PAB@
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$<E. 1. &D< 6<IDS 6 D4;?<KAO9 @B@9AFO 6D9@9A< (HBD@<DB64A<9 >64;<EF4J<BA4DAB= EFDG>FGDO) 8?S A4K4?PAB=
>BAH<7GD4J<< (15), (16) (J69F BA?4=A)

Fig. 1 Three vortices at different times (the formation of a quasi-stationary structure) for the initial configuration (15), (16)
(color online)

$<E. 2. &D< 6<IDS 6 D4;?<KAO9 @B@9AFO 6D9@9A< (E?<SA<9 6<ID9=) 8?S A4K4?PAB= >BAH<7GD4J<< (15), (17)
(J69F BA?4=A)

Fig. 2. Three vortices at different times (vortex merging) for the initial configuration (15), (17) (color online)

D4ECD989?9A<< (15), (17) 6E9 FD< 6<IDS E?<64RFES 6 B8<A (D<E. 2). !4 D<EGA>4I <;B5D4:9AO:
D4ECD989?9A<9 ;46<ID9AABEF< (BFF9A>4@< E9DB7B), @4D>9DAO9 K4EF<JO (8?S >4:8B7B A4K4?PAB7B
6<IDS E6B<@ J69FB@) < ?<A<< FB>4 F9K9A<S. � >4K9EF69 I4D4>F9D<EF<> 6<ID9= <ECB?P;G9@ >BBD8<-
A4FO J9AFDB6 ;46<ID9AABEF< 6<ID9= < <I J<D>G?SJ<R [12]. #D<@9A<@ > CB?GK9AAO@ 6<ID96O@
EFDG>FGD4@ CD98?B:9AAO= @9FB8 <89AF<H<>4J<< < CDB7AB;4.

2.2. 'EC9LA4S <89AF<H<>4J<S < CDB7AB;. #D< A4K4?PAB= 6<ID96B= >BAH<7GD4J<<
(15), (16) A4 6E9@ D4EE@4FD<649@B@ <AF9D64?9 6D9@9A< t ∈ [0, 1000] EBID4ASRFES FD< 6<ID9-
6OI CSFA4, >BFBDO9 6D4M4RFES 6B>DG7 B5M97B J9AFD4 < B5@9A<64RFES H<?4@9AF4@< CD< t > 50
(E@. D<E. 1). � QFB@ E?GK49 8?S ?R5B7B t 6 D9;G?PF4F9 C9D6B7B QF4C4 4?7BD<F@4 CD< EIB8<@BEF<
@9FB84 <89AF<H<J<DG9FES EFDG>FGD4 <; FD9I FBK9KAOI 6<ID9=, >BBD8<A4FO >BFBDOI < <AF9AE<6-
ABEF< 5?<;>< > I4D4>F9D<EF<>4@ 6<ID96OI CSF9A D4ECD989?9AAB= 6 CDBEFD4AEF69 >BAH<7GD4J<<.
�FBDB= QF4C 4?7BD<F@4 89@BAEFD<DG9F IBDBL<= CDB7AB; A4 <AF9D64?9 6D9@9A<, EBBF69FEF6GRM9@
A9E>B?P><@ B5BDBF4@ 6<ID9=.

#D<698ё@ CD<@9D G84KAB= <89AF<H<>4J<< < CDB7AB;4 (D<E. 3 < D<E. 4). � >4K9EF69 69>FBDB6
A45BD4 U 6 (1) ;48464?<EP 40 E?GK4=AB D4ECD989?9AAOI 69>FBDB6 CB?S (12), CB?GK9AAB7B 6 D9;G?P-
F4F9 D9L9A<S ;484K< (10)3(14) 59EE9FBKAB-EC9>FD4?PAO@ @9FB8B@ CD< t = 200. �9>FBDO A45BD4 U
8?S D4EK9F4 <;B5D4:9AO CGA>F<DAB= ?<A<9= A4 D<E. 3, 4. �BBD8<A4FO J9AFDB6 ;46<ID9AABEF<
6<ID96OI CSF9A F9EFB6B= >BAH<7GD4J<< CD< t = 200: (3.694, 3.104), (3.373, 4.710), (4.926, 4.193),
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$<E. 3. $9;G?PF4F C9D6B7B QF4C4 4?7BD<F@4 (<89AF<H<>4J<<) 8?S >BAH<7GD4J<< D<E. 1 CD< t = 200. a 4 $4ECD989?9A<9
;46<ID9AABEF< F9EFB6B= >BAH<7GD4J<< (BFF9A>< E9DB7B), 69>FBDO <EIB8AB7B U (CGA>F<D) < CB?GK9AAB7B @B89?PAB7B V
(EC?BLAO9 ?<A<<) A45BDB6 69>FBDB6; b 4 ?<A<< FB>4 <EIB8AB7B F9K9A<S, J9AFDO ;46<ID9AABEF< CSF9A (>648D4FO)
< @B89?PAO9 6<ID< (;6ё;8BK><); c 4 ?<A<< FB>4 @B89?PAB= E<EF9@O (J69F BA?4=A)

Fig. 3. The result of the first stage of the algorithm (identification) for the configuration fig. 1 at t = 200. a 4 Test configuration
vorticity distribution (shades of grey), vectors of initial U (dotted line) and found model V (solid lines) sets of vectors;
b 4 streamlines of the initial flow, vorticity centres of spots (squares) and model vortices (asterisks); c 4 streamlines of the
model system (color online)

4 <I J<D>G?SJ<< CD<5?<:9AAB D46AO 98<A<J9. � >4K9EF69 A4K4?PAB7B CD<5?<:9A<S 8?S 4?7BD<F@4
G>4;O64?4EP E<EF9@4 K = 3 FBK9KAOI 6<ID9=. � D9;G?PF4F9 D45BFO 4?7BD<F@4 A4=89A

P̂ =
{

K̂ = 3, (x̂1 = 3.687, ŷ1 = 3.079, ω̂1 = 0.956), (x̂2 = 3.514, ŷ2 = 4.756, ω̂2 = 0.830),

(x̂3 = 4.953, ŷ3 = 4.117, ω̂3 = 0.949)
}

.

�<8AB, KFB <EIB8AO9 < CB?GK9AAO9 @B89?PAO9 I4D4>F9D<EF<>< 5?<;><. �<A<< FB>4 <89AF<H<J<-
DG9@B7B < @B89?PAB7B CB?9= >4K9EF69AAB <89AF<KAO (D<E. 3, b, c), 4 @B89?PAO= A45BD 69>FBDB6 V
A9;A4K<F9?PAB BF?<K49FES BF U (D<E. 3, a).

$9;G?PF4FO 6FBDB7B QF4C4 4?7BD<F@4 (CDB7AB;4) A4 <AF9D64?9 t ∈ [0, 400] E @B@9AF4 <89A-
F<H<>4J<< CD98EF46?9AO A4 D<E. 4. �<8AB, KFB EFDG>FGD4 FD49>FBD<= J9AFDB6 ;46<ID9AABEF<
<EIB8AB= F9EFB6B= E<EF9@O (D<E. 4, a) < A4=89AAOI 6 D9;G?PF4F9 4?7BD<F@4 <89AF<H<>4J<<
6<ID9= @B89?PAB= E<EF9@O (D<E. 4, b) >4K9EF69AAB <89AF<KAO. �B?99 FB7B, <@99F @9EFB < IBDBL99

$<E. 4. $9;G?PF4F CDB7AB;4 D4;6<F<S 6<ID96B= >BAH<7GD4J<< D<E. 1 8?S t > 200. a 4 &D49>FBD<< J9AFDB6 ;46<ID9AABEF<
D4ECD989?ёAAOI 6<ID9= (E<@6B?O) < B8AB= C4EE<6AB= K4EF<JO (EC?BLA4S ?<A<S); b 4 FD49>FBD<< FBK9KAOI 6<ID9=
@B89?PAB= E<EF9@O (E<@6B?O) < C4EE<6AB= K4EF<JO (EC?BLA4S ?<A<S); c 4 ;46<E<@BEFP BF 6D9@9A< >BBD8<A4FO x

J9AFD4 ;46<ID9AABEF< B8AB7B <; D4ECD989?9AAOI 6<ID9= (CGA>F<D) < EBBF69FEF6GRM97B FBK9KAB7B 6<IDS @B89?PAB=
E<EF9@O (EC?BLA4S ?<A<S) (J69F BA?4=A)

Fig. 4. The result of the forecast of the development of the vortex configuration fig. 1 for t > 200. a 4 Trajectories of vorticity
centres of vortex patches (symbols) and one passive particle; b 4 trajectories of point vortices of the model system (symbols)
and passive particle (solid line); c 4 time dependence of the coordinate x of the center of vorticity (dotted line) and the
corresponding point vortex of the model system (solid line) (color online)
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>B?<K9EF69AAB9 EB6C489A<9 FD49>FBD<= J9AFD4 ;46<ID9AABEF< < FBK9KAB7B 6<IDS (D<E. 4, c).
&B 9EFP 8?S 84AAB7B CD<@9D4 @B:AB >BAEF4F<DB64FP 8BEFB69DAO= CDB7AB; D4;6<F<S 6<ID96B=
EFDG>FGDO E CB@BMPR CD98?B:9AAB7B 4?7BD<F@4.

2.3. #D<@9DO GEC9LAB= <89AF<H<>4J<< < A9>BDD9>FAB7B CDB7AB;4. #D<@9A9A<9 4?-
7BD<F@4 8?S 6<ID96B= EFDG>FGDO E A4K4?PAO@ D4ECD989?9A<9@ (15), (17) 84ёF A9 F4><9 IBDBL<9
D9;G?PF4FO. !4 D4EE@4FD<649@B@ <AF9D64?9 6D9@9A< t ∈ [0, 1000] FBCB?B7<K9E>4S EFDG>FGD4 F9K9-
A<S A9 EBID4AS9FES (E@. D<E. 2). !4 C9D6B@ QF4C9 FD< 6<IDS E5?<:4RFES, ;4F9@ CDB<EIB8<F <I
E?<SA<9 E B5D4;B64A<9@ FBA><I EFDG>FGD, 4 H<A4?PAO@ EBEFBSA<9@ S6?S9FES B8<A 6<IDP. �4K9EF6B
<89AF<H<>4J<< ;46<E<F BF 9ё @B@9AF4.

� A4K4?PAO= @B@9AF t = 0, < 8B A4K4?4 6;4<@B89=EF6<S 6<ID9= F9EFB6B7B F9K9A<S, C9D6O=
QF4C 4?7BD<F@4 84ёF >BDD9>FAO= D9;G?PF4F. !4 D<E. 5 CD<6989A CD<@9D GEC9LAB= D45BFO C9D6B7B
QF4C4 4?7BD<F@4 E <ECB?P;B64A<9@ N = 40 69>FBDB6 6 A45BD9 U . �BBD8<A4FO J9AFDB6 ;46<ID9AAB-
EF< 6<ID9= F9EFB6B= >BAH<7GD4J<< CD< t = 0: (3.134, 4.5), (4, 3), (4.866, 4.5), 4 <I <AF9AE<6ABEF<
D46AO 98<A<J9. $9;G?PF4F D45BFO 4?7BD<F@4:

P̂ =
{

K̂ = 3, (x̂1 = 3.140, ŷ1 = 4.430, ω̂1 = 0.993), (x̂2 = 3.927, ŷ2 = 3.056, ω̂2 = 0.824),

(x̂ = 4.8743, ŷ3 = 4.424, ω̂3 = 0.970)
}

.

&B 9EFP >BBD8<A4FO < <AF9AE<6ABEF< FBK9KAOI 6<ID9= 8BEF4FBKAB 5?<;><. &4>:9 6<8AB, KFB
EFDG>FGDO ?<A<= FB>4 F9EFB6B7B (D<E. 5, b) < @B89?PAB7B F9K9A<= (D<E. 5, c) >4K9EF69AAB B8<A4>B6O,
FBK9KAO9 6<ID< @B89?PAB= E<EF9@O 5?<;>< > J9AFD4@ ;46<ID9AABEF< D4ECD989?9AAOI 6<ID9=,
>4> < 69>FBDO A45BDB6 U < V (D<E. 5, a). 1F4C CDB7AB;4 6 84AAB@ E?GK49 >BDD9>F9A FB?P>B A4
>BDBF><I 6D9@9A4I. &4>, 8?S CD98EF46?9AAB7B CD<@9D4 QFB FB?P>B B8<A B5BDBF EFDG>FGDO (D<E. 6).

$<E. 5. $9;G?PF4F <89AF<H<>4J<< >BAH<7GD4J<< D<E. 2 CD< t = 0. #BSEA9A<S 4A4?B7<KAO E D<E. 3 (J69F BA?4=A)

Fig. 5. Result of configuration identification fig. 2 at t = 0. Explanations for the figure see in fig. 3 (color online)

$<E. 6. $9;G?PF4F CDB7AB;4 8<A4@<>< 6<ID96B= >BAH<7GD4J<< D<E. 2 8?S t > 0. #BSEA9A<S A4 D<E. 4 (J69F BA?4=A)

Fig. 6. The result of predicting the dynamics of the vortex configuration fig. 2 for t > 0. Explanations in fig. 4 (color online)
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$<E. 7. $9;G?PF4F <89AF<H<>4J<< >BAH<7GD4J<< D<E. 2 CD< t = 500. #BSEA9A<S 4A4?B7<KAO E D<E. 3 (J69F BA?4=A)

Fig. 7. Result of configuration identification fig. 2 at t = 500. Explanations see in fig. 3 (color online)

1FB B5NSEAS9FES F9@, KFB @B89?PA4S E<EF9@4 FBK9KAOI 6<ID9= A9 BC<EO649F CDBJ9EEB6 E?<SA<S
6<ID9=, KFB CDB<EIB8<F, A4K<A4S E t ≈ 50.

�B @B@9AF4 E?<SA<S 6<ID96OI CSF9A F9EFB6B= EFDG>FGDO 4?7BD<F@ <?< A9 EIB8<FES, <?< 84ёF
BL<5BKAO= D9;G?PF4F, E@BFD< E?98GRM<= CB8D4;89?. #BE?9 HBD@<DB64A<S B8AB7B 6<IDS EFDG>FGD4
F9EFB6B7B F9K9A<S A9 @9AS9FES, @B89?PA4S E<EF9@4 CB;6B?S9F <89AF<H<J<DB64FP EFDG>FGDG F9K9A<S.
#D< QFB@ CD< <ECB?P;B64A<< FDёI FBK9KAOI 6<ID9= K = 3 4?7BD<F@ EIB8<FES > >4K9EF69AAB
A969DAB= EFDG>FGD9. #D< <ECB?P;B64A<< B8AB7B @B89?PAB7B 6<IDS QFBF QHH9>F CDBC4849F (D<E. 7),
AB CDB7AB; F9DS9F E@OE? 6 E<?G FD<6<4?PABEF< 8<A4@<>< @B89?PAB= E<EF9@O. $9;G?PF4FB@ D45BFO
4?7BD<F@4 CD< t = 500 S6?S9FES: P̂ =

{

K̂ = 1, (x̂1 = 4.038, ŷ1 = 3.916, ω̂1 = 2.880)
}

.

2.4. #D<@9D BL<5BKAB= D45BFO 4?7BD<F@4. #D<@9A9A<9 4?7BD<F@4 8?S C9D9IB8AOI
(A9 GEF4AB6<6L<IES 6B 6D9@9A<) F9K9A<= EB E?B:AB= EFDG>FGDB= @B:9F CD<6B8<FP > ?B:AB= <89A-
F<H<>4J<< < A969DAB@G CDB7AB;G 9ё D4;6<F<S. #D<698ё@ CD<@9D F4>B7B D4EKёF4 (D<E. 8). �<8AB,
KFB >BBD8<A4FO A4=89AAOI FBK9KAOI 6<ID9= BF?<K4RFES BF >BBD8<A4F J9AFDB6 ;46<ID9AABEF9=
D4ECD989?9AAOI. !9EB6C489A<9 QF<I I4D4>F9D<EF<>, 6BB5M9 7B6BDS, 8BCGEF<@B, AB <@99F @9EFB <
>4K9EF69AAB9 D4;?<K<9 EFDG>FGD ?<A<= FB>4 F9EFB6B= < @B89?PAB= E<EF9@ (D<E. 8, b < D<E. 8, c).
!9E@BFDS A4 QFB, A45BDO BCBDAOI < @B89?PAOI 69>FBDB6 B>4;4?<EP 5?<;>< (D<E. 8, a). &B 9EFP
6 QFB@ E?GK49 @<A<@<;4J<S (9) CD<69?4 > >4K9EF69AAB A969DAO@ 6O6B84@ B EFDG>FGD9 F9K9A<S.
�<8<@B, QFB E?98EF6<9 6B;@B:AB= A998<AEF69AABEF< D9L9A<= ;484K< @<A<@<;4J<<.

$<E. 8. $9;G?PF4F <89AF<H<>4J<< >BAH<7GD4J<< D<E. 2 CD< t = 50. #BSEA9A<S 4A4?B7<KAO E D<E. 3 (J69F BA?4=A)

Fig. 8. Result of configuration identification fig. 2 at t = 50. Explanations see in fig. 3 (color online)
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3. 1>EC9D<@9AF4?PAO= 4A4?<; 4?7BD<F@4

� E<?G A9>BDD9>FABEF< B5D4FAB= ;484K< <89AF<H<>4J<< F9BD9F<K9E><= 4A4?<; GE?B6<=
EIB8<@BEF< 4?7BD<F@4 < 489>64FABEF< CD98?4749@B7B CDB7AB;4 ;4FDG8A<F9?9A. �?S <;GK9A<S
;46<E<@BEF< D45BFO 4?7BD<F@4 BF <EIB8AB= <AHBD@4J<< U , E@. (1), < A4K4?PAB7B CD<5?<:9-
A<S P (0), D4;89? 1.2, 5O?B CDB6989AB 869 E9D<< 6OK<E?<F9?PAOI Q>EC9D<@9AFB6. � >4K9EF69
F9EFB6B= <ECB?P;B64?4EP D4ECD989?9AA4S 6 CDBEFD4AEF69 6<ID964S EFDG>FGD4, 6OK<E?9AA4S E A4-
K4?PAO@ D4ECD989?9A<9@ ;46<ID9AABEF< (15), (16) CD< t = 100 (E@. D<E. 1). �BBD8<A4FO J9AFDB6
;46<ID9AABEF< D4ECD989?9AAOI 6<ID9=: (3.396, 4.734), (3.644, 3.117), (4.972, 4.1522).

� C9D6B= E9D<< Q>EC9D<@9AFB6 CD< H<>E<DB64AAB@ A4K4?PAB@ CD<5?<:9A<<

P (0) =
{

K = 3, (x
(0)
1 = 3, y

(0)
1 = 5,ω

(0)
1 = 0.75), (x

(0)
2 = 5, y

(0)
2 = 4,ω

(0)
2 = 0.75),

(x
(0)
3 = 4, y

(0)
3 = 3,ω

(0)
3 = 0.75)

} (18)

<;@9AS?BEP K<E?B BCBDAOI FBK9> N 6 A45BD9 U . �?S >4:8B7B N CDB6B8<?BEP 100 D4EK9FB6,
D4ECB?B:9A<9 BCBDAOI FBK9> ;48464?BEP E?GK4=AB 6 D. $9;G?PF4FO CD<6989AO 6 F45?. 1. � C9D-
6B= >B?BA>9 G>4;4AB >B?<K9EF6B BCBDAOI FBK9>, 6B 6FBDB= 4 CDBJ9AF G84KAB= <89AF<H<>4J<<,
4 6 BEF4?PAOI 4 GED98AёAAO9 >BBD8<A4FO < <AF9AE<6ABEF< @B89?PAOI 6<ID9=. #B8 G84KAB=
<89AF<H<>4J<9= CBA<@49FES 5?<;BEFP FBK9KAOI 6<ID9= > I4D4>F9D<EF<>4@ D4ECD989?9AAOI <
FBCB?B7<K9E>4S Q>6<64?9AFABEFP ?<A<= FB>4. #D< N < 10 A45BD U EB89D:<F A98BEF4FBKAB <AHBD-
@4J<< B EFDG>FGD9 F9K9A<S, KFB S6?S9FES CD<K<AB= A<;>B= 69DBSFABEF< GEC9LAB= <89AF<H<>4J<<
EFDG>FGDO. % DBEFB@ N CDBJ9AF GEC9LAOI D4EK9FB6 D4EF9F, G:9 CD< N = 10 <I B>B?B CB?B6<AO.
 4>E<@4?PA4S 8B?S GEC9LAB= <89AF<H<>4J<< 8BEF<749FES CD< N = 100, AB < A4 6E9@ <AF9D64?9
N ∈ [20, 200] 69DBSFABEFP GEC9LAB= <89AF<H<>4J<< 5B?PL9 80%. &B 9EFP 8?S QHH9>F<6AB=
D45BFO 4?7BD<F@4 8BEF4FBKAB <@9FP <AHBD@4J<R 6 A95B?PLB@ A45BD9 BCBDAOI FBK9>.

�B 6FBDB= E9D<< 6OK<E?<F9?PAOI Q>EC9D<@9AFB6 E?GK4=AB <;@9AS?ES A9 FB?P>B A45BD U ,
AB < A4K4?PAB9 CD<5?<:9A<9 4?7BD<F@4 P (0). !4K4?PAO9 CD<5?<:9A<S 8?S >BBD8<A4F FBK9KAOI
6<ID9= 6O5<D4?<EP E?GK4=AB 6 98<A<KAB@ >DG79 E J9AFDB@ 6 FBK>4I A45BD4 (18), 4 CD<5?<:9A<S
8?S <AF9AE<6ABEF9= 4 <; <AF9D64?4 [0.5, 2]. $9;G?PF4FO 84AO 6 F45?. 2. �<8AB, KFB E?GK4=AB9

&45?<J4 1 / Table 1

N % x̃1 ỹ1 ω̃1 x̃2 ỹ2 ω̃2 x̃3 ỹ3 ω̃3

5 27 3.462 4.774 1.332 3.745 3.153 1.296 4.814 4.272 1.232
10 51 3.283 4.631 0.930 3.764 3.066 0.948 4.936 4.300 0.983
15 70 3.272 4.671 0.949 3.805 3.091 0.987 4.947 4.314 0.899
25 85 3.283 4.636 0.930 3.812 3.087 0.963 4.909 4.301 0.936
50 92 3.308 4.647 0.954 3.798 3.087 0.945 4.898 4.296 0.926
100 95 3.307 4.636 0.924 3.805 3.100 0.953 4.899 4.295 0.926
200 92 3.308 4.635 0.948 3.806 3.091 0.933 4.898 4.287 0.927

&45?<J4 2 / Table 2

N % x1 y1 ω1 x2 y2 ω2 x3 y3 ω3

5 24 3.490 4.628 1.169 3.965 3.350 1.198 4.754 4.180 1.046
10 43 3.341 4.670 0.989 3.756 3.118 1.065 4.886 4.270 1.042
15 70 3.274 4.655 0.950 3.756 3.134 1.027 4.924 4.309 0.924
25 75 3.275 4.647 0.927 3.817 3.078 0.946 4.893 4.278 0.982
50 87 3.298 4.652 0.919 3.787 3.098 0.949 4.896 4.285 0.938
100 93 3.316 4.618 0.943 3.792 3.076 0.919 4.900 4.282 0.947
200 92 3.318 4.637 0.936 3.801 3.090 0.939 4.906 4.290 0.921

�B6BDGI<A �.!.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6 721



6B;@GM9A<9 A4K4?PAB7B CD<5?<:9A<S A9@AB7B EA<;<?B 69DBSFABEFP GEC9LAB= <89AF<H<>4J<<
CBKF< 8?S 6E9I N , AB QFB EA<:9A<9 A9;A4K<F9?PAB9, KFB 89@BAEFD<DG9F QHH9>F<6ABEFP 4?7BD<F@4
6 L<DB>B@ 8<4C4;BA9 A4K4?PAOI CD<5?<:9A<=. "F@9F<@, KFB GED98A9AAO9 >BBD8<A4FO FBK9KAOI
6<ID9= < <I <AF9AE<6ABEF< 5?<;>< EBBF69FEF6GRM<@ I4D4>F9D<EF<>4@ D4ECD989?9AAOI 6<ID9=
F9EFB6B= >BAH<7GD4J<<, E@BFD< B59 F45?<JO.

�4>?RK9A<9 < B5EG:89A<9

� EF4FP9 CD98?B:9A 4?7BD<F@<K9E><= @9FB8 D9L9A<S B5D4FAB= ;484K< <89AF<H<>4J<< <
CDB7AB;4 D4;6<F<S C?BE>B7B 6<ID96B7B F9K9A<S, >B784 <;69EFAO 69>FBDO E>BDBEF< :<8>BEF< 6 >B-
A9KAB@ A45BD9 BCBDAOI FBK9>.  9FB8 BEAB64A A4 <ECB?P;B64A<< @4F9@4F<K9E>B= @B89?< E<EF9@O
FBK9KAOI 6<ID9= < @<A<@<;4J<< J9?96B7B HGA>J<BA4?4, BJ9A<64RM97B 5?<;BEFP A45BDB6 69>FB-
DB6 E>BDBEF< <EIB8AB7B < @B89?PAB7B F9K9A<=. � E<?G CD<EGM9= B5D4FAO@ ;484K4@ A9>BDD9>FAB-
EF< < E<?PAB= ;46<E<@BEF< D9;G?PF4FB6 BF <EIB8AB= <AHBD@4J<<, F9BD9F<K9E><= 4A4?<; @9FB8B6
<I D9L9A<S 69EP@4 ;4FDG8A<F9?9A. 1FB BFABE<FES < > D4EE@4FD<649@B= ;484K9, CBQFB@G CD<@9-
A<@BEFP < QHH9>F<6ABEFP 4?7BD<F@4 6 EF4FP9 <EE?98B64A4 Q>EC9D<@9AF4?PAB E <ECB?P;B64A<9@
8BEF4FBKAB EB89D:4F9?PAB7B CD<@9D4 4 8<A4@<>< < 6;4<@B89=EF6<S FDёI D4ECD989?9AAOI 6<ID9=.

#DB6989AO K<E?9AAO9 Q>EC9D<@9AFO CB <89AF<H<>4J<< F9EFB6OI F9K9A<=. �ECB?P;G9-
@O9 8?S <89AF<H<>4J<< A45BDO 69>FBDB6 HBD@<DB64?<EP 6 E?GK4=AB D4ECD989?9AAOI A45BD4I
BCBDAOI FBK9> < BCD989?S?<EP 6OK<E?9AAO@< 6 D9;G?PF4F9 D9L9A<S A9EF4J<BA4DAB= ;484K< 8?S
GD46A9A<= 1=?9D4 ;A4K9A<S@<. �B?<K9EF6B BCBDAOI FBK9> 64DP<DB64?BEP BF 5 8B 200. �?7BD<F@
CDB89@BAEFD<DB64? QHH9>F<6AGR EIB8<@BEFP 6 FB@ E?GK49, >B784 6<ID964S EFDG>FGD4 EBEFBS-
?4 <; 8BEF4FBKAB G84?9AAOI 8DG7 BF 8DG74 D4ECD989?9AAOI 6<ID9=. �OK<E?9AAO9 >BBD8<A4FO
6<ID9= @B89?PAB= E<EF9@O < <I <AF9AE<6ABEF< B>4;4?<EP 5?<;>< > I4D4>F9D<EF<>4@ F9EFB6OI
CDBEFD4AEF69AAB D4ECD989?9AAOI 6<ID9= 6B 6E9I E?GK4SI, >B784 4?7BD<F@ GEC9LAB EIB8<?ES.
�DB@9 FB7B, EFDG>FGDO <;69EFAOI ?<A<= FB>4 F9EFB6OI < CBEFDB9AAOI 8?S @B89?PAOI F9K9A<=
FBCB?B7<K9E>< Q>6<64?9AFAO. #DB6989AAO= 8?S QFB7B E?GK4S CDB7AB; 8<A4@<>< E CB@BMPR
D9L9A<S ;484K< �BL< 8?S @B89?PAB= E<EF9@O CB>4;4? IBDBL99 EB6C489A<9 A4 6D9@9A4I CBDS8>4
A9E>B?P><I B5BDBFB6 EFDG>FGDO < CD46<?PAB9 >4K9EF69AAB9 BC<E4A<9 A4 5B?PL<I 6D9@9A4I.
$9;G?PF4FO EGM9EF69AAB GIG8L4?<EP CD< GE?B:A9A<< 6<ID96B= >BAH<7GD4J<< < CD< 6;4<@B89=-
EF6<< F9EFB6OI D4ECD989?9AAOI 6<ID9=. +<E?9AAO= 4A4?<; 4?7BD<F@4 CB>4;4?, KFB EIB8<@BEFP
@9FB84 E<?PAB ;46<E<F BF D4ECB?B:9A<S BCBDAOI FBK9>, 6 >BFBDOI ;484AO 69>FBDO <EIB8AB7B
A45BD4. �?S GEC9LAB= EIB8<@BEF< 6 D4EE@BFD9AAOI CD<@9D4I 8BEF4FBKAB A95B?PLB7B (CBDS8>4
89ESF>B6) >B?<K9EF64 <ECB?P;G9@OI 8?S <89AF<H<>4J<< 69>FBDB6. �DB@9 FB7B, 4?7BD<F@ EIB8<FES
> <E>B@B@G @<A<@G@G <; L<DB>B= B5?4EF< A4K4?PAOI CD<5?<:9A<=.

 AB7<9 CDB5?9@O < A9FBKABEF<, 6B;A<>4RM<9 CD< CD<@9A9A<< 4?7BD<F@4, E6S;4AO E
A98BEF4F>4@< <ECB?P;G9@B= CDBEF9=L9= @B89?PAB= E<EF9@O 6<ID96B= 8<A4@<><. "EAB6AO@
9ё A98BEF4F>B@ S6?S9FES 6ODB:89AABEFP @B89?PAB7B 69>FBDAB7B CB?S A9CBED98EF69AAB 6 FBK9K-
AB@ 6<ID9 <, >4> E?98EF6<9, 5B?PLB9 ;A4K9A<9 E>BDBEF< 6 <I B>D9EFABEF<. 1FB CDBF<6BD9K<F
D94?PAO@ 86G@9DAO@ 6<IDS@, 6 J9AFD9 S8D4 >BFBDOI E>BDBEFP :<8>BEF< D46A4 AG?R < @4?4
6 97B B>D9EFABEF<. 1FBF 89H9>F @4F9@4F<K9E>B= @B89?< @B:9F CD<6B8<FP > A9CD46<?PAB= D45B-
F9 4?7BD<F@4 CD< A4?<K<< BCBDAOI FBK9> 65?<;< S89D 6<ID9=. �DB@9 FB7B, E<EF9@O FBK9KAOI
6<ID9= A9 BC<EO64RF F4><9 CDBJ9EEO, >4> 6;4<@B89=EF6<S < E?<SA<9 D4ECD989?9AAOI 6<ID9=,
A4?<K<9 HBAB6OI F9K9A<= < 8D. !9E@BFDS A4 QFB, 8BEFB<AEF64@< CDBEF9=L9= @B89?< S6?S9FES
9ё BFABE<F9?PA4S @4F9@4F<K9E>4S CDBEFBF4 < 489>64FAB9 BC<E4A<9 ?<A<= FB>4 @AB7<I 6<ID96OI
F9K9A<=, KFB CB;6B?<?B GEC9LAB <89AF<H<J<DB64FP F9EFB6O9 6<ID96O9 EFDG>FGDO, EBEFBSM<9 <;
A96;4<@B89=EF6GRM<I 6<ID9=, < CDB6B8<FP CDB7AB; <I 8<A4@<><.
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�;546<FPES BF A98BEF4F>B6 @B89?PAB= E<EF9@O @B:AB 86G@S ECBEB54@< 4 A9 GK<FO64FP
BCBDAO9 69>FBDO <; B>D9EFABEF< S89D 6<ID9=, 4 F4>:9 <; B>D9EFABEF< FBK9KAOI 6<ID9= @B89?P-
AB= E<EF9@O. �DG7<@, < 5B?99 C9DEC9>F<6AO@, S6?S9FES <ECB?P;B64A<9 @4F9@4F<K9E><I @B89?9=
6<ID96B= 8<A4@<><, 489>64FAB BC<EO64RM<I CB?9 E>BDBEF< 6B 6E9= B5?4EF< F9K9A<S < 8<A4@<K9-
E><9 6<ID96O9 CDBJ9EEO. 1FB 84?PA9=L99 A4CD46?9A<9 A4L<I <EE?98B64A<= 6 5?<:4=L99 6D9@S.
#B?GK9AAO9 6 EF4FP9 D9;G?PF4FO E <ECB?P;B64A<9@ CDBEF9=L9= @B89?< CDB89@BAEFD<DB64?<
QHH9>F<6ABEFP < D94?<;G9@BEFP CD98?B:9AAB7B CB8IB84 D9L9A<S D4EE@BFD9AAB= B5D4FAB= ;484K<.
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Abstract. The purpose of this work is the study of design of new short-circuited coaxial transducer with thin linear jumper,
that circuits on one side of the grounded coaxial cylinder, located above the rectangular iron-yttrium garnet (YIG) film, in
homogeneous constant magnetic field with rectangular film along its length or width. The thin linear jumper is directed parallel
to the width of the YIG film. Methods. In the CST Microwave Studio environment, an electrodynamic analysis of the model
was carried out using the finite element method. To study the efficiency of modes excitation in a ferrite film at different
distances between the coaxial transducer and the surface of the YIG film, the frequency dependences of the inverse losses
S11 of the model were calculated. Results. 1. The identification of modes in a homogeneous static magnetic field H⃗, directed
parallel to the plane of a rectangular YIG film along its width (Ę-axis) was carried out. 2. The identification of modes in a
homogeneous static magnetic field H directed parallel to the plane of the rectangular YIG film along its length (ė-axis) was
carried out. 3. A comparison of modes spectra was made at H⃗, directed parallel to the plane of the YIG film along its width
(Ę-axis) and length (ė-axis). Conclusion. In this paper short-circuited transducer with a thin linear jumper, circuited on one side
of the grounded coaxial cylinder, is investigated. By the electrodynamic method distributions of high-frequency magnetic field
of the excited magnetostatic modes were calculated and their identification was carried out for two directions of homogeneous
static magnetic field H⃗: along width and along length of rectangular YIG film. The dependence of number of excited modes
on the distance between a short-circuited transducer and rectangular YIG was also studied. A comparison of modes spectra is
carried out at H⃗, directed parallel to the plane of the YIG film along its width and length. With this rotation of vector, the band
of effectively excitable modes shifts from 4.6...4.9 GHz to 4.5...4.75 GHz. However, the excitation of these modes in the case
of the vector H⃗, directed along the width of YIG film (Ę-axis), is much more effective in the band 4.65...4.9 GHz than in the
case when this vector is directed along the length of YIG film (ė-axis). At the same time, excitation of these modes in the case
of the vector H⃗, directed along the length of YIG film (ė axis) is effective in the band 4.4...4.6 GHz.

Keywords: iron-yttrium garnet, magnetostatic modes, coaxial transducer.
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Fig. 1. The studied model of the coaxial transducer with YIG
film (color online)
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Fig. 2. Frequency dependence S11 for vector H⃗, directed along YIG film width (Ę axis), when YIG film surface is removed
from short-circuited conductor of jumper on Ă = 0.1 mm
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Fig. 3. Distribution of the module of the radio frequency (RF) magnetic field mode for vector H⃗, directed along YIG film
width (Ę axis), according to the numbering in Fig. 2 and their identification (color online)
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Fig. 4. Frequency dependence S11 for vector H⃗, directed along YIG film width (Ę axis), model with identified modes when
the surface of YIG film is removed from conductor of jumper on Ă = 0.1 mm
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Fig. 5. Frequency dependence of S11 model for vector H⃗, directed along YIG film width (Ę axis), with identified modes when
the surface of YIG film is removed from conductor of jumper on Ă = 0.4 mm
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Fig. 6. Frequency dependence of S11 model for vector H⃗, directed along YIG film width (Ę axis), with identified modes when
the surface of YIG film is removed from conductor of jumper on Ă = 0.8 mm

2. �89AF<H<>4J<S @B8 6 B8ABDB8AB@ EF4F<K9E>B@ @47A<FAB@ CB?9 H,

A4CD46?9AAB@ C4D4??9?PAB C?BE>BEF< CDS@BG7B?PAB= C?9A>< ���

68B?P 99 8?<AO (BE< y)

�A4?<; @B89?< 5O? CDB6989A CD< D4EEFBSA<SI d @9:8G 6B;5G8<F9?9@ < CB69DIABEFPR
H9DD<F4 BF 0.1 @@ 8B 0.8 @@. �?S >4:8B7B D9;BA4AE4 A4 K4EFBFAB= I4D4>F9D<EF<>9 B5D4FAOI CBF9DP
S11 5O?< 6OK<E?9AO < 6<;G4?<;<DB64AO D4ECD989?9A<S 45EB?RFAB7B ;A4K9A<S 6OEB>BK4EFBFAB7B
@47A<FAB7B CB?S @B8O 6AGFD< C?9A>< ���. #B QF<@ D4ECD989?9A<S@ < <89AF<H<J<DB64?<EP
@47A<FBEF4F<K9E><9 @B8O.

$4EE@BFD<@ EC9>FD 6B;5G:849@OI @47A<FBEF4F<K9E><I @B8 6 C?9A>9 ���, >B784 99 CB-
69DIABEFP A4IB8<FES A4 D4EEFBSA<< d = 0.1 @@ BF >BDB>B;4@>AGFB7B CDB6B8A<>4 C9D9@OK><

732
�45<K96 $. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6



6B;5G8<F9?S. +4EFBFA4S ;46<E<@BEFP B5D4FAOI CBF9DP S11 8?S QFB7B E?GK4S <;B5D4:9A4 A4 D<E. 7.
�?S A9ё 5O?< CDB4A4?<;<DB64AO D4ECD989?9A<S 45EB?RFAB7B ;A4K9A<S 6OEB>BK4EFBFAB7B @47A<F-
AB7B CB?S A4 CDBAG@9DB64AAOI D9;BA4AEAOI K4EFBF4I. $4ECD989?9A<S @B8G?S 6OEB>BK4EFBFAB7B
@47A<FAB7B CB?S A4 D9;BA4AEAOI K4EFBF4I CD98EF46?9AO A4 D<E. 8.

$<E. 7. +4EFBFA4S ;46<E<@BEFP S11 @B89?< CD< 69>FBD9 H⃗, A4CD46?9AAB@ 68B?P 8?<AO C?9A>< ��� (BE< ė), CD<
G84?9A<< 6B;5G8<F9?S A4 0.1 @@

Fig. 7. Frequency dependence of S11 model for vector H⃗, directed along YIG film length (ė axis), when the surface of YIG
film is removed from conductor of jumper on Ă = 0.1 mm
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Fig. 8. Distribution of the module of the RF magnetic field mode for vector H⃗, directed along YIG film length (ė axis),
according to the numbering in Fig. 7 and their identification (color online)
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Fig. 9. Frequency dependence of S11 model for vector H⃗, directed along YIG film length (ė axis), with identified modes when
the surface of YIG film is removed from conductor of jumper on Ă = 0.1 mm
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Fig. 10. Frequency dependence of S11 model for vector H⃗, directed along YIG film length (ė axis), with identified modes
when the surface of YIG film is removed from conductor of jumper on Ă = 0.4 mm
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Fig. 11. Frequency dependence of S11 model for vector H⃗, directed along YIG film length (ė axis), with identified modes
when the surface of YIG film is removed from conductor of jumper on Ă = 0.8 mm
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Exact sequence matches in genomic studies

M. Sheinman

Abstract. The purpose of this article is to review usage of exact sequence matches in different field of genomic studies.
Methods. The presentation is built in the form of a brief review of clearly non-exhaustive list of works in which the authors
inferred biological knowledge using statistical properties of exact matches between different genomic texts or self-matches
along the same genomic sequence. Results. Often, in genomic studies, different genomic loci exhibit different statistical
properties, while their boundaries are not known a priory. In such cases we conclude that studying statistical properties of exact
sequence matches is a useful alternative to other methods, for instance, based on arbitrary-size (non-)sliding windowing of the
genome. Conclusion. This review demonstrates that exact sequences matches are not only an important auxiliary alignment
step, but also helpful in other contexts. Their statistical properties are relatively easy to calculate analytically or numerically
under various assumptions and compare to empirical data, validating models and fitting the models’ parameters.
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Introduction

Genomic sequences evolve via error-prone DNA replication. Therefore, comparing DNA sequences
from different origins we often find similar texts. Significant similarity suggests common ancestor
of such DNA regions and we define such regions that have a common evolutionary origin as
homologous [1, 2]. Homologous sequences typically share more and longer exact matches, compared to
non-homologous ones.

k-mers. There are different ways to analyze the exact matches. One can look at the shared
sequences of specific length k, so-called k-mers. For instance, two sequences: ACGCGATTGCTAA
and ACGAGATTTCTAA share two 4-mers: GATT and CTAA. There are 6 shared 3-mers: CGA,
ACG, GAT, ATT, CTA and TAA. Homologous sequences are expected to share more long k-mers than
non-homologous ones.

Similarly, one can compare a sequence to itself searching for self-matches. Using an efficient
software, like Jellyfish [3], one can obtain all the exact matches of length k along a genomic
sequence 4 all it k-mers. Abundance of genomic k-mers (as well as k-mer peptide abundances in
protein sequences [4]) is informative. For k = 1 this boils down to GC content, which is an important
genomic trait and is often used to characterize within- and between-genome variations [5], especially
for bacterial organisms [6]. k=2-mers-dinucleotides 4 are also used [5, 7], while local abundance of the
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CG 2-mer is especially interesting (see review about CpG islands in Ref. [8]). k = 3-mers abundances
reflect codon usage bias: the preferential or non-random use of synonymous codons 4 an intriguing
phenomenon observed in all domains of life [9]. Longer k-mers are discussed in the following sections.

MEMs. Another way to analyze sequence (self-)similarities is to find maximal exact matches
(MEMs). These are exact matches between two sequences that cannot be extended either way without
introducing mismatches [10]. Since the early days of bioinformatics, MEMs are used to visualize
(self-)similarities of genomic sequences using so-called dotplots [11]. In the example above MEMs
are given by ACG, GATT and CTAA. Lengths of MEMs reflect degree of similarity: for two random
sequences of length L � 1 an average number of MEMs of length r decays exponentially with r
following

m(r) =
L2

2
(1− p)2pr, (1)

where p 4 the probability of matching nucleotides, which is equal to 1/4 for an i.i.d. sequence with
equal proportions of nucleotides. This exponential match length distribution leads to the Gumbel
distribution for longest matches in an alignment of i.i.d. sequences, which is commonly used to assess
the significance of local alignments [12, 13].

In the following sections I review usage of exact sequence matches in different contexts.

Exact matches as alignment seeds

Aligning two or more genomic (or protein) sequences is arguably the most fundamental tasks
in bioinformatics. If two sequences align well, they are likely homologous. A common approach to
alignment is the seed and extend approach [14]. In a first step, very short local similarities are found.
These similarities are often required to be exact sequence matches. Then they are used as alignment
seeds. In a second step, starting from these seeds, alignments are constructed. This construction is often
the slowest step, so that the seeds are ought to be sensitive and specific and, yet, their search should
be fast [15, 16].

Classical aligners use simple k-mers (exact sequence matches of length k) as seeds [14,17, 18].
Later, seeds in the form of gapped k-mers were introduced, where bases at certain positions of the k-mer
are not required to match [19,20]. Such spaced seeds (with some variations, like differentiation between
different types of mismatches: transitions and transversions) are currently used in alignments like
BLASTZ [21], YASS [22], DIAMOND [23], LASTZ [24], and MegaBLAST version of BLASTn [25].
Recently, other modified k-mer methods were suggested [26], like mimimizers [27], syncmers [28] and
strobemers [29] .

An alternative approach is to use MEMs beyond certain length as alignment seeds. This was
implemented in aligners like MAVID, [30], GAME [31], CoCoNUT [32] and MUMmer [33, 34]. The last
was the first software system that used suffix trees to find MEMs as potential seeds for an alignment. A
suffix tree is a data structure for representing all the subsequences of a sequence [35]. For a sequence of
length L it can be represented in space O(L) and fast algorithms have been found to construct a suffix
tree in time O(L), e.g. [36]. Given the suffix tree of one sequence and another sequence of length L′,
one can compute all MEMs between the sequences in time O(L′) [33].

Insights into evolutionary history using exact matches

Beyond technical aspects, exact matches can be used directly to infer information about evolu-
tionary history of genomes. The reasons for this are that (i) one can relatively easily obtain them
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empirically, (ii) in contrast to alignments, where some properties depend on the alignment algorithm
and its parameters, exact matches are unambiguously defined, (iii) statistical properties of exact matches
within the framework of theoretical models can be often obtained analytically or their numerical
calculation is relatively fast. In sum, one can often compare empirical data to theoretical predictions
using exact sequence matches, validating a model and fitting its parameters. In the following we review
a few such cases.

Sequences similarity estimates using exact matches3alignment-free methods. An important
direction in bionformatics is direct phylogeny reconstruction without the alignment step, using exact
matches [37, 38]. For phylogenetic reconstruction, a first step is to estimate pairwise evolutionary
distances between protein or nucleic-acid sequences [39]. Also, statistical properties of pairwise
evolutionary distances between members of a taxon can shed light on its speciation history [40].
The distances are usually inferred using pairwise or multiple-sequence alignments. However, sequence
alignment happens to be too slow for huge amount of data. To cope with this problem alignment-free
approaches have been being developed. In contrast, some alignment-free approaches are based on
k-mer abundances [41345]. The tools Cnidaria [46] and AAF [47] use the Jaccard index between
two sets of k-mers to estimate the distance between them, while SlopeTree [48] defined a distance
measure using the decay of the number of k-mer matches between two sequences, as a function of k.
Other approaches take the length of maximal (non)exact matches as an input [49353].

Similar methods are currently used not only for phylogeny, but also in metagenomic analysis
[54357], to identify genome rearrangements [58], in haplotype classification [59], in medical applications
[60363] and other fields. In all these applications, one requires fast estimate of pairwise similarity in
large sets of sequence data and analysis of exact matches often allows to circumvent tedious alignment
process.

Evolution of DNA repeats and their pseudo-linguistic features. Sequencing of genomes has
revealed that genetic texts comprise repeats of different kinds [64]. Repetitive DNA contains many
homologous sequences, sharing significant similarities to each other. Hence, statistical properties of
genomic sequence differ from those of random ones in this respect [65]. One of these properties, which
we discuss here, is that certain k-mers are much more abundant than others (this property is used to
identify repeat families [66]). In particular, s 4 the abundances of long k-mers 4 exhibits a wide,
scale-free distribution: number of k-mers with abundance s scales as nk(s) ∼ s−α with α ' 2, as
shown in Fig. 1, a. This phenomenon resembles statistical properties of human texts, where abundances
of words also exhibit a scale-free distribution [67]. For human texts such a linguistic feature is often
presented as Zipf law [68,69] (see Fig. 1, a (Inset)). Despite an incomplete analogy, (k-mers are not
genomic <words=), this intriguing similarity between genomes and human texts has led some researchers
to analyze genetic sequences from a linguistic perspective [70372], while many others questioned this
approach (see e.g. [73]).

It was shown [74] that a simple <copy-paste= model of selfish DNA in a fixed-size genome
generates a fat tail in the distribution of k-mer abundances distribution, nk(s) ∼ s−α, but the value of
the power-law exponent in Ref. [74] was α(k) = −1 and k-independent4different from the empirical
results, where the exponent was α ' 2 (see Fig. 1, a) and increased with k (see Fig. 1, d). After this, it
was demonstrated [75] that, taking into account increase of the genome size due to spreading of selfish
DNA (see Fig. 1, b), one can analytically calculate the power-law α(k) (upper-left corner of Fig. 1, c).
Taking separately one repeat family (Alu family [76] in Ref. [75]), i.e. considering only k-mers from
the repeats of the family, the analytical predictions account very well for the empirical results. Fitting
the model parameters to the empirical data per repeat family, the spreading rates of different families
was obtained using the analytic formula (see Fig. 1, c). Furthermore, numerical simulation of the model
with the fitted parameters accurately reproduces abundance distribution of k-mers for all k values
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Fig. 1. a 4 Distributions of abundances of k-mers for k = 40 in human genome. s is the number of copies of a certain
k-mer and nk(s) is the number of different k-mers with abundance s. Distributions for different genomic compartments are
presented: the whole genome (solid, black), the whole genome after masking the repeat elements (solid, green) and the Alu
family of repeats (solid, blue). For comparison the distribution of word abundances in Pride and Prejudice [77] is also shown
(solid, red). The dashed line represents the power-law nk(s) ∼ s−α with α = 2. For a randomly shuffled human genome or a
random sequence of the same length there is not a single k-mer with s > 1. Inset: the corresponding Zipf ’s plots for the main
figure. For each k-mer (or a word for Pride and Prejudice) its abundance is plotted vs. the rank of its abundance. The dashed
line represents the power-law s ∼ 1/rank(s). b 4 Illustration of the analysed model for the dynamics of repeat elements. Each
branch represents a sequence of the repeat. Active elements are depicted in thick, black lines, while silent ones are shown in
thin, gray lines. During the activity burst, selfish elements duplicate exponentially with time and accumulate mutations (red
marks). After the burst sequences do not duplicate anymore but still mutate. c 4 Estimation of parameters of the model using
the analytic fit of the empirical data. Circles represent the empirical power-law exponent α as a function of k. The line is
the numerical fit of the data points using the analytical prediction (upper-left corner). The resulting estimator is presented
below the equation (µ is the mutation rate, γ is the duplication rate and δ is the fraction of active repeats after a duplication).
d 4 Distributions of abundances of k-mers, nk(s), for different values of k, from 5 to 90 in steps of 5, from top to bottom
(see numbers in the figure). Circles represent nk(s) in the empirical data for the Alu family of repeats. Dots represent nk(s)
in a random sequence, of the same length as the empirical one for k = 5 (red) and k = 10 (blue). Lines represent nk(s) in
simulated Alu elements using the set of parameters in (c). The dashed lines represent the power-law decay ns ∼ s−α with
α = 2. For visibility the values of nk(s) are normalized differently for each value of k (but in the same way for the empirical
and the simulated data), so that the units of the vertical axis are arbitrary. The figure adapted with permission from [75]
(color online)
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(see Fig. 1, d). This study, using statistical properties of k-mers, showed that Zipf law in genomic texts
is rather a consequence of the evolutionary dynamics of DNA repeats and does not reflect linguistic
features of genomic texts. Moreover, evolutionary dynamics of DNA repeats can be well-modelled as
exponentially growing process on a large scale.

How to relate time divergence distribution to genomic data using MEMs. Before I proceed
to concrete examples, let’s discuss here how to validate a model for evolutionary history using genomic
sequence data in case that the model predicts distribution of pairwise evolutionary time distances between
different loci along the genome(s) and the borders of the loci are not known in advance. In principle,
using the molecular clock assumption, the evolutionary time divergence τ between two DNA loci with
effective mutation rate µ is related to the density of mismatches at these loci, µτ� 1 (ignoring back
mutations). However, identifying loci with constant mutational density is often challenging, requires
setting of arbitrary parameters, like size of the window in the case of windowing the genome to regions
of fixed size (see e.g. [78,79]). MEMs analysis circumvents this problem and was used in Refs. [80386].
The main idea is to use statistical properties of the MEMs lengths instead of the statistical properties
of loci time divergences. One can show [87], using the result derived in [88] that the molecular
clock instead of fraction of mismatches can be formulated in terms of the MEMs lengths distribution
(MLD) r.

Namely, for a given time divergence τ (twice the time to their last common ancestor) between two
loci of length K the expected number of differences is µτK and follows Poisson distribution. In contrast,
the expected number of MEMs (the distances between subsequent differences) of length r in the regime
K � r � 1 is given by

m(r|τ) =
[
2τµ+ (τµ)2(K − r)

]
e−τµr ' K(τµ)2e−τµr. (2)

Using Eq. (2) one can relate the empirically observed distribution of MEMs length m(r) to the
distribution of loci pairwise time evolutionary distances P (τ), predicted by a model, using

m(r) =

∞∫

0

m(r|τ)P (τ)dτ = L

∞∫

0

(τµ)2e−τµrP (τ)dτ = L
d2P̃ (µr)

dr2
, (3)

where L is the total length and P̃ (σ) = L {P}(σ) =
∫
∞

0
e−στP (τ)dτ is the Laplace transform of

P (τ). One can see that length distribution of exact sequence matches between two sequences is related
to the Laplace transform of their time divergence distribution. Hence, there is a direct relationship
between the MLD m(r) and the Laplace transform of the loci pairwise time divergence distribution.
In particular, as discussed in detail in Ref. [83], scaling behaviour of pairwise distances distribution for
close pairs, P (τ) ∼ τα−3 as τ→ 0 dictates power-law tail of MEMs length distribution, m(r) ∼ r−α as
r → ∞. In sum, studying m(r) 3 a quantity that can be easily computed from empirical data 3 allows
to reconstruct the evolutionary history of the genomes.

Using the same arguments, if different loci mutate with different mutation rate and the rate is
distributed as Pmut(µ), while the evolutionary time distance between all loci τ is the same, MEMs
distances are distributed as

m(r) = L
d2P̃mut(τr)

dr2
. (4)

In the following we demonstrate how using this approach one can shed light on different aspects of
genomic evolutionary history.
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Self MEMs reflect segmental duplication history of genomes. MEMs along genomes exhibit
interesting statistical features. In particular, distribution of their lengths, m(r), strongly deviates for
the random-sequence prediction (1). The dot-plot, shown in Fig. 2, a, demonstrates that the genome
contains many paralogous sequences. As discussed in the previous section, repeat families generate such
repetitive sequences. However, cleaning the repeats using the repeat masking software one can still
observe long similar sequences that look like broken sticks [87] on a dot-plot (see example in Fig. 2, b).
Length distribution of MEMs along such <sticks= was found [89] to obey α = −3 power-law:

m(r) ∼ r−3, (5)

where L is the genome length, as shown in Fig. 2, c.
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Fig. 2. a, b 4 Dot-plot of self-MEMs along a part of human chromosome 1 before (a) and after (b) repeat masking. c 4 The
MEMs length distribution (MLD) for a self-alignment of the human genome. The MLD for the complete genome excluding
repetitive sequences (in total L = 1.23 Gbp) is shown in black and shows the described power law tail. The MLD for a
human sequence of the same length but including repetitive elements is shown in red. For small lengths both distributions
coincide and are dominated by random sequence matches, which occur in randomly shuffled sequences, that follows Eq. (1)
(blue curve). The dashed line represents the theoretical prediction (6), see below. The inset gives an example for an alignment
grid of a self-alignment of a sequence of length 12. Matching nucleotides are marked by diagonal lines forming MEMs. The
global MEM is shown in red along the main diagonal. Off-diagonal MEMs are depicted in black. The grid is symmetric and
only MEMs above the main diagonal are counted. In this example there are six MEMs of length one, three matches of length
two, and one match of length three. d 4 The simulated MLD for various values of mutation rate µ and duplication rate γ.
Theoretical predictions (6) using the stick-breaking model [81] are shown with dashed lines. The dotted line is based on
Eq. (1). The panels (c-d) adapted from Ref. [81] with permission (color online)
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These observations were explained in Ref. [81] using a simple model of neutral duplication and
mutation of genomic loci. The model assumes that genomic loci duplicate (copy-paste themselves)
to another part of the genome with a constant rate and also undergo point mutations. Using the formalism
presented above, if loci of length K duplicate with rate (per bp) γ (such that duplication rate per locus
is γK) and mutate with rate µ, the distribution of pairwise time divergences between paralogous loci
in a genome in a steady state is uniform and given by P (τ) = (2Kγ)−1, such that P̃ (σ) = (γKσ)−1.
Then, using Eq. (3), one gets

m(r) =
γK

µ

L

r3
. (6)

Eq. (6) fits the tail of the empirical (see Fig. 2, c) and simulated (see Fig. 2, d) MLDs and allows to
estimate the duplication rate γ in the genome: assuming that mutations occur with a rate of about 1.5%
per 10 million years, γ = 4.5 Mbp per million years have been duplicated in the human lineage, in good
agreement with Ref. [90].

Retroduplications generate a different MEMs lengths distribution. Segmental duplication is
not the only biological process that produces duplications in eukaryotic genomes. Retroduplication is a
well-known biological mechanism which consists of the retrotranscription of an mRNA molecule into
the genome. For this reason, retroduplication will solely duplicate transcribed segments of the genome.
Besides, this mechanism generates partial duplicates which do not include introns. As retroduplicants
also do not contain regulatory elements and promoters, they mostly produce nonfunctional copies,
highly similar to the concatenated exons of the functional gene, commonly known as processed
pseudogenes [91]. Various functions have been found for such pseudogenes [92, 93], even though they
often result in evolutionary dead ends.

As an example, consider large family of 113 processed pseudogenes of the ribosomal protein
RPL21 in the human genome [82]. Its distance matrix and a compatible phylogenetic tree in Fig. 3, a.
The matrix and the tree suggest that all these pseudogenes were actually generated by retrotranscription
of a single functional gene. Following this mechanism, a gene of length K duplicates with rate γK,
while its duplicates (processed, nontranscribed pseudogenes) do not duplicate. Since the evolutionary
pressure on the pseudogenes is expected to be much weaker (if any), we assume that the gene and
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Fig. 3. a 4 Distance matrix of 113 processed pseudogenes of the RPL21 gene and their phylogenetic tree. Inset: An example
of the rooted tree of a pseudogene family (filled circles) stemming from one gene (open circle). The gene evolves much slower
than its pseudogenes and the pseudogenes do not retroduplicate. The evolutionary distance between two leaves (green path)
is the sum of the evolutionary distance covered by each pseudogene since its retroduplication event and the evolutionary
distance covered by the gene between the two retroduplication events. All circles represent contemporary sequence segments.
b 4 The MLD computed from the self-alignment of the human processed pseudogenome. The total length of this genome is
L = 6, 433, 368 bp. The red dotted line represents the expected distribution for random sequences, and the red and black
dashed lines represent power laws with exponent α = −4 and α = −3, respectively. Adapted from [82] with permission
(color online)
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its pseudogenes exhibit different effective mutation rates. This results in a tree similar to the one shown
in Fig. 3, a (Inset). The evolutionary time that separates two leaves on such a tree is a sum of three
times: The evolutionary time elapsed after the first retroduplication event, the evolutionary time elapsed
after the second retroduplication event, and the evolutionary time elapsed in the source gene between
the two retroduplications (see the green path of the tree in Fig. 3, a (Inset)).

One can show [82] that the distribution of the pairwise distances on such a tree scales as P (τ) ∼ τ

as τ → 0. Thus, its Laplace transform scales as P̃ (σ) ∼ σ−2 as σ → ∞, so that, using Eq. (3), one
obtainsm(r) ∼ r−4. In sum, MEMs of processed pseudogenes (retroduplicants) are expected to generate
MLD with a power law tail with exponent α = −4. Indeed, concatenating all the annotated processed
pseudogenes of the human genome to construct the so-called human <processed pseudogenome=, the
MLD computed from this processed pseudogenome shows a good agreement with this prediction (see
Fig. 3, b). The deviation of the power law in the very tip of the MLD can be explained either by
subsequent segmental duplication of retroduplicated loci or by selective constrains on the retroduplicants
making them more conserved than expected by the neutral model.

MEMs of different genomes from the same population reflect demographic history

Genetic diversity within a population is shaped by many factors: mutagenesis initially introduces
genomic variation into the genome of a single individual, which is then subject to natural selection and
genetic drift. In a neutral evolution the average diversity depends on the mutation rate and the effective
population size. For diploid organisms with constant effective population size Ne it is given by

θ = 4µNe. (7)

The evolutionary pairwise time distances in such a population (time is measured in generations) is
distributed exponentially [94, 95]

P (τ) =
1

4N
e−

τ
4N . (8)

In addition to described evolutionary processes, genetic recombination shuffles genetic material of
different individuals into a single genome, such that, assuming random mating [95], comparing two
genomes from the populations, one gets loci with different evolutionary distance, following Eq. (8).
Therefore, using Eqs. (8,2,3), lengths of MEMs of two haploid genomes from the diploid populations
are distributed as [86]

m(r) =
2θL2

(1 + θr)3
. (9)

In practice, instead of taking genomes of two individuals one can find MEMs of sister chromosomes
from the same individual, i.e. the distances between sequential heterozygous sites [80, 86]. Thus, Eq. (9)
predicts distribution of distances between sequential heterozygous sites of an individual from a neutrally
evolving fixed-size population of diploid organisms [86]. Often, MEMs of sister chromosomes in the
literature are referred to as runs of homozygosity (ROH) and beyond inferring population history are also
used to calculate genomic inbreeding, decipher genetic architecture of complex traits and diseases [96].

Interestingly, Eq. (9) agrees very well only with empirical distances between sequential hetero-
zygous sites of individuals from African descent [86]. Other individuals exhibit enrichment of long
MEMs relative to the theoretical prediction and African individuals [80, 86]. The most plausible
explanation is that non-Africans underwent a population bottleneck while moving out of Africa [97].
To account for such non-fixed population size demographic history, suitable theoretical framework
was developed in Ref. [86]. Using this approach m(r) for population with a bottleneck was obtained
and fitting the parameters to the empirical data the timing and the bottleneck strength were estimated.
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In sum, MEMs length distribution can be used to analyse demographic history using unphased genomic
data of a single individual. It is still unclear how this approach compares to other methods based on the
Sequential Markovian Coalescent (e.g. Ref. [98]) and how to extend it to polyploid organisms.

MEMs identify evolutionary conserved sequences. Distant organisms rarely share long MEMs.
In higher organimsm such MEMs (for instance, the ones shared between human, mouse, and rat genomes
and longer than 200bp) are usually interpreted as ultra-conserved elements, [99]. Although functions
of such elements is still mostly unclear, their existence clearly demonstrates that effective mutation
rate varies along the genome possibly due to different selective pressure acting on different loci of the
genome [100].

MEMs reveal statistical properties of evolutionary conserved sequences. Variation of
selective pressure along a genome generates a certain distribution of loci effective mutation rate.
The selective pressure on a locus is affected by the fitness effect of a mutation at this locus and by
the effective population size of the taxon [101,102]. The distribution of fitness effects can in principle
be assessed [103], but these methods require in general to conduct complex experiments in controlled
environments. However, studying MEMs one can directly model the mosaic distribution of effective
mutation rates under simple assumptions, following Refs. [82, 83, 85].

The evolutionary distance between orthologous regions of two taxa A and B along locus i is given
by τ

2
(µi

A
+ µi

B
), where τ is the time divergence (twice the time to the last common ancestor of A and B)

and µi
A
is the effective mutation rate along locus i in taxon B. If we assume that (i) different loci have

different effective mutation rates, such that µi
A
and µi

B
are distributed with certain non-trivial probability

distributions along the genome that does not vanish at zero and (ii) µi
A
and µi

B
are not correlated, the

density of the average mutation rate µi = (µi
A
+ µi

B
)/2 scales as P (µi) ∼ µi as µi → 0. Using this

consideration and Eq. (4), the MEMs length distribution of two taxa that evolve under assumptions
(i) and (ii) has a power-law tail with exponent α = −4: m(r) ∼ r−4. This prediction is validated for
different pairs of taxa (bacterial pairs and eukaryotic pairs) (see [82, 83, 85, 89, 104]), demonstrating
how generic and robust are the taken model assumptions. In fact, one should distinguish between
purely orthologous genomic regions and paralogous ones. For the last ones segmental duplication might
have occurred before splitting of the considered pair of taxa. The MEMs along such loci is predicted
and found empirically to follow a power-law tail with exponent α = −5: m(r) ∼ r−5. See detailed
discussion about this in Ref. [83].

In Ref. [85], it was shown that using this approach on can unravel conserved sequences and
horizontally transferred ones (see below more detailed discussion about the latter ones) and construct
calibrated phylogenetic trees of bacterial taxa (Enterobacteriaceae family was taken as an example).
In sum, statistical properties of MEMs between different taxa shed light on the evolution of their
genomes before and after their split, including non-neutral effects due to selective pressure.

MEMs identify and quantify horizontal gene transfers. In contrast to higher organisms, in
bacterial domain of life, an ubiquitous source of long MEMs between distant taxa is horizontal gene
transfer (HGT): transfer of genetic material from one organism to another [105, 106]. This happens via
a variety of mechanisms: conjugation, transduction, and transformation [107]. In fact, to some extent,
HGT present in all domains of life [108], but in the bacterial one, exchange of genetic material is a key
driver of evolution (see e.g. [109]).

Since the discovery of HGT [110], several methods have been developed to infer HGT (see
review in [111]). Arguably, the simplest one is to search long MEMs between two genomes, much
longer that one would expect based on their average genome-wide genomic divergence [84,112,113].
An example of how this works one can see on Fig. 4 [84]. In the dot plot comparing the genome
sequences of Escherichia coli and Salmonella enterica from the Enterobacteriaceae family (Fig. 4, a),
there are many exact matches shorter than 300 bp along the diagonal, revealing a conservation of
the genomic architecture at the family level. Filtering out matches shorter than 300 bp (Fig. 4, b)
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completely eliminates the diagonal line, suggesting that exact matches in the orthologous sequences
of these genomes are invariably short. Because very long exact sequence matches are extremely unlikely
in orthologs, those that do occur are most likely xenologs [114]: sequences that are shared due to
HGT event. As an example, Fig. 4, c shows a dot plot comparable to Fig. 4, a, but now comparing
the genomes of distant Enterococcus faecium and Atopobium minulum. No diagonal line is present
because these genomes belong to different phyla and therefore have low sequence identity. Nevertheless,
an exact match spanning 19, 117 bp is found (diagonal green line highlighted by the red ellipse). The
most parsimonious explanation for such a long match is a recent HGT event. In addition, the GC content
of the match (55%) deviates strongly from that of both genomes (38.3% and 48.9%, respectively),
another indication that this sequence originates from HGT [111]. Alignment of this exact match with all
non-redundant GenBank CDS translations using blastx [14], one finds very strong hits to VanB-type

Fig. 4. Dot plots of MEMs found in pairs of distant bacteria. On panels a and b resp. c and d, each dot/line on the grid
represents a MEM at locus x of the genome of Escherichia coli (resp. Enterococcus faecium) and locus y of the genome
of Salmonella enterica (resp. Atopobium minutum). Blue dots/lines indicate MEMs between the forward strands of the two
species, and green dots/lines those between the forward strand of E. coli (resp. E. faecium) and the reverse complement
strand of S. enterica (resp. A. minutum). a, b 4 Full genomes of E. coli K-12 substr. MG1655 (U00096.3) and S. enterica
(NC_003198.1), which both belong to the family of Enterobacteriaceae. Panel a shows all MEMs longer than 25 bp. The
sequence similarity and synteny of both genomes, by descent, is evident from the diagonal blue line. Panel b only shows
MEMs longer than 300 bp. c, d 4 Same as panels a, b, but for the first 1.4 Mbp of E. faecium (NZ_CP013009.1) and A.
minutum (NZ_KB822533.1), which belong to different phyla, showing few MEMs longer than 25 bp (panel c). Yet, a single
MEM of 19,117 bp is found, as indicated with red ellipses in panels c, d. The most parsimonious explanation for this long
MEM is an event of horizontal gene transfer. Adapted from Ref. [84] with permission (color online)
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Fig. 5. a 4 MEMs length distributions in pairs of genomes from different genera (see legend). Each distribution is normalised
to account for differences in the number of available genomes in each genus. Only the tails of the distributions (length
r ⩾ 300) are shown. Solid lines are fits of power-laws with exponent α = −3 Eq. (10) with just a single free parameter A.
b 4 MEMs lengths resulting from comparison of all pairs of genera at a given taxonomic distance. G/F (blue circles): pairs
of genera that belong to the same family. F/O (red squares): pairs of genera that belong to the same order, but to different
families. O/C (green diamonds): Pairs of genera from the same class, but different orders. C/P (black stars): Same phylum,
different classes. P/D (red circles): Same domain, different phyla. Grey lines indicate power-laws m ∼ r

−3 for comparison.
Inset: Fitted prefactor A for each of the distributions in the main figure. The prefactor decreases by orders of magnitude as the
taxonomic distance increases. Adapted from Ref. [84] with permission (color online)

vancomycin resistance histidine, antirestriction protein (ArdA endonuclease), and an LtrC-family phage
protein that is found in a large group of phages that infect Gram-positive bacteria [115]. Together, this
suggests that the sequence was transferred by transduction and established in both bacteria aided by
natural selection acting on the conferred vancomycin resistance. More general enrichment/depletion
analysis (in Ref. [84]) of genes located along such long MEMs in different bacteria pairs indicated
which groups of genes are more/less prone to HGT (see also [116] for comparison with other studies).

In addition to HGT events identification, long MEMs allow to estimate pairwise rate of HGT
between two taxa using a simple model [84]. The model assumes that HGT acts as a continuous process
on the evolutionary time-scale with rate (per bp) ρ between two taxa. Then the evolutionary time
divergence between transferred genomic loci in the two taxa is uniformly distributed: P (τ) ∼ ρ. Using
this and Eq. (3) one obtains that the distribution of MEMs lengths r between two taxa along horizontally
transferred loci is

m(r) =
A

r3
, (10)

where the prefactor A ∝ ρ/µ (µ is the mutation rate). Maybe not so surprisingly, if you have read through
the review to this point, the empirical distributions of MEMs length nicely validate this prediction, as on
can see in Fig. 5, a. Fitting prefactor A for different pairs of taxa, one can estimate HGT rate between
these pairs. Using this approach one can also average HGT rate for different groups of taxa. For instance,
as shown in Fig. 5, b, the average HGT rate strongly depends on the taxonomic distance and differs by
3 orders of magnitude for same-family genera, compared to bacteria pairs from different phyla.

Summary

In this article different ways to exploit exact sequence matches between genomic sequences were
reviewed. It was shown that one can use exact matches (i) as starting points of alignments, (ii) to infer
evolutionary relations of homologous sequences, (iii) to classify genomes and (iv) to validate and fit
models of evolution of genomic sequences. Exact matches are clearly defined and can be relatively
easily obtained from empirical data without setting more or less ambiguous parameters. This review
illustrated application of exact matches in different fields of genomic studies.
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The purpose of this work is to study the collective dynamics of a neural network consisting of excitatory and inhibitory
populations. The method of reducing the network dynamics to new generation neural mass models is used, and a bifurcation
analysis of the model is carried out. As a result the conditions and mechanisms for the emergence of various modes of network
collective activity are described, including collective oscillations, multistability of various types, and chaotic collective
dynamics. Conclusion. The low-dimensional reduced model is an effective tool for studying the essential patterns of collective
dynamics in large-scale neural networks. At the same time, the analysis also allows us to elicit more subtle effects, such as the
emergence of synchrony clusters in the network and the shifting effect for the boundaries of the existence of dynamical modes.
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F9F4- < 74@@4-D<F@4@< [6], 6?<SA<S 86<:9A<= A4 <;@9A9A<S 59F4-D<F@B6 [7].  B89?< F4>B7B F<C4
<ECB?P;B64?<EP 8?S <;GK9A<S >B?954A<= 6 E9FSI, EBEFBSM<I <; A9E>B?P><I CBCG?SJ<= [8], 4 F4>:9
8?S @B89?<DB64A<S D4ECD989?9AAOI E<EF9@ 4 A9=DBAAOI CB?9= [9] < @B;74 6 J9?B@ [10,11].

!9=DBAA4S E9FP, EBEFBSM4S <; 86GI 6;4<@B89=EF6GRM<I CBCG?SJ<= 4 6B;5G:84RM9= <
CB846?SRM9= 4 S6?S9FES B8AB= <; 54;B6OI HGA84@9AF4?PAOI EFDG>FGD (@BF<6B6) 6 >DGCAB@4E-
LF45AOI E9FSI @B;74 [12316].  B89?< A9=DBAAOI @4EE AB6B7B CB>B?9A<S 4>F<6AB <ECB?P;B64?<EP
8?S <EE?98B64A<S >B??9>F<6AB= 8<A4@<>< F4><I 86GICBCG?SJ<BAAAOI A9=DBAAOI E9F9=. &4>,
6 D45BF9 [8] 5O?B CDB89@BAEFD<DB64AB 6B;A<>AB69A<9 E<AIDBAAB= >B?954F9?PAB= 4>F<6ABEF<
6 F4>B= E9F<, E6S;4AAB9 E C9D9IB8B@ K9D9; 5<HGD>4J<R �A8DBAB643)BCH4 6 EBBF69FEF6GRM9=
D98GJ<DB64AAB= @B89?<. � D45BF9 [17] @B89?< A9=DBAAOI @4EE 5O?< <ECB?P;B64AO 8?S <;GK9A<S
6B;A<>AB69A<S >B??9>F<6AOI >B?954A<= 6 E54?4AE<DB64AAOI A9=DBAAOI E9FSI (E?98G9F BF@9-
F<FP, KFB ED98A9CB?964S @B89?P 6 QFB@ E?GK49 89@BAEFD<DB64?4 ?<LP ;4FGI4RM<9 >B?954A<S,
FB784 >4> E4@BCB889D:<64RM<9ES >B?954A<S 6 @<>DBE>BC<K9E>B= E<EF9@9 6B;A<>4?< ;4 EK9F
QHH9>FB6 >BA9KAB7B D4;@9D4). � D45BF9 [18] <EE?98B64?BEP 6?<SA<9 EB5EF69AAOI 6D9@9AAOI
@4ELF45B6 CBCG?SJ<= A4 6B;A<>4RM<9 6 E<EF9@9 >B?954A<S. #B>4;4AB, KFB 6 ;46<E<@BEF< BF
EBBFABL9A<S @9@5D4AAOI 6D9@9A CB846?SRM9= < 6B;5G:84RM9= CBCG?SJ<= @B7GF 6B;A<>4FP
>4> E<?PAB E<AIDBA<;<DB64AAO9 (F4> A4;O649@O9 PING), F4> < E?45B @B8G?<DB64AAO9 74@@4-
D<F@O. � D45BF9 [19] CB>4;4AB, KFB 6B;A<>AB69A<9 >B??9>F<6AOI >B?954A<= 6 86GICBCG?SJ<BAAB=
E9F< @B:9F 5OFP E6S;4AB >4> E C9D9IB8B@ K9D9; EGC9D>D<F<K9E>GR, F4> < E C9D9IB8B@ K9D9;
EG5>D<F<K9E>GR 5<HGD>4J<R �A8DBAB643)BCH4 6 D98GJ<DB64AAB= @B89?<. � D45BF9 [20] <;GK9-
AB 6B;A<>AB69A<9 >64;<C9D<B8<K9E><I < I4BF<K9E><I >B??9>F<6AOI >B?954A<=. � D45BF9 [21]
<EE?98B64A4 >DBEEK4EFBFA4S E<AIDBA<;4J<S @9:8G 86G@S CBCG?SJ<S@<. � D45BF9 [22] <;GK9A
QHH9>F CB846?9A<S >B?954A<= 6A9LA<@ 6B;89=EF6<9@. � D45BF9 [23] <;GK9A4 E<AIDBA<;4J<S
C9D<B8<K9E><I >B??9>F<6AOI >B?954A<= 6A9LA<@ C9D<B8<K9E><@ E<7A4?B@.

"5<?<9 D45BF CB 8<A4@<>9 @B89?< A9=DBAAOI @4EE 86GICBCG?SJ<BAAB= 6B;5G:84RM9-
CB846?SRM9= E9F< CB5G:849F > E<EF9@4F<;4J<< < BE@OE?9A<R CB?GK9AAOI D9;G?PF4FB6, KFB <
CBE?G:<?B C9D6BA4K4?PAB= @BF<64J<9= A4EFBSM9= D45BFO. "8A4>B CD< FM4F9?PAB@ <;GK9A<<
E<EF9@O 6 A9= 5O?< B5A4DG:9AO F4>:9 < AB6O9, D4A99 A9 BC<E4AAO9 8<A4@<K9E><9 D9:<@O
< @9I4A<;@O <I 6B;A<>AB69A<S. &4><@ B5D4;B@, A4EFBSM4S D45BF4 CD98EF46?S9F EB5B= C9D6B9
89F4?PAB9, IBFP < A9 CD9F9A8GRM99 A4 CB?ABFG <EE?98B64A<9 8<A4@<>< < 5<HGD>4J<= @B89?<
A9=DBAAOI @4EE E9F<, EBEFBSM9= <; 6B;5G:84RM9= < CB846?SRM9= CBCG?SJ<=.

$45BF4 EFDG>FGD<DB64A4 E?98GRM<@ B5D4;B@. � D4;89?9 1 @O HBD@G?<DG9@ @B89?P E9F<
< EBBF69FEF6GRMGR 9= @B89?P A9=DBAAB= @4EEO. � D4;89?9 2 D4EE@4FD<649FES 54;B6O= E?G-
K4= E?45OI E6S;9=, >B784 8<A4@<>4 86GICBCG?SJ<BAAB= @B89?< >4K9EF69AAB A9 BF?<K49FES BF
8<A4@<>< B8AB= 6B;5G:84RM9= CBCG?SJ<<. � D4;89?9 3 <EE?98B64AB 6B;A<>AB69A<S >B??9>F<6-
AOI C9D<B8<K9E><I >B?954A<=. $4;89? 4 CBE6SM9A HBD@<DB64A<R 6 E<EF9@9 FD<EF45<?PABEF< 4
EBEGM9EF6B64A<S FD9I GEFB=K<6OI 4E<AIDBAAOI EBEFBSA<=. � D4;89?9 5 <;GK9A4 I4BF<K9E>4S
>B??9>F<6A4S 8<A4@<>4. � �4>?RK9A<< >D4F>B CB86989AO <FB7< <EE?98B64A<S.

1.  B89?P

$4EE@BFD<@ E<EF9@G, EBEFBSMGR <; 86GI CBCG?SJ<= A9=DBAB6 (CBCG?SJ<< @O F4>:9 84?99
5G89@ A4;O64FP @B8G?S@<, >B784 QFB BFABE<FES > D98GJ<DB64AAB= E<EF9@9) 4 6B;5G:84RM9= E <
CB846?SRM9= I (84?99 <A89>EO e, i BCD989?SRF CD<A48?9:ABEFP C4D4@9FD4 6B;5G:84RM9= <?<
CB846?SRM9= CBCG?SJ<<). �4:8O= A9=DBA BC<EO649FES @B89?PR >648D4F<KAB7B A4>BC?9A<S <
E5DBE4

V̇j = V 2

j + ηj + Ij(t), (1)
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789 Vj 4 @9@5D4AAO= CBF9AJ<4? j-7B A9=DBA4, ηj 4 A9B8ABDB8AO= FB> E@9M9A<S, 4 Ij(t) 4
EB6B>GCAO= FB>, CB?GK49@O= j-@ A9=DBAB@ BF 8DG7<I A9=DBAB6 E9F<. �?S >4:8B7B A9=DBA4 <;
CBCG?SJ<< X = {e, i} QFBF FB> BCD989?S9FES >4>

IX = JeXre + JiXri, (2)

789 JY X 4 E<?4 E<A4CF<K9E><I E6S;9=, 89=EF6GRM<I EB EFBDBAO CBCG?SJ<< Y A4 CBCG?SJ<R X ,
4 rX 4 CB?AO= 6OIB8AB= E<7A4? CBCG?SJ<<X , ABD@<DB64AAO= A4 K<E?B 99 Q?9@9AFB6, < <@9RM<=
E@OE? ED98A9= K4EFBFO 79A9D4J<< EC4=>B6:

rX(t) =
1

NX

∑

j∈X

∑

k|tkj⩽t

·(t− tkj ). (3)

�89EP NX 4 K<E?B A9=DBAB6 6 CBCG?SJ<< X . �4:8O= j-= A9=DBA 79A9D<DG9F <A8<6<8G4?PAO9
EC4=>< 6 @B@9AFO 6D9@9A< tkj , >BFBDO9 BCD989?SRFES <; 8BCB?A<F9?PAB7B GE?B6<S: >B784 @9@-
5D4AAO= CBF9AJ<4? A9=DBA4 Vj 8BEF<749F A9>BFBDB7B, ;484AAB7B A4C9D98 CBDB7B6B7B ;A4K9A<S
Vp. #BE?9 79A9D4J<< EC4=>4 CBF9AJ<4? E5D4EO649FES 6 ;A4K9A<9 Vr. � 84?PA9=L9@ CB?4749@, KFB
Vp = −Vr = ∞.

#D< 5B?PLB@ K<E?9 A9=DBAB6 6 B59<I CBCG?SJ<SI (6 F9D@B8<A4@<K9E>B@ CD989?9 CD<
NX → ∞) 8<A4@<>4 >4:8B= F4>B= CBCG?SJ<< @B:9F 5OFP CD<5?<:9AAB BC<E4A4 E CB@BMPR
@B89?< A9=DBAAOI @4EE. #B?B:<@ 84?99 8?S BCD989?9AABEF<, KFB <A8<6<8G4?PAO9 FB>< E@9M9A<S
ηj 6 >4:8B= CBCG?SJ<< X D4ECD989?9AO CB �BD9AJG E J9AFDB@ ζX < CB?GL<D<AB= ∆X :

g(η) =
1

À

∆X

∆2X + (η− ζX)2
. (4)

&B784 CD< BFEGFEF6<< E6S;9= @9:8G CBCG?SJ<S@< >B??9>F<6AGR 8<A4@<>G >4:8B= <; A<I @B:AB
D98GJ<DB64FP > E<EF9@9  BAF5D<B3#4;B3$B>E<A4 [4]:

ṙX =
∆X

À
+ 2rXvX ,

v̇X = v2X + ζX − À2r2X + JXXrX ,
(5)

789 C9D9@9AA4S rX @B89?<DG9F ED98ARR K4EFBFG CBCG?SJ<< X , vX 4 ee ED98A<= @9@5D4AAO=
CBF9AJ<4?, 4 JXX 4 E<?4 E<A4CF<K9E><I E6S;9= 6AGFD< CBCG?SJ<<. #D< 8B546?9A<< E6S;9= @9:8G
CBCG?SJ<S@< CB6989A<9 CB?AB= E9F< 5G89F BC<EO64FPES 86G@S E6S;4AAO@< E<EF9@4@< 6<84 (5),
FB 9EFP E?98GRM9= E<EF9@B= B5O>AB69AAOI 8<HH9D9AJ<4?PAOI GD46A9A<=:

ṙe =
∆

À
+ 2reve,

v̇e = v2e + ζe − À
2r2e + Jeere + Jieri,

ṙi =
∆

À
+ 2rivi,

v̇i = v2i + ζi − À
2r2i + Jiiri + Jeire.

(6)

�4?PA9=L<= 4A4?<; >B??9>F<6AB= 8<A4@<>< E9F< CDB6B8<FES A4 BEAB69 86GI@B8G?PAB= @B89?<
A9=DBAAOI @4EE (6).
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2. %?GK4= E?45OI @9:@B8G?PAOI E6S;9=

�4> CB>4;4AB 6 D45BF9 [4], EB5EF69AA4S 8<A4@<>4 B8AB7B A9;46<E<@B7B @B8G?S (5) @B:9F
5OFP ?<5B @BAB-, ?<5B 5<EF45<?PAB=. � EBBF69FEF6<< E 5<HGD>4J<BAAB= 8<47D4@@B=, CD98EF46-
?9AAB= A4 D<E. 1, 4, 6 QFB@ E?GK49 6 E<EF9@9 @B:9F 5OFP B8AB <?< 864 GEFB=K<6OI EBEFBSA<S
D46AB69E<S. � CB?AB= (@<>DBE>BC<K9E>B=) E<EF9@9 5<EF45<?PAO= D9:<@ I4D4>F9D<;G9FES EBEGM9-
EF6B64A<9@ 86GI GEFB=K<6OI 4E<AIDBAAOI D9:<@B6 4 E «6OEB><@» < E «A<;><@» GDB6A9@ ED98A9=
4>F<6ABEF<.  O CB?4749@, KFB E6S;< 6AGFD< 6B;5G:84RM9= CBCG?SJ<< CB?B:<F9?PAO9 (Jee > 0),
4 6AGFD< CB846?SRM9= CBCG?SJ<< 4 BFD<J4F9?PAO9 (Jii < 0). #D< F4>B@ 6O5BD9 C4D4@9FDB6
EB5EF69AA4S 8<A4@<>4 6B;5G:84RM9= CBCG?SJ<< @B:9F 5OFP >4> @BAB-, F4> < 5<EF45<?PAB=,
6 FB 6D9@S >4> CB846?SRM4S CBCG?SJ<S 6E9784 89@BAEFD<DG9F 98<AEF69AAB9 GEFB=K<6B9 4E<A-
IDBAAB9 EBEFBSA<9 E A<;><@ GDB6A9@ 4>F<6ABEF<.

#9D9=89@ 84?99 > 4A4?<;G 8<A4@<>< 86GICBCG?SJ<BAAB= E9F<, < 8?S CDBEFBFO A4KA9@ EB
E?GK4S B8ABA4CD46?9AAB= E6S;< 4 FB?P>B BF 6B;5G:84RM9= CBCG?SJ<< > CB846?SRM9= (Jei > 0,
Jie = 0). "K96<8AB, KFB 6 QFB@ E?GK49 D94?<;G9FES EJ9A4D<= «698GM<= 3 698B@O=», < 8<A4@<>4
E<EF9@O >4K9EF69AAB A9 BF?<K49FES BF E?GK4S A96;4<@B89=EF6GRM<I CBCG?SJ<=. �<HGD>4J<BAA4S
8<47D4@@4 EBBF69FEF6GRM9= D98GJ<DB64AAB= @B89?< (6) 6 QFB@ E?GK49 <89AF<KA4 5<HGD>4J<-
BAAB= 8<47D4@@9 8?S B8AB7B 6B;5G:84RM97B @B8G?S (BFB5D4:9A4 A4 D<E. 1, b FBA>B= E<A9=
?<A<9=). #B?B:<@ 84?99, KFB E6S;P @9:8G CBCG?SJ<S@< EF4AB6<FES 6;4<@AB= (Jei > 0, Jie < 0,
|Jie| � |Jei|). &B784 CD< G@9D9AAOI (>BA9KAOI) ;A4K9A<SI E<? E6S;9= Jee, >B784 «6OEB>B9» EBEFBS-
A<9 6B;5G:84RM9= CBCG?SJ<< <@99F A9 E?<L>B@ 5B?PLGR 4>F<6ABEFP, D9;G?PF4F 6;4<@B89=EF6<S

� �
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$<E. 1. a 4 �6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 E<EF9@O  BAF5D<B3#4;B3$B>E<A4 (5) CD< ∆X = 1.
"5?4EFP 5<EF45<?PABEF< B7D4A<K9A4 86G@S ?<A<S@< E98?BG;?B6OI 5<HGD>4J<= (E<A<9 ?<A<<) < <@99F >?<AB6<8AGR
HBD@G. #GA>F<DA4S ?<A<S D4;89?S9F B5?4EF< C4D4@9FDB6, CD< >BFBDOI GEFB=K<6B9 EBEFBSA<9 D46AB69E<S S6?S9FES
G;?B@ ?<5B HB>GEB@. b 4 �6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 8?S 86GI@B8G?PAB= E<EF9@O (6) E B8AB-
A4CD46?9AAB= E6S;PR (Jei = 5, Jie = 0, ζi = −10, Jii = −5, FBA><9 E<A<9 ?<A<<) < 6;4<@AO@< E6S;S@< (Jei = 5,
Jie = −1, ζi = −10, Jii = −5, >D4EAO9 FBK><). �D4A<JO B5?4EF< 5<EF45<?PABEF< BCD989?SRFES 6 QFB@ E?GK49
EBBF69FEF6GRM<@< 5<HGD>4J<S@< 86G>D4FAB7B D46AB69E<S, CD< >BFBDOI E?<64RFES GEFB=K<6O= HB>GE < E98?BHB>GE.
#GA>F<DA4S ?<A<S D4;89?S9F B5?4EF< C4D4@9FDB6, CD< >BFBDOI GEFB=K<6B9 EBEFBSA<9 D46AB69E<S <@99F B8AG <?< 869
C4DO >B@C?9>EAB-EBCDS:9AAOI I4D4>F9D<EF<K9E><I CB>4;4F9?9= (J69F BA?4=A)

Fig. 1. a 4 Two-parameter bifurcation diagram of the Montbrió3Pazó3Roxin system (5) with ∆X = 1. Bistability region is
bounded by two lines of saddle-node bifurcations (blue lines) and has a wedge shape. Dotted line separates the parameter
regions for which the stable equilibrium state is either a node or a focus. b 4 Two-parameter bifurcation diagram for the
two-module system (6) with unidirectional coupling (Jei = 5, Jie = 0, ζi = −10, Jii = −5, thin blue lines) and mutual
coupling (Jei = 5, Jie = −1, ζi = −10, Jii = −5, red dots). Boundaries of the bistability region are determined by the
saddle-node bifurcations. The dotted line separates the parameter regions for which the stable equilibrium state has one or two
pairs of complex conjugate characteristic exponents (color online)
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CBCG?SJ<= CDBS6?S9FES A4 5<HGD>4J<BAAB= 8<47D4@@9 D98GJ<DB64AAB= @B89?< ?<LP A95B?PL<@
E86<7B@ 7D4A<J B5?4EF< 5<EF45<?PABEF<. �?S CD<@9D4 ;4H<>E<DG9@ ;A4K9A<S C4D4@9FDB6 CB846-
?SRM9= CBCG?SJ<< ζi = −10, Jii = −5 < 69?<K<AO @9:@B8G?PAOI E6S;9= Jei = 5 < Jie = −1.
�<HGD>4J<BAA4S 8<47D4@@4 A4 C?BE>BEF< C4D4@9FDB6 ζe < Jee 8?S QFB7B E?GK4S CD<6989A4 A4
D<E. 1, b < CB>4;O649F, KFB 84:9 CD< ED46A<F9?PAB 5B?PL<I ;A4K9A<SI E<? @9:@B8G?PAOI E6S;9=,
ED46A<@OI CB 69?<K<A9 E E<?B= 6AGFD<@B8G?PAOI E6S;9=, HBD@4 B5?4EF< 5<EF45<?PABEF< E?45B
<;@9AS9FES CB ED46A9A<R EB E?GK49@ B8ABA4CD46?9AAB= E6S;<. 1FB E6S;4AB E F9@, KFB CD< 6O5D4A-
AOI ;A4K9A<SI C4D4@9FDB6 4>F<6ABEFP CB846?SRM9= CBCG?SJ<< BK9AP A<;>4 < BA4 H4>F<K9E><
<7D49F DB?P C4EE<6AB= <A9DJ<BAAB= A47DG;><. �@9EF9 E F9@, A9E@BFDS A4 FB, KFB 89=EF6<9 F4>B=
A47DG;>< A4 4E<@CFBF<K9E>GR (EF4J<BA4DAGR) 8<A4@<>G @B:9F 5OFP A9 EFB?P ;4@9FAO@, BA4
F9@ A9 @9A99 @B:9F EGM9EF69AAB 6?<SFP A4 C9D9IB8AO9 < D9;BA4AEAO9 CDBJ9EEO 6 E<EF9@9.
�9=EF6<F9?PAB, CBE>B?P>G 98<AEF69AAO@ EBEFBSA<9@ D46AB69E<S E6B5B8AB7B CB846?SRM97B @B-
8G?S S6?S9FES GEFB=K<6O= HB>GE, FB CB8>?RK9A<9 CB8B5AB= A47DG;>< > 6B;5G:84RM9@G @B8G?R
CD<6B8<F > CBS6?9A<R 6 E<EF9@9 AB6OI I4D4>F9DAOI K4EFBF. &4>, ;4FGI4RM<9 >B?954A<S 6 B>D9EF-
ABEF< «A<;>B7B» EBEFBSA<S E<EF9@O I4D4>F9D<;GRFES B8AB= K4EFBFB=, 6 FB 6D9@S >4> >B?954A<S
6 B>D9EFABEF< «6OEB>B7B» EBEFBSA<S D46AB69E<S @B7GF EB89D:4FP 869 A9EB<;@9D<@OI K4EFBFO.

$4EE@BFD<@ 5B?99 89F4?PAB CB6989A<9 CB?AB= @<>DBE>BC<K9E>B= E9F<, >4:84S BF89?PA4S CB-
CG?SJ<S >BFBDB= EB89D:<F Ne,i = 10000 Q?9@9AFB6. �?S QFB7B ;4H<>E<DG9@ C4D4@9FDO E<EF9@O 6
B5?4EF< 5<EF45<?PABEF< (ζe = −4, Jee = 15). %BBF69FEF6GRM4S FBK>4 A4 5<HGD>4J<BAAB= 8<47D4@-
@9 D<E. 1, b BF@9K9A4 @4D>9DB@. &B784 CB8 89=EF6<9@ 6A9LA<I EF<@G?B6 E9FP @B:9F C9D9>?RK4FPES
@9:8G 86G@S >B??9>F<6AO@< GEFB=K<6O@< EBEFBSA<S@<. 1FBF CDBJ9EE <??REFD<DGRF D<E. 2, a3c.
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$<E. 2. a 4 #DBEFD4AEF69AAB-6D9@9AA4S 8<47D4@@4 8?S 6B;5G:84RM9= CBCG?SJ<<. "FB5D4:9AO <A8<6<8G4?PAO9 H4;O
>4:8B7B EBFB7B Q?9@9AF4 <; CB?AB7B @4EE<64, GCBDS8BK9AAB7B CB 6B;D4EF4A<R C4D4@9FD4 ηj (ζe = −4, Jee = 15,
Jei = 5, Jie = −1, ζi = −10, Jii = −5). b 4 �46<E<@BEFP ED98A9= K4EFBFO 6B;5G:84RM9= CBCG?SJ<< BF 6D9@9A<
8?S @<>DBE>BC<K9E>B= E9F< (7B?G54S ?<A<S BFB5D4:49F K4EFBFG CBCG?SJ<<, GED98A9AAGR 6 E>B?P;SM9@ 6D9@9AAB@
B>A9 ∆t = 0.025) < @4>DBE>BC<K9E>B= D98GJ<DB64AAB= E<EF9@O (>D4EA4S ?<A<S). c 4 #BE?98B64F9?PABEFP <; 86GI
CDS@BG7B?PAOI <@CG?PEB6 FB>4 E 4@C?<FG8B= A = 10, 89=EF6GRM<I A4 6B;5G:84RMGR CBCG?SJ<R. �?<F9?PABEFP
C9D6B7B <@CG?PE4 T1 = 0.4, 4 6FBDB7B 4 T2 = 0.3 (J69F BA?4=A)

Fig. 2. a 4 Spatio-temporal diagram for the excitatory population. The individual phases of each hundredth element are
displayed, sorted by the parameter ηj (ζe = −4, Jee = 15, Jei = 5, Jie = −1, ζi = −10, Jii = −5). b 4 Dependence
of the average frequency of the excitatory population of the microscopic system (blue line, averaged over a sliding time
window ∆t = 0.025) and the macroscopic reduced system (red line). c 4 Sequence of two rectangular current pulses with
amplitude A = 10, acting on the excitatory population. Duration of the first pulse is T1 = 0.4, and the second one is T2 = 0.3

(color online)
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 O CB?4749@ 8?S BCD989?9AABEF<, KFB 6 A4K4?PAO= @B@9AF 6D9@9A< E<EF9@4 A4IB8<FES
6 GEFB=K<6B@ «6OEB>B@» 4E<AIDBAAB@ EBEFBSA<<. �4?99 A4 6B;5G:84RMGR CBCG?SJ<R CB-
E?98B64F9?PAB CB84RFES 864 CDS@BG7B?PAOI <@CG?PE4 FB>4 E B8<A4>B6B= 4@C?<FG8B= A = 10
< E 8?<F9?PABEFPR T1 = 0.4 < T2 = 0.3 (E@. D<E. 2, c). �D9@9AAB= <AF9D64? @9:8G <@CG?PE4@<
6O5<D49FES 8BEF4FBKAB 5B?PL<@, KFB5O > CD<IB8G 6FBDB7B <@CG?PE4 ;469DL<?<EP @4>DBE>BC<K9-
E><9 C9D9IB8AO9 CDBJ9EEO 6 E<EF9@9. �B??9>F<6AB9 CB6989A<9 6 QFB@ E?GK49 IBDBLB <??REFD<-
DG9F D<E. 2, b, A4 >BFBDB@ CD98EF46?9A4 ;46<E<@BEFP ED98A9= K4EFBFO 6B;5G:84RM9= CBCG?SJ<<
BF 6D9@9A<. �4> @B:AB 6<89FP, 89=EF6<9 C9D6B7B <@CG?PE4 CD<6B8<F > C9D9>?RK9A<R E9F< <;
«6OEB>B7B» 4E<AIDBAAB7B EBEFBSA<S 6 «A<;>B9», 6 FB 6D9@S >4> 6FBDB= <@CG?PE 6BEEF4A46?<649F
6OEB><= GDB69AP 4>F<6ABEF< E9F<. �AF9D9EAB BF@9F<FP, KFB <@CG?PE 8?<F9?PABEFPR T2 A9 @B:9F
C9D9>?RK<FP E<EF9@G <; «6OEB>B7B» EBEFBSA<S 6 «A<;>B9», 6 FB 6D9@S >4> <@CG?PE 8?<F9?PABEFPR
T1 A9 CB;6B?S9F C9D969EF< E9FP <; «A<;>B7B» EBEFBSA<S 6 «6OEB>B9». &9@ A9 @9A99 C4D4@9FDO <@-
CG?PEAB7B 6B;89=EF6<S (4@C?<FG84 < 8?<F9?PABEFP) F4>:9 @B7GF 5OFP CB8B5D4AO F4><@ B5D4;B@,
KFB C9D9>?RK9A<S @9:8G D4;?<KAO@< EBEFBSA<S@< 5G8GF BEGM9EF6?SFPES B8<A4>B6O@< <@CG?P-
E4@<. &4>B9 CB6989A<9 EF4AB6<FES 6B;@B:AO@ 5?47B84DS FB@G, KFB 6 D4EE@4FD<649@B@ E?GK49
8?<F9?PABEF< 6A9LA<I E<7A4?B6 B>4;O64RFES ED46A<@O E I4D4>F9DAO@< 6D9@9A4@< EB5EF69AAOI
@4>DBE>BC<K9E><I >B??9>F<6AOI >B?954A<=. �E9 QFB CB8K9D><649F 64:ABEFP 5B?99 7?G5B>B7B
<EE?98B64A<S C9D9IB8AOI CDBJ9EEB6 6 86GICBCG?SJ<BAAB= E<EF9@9.

%6B=EF64 EB5EF69AAOI >B?954A<= Q?9@9AFB6 @<>DBE>BC<K9E>B= E9F< <??REFD<DG9F CDB-
EFD4AEF69AAB-6D9@9AA4S 8<47D4@@4, CD98EF46?9AA4S A4 D<E. 2, 4. �?S 99 CBEFDB9A<S G8B5AB
C9D9=F< 6 (1) > AB6O@ H4;B6O@ C9D9@9AAO@, 6BECB?P;B646L<EP ;4@9AB= Vj = tan(3j/2), C9D9-
6B8SM9= E9FP A9=DBAB6 F<C4 A4>BC?9A<9 3 E5DBE 6 Q>6<64?9AFAGR 9= E9FP F9F4-A9=DBAB6. �4?99
A9=DBAO E9F< GCBDS8BK<64RFES CB 6B;D4EF4A<R ;A4K9A<= EB5EF69AAOI FB>B6 E@9M9A<S ηj , CBE?9
K97B 8?S BFB5D4:9A<S A4 8<47D4@@9 6O5<D49FES >4:8O= EBFO= <; A<I. �4> @B:AB 6<89FP, A4
A4K4?PAB@ QF4C9 5B?PL4S K4EFP Q?9@9AFB6 79A9D<DG9F EC4=>B6O9 >B?954A<S. �A4?<; CB>4;O649F,
KFB ED98A<9 K4EFBFO 79A9D4J<< EC4=>B6 BF89?PAO@< Q?9@9AF4@< A9EB<;@9D<@O 8DG7 E 8DG7B@ <
@BABFBAAB 6B;D4EF4RF E G69?<K9A<9@ ;A4K9A<S EB5EF69AAB7B FB>4 E@9M9A<S ηj . %BBF69FEF69AAB
< H4;O @9:8G ?R5O@< 86G@S Q?9@9AF4@< CBEFBSAAB @9ASRFES. 1FB CD<6B8<F > C9D9@9L<64A<R
H4; CB 6E9= CBCG?SJ<<, KFB @B:AB A45?R84FP A4 CDBEFD4AEF69AAB-6D9@9AAB= 8<47D4@@9. �4?99
6A9LA99 6B;89=EF6<9 C9D9>?RK49F E<EF9@G 6 AB6B9 EBEFBSA<9. #D<AJ<C<4?PAO@ BF?<K<9@ ;89EP
S6?S9FES FB, KFB F9C9DP ?<LP A95B?PL4S 8B?S Q?9@9AFB6 E9F< 79A9D<DG9F EC4=>B6O9 >B?954A<S,
6 FB 6D9@S >4> 5B?PL4S <I K4EFP A4IB8<FES 6 6B;5G8<@B@ D9:<@9. #B6FBDAB9 6A9LA99 6B;89=EF6<9
A4 E<EF9@G 6AB6P C9D9>?RK49F 99 6 EBEFBSA<9 E 6OEB>B= EC4=>B6B= 4>F<6ABEFPR. #D< QFB@ K4EFP
Q?9@9AFB6 6B;5G:849FES E 5?<;><@< H4;4@<, KFB CD<6B8<F > 6B;A<>AB69A<R SD>B 6OD4:9AAOI
;4FGI4RM<I @4>DBE>BC<K9E><I >B?954A<=, BFD4:4RM<I G@9APL9A<9 8B?< Q?9@9AFB6 E9F<, 79A9-
D<DGRM<I EC4=>< 6 B8<A < FBF :9 @B@9AF 6D9@9A<. "5D4F<@ 6A<@4A<9, KFB EB7?4EAB D<E. 2, b
@4>DBE>BC<K9E>4S 4>F<6ABEFP ED46A<F9?PAB 5OEFDB 6OIB8<F A4 EF4J<BA4DAO= GDB69AP, 6 FB 6D9@S
>4> A4 CDBEFD4AEF69AAB-6D9@9AAB= 8<47D4@@9 D<E. 2, 4 CDB8B?:4RF A45?R84FPES 597GM<9 6B?AB-
6O9 HDBAFO 6AGFD< CBCG?SJ<<. 1FB E6S;4AB E F9@, KFB Q?9@9AFO EB ;A4K9A<S@< ηj 6 B>D9EFABEF<
ED98A97B ;A4K9A<S ζe <@9RF IBFP < D4;?<KAO9, AB 6E9 :9 BK9AP 5?<;><9 K4EFBFO. � D9;G?PF4F9
8?S C9D9@9L<64A<S H4; BF89?PAOI Q?9@9AFB6 (>4> QFB @B:AB A45?R84FP A4 A4K4?PAB@ QF4C9)
FD95G9FES ;A4K<F9?PAB 5B?PL99 6D9@S.

3. �B;A<>AB69A<9 E4@BCB889D:<64RM<IES >B??9>F<6AOI >B?954A<=

$4EE@BFD<@ F9C9DP, >4> <;@9A<FES 8<A4@<>4 D98GJ<DB64AAB= E<EF9@O (6) CD< G69?<K9A<<
E<?O @9:@B8G?PAB= E6S;< Jei. #D< G@9D9AAOI ;A4K9A<SI, A4CD<@9D Jei = 12, HBD@4 >?<A4 5<EF4-
5<?PABEF< CB-CD9:A9@G EGM9EF69AAB A9 <;@9AS9FES. "8A4>B 6 E<EF9@9 6B;A<>4RF 8BCB?A<F9?PAO9
>4K9EF69AAB AB6O9 D9:<@O, 4 <@9AAB C9D<B8<K9E><9 >B?954A<S.  9I4A<;@ 6B;A<>AB69A<S QF<I
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>B?954A<= E6S;4A E GE<?9A<9@ C9F?< B5D4FAB= E6S;<, 6B;A<>4RM9= EB EFBDBAO 6B;5G:84RM97B
@B8G?S K9D9; CB846?SRM<=, 6 D9;G?PF4F9 K97B CDB<EIB8<F 89EF45<?<;4J<S «6OEB>B7B» EBEFBSA<S
D46AB69E<S. �4> <;B5D4:9AB A4 86GIC4D4@9FD<K9E>B= 8<47D4@@9 (D<E. 3), EBBF69FEF6GRM<= >B?9-
54A<S@ CD989?PAO= J<>? @B:9F 6B;A<>4FP K9D9; 5<HGD>4J<R �A8DBAB643)BCH4 (AH), 4 ;4F9@
CD9F9DC964FP 8DG7<9 5<HGD>4J<<, 6 FB@ K<E?9 <EK9;4FP K9D9; 5<HGD>4J<R C9F?< E9C4D4FD<E
E98?4 (H) <?< 5<HGD>4J<R 86G>D4FAB7B CD989?PAB7B J<>?4 (LPC).

$4EE@BFD<@ A9E>B?P>B EJ9A4D<96 6B;A<>AB69A<S >B?954A<=, < 8?S QFB7B CBEFDB<@ E9-
D<R B8ABC4D4@9FD<K9E><I 8<47D4@@ CD< D4;?<KAOI H<>E<DB64AAOI ;A4K9A<SI E<?O E6S;< Jee.
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$<E. 3. a 4 �6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6) CD< Jei = 12, ζi = −10,

Jii = −5, Jie = −1. %9DO@ J69FB@ B5B;A4K9A4 B5?4EFP, 6 >BFBDB= E<EF9@4 (6) EB89D:<F FD< EBEFBSA<S D46AB69E<S.
�D4EAO@ J69FB@ B5B;A4K9AO >D<6O9, EBBF69FEF6GRM<9 5<HGD>4J<S@ �A8DBAB643)BCH4. �9?9AO@ J69FB@ BF@9K9AO
?<A<< 5<HGD>4J<= C9F?< E9C4D4FD<E E98?4. �B?G5O@ J69FB@ B5B;A4K9A4 >D<64S, EBBF69FEF6GRM4S 86G>D4FAB@G CD989?P-
AB@G J<>?G. �69;8BK>4@< BF@9K9AO 5<HGD>4J<< >BD4;@9DABEF< 2: 869 5<HGD>4J<< �B784AB643&4>9AE4 < B5B5M9AA4S
5<HGD>4J<S �A8DBAB643)BCH4. b3d 4 "8ABC4D4@9FD<K9E><9 5<HGD>4J<BAAO9 8<47D4@@O 86GICBCG?SJ<BAAB= E9F< (6)
CD< Jee = 16.4 (b), 16.0 (c), 13.1 (d). �69;8BK>4@< BF@9K9AO FBK>< E98?B-G;?B6OI 5<HGD>4J<= EBEFBSA<= D46AB69-
E<S (SN), 5<HGD>4J<= �A8DBAB643)BCH4 (AH), 5<HGD>4J<= C9F?< E9C4D4FD<E E98?4 (H) < 86G>D4FAB7B CD989?PAB7B
J<>?4 (LPC). %<A<9 ?<A<< EBBF69FEF6GRF EBEFBSA<S@ D46AB69E<S, >D4EAO9 4 CD989?PAO@ J<>?4@ (J69F BA?4=A)

Fig. 3. a 4 Two-parameter bifurcation diagram of the two-module system (6) with Jei = 12, ζi = −10, Jii = −5, Jie = −1.
Gray color indicates the area in which system (6) contains three equilibrium states. The curves corresponding to Andronov3
Hopf bifurcations are marked in red. The bifurcation lines of the separatrix loop of the saddle are marked in green. The
cyan line corresponding to the double limit cycle. The asterisks mark bifurcations of codimension 2: two Bogdanov3Takens
bifurcations and the Bautin (generalized Andronov3Hopf, GAH) bifurcation. b3d 4 One-parameter bifurcation diagrams of
the two-population network (6) with Jee = 16.4 (b), 16.0 (c), 13.1 (d). Asterisks mark the points of saddle-node bifurcations
of equilibrium states (SN), Andronov3Hopf bifurcations (AH), bifurcations of the saddle separatrix loop (H) and double limit
cycle (LPC). Blue lines correspond to equilibrium states, while red lines correspond to limit cycles (color online)
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#D< 8BEF4FBKAB E<?PAB= E6S;<, A4CD<@9D Jee = 16.4, >B?954A<S DB:84RFES K9D9; EGC9D>D<F<-
K9E>GR 5<HGD>4J<R �A8DBAB643)BCH4, >BFBDGR CD9F9DC9649F 6OEB>B9 EBEFBSA<9 D46AB69E<S
CD< G69?<K9A<< ED98A97B FB>4 8B 69?<K<AO ζe = −6.578 ± 10−3. �B;A<>4RM<= GEFB=K<6O=
CD989?PAO= J<>? CD< 84?PA9=L9@ G69?<K9A<< ED98A97B FB>4 CD9F9DC9649F 5<HGD>4J<R C9F?<
E9C4D4FD<E E98?4 CD< ζe = −6.258 ± 10−3. �4?PA9=L99 G69?<K9A<9 ED98A97B FB>4 CD<6B8<F >
CB6FBDAB= 5<HGD>4J<< C9F?< E9C4D4FD<E CD< ζe = −5.891 ± 10−3, 6 >BFBDB= 6AB6P DB:849FES
GEFB=K<6O= CD989?PAO= J<>?. &4><@ B5D4;B@, 6 <AF9D64?9 FB>B6 E@9M9A<S −6.258 < ζe < −5.891
A45?R849FES <EK9;AB69A<9 >B?954A<=, < 6 E<EF9@9 BFEGFEF6GRF GEFB=K<6O9 6OEB><9 EBEFBSA<S 4
>4> EF4J<BA4DAB9, F4> < >B?954F9?PAB9.

#D< @9APL9= E<?9 E6S;<, A4CD<@9D Jee = 16.0, >B?954A<S F4>:9 6B;A<>4RF K9D9; EGC9D-
>D<F<K9E>GR 5<HGD>4J<R �A8DBAB643)BCH4 CD< ζe = −6.173 ± 10−3, B8A4>B <EK9;AB69A<S
CD989?PAB7B J<>?4 K9D9; C9F?R E9C4D4FD<E E98?4 A9 CDB<EIB8<F. � 84?99 CD< G69?<K9A<< FB>4
8B ζe = −2.270± 10−3 CDB<EIB8<F EG5>D<F<K9E>4S 5<HGD>4J<S �A8DBAB643)BCH4, 6 D9;G?PF4F9
>BFBDB= 6OEB>B9 EBEFBSA<9 D46AB69E<S EF45<?<;<DG9FES, 4 BF A97B BF89?S9FES A9GEFB=K<6O=
CD989?PAO= J<>?. #D< 84?PA9=L9@ G69?<K9A<< FB>4 8B ζe = 8.065 ± 10−3 A9GEFB=K<6O= CD9-
89?PAO= J<>? E?<649FES E GEFB=K<6O@ 6 D9;G?PF4F9 5<HGD>4J<< 86G>D4FAB7B CD989?PAB7B J<>?4.
&4><@ B5D4;B@, 6 <AF9D64?9 FB>B6 −2.270 < ζe < 8.065 6 E<EF9@9 EBEGM9EF6GRF 864 6OEB><I
EBEFBSA<S 4 EF4J<BA4DAB9 < >B?954F9?PAB9.

#D< 9M9 @9APL9= E<?9 E6S;<, A4CD<@9D Jee = 13.1, 5<HGD>4J<S �A8DBAB643)BCH4 A9 A4-
5?R849FES, < 6OEB>B9 EBEFBSA<9 D46AB69E<S 6E9784 S6?S9FES GEFB=K<6O@. #D< QFB@ DB:89A<9
>B?954F9?PAOI EBEFBSA<= CDB<EIB8<F K9D9; 5<HGD>4J<R 86G>D4FAB7B CD989?PAB7B J<>?4 CD<
ζe = −1.058 ± 10−3, 4 CD< G69?<K9A<< FB>4 8B ζe = 4.195 ± 10−3 >B?954F9?PAO9 EBEFBSA<S
<EK9;4RF K9D9; FG :9 5<HGD>4J<R.

$4EE@BFD<@ 5B?99 89F4?PAB E6B=EF64 >B?954A<= BF89?PAOI Q?9@9AFB6 6B;5G:84RM9= CBCG-
?SJ<< @<>DBE>BC<K9E>B= E9F<. %D98A<9 K4EFBFO QF<I >B?954A<= 〈re(j)〉 CD98EF46?9AO A4 D<E. 4, b.
#D< QFB@ 6E9 Q?9@9AFO CBCG?SJ<< GCBDS8BK9AO CB 6B;D4EF4A<R 69?<K<AO <A8<6<8G4?PAOI
FB>B6 E@9M9A<S ηj .  B:AB 6<89FP, KFB CD4>F<K9E>< 6E9 Q?9@9AFO E9F<, ;4 <E>?RK9A<9@ ?<LP <I
A95B?PLB7B >B?<K9EF64, 79A9D<DGRF EC4=>< E A9>BFBDO@< A9AG?96O@< EB5EF69AAO@< K4EFBF4@<.
"F@9F<@, KFB 6 E<EF9@9 EGM9EF6G9F >?4EF9D Q?9@9AFB6, EB69DL4RM<I >B?954A<S A4 98<AB= K4EFBF9
ωj = ωm = 0.67±0.01, EB6C484RM9= E K4EFBFB= @4>DBE>BC<K9E><I >B?954A<= ED98A97B CB?S. �DB-
@9 FB7B, G849FES B5A4DG:<FP F4>:9 9M9 864 E<AIDBAAOI >?4EF9D4, Q?9@9AFO >BFBDOI EB69DL4RF
>B?954A<S A4 G86B9AAB= ωj = 2ωm < GFDB9AAB= ωj = 3ωm K4EFBF9 >B??9>F<6AOI >B?954A<=.

#9D9=89@ F9C9DP > 4A4?<;G CDBEFD4AEF69AAB-6D9@9AAB= 8<47D4@@O, CD98EF46?9AAB= A4
D<E. 4, c. !4 A9= @B:AB 6<89FP C9D6O= E<AIDBAAO= >?4EF9D 6 B5?4EF< A<;><I K4EFBF, 4 F4>:9
6FBDB= E<AIDBAAO= >?4EF9D 6 B5?4EF< 6OEB><I K4EFBF. &D9F<= E<AIDBAAO= >?4EF9D A4 CD98-
EF46?9AAB@ @4ELF459 D<EGA>4 A9 6<89A 6 E<?G A95B?PLB7B K<E?4 6IB8SM<I 6 A97B Q?9@9AFB6
(7 Q?9@9AFB6). �4> CB>4;O649F D<E. 4, c, A9E@BFDS A4 FB, KFB Q?9@9AFO 6AGFD< E<AIDBAAOI
>?4EF9DB6 >B?95?RFES E B8<A4>B6B= ED98A9= K4EFBFB=, E6B=EF64 F4><I >B?954A<= D4;?<KAO.
1F< D4;?<K<S CDBS6?SRFES >4> 6 @B@9AF4I 6B;A<>AB69A<S EB5EF69AAOI EC4=>B6 (>BFBDO9 @B7GF
5OFP 6 D4;?<KAOI H4;B6OI EBBFABL9A<SI E >B?954A<S@< ED98A97B CB?S), F4> < 6B 6D9@9A4I,
>BFBDO9 BF89?PAO9 Q?9@9AFO CDB6B8SF 6 FB= <?< <AB= H4;9 >B?954A<=.

"5D4F<@ 6A<@4A<9, KFB EB7?4EAB D<E. 4, b ED98A<9 K4EFBFO Q?9@9AFB6 6A9 E<AIDBAAOI
>?4EF9DB6 <;@9ASRFES BF Q?9@9AF4 > Q?9@9AFG < S6?SRFES A9EB<;@9D<@O@<. � FB :9 6D9@S A4
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Перейдем далее к анализу коллективных колебаний, возникающих в микроскопической
сети. Для определенности выберем значения параметров ζ𝑒 = −3, 𝐽𝑒𝑒 = 16.0, 𝐽𝑒𝑖 = 12,
ζ𝑖 = −10, 𝐽𝑖𝑖 = −5, 𝐽𝑖𝑒 = −1 (рис. 3, c). В этом случае в полной системе реализуется ре-
жим генерации устойчивых периодических коллективных колебаний. Этот процесс иллюстрирует
рис. 4, а. Как видно из рисунка, результаты моделирования микро- и макроскопической систем
демонстрируют хорошее качественное и количественное соответствие.
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$<E. 4. a 4 �B??9>F<6AO9 >B?954A<S @<>DBE>BC<K9E>B= E<EF9@O (1) (7B?G54S ?<A<S) < @4>DBE>BC<K9E>B= D98GJ<-
DB64AAB= E<EF9@O (6) (>D4EA4S ?<A<S). b 4 %D98ASS K4EFBF4 Q?9@9AFB6 6B;5G:84RM9= CBCG?SJ<<, GCBDS8BK9AAOI
CB 6B;D4EF4A<R ηj . c 4 #DBEFD4AEF69AAB-6D9@9AA4S 8<47D4@@4 6B;5G:84RM9= CBCG?SJ<< 6 D9:<@9 >B??9>F<6AOI
>B?954A<=. d 4 %C4=>B6O9 >B?954A<S 86GI Q?9@9AFB6 6B;5G:84RM9= CBCG?SJ<<: C9D<B8<K9E><9 >B?954A<S Q?9@9AF4
<; C9D6B7B E<AIDBAAB7B >?4EF9D4 (E<ASS ?<A<S, j = 200) < A9C9D<B8<K9E><9 >B?954A<S Q?9@9AF4, A9 6IB8SM97B 6
E<AIDBAAO9 >?4EF9DO (>D4EA4S ?<A<S, j = 8000). #4D4@9FDO: ζe = −3, Jee = 16.0, Jei = 12, ζi = −10, Jii = −5,
Jie = −1 (J69F BA?4=A)

Fig. 4. a 4 Collective oscillations of the microscopic system (1) (light blue line) and the macroscopic reduced system (6) (red
line). b 4 The average frequency of the elements of the excitatory population, sorted by increasing ηj . c 4 Spatio-temporal
diagram of the excitatory population in the regime of collective oscillations. d 4 Voltage time traces of two elements of
the excitatory population: periodic oscillations of an element from the first synchronous cluster (blue line, j = 200) and
non-periodic oscillations of an element not included in synchronous clusters (red line, j = 8000). Parameters: ζe = −3,
Jee = 16.0, Jei = 12, ζi = −10, Jii = −5, Jie = −1 (color online)

D<E. 4, c @B:AB 6<89FP, KFB 6 QF<I >B?954A<SI 9EFP S6AB 6<8<@4S D97G?SDA4S EBEF46?SRM4S.
&4>B9 CB6989A<9 EF4AB6<FES 6B;@B:AO@ 5?47B84DS FB@G, KFB >B?954A<S 6A9 E<AIDBAAOI >?4EF9DB6
@B7GF 5OFP A9C9D<B8<K9E><@<. 1FB <??REFD<DG9F D<E. 4, d, A4 >BFBDB@ CD98EF46?9AO EC4=>B6O9
>B?954A<S 86GI Q?9@9AFB6: >B?954A<S Q?9@9AF4 <; C9D6B7B E<AIDBAAB7B >?4EF9D4 (nj = 200) <
Q?9@9AF4 6A9 E<AIDBAAOI >?4EF9DB6 (nj = 8000).

4. &D<EF45<?PABEFP >B??9>F<6AOI 4E<AIDBAAOI EBEFBSA<=

�B E<I CBD @O D4EE@4FD<64?< E<FG4J<<, >B784 89=EF6<9 @9:@B8G?PAOI E6S;9= A9 <;@9-
AS9F >B?<K9EF6B EBEFBSA<= D46AB69E<S 6 D98GJ<DB64AAB= E<EF9@9 (6) < E?45B 6?<S9F A4 HBD@G
B5?4EF9= <I EGM9EF6B64A<S 6 CDBEFD4AEF69 C4D4@9FDB6. "8A4>B 6B;@B:AO < <AO9 E<FG4J<<.
�?S <I <;GK9A<S 6O59D9@ AB6O9 H<>E<DB64AAO9 ;A4K9A<S C4D4@9FDB6 CB846?SRM97B @B8G?S
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ζi = −2.5247, Jii = −0.2313, Jie = −5.0777 < <EE?98G9@, >4> <;@9AS9FES 86GIC4D4@9FD<K9E>4S
5<HGD>4J<BAA4S 8<47D4@@4 A4 C?BE>BEF< O(ζe, Jee) 6 ;46<E<@BEF< BF E<?O E6S;< Jei.

#D< BFABE<F9?PAB A95B?PLB= E<?9 E6S;< Jei = 1 E<EF9@4 (6) @B:9F CD9F9DC964FP FB?P>B
E98?B-G;?B6O9 5<HGD>4J<<, CD<6B8SM<9 > 5<EF45<?PABEF<, >4> BC<E4AB 6 D4;89?9 2. #D< QFB@
86GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 >4K9EF69AAB EBBF69FEF6G9F D<E. 1, b. % DBEFB@
E<?O E6S;< 8B Jei = 7 6 E<EF9@9 @B7GF 6B;A<>4FP GEFB=K<6O9 >B?954A<S, BC<E4AAO9 6 D4;89?9 3.
�6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 CD< QFB@ 6O7?S8<F 4A4?B7<KAB D<E. 3, 4. #D<
84?PA9=L9@ G69?<K9A<< E<?O E6S;< 8B Jei = 10 869 FBK>< �B784AB643&4>9AE4 E?<64RFES <
<EK9;4RF, CBE?9 K97B 5<HGD>4J<BAAO9 >D<6O9 CD989?PAOI J<>?B6 A9 EB89D:4F 5B?99 B5M<I FBK9>
E >D<6O@< 5<HGD>4J<= EBEFBSA<= D46AB69E<S (D<E. 5, 4).

#D< CBE?98GRM9@ G69?<K9A<< Jei @B:AB A45?R84FP, >4> A4 ?96B= ?<A<< E98?B-G;?B6B=
5<HGD>4J<< 6B;A<>49F <;?B@ < E4@BC9D9E9K9A<9 (D<E. 5, b). #D< QFB@ 6AGFD< >?<AB6<8AB= B5-
?4EF< 5<EF45<?PABEF< 6B;A<>49F FD9G7B?PA4S B5?4EFP FD<EF45<?PABEF< E FD9@S GEFB=K<6O@<
EBEFBSA<S@< D46AB69E<S F<C4 HB>GE (E B8AB= <?< 86G@S C4D4@< >B@C?9>EAB-EBCDS:9AAOI
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$<E. 5. 4 4 �6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6). %<A<@ J69FB@ BF@9K9A4
E98?BG;?B64S 5<HGD>4J<S EBEFBSA<= D46AB69E<S, >D4EAO@ 4 �A8DBAB643)BCH4, 4 7B?G5O@ 4 86G>D4FAB7B CD989?PAB7B
J<>?4. &BK>4@< B5B;A4K9AO 5<HGD>4J<< >BD4;@9DABEF< 864: 5<HGD>4J<S FD9I>D4FAB7B D46AB69E<S < 5<HGD>4J<S
�4GF<A4 (FBK>4 E?<SA<S 5<HGD>4J<= �A8DBAB643)BCH4 < 86G>D4FAB7B CD989?PAB7B J<>?4). #4D4@9FDO: ζi = −2.5247,
Jii = −0.2313, Jie = −5.0777; Jei = 10.2 (a), 10.67 (b), 10.8089 (c), 10.9478 (d) (J69F BA?4=A)

Fig. 5. a 4 Two-parameter bifurcation diagram of the two-module system (6). The saddle-node bifurcation of equilibrium
states is marked in dark blue, Andronov3Hopf bifurcation is marked in red, and the double limit cycle bifurcation is marked
in light blue. The dots denote bifurcations of codimension two: the cusp point and the Bautin (generalized Andronov3Hopf)
point. Parameter: ζi = −2.5247, Jii = −0.2313, Jie = −5.0777; Jei = 10.2 (a), 10.67 (b), 10.8089 (c), 10.9478 (d)
(color online)
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?SCGAB6E><I I4D4>F9D<EF<K9E><I CB>4;4F9?9=) < 86G@S EBEFBSA<S@< D46AB69E<S F<C4 E98?B-
HB>GE (E B8AB= C4DB= 89=EF6<F9?PAOI ?SCGAB6E><I I4D4>F9D<EF<K9E><I CB>4;4F9?9= D4;AOI
;A4>B6 < B8AB= C4DB= >B@C?9>EAB-EBCDS:9AAOI CB>4;4F9?9= E BFD<J4F9?PAB= 89=EF6<F9?PAB=
K4EFPR). �4?PA9=L99 G69?<K9A<9 Jei CD<6B8<F > FB@G, KFB FD9G7B?PA4S B5?4EFP FD<EF45<?PABEF<
E@9M49FES > 69DL<A9 >?<A4, 789 99 HBD@4 FD4AEHBD@<DG9FES 6 K9FOD9IG7B?PAGR (D<E. 5, c). #D<
CBE?98GRM9@ G69?<K9A<< Jei B5?4EFP FD<EF45<?PABEF< CB8A<@49FES 669DI CB CD46B= 7D4A<J9
>?<A4 < ;4F9@ <EK9;49F.

� B5?4EF< FD<EF45<?PABEF< 6 E<EF9@9 EGM9EF6G9F FD< GEFB=K<6OI EBEFBSA<S D46AB69-
E<S 4 CB@<@B «A<;>B7B» < «6OEB>B7B» EBEFBSA<= HBD@<DG9FES 9M9 FD9FP9, «ED98A99» EBEFBSA<9.
'EFB=K<6O9 EBEFBSA<S D46AB69E<S D4;89?9AO EBEFBSA<S@< D46AB69E<S F<C4 E98?BHB>GE < E?<-
64RFES E A<@< 6 E98?B-G;?B6OI 5<HGD>4J<SI A4 7D4A<J4I B5?4EF< FD<EF45<?PABEF<. &<C<KAO=
EJ9A4D<= 6B;A<>AB69A<S FD<EF45<?PABEF< CDB<??REFD<DB64A A4 B8ABC4D4@9FD<K9E>B= 5<HGD>4-
J<BAAB= 8<47D4@@9 (D<E. 6, 4). #D< G69?<K9A<< FB>4 E@9M9A<S 8B ;A4K9A<S ζe = −2.22061±10−5

K9D9; E98?B-G;?B6GR (saddle-node, SN) 5<HGD>4J<R 6B;A<>49F ED98A99 GEFB=K<6B9 EBEFBSA<9
D46AB69E<S, < E<EF9@4 EF4AB6<FES 5<EF45<?PAB=. #D< ζe = −2.21986± 10−5 CDB<EIB8<F 6FBD4S
E98?B-G;?B64S 5<HGD>4J<S, DB:849FES 6OEB>B9 EBEFBSA<9, < E<EF9@4 EF4AB6<FES FD<EF45<?PAB=.
�4?99, ED98A99 EBEFBSA<9 <EK9;49F CD< ζe = −2.21886 ± 10−5, < E<EF9@4 6AB6P 5<EF45<?PA4.
#D< ζe = −2.21146± 10−5 <EK9;49F A<;>B9 EBEFBSA<9, < E<EF9@4 EF4AB6<FES @BABEF45<?PAB=.

� D4EE@BFD9AAB@ 6OL9 E?GK49 B5?4EFP FD<EF45<?PABEF< B>4;4?4EP 8B6B?PAB G;>B= (CBDS8>4
3 · 10−3 CB C4D4@9FDG ζe), CD< QFB@ 6E9 D9:<@O, CD98E>4;O649@O9 D98GJ<DB64AAB= @B89?PR,
A45?R84RFES < 6 @<>DBE>BC<K9E>B= E<EF9@9. "8A4>B E?98G9F BF@9F<FP, KFB A45?R84RFES D4;?<K<S
@9:8G 5<HGD>4J<BAAO@< 7D4A<J4@< 8<A4@<K9E><I D9:<@B6 D98GJ<DB64AAB= E<EF9@O (ECD4698-
?<6B= 6 F9D@B8<A4@<K9E>B@ CD989?9 N → ∞) < B5?4EFS@< EGM9EF6B64A<S EBBF69FEF6GRM<I 8<A4-
@<K9E><I D9:<@B6 CB?AB= E9F<. 1F< D4;?<K<S F9@ @9A99 ;4@9FAO, K9@ 5B?PL9 D4;@9D E9F<, B8A4>B
BEF4RFES ;4@9FAO@< 84:9 8?S E9F9= 8B6B?PAB 5B?PLB7B D4;@9D4, >4> CB>4;4AB A4 D<E. 6, 4 8?S
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$<E. 6. "8ABC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6) 6 B5?4EF< FD<EF45<?PABEF<
EBEFBSA<= D46AB69E<S (E<ASS ?<A<S). �D4EAO@< ;69;8BK>4@< BF@9K9AO 8<A4@<K9E><9 D9:<@O, B5A4DG:9AAO9 6 CB?AB=
E9F< (1). #4D4@9FDO: Ne = Ni = 200000, ζi = −2.5247, Jii = −0.2313, Jie = −5.0777, Jee = 14.50, Jei = 10.67.
b 4 "8ABC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6) 6 B5?4EF< FD<EF45<?PABEF< E
K4EF<KAB E<AIDBAAO@ ED98A<@ EBEFBSA<9@. #4D4@9FDO: ζi = −2.8265, Jii = −0.2313, Jie = −5.4552, Jee = 15.6404,
Jei = 11.9226 (J69F BA?4=A)

Fig. 6. A one-parameter bifurcation diagram of the two-module system (6) in the region of tristability of equilibrium states
(blue line). Red asterisks indicate dynamic modes found in the microscopic network (1). Parameters: Ne = Ni = 200000,
ζi = −2.5247, Jii = −0.2313, Jie = −5.0777, Jee = 14.50, Jei = 10.67. b 4 A one-parameter bifurcation diagram of the
two-module (6) system in the tristability region with a partially synchronous medium activity state. Parameters: ζi = −2.8265,
Jii = −0.2313, Jie = −5.4552, Jee = 15.6404, Jei = 11.9226 (color online)
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NX = 200000. �A4?B7<KAO= QHH9>F E86<74 7D4A<J EGM9EF6B64A<S 8<A4@<K9E><I D9:<@B6 6 E9FSI
>BA9KAB7B D4;@9D4 A45?R84?ES A4@< D4A99 6 E9F<, EBEFBSM9= <; B8AB= CBCG?SJ<< A9=DBAB6 [24].

#GF9@ <;@9A9A<S C4D4@9FDB6 CB846?SRM97B @B8G?S L<D<A4 B5?4EF< FD<EF45<?PABEF<
@B:9F 5OFP EGM9EF69AAB G69?<K9A4. �@9EF9 E F9@, 8?S E?GK496 5B?99 L<DB>B= B5?4EF< FD<EF4-
5<?PABEF< I4D4>F9DAB A4?<K<9 6 A9= 8BCB?A<F9?PAOI 5<HGD>4J<=, E6S;4AAOI E 6B;A<>AB69A<9@
C9D<B8<K9E><I D9L9A<=. !4CD<@9D, A4 D<E. 6, b <;B5D4:9A4 B8ABC4D4@9FD<K9E>4S 5<HGD>4J<BA-
A4S 8<47D4@@4, A4 >BFBDB= B5?4EFP FD<EF45<?PABEF< <@99F L<D<AG CBDS8>4 0.02 CB C4D4@9FDG ζe,
AB CD< QFB@ 6AGFD< <AF9D64?4 EGM9EF6B64A<S ED98A97B EBEFBSA<S D46AB69E<S BAB 89EF45<?<;<DG-
9FES < CBDB:849F GEFB=K<6B9 >B?954F9?PAB9 EBEFBSA<9. �?S CBEFDB9A<S 86GIC4D4@9FD<K9E><I
8<47D4@@ A4 D<E. 5 A4@9D9AAB 6O5D4AO C4D4@9FDO, CD< >BFBDOI B5?4EFP FD<EF45<?PABEF< S6?S-
9FES G;>B=, CBFB@G KFB F4><@ B5D4;B@ @B:AB <;59:4FP A4?B:9A<S A4 QFG B5?4EFP 5<HGD>4J<=
CD989?PAOI J<>?B6. � CDBF<6AB@ E?GK49 5<HGD>4J<BAAO9 8<47D4@@O EF4AB6SFES >D4=A9 E?B:-
AO@< 8?S 6BECD<SF<S, F4> >4> @AB:9EF6B 5<HGD>4J<BAAOI >D<6OI @B:9F 5OFP ?B>4?<;B64AB
6 G;><I B5?4EFSI C4D4@9FDB6.

�A4?<; >B??9>F<6AB= 8<A4@<>< CB?AB= E<EF9@O 6 B5?4EF< FD<EF45<?PABEF< CB>4;4?, KFB
@<>DBE>BC<K9E>4S E<EF9@4 @B:9F A4IB8<FPES 6 B8AB@ <; FD9I GEFB=K<6OI 4E<AIDBAAOI D9:<@B6.
� QFB@ E?GK49 6 8BCB?A9A<9 > >B??9>F<6AO@ @4>DBE>BC<K9E><@ EBEFBSA<S@, >B784 5B?PL4S K4EFP
Q?9@9AFB6 E9F< A4IB8<FES 6 6B;5G8<@B@ D9:<@9 <?< 6 D9:<@9 79A9D4J<< EC4=>B6, 8B546?S9FES
EBEFBSA<9, >B784 K<E?B 4>F<6AOI < A94>F<6AOI Q?9@9AFB6 EBCBEF46<@B CB 69?<K<A9. �4K9EF69AAB
CB6989A<9 BF89?PAOI Q?9@9AFB6 6 QFB@ E?GK49 A9 BF?<K49FES BF D4EE@BFD9AAB7B D4A99, CBQFB@G
;89EP @O A9 BEF4A46?<649@ES A4 QFB@ 6BCDBE9 5B?99 CB8DB5AB.

5. �B;A<>AB69A<9 >B??9>F<6AOI I4BF<K9E><I >B?954A<=

#B@<@B EF4J<BA4DAOI < C9D<B8<K9E><I, 6 86GI@B8G?PAB= E9F< @B7GF 6B;A<>4FP < 5B?99
E?B:AO9 8<A4@<K9E><9 D9:<@O, 6 FB@ K<E?9 I4BF<K9E><9 >B?954A<S. �?S <I <EE?98B64A<S
;4H<>E<DG9@ ;A4K9A<S C4D4@9FDB6 CB846?SRM97B @B8G?S ζi = 3.4, Jii = −5.9, Jie = −13.9.
#D< 8BEF4FBKAB E?45B= E<?9 6B;89=EF6<S 6B;5G:84RM9= CBCG?SJ<< A4 CB846?SRMGR (Jei � 1)
6 E<EF9@9 6B;@B:AO FB?P>B E98?B-G;?B6O9 5<HGD>4J<< < 86GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S
8<47D4@@4 <@99F 6<8, >4K9EF69AAB EB6C484RM<= E D<E. 1, b. % G69?<K9A<9@ E<?O @9:@B8G?PAB=
E6S;< 6 E<EF9@9 EF4AB6<FES 6B;@B:AO@ 6B;A<>AB69A<9 GEFB=K<6OI C9D<B8<K9E><I D9L9A<=,
CB8B5AB FB@G, >4> QFB BC<E4AB 6 D4;89?9 3. #D< 8BEF4FBKAB 5B?PL<I ;A4K9A<SI, A4CD<@9D
Jei = 1.0, QF< C9D<B8<K9E><9 D9L9A<S @B7GF 89@BAEFD<DB64FP 5<HGD>4J<< G86B9A<S C9D<B84,
>4> CB>4;4AB A4 D<E. 7, 4. �4@9F<@, KFB A4 QFB@ D<EGA>9 <;B5D4:9A4 ?<A<S ?<LP C9D6B7B
G86B9A<S, FB784 >4> 6AGFD< B7D4A<K9AAB= 9R B5?4EF< A45?R849FES J9?B9 E9@9=EF6B 6?B:9AAOI
5<HGD>4J<BAAOI >D<6OI G86B9A<S C9D<B84. !4?<K<9 F4>B7B E9@9=EF64 CD98CB?4749F 6B;@B:ABEFP
DB:89A<S EFD4AAB7B I4BF<K9E>B7B 4FFD4>FBD4 CB EJ9A4D<R (9=79A54G@4 [25].

�4AAO= EJ9A4D<= 89=EF6<F9?PAB A45?R849FES 6 E<EF9@9, KFB CDB<??REFD<DB64AB A4
D<E. 7, b, 789 CD<6989A4 B8ABC4D4@9FD<K9E>4S 8<47D4@@4 CD< H<>E<DB64AAB@ Jee = 16.8. � QFB@
E?GK49 6OEB>B9 EBEFBSA<9 D46AB69E<S 89EF45<?<;<DG9FES K9D9; 5<HGD>4J<R �A8DBAB643)BCH4
CD< ζe = −0.94 ± 10−2. $B:84RM<=ES CD< QFB@ GEFB=K<6O= CD989?PAO= J<>? CD9F9DC9649F
C9D6GR 5<HGD>4J<R G86B9A<S C9D<B84 (PD) CD< ζe = −0.3± 10−2, 6FBDGR CD< ζe = 0.12± 10−2.
#BE?98GRM<9 5<HGD>4J<< 4>>G@G?<DGRFES CD< ζe = 0.63± 10−2, < 6 E<EF9@9 6B;A<>49F I4BF<K9-
E><= 4FFD4>FBD. "A CDB8B?:49F EGM9EF6B64FP 6C?BFP 8B ζe = 1.06± 10−2 (;4 <E>?RK9A<9@ G;><I
B>BA C9D<B8<KABEF<), CBE?9 K97B <EK9;49F K9D9; B5D4FAO= >4E>48 G86B9A<=.

�?S CB8F69D:89A<S I4BF<K9E>B= CD<DB8O 4FFD4>FBD4 5O?< CBEK<F4AO 864 EF4DL<I CB>4-
;4F9?S �SCGAB64, CD<6989AAO9 A4 D<E. 7, c. �<8AB, KFB 6 I4BF<K9E>B= B5?4EF< 0.63 < ζe < 1.06
EF4DL<= CB>4;4F9?P 89=EF6<F9?PAB CB?B:<F9?9A. )4D4>F9DAO= H4;B6O= CBDFD9F I4BF<K9E>B7B
4FFD4>FBD4 CD<6989A A4 D<E. 7, d.
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$<E. 7. a 4 �6GIC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S 8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6). %<A<@ J69FB@ B5B;A4K9AO
>D<6O9, EBBF69FEF6GRM<9 E98?BG;?B6O@ 5<HGD>4J<S@ EBEFBSA<= D46AB69E<S. �D4EAO@ J69FB@ B5B;A4K9AO >D<6O9,
EBBF69FEF6GRM<9 5<HGD>4J<S@ �A8DBAB643)BCH4. �B?G5O@ J69FB@ B5B;A4K9AO >D<6O9, EBBF69FEF6GRM<9 5<HGD>4J<-
S@ 86G>D4FAB7B CD989?PAB7B J<>?4. %<D9A96O@ J69FB@ B5B;A4K9A4 >D<64S, EBBF69FEF6GRM4S 5<HGD>4J<< G86B9A<S
C9D<B84 (PD). �9?9AO@ J69FB@ 6O89?9A4 B5?4EFP, BI64K9AA4S QFB= >D<6B=. �69;8BK>4@< BF@9K9AO 5<HGD>4J<< >BD4;-
@9DABEF< 2: 5<HGD>4J<S FD9I>D4FAB7B D46AB69E<S (CP) < 5<HGD>4J<S �4GF<A4 (B5B5M9AA4S 5<HGD>4J<S �A8DBAB643
)BCH4, GAH). #4D4@9FDO: Jei = 1.0, ζi = 3.4, Jii = −5.9, Jie = −13.9. b 4 "8ABC4D4@9FD<K9E>4S 5<HGD>4J<BAA4S
8<47D4@@4 86GI@B8G?PAB= E<EF9@O (6) CD< Jee = 16.8. %<A<@< ?<A<S@< B5B;A4K9AO EBEFBSA<S D46AB69E<S, >D4EAO@< 4
C9D<B8<K9E><9 < I4BF<K9E><9 >B?954A<S. c 4 �46<E<@BEFP C9D6OI 86GI CB>4;4F9?9= �SCGAB64 BF FB>4 E@9M9A<S ζe.
d 4 �<8 I4BF<K9E>B7B 4FFD4>FBD4 E<EF9@O CD< ζe = 0.8 (J69F BA?4=A)

Fig. 7. a 4 Two-parameter bifurcation diagram of the two-module system (6). The curves corresponding to saddle-node
bifurcations of equilibrium states are marked in blue. The curves corresponding to Andronov3Hopf bifurcations are marked in
red. The curves corresponding to the bifurcations of the double limit cycle are marked in light blue. The lilac color indicates
the curve corresponding to the period doubling (PD) bifurcation. The area covered by this curve is highlighted in green.
The asterisks mark the bifurcations of codimension 2: the cusp point (CP) and the Bautin (generalized Andronov3Hopf,
GAH) bifurcations. Parameters: Jei = 1.0, ζi = 3.4, Jii = −5.9, Jie = −13.9. b 4 One-parameter bifurcation diagram of
the two-module system (6) with Jee = 16.8. Blue lines indicate equilibrium states, red lines indicate periodic and chaotic
oscillations. c 4 Dependence of the first two Lyapunov exponents on the bias current ζe. d 4 A chaotic attractor of the system
with ζe = 0.8 (color online)

770
�<D<??B6 %.2., �?B5<A �. �., �?<APLB6 �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6



�4@9F<@, KFB CD< 5B́?PL<I ;A4K9A<SI Jee 6 E<EF9@9 6B;@B:AO 8BCB?A<F9?PAO9 5<HGD>4J<<,
A9 <;B5D4:9AAO9 A4 D<E. 7, 4 8?S B5?97K9A<S 97B 6BECD<SF<S. #D< QFB@ D94?<;GRFES 5B?99
E?B:AO9 EJ9A4D<< 6B;A<>AB69A<S < <EK9;AB69A<S I4BE4, 6 FB@ K<E?9 E6S;4AAO9 E >4E4A<9@
<A64D<4AFAOI @AB7BB5D4;<= E98?B6OI CD989?PAOI J<>?B6, 4 F4>:9 @G?PF<EF45<?PAO= I4BE.
#B?AB9 CBA<@4A<9 F4><I EJ9A4D<96 FD95G9F 8BCB?A<F9?PAOI <EE?98B64A<=.

�4?99 CB>4:9@, >4> CDBS6?SRFES D4EE@BFD9AAO9 A4@< I4BF<K9E><9 >B?954A<S D98GJ<DB64A-
AB= E<EF9@O (6) 6 CB?AB= @<>DBE>BC<K9E>B= E<EF9@9 (1). �4> CB>4;O649F D<E. 8, 6 QFB@ E?GK49
6 E<EF9@9 (1) 6B;A<>4RF >B??9>F<6AO9 I4BF<K9E><9 >B?954A<S. !4 D<E. 8, 4 QF< >B?954A<S CD98-
EF46?9AO A4 C?BE>BEF< ED98A<I K4EFBF 6B;5G:84RM9= < CB846?SRM9= CBCG?SJ<= (re, ri).  B:AB
6<89FP, KFB 6 ED98A9@ @4>DBE>BC<K9E>4S D98GJ<DB64AA4S E<EF9@4 8B6B?PAB IBDBLB 6BECDB<;6B8<F
>B??9>F<6AO9 >B?954A<S @<>DBE>BC<K9E>B= E9F<. �@9EF9 E F9@ FD49>FBD<S, EBBF69FEF6GRM4S >B?-
?9>F<6AO@ @<>DBE>BC<K9E><@ >B?954A<S@, EB89D:<F S6AB 6<8<@O9 H?G>FG4J<<. %GM9EF6B64A<9
F4><I H?G>FG4J<= E6S;4AB E QHH9>F4@< >BA9KAB7B D4;@9D4. C G69?<K9A<9@ >B?<K9EF64 Q?9@9AFB6

0

5000

t

0

0.5

1.0
< 

r e
 >

0 5000 10000
j

0.65

0.7

0.75

1400 2000

0.3

0.4

0.5

0.6

10000

0.5 1.0 1.5 2.0
re

0 2 4 6 8 10 12 14 16 18 20

0

-p

p

jj

r j

a b

c

$<E. 8. a 4 #DB9>J<S >B??9>F<6AOI I4BF<K9E><I >B?954A<= E<EF9@O (1) A4 C?BE>BEFP (re, ri) (7B?G54S FD49>FBD<S
BFB5D4:49F K4EFBFO CBCG?SJ<=, GED98A9AAO9 6 E>B?P;SM9@ 6D9@9AAB@ B>A9 ∆t = 0.025) < EBBF69FEF6GRM4S CDB-
9>J<S I4BF<K9E><I >B?954A<= D98GJ<DB64AAB= E<EF9@O (6) (>D4EA4S FD49>FBD<S). b 4 %D98ASS K4EFBF4 Q?9@9AFB6
6B;5G:84RM9= CBCG?SJ<<, GCBDS8BK9AAOI CB 6B;D4EF4A<R ηj . c 4 #DBEFD4AEF69AAB-6D9@9AA4S 8<47D4@@4 6B;5G:84-
RM9= CBCG?SJ<< 6 D9:<@9 I4BF<K9E><I >B??9>F<6AOI >B?954A<=. #4D4@9FDO: Ne = 10000, Ni = 10000, ζe = 0.8,
Jee = 16.8, Jei = 1.0, ζi = 3.4, Jii = −5.9, Jie = −13.9 (J69F BA?4=A)

Fig. 8. a 4 Projection of the collective chaotic oscillations of the system (1) onto the plane (re, ri) (cyan line, averaged over a
sliding time window ∆t = 0.025) and the corresponding projection of the chaotic oscillations of the reduced system (6) (red
line). b 4 The average frequency of the elements of the excitatory population, sorted in ascending order ηj . c 4 Spatiotemporal
diagram of the excitatory population in the regime of chaotic collective oscillations. Parameters: Ne = 10000, Ni = 10000,
ζe = 0.8, Jee = 16.8, Jei = 1.0, ζi = 3.4, Jii = −5.9, Jie = −13.9 (color online)
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<AF9AE<6ABEFP H?G>FG4J<= G@9APL49FES B5D4FAB CDBCBDJ<BA4?PAB D4;@9DG E9F< < FD49>FBD<<
D98GJ<DB64AAB= < @<>DBE>BC<K9E>B= E<EF9@ 4E<@CFBF<K9E>< E5?<:4RFES.

�A4?<; CB6989A<S BF89?PAOI Q?9@9AFB6 E9F< CB>4;O649F, KFB A9E@BFDS A4 FB, KFB <I
>B??9>F<6A4S 8<A4@<>4 S6?S9FES A9D97G?SDAB=, BA< F9@ A9 @9A99 @B7GF HBD@<DB64FP >?4EF9DO
E B8<A4>B6O@< ED98A<@< K4EFBF4@< 79A9D4J<< EC4=>B6. 1FB <??REFD<DG9F D<E. 8, b, A4 >BFBDB@
CD98EF46?9AB D4ECD989?9A<9 ED98A<I K4EFBF 79A9D4J<< EC4=>B6OI >B?954A<= CB Q?9@9AF4@
6B;5G:84RM9= CBCG?SJ<<, GCBDS8BK9AAO@ CB 6B;D4EF4A<R <A8<6<8G4?PAOI FB>B6 E@9M9A<S ηj .
�4> @B:AB 6<89FP, ?<LP A95B?PLB9 K<E?B Q?9@9AFB6 E9F< A4IB8<FES 6 6B;5G8<@B@ D9:<@9,
6 FB 6D9@S >4> 5B?PL<AEF6B <; A<I EB69DL49F EC4=>B6O9 >B?954A<S A4 D4;?<KAOI K4EFBF4I.
"F@9F<@, KFB 6 E<EF9@9 6B;A<>4RF 864 >DGCAOI >?4EF9D4, Q?9@9AFO >BFBDOI <@9RF B8<A4>B6O9
ED98A<9 K4EFBFO. �B?954A<S 6 A<I CDB<EIB8SF A4 K4EFBF9 ω1 = 0.459 ± 0.001 < A4 G86B9AAB=
K4EFBF9 ω2 = 2ω1. �DB@9 FB7B, CD< K<E?9AAB@ @B89?<DB64A<< F4>:9 A45?R849FES A95B?PLB=
>?4EF9D Q?9@9AFB6 A4 A9>BFBDB= CDB@9:GFBKAB= K4EFBF9 ω3 ≈ 1.5ω1, 6 B>D9EFABEF< >BFBDB7B
F4>:9 7DGCC<DGRFES Q?9@9AFO E BFABE<F9?PAB 5?<;><@<, AB BF?<KAO@< BF ω3 K4EFBF4@<.

%6B=EF64 >B?954A<= @<>DBE>BC<K9E>B= E<EF9@O 6 ;46<E<@BEF< BF 6D9@9A< <??REFD<DG9F
CDBEFD4AEF69AAB-6D9@9AA4S 8<47D4@@4, CD98EF46?9AA4S A4 D<E. 8, c. )BDBLB 6<8A4 B5?4EFP, EBBF-
69FEF6GRM4S C9D6B@G >?4EF9DG A4 K4EFBF9 ω1. � QFB@ E?GK49 EC4=>< 6B;A<>4RF C4D4@<: ;4 5B?99
>BDBF><@ @9:EC4=>B6O@ <AF9D64?B@ E?98G9F 5B?99 8?<AAO= < A4B5BDBF. �4?99 @B:AB 6O89?<FP
B5?4EFP, 6 >BFBDB= EC4=>< 6B;A<>4RF FDB=>4@<. "A4 EBBF69FEF6G9F >B?954A<S@ Q?9@9AFB6 65?<;<
>?4EF9D4 E K4EFBFB= ω3. �>F<6ABEFP 6 >?4EF9D9 E K4EFBFB= ω2 I4D4>F9D<;G9FES 86G@S C4D4@<
EC4=>B6, E?98GRM<@< 8DG7 ;4 8DG7B@, CBE?9 K97B >4DF<A4 CB6FBDS9FES. �B?954A<S Q?9@9AFB6
6A9 >?4EF9DB6 <@9RF A9EB<;@9D<@O9 K4EFBFO, KFB BFD4:49FES 6 «D4;@OFBEF<» EBBF69FEF6GRM<I
B5?4EF9= A4 CDBEFD4AEF69AAB-6D9@9AAB= 8<47D4@@9.

�4>?RK9A<9

� A4EFBSM9= EF4FP9 <EE?98B64A4 >B??9>F<6A4S 8<A4@<>4 86GICBCG?SJ<BAAB= A9=DBAAB=
E9F<, EBEFBSM9= <; 6B;5G:84RM9= < CB846?SRM9= CBCG?SJ<= >648D4F<KAOI A9=DBAB6 F<C4 A4-
>BC?9A<9 3 E5DBE. � CD98CB?B:9A<< ?BD9AJ96B= A9B8ABDB8ABEF< C4D4@9FDB6 B59<I CBCG?SJ<= <I
8<A4@<>4 @B:9F 5OFP E6989A4 > E<EF9@9 86GI E6S;4AAOI @B89?9= A9=DBAAOI @4EE. #B?GK4RM4SES
CD< QFB@ 8<A4@<K9E>4S E<EF9@4 <@99F BFABE<F9?PAB A96OEB>GR D4;@9DABEFP (D46AGR K9FOD9@),
KFB CB;6B?<?B CD<@9A<FP > A9= @9FB8O 5<HGD>4J<BAAB7B 4A4?<;4.

#B>4;4AB, KFB 6 ;46<E<@BEF< BF C4D4@9FDB6 E<EF9@4 @B:9F 89@BAEFD<DB64FP D4;?<KAO9
>B??9>F<6AO9 D9:<@O, 4 <@9AAB: 5<EF45<?PABEFP E EBEGM9EF6B64A<9@ 6OEB>B7B < A<;>B7B EBEFBS-
A<= D46AB69E<S; C9D<B8<K9E><9 >B?954A<S, >BFBDO9 @B7GF EBEGM9EF6B64FP E B8A<@ <?< 86G@S
EBEFBSA<S@< D46AB69E<S; FD<EF45<?PABEFP FD9I EBEFBSA<= D46AB69E<S; I4BF<K9E><9 >B?954A<S.
�9F4?PAB <EE?98B64AO 8<A4@<K9E><9 @9I4A<;@O 6B;A<>AB69A<S BC<E4AAOI >B??9>F<6AOI D9-
:<@B6. �?S BC<E4A<S QF<I @9I4A<;@B6 CD<@9A9A @9FB8 5<HGD>4J<BAAOI 8<47D4@@, CD< QFB@
C4D4@9FDO CB846?SRM9= CBCG?SJ<< ζi, Jii, Jie H<>E<DB64?<EP < EFDB<?<EP 86GIC4D4@9FD<K9E><9
5<HGD>4J<BAAO9 8<47D4@@O A4 C?BE>BEF< C4D4@9FDB6 6B;5G:84RM9= CBCG?SJ<< ζe, Jee CD<
CBE?98B64F9?PAB@ G69?<K9A<< @9:@B8G?PAB= E6S;< Jei. &4>, CD< AG?96B= @9:@B8G?PAB= E6S;<
5<HGD>4J<BAA4S 8<47D4@@4 <@99F CDBEFGR HBD@G < EB89D:<F ?<LP >?<A 5<EF45<?PABEF<, B7D4-
A<K9AAO= 86G@S E98?B-G;?B6O@< 5<HGD>4J<S@<. #BE?98B64F9?PAB9 G69?<K9A<9 @9:@B8G?PAB=
E6S;< CB;6B?<?B CDBE?98<FP 6B;A<>AB69A<9 8BCB?A<F9?PAOI 5<HGD>4J<BAAOI >D<6OI < BC<E4FP
<I ;4>BAB@9DABEF<.

&4>:9 5O?B CDB6989AB ED46A9A<9 8<A4@<>< D98GJ<DB64AAB= @B89?< < >B??9>F<6AB= 8<A4-
@<>< CB?AB= E<EF9@O. #B>4;4AB, KFB D98GJ<DB64AA4S @B89?P IBDBLB 4CCDB>E<@<DG9F 8<A4@<>G
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5B?PL<I E9F9=, 6 >BFBDOI >4:84S CBCG?SJ<S 6>?RK49F N = 10000 A9=DBAB6. �B??9>F<6AO9
>B?954A<S, >4> D97G?SDAO9, F4> < I4BF<K9E><9, CD<6B8SF > 6B;A<>AB69A<R 6 E9F< >?4EF9DB6
E<AIDBAAB= 4>F<6ABEF< A9=DBAB6. &4>:9 B5A4DG:9A QHH9>F E@9M9A<S 7D4A<J EGM9EF6B64A<S
D9:<@B6 6 D98GJ<DB64AAB= < CB?AB= E<EF9@4I, BEB59AAB S6AB ;4@9FAO= 6 E?GK49 FD<EF45<?PABEF<
8?S «ED98A97B» EBEFBSA<S D46AB69E<S, EGM9EF6GRM97B 6 8B6B?PAB G;>B= B5?4EF< C4D4@9FDB6.

�4@9F<@, KFB CD< <EE?98B64A<< D4;?<KAOI QHH9>FB6 (>B?954A<S, FD<EF45<?PABEFP, I4BE)
H<>E<DB64AAO9 ;A4K9A<S C4D4@9FDB6 CB846?SRM9= CBCG?SJ<< (ζi, Jii, Jie) 6O5<D4?<EP D4;?<K-
AO@<. 1FB A9G8B5EF6B B5GE?B6?9AB EFD9@?9A<9@ D4;89?<FP QF< QHH9>FO, F4> >4> 6B;@B:ABEFP
A45?R89A<S 6E9I FDёI QHH9>FB6 CD< B8<A4>B6OI ;A4K9A<SI C4D4@9FDB6 CB846?SRM9= CBCG?SJ<<
EGM9EF6G9F, B8A4>B 6E9 BA< 5G8GF A45?R84FPES B8AB6D9@9AAB, KFB 89?49F >D4=A9 ;4FDG8A<F9?PAO@
6BECD<SF<9 EBBF69FEF6GRM<I 5<HGD>4J<BAAOI 8<47D4@@.

References

1. Deco G, Jirsa VK, Robinson PA, Breakspear M, Friston K. The dynamic brain: From spiking
neurons to neural masses and cortical fields. PLoS Comput. Biol. 2008;4(8):e1000092.
DOI: 10.1371/journal.pcbi.1000092.

2. Schwalger T, Deger M, Gerstner W. Towards a theory of cortical columns: From spiking
neurons to interacting neural populations of finite size. PLoS Comput. Biol. 2017;13(4):e1005507.
DOI: 10.1371/journal.pcbi.1005507.

3. Coombes S, Byrne Á. Next generation neural mass models. In: Corinto F, Torcini A, editors.
Nonlinear Dynamics in Computational Neuroscience. PoliTO Springer Series. Cham: Springer;
2019. P. 1316. DOI: 10.1007/978-3-319-71048-8_1.
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Electric fish as an object of fundamental research
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Abstract. The aim of this work is to show the role of research on electric fish and their role in fundamental problems’ solvation.
We are trying to involve additional specialists in our studies. Methods. We have developed a setup allowing simultaneous
multielectrode registration and visualization of electric fields around fish, which is a novel tool in electric fish studies.
Results. The article is a review. We tried to show the history of electric fish research and the peculiarities of the Russian school
of electroecology.

Keywords: electric fish, electrodynamics, electrophysiology, electroethology, electroecology.

For citation: Olshanskiy VM, Baron VD, MacMahon E, Zlenko DV. Electric fish as an object of fundamental research.
Izvestiya VUZ. Applied Nonlinear Dynamics. 2023;31(6):7763812. DOI: 10.18500/0869-6632-003075

This is an open access article distributed under the terms of Creative Commons Attribution License (CC-BY 4.0).
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�:.�.  4>E69??. #D98<E?B6<9 > «&D4>F4FG
B5 Q?9>FD<K9EF69 < @47A9F<;@9» [1]

1?9>FD<K9E><9 DO5O >4> B5N9>F HGA84@9AF4?PAOI <EE?98B64A<=

%D98< K<F4F9?9= :GDA4?4 «�;69EF<S 6G;B6. #D<>?48A4S A9?<A9=A4S 8<A4@<>4» @AB7B
6OEB>B>64?<H<J<DB64AAOI EC9J<4?<EFB6 CB 4A4?<;G E?B:AOI CDBJ9EEB6. *9?P 84AAB= EF4FP<,
CB87BFB6?9AAB= EBFDG8A<>4@< �AEF<FGF4 CDB5?9@ Q>B?B7<< < Q6B?RJ<< <@. �.!. %969DJB64 $�!,
EBEFB<F 6 FB@, KFB5O CD<7?4E<FP QF<I EC9J<4?<EFB6 CD<@9A<FP E6B< G@9A<S 6 B5?4EF<, >BFBDB=
@O ;4A<@49@ES 4 Q?9>FDBQ>B?B7<<.

1?9>FDBQ>B?B7<S 4 QFB A4G>4 B FB@, >4>GR DB?P <7D4RF D4;ABB5D4;AO9 Q?9>FD<K9E><9
EB5OF<S 6 :<;A< :<6BFAOI. � C9D6GR BK9D98P D9KP <8ёF B 6B8AOI :<6BFAOI, CBE>B?P>G @AB7<9
<; A<I <@9RF EC9J<4?<;<DB64AAO9 Q?9>FDBD9J9CFBDO, CB;6B?SRM<9 6BECD<A<@4FP B>DG:4R-
M<9 <I Q?9>FD<K9E><9 CB?S. %D98< DO5 9EFP Q?9>FD<K9E><9 DO5O, ECBEB5AO9 79A9D<DB64FP
Q?9>FD<K9E><9 D4;DS8O, KFB A4L?B BFD4:9A<9 6 <I 6<8B6OI < DB8B6OI A4;64A<SI. %<?PAB-
Q?9>FD<K9E><9 DO5O 4 Q?9>FD<K9E><9 E>4FO, G7D<, EB@O < ;69;8BKёFO 4 79A9D<DGRF @BMAO9
(EBFA< 64FF) Q?9>FD<K9E><9 D4;DS8O 8?S A4C489A<S < ;4M<FO [2]. %GM9EF6GRF DO5O, 4HD<-
>4AE><9 @BD@<D<8O (E9@. Mormyridae), 7<@A4DI (Gymnarchus niloticus) < R:AB4@9D<>4AE><9
7<@ABF<8O (BFD. Gymnotiformes), >BFBDO9 D97G?SDAB <?< 84:9 A9CD9DO6AB 79A9D<DGRF D4;DS8O
@BMABEFPR 98<A<JO-8B?< 64FF 8?S ?B>4J<< < >B@@GA<>4J<< [3]. �;69EFAO F4>:9 DO5O, ECBEB5-
AO9 79A9D<DB64FP 5B?99 E?45O9 D4;DS8O, K4EFB A9EF45<?PAB= HBD@O < FB?P>B CD< EBJ<4?PAOI
6;4<@B89=EF6<SI [4, 5]. !B 84:9 G E4@OI B5OKAOI DO5, A4CD<@9D >4DC4 <?< Danio rerio [6],
D4;?<KAO9 H<;<B?B7<K9E><9 CDBJ9EEO, A4CD<@9D D9EC<D4FBDAO9 86<:9A<S, EBCDB6B:84RFES
<;@9A9A<S@< Q?9>FD<K9E><I CBF9AJ<4?B6 6 8<4C4;BA9 98<A<JO-EBFA< @<>DB6B?PF. 'K<FO64S,
KFB CBDB7 Q?9>FDBKG6EF6<F9?PABEF< @B:9F 5OFP ;A4K<F9?PAB A<:9 (A4CD<@9D, G 4@GDE>B7B EB@4,
Parasilurus asotus 4 B>B?B 0.05 @>�/E@ [7]), DO5O @B7GF 6BECD<A<@4FP @AB:9EF6B D4;ABB5D4;AOI
Q?9>FD<K9E><I EB5OF<=.
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�ES>4S A4G>4 < 6ES>4S A4GKA4S CDB5?9@4 AG:84RFES 6 489>64FAB@ <AEFDG@9AF9. �;GK4S
6<;G4?PAGR <?< 4>GEF<K9E>GR >B@@GA<>4J<R, @O 6 A9>BFBDB= EF9C9A< @B:9@ CB?B:<FPES A4 E6B<
CD<DB8AO9 6B;@B:ABEF< < BCOF 6BECD<SF<S. "8A4>B 84:9 6 QF<I B5?4EFSI AB6O9 F9IA<K9E><9
ED98EF64 @B7GF >BD9AAO@ B5D4;B@ <;@9A<FP >4DF<AG. !4CD<@9D, CD<@9A9A<9 G?PFD4;6G>B6B=
4CC4D4FGDO CB;6B?<?B B5A4DG:<FP QIB?B>4J<R G ><FBB5D4;AOI < DG>B>DO?OI [8].

� Q?9>FDBQ>B?B7<<, 789 BCOF K9?B69K9E>B7B CD<DB8AB7B 6BECD<SF<S Q?9>FD<K9E><I E<7A4-
?B6 BFEGFEF6G9F, A4L4 CBFD95ABEFP 6 F9IA<K9E><I ED98EF64I < H<;<K9E><I @B89?SI 9Mё BEFD99.
%CBEB5ABEFP 7<@A4DI4 > Q?9>FDB?B>4J<< 5O?4 B5A4DG:9A4 )4AEB@ �<EE@4AAB@ [9] E CB@BMPR
BEJ<??B7D4H4. �4?PA9=L99 CD<@9A9A<9 EIB8AB= @9FB8<>< CB;6B?<?B ;4D97<EFD<DB64FP Q?9>FD<-
K9E><9 D4;DS8O BF @AB7<I 8DG7<I DO5. "8A4>B CD< >?4EE<K9E>B= D97<EFD4J<< Q?9>FD<K9E><I
E<7A4?B6 BEF464?4EP CDB5?9@4 <AF9DCD9F4J<=. �E?< 6 Q>EC9D<@9AF9 GK4EF6B64?B A9E>B?P>B DO5,
FB FDG8AB 5O?B CBASFP, >4>4S <; A<I 5O?4 <EFBKA<>B@ D4;DS84. �B?99 FB7B, K4EFB 6B;A<>4?<
EB@A9A<S, 89=EF6<F9?PAB ?< <EFBKA<>B@ Q?9>FD<K9E><I E<7A4?B6 5O?< DO5O, 4 A9 H?G>FG4J<<
Q?9>FDBI<@<K9E><I CBF9AJ<4?B6 A4 Q?9>FDB84I <?< >4><9-FB 6A9LA<9 <EFBKA<><. #BQFB@G 8?S
CDB7D9EE4 6 Q?9>FDBQ>B?B7<< AG:9A 5O? 5B?99 CDB86<AGFO= <AEFDG@9AF, CB;6B?SRM<= D9L<FP
BC<E4AAO9 6OL9 CDB5?9@O. !4 BEAB69 @AB7BQ?9>FDB8AB= @4FD<KAB= D97<EFD4J<< Q?9>FD<K9E><I
CBF9AJ<4?B6 [10], FBKAB E<AIDBA<;<DB64AAB= E 6<89B;4C<EPR [11], @O CB?GK<?< 6B;@B:ABEFP
6<;G4?<;<DB64FP Q?9>FD<K9E><9 CB?S DO5 < 8DG7<I 6B8AOI :<6BFAOI (D<E. 1).

 9FB8<>4 CB;6B?S9F BJ9A<64FP ;A4K9A<S Q?9>FD<K9E><I CBF9AJ<4?B6, A4CD<@9D, A4 F9?9
DO5O, >BFBDO9 @B:AB ED46A<64FP E CBDB74@< Q?9>FDBKG6EF6<F9?PABEF< <?< CBDB74@< CDBS6-
?9A<S 86<74F9?PAOI D94>J<=. �B?99 FB7B, CBS6<?4EP 6B;@B:ABEFP E<AF9;<DB64FP 6<89B>?<CO

$<E. 1. 1?9>FD<K9E>B9 CB?9 �HD<>4AE>B7B >?4D<96B7B EB-
@4 (Clarias gariepinus) 6B 6D9@S 4F4><. +<E?4 A4 Q>6<CB-
F9AJ<4?SI BFD4:4RF ;A4K9A<S Q?9>FD<K9E>B7B CBF9AJ<-
4?4 (@�). *69F BFD4:49F CB?SDABEFP: 6B 6D9@S D4;DS84 
7B?B64 EB@4 Q?9>FDBBFD<J4F9?PA4 (цвет онлайн)

Fig. 1. Electric field of the African Clarias catfish 
(Clarias gariepinus) during the attack. The numbers on the 
equipotentials reflect the values of the electric potential (mV). 
The color reflects the polarity: during discharge, the catfish’s 
head is electronegative (color online)

(EEO?>4 A4 CD<@9D 6<89B), 89@BAEFD<DGRM<9
Q?9>FD<K9E><9 EB5OF<S 6 D94?PAB@ CB6989AK9-
E>B@ Q>EC9D<@9AF9.

#BE?9 FB7B, >4> <AEFDG@9AF <;7BFB6?9A
< C9D6<KAO9 Q>EC9D<@9AF4?PAO9 84AAO9 CB-
?GK9AO, A4 C9D98A<= C?4A 6OIB8<F 6BCDBE <I
B5D45BF>< < <AF9DCD9F4J<<. "8A4 <; 7?46 ;A4-
@9A<FB= >A<7< &B@4E4 �GA4 «%FDG>FGD4 A4GK-
AOI D96B?RJ<=» [12] A4;O649FES «!BD@4?PA4S
A4G>4 >4> D9L9A<9 7B?B6B?B@B>». $9KP <8ёF B
FB@, KFB BEB5O= QAFG;<4;@ G <EE?98B64F9?9=
6O;O64RF «;484K<-7B?B6B?B@><», D9L4S >BFB-
DO9 @B:AB CDB89@BAEFD<DB64FP E6B= F4?4AF <
@4EF9DEF6B. � <@9AAB F4><@< ;484K4@< CB?A4
BC<EO649@4S B5?4EFP ;A4A<S 4 Q?9>FDBQ>B?B7<S.
� A4EFBSM99 6D9@S B HGA>J<BA4?PAB@ ;A4K9A<<
E?45OI Q?9>FD<K9E><I E<7A4?B6, 79A9D<DG9@OI,
A4CD<@9D, EB@4@< <; DB84 Synodontis, A9 <;69EF-
AB A<K97B. �B?99 FB7B, EGM9EF6G9F @AB:9EF6B
DO5, 8?S >BFBDOI A4@ G84?BEP ;4D97<EFD<DB64FP
Q?9>FD<K9E>GR 4>F<6ABEFP, A9E@BFDS A4 FB, KFB
QF< 6<8O EK<F4?<EP Q?9>FD<K9E>< A94>F<6AO@<.

+4EFB D9L9A<9 < 84:9 E4@4 CBEF4AB6>4
A4GKAB= CDB5?9@O A96B;@B:A4 59; 8BEF4FBKAB-
7B B5Nё@4 Q>EC9D<@9AF4?PAOI 84AAOI, CB8B5AB
FB@G, >4> A959EA4S @9I4A<>4 �E44>4 !PRFBA4,
4 6@9EF9 E A9= < 8<HH9D9AJ<4?PAB9 <EK<E?9A<9,
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!4L <AEFDG@9AF 6 Kё@-FB CB8B59A 4A4?<;G &<IB, F4> >4> CB;6B?S9F A4K4FP E5BD <AHBD@4J<<,
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6 Q?9>FDBQ>B?B7<< H<A4?PA4S E5BD>4 Q?9@9AFB6 6 J9?PAGR >4DF<AG E>BD99 6E97B CBFD95G9F EB-
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CB89?<FPES >4> C9D6<KAO@< 84AAO@< (Q?9>FD<K9E><9 < 6<89B;4C<E<), F4> < A4K4?PAO@ A45BDB@
CDB7D4@@ B5D45BF>< < E6B<@ BCOFB@ <EE?98B64A<= Q?9>FD<K9E><I DO5, EFD9@SEP D4EL<D<FP >DG7
;4<AF9D9EB64AAOI 6 <EE?98B64A<SI EC9J<4?<EFB6 <, 5OFP @B:9F, BFOE>4FP E6B97B «!PRFBA4».

#D<7?4L4S EC9J<4?<EFB6 6 AB6GR 8?S A<I B5?4EFP, @O 8B?:AO 4D7G@9AF<DB64FP, K9@ QF4
B5?4EFP <AF9D9EA4, >4><9 HGA84@9AF4?PAO9 CDB5?9@O 6 A9= B5EG:84?<EP, >4><@< A4GKAO@<
8BEF<:9A<S@< BA4 6CD469 7BD8<FPES. � E6S;< E QF<@ @O CBCOF49@ES <;?B:<FP A9E>B?P>B SD><I
QC<;B8B6 <; <EFBD<< <EE?98B64A<= Q?9>FD<K9E><I DO5, D4EEK<FO64S A4 K<F4F9?9= 4 A9 EC9J<4?<-
EFB6 < B5D4M4S 6A<@4A<9 A4 <@9A4 <EE?98B64F9?9=, B5EG:849@O9 CDB5?9@O, 6O5D4AAO9 B5N9>FO,
<ECB?P;B64AAO9 @9FB8O < <AEFDG@9AFO, 4 F4>:9 CB?GK9AAO9 D9;G?PF4FO < E89?4AAO9 6O6B8O.
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$O54 >4> <EFBKA<> 74?P64A<K9E>B7B FB>4

!4 DG59:9 XVIII3XIX 69>B6 Q?9>FD<K9E>4S F9BD<S D4;89?<?4EP A4 869 BF89?PAO9, CBKF< A9
C9D9E9>4RM<9ES A4GKAO9 B5?4EF< 4 Q?9>FDBEF4F<>G < Q?9>FDB8<A4@<>G. 1FB D4;89?9A<9 6 XIX 69>9
5O?B ;4>D9C?9AB 66989A<9@ 86GI D4;AOI E<EF9@ H<;<K9E><I 98<A<J, 6 >BFBDOI B8ABF<CAO9
69?<K<AO <@9?< D4;AO9 D4;@9DABEF<. !4CD<@9D, EBCDBF<6?9A<9 6 Q?9>FDB8<A4@<K9E>B= E<EF9@9
98<A<J <@99F D4;@9DABEFP E>BDBEF<, < 98<A<J4 EBCDBF<6?9A<S 1"@ EBBF69FEF6G9F E>BDBEF<
10 000 >@/E [13].

1?9>FDBEF4F<>4 6 F9 6D9@9A4 5O?4 A4G>B= B 6;4<@B89=EF6<< ;4DS8B6 < ;4DS:9AAOI F9?.
%<?O 6;4<@B89=EF6<S @B:AB 5O?B <;@9D<FP E CB@BMPR Q?9>FDBE>BCB6 <?< >DGF<?PAOI 69EB6,
D4;89?9A<9 ;4DS8B6 BEGM9EF6?S?< FD9A<9@, A4CD<@9D, 6 Q?9>FDBHBDAB= @4L<A9. �?S A4>BC?9A<S
;4DS84 <ECB?P;B64?< CD<@<F<6AO9 >BA89AE4FBDO 4 ?9=89AE><9 54A><. 'KёAO9 ECBD<?< B CD<DB89
E<?O BFF4?><64A<S < B EF9C9A< Q>6<64?9AFABEF< E<? BFF4?><64A<S < CD<FS:9A<S [14]. "8A4>B
6 J9?B@ QFB 5O?B ?B7<KAB9 CDB8B?:9A<9 < B5B5M9A<9 !PRFBAB6B= F9BD<< A4 E?GK4= AB6OI E<?
E CBASFAO@ @4F9@4F<K9E><@ BC<E4A<9@.

!4CDBF<6, 6 BEAB69 Q?9>FDB8<A4@<>< ?9:4?B CD98CB?B:9A<9 B FB@, KFB Q?9>FD<K9EF6B 4
QFB CBFB>< QH<D4, IBFS A9 EGM9EF6B64?B A< CD<5BDAOI 6B;@B:ABEF9= <;@9D<FP QF< CBFB><,
A< @4F9@4F<K9E><I GD46A9A<=, BC<EO64RM<I QF< CBFB><, A< 6ASFAOI 7<CBF9; B CD<K<A4I,
6O;O64RM<I 86<:9A<S QH<D4. "EAB6AO@ B5N9>FB@ <EE?98B64A<= 6 D4AA9= Q?9>FDB8<A4@<>9 EF4?<
Q?9>FD<K9E><9 DO5O, 4 CBE?9 BF>DOF<= �4?P64A< < 8DG7<9 :<6O9 EGM9EF64 < 84:9 BF89?PAO9
BD74AO. %F4FPS  4=>?4 (4D489S «�4>?RK9A<9 B I4D4>F9D9 A4CD46?9A<S Q?9>FD<K9E>B= E<?O
Q?9>FD<K9E>B7B G7DS» A4K<A49FES E?B64@<: «�4> A< G8<6<F9?PAO ;4>BAO < S6?9A<S Q?9>FD<K9EF64,
>B784 BA< BF>DO64RFES A4@ 6 A9BD74A<K9E>B=, <?< @ёDF6B= @4F9D<<, <AF9D9E <I 9864 ?< @B:9F
<8F< 6 ED46A9A<9 E F9@, >BFBDO= CD<EGM FB= :9 E<?9, >B784 BA4 E6S;4A4 E A9D6AB= E<EF9@B=
< E :<;APR» [15].

#BE?9 <;B5D9F9A<S ?9=89AE>B= 54A>< 4 >BA89AE4FBD4, ECBEB5AB7B A4>4C?<64FP < EBID4ASFP
Q?9>FD<K9E><= ;4DS8, 79A9D<DG9@O= EGM9EF6B646L9= > QFB@G 6D9@9A< Q?9>FDBHBDAB= @4L<AB= 4
EF4?4 L<DB>B D4ECDBEFD4ASFPES CD4>F<>4 CBCDB5B64FP A4 E959 <?< A4 8DG7<I H<;<B?B7<K9E><=
QHH9>F 9ё D4;DS84. 1HH9>F 5O? E<?PAO@ < BK9AP CBIB:<@ A4 FBF, >BFBDO= 6O;O64?< EGD<A4@E><9
7<@ABFO, A4;64AAO9 CB;:9 Q?9>FD<K9E><@< G7DS@< (Electrophorus), < @BDE><9 E>4FO DB84 Torpedo,
A4;64AAO9 CB;:9 Q?9>FD<K9E><@< E>4F4@<. 1F4 4A4?B7<S CB;6B?<?4 CD98CB?B:<FP, KFB @4EE<6AO9
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SK9<EFO9 EFDG>FGDO, BF?<K4RM<9 QF<I DO5 BF 8DG7<I, A9 Q?9>FD<K9E><I, S6?SRFES Q?9>FD<K9E><@<
BD74A4@< < <@9AAB Q?9>FD<K9EF6B S6?S9FES 479AFB@, 6O;O64RM<@ H<;<B?B7<K9E><= QHH9>F [2,16].
1F4 <89S 6EFD9F<?4 4>F<6AO9 6B;D4:9A<S EFBDBAA<>B6 Q?9>FDBEF4F<K9E>B= F9BD<<. �9=EF6<F9?PAB,
DO54 :<6ёF 6 6B89, 4 6B84, BEB59AAB @BDE>4S, S6?S9FES CDB6B8A<>B@ Q?9>FD<K9EF64. �AGFD<
CDB6B8A<>4 Q?9>FD<K9E><I S6?9A<= A9 5O649F, E?98B64F9?PAB, Q?9>FD<K9E><I DO5 5OFP A9 @B:9F
6 CD<AJ<C9.

�:BA 'B?L CDB6ё? E9D<R Q>EC9D<@9AFB6 E Q?9>FD<K9E><@< E>4F4@< [16, 17]. � >4K9EF69
ED98EF64 D97<EFD4J<< <ECB?P;B64?<EP A9E>B?P>B (A9 @9A99 FDёI) K9?B69>, 6;S6L<IES ;4 DG><.
�D4=A<9 GK4EFA<>< J9C< BCGE>4?< DG>G 6 6B8G EB E>4FB@, COF4?<EP 6O;64FP 97B D4;DS8 < 89?<?<EP
6C9K4F?9A<S@<. �BAFDB?PAO9 BCOFO CDB6B8<?<EP E ;4DS:9AAO@< ?9=89AE><@< 54A>4@<. � CDB-
J9EE9 Q>EC9D<@9AFB6 64DP<DB64?4EP J9CP, K9D9; >BFBDGR C9D98464?ES <?< A9 C9D98464?ES D4;DS8.
�E?< J9CP EBEFBS?4 <; ?R89= < CDB6B8A<>B6, 6 FB@ K<E?9 @9F4??<K9E><I CDB6B8B6 <?< @B>DOI
69Dё6B>, FB D4;DS8 C9D98464?ES. �E?< 6 J9C< 5O? <;B?SFBD <?< D4;DO6, FB D4;DS8 A9 C9D98464?ES.
�O?B B5A4DG:9AB, KFB QHH9>FO BF D4;DS8B6 E>4FB6 < ?9=89AE><I 54AB> <89AF<KAO. "8A4>B
6B 6D9@S D4;DS8B6 F9?B E>4F4 BEF4ёFES CB?ABEFPR A9CB86<:AO@, 4 E4@ D4;DS8 A9 EBCDB6B:849FES
A< FD9E>B@, A< E69K9A<9@, I4D4>F9DAO@< 8?S <E>DB6B7B CDB5BS.  AB7<9 GKёAO9 EBK?< 8B6B8O
'B?L4 6 CB?P;G Q?9>FD<K9E>B= CD<DB8O D4;DS8B6 E>4F4 G598<F9?PAO@<, 6 1773 7. 'B?L CB?GK<?
;4 A<I @984?P �BC?< 4 A47D48G �BDB?96E>B7B A4GKAB7B B5M9EF64.

"8A4>B BEF464?<EP CD<AJ<C<4?PAO9 6BCDBEO, EHBD@G?<DB64AAO9 �9AD< �469A8<L9@ [18]
6 D45BF9, >BFBD4S A4K<A49FES E?B64@<: «)BFS 8B>4;4F9?PEF64 @<EF9D4 'B?L4, KFB 6B;89=EF6<9
Torpedo 6O;O649FES Q?9>FD<K9EF6B@ F4>B6O, KFB BEF46?SRF @4?B @9EF4 EB@A9A<S@, CB>4 E?98G9F
EB;A4FPES, KFB <@9RFES A9>BFBDO9 B5EFBSF9?PEF64, >BFBDO9 A4 C9D6O= 6;7?S8 >4:GFES E FDG8B@
EB7?4EGRM<@<ES E F4>B= 7<CBF9;B=. 3 CD98?474R CBQFB@G <EE?98B64FP, 89=EF6<F9?PAB ?< QF<
B5EFBSF9?PEF64 D94?PAB A9EB6@9EF<@O E F4><@ 6;7?S8B@ < 84FP BFKёF B A9>BFBDOI CBCOF>4I
<@<F<DB64FP 89=EF6<S QF<I :<6BFAOI Q?9>FD<K9EF6B@». � K4EFABEF<, �469A8<L CBEF46<? DS8
CD<AJ<C<4?PAOI 6BCDBEB6.

� #BK9@G FB> BF E>4F4 CDBF9>49F K9D9; F9?B K9?B69>4, 9E?< 7BD4;8B ?97K9 9@G CDBF9KP K9D9;
6B8G?

� #BK9@G 6B 6D9@S D4;DS84 DO5 A9 A45?R84RFES <E>DO, E69K9A<9, CD<FS:9A<S < BFF4?><64A<S?
�  B:AB ?< E89?4FP F4>GR @B89?P E>4F4, BF >BFBDB= @O 5G89@ KG6EF6B64FP Q?9>FD<K9E><9
D4;DS8O 6 6B89?
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"F69F A4 C9D6O= 6BCDBE CB8KёD><64? B8AB <; E4@OI 64:AOI D4;?<K<= @9:8G Q?9>FDBEF4-
F<>B= < Q?9>FDB8<A4@<>B=, >BFBDGR 6 XIX 69>9 K4EFB A4;O64?< 74?P64A<;@B@, 4 CB;:9 Q?9>FDB-
8<A4@<>B= CDB6B8SM<I ED98. �9=EF6<F9?PAB, 6 6B89 < ?R5B= <AB= CDB6B8SM9= ED989 FB> F9KёF
CB 6E9@ 8BEFGCAO@ CGFS@. �4:9 6 J9CSI EB ED46A<F9?PAB 6OEB><@ EBCDBF<6?9A<9@, A4CD<@9D
BF E>4F4 K9D9; 6B8G, DG>< < F9?B K9?B69>4, <, ;4F9@, EAB64 K9D9; 6B8G > E>4FG, CDBF9>49F >4>4S-FB
K4EFP B5M97B FB>4. !4CDBF<6, <E>D4 <?< @B?A<S 6 6B;8GI9 CDBIB8SF CB >4>B@G-FB BCD989?ёAAB@G
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89AE>4S 54A>4, ;4DS:9AA4S BF Q?9>FDBHBDAB= @4L<AO, <@99F 5B?PLB9 A4CDS:9A<9, AB @4?9AP><=
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EB98<AS?ES E QF4?BAAO@. #BE?9 QFB7B QF4?BAAO= >BA89AE4FBD BFEB98<AS?<, D4;DS:4?< < EAB64
EB98<AS?< E <;@9DS9@O@. !4 >4:8B@ L479 A4CDS:9A<9 A4 <;@9DS9@B@ >BA89AE4FBD9 <;@9DS?<
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A9A<S, 789 CB>4;4F9?9@ ?B74D<H@4 E?G:<?B K<E?B ;4DS8B6-D4;DS8B6 QF4?BAAB7B >BA89AE4FBD4, <
6OD4:4?< 6 8R=@4I, EBBF69FEF6GRM<I 8<4@9FDG @9F4??<K9E>B7B L4D4 F4>B= :9 ё@>BEF<. Ё@>BEFP
B8AB= ?9=89AE>B= 54A>< F9I 6D9@ёA EBEF46?S?4 CD<@9DAB 1...10 A(. #D<@9AS6L4SES 6 BCOF4I �4-
69A8<L4 54F4D9S <; 49 EB98<AёAAOI C4D4??9?PAB ?9=89AE><I 54AB> <@9?4 ё@>BEFP B>B?B 500 A(
(CD< A4CDS:9A<< CBDS8>4 20 >�). �E?< 6BECB?P;B64FPES EB6D9@9AAO@< 84AAO@< B A4CDS:9A<< <
FB>9 D4;DS8B6 Q?9>FD<K9E><I E>4FB6 (B>. 50 � < 30 �), FB Q>6<64?9AFAO= >BA89AE4FBD 8B?:9A 5O?
5O <@9FP ё@>BEFP 6 4000 D4; 5B?PL9, KFB5O CD< FB@ :9 ;4DS89 6O;64FP CBIB:<= H<;<B?B7<K9E><=
QHH9>F. 1FB < BCD989?S?B F9IA<K9E>GR E?B:ABEFP <@<F4J<< D4;DS84 E>4F4.

�469A8<L E89?4? «G84KAGR» @B89?P Q?9>FD<K9E>B7B E>4F4 <; EFBC>< @B>DOI E?Bё6 >B:<,
;4:4FOI @9:8G B5>?48>4@< <; EC?464 E6<AJ4 < B?B64. �BAEFDG>J<S QF4 CD98EF46?S?4 EB5B= >BA89A-
E4FBD AB6B7B F<C4, >BFBDO= E9=K4E A4;O649FES Q?9>FDB?<F<K9E><@. "A 6CB?A9 @B7 <@9FP ё@>BEFP
CBDS8>4 FOESK @<>DBH4D48. �B?PL4S ё@>BEFP Q?9>FDB?<F<K9E>B= @B89?< E>4F4 D4EFS7<64?4 6B
6D9@9A< D4;DS8 54F4D9< ?9=89AE><I 54AB>, EB98<AёAAOI E CB7DG:9AAB= 6 6B8G @B89?PR E>4F4,
8BEF4FBKAB 8?S FB7B, KFB5O Q>EC9DFO, CD<7?4LёAAO9 �469A8<L9@, BMGF<?< 97B H<;<B?B7<K9E>B9
89=EF6<9.  4>E69?? C<E4?, KFB QFB 5O? B8<A <; 6E97B 86GI E?GK496, >B784 �469A8<L 8BCGEF<?
CBEFBDBAA<I 6 E6BR ?45BD4FBD<R [20].

#B@<@B Q?9>FD<K9E><I DO5, BK9AP 5B?PLGR DB?P 6 EF4AB6?9A<< Q?9>FDB8<A4@<>< EO7D4?<
BCOFO �G<8:< �4?P64A< E ?S7GL>4@<, CD<Kё@ A9 E J9?O@< :<6O@< :<6BFAO@<, 4 E BEB5O@ B5-
D4;B@ BFCD9C4D<DB64AAO@< ;48A<@< ?4C>4@< [21]. � <;69EFAOI ECBD4I �B?PFO < �4?P64A< B8A<@
<; CD<AJ<C<4?PAOI CGA>FB6 D4;AB7?4E<= 5O?4 EF9C9AP EIB8EF64 Q?9>FD<K9EF64 6 Q?9>FD<K9E><I
DO54I < 6 ?4C>4I ?S7GL9>. �4?P64A< EK<F4?, KFB QF< S6?9A<S BF?<K4RFES ?<LP >B?<K9EF69AAB, AB
A9 >4K9EF69AAB. �B?PF4 :9 CB?474?, KFB FB?P>B 6 Q?9>FD<K9E><I BD74A4I DO5 F9KёF Q?9>FD<K9EF6B,
FB784 >4> 6 A9D64I < @OLJ4I ?S7GL9> 4 A9<;69EFAO= A9D6AO= H?R<8.

#9D6BA4K4?PAB9 EB5OF<9, E >BFBDB7B A4K4?<EP <EE?98B64A<S �4?P64A<, <EFBD<>< A4G><
E6S;O64RF E 97B :9AB= �RK<9= �4??94JJ< [22, 23]. �RK<S E<89?4 6 ?45BD4FBD<< E6B97B @G:4,
>DGF<?4 DGK>G Q?9>FDBHBDAB= @4L<AO < ?R5B64?4EP CDBE>4><64RM<@< <E>D4@<. � 6 QFB 6D9@S
4EE<EF9AF �4?P64A< CD9C4D<DB64? ?S7GL>G, < 9ё ?4C>4 BK9AP E<?PAB 8ёD74?4EP CD< CD<>BEAB69A<SI
E>4?PC9?S. !45?R84F9?PA4S :9AM<A4 B5D4F<?4 6A<@4A<9 @G:4, KFB EG8BDB7< E?GK4RFES <@9AAB
6 F9 @B@9AFO, >B784 @9:8G L4D4@< Q?9>FDBHBDAB= @4L<AO CDBE>4><64RF <E>DO. '8<6<F9?PAO@<
5O?< 864 B5EFBSF9?PEF64.

� 1?9>FDBHBDA4S @4L<A4 A<>4> A9 5O?4 E6S;4A4 E ?S7GL>B=.
� $9KP L?4 B5 BFCD9C4D<DB64AAB= ?4C>9, FB 9EFP QHH9>F EBID4AS?ES CD< BFD9;4A<< 7B?B6O.

�4> C<E4? �4?P64A<: «&B784 S ;4:ё7ES A969DBSFAO@ GE9D8<9@ < EFD4EFAO@ :9?4A<9@ <EE?98B64FP
QFB S6?9A<9 < 6OA9EF< A4 E69F FB, KFB 5O?B 6 A9@ E>DOFB7B» [21].

� 84?PA9=L<I Q>EC9D<@9AF4I 5O?B GEF4AB6?9AB, KFB 8?S CB?GK9A<S QHH9>F4 A9D6 BF CB-
;6BABKAB7B EFB?54 8B @OLJO E?98G9F BEF46<FP A9FDBAGFO@, AB B5A4:<FP 97B, 4 Q>EC9D<@9AF4FBD
8B?:9A 6 @B@9AF <E>DO >4E4FPES A9D64 E>4?PC9?9@. �E?< E>4?PC9?P <@99F >BEFSAGR DGK>G, FB Q>E-
C9D<@9AF4FBD 8B?:9A >4E4FPES ;4>?ёCB> E>4?PC9?S, «BF>DO64S 8BDB7G Q?9>FD<K9E>B@G H?R<8G».
�E?< CDBEFB CB?B:<FP E>4?PC9?P A4 A9D6, FB QHH9>F A9 A45?R849FES. "8A4>B, 9E?< CD<>D9-
C<FP > E>4?PC9?R BFD9;B> CDB6B84 < A4CD46<FP 97B > CB?G, 4 8DG7B= >GEB> CDB6B84 CD<>D9C<FP
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> A9D6G < A4CD46<FP 97B > CBFB?>G, FB QHH9>F CBS6<FES. #B?GK49FES 8<CB?PA4S 4AF9AA4 E A9D6AB-
@OL9KAO@ CD9C4D4FB@ 6 >4K9EF69 CD<ё@A<>4, >BFBDO= @B:AB <ECB?P;B64FP >4> D97<EFD<DGRM<=
CD<5BD, A4;O649@O=, E?98GS �4D?B  4FF9GKK<, «74?P64ABE>BC<K9E>B= ?S7GL>B=» [24]. #BCOF><
;4D97<EFD<DB64FP BF>DOFO= �4?P64A< QHH9>F FD48<J<BAAO@< CD<5BD4@<, A4CD<@9D, E4@O@< KG6-
EF6<F9?PAO@< A4 FBF @B@9AF Q?9>FDBE>BC4@<, A9 CD<69?< A< > K9@G 84:9 FB784, >B784 74?P64ABE>B-
C<K9E><9 ?S7GL>< 5<?<EP 6 >BA6G?PE<SI. 1FBF 5<BA<K9E><= E9AEBD FB>4 CD<@9AS?ES 5B?99 EF4 ?9F.

� E?98GRM9= E9D<< Q>EC9D<@9AFB6 �4?P64A< CBCOF4?ES ;4D97<EFD<DB64FP 4F@BEH9DAO9
Q?9>FD<K9E><9 S6?9A<S CD< CB@BM< 74?P64ABE>BC<K9E><I ?S7GL9>. "F@9F<@, KFB 6 FG QCBIG
A4?4:<64A<9 7DB@BBF6B8B6 5O?B 98<AEF69AAO@ CD4>F<K9E><@ CD<@9A9A<9@ Q?9>FD<K9EF64, KFB <
BCD989?S?B <AF9D9E <EE?98B64F9?9= > QFB= B5?4EF<. "FCD9C4D<DB64AAO9 ?4C>< CB869L<64?< A4
BF>DOFB@ 6B;8GI9, > A<@ CB86B8<?< CDB6B84 BF 7DB@BBF6B84, < 6 7DB;G A45?R84?< <AF9AE<6AO9
>BA6G?PE<<. %>B?P>B D4; 6ECOI<64?4 @B?A<S, EFB?P>B D4; EB>D4M4?<EP ?4C><.

"8A4:8O, 6 SEAGR CB7B8G CD< ?ё7>B@ 69F9D>9, �4?P64A< ;4@9F<?, KFB, >4E4SEP KG7GAAOI
C9D<? 54?>BA4, CB869L9AAO9 A4 @98AOI >DRK>4I ?S7GL4KP< ?4C>< EB>D4M4RFES. #D<:<@4S ?4C><
> D9LёF>9 < KG6EF6GS <I >BA6G?PE<<, �4?P64A< E6S;O649F 6 J9?PAGR >BAEFDG>J<R >BAF4>F<DGRM<=
E A9D6B@ @98AO= >DRKB>, A9D6AB-@OL9KAO= CD9C4D4F < >BAF4>F @OLJO E KG7GAB@. #B;:9
5O?B CB>4;4AB, KFB ;4@O>4A<9 A9D64 < @OLJO E CB@BMPR 8G7< <; 86GI D4;AOI @9F4??B6
6O;O649F EB>D4M9A<9. �;A4K4?PAB <@9AAB QF4 EB6B>GCABEFP <; ?4C>< ?S7GL>< < 86GI D4;AOI
@9F4??B6, B5D4;GRM<I 8G7G, CB?GK<?4 A4;64A<9 «74?P64A<K9E><= Q?9@9AF». #B;:9, 6 BCOF4I
�B?PFO, 74?P64A<K9E><9 Q?9@9AFO GFD4F<?< A9D6AB-@OL9KAGR EBEF46?SRMGR, B8A4>B EBID4A<?<
Q?9>FDB?<F<K9E>GR CDBE?B=>G A4 9ё @9EF9.

#B@<@B EB5EF69AAB 74?P64A<K9E>B7B Q?9@9AF4, �4?P64A< BF>DO? 74?P64A<K9E><9 FB><, CDB-
F9>4RM<9 6 A9D64I < @OLJ4I, KFB D48<>4?PAB D4EL<D<?B CD98EF46?9A<S B @4ELF454I CDBS6?9A<S
Q?9>FD<K9EF64 6 :<6B= @4F9D<<. �OSEA<?BEP, KFB Q?9>FD<K9EF6B 4 QFB A9 FB?P>B @B?A<<, B7A<
E6SFB7B 1?P@4, FD<5BQHH9>FO < Q>;BF<K9E><9 DO5O 4 QFB BEAB64 :<;A<. �4?P64A< C<E4?: «+FB
>4E49FES CDB<;6B?PAOI 86<:9A<=, FB, 5OFP @B:9F, 8GL4 CBED98EF6B@ E6B9= G8<6<F9?PAB= E<?O
@B:9F ?<5B 6 @B;7G, KFB 69DBSFA99 6E97B, ?<5B 6A9 97B, 6 FB@ A9D69, >BFBDO= BA4 E959 <;5D4?4,
CBDB8<FP >4> 5O A9>BFBDO= FB?KB>, 5?47B84DS >BFBDB@G A9D6AB-Q?9>FD<K9E><= H?R<8 A9@98?9AAB
CD<?<649F BF EBBF69FEF6GRM9= K4EF< @OLJO > FB= K4EF< A9D64, > >BFBDB= BA 5O? A4CD46?9A
QF<@ FB?K>B@» [21].

"F>DOF<S �4?P64A< CDB<;69?< EFB?P E<?PAB9 6C9K4F?9A<9, KFB 6 F9K9A<9 CBKF< EF4 ?9F
Q?9>FD<K9E><= FB> A4;O64?< 74?P64A<K9E><@, <EFBKA<>< Q?9>FD<K9E>B7B FB>4 4 74?P64A<K9E><@<
Q?9@9AF4@<, 4 <;@9D<F9?< Q?9>FD<K9E>B7B FB>4 4 74?P64AB@9FD4@<. #9D6GR H<;<K9E>GR <AF9D-
CD9F4J<R 97B D9;G?PF4FB6 84? �?9EE4A8DB �B?PF4. � 1794 7B8G �B?PF9 CD<EG:84RF @984?P �BC?<
«�4 EBB5M9A<S, B5NSEASRM<9 A9>BFBDO9 BCOFO CDBH9EEBD4 �4?P64A<». !4<5B?99 EGM9EF69AAO@
D9;G?PF4FB@ �B?PFO 5O?B GEF4AB6?9A<9 FB7B H4>F4, KFB 6 BCOF4I �4?P64A< E ;4@O>4A<9@ A9D64
< @OLJO 8G7B= <; 86GI @9F4??B6, <EFBKA<>B@ FB>4 (86<:<F9?9@ Q?9>FD<K9EF64) 5O?< A9 A9D6
< A9 @OLJ4, 4 >BAF4>F 86GI D4;AOI @9F4??B6. #D<6989AAO9 �B?PFB= Q>EC9D<@9AF4?PAO9 8B>4;4-
F9?PEF64 5B?99 K9@ A47?S8AO < ?97>B 6BECDB<;6B8SFES, A4CD<@9D, E CB@BMPR C4DO J<A>-E9D95DB
< Q?9>FDBE>BC4, 4 «:<6BFAB9 Q?9>FD<K9EF6B», BC<E4AAB9 �4?P64A<, 6 <AF9DCD9F4J<< �B?PFO
B>4;4?BEP 6E97B ?<LP A9 CB8F69D8<6L9=ES 7<CBF9;B=.

#BE?9 CB?GK9A<S @984?< �BC?< �B?PF4 8B?7B Q>EC9D<@9AF<DB64? E D4;?<KAO@< C4D4@<
@9F4??B6, COF4SEP EBEF46<FP <; A<I <EFBKA<> FB>4, ED46A<@O= E Q?9>FD<K9E><@< BD74A4@<
DO5. "8A4>B >BAF4>FAO9 D4;ABEF< CBF9AJ<4?B6 CD< CDBEFB@ 6O>?48O64A<< D4;AOI @9F4??B6
6 CBE?98B64F9?PAO9 J9C< A<>4> A9 EG@@<DB64?<EP, FB 9EFP 6 EB6D9@9AAOI 98<A<J4I A4CDS:9A<9
6 <EFBKA<>9 A9 CD96OL4?B C4DO 6B?PF. &B784, EB EEO?>B= A4 4A4FB@<R Q?9>FD<K9E><I BD74AB6 DO5,
�B?PF4 66ё? 6 E6B< >BAEFDG>J<< @9:8G C4D4@< D4;ABDB8AOI @9F4??B6 CDBE?B=>< <; 5G@47<, E@B-
K9AAB= 6 ><E?BF9. &4> CB?GK<?ES �B?PFB6 EFB?5, B8AB <; D96B?RJ<BAAOI <;B5D9F9A<= GL98L97B
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FOESK9?9F<S, CDBB5D4; 6E9I EB6D9@9AAOI 54F4D9= < 4>>G@G?SFBDB6. � E6Bё@ C<EP@9 �BDB?96E>B@G
A4GKAB@G B5M9EF6G �B?PF4 EBB5M4? B E6Bё@ <;B5D9F9A<<: «1FBF CD<5BD, 5B?99 EIB8AO= CB
EGM9EF6G, >4> S CB>4:G 84?PL9, E 9EF9EF69AAO@ Q?9>FD<K9E><@ BD74AB@ Q?9>FD<K9E>B7B E>4F4 <?<
Q?9>FD<K9E>B7B G7DS, K9@ E ?9=89AE>B= 54A>B= < <;69EFAO@< Q?9>FD<K9E><@< 54F4D9S@<, S A4;B6G
<E>GEEF69AAO@ Q?9>FD<K9E><@ BD74AB@ [25].

!9E@BFDS A4 BK96<8AGR D45BFBECBEB5ABEFP �B?PFB64 EFB?54, 6BCDBE B FB@, KFB S6?S9FES
<EFBKA<>B@ @BMABEF< 6 74?P64A<K9E>B@ Q?9@9AF9, BEF464?ES BF>DOFO@ 9Mё 6 F9K9A<9 A9E>B?P><I
89ESF<?9F<=. � 1838 7B8G (4D489= C<E4?: «1FBF 6BCDBE 6 A4EFBSM99 6D9@S <@99F KD9;6OK4=AB9
;A4K9A<9 8?S F9BD<< < 8?S D4;6<F<S Q?9>FD<K9E>B= A4G><.  A9A<S BFABE<F9?PAB QFB7B D4;?<KAO,
AB E4@O@< ;A4K<F9?PAO@< S6?SRFES 864, <; >BFBDOI C9D6B9 A4IB8<F <EFBKA<> @BMABEF< 6 >BA-
F4>F9, 4 6FBDB9 4 6 I<@<K9E>B= E<?9. %CBD @9:8G A<@< >4E49FES E4@OI BEAB6AOI CD<AJ<CB6
Q?9>FD<K9E>B7B 89=EF6<S, <5B @A9A<S A4EFB?P>B D4;?<KAO, KFB 864 K9?B69>4, EBBF69FEF69AAB CD<-
AS6L<9 <I, CD<AG:89AO 6 84?PA9=L9@ D4EIB8<FPES CB 6E9@ CGA>F4@, BFABESM<@ES > 6B;@B:AB=
< 7?G5B>B= CD<DB89 479AF4, <?< E<?O, BF >BFBDB= ;46<E<F S6?9A<9 74?P64A<K9E>B7B Q?9@9AF4» [26].
� >BAJ9 >BAJB6, (4D489= 8B>4;4?, KFB <EFBKA<>B@ @BMABEF< 6 74?P64A<K9E><I Q?9@9AF4I S6?S9FES
QA9D7<S CDB<EIB8SM<I 6AGFD< A<I I<@<K9E><I D94>J<=, 4 A9 CDBEFB= >BAF4>F 86GI @9F4??B6.

�BB8GL96?9A<9, 6O;64AAB9 BF>DOF<S@< �4?P64A<, 5O?B E6S;4AB, CD9:89 6E97B, E A489:-
84@< A4 CBS6?9A<9 CD<AJ<C<4?PAB AB6OI @9FB8B6 ?9K9A<S < 84:9 B:<6?9A<S ?R89=. "8A4>B
59EK<E?9AAB9 >B?<K9EF6B Q>EC9D<@9AFB6 A9 84?B E>B?P>B-A<5G8P CB;<F<6AOI D9;G?PF4FB6. %>9CE<E
�B?PFO >4;4?ES 6E9 5B?99 G598<F9?PAO@, BA GF69D:84?, KFB Q?9>FD<K9EF6B ?<LP 6B;5G:849F A9D6,
4 KFB CDB<EIB8<F 84?PL9, A4CD<@9D, >4><@ B5D4;B@ A9D6AB9 6B;5G:89A<9 6O;O649F EB>D4M9A<9
@OLJO, BEF4ёFES A9<;69EFAO@. +FB <; E95S CD98EF46?S9F :<;A9AA4S E<?4, 8BEFGCA4 ?< BA4 BCOFG
< 6 >4><I BFABL9A<SI A4IB8<FES E Q?9>FD<K9EF6B@? %B7?4EAB 7<CBF9;9 (4D489S, Q?9>FD<K9E><9
BD74AO G7D9= < E>4FB6 4 QFB CD9B5D4;B64F9?< :<;A9AAB= E<?O 6 Q?9>FD<K9E>GR [15]. �B;A<>49F
6BCDBE, 4 @B:AB ?< 6BEEF4AB6<FP :<;A9AAGR E<?G, CDBCGE>4S FB> K9D9; F9?B Q?9>FD<K9E>B7B G7DS 6
B5D4FAB@ A4CD46?9A<<? 1F4 E@9?4S 7<CBF9;4 A9 CB8F69D8<?4EP, AB 6 CDBJ9EE9 Q>EC9D<@9AFB6 < <I
B5EG:89A<S B>BAK4F9?PAB E?B:<?BEP CBA<@4A<9 B5 <EFBKA<>9 @BMABEF< �B?PFB64 EFB?54, 4 F4>:9
CBA<@4A<9 Q?9>FDB86<:GM9= E<?O >4> CBFB>4 QA9D7<<, 4 A9 >4> @9DO 6;4<@B89=EF6<S 86GI F9?.

�4?PA9=L99 D4;6<F<9 >?4EE<K9E>B= Q?9>FDB8<A4@<>< A9 BC<D4?BEP A4 Q>EC9D<@9AFO E Q?9>-
FD<K9E><@< DO54@<, B7D4A<K<6L<EP 4>F<6AO@ <ECB?P;B64A<9@ <E>GEEF69AAOI 4A4?B7B6 <I
BD74AB6. "F>DOF<9 @47A9F<;@4, 6;4<@B89=EF6<S Q?9>FD<K9E><I < @47A<FAOI CB?9=, Q?9>FDB-
@47A<FAOI 6B?A, 4 F4>:9 @AB:9EF69AAO9 CD4>F<K9E><9 CD<@9A9A<S Q?9>FD<K9EF64 4 6Eё QFB
BC<D4?BEP E>BD99 A4 @4F9@4F<>G, FB784 >4> 5<B?B7<S < 5<BA<>4 C9D9EF4?< E?G:<FP <EFBKA<>B@
AB6OI <89=.

2. %F4AB6?9A<9 Q?9>FDBH<;<B?B7<<:

$O54 >4> A9D6AB-@OL9KAO= CD9C4D4F

!9E@BFDS A4 G598<F9?PAO9 8B6B8O �B?PFO 6 CB?P;G FB7B, KFB <EFBKA<>B@ A4CDS:9A<S
S6?S9FES >BAF4>F 86GI D4;AOI @9F4??B6, < 8B6B8O (4D489S, BCD989?<6L97B, KFB <EFBKA<>B@
@BMABEF< 6 �B?PFB6B@ EFB?59 S6?SRFES I<@<K9E><9 D94>J<<, BF>DOFO@ BEF4?ES >D4=A9 64:AO=
6BCDBE: 4 CDB<EIB8SF ?< >4><9-FB Q?9>FD<K9E><9 CDBJ9EEO 6 :<6OI BD74A<;@4I? 36?SRFES ?<
?4C>< ?S7GL>< <EFBKA<>B@ FB>4, >4> CB?474? �4?P64A<, <?< QFB K<EFB C4EE<6A4S EFDG>FGD4, 4 Q?9>-
FD<K9E><= FB> 6 :<6OI BD74A<;@4I CDBF9>49F FB?P>B 6 EC9J<4?PAB GEFDB9AAOI Q?9>FD<K9E><I
BD74A4I, >4> EK<F4? �B?PF4? "5?4EFP A4G><, CD98@9FB@ >BFBDB= S6?S9FES <;GK9A<9 Q?9>FD<K9E><I
S6?9A<= 6 :<6OI BD74A<;@4I, CB?GK<?4 A4;64A<9 Q?9>FDBH<;<B?B7<S. "8AB <; E4@OI SD><I <@ёA
6 QFB= B5?4EF< 4 �4D?B  4FF9GKK<.

�OCGE>A<> �B?BAE>B7B GA<69DE<F9F4 �4D?B  4FF9GKK< 5O? 4CB?B79FB@ CDBH9EEBD4 �4?P64-
A< <; �B?BAP< < 97B <89= :<6BFAB7B Q?9>FD<K9EF64 [27]. "A< A9 @B7?< 5OFP ;A4>B@O, F4> >4>
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�4?P64A< GLё? <; :<;A< 6 1798 7B8G, 4  4FF9GKK< DB8<?ES 6 1811.  4FF9GKK< CB?GK<? L<DB>B9
B5D4;B64A<9: @4F9@4F<K9E>B9, H<;<K9E>B9, I<@<K9E>B9, < D4AB A4K4? CG5?<>B64FP A4GKAO9 FDG-
8O, CBE6SMёAAO9 I<@<K9E><@ CDBJ9EE4@ 6 �B?PFB6OI EFB?54I < Q?9>FDB@47A<FAB= <A8G>J<<,
;4A<@4?ES F9?97D4HB@. #B;:9  4FF9GKK< EF4? <;69EFAO@ CB?<F<>B@ < 84:9 >4>B9-FB 6D9@S
;4A<@4? CBEF @<A<EFD4 CDBE69M9A<S �F4?<<. � 1844 7B8G  4FF9GKK< 6 6B;D4EF9 33 ?9F CB?GK<?
@984?P �BC?< ;4 «�EE?98B64A<S :<6BFAB7B Q?9>FD<K9EF64» [28], 4 6 1870 7B8G 6 K9EFP �4D?B
 4FF9GKK< 5O?4 GKD9:89A4 @984?P, >BFBD4S 6DGK4?4EP FB?P>B H<;<>4@, 6 FB@ K<E?9, �9?P@7B?PJG,
(9D@<, #4G?< < @AB7<@ 8DG7<@. � $BEE<<  4FF9GKK< ED46A<F9?PAB @4?B <;69EF9A, 4 97B FDG8O
A9 C9D96B8<?<EP A4 DGEE><= S;O>, KFB S6?S9FES 8BCB?A<F9?PAO@ 4D7G@9AFB@ G89?<FP BEB5B9
6A<@4A<9 CB8DB5ABEFS@ 97B A4GKAB= 89SF9?PABEF<.

� ECBD B :<6BFAB@ Q?9>FD<K9EF69  4FF9GKK< 6EFGC<?, D4ECB?474S F9@< :9 CD9<@GM9EF64@<,
>BFBDO9 <@9? H<;<> �B?PF4 CB BFABL9A<R > 4A4FB@G �4?P64A<: < F9BD9F<K9E><@< CD98EF46-
?9A<S@<, < ?B7<>B= H<;<K9E><I 4D7G@9AFB6 CD< 6989A<< ECBDB6 6 CDBH9EE<BA4?PAB= ED989, <
G@9A<9@ EB;8464FP AB6O9 CD<5BDO, < EB69DL9AEF6B64FP EGM9EF6GRM<9, < B5L<DAO@< ;A4>B@EF64-
@< 6 H<;<K9E>B@ A4GKAB@ EBB5M9EF69. !B BA 6BLё? 6 QFBF ECBD CB8 ;A4@9A9@ �4?P64A<. &4>:9
>4> < �B?PF4,  4FF9GKK< BE6B<? <;7BFB6?9A<9 «?S7GL>B-?4C>B6OI» 74?P64ABE>BCB6 < L<DB>B
<ECB?P;B64? <I 6 E6B<I <EE?98B64A<SI. &4@, 789 QFB7B FD95B64?4 A9B5IB8<@BEFP,  4FF9GKK<
CD<@9AS? < 5B?99 EB?<8AO9 CD<5BDO, A4CD<@9D, 74?P64AB@9FDO E @47A<FAB= D4@>B= >BAEFDG>J<<
!B5<?< <?< ><@B7D4H 4 C9D6O= @9I4A<K9E><= E4@BC<E9J.

� &DG84I �BDB?96E>B7B B5M9EF64 5O?B BCG5?<>B64AB B8<AA48J4FP @9@G4DB6 <F4?PSAE>B7B
H<;<>4, B5N98<AёAAOI CB8 B5M<@ ;47B?B6>B@ «1?9>FDBH<;<B?B7<K9E><9 <EE?98B64A<S». �4> <
FD4>F4F �4?P64A<, < C<EP@4 �B?PFO B :<6BFAB@ Q?9>FD<K9EF69, QF< @9@G4DO 84RF Q6B?RJ<BAAGR
>4DF<AG A4GKAB7B CB<E>4 GKёAB7B BF C9D6OI SD><I GEC9IB6 K9D9; C9D<B8 @GK<F9?PAB7B A9CB-
A<@4A<S > 8B?7B= <;AGD<F9?PAB= BE489 <, A4>BA9J, > «CBS6?9A<R F>4A<» < «6OCDS@<F9?PAB@G
6;8BIG» ("E<C  4A89?PLF4@).

�E?< �4?P64A< CD46, < 6 BEAB69 HGA>J<BA<DB64A<S :<6B7B ?9:4F F9K9A<S Q?9>FD<K9E><I
H?R<8B6, FB >4> >BA>D9FAB QFB CDB<EIB8<F? +FB 89?49F @B;7? �OD454FO649F Q?9>FD<K9EF6B <;
>DB6<? �4> @B;7 GCD46?S9F BD74A4@< < @OLJ4@<? +FB 89?4RF A9D6O? +FB B5M97B < 6 Kё@
D4;?<K<S Q?9>FD<K9E><I BD74AB6 < B5O>AB69AAOI @OLJ?

#9D6O9 GEC9I<  4FF9GKK< 5O?< E6S;4AO E Q?9>FD<K9E><@< DO54@<. � 30-9 7B8O XIX 69>4
@AB7<9 COF4?<EP CB?GK<FP BF E>4FB6 Torpedo «K<EFB9 Q?9>FD<K9EF6B», FB 9EFP <E>DG. "8A4>B
;484K4 5O?4 FDG8AB=, F4> >4> 4@C?<FG84 D4;DS84 E>4F4 6E97B B>B?B 50 �, 4 8?S CB?GK9A<S <E>DO
AG:AO ><?B6B?PFO. %?98GS (4D489R, @AB7<9 COF4?<EP CD<@9A<FP >4FGL>< <A8G>F<6ABEF<, AB
F9DC9?< A9G84K<. �89S  4FF9GKK< EBEFBS?4 6 FB@, KFB5O, 6B-C9D6OI, ;4EF46<FP 69EP FB> D4;DS84
DO5O F9KP K9D9; >4FGL>G, B7D4A<K<6 B5IB8AO9 CGF< K9D9; 6B8G, 4, 7?46AB9, ED4;G CBE?9 A4K4?4
D4;DS84 CD9D64FP J9CP 4 FB784 QA9D7<S D4;DS84, CD9B5D4;B64AA4S 6 QA9D7<R @47A<FAB7B CB?S,
EAB64 C9D9=8ёF 6 Q?9>FD<K9E>GR HBD@G < <A8GJ<DG9F 6 >4FGL>9 FD95G9@B9 8?S <E>DO A4CDS:9A<9.
%4@< Q>EC9D<@9AFO 5O?< 6OCB?A9AO 97B EB46FBDB@ %4AF< �<A4D<, AB @9FB8<>4 5O?4 CD98?B:9A4
 4FF9GKK< [29].

#B;:9  4FF9GKK< A4K<A49F E4@ Q>EC9D<@9AF<DB64FP E Q?9>FD<K9E><@< BD74A4@< E>4FB6
Torpedo. � >BAJG 30-I 7B8B6 XIX 69>4 BA GEF4AB6<?, KFB 6 @B;7G E>4F4 9EFP FB?P>B B8<A BF89?,
GCD46?SRM<= Q?9>FD<K9E><@< D4;DS84@< 4 8AB K9F6ёDFB7B :9?G8BK>4, >BFBDO=  4FF9GKK<
A4;O649F Q?9>FD<K9E>B= 8B?9= @B;74. %F<@G?<DB64A<9 QFB7B BF89?4 FB>B@, CD<>BEAB69A<9@ <?<
I<@<K9E><@ 6B;89=EF6<9@ 6O;O649F D4;DS8, FB784 >4> 4A4?B7<KAB9 EF<@G?<DB64A<9 ?R5OI 8DG7<I
;BA @B;74 D4;DS8B6 A9 6O;O649F. �E?< G84?<FP 69EP @B;7, >DB@9 Q?9>FD<K9E>B= 8B?< < <8GM<I BF
A9ё A9D6B6, FB 6B;@B:ABEFP 79A9D<DB64FP D4;DS8O EBID4AS9FES. !9D6O  4FF9GKK< FB:9 CDBE?98<?
< BC<E4?, CB>4;46, KFB 9E?< <I C9D9D9;4FP, @B;7 GFD4F<F ECBEB5ABEFP 6O;O64FP D4;DS8O. #D<
QFB@ EF<@G?<DB64A<9 A9D6B6 A<:9 B5DO64 6O;O649F D4;DS8O, CD<Kё@ FB?P>B 6 FB= K4EF< BD74A4,
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>G84 <8ёF QFBF A9D6. 1?9>FD<K9E><= BD74A EBEFB<F <; @AB:9EF64 EC9J<4?<;<DB64AAOI >?9FB> 4
Q?9>FDBJ<FB6, >BFBDO9  4FF9GKK< A4;O649F CD<;@4@<. 1?9>FDBJ<FO CBE?98B64F9?PAB EB98<A9AO
6 DS8O, <8GM<9 C4D4??9?PAB BE< BD74A4. %B98<ASSEP C4D4??9?PAB, DS8O Q?9>FDBJ<FB6 B5D4;GRF
@BMAGR 54F4D9R. �E?< C9D9D9;4FP A9D6O, <AA9D6<DGRM<9 D4;AO9 K4EF< Q?9>FD<K9E>B7B BD74A4,
FB @BMABEFP D4;DS84 C4849F 6 EBBF69FEF6<< E F9@, >4>4S K4EFP BD74A4 5O?4 BF>?RK9A4. �BCDBE
B FB@, BF>G84 E4@< Q?9>FDBJ<FO 59DGF QA9D7<R, BEF464?ES BF>DOFO@.

#B D9;G?PF4F4@ Q>EC9D<@9AFB6 E Q?9>FD<K9E><@< DO54@<,  4FF9GKK< 6OE>4;O649FES 6 CB?P-
;G Q?9>FD<K9E>B= CD<DB8O A9D6AB7B 479AF4, C9D984RM97B >B@4A8O BF @B;74 > BD74AG. "A CB>4-
;O649F, KFB 86<:9A<S >DB6< A9 GK4EF6GRF 6 QFB@ CDBJ9EE9, B8A4>B, 8?S K<EFBFO Q>EC9D<@9AFB6,
CD9C4D4FO 8B?:AO 5OFP FM4F9?PAB BK<M9AO BF >DB6< < <AOI H<;<B?B7<K9E><I :<8>BEF9=.
!4>BA9J,  4FF9GKK< CD98CB?4749F CD<AJ<C 98<ABB5D4;<S C9D984K< >B@4A8 6 A9D6AB= E<EF9@9
6A9 ;46<E<@BEF< BF FB7B, <8GF ?< BA< > Q?9>FD<K9E><@ BD74A4@ <?< > B5OKAO@ @OLJ4@. � <E-
E?98B64A<S@ Q?9>FD<K9E><I DO5  4FF9GKK< 5G89F 6B;6D4M4FPES 9Mё A9 D4;, AB, 6 BEAB6AB@,
84?PA9=L<9 Q>EC9D<@9AFO 5O?< 6OCB?A9AO A4 B5O>AB69AAOI A9Q?9>FD<K9E><I :<6BFAOI 4
?S7GL>4I, 7B?G5SI < >DB?<>4I.

�B?PF4 < 97B EFBDBAA<>< A4EF4<64?<, KFB CD<K<AB= 6E9I Q?9>FD<K9E><I S6?9A<=, A45?R-
849@OI 6 BCOF4I �4?P64A<, 5O?< 4DF9H4>FO: >BAF4>FO @9F4??B6, 7D48<9AFO F9@C9D4FGDO <?<
<A8G>F<6AO9 A46B8><. &4><@ B5D4;B@, 6 BCOF4I E :<6BFAO@ Q?9>FD<K9EF6B@ 5O?B BK9AP 64:AB
CDB89@BAEFD<DB64FP BFEGFEF6<9 F4><I CBEFBDBAA<I <EFBKA<>B6. �DB@9 FB7B, 64:AB 5O?B, KFB5O
Q>EC9D<@9AFO @B7?< E @<A<@4?PAO@< GE<?<S@< CB6FBD<FP 8DG7<9 <EE?98B64F9?< [30]. &4><@
B5D4;B@, CD<@9A9A<9 CD9C4D<DB64AAOI ?S7GL9> < 6 >4K9EF69 <EFBKA<>B6 FB>4, < 6 >4K9EF69
84FK<>B6 Q?9>FD<K9E><I EB5OF<= 5O?B A9 CD<IBFPR, QFB7B FD95B64?4 K<EFBF4 Q>EC9D<@9AF4 < 97B
FD4>FB6><.

"COF �4D?B  4FF9GKK<, 8B>4;O64RM<=, KFB <EFBKA<>B@ Q?9>FD<K9EF64 S6?S9FES <@9AAB
@OLJ4, 5O? 69EP@4 BEFDBG@9A < G598<F9?9A. #BE>B?P>G �B?PF4 A9B8AB>D4FAB CB8KёD><64?, KFB
6E9 Q?9>FD<K9E><9 S6?9A<S CDB<EIB8SF <@9AAB 6 A9D64I, 4 @OLJ4 EB>D4M49FES CB A9<;69EFAB=
CD<K<A9, 6O;O649@B= 89=EF6<9@ A9D6B6, FB C9D6B9, KFB 89?49F  4FF9GKK< 4 BFD9;49F A9D6 6@9EF9
E B5?4EFPR >BAF4>F4 A9D64 < @OLJO, BEF46?SS FB?P>B CB?B6<AG ?S7GL4KP9= ?4C><. �4F9@ BA

$<E. 2. �??REFD4J<S Q>EC9D<@9AFB6  4FF9GKK< <; 97B EF4-
FP< 1845 7., CB>4;O64RM4S >4> CB?B6<A>< ?S7GL4KP<I ?4CB>
5O?< EB98<A9AO 6 CBE?98B64F9?PAO9 54F4D9< [30]

Fig. 2. An illustration of Matteucci’s experiments from his 1845
article, showing how the halves of frog legs were connected to
form sequential batteries [30]

EB5<D49F ;4@>AGFGR J9CP, 6>?RK4RMGR 74?P-
64AB@9FD !B5<?< < A9 B8AG, 4 A9E>B?P>B ?S-
7GL4KP<I ?4CB>, 6O?B:9AAOI F4><@ B5D4-
;B@, KFB5O ED9; B8AB= ?4C>< >4E4?ES A9CB-
6D9:8ёAAB= CB69DIABEF< @OLJO 8DG7B= ?4C-
>< (D<E. 2, [30]).

#B?GK49FES Q84><= «?S7GL>B-?4C>B6O=»
�B?PFB6 EFB?5 («frog’s leg pile»). +FB5O CB>4-
;4FP, KFB CD<K<AB= D4;DS84 S6?S9FES A9 74?P-
64AB@9FD < 97B >BAF4>FO, 4 <@9AAB @OLJO,
6 >4K9EF69 <A8<>4FBD4 6B 6FBDB= E9D<< Q>E-
C9D<@9AFB6 CD<@9AS?ES >?4EE<K9E><= A9D6AB-
@OL9KAO= 74?P64AB@9FD.  4FF9GKK< CB>4;4?,
KFB 69?<K<A4 D97<EFD<DG9@B7B FB>4 ?<A9=AB
;46<E<F BF K<E?4 CB?B6<AB> ?S7GL<AOI ?4-
CB>, K9@ B>BAK4F9?PAB 8B>4;4?, KFB @OLJO
E4@< CB E959 S6?SRFES <EFBKA<>B@ Q?9>FD<K9-
EF64. �B?99 FB7B, 54F4D9S, EB5D4AA4S <; ?S7G-
L4KP<I ?4CB>, B>4;4?4EP ECBEB5AB= 6O;O64FP
Q?9>FDB?<F<K9E>B9 D4;?B:9A<9 =B8<84 >4?<S,
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KFB CB;6B?<?B GEF4AB6<FP CB?SDABEFP. "5?4EFP CB6D9:89A<S ?4C>< B>4;4?4EP BFD<J4F9?PAB=
CB BFABL9A<R > A9CB6D9:8ёAAB= 9ё K4EF<.  4FF9GKK< CB?474?, KFB CD<K<AB= CBS6?9A<S FB-
>4 S6?S9FES A9 E4@B CB6D9:89A<9, 4 >BAF4>F @9:8G 6A9LA9= < 6AGFD9AA9= EFBDBAB= @OLJO,
>BFBDO= GEF4A46?<649FES CD< >4E4A<< 74?P64ABE>BCB@ B5?4EF< ED9;4.  9:8G D4;AO@< GK4EF-
>4@< CB6D9:8ёAAOI B5?4EF9= @OLJO, D46AB >4> < A9CB6D9:8ёAAOI, D4;ABEF< CBF9AJ<4?B6 A9
A45?R84?BEP.

"C<E4AAO= FB>  4FF9GKK< A4;O649F @GE>G?PAO@ [30], 4 EB6D9@9AA4S A4GKA4S ?<F9D4FGD4 4
FB>B@ CB6D9:89A<S. #D< QFB@ FB>, B >BFBDB@ <EIB8AB L?4 D9KP 6 Q>EC9D<@9AF4I �4?P64A<
< �B?PFO, CDBF9>49F 6B 6D9@S EB>D4M9A<= @OLJO < <@99F B5D4FAB9 A4CD46?9A<9. 1FBF FB>
 4FF9GKK< A4;O649F «<EF<AAO@» («proper current», [31]). �4> EBBFABESFES <EF<AAO= < @GE>G?PAO=
FB><? �EFP ?< @GE>G?PAO= FB> 6 A9CB6D9:8ёAAB= ?S7GL>9? �?S FB7B KFB5O Q>EC9D<@9AF<DB64FP
E <EF<AAO@ FB>B@, A9B5IB8<@B 5O?B EBID4A<FP A9D6O, A9 CB6D9:84FP @OLJO < 6O>?48O64FP
54F4D9R F4><@ B5D4;B@, KFB5O A9D6 B8AB= ?4C>< >BAF4>F<DB64? E ?4C>4@< 8DG7B= (D<E. 3, [30]).

�E9 Q>EC9D<@9AFO, 6OCB?A9AAO9 E @GE>G?PAO@ FB>B@ 5O?< CB6FBD9AO E <EF<AAO@ FB>B@.
#B D94>J<< A4 D4;?<KAO9 6A9LA<9 H4>FBDO 5O?4 GEF4AB6?9A4 CB?A4S <I 4A4?B7<S. "F>DOFO@
BEF464?ES 6BCDBE B FB@, BF>G84 59DёFES «:<6BFAB9» Q?9>FD<K9EF6B?  4FF9GKK< D4EE@4FD<64?
FD< 69DE<<. %B7?4EAB C9D6B=, <EFBKA<>B@ S6?S9FES B>DG:4RM<= 6B;8GI. � BCOF4I, CDB6989AAOI
6 4F@BEH9D9 D4;?<KAOI 74;B6, 5O?B CB>4;4AB, KFB 6 6B8BDB8AB= 4F@BEH9D9 FB> 5B?PL9, 4 6 ><E?B-
DB8AB= 4 @9APL9. &9@ A9 @9A99 BEAB6AB= 6O6B8 7?4E<?, KFB @GE>G?PAO= FB> BCD989?S9FES F9@,
KFB CDB<EIB8<F 6AGFD< @OLJO, 4 A9 6OD454FO649FES <; B>DG:4RM97B 74;4.

%B7?4EAB 6FBDB= 69DE<<, <EFBKA<>B@ FB>4 5O? >BAF4>F 79F9DB79AAB= 6AGFD9AA9= CB69DIAB-
EF< @OLJO < 9ё 7B@B79AAB= B5B?BK><. �9=EF6<F9?PAB, >BAF4>F ?R5OI A9B8<A4>B6OI @4F9D<4?B6
@B:9F 6O;O64FP >BAF4>FAGR D4;ABEFP CBF9AJ<4?B6. �?S CDB69D>< QFB= 7<CBF9;O  4FF9GKK<
A4D9;49F >B?PJ4 <; E?9CB= ><L>< 5O>4 CD<@9DAB F4><I :9 D4;@9DB6 >4> ?S7GL4KP< 5ё8D4. 1F<
>B?PJ4 BA A45<649F H<5D<AB@ <; 6;5<FB= 5OKP9= >DB6< < 6O>?48O649F 54F4D9R <; 20 F4><I
Q?9@9AFB6, 4A4?B7<KAGR F9@, >BFBDO9 5O?< E89?4AO <; ?S7GL4KP<I ?4CB> (E@. D<E. 2). "F F4>B=
54F4D9< A<>4><I CD<;A4>B6 FB>4 B5A4DG:9AB A9 5O?B. +9D98GS ?S7GL4KP< ?4C>< < >GEBK>< E?9CB=
><L>< E H<5D<AB@,  4FF9GKK< ;4D97<EFD<DB64? FB>, AB A9E>B?P>B @9APL<=, K9@ BF ?4CB> 59;
6EF46B> <; BFD9;>B6 ><L><. &4><@ B5D4;B@ 5O?B GEF4AB6?9AB, KFB «@GE>G?PAO= FB>» A9 9EFP
E?98EF6<9 >BAF4>FAB= D4;ABEF< CBF9AJ<4?B6.

%B7?4EAB FD9FP9= 7<CBF9;9, > >BFBDB=  4FF9GKK< FS7BF9? E E4@B7B A4K4?4, Q?9>FD<K9EF6B
6B;A<>49F 6 D9;G?PF4F9 I<@<K9E>B7B 6;4<@B89=EF6<S >DB6< E @OL9KAO@< 6B?B>A4@<. �BEEF4AB6-
?9A<9 Q?9>FD<K9EF64 6 @OLJ4I E6S;4AB E C<F4A<9@ :<6BFAB7B, 4 E4@4 @OLJ4 6 Kё@-FB CBIB:4

$<E. 3. �??REFD4J<S Q>EC9D<@9AFB6  4FF9GKK<, 89@BAEFD<DGRM4S, >4> 5O?< CD<6989AO 6 >BAF4>F @OLJO < A9D6O BF
D4;AOI ?S7GL4KP<I ?4CB> [30]

Fig. 3. An illustration of Matteucci’s experiments demonstrating how muscles and nerves from different frog legs were brought
into contact [30]
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A4 74?P64A<K9E><= Q?9@9AF.  OLJ4 ;4>4AK<649FES EGIB:<?<9@, < @9:8G ED9;B@ EGIB:<?<S
< CB69DIABEFPR @OLJO D97<EFD<DGRFES F4><9 :9 FB><, >4> < @9:8G ED9;B@ @OLJO < 9ё B5B-
?BK>B=.  4FF9GKK< CDB6B8<F 4A4?B7<R @OLJO E 74?P64A<K9E><@ Q?9@9AFB@: J<A> EBBF69FEF6G9F
EGIB:<?<R, Q?9>FDB?<F 4 >DB6<, C?4F<A4 4 CB69DIABEF< @OLJO. #D< C<F4A<< CDB<EIB8SF
I<@<K9E><9 D94>J<<, ;4DS:4RM<9 EFB?5. #D< EB>D4M9A<< @OLJO Q?9>FD<K9EF6B D4EIB8G9FES A4
@9I4A<K9E>GR D45BFG.

% FBK>< ;D9A<S CBA<@4A<S H<;<B?B7<< Q?9>FD<K9E><I DO5 <; BF>DOF<=  4FF9GKK< A4<5B?99
<AF9D9EAO@ CD98EF46?S9FES «<A8GJ<DB64AAB9 EB>D4M9A<9» [24]. �Mё �4?P64A< CB>4;4?, KFB
EB>D4M9A<9 A45?R849FES CD< A45D4EO64A<< A9D64 EF9>?SAAB= C4?BK>B= A4 CB6D9:8ёAAO9 <
A9CB6D9:8ёAAO9 GK4EF>< @OLJO.  4FF9GKK< @B8<H<J<DB64? QFBF BCOF, CB>4;46, KFB A9D6 B8AB=
74?P64ABE>BC<K9E>B= ?S7GL><, D4ECB?B:9AAO= CB69DI @OLJO 8DG7B7B CD9C4D4F4, ECBEB59A
<A8GJ<DB64FP EB>D4M9A<9 @OLJO C9D6B7B CD9C4D4F4 6 BF69F A4 6B;5G:89A<9 EB>D4M9A<S 6B
6FBDB@ CD9C4D4F9. 1HH9>F <A8GJ<DB64AAB7B EB>D4M9A<S A45?R849FES F4>:9 6 E?GK49, >B784
A9D6 74?P64ABE>BC<K9E>B= ?S7GL>< CD<?B:9A > @OLJ9 8DG7B7B :<6BFAB7B. %97B8AS QFB S6?9A<9
A4;O649FES 6FBD<KAO@ F9F4AGEB@ <?< BCOFB@  4FF9GKK<.

 4FF9GKK< CB>4;4?, KFB 9E?< A4 <A8GJ<DGRMGR @OLJG, C9D98 F9@ >4> >?4EFP A4 A9ё
A9D6 BF <A8GJ<DG9@B= @OLJO, >4CAGFP >4>GR-A<5G8P :<8>BEFP, FB QHH9>F EBID4AS9FES. #D<Kё@
D9KP <8ёF A9 FB?P>B B CDB6B8SM<I :<8>BEFSI: «�; @AB:9EF64 :<8>BEF9= A9 A4L?BEP A< B8AB=,
>BFBD4S 5O CD9CSFEF6B64?4 <A8GJ<DB64AAB@G EB>D4M9A<R. +<EF4S 6B84, E?45B CB8><E?9AA4S
6B84, EB?ёA4S 6B84, EO6BDBF>4, >DB6P, B?<6>B6B9 @4E?B, D4;546?9AAO= 4?>B7B?P, EC<DFB6B= D4E-
F6BD ?4>4 (CB?<FGD4), >4A<HB?P, ?ё7>4S A9HFP, E><C<84D 4 6E9 QF< :<8>BEF< <ECOFO64?<EP
6 Q>EC9D<@9AF9 < 6E9784 <A8GJ<DB64AAB9 EB>D4M9A<9 <@9?B @9EFB. 3 6E9784 >4C4? A9E>B?P>B
>4C9?P :<8>BEF< A4 @OLJG, 4 CBFB@ D4ECB?474? A4 A9= A9D6, CB@9M4S 97B 6 F4>GR :9 :<8>BEFP.
�A8GJ<DB64AAB9 EB>D4M9A<9 A45?R84?BEP 84:9, 9E?< FBA><= E?B= H9FD4 (6B=?B>4), CDBC<F4AAB7B
QF<@< :<8>BEFS@<, D4;@9M4?ES @9:8G A9D6B@ < @OLJ9=. !<;>4S Q?9>FDBCDB6B8ABEFP A9>BFBDOI
<; <ECB?P;B64AAOI :<8>BEF9= (@4E?B, E><C<84D, CB?<FGD4 < F. C.) ;4EF46<?4 @9AS GEB@A<FPES 6
FB@, KFB <A8GJ<DB64AAB9 EB>D4M9A<9 A9 5G89F EGM9EF6B64FP 84:9 A9E@BFDS A4 A4?<K<9 6EF46><
<; 45EB?RFAB <;B?<DGRM97B F9?4. 3 5O? G59:8ёA, KFB K9D9; E?B=, 84:9 BK9AP FBA><=, G>4;4AAOI
:<8>BEF9= A< @OL9KAO= FB>, A< <EF<AAO= FB> A9 D4ECDBEFD4ASRFES. #BQFB@G, A9EB@A9AAB, KFB
9E?< <A8GJ<DB64AAB9 EB>D4M9A<9 D4ECDBEFD4AS9FES K9D9; E?B= GCB@SAGFOI C?BI<I CDB6B8A<>B6,
QFB <A8GJ<DB64AAB9 EB>D4M9A<9 A9 @B:9F 5OFP E6S;4AB E FB>B@, 79A9D<DG9@O@ 6 EB>D4M4R-
M9=ES @OLJ9, < CDBIB8SM<@ BFFG84 6 A9D6 74?P64ABE>BC<K9E>B= ?S7GL>< [24]. "CG5?<>B646
QF< D9;G?PF4FO,  4FF9GKK< CDB89@BAEFD<DB64? CD<@9K4F9?PAGR A4GKAGR K9EFABEFP, F4> >4>
BA< CDS@B CDBF<6BD9K<?< 97B EB5EF69AAO@ 6O6B84@ B5 Q?9>FD<K9E>B= CD<DB89 6;4<@B89=EF6<S
A9D64 < @OLJO.

 4FF9GKK< COF49FES A4=F< 8DG7B= @9I4A<;@ C9D984K< 6B;5G:89A<S. !4CD<@9D, BA COF49FES
6O;64FP EB>D4M9A<9, CB?B:<6 A9D6 A4 ;6GK4MGR EFDGAG. �E9 QF< Q>EC9D<@9AFO 6B;6D4M4RF 97B
> C9D6BA4K4?PAB= Q?9>FD<K9E>B= 7<CBF9;9, AB >4> B5NSEA<FP CDBIB:89A<9 FB>4 K9D9; <;B?<DGRM<9
:<8>BEF<?

#B;:9 5O?< CBEF46?9AO BCOFO, 6 >BFBDOI <A8GJ<DGRM4S @OLJ4 5O?4 ?<L9A4 ECBEB5ABEF<
EB>D4M4FPES (CD< CB@BM< A47D964A<S, A4CD<@9D) < <ECB?P;B64?4EP >4> C4EE<6AO= CDB6B8A<>
E<7A4?4 BF 6A9LA9= BK9AP E<?PAB D4;DS:9AAB= ?9=89AE>B= 54A><. #D< >4><I 6B;89=EF6<SI @OLJO
EBID4ASRF ECBEB5ABEFP EB>D4M4FPES, 4 CD< >4><I GFD4K<64RF,  4FF9GKK< BC<E4? 8B QFB7B [32].
$4;DS8O D4;DS:9AAB= ?9=89AE>B= 54A>< 6O;O64?< EB>D4M9A<S <A8GJ<DG9@B= ?4C><, 6 FB@
K<E?9 < CD< A4?<K<< @9:8G A<@< <;B?<DGRM<I :<8>BEF9= <?< 84:9 FBA><I C?4EF<AB> E?R8O.
� CBE?98A9@ E?GK49 QHH9>F BE?45?S?ES, AB A9 <EK9;4? 6B6E9. 1F< D9;G?PF4FO D94A<@<DB64?<
Q?9>FD<K9E>GR 7<CBF9;G, 4 F4>:9 6 BK9D98AB= D4; CB8F69D8<?< CD46BFG  4FF9GKK<, GF69D:846L97B,
KFB 6 Q?9>FDBH<;<B?B7<K9E><I Q>EC9D<@9AF4I, CB@<@B H<;<K9E><I <;@9D<F9?9= FB>4, A9B5IB8<@B
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<ECB?P;B64FP 74?P64ABE>BC<K9E><I ?S7GL9>: «#B EGF<, A< B8<A <; A4L<I Q?9>FDBE>BC<K9E><I
<AEFDG@9AFB6 A9 ECBEB59A CB>4;4FP A4@ EGM9EF6B64A<9 Q?9>FD<K9E>B7B D4;DS84, CB8B5AB7B FB@G,
>BFBDO= 84ёFES BK9AP @4?9AP>B= 54A>B=, CD9864D<F9?PAB D4;DS:9AAB= FD< <?< K9FOD9 D4;4
CB8DS8 @9F4??<K9E><@ CDB6B8A<>B@. &B?P>B 74?P64ABE>BC<K9E>4S ?S7GL>4 @B:9F G>4;O64FP A4
EGM9EF6B64A<9 QF<I D4;DS8B6» [32]. �; Q>EC9D<@9AFB6 E?98B64?B, KFB Q?9>FD<K9EF6B 6 A9D64I 4
A9 CBEFBSAAO= FB>, 4 D4;DS8O, CB8B5AO9 D4;DS84@ Q?9>FD<K9E><I DO5.

�9=EF6<9 Q?9>FD<K9E><I CBF9AJ<4?B6 @OLJO A4 A9D6 8DG7B7B EGM9EF64 4 QFB >4K9EF69AAB
FB :9 S6?9A<9, >BFBDB9 <ECB?P;GRF E<?PABQ?9>FD<K9E><9 DO5O, 6B;89=EF6GS A4 E6B<I :9DF6 [33],
E FB= ?<LP D4;A<J9=, KFB 6 E?GK49 Q?9>FD<K9E><I G7D9= < E>4FB6 CBF9AJ<4?O, FB>< < D4EEFBSA<S,
A4 >BFBDOI CDBS6?SRFES QHH9>FO, 7BD4;8B 5B?PL9. � 9E?< D9KP <8ёF B DO54I EB E?45O@< Q?9>FD<-
K9E><@< BD74A4@<?  B7GF ?< BA< 6O;O64FP <A8GJ<DB64AAB9 EB>D4M9A<9 6 8DG7<I BD74A<;@4I?
�, 9E?< A9F, FB >4> 6 CDBJ9EE9 Q6B?RJ<< CBS6<?<EP Q?9>FD<K9E><9 DO5O? 1F4 CDB5?9@4 5O?4 BFA9-
E9A4 �4D6<Aо@ > K<E?G BEB59AAB FDG8AOI, < AOA9 <;69EFA4 >4> B8A4 <; 7B?B6B?B@B> �4D6<A4 [34]. 
#D9:89 K9@ EF4FP QHH9>F<6AO@ BDG:<9@, Q?9>FD<K9E><9 BD74AO 8B?:AO 5O?< CDB=F< A4K4?PAO9 
EF48<< Q6B?RJ<<, >B784 BA< 5O?< CD<@<F<6AO@<, @4?9AP><@< < @4?B@BMAO@<. � >4K9EF69 
CD<@9D4 F4>B= @4?B@BMAB= Q?9>FD<K9E>B= DO5O �4D6<A EB EEO?>B= A4  4FF9GKK< A4;O649F 
DB@5BF9?OI E>4FB6.

1?9>FD<K9E><9 BD74AO DB@5BF9?OI E>4FB6 (Rajiformes) 5O?< 6C9D6O9 BC<E4AO LBF?4A8E><@
<EE?98B64F9?9@ �:9=@EB@ %F4D>B@ 6 1844 7. %F4D> BC<E4? FB?P>B @BDHB?B7<R BD74AB6 < A9
CDB6B8<? H<;<B?B7<K9E><I <EE?98B64A<=. &9@ A9 @9A99 BA A4EF4<64?, KFB B5A4DG:<? G QF<I
E>4FB6 Q?9>FD<K9E><= 4CC4D4F, EEO?4SEP A4 FB, KFB DO54>< <ECOFO64?< I4D4>F9DAO9 BMGM9A<S
E?45OI Q?9>FD<K9E><I D4;DS8B6 [2]. �64 7B84 ECGEFS HD4AJG;E><= 7<EFB?B7 ,4D?P-(<?<CC $B5<A
A9;46<E<@B B5A4DG:<? < BC<E4? QF< BD74AO 6 I6BEF9 DB@5BF9?OI E>4FB6. � 1846 7., CBE?9 EBB5M9-
A<S $B5<A4 DB@5BF9?O@< E>4F4@< ;4<AF9D9EB64?ES BK9AP 46FBD<F9FAO= 4A4FB@ �BI4A  ё??9D.
"A A9 B5A4DG:<? A<>4><I ;4@9FAOI Q?9>FD<K9E><I QHH9>FB6 < B5D4F<?ES ;4 >BAEG?PF4J<9= >
 4FF9GKK<.  4FF9GKK< A<K97B Q?9>FD<K9E>B7B A9 B5A4DG:<? < CD<L9? > ;4>?RK9A<R, KFB QFB A9
Q?9>FD<K9E>4S DO54. %CGEFS 19 ?9F $B5<A CB6FBD<? <EE?98B64A<S DB@5BF9?OI E>4FB6 < 6O;64?
EB>D4M9A<S 74?P64ABE>BC<K9E><I ?S7GL9> CD< <I D4;DS84I, AB 6 F9I ?<LP E?GK4SI, >B784 A9D6
>4E4?ES F9?4 E>4F4, <?< >B784 >B:4 E>4F4 65?<;< BD74A4 5O?4 A48D9;4A4 [35].

"8A4>B 6BCDBE B FB@, 6O;O64RF ?< D4;DS8O DB@5BF9?OI E>4FB6 <A8GJ<DB64AAO9 EB>D4M9A<S
A4 D4EEFBSA<< BF DO5O, BEF4?ES 59; G598<F9?PAB7B BF69F4.  AB7B CB;:9 5O?B GEF4AB6?9AB,
KFB E>4FO B5?484RF EC9J<4?<;<DB64AAO@ Q?9>FD<K9E><@ KG6EF6B@, CB;6B?SRM<@ <@ BMGM4FP
D4;DS8O EBDB8<K9= < 89?4RM<@ 6B;@B:AB= Q?9>FDB>B@@GA<>4J<R [4].

�E?< EG8<FP B CDB7D9EE9 A4G>< CB @984?S@ �BC?<, FB CBE?9  4FF9GKK< E9DPё;AO= CDBDO6 6
CBA<@4A<< Q?9>FD<K9E><I CDBJ9EEB6 6 A9D64I < @OLJ4I E?GK<?ES FB?P>B 69> ECGEFS.  984?<
5O?< CD<EG:89AO 6 1965 7B8G �?4AG )B8:><AG ;4 BF>DOF<9 @9I4A<;@4 6B;5G:89A<S < C9D984K<
<@CG?PE4 6 A9D64I < ;4E?G7< 6 A9=DBH<;<B?B7<<, 6 1967 7B8G 4 �9DA4D8G �4FJG ;4 6OS6?9A<9 @9-
I4A<;@4 C9D984K< A9D6AB7B <@CG?PE4 K9D9; E<A4CE, 6 1973 7B8G 4 1A8DR )4>E?< ;4 <EE?98B64A<9
@9I4A<;@B6 CDB6989A<S A9D6AOI <@CG?PEB6 < 4>F<64J<< EB>D4M9A<S @OLJO. #DB DB?P, >BFBDGR
EO7D4?< Q?9>FD<K9E><9 DO5O 6 CDB7D9EE9 Q?9>FDBH<;<B?B7<< CBE?9  4FF9GKK<, @B:AB CDBK<F4FP
6 ;4@9K4F9?PAB= >A<79 (<A79D4 < #<>>B?<AB «,B><DGRM4S <EFBD<S Q?9>FD<K9E><I DO5» [2].
� CDB6B8<@OI <EE?98B64A<SI @9I4A<;@B6 C9D984K< A9D6AOI <@CG?PEB6 < A9D6AB-@OL9KAOI
E<A4CEB6, 6 FB@ K<E?9, G8BEFB9AAOI !B59?96E><I CD9@<= < @984?9= �BC?<, Q?9>FD<K9E><9 E>4FO <
G7D< K4EFB E?G:<?< B5N9>FB@ <EE?98B64A<=. �EE?98B64F9?9= <AF9D9EB64?< A9 Q?9>FD<K9E><9 DO5O
>4> F4>B6O9, 4 CDBEFB G8B5AO= CD9C4D4F, F4>B= :9, >4>, A4CD<@9D, 7<74AFE><= 4>EBA >4?P@4D4.
"8A4>B, 5?47B84DS QFB@G B5EFBSF9?PEF6G, H<;<B?B7<S Q?9>FD<K9E><I BD74AB6 DO5 5O?4 IBDBLB
BC<E4A4 8?S 6E9I 6<8B6 Q?9>FD<K9E><I DO5 [36].
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3. "F>DOF<S )4AE4 �<EE@4AA4:

$O54 >4> CD<ё@BC9D984FK<> E?45OI Q?9>FD<K9E><I E<7A4?B6

!B64S QD4 6 <EE?98B64A<SI Q?9>FD<K9E><I DO5 A4K4?4EP E BF>DOF<= )4AE4 �<EE@4AA4,
EC9J<4?<EF4 CB ?B>B@BJ<< :<6BFAOI. �4>-FB D4; A9>FB 8B>FBD  BDD<E CB84D<? 9@G 8?S <EE?9-
8B64A<= A<?PE>B7B 7<@A4DI4 4 4HD<>4AE>GR DO5G E BD<7<A4?PAO@ ECBEB5B@ C?464A<S. �4 EKёF
6B?ABB5D4;AOI 86<:9A<= 8?<AAB7B EC<AAB7B C?46A<>4 7<@A4DI E D46AB= ?ё7>BEFPR C?4649F >4>
6C9Dё8, F4> < A4;48, < CD< 86<:9A<< A4;48 BA A9 A4FO>49FES A4 CD9CSFEF6<S. #BE?98A<= H4>F
6O;64? G �<EE@4AA4 :<6B= <AF9D9E.

�<EE@4AA CD98CB?B:<?, KFB @9I4A<;@ BD<9AF4J<< 7<@A4DI4 @B:9F 5OFP BEAB64A A4 Q?9>-
FD<K9E>B@ KG6EF69. �ECB?P;GS BEJ<??B7D4H, 6IB8O >BFBDB7B K9D9; GE<?<F9?P 5O?< CB8>?RK9AO >
Q?9>FDB84@, BCGM9AAO@ 6 6B8G, �<EE@4AA B5A4DG:<? A9CD9DO6AO= >64;<E<AGEB<84?PAO= E<7A4?
E 8B6B?PAB EF45<?PAB= K4EFBFB= (B>B?B 300 �J) < 4@C?<FG8B= B>B?B 30 @� 65?<;< DO5O. #D<
D4;6BDBF4I 7<@A4DI4 4@C?<FG84 < H4;4 D97<EFD<DG9@B7B E<7A4?4 @9AS?<EP, KFB E6<89F9?PEF6B64?B
B FB@, KFB <EFBKA<> E<7A4?4 A4IB8<FES 6 DO59, 4 A9 S6?S9FES 4DF9H4>FB@ D97<EFD4J<<. � H96D4?9
1951 7. Nature BCG5?<>B64?4 >BDBF>B9 EBB5M9A<9 �<EE@4AA4 «!9CD9DO6AO9 Q?9>FD<K9E><9 E<7-
A4?O BF I6BEF4 DO5O Gymnarcus niloticus» [9]. $O54 A9CD9DO6AB 79A9D<DB64?4 E<7A4? A9;46<E<@B
BF FB7B, 6 >4>GR EFBDBAG < E >4>B= E>BDBEFPR 86<74?4EP. !45?R89A<S CB>4;4?<, KFB 7<@A4DI
D947<DG9F A4 <E>4:9A<S EB5EF69AAB7B CB?S CBEFBDBAA<@< B5N9>F4@<, F4><@< >4> @98A4S CDB-
6B?B>4, 4 F4>:9 D947<DG9F A4 6A9LA<9 C9D9@9AAO9 Q?9>FD<K9E><9 CB?S 5?<;>B= K4EFBFO. �E?<
CD98NS6?SFP 7<@A4DIG 97B EB5EF69AAO= E<7A4?, C9D98464S 97B 6 6B8G K9D9; Q?9>FDB8O, FB BA
ECBEB59A B5A4DG:<FP <EFBKA<> < 4F4>B64FP 97B. #B@<@B 7<@A4DI4, CD9864D<F9?PAO9 Q>EC9D<-
@9AFO 5O?< 6OCB?A9AO A4 97B 5?<;><I DB8EF69AA<>4I 4 4HD<>4AE><I @BD@<D<84I, 4 F4>:9 A4
R:AB-4@9D<>4AE><I 7<@ABF<84I, B8A<@ <; CD98EF46<F9?9= >BFBDOI S6?S9FES Q?9>FD<K9E><= G7BDP.

%9@P ?9F ECGEFS, 6 1958 7., 6 «Journal of Experimental Biology» 6OIB8<F 7?46A4S EF4FPS
�<EE@4AA4 «" HGA>J<< < Q6B?RJ<< Q?9>FD<K9E><I BD74AB6 DO5» [3]. "A4 A4K<A4?4EP E?B64@<,
BFEO?4RM<@< A4E > BC<E4AAB= 7B?B6B?B@>9 �4D6<A4: «!9489>64FABEFP HGA>J<BA4?PAB= < Q6B-
?RJ<BAAB= F9BD<= Q?9>FD<K9E><I BD74AB6 DO5 EF4?4 SEAB= G:9 846AB». #GFP <; QFB7B FGC<>4
6<89?ES �<EE@4AAG E?98GRM<@ B5D4;B@: «#D98EF46?S9FES 64:AO@ D4EE@4FD<64FP Q?9>FD<K9E><9
BD74AO A9 >4> BD74AO, <AF9D9EAO9 E4@< CB E959, 4 >4> K4EFP B5M9= BD74A<;4J<< DO5O, <7D4RM9=
DB?P 6 9ё 6;4<@B89=EF6<< E B>DG:4RM<@ @<DB@» [3].

"EAB6AO9 6O6B8O, E89?4AAO9 �<EE@4AAB@, @B:AB EHBD@G?<DB64FP E?98GRM<@ B5D4;B@:
CBE>B?P>G DO5O, A4;64AAO9 <@ E?45BQ?9>FD<K9E><@<, ECBEB5AO B5A4DG:<64FP B5N9>FO E CB@B-
MPR Q?9>FD<K9E><I E<7A4?B6, G A<I 8B?:A4 5OFP EC9J<4?<;<DB64AA4S KG6EF6<F9?PABEFP > BK9AP
E?45O@ Q?9>FD<K9E><@ CB?S@. �B?99 FB7B, CB �<EE@4AAG, Q6B?RJ<BAAB Q?9>FDBKG6EF6<F9?PABEFP
8B?:A4 5O?4 6B;A<>AGFP D4APL9 < E?G:<FP BEAB6AB= CD98CBEO?>B= D4;6<F<S EC9J<4?<;<DB64A-
AB= Q?9>FDB79A9D4J<<. #BQFB@G Q?9>FDBKG6EF6<F9?PAOI :<6BFAOI 8B?:AB 5OFP ;4@9FAB 5B?PL9,
K9@ :<6BFAOI, ECBEB5AOI > 79A9D4J<< Q?9>FD<K9E><I E<7A4?B6. %C9J<4?<;<DB64AA4S Q?9>FDB-
KG6EF6<F9?PABEFP FD95G9F A4?<K<S G DO5O EC9J<4?PAOI D9J9CFBDB6 < EC9J<4?PAOI BF89?B6
@B;74, >BFBDO9 E A<@< E6S;4AO. �B:4 E?45BQ?9>FD<K9E>B= DO5O GEFDB9A4 BEB5O@ B5D4;B@ 4
QFB FB?EFO= @AB7BE?B=AO= QC<89D@<E E 6OEB><@ Q?9>FD<K9E><@ EBCDBF<6?9A<9@, CDBA<;4AAO=
7GEFB= E9FPR >4A4?B6, ;4CB?A9AAOI IBDBLB CDB6B8SM<@ 69M9EF6B@ < 698GM<I > E9AEBDAO@
>?9F>4@. &4>4S EFDG>FGD4 CD96D4M49F CB69DIABEFP F9?4 6 CB8B5<9 «E9FK4F><» Q?9>FD<K9E>B7B
7?4;4, CB;6B?SRM97B D4;7?S8O64FP >4DF<AO Q?9>FD<K9E><I CB?9=. ' 7<@A4DI4 FB?P>B ;48A<= >BA9J
Q?9>FD<K9E>B7B BD74A4 <@99F CDS@B= >BAF4>F E 6B8B=. #9D98A<9 >BAJO EFB?5B6, B5D4;GRM<I
Q?9>FD<K9E><= BD74A, GIB8SF 6 FB?MG F9?4, CB>DOFB7B >B:9=, <@9RM9= 6OEB>B9 EBCDBF<6?9A<9,
AB CDBA<;4AAB= >4A4?4@< Q?9>FDBD9J9CFBDB6, CB >BFBDO@ < CDBF9>49F FB>.
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#D98?B:9AA4S �<EE@4AAB@ F9BD<S B5M9= BD74A<;4J<< Q?9>FDBE9AEBDAB= E<EF9@O E?45B-
Q?9>FD<K9E>B= DO5O B5N98<A<?4 6 B8AB J9?B9 < EFD4AAO9 HBD@O F9?4, E6B=EF69AAO9 Q?9>FD<K9-
E><@ DO54@, < A9B5OKAGR @4A9DG C?464FP, < B7DB@AO=, CB DO5P<@ @9D>4@, @B;7, < D4ECDBEFD4AёA-
ABEFP Q?9>FD<K9E><I DO5 6 BK9AP @GFAOI D9>4I, 789 ;D9A<9 EF4AB6<FES CBKF< 59ECB?9;AO@. �4> <
@AB7<9 8DG7<9 <89< �<EE@4AA4, 7<CBF9;4 B E6S;< HBD@O F9?4 < @4A9DO C?464A<S E FD95B64A<S@<
Q?9>FDBD9J9CFBDAOI E<EF9@ A4IB8<F 6E9 AB6O9 CB8F69D:89A<S. �@9AAB QF<@ E97B8AS B5NSEASRF
Q>;BF<KAO= 6A9LA<= 6<8 @AB7<I Q?9>FDBKG6EF6<F9?PAOI :<6BFAOI, A4CD<@9D, 4>G?O-@B?BF4.
�BCDBE «�4K9@?», J9AFD4?PAO= 8?S �4D6<AB6E>B= Q6B?RJ<BAAB= F9BD<< < B5OKAB ?G>46B CB8@9-
AS9@O= 6BCDBEB@ «�4> GEFDB9AB?», EF46<?ES �<EE@4AAB@ CDS@B < CB?GK4? 489>64FAO9 BF69FO,
6 E69F9 >BFBDOI EF4?B @AB7B CBASFA99, CBK9@G Q?9>FDBKG6EF6<F9?PA4S E<EF9@4 GEFDB9A4 <@9AAB
F4>, 4 A9 <A4K9.

1>EC9D<@9AF4?PAB9 <EE?98B64A<9 HGA>J<BA4?PAB7B A4;A4K9A<S Q?9>FD<K9E>B7B KG6EF64
BE?B:AS9FES F9@, KFB G Q>EC9D<@9AF4FBDB6 A9F EB5EF69AAB7B CD<DB8AB7B BCOF4 6BECD<SF<S Q?9>-
FD<K9E><I CB?9= < FB>B6. �;GK4S 6B;@B:ABEF< ;D9A<S <?< E?GI4, @O @B:9@ IBFS 5O >4K9EF69AAB
BC<D4FPES A4 E6B< 7?4;4 < GL< < A4 BCOF E6B97B ;D<F9?PAB7B < E?GIB6B7B 6BECD<SF<S.  O E4@<
6<8<@, A4CD<@9D, <;@9A9A<S 5D4KAB= B>D4E>< G ?BEBE9= < CD98CB?4749@, KFB < E4@< ?BEBE< FB:9
@B7GF QFB 6<89FP < GK<FO64FP 6 CB6989A<<.  O E?OL<@ FB>B64A<9 7?GI4D9= <?< >64>4AP9 ?S7GL9>
< CB?4749@, KFB QF< ;6G>< 8?S A<I 64:AO, F4> :9 >4> ;6G>B64S >B@@GA<>4J<S 64:A4 < 8?S A4E.
� E?GK49 :9 Q?9>FD<K9E><I DO5 @O <ECB?P;G9@ 6@9EFB 7?4; < GL9= ?<LP CD<5BDO < H<;<K9E><9
@B89?<.

�ECB?P;B64AA4S �<EE@4AAB@ F9IA<>4 D97<EFD4J<< 5O?4 69EP@4 CDBEF4 4 8<CB?PA4S 4AF9AA4
<; 86GI D97<EFD<DGRM<I Q?9>FDB8B6, 54F4D9=AO= GE<?<F9?P, A4GLA<><, @47A<FBHBA < BEJ<??B-
7D4H. % CB@BMPR QFB= F9IA<>< �<EE@4AA 6 4HD<>4AE><I D9>4I ;4D97<EFD<DB64? F9 :9 D97G?SDAO9
Q?9>FD<K9E><9 E<7A4?O, >BFBDO9 BA A45?R84? 6 ?45BD4FBD<<. �A4K<F, DO5O 4>F<6AB <ECB?P;GRF
Q?9>FD<K9E><9 E<7A4?O 6 CD<DB89. "5A4DG:9AAO9 Q?9>FD<K9E><9 <@CG?PEO BF?<K4?<EP CB HBD@9,
K4EFBF9 < D<F@G, F4> >4> D4;AO9 6<8O DO5 79A9D<DGRF D4;?<KAO9 E<7A4?O.

�BCDBE B A4;A4K9A<< Q?9>FDBKG6EF6<F9?PAB= < Q?9>FDB79A9D4FBDAB= E<EF9@ E?45BQ?9>-
FD<K9E><I DO5 5O? D9LёA �<EE@4AAB@ 6 E9D<< BEFDBG@AOI CB6989AK9E><I Q>EC9D<@9AFB6, 
6OCB?A9AAOI EB6@9EFAB E �9AB@  Q=K<Aо@ [37]. #B8BCOFAOI 7<@A4DIB6 B5GK4?< BF?<K4FP 
6A9LA9 <89AF<KAO9 B5N9>FO, <@9RM<9 D4;AGR Q?9>FDBCDB6B8ABEFP. �?S QFB7B <ECB?P;B64?< 
;4CB?A9AAO9 6B8B= A9CDB;D4KAO9 EBEG8O <; CBD<EFB7B 69M9EF64, 6 >BFBDO9 CB@9M4?< CDB6B-
8SM<9 (@9F4??<K9E><9) <?< 8<Q?9>FD<K9E><9 (EF9>?SAAO9 <?< C4D4H<AB6O9) EF9D:A<. $S8B@ E 
86G@S 6A9LA9 <89AF<KAO@< EBEG84@< CB@9M4?< CB K9D6R <, 9E?< 7<@A4DI COF4?ES EI64F<FP 
K9D6S, D4ECB?B:9AAB7B ;4 EBEG8B@ EB EF9>?SAAB= C4?BK>B= <?< C4D4H<AB@, DO5G BF7BAS?< (A974-
F<6AB9 CB8>D9C?9A<9). �OSEA<?BEP, KFB 7<@A4DI ?97>B D4;?<K49F EBEG8O CB <I EB89D:<@B@G < 
G69D9AAB ;45<D49F >BD@ ;4 AG:AO@ EBEG8B@ (D<E. 4).

%6B< Q>EC9D<@9AFO �<EE@4AA CDB8B?:<? A4 7<@ABF4I (Gymnotus carapo), GEC9LAB B5GK<6
A9E>B?P><I DO5 5D4FP C<MG 6 CD<EGFEF6<< 8<E>4 8<4@9FDB@ 5 E@ <; <;B?SJ<BAAB7B @4F9D<4?4 <
BF>4;O64FPES BF A9ё 6 CD<EGFEF6<< 4?R@<A<96B7B 8<E>4 F4>B7B :9 D4;@9D4. 1>EC9D<@9AFO QF<
E D46AO@ GEC9IB@ 5O?< CDB6989AO < A4 E69FG, < 6 F9@ABF9. �4F9@ DO54@ 5O?B CD98?B:9AB BF?<-
K<FP 4?R@<A<96O= 8<E> BF 8<E>4, CB>D4L9AAB7B 4?R@<A<96B= >D4E>B= (<;B?SFBDB@). �<EE@4AA
64DP<DB64? @4F9D<4?O <;B?SJ<BAAOI 8<E>B6, D46AB >4> < @9F4??O, <; >BFBDOI 5O? <;7BFB6?9A
CDB6B8SM<= 8<E>. 1F< <;@9A9A<S A9 @9L4?< B5GK9AAO@ DO54@ G69D9AAB 6OCB?ASFP ;484A<S, KFB
CB;6B?<?B CB?474FP, KFB 64:AO <@9AAB Q?9>FD<K9E><9, 4 A9 I<@<K9E><9 E6B=EF64 @4F9D<4?B6.

#BE>B?P>G A4?<K<9 @9F4??B6 6 QF<I Q>EC9D<@9AF4I @B7?B B;A4K4FP CDBF9>4A<9 8BCB?A<F9?P-
AOI FB>B6, 6BECD<A<@49@OI DO5B=, FB 5O?< CBEF46?9AO >BAFDB?PAO9 Q>EC9D<@9AFO, 6 >BFBDOI
@9F4??O A9 <ECB?P;B64?< 6B6E9. #D9864D<F9?PAO9 Q>EC9D<@9AFO CB>4;4?<, KFB DO54 D947<DG9F A4
5OEFDO9 C9D9@9M9A<S @47A<F4 65?<;< 4>64D<G@4. &9C9DP DO5G CD<GK4?< 5D4FP C<MG, 9E?< 65?<;<
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$<E. 4. �??REFD4J<S > Q>EC9D<@9AF4@ ). �<EE@4AA4 < �.  Q=K<A4 CB BJ9A>9 ECBEB5ABEF< 7<@A4DI4 D4;?<K4FP
CDB6B8SM<9 < A9CDB6B8SM<9 B5N9>FO [37, 38] (J69F BA?4=A)

Fig. 4. Illustration from the work of H. Lissmann and K. Machin, showing the Gymnarchus’s ability to distinguish between
conductive and non-conductive objects [37, 38] (color online)

BF 4>64D<G@4 ;4 A9CDB;D4KAB= C9D97BDB8>B= 5O? ;4>D9C?ёA @47A<F, < 6B;89D:<64FPES BF C<M<,
9E?< @47A<F4 A9 5O?B. � A4B5BDBF 4 5D4FP C<MG CD< BFEGFEF6<< @47A<F4. #D< CBEF4AB6>9 QF<I
Q>EC9D<@9AFB6 �<EE@4AA COF4?ES 8B>4;4FP A9 CDS@GR @47A<FAGR KG6EF6<F9?PABEFP DO5, 4 <I
ECBEB5ABEFP > 6BECD<SF<R @47A<FAOI CB?9= E CB@BMPR FB>B6, A46B8<@OI 6 6B89 86<:GM<@ES
@47A<FB@ <?< 6 86<:GM9=ES DO59 A9CB86<:AO@ @47A<FB@.

#BE?9 BC<E4A<S 5<B?B7<K9E><I 4D7G@9AFB6 6 ;4M<FG Q?9>FDB?B>4J<<, �<EE@4AA EHBD-
@G?<DB64? EBBF69FEF6GRMGR H<;<K9E>GR @B89?P: 6 B8ABDB8AB= 6B8AB= ED989 DO54 EB;84ёF 
CB?9, A4CB@<A4RM99 CB?9 Q?9>FD<K9E>B7B 8<CB?S. �R5B= B5N9>F, Q?9>FDBCDB6B8ABEFP >BFBDB7B 
BF?<K49FES BF Q?9>FDBCDB6B8ABEF< 6B8O, 5G89F BF>?BASFP ?<A<< CB?S <, A4IB8SEP 6 6B89, <E>4-
:4FP C9D6BA4K4?PAGR >BAH<7GD4J<R CB?S. #D98CB?4749FES, KFB DO54 ECBEB5A4 KG6EF6B64FP QFB 
<E>4:9A<9 CB?S. 1F4 <89S 5O?4 >B?<K9EF69AAB BJ9A9A4 >B??97B= �<EE@4AA4 �9AB@  Q=K<Aо@, 
4 D9;G?PF4FO 5O?< BCG5?<>B64AO 6 <I EB6@9EFAB= EF4FP9, 6OL98L9= 6 FB@ :9 AB@9D9 Journal of 
Experimental Biology [37]. "A4 EB69DL9AAB A9 EBBF69FEF6G9F @B89?S@, FD48<J<BAAO@ 8?S 
EB6D9@9AAB= F9IA<>< D48<B?B>4J<<, F4> >4> Q?9>FD<K9E><9 DO5O A9 D97<EFD<DGRF BFD4:ёAAOI BF 
B5N9>FB6 E<7A4?B6, 6BECD<A<@4S ?<LP <E>4:9A<S EFDG>FGDO CB?S 6B>DG7 E95S. &4>4S A96B?AB64S 
>64;<EF4F<K9E>4S @B89?P Q?9>FDB?B>4J<< EB6E9@ A9 FD<6<4?PA4, CD< 6E9= 9ё 6A9LA9= CDBEFBF9 
< A47?S8ABEF<.

#9D9IB8S > B5EG:89A<R 7B?B6B?B@>< �4D6<A4, FB 9EFP <EFBD<< CDB<EIB:89A<S Q?9>FD<K9-
E><I BD74AB6, �<EE@4AA CB6FBDS9F <;69EFAO9 FDG8ABEF< Q6B?RJ<BAAB= F9BD<<: Q?9>FD<K9E><9
BD74AO 6 >4:8B= 7DGCC9 Q?9>FD<K9E><I DO5 6B;A<>?< A9;46<E<@B. 1@5D<B?B7<S < <AA9D64J<S
S6AB G>4;O64RF, KFB Q?9>FD<K9E><9 BD74AO 6B;A<>?< <; @OLJ, AB 6 @OLJ4I DO5 A9F A<K97B

"?PL4AE><= �. ., �4DBA �. �.,  4> 47BA �., �?9A>B �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 6 791



BEB59AAB7B, CDB6BJ<DGRM97B <I CD96D4M9A<9 6 Q?9>FD<K9E><9 BD74AO. �B?99 FB7B, A9?P;S GF69D-
:84FP, KFB >4>4S-FB >BA>D9FA4S 7DGCC4 @OLJ B>4;4?4EP 5B?99 8DG7<I CD98D4ECB?B:9A4 > F4><@
FD4AEHBD@4J<S@, CBE>B?P>G BD74AO CDB<;BL?< <; D4;AOI 7DGCC @OLJ, A4CD<@9D, I6BEFB6OI,
FG?B6<MAOI <?< 7?4;AOI. #B?GK<?BEP, KFB D4EE@BFD9A<9 CDB5?9@O A4 GDB6A9 EB5EF69AAB Q?9>FD<-
K9E>B7B BD74A4 A9 CD<69?B > D4;748>9, A9B5IB8<@B 5O?B 86<74FPES 84?99 < CB8ASFPES A4 GDB69AP
J9?B7B HGA>J<BA4?PAB7B >B@C?9>E4, K4EFPR >BFBDB7B S6?S?<EP QF< BD74AO.

#D98CB?474S EGM9EF6B64A<9 Q?9>FDBD9J9CJ<<, �<EE@4AA 6OAG:89A 5O? G>4;4FP, >4><9
<@9AAB EFDG>FGDO @B7?< 5O 5OFP Q?9>FDBD9J9CFBD4@<. "A <E>4? Q?9>FDBD9J9CFBDO ED98< E9AEBD-
AOI B>BAK4A<=, @BDHB?B7<K9E>< BC<E4AAOI 8?S E?45BQ?9>FD<K9E><I DO5 < A9 6EFD9K4RM<IES G
8DG7<I 6B8AOI :<6BFAOI. ' @BD@<D<8 F4><9 BEB5O9 B>BAK4A<S <@9RFES, QFB 7GEF4S E9FP >4A4?B6
6 >B:9, ;4CB?A9AAOI IBDBLB CDB6B8SM<@ FB> 79?9@ < EA45:ёAAOI E9AEBDAO@< >?9F>4@< A4 8A9.
�A4?B7<KAO9 >4A4?PAO9 BD74AO 5O?< G>4;4AO �<EE@4AAB@ 8?S 8DG7<I Q?9>FD<K9E><I DO5 4
7<@ABF<8, E>4FB6 < EB@B6 [3].

�B 6D9@9A< CG5?<>4J<< EF4FP< �<EE@4AA4, ECBD B HGA>J<< 4A4?B7<KAOI E9AEBDAOI B>BAK4-
A<= G E>4FB6 (>4A4?PAOI BD74AB6 <?< 4@CG? �BD9AJ<A<) G:9 Lё? 6 A4GKAB= ?<F9D4FGD9. �<EE@4AA
G>4;O649F, KFB QF< BD74AO KD9;6OK4=AB KG6EF6<F9?PAO > <;@9A9A<S@ 846?9A<S < F9@C9D4FGDO,
6C?BFP 8B 0.05◦%. "A, B8A4>B, A4IB8<F DS8 CDBF<6BD9K<= 6 F9@C9D4FGDAB= 7<CBF9;9. 1) �4K9@
5O?B CDSF4FP KG6EF6<F9?PAO9 F9@C9D4FGDAO9 D9J9CFBDO 67?G5P F9?4? 2) �AA9D64J<S QF<I D9J9C-
FBDB6 EB@4FBFBC<K9E>4S, FB 9EFP 6 @B;7G J9AFDO, B5D454FO64RM<9 E<7A4?O BF 5?<;><I GK4EF>B6
CB69DIABEF< F9?4, F4>:9 E5?<:9AO. �4K9@ QFB D9J9CFBD4@ F9@C9D4FGDO?

#D9:89, K9@ B>BAK4F9?PAB ;4>?RK<FP, KFB 4@CG?SDAO9 BD74AO @B7GF 5OFP Q?9>FDBD9J9C-
FBD4@<, �<EE@4AA BEF4A46?<649FES A4 BK9AP EGM9EF69AAB= CDB5?9@9. �;69EFAB, KFB @AB7<9
DO5O (A4CD<@9D, BE9FDB6O9 < 4>G?O), <@9RM<9 4@CG?O �BD9AJ<A<, A9 B5?484RF EC9J<4?PAO@<
Q?9>FD<K9E><@< BD74A4@<. �<EE@4AA G>4;O649F D9L9A<9 QFB= CDB5?9@O: Q?9>FDBD9J9CJ<S A9
9EFP E?98EF6<9 ECBEB5ABEF< > 79A9D4J<<, 4 A4CDBF<6, 9ё CD98CBEO?>4. 1?9>FDBKG6EF6<F9?PABEFP
8B?:A4 CD98L9EF6B64FP 6B;A<>AB69A<R Q?9>FDB79A9D4J<<, CBQFB@G Q?9>FDBD9J9CFBDAOI :<6BF-
AOI 8B?:AB 5OFP @AB7B 5B?PL9, K9@ ECBEB5AOI > 79A9D4J<<. � K4EFABEF<, �<EE@4AA <  Q=K<A
CB>4;4?< 6OEB>GR Q?9>FD<K9E>GR KG6EF6<F9?PABEFP G 4HD<>4AE>B7B >?4D<96B7B EB@4, CD<Kё@ 6
A4;64A<< CG5?<>4J<< CB8KёD><64?BEP, KFB >?4D<96O9 EB@O A9 S6?SRFES Q?9>FD<K9E><@< DO54-
@< [39]. 1FB BK9AP 64:A4S < CB>4;4F9?PA4S D45BF4, A47?S8AB 89@BAEFD<DGRM4S, >4> A98BEF4F><
@9FB8B6 D97<EFD4J<< < CDB6989A<S Q>EC9D<@9AFB6 @B7GF CD<69EF< <EE?98B64F9?S > A969DAO@
6O6B84@ B5 BFEGFEF6<< ECBEB5ABEF< > 79A9D4J<< D4;DS8B6.

#D98CB?B:9A<9 �<EE@4AA4 B L<DB>B@ D4ECDBEFD4A9A<< Q?9>FDBD9J9CJ<< 5?9EFSM9 CB8-
F69D8<?BEP, F4>B64S 5O?4 BC<E4A4 6 E4@OI D4;AOI 7DGCC4I :<6BFAOI, 6>?RK4S >DG7?BDBFOI,
4@H<5<= < 84:9 @?9>BC<F4RM<I. �B?99 FB7B, > A4EFBSM9@G 6D9@9A< EK<F49FES 8B>4;4AAO@, KFB
4@CG?SDAO9 D9J9CFBDO 5O?< G E4@OI C9D6OI CB;6BABKAOI [40].

�B;A<>AB69A<9 Q?9>FDBD9J9CFBDB6 >4> CDBJ9EE Q6B?RJ<BAAB CD98L9EF6GRM<= 6B;A<>AB-
69A<R Q?9>FD<K9E><I BD74AB6, FD95G9F BF69F4 A4 6BCDBE B FB@, >4><9 Q?9>FD<K9E><9 EF<@G?O
@B7?4 5O 6BECD<A<@4FP A9Q?9>FD<K9E>4S <?< «8BQ?9>FD<K9E>4S» DO54.  B:AB CD98CB?B:<FP, KFB
QFB @B7GF 5OFP @OL9KAO9 CBF9AJ<4?O 89=EF6<S BF B5N9>FB6 BIBFO, I<MA<>B6, BEB59= FB7B :9
6<84 < BF E4@<I DO5, KFB 5O?B G598<F9?PAB Q>EC9D<@9AF4?PAB CB8F69D:89AB CB;:9, 6 FB@ K<E?9
BEAB64F9?9@ DBEE<=E>B= L>B?O Q?9>FDBQ>B?B7<< �?48<@<DB@ $GEF4@B6<K9@ #DBF4EB6O@ [41].

� ;4>?RK9A<9 EF4FP< �<EE@4AA GCBFD95?S9F F9D@<A, >BFBDO= E QFB7B 6D9@9A< 5G89F A9B8-
AB>D4FAB <ECB?P;B64A 6 D4;?<KAOI B5;BDAOI < CBCG?SDAOI EF4FPSI 4 «Q?9>FDBD9J9CF<6A4S
E9FK4F>4»: «&4>4S DO54, :<6GM4S 6 BEB5B@ Q?9>FD<K9E>B@ @<D9, CD<A<@49F D4;ABB5D4;AGR
<AHBD@4J<R CBED98EF6B@ E9AEBDAOI BD74AB6, D4ECD989?ёAAOI CB 6E9= CB69DIABEF< 9ё F9?4,
>BFBDGR @B:AB GCB8B5<FP «Q?9>FDBD9J9CF<6AB= E9FK4F>9» [3]. !9KFB CB8B5AB9 F4>B= «E9FK4F>9»
@O D94?<;G9@ 6 A4L9= @9FB8<>9 6<;G4?<;4J<< Q?9>FD<K9E><I CB?9= DO5 [11].
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�B CG5?<>4J<< �<EE@4AA4 <  Q=K<A4 [37] Q?9>FDBKG6EF6<F9?PABEFP DO5 A98BBJ9A<64?4EP
A4 536 CBDS8>B6. �ECB?P;GS F9IA<>G CB6989AK9E>B7B Q>EC9D<@9AF4, 46FBDO CB>4;4?<, KFB CBDB7<
KG6EF6<F9?PABEF< @B7GF 8BEF<74FP 69?<K<A C?BFABEF< FB>4 CBDS8>4 20 C�/E@2, <?< A4CDS:ёAABEF<
Q?9>FD<K9E>B7B CB?S CBDS8>4 8B?9= @<>DB6B?PF A4 E4AF<@9FD. % GKёFB@ C?BFABEF< D4ECB?B:9A<S
Q?9>FDBD9J9CFBDB6 < 8?<F9?PABEF< D4;DS8B6, QF< 69?<K<AO EBBF69FEF6GRF CDBIB:89A<R FOESK
<BAB6 K9D9; B8<ABKAO= D9J9CFBD [42].

4. �EE?98B64A<S @9I4A<;@B6 Q?9>FDB79A9D4J<<

< Q?9>FDBD9J9CJ<<

"5;BD  . �9AA9F4 [36] BEF4ёFES B8A<@ <; E4@OI J<F<DG9@OI, >B784 D9KP <8ёF B H<;<B?B7<<
Q?9>FD<K9E><I BD74AB6 DO5.  BMA4S L>B?4 <EE?98B64A<S 5<BQ?9>FDB79A9;4 E?B:<?4EP 6 1950-9
7B8O [43], < �9AA9F CD<?B:<? F9BD9F<K9E><9 CD98EF46?9A<S, @9FB8<>< < CB8IB8O QFB= L>B?O
> Q?9>FD<K9E><@ DO54@, BC<E46 @BDHB?B7<R, H<;<B?B7<R < E<EF9@O >BAFDB?S Q?9>FD<K9E><I
BD74AB6 8?S 6E9I <;69EFAOI > FB@G 6D9@9A< Q?9>FD<K9E><I DO5. $9;R@<DGS B5L<DAO= C?4EF
D45BF, CBE6SMёAAOI EFDB9A<R Q?9>FD<K9E><I BD74AB6 < @9I4A<;@4@ 79A9D4J<<, C9D9K<E?<@
BEAB6AO9 CB?B:9A<S < 6O6B8O.

1?9>FD<K9E><9 BD74AO 6 CDBJ9EE9 Q6B?RJ<< 6B;A<>4?< A9;46<E<@B G D4;AOI 6<8B6 DO5.
"5 QFB@ E6<89F9?PEF6G9F, A4CD<@9D, A4IB:89A<9 F4><I BD74AB6 G D4;AOI DO5 6 D4;AOI K4EFSI F9?4.
�B 6D9@9A< CG5?<>4J<= �<EE@4AA4 Q?9>FD<K9E><9 BD74AO 5O?< B5A4DG:9AO < BC<E4AO G CD98-
EF46<F9?9= L9EF< BFDS8B6 DO5, < 6 >4:8B@ BA< 6B;A<>?< A9;46<E<@B [36,44]. � B5;BD9 �9AA9F4 <;
EB@BB5D4;AOI > Q?9>FD<K9E><@ BFA9E9AB FB?P>B E9@9=EF6B Q?9>FD<K9E><I EB@B6 (Malapteruridae),
4 ED98< B>GA9B5D4;AOI 4 FB?P>B E<?PABQ?9>FD<K9E><9 ;69;8BKёFO DB84 Astroscopus. #B;:9 ED98<
CD98EF46<F9?9= BFDS84 EB@BB5D4;AOI ECBEB5ABEFP > Q?9>FDB79A9D4J<< 5O?4 CB>4;4A4 8?S @AB7<I
6<8B6, B8A4>B Q?9>FDB79A9D<DGRM<9 EFDG>FGDO BC<E4AO A4 E97B8ASLA<= 89AP FB?P>B 8?S EB@B6
DB84 Synodontis [45347]. #B@<@B E<?PABQ?9>FD<K9E><I Astroscopus, ED98< ;69;8BKёFB6OI 5O?<
B5A4DG:9AO < E?45BQ?9>FD<K9E><9 Uranoscopus [4, 48, 49]. "F@9F<@, KFB <; 6E9I Q?9>FD<K9E><I
DO5, FB 9EFP DO5, <@9RM<I Q?9>FD<K9E><9 BD74AO, A9 B5?484RF Q?9>FDBD9J9CJ<9= FB?P>B ;69;8B-
KёFB6O9 4 QFBF H4>F BEB5B BF@9K49FES CD< B5EG:89A<< 6B;@B:AOI HGA>J<BA4?PAOI A4;A4K9A<=
Q?9>FD<K9E><I BD74AB6 [48350].

1?9>FD<K9E><9 BD74AO EBEFBSF <; BEB5OI >?9FB> 4 Q?9>FDBJ<FB6, K<E?B >BFBDOI @B:9F EB-
EF46?SFP BF EBF9A G E?45BQ?9>FD<K9E><I DO5 8B @<??<BAB6 G E<?PABQ?9>FD<K9E><I. 1?9>FD<K9E><9
BD74AO <@9RF A9D6AB-@OL9KAB9 CDB<EIB:89A<9, CD<Kё@ 6 CDBJ9EE9 Q6B?RJ<< FD4AEHBD@4J<<
CB869D7?<EP A9 FB?P>B @OL9KAO9 6B?B>A4 4 CD98L9EF69AA<>< Q?9>FDBJ<FB6, AB < E6S;4AAO9 E
A<@< A9=DBAO < E<A4CEO. �B?99 FB7B, G CD98EF46<F9?9= E9@9=EF64 Apteronotidae @OL9KAO= >B@-
CBA9AF 5O? GFD4K9A < <EFBKA<>B@ FB>4 S6?SRFES 6<8B<;@9A9AAO9 4>EBAO @BFBA9=DBAB6. &4><@
B5D4;B@, B5M<9 CD<AJ<CO Q?9>FDB79A9D4J<< 6 Q?9>FDBJ<F4I F4><9 :9, >4> < 6 B5OKAOI A9D6AOI <
@OL9KAOI >?9F>4I [36]. &>4A<, B>DG:4RM<9 Q?9>FD<K9E><= BD74A, <@9RF 6OEB>B9 EBCDBF<6?9A<9,
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Утверждения Лиссманна, что гимнарх, мормириды и гимнотиды обладают электрорецепци-
ей, способны к электролокации и электрокоммуникации, подтверждались его поведенческими 
экспериментами, а также физическими расчётами, выполненными Мэйчином [3, 37]. В плане 
общих представлений это было убедительно, включая количественные оценки порогов чувстви-
тельности, дальности коммуникации, разрешающей способности локации. Однако, помимо общих 
представлений, учёных интересовали детали и подробности, требующие дополнительных иссле-
дований. Яркие публикации Лиссманна привлекли к изучению мормирид и гимнотид множество 
специалистов, из которых в первую очередь хочется назвать М. Беннета, Т. Сабо, Т. Буллока, 
В. Хейлигенберга и В. Протасова.



B5D4;GS <;B?<DGRMGR B5B?BK>G, CD9CSFEF6GRMGR LGAF<DB64A<R FB>4 6AGFD9AA<@< BD74A4@<
< G@9APL4RMGR 6B;89=EF6<9 FB>4 A4 EB5EF69AAO= BD74A<;@ [36].

#BF9AJ<4? CB>BS Q?9>FDBJ<FB6 EBEF46?S9F B>B?B 60 @� [43]. #D< I<@<K9E>B@ <?< Q?9>FD<-
K9E>B@ 6B;5G:89A<< CDBA<J49@BEFP @9@5D4AO 8?S <BAB6 A4FD<S D9;>B 6B;D4EF49F, KFB 6O;O649F
?46<ABB5D4;AO= A4FD<96O= FB>, A4CD46?9AAO= 6AGFDP >?9F><, 6 FBKABEF< F4> :9, >4> QFB <@99F
@9EFB 6 A9=DBA4I < @OLJ4I K9?B69>4 (CBF9AJ<4? 89=EF6<S). )4D4>F9DAB9 6D9@S QFB7B CDBJ9EE4
EBEF46?S9F CBDS8>4 @<??<E9>GA8O.

�4K9EF69AAO9 BF?<K<S <A8<6<8G4?PAOI Q?9>FDBJ<FB6 BF @OL9KAOI 6B?B>BA E6B8SFES
CD9:89 6E97B > BFEGFEF6<R 6 Q?9>FDBJ<F4I EB>D4F<F9?PAB7B 4CC4D4F4. #B@<@B QFB7B, G @AB7<I
Q?9>FD<K9E><I DO5 Q?9>FDBJ<FO GC?BM9AO 68B?P BE< BD74A4 (?<A<= FB>4). %GM9EF6G9F F4>:9 DS8
@BDHB?B7<K9E><I BEB59AABEF9= A4 F>4A96B@ GDB6A9. �AA9D64J<S Q?9>FDBJ<FB6 EFDB7B D97G?SDA4,
>4> CD46<?B E<A4CF<K9E><9 C?4EF<A>< E<?PAB G69?<K9AO < D4ECB?474RFES E B8AB= EFBDBAO >?9FB>.
� QFB@ E?GK49 6B;5G8<@B= S6?S9FES FB?P>B <AA9D6<DG9@4S EFBDBA4. ' @BD@<D<8 A45?R849FES
86GEFBDBAASS <AA9D64J<S < 6B;5G8<@O@< S6?SRFES B59 @9@5D4AO, EBBF69FEF69AAB, 6B;5G:89A<9
D4;AOI EFBDBA Q?9>FDBJ<F4 CDB<EIB8<F E A9>BFBDB= ;489D:>B=, KFB CD<6B8<F > CBS6?9A<R 5<H4;-
AOI <?< CB?<H4;AOI 5<CB?SDAOI D4;DS8B6. (BD@4 F4><I D4;DS8B6 KG6EF6<F9?PA4 > <;@9A9A<S@
69?<K<AO ;489D:>< @9:8G 6B;5G:89A<9@ >4G84?PAB= < DBEFD4?PAB= @9@5D4A.

�B?PL4S C?BM48P E<A4CF<K9E>B7B >BAF4>F4 < E<?PAB 6OD4:9AA4S 4E<@@9FD<S <AA9D64J<<
CB;6B?S9F ECDB6BJ<DB64FP 5OEFDGR < B8AB6D9@9AAGR 89CB?SD<;4J<R @AB7<I Q?9>FDBJ<FB6, KFB
CD<6B8<F > EG@@<DB64A<R ?B>4?PAOI FD4AE@9@5D4AAOI FB>B6 < A4CDS:9A<=. 1FB7B A9 CDB<EIB-
8<F CD< EB>D4M9A<< B5OKAOI E>9?9FAOI @OLJ <;-;4 A9E<AIDBAABEF< 6B;5G:84RM<I A9D6AOI
<@CG?PEB6 < A9D97G?SDABEF< <AA9D64J<< @OL9KAOI 6B?B>BA. +9@ 6OL9 EF9C9AP E<AIDBAABEF<
6B;5G:89A<S Q?9>FDBJ<FB6, F9@ 5?<:9 B>4;O649FES B5M4S HBD@4 D4;DS84 J9?B7B BD74A4 < HBD@4
D4;DS84 B8<ABKAB7B Q?9>FDBJ<F4. #BE?98ASS, 6 E6BR BK9D98P, BCD989?S9FES @BDHB?B7<K9E><@<
BEB59AABEFS@< E4@B7B Q?9>FDBJ<F4 < <AA9D6<DGRM97B 97B 4>EBA4.

 BDHB?B7<K9E>4S B5GE?B6?9AABEFP HBD@O Q?9>FD<K9E><I D4;DS8B6 B59EC9K<649F <89AF<K-
ABEFP D4;DS8B6, 79A9D<DG9@OI >BA>D9FAO@ CD98EF46<F9?9@ @BD@<D<8 <?< 7<@ABF<8. �D9?O9 BEB5<
B8AB7B 6<84 < CB?4 <@9RF EIB8AB9 EFDB9A<9 Q?9>FD<K9E><I BD74AB6 < 79A9D<DGRF BK9AP 5?<;><9
CB HBD@9 D4;DS8O, KFB CB;6B?S9F 84:9 D4EE@4FD<64FP <I HBD@G 6 >4K9EF69 F4>EBAB@<K9E>B7B
CD<;A4>4 [51355].

' 7<@ABF<8 D4;?<K4RF 864 F<C4 D<F@B6: CG?PE<DGRM<=, CD< >BFBDB@ D4;DS8O <A8<6<8G4?P-
AO, CDB@9:GF>< 6D9@9A< @9:G D4;DS84@< 64D<459?PAO <, >4> CD46<?B, CD96OL4RF 8?<F9?PABEFP
E4@<I D4;DS8B6; 6B?AB6B=, CD< >BFBDB@ BF89?PAO9 D4;DS8O E?<64RFES 6 A9CD9DO6AO= C9D<B8<K9-
E><= E<7A4?, K4EFBF4 >BFBDB7B @B:9F 64DP<DB64FP 6 D4;AOI CB6989AK9E><I E<FG4J<SI. "F@9F<@,
KFB CBE?9 DS84 F4>EBAB@<K9E><I D96<;<= 6B?AB6O9, E B8AB= EFBDBAO, < CG?PE<DGRM<9 6<8O
7<@ABF<8, E 8DG7B=, B>4;4?<EP BFA9EёAAO@< > D4;AO@ E9@9=EF64@. �E9 @BD@<D<8O CG?PE<DGR-
M<9, < FB?P>B 7<@A4DI 4 98<AEF69AAO= 6<8 6 EBEF469 B8AB<@ёAAB7B E9@9=EF64, <@99F 6B?AB6B=
I4D4>F9D 79A9D4J<<. �E?< HBD@4 D4;DS84 BCD989?SRFES @BDHB-H<;<B?B7<K9E><@< BEB59AABEFS@<
Q?9>FD<K9E><I BD74AB6 < A9 @9AS9FES BF D4;DS84 > D4;DS8G, FB D<F@ 79A9D4J<< ;484ёFES *!% <,
BEB59AAB G CG?PE<DGRM<I DO5, S6?S9FES HBD@B= CB6989A<S.

1?9>FDBJ<FO <AA9D6<DGRFES Q?9>FDB@BFBA9=DBA4@<, D4ECB?B:9AAO@< 6 EC<AAB@ @B;79.
�B?<K9EF6B Q?9>FDB@BFBA9=DBAB6, 6<8<@B, BCD989?S9FES CDB<EIB:89A<9@ Q?9>FD<K9E><I BD74AB6,
4 A9 <I EB6D9@9AAO@ EFDB9A<9@ [48]. &4>, A4CD<@9D, A9E>B?P>B @<??<BAB6 Q?9>FDBJ<FB6 G Q?9>-
FD<K9E>B7B EB@4 <AA9D6<DGRFES 6E97B 86G@S Q?9>FDB@BFBA9=DBA4@<, FB784 >4> 500 Q?9>FDBJ<FB6
A<?PE>B7B E?BA<>4 (Gnathonemus petersii) <AA9D6<DGRFES 250 Q?9>FDB@BFBA9=DBA4@< [56, 57].

1?9>FDB@BFBA9=DBAO <AA9D6<DGRFES D9?9=AO@< A9=DBA4@<, >BFBDO9, 6 E6BR BK9D98P, <A-
A9D6<DGRFES C9=E@9=>9DAO@< A9=DBA4@<, D4ECB?B:9AAO@< 6 B8AB<@ёAAOI S8D4I CDB8B?7B64FB7B
@B;74. #9=E@9=>9DAO@ <?< >B@4A8AO@ A4;O64RF S8DB E4@B7B 6OEB>B7B GDB6AS 6 J9C< GCD46?9A<S
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Q?9>FD<K9E><@ BD74AB@, >BFBDB9, EB5EF69AAB, ;484ёF D<F@ 79A9D4J<< [58]. !9=DBAO D9?9=AB7B
S8D4 >B@@GF<DGRF @BFBA9=DBAO < E?G:4F 8?S E<AIDBA<;<;4J<< ED454FO64A<S @BFBA9=DBAB6 [36].
"8A4>B E<AIDBAAB9 6B;5G:89A<9 6E9I Q?9>FDB@BFBA9=DBAB6 D9?9=AO@< >?9F>4@< E4@B CB E959
9Mё A9 B59EC9K<649F E<AIDBAAB7B 6B;5G:89A<S 6E9I Q?9>FDBJ<FB6, F4> >4> 6D9@S D4ECDBEFD4A9A<S
A9D6AOI <@CG?PEB6 @B:9F CD96OL4FP 8?<F9?PABEFP D4;DS84. �B@C9AE4J<S 6D9@9A< D4ECDBEFD4A9-
A<S >B@4A8 B59EC9K<649FES A4 GDB6A9 EFDB9A<S 4>EBAB6: 6B?B>A4, <8GM<9 > 84?PA<@ >?9F>4@,
<@9RF 5B?PL<= 8<4@9FD </<?< CDBIB8SF 5B?99 CDS@B, K9@ 6B?B>A4, <8GM<9 > 5?<:A<@ >?9F>4@
Q?9>FD<K9E>B7B BD74A4 [36].

�4 <E>?RK9A<9@ ;69;8BKёFB6, 6E9 DO5O, ECBEB5AO9 79A9D<DB64FP D4;DS8O, ECBEB5AO F4>:9
< 6BECD<A<@4FP Q?9>FD<K9E><9 E<7A4?O. � C9D6OI D45BF4I [3, 37] Q?9>FDBKG6EF6<F9?PABEFP 5O?4
CB>4;4A4 6 CB6989AK9E><I Q>EC9D<@9AF4I. �ECB?P;B64A<9 EIB:<I @9FB8B6 5O?B I4D4>F9DAO@
6 1960-9 7B8O, 6 FB@ K<E?9 CB6989AK9E><9 D94>J<< 4>G? < E>4FB6 6 BF69F A4 <@<F4J<< Q?9>-
FD<K9E><I CB?9= <I B5N9>FB6 C<F4A<S [59]. #BDB7<, 6OS6?9AAO9 F4><@< @9FB84@<, A4;O64RF
CB6989AK9E><@<, < G 4>G? < E>4FB6 BA< EBEF46?SRF CBDS8>4 5 A�/E@ [60], 4 G CD9EAB6B8AOI
Q?9>FDBKG6EF6<F9?PAOI 6<8B6 4 CBDS8>4 0.1...10 @>�/E@ [61]. #D< QFB@ B5OKAO9 CD9EAB6B8AO9
DO5O @B7GF D947<DB64FP A4 Q?9>FD<K9E><9 CB?S E A4CDS:ёAABEFPR CBDS8>4 1 @�/E@ < 5B?99,
B8A4>B QF< D94>J<< ABESF, >4> CD46<?B, A9CDB<;6B?PAO= I4D4>F9D < A9 E6S;4AO E A4?<K<9@
EC9J<H<K9E><I Q?9>FDBD9J9CFBDB6 [62].

$45BFO CB <EE?98B64A<R H<;<B?B7<< Q?9>FDBD9J9CFBDB6 5O?< <A<J<<DB64AO 6 >BAJ9 1960-
I &B@4EB@ %45B, EB5D46L9@ 7DGCCG EC9J<4?<EFB6 6 �6DBC9, < &9B8BDB@ �G??B>B@, EB5D46L9@
7DGCCG 6 %,� [63]. �G??B> < %45B 4>F<6AB EBFDG8A<K4?<. %45B GLё? <; :<;A< 6 1993-@, �G??B>
6 2005 7B8G, CBQFB@G L>B?4 �G??B>4 CDB86<AG?4EP ;4@9FAB 84?PL9. % E9D98<AO 1970-I E �G??B>B@
A4K4? 4>F<6AB EBFDG8A<K4FP GK9A<> ;A4@9A<FB7B ;BB?B74, B8AB7B <; BEAB6BCB?B:A<>B6 QFB?B7<<
�BAD484 �BD9AJ4, �4?PF9D )9=?<79A59D7, 5OEFDB EF46L<= B8A<@ <; ?<89DB6 A9=DBH<;<B?B7<<
Q?9>FD<K9E><I DO5 [64]. � 1986 7. CB8 D984>J<9= �G??B>4 < )9=?<79A59D74 6OL9? E5BDA<> B5;BD-
AOI EF4F9=, CBE6SMёAAO= D4;?<KAO@ 4EC9>F4@ Q?9>FDBD9J9CJ<< [65], B;A4>B@?9A<9 E >BFBDO@
< A4 E97B8ASLA<= 89AP BEF4ёFES B8A<@ <; ?GKL<I ECBEB5B6 CB?GK<FP CD98EF46?9A<9 B5 QFB=
B5?4EF< A4G><.

#BASF<9 «Q?9>FDBKG6EF6<F9?PABEF<» Q?9>FDBD9J9CFBDB6 FD95G9F CBSEA9A<=, CD9:89 6E97B
6 BFABL9A<< FB7B, A4 >4>B= <@9AAB H<;<K9E><= EF<@G? D947<DG9F D9J9CFBD. 1FB @B:9F 5OFP
D4;ABEFP CBF9AJ<4?B6 A4 E9AEBDAB= >?9F>9, ?<5B @9:8G CBDB= < 54;4?PAB= @9@5D4AB= >B:AB7B
QC<F9?<S <?< :9 FB>, CDBF9>4RM<= K9D9; D9J9CFBD. �O?< 6OE>4;4AO 4D7G@9AFO 6 CB?P;G FB7B,
KFB Q?9>FDBD9J9CFBDO S6?SRFES E>BD99 «6B?PF@9FD4@<», K9@ «4@C9D@9FD4@<» [59].

&9D@<A «Q?9>FDBD9J9CFBD» B5B;A4K49F 4A4FB@<K9E>GR EFDG>FGDG, EBEFBSMGR <; QC<89D@4?P-
AB= >4CEG?O <?< 4@CG?O, D4ECB?B:9AAB= 6 G7?G5?9A<< 54;4?PAB= @9@5D4AO >B:AB7B QC<F9?<S
< EB89D:4M9= E9AEBDAO9 >?9F><, < >4A4?4, EB98<ASRM97B 4@CG?G E A4DG:AB= ED98B= < BF-
>DO64RM97BES A4DG:G CBDB=. 1?9>FDBD9J9CFBDO A9D46AB@9DAB D4ECD989?9AO CB 6E9@G F9?G.
 4>E<@4?PA4S C?BFABEFP 6 B5?4EF< 7B?B6O (8B 20...80 LF/@@2), @<A<@4?PA4S 4 6 I6BEFB6B=
K4EF< F9?4 (132 LF/@@2), CD< QFB@ A9CBED98EF69AAB 65?<;< Q?9>FD<K9E>B7B BD74A4 D9J9CFBDO
BFEGFEF6GRF. "5M99 <I K<E?B ED46A<F9?PAB 69?<>B < @B:9F EBEF46?SFP 89ESF>< FOESK G DO5
8?<AB= 20...30 E@ [65]. %D46A9A<9 D9J9CFBDB6 D4;AOI DO5 CB;6B?<?B 6O89?<FP 864 <I F<C4:
4@CG?SDAO9 (ampullary), <?< 4@CG?O �BD9AJ<A<, < 5G7BD>B6O9 (tuberous). �@CG?SDAO9 D9J9CFBDO
B5A4DG:9AO G 6E9I Q?9>FDBKG6EF6<F9?PAOI :<6BFAOI, 4 5G7BD>B6O9 > A4EFBSM9@G 6D9@9A< CB-
8DB5AB BC<E4AO FB?P>B G @BD@<D<8 < 7<@ABF<8, IBFS 6OE>4;O64?<EP CD98CB?B:9A<S B A4?<K<<
5G7BD>B6OI D9J9CFBDB6 F4>:9 G A9>BFBDOI EB@B6 [66].

 BDHB?B7<K9E>< 4@CG?SDAO9 < 5G7BD>B6O9 D9J9CFBDO D4;?<K4RFES CD9:89 6E97B EBBFAB-
L9A<9@ C?BM489= 4C<>4?PAB= < 54;4?PAB= @9@5D4A E9AEBDAOI >?9FB>. � 4@CG?SDAOI D9J9CFBD4I
C?BM48P C9D6B= @AB7B @9APL9, K9@ 6FBDB=, 6 FB 6D9@S >4> 6 5G7BD>B6OI 4 6Eё A4B5BDBF. #B@<@B
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QFB7B, 6 5G7BD>B6OI D9J9CFBD4I CDBEFD4AEF6B >4CEG?O @9:8G E9AEBDAO@< >?9F>4@< < CBDB=
;4CB?A9AB F4> A4;O649@O@< ;4C<D4RM<@< >?9F>4@< (plug cells), FB 9EFP 6 5G7BD>B6OI D9J9C-
FBD4I BFEGFEF6G9F CDS@4S 74?P64A<K9E>4S E6S;P E9AEBDAOI >?9FB> E A4DG:AB= CB69DIABEFPR.
�4C<D4RM<9 >?9F>< < C?BFAB EB98<AёAAO9 CB>DB6AO9 >?9F>< (covering cells) Q>6<64?9AFAO CBE?9-
8B64F9?PAB= ё@>BEF< [61], KFB EBBF69FEF6G9F <I EC9J<4?<;4J<< >4> D9J9CFBDB6 6OEB>BK4EFBFAOI
E<7A4?B6, IBFS CB?AB7B 89F4?PAB7B CD98EF46?9A<S B H<;<B?B7<< 5G7BD>B6OI D9J9CFBDB6 CB>4 A9F.

!<;>BK4EFBFAO9 4@CG?SDAO9 D9J9CFBDO KG6EF6<F9?PAO > E<7A4?4@ 6 8<4C4;BA9 0.1...50 �J,
4 6OEB>BK4EFBFAO9 5G7BD>B6O9 4 6 8<4C4;BA9 50...2000 �J [65]. $4;A<J4 K4EFBFAOI 8<4C4;BAB6
<@99F EGM9EF69AAB9 5<B?B7<K9E>B9 ;A4K9A<9. !<;>BK4EFBFAO9 (4@CG?SDAO9) D9J9CFBDO GK4EF6GRF
6 C4EE<6AB= ?B>4J<<, 6 K4EFABEF<, 6 B5A4DG:9A<< :9DF6 CB Q?9>FD<K9E><@ CB?S@, EBCDB6B:-
84RM<@ <I 8OI4A<9, 4 F4>:9 6 BD<9AF4J<< CB 9EF9EF69AAO@ Q?9>FDB@47A<FAO@ CB?S@ [59].
�OEB>BK4EFBFAO9 (5G7BD>B6O9) D9J9CFBDO EK<F4RFES EC9J<4?<;<DB64AAO@< 8?S 4>F<6AB= ?B>4-
J<< < >B@@GA<>4J<<, FB 9EFP 8?S 6BECD<SF<S EB5EF69AAOI < KG:<I D4;DS8B6. � E6BR BK9D98P
5G7BD>B6O9 D9J9CFBDO 89?SF A4 864 F<C4. ' @BD@<D<8 D9J9CFBDO C9D6B7B F<C4 BF69K4RF A4
>4:8O= D4;DS8 B8A<@ EC4=>B@, FB784 >4> K<E?B EC4=>B6 6 BF69F9 D9J9CFBDB6 6FBDB7B F<C4 A9
D46AB K<E?G D4;DS8B6 < ;46<E<F BF 4@C?<FG8O EF<@G?4. &4>B9 H<;<B?B7<K9E>B9 D4;?<K<9 EBBF-
69FEF6G9F @BDHB?B7<K9E><@ BEB59AABEFS@: C9D6O9 BC<E4AO >4> >AB??9ABD74AO, 4 6FBDO9 4 >4>
@BD@<DB@4EFO [57]. �O?B CB>4;4AB, KFB G:9 A4 A<;L<I GDB6ASI B5D45BF>< Q?9>FDBE9AEBDAB=
<AHBD@4J<< CDB<EIB8<F D4;89?9A<9 H4;B6OI < 4@C?<FG8AOI I4D4>F9D<EF<> 6BECD<A<@49@OI
E<7A4?B6. �AB??9ABD74AO CD98A4;A4K9AO 8?S FBKAB= H<>E4J<< @B@9AF4 CD<IB84 HDBAF4 EF<@G-
?4 (>B8<DB6M<>< 6D9@9A<).  BD@<DB@4EFO :9 BF69K4RF A4 E<7A4? E9D<9= <@CG?PEB6, >B8<DGRM9=
4@C?<FG8G E<7A4?4 (>B8<DB6M<>< 4@C?<FG8O). (GA>J<BA4?PAB G 7<@ABF<8 FB:9 9EFP 864 F<C4
D9J9CFBDB6 4 >B8<DB6M<>< 4@C?<FG8O < >B8<DB6M<>< 6D9@9A<, AB @BDHB?B7<K9E><9 D4;?<K<S
@9:8G A<@< @9APL9, >DB@9 FB7B, >B8<DB6M<>< 4@C?<FG8O G 7<@ABF<8 >B8<DGRF 9ё A9 K<E?B@
<@CG?PEB6, 4 69DBSFABEFPR 79A9D4J<< B8AB7B EC4=>4 [61].

�4?PF9D )9=?<79A59D7 4 B8<A <; E4@OI SD><I <EE?98B64F9?9= Q?9>FD<K9E><I DO5 )) 69>4.
 4?B FB7B, KFB BA E6B<@< DG>4@< 6OCB?A<? @AB:9EF6B CB6989AK9E><I, A9=DB4A4FB@<K9E><I
< A9=DBH<;<B?B7<K9E><I Q>EC9D<@9AFB6, 6>?RK4RM<I 6AGFD<>?9FBKAGR D97<EFD4J<R BF69FB6
EBF9A A9=DBAB6 D4;AOI BF89?B6 @B;74, BA 5O? K9?B69>B@-B5N98<A<F9?9@, ECBEB5AO@ 6B6?9>4FP
6 E6B< <EE?98B64A<S 8DG7<I ?R89=. �7B FD47<K9E>4S E@9DFP 6 56 ?9F 6 46<4>4F4EFDBH9 ;4@9FAB
B598A<?4 QFG B5?4EFP <EE?98B64A<=. � BF?<K<9 BF @AB7<I EC9J<4?<EFB6, B7D4A<K<64RM<IES
6BCDBEB@ «�4> GEFDB9AB?», )9=?<79A59D7 F4> :9, >4> < �<EE@4AA, 6E9784 4>J9AF<DB64? 6BCDBE
«�?S K97B CD98A4;A4K9AB?» �B?99 FB7B, BA EK<F4? CD9864D<F9?PAB9 6OS6?9A<9 HGA>J<=, CGEFP <
7<CBF9F<K9E><I, B5S;4F9?PAO@ GE?B6<9@ <EE?98B64A<=. 1FB G:9 A9 K<EF4S Q?9>FDBH<;<B?B7<S,
BD<9AF<DB64AA4S FB?P>B A4 4A4?<; E<7A4?B6 6AGFD< *!%, QFB A9=DBQFB?B7<S, GK<FO64RM4S
CB6989A<9 <EE?98G9@OI DO5.

)BFS )9=?<79A59D7, F4> :9, >4> < �G??B>, A9 E>DO64? E6B<I EFD4F97<K9E><I <AF9D9EB6,
>4E4RM<IES B5M<I CD<AJ<CB6 HGA>J<BA<DB64A<S *!% G E4@OI D4;AOI :<6BFAOI, 6C?BFP 8B
K9?B69>4, BEAB6AO9 97B Q>EC9D<@9AF4?PAO9 GE<?<S 5O?< A4CD46?9AO A4 BK9AP >BA>D9FAGR ;484KG:
>4> BEGM9EF6?S9FES D94>J<S <;5974A<S CB@9I< ($�#) G Eigenmannia virescens? 36?9A<9 QFB EBEFB-
<F 6 FB@, KFB 6B?AB6O9 7<@ABF<8O E86<74RF K4EFBFG E6B97B E<7A4?4 6 BF69F A4 CB84KG 6A9LA97B
EF<@G?4 5?<;>B= K4EFBFO. &4><@ B5D4;B@ 8BEF<749FES A9>BFBD4S D4;ABEFP K4EFBF (Df ), 8BEF4FBK-
A4S 8?S FB7B, KFB5O 6A9LA<= EF<@G? A9 @9L4? ABD@4?PAB@G B8AB6D9@9AAB@G BEGM9EF6?9A<R
Q?9>FDB?B>4J<< 86G@S DO54@<.

%6B< <EE?98B64A<S )9=?<79A59D7 A4K4? E E9D<< CB6989AK9E><I Q>EC9D<@9AFB6 A4 D4;AOI
6<84I DO5 E J9?PR BCD989?9A<S <I ?B>4J<BAAOI 6B;@B:ABEF9= < BEB59AABEF9= ?B>4J<BAAB7B
CB6989A<S CD< BFEGFEF6<< < 6 CD<EGFEF6<< CB@9I [67370]. ':9 6 C9D6B= <; A4;64AAOI D45BF BA
8B>4;O649F E6S;P $�# E ?B>4J<9= 86<:GM<IES B5N9>FB6, 6 K4EFABEF<, CD< Q?9>FDB@BFBDAB@ E?98B-
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64A<< ;4 >B?95?RM<@<ES BD<9AF<D4@<, < COF49FES D4;89?<FP 6>?48 D4;AOI GK4EF>B6 CB69DIABEF<
F9?4 6 EG@@4DAGR D94>J<R DO5O. &4@ :9 EF46<FES 6BCDBE B FB@, BF>G84 DO54 G;A49F EB5EF69AAGR
K4EFBFG? �9?B 6 FB@, KFB G 7<@ABF<8, 6 BF?<K<9 BF @BD@<D<8, 6 @B;7G A9F CDS@B= E6S;< @9:8G
>B@4A8AO@ J9AFDB@ < Q?9>FDBE9AEBDAB= 8B?9= @B;74, FB 9EFP C4D4@9FDO EB5EF69AAB7B E<7A4?4
@B7GF 5OFP 6BEEF4AB6?9AO FB?P>B <; BF69F4 EB5EF69AAOI :9 D9J9CFBDB6.

�?<F9?PA4S A4GKA4S 8<E>GEE<S [71, 72] CD<69?4 6 >BAJ9 >BAJB6 > EFDB=AB= < >D4E<6B=
@B89?< [73]. #D< E@9L9A<< 86GI E<AGEB<84?PAOI E<7A4?B6 (E<7A4?4 DO5O S1 E K4EFBFB= f1 <
CB@9I< S2 E K4EFBFB= f2) CB?GK49FES EG@@4DAO= E<7A4? S = S1 + S2, 4@C?<FG84 |S| < H4;4
H >BFBDB7B @9ASRFES E<AGEB<84?PAB E C9D<B8B@ T = 1/(f1 − f2) = 1/Df (D<E. 5). #D< QFB@
H4;4 H <;@9AS9FES BFABE<F9?PAB @B89?PAB7B E<7A4?4 S1 < B5AG?S9FES 6 @4>E<@G@4I EG@@O
4@C?<FG8 (|S1|+ |S2|) < @<A<@G@4I D4;ABEF< (|S1|−|S2|). &4><@ B5D4;B@, A4 7D4H<>9 ;46<E<@BEF<
H BF |S| CB?GK<FES Q??<CE, ?<5B, CD< EBBF69FEF6GRM9@ CB85BD9 @4ELF45B6 BE9=, B>DG:ABEFP.
�E?< f2 > f1, FB <;B5D4:4RM4S FBK>4 5G89F 86<74FPES CB QFB= B>DG:ABEF< CDBF<6 K4EB6B= EFD9?><,

$<E. 5. "CD989?9A<9 ;A4>4 D4;ABEF< K4EFBF CD< BEGM9EF6?9A<< D94>J<< <;5974A<S CB@9I< Eigenmannia virescens [73].
#BSEA9A<S 6 F9>EF9 (J69F BA?4=A)

Fig. 5. Determination of the sign of the difference of frequencies during the jamming avoidance reaction in Eigenmannia
virescens [73]. Explanations in the text (color online)
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<, A4B5BDBF, CB K4EB6B= EFD9?>9, 9E?< f2 < f1. � Q>EC9D<@9AF4I )9=?<79A59D74 6 >4K9EF69 E<7A4?4
DO5O S1 @B7 6OEFGC4FP >4> 9EF9EF69AAO= D4;DS8 9ё Q?9>FD<K9E>B7B BD74A4, F4> < <E>GEEF69AAO=
8<CB?PAO= <EFBKA<>, CB8>?RK9AAO= > 79A9D4FBDG.

#BE>B?P>G 8?S 6OK<E?9A<S 45EB?RFAB= H4;O (H) AG:AB ;A4FP <EF<AAO= EB5EF69AAO=
E<7A4? S1, 4 QHH9D9AFAB= 97B >BC<< 6 @B;7G 7<@ABF<8 A9FG, 45EB?RFAB7B ;A4K9A<S H4;O DO54
A9 ;A49F. #BQFB@G DO54 ED46A<649F E<7A4?O 6 86GI D4;A9EёAAOI 6 CDBEFD4AEF69 GK4EF>4I F9-
?4 � < �. #GEFP A4 GK4EF>9 A: |S2|/|S1| = 0.3, 4 A4 GK4EF>9 �: |S2|/|S1| = 0.1. &B784 D48<GE
B>DG:ABEF<, BFB5D4:4RM9= ;46<E<@BEFP |SA| BF HA, 6 FD< D4;4 5B?PL9, K9@ D48<GE B>DG:ABEF<,
BFB5D4:4RM9= ;46<E<@BEFP |SB| BF HB . �E?< F9C9DP CBEFDB<FP 7D4H<>< ;46<E<@BEF< |SA| < |SB|
BF BFABE<F9?PAOI H4; (HA − HB) < (HB − HA), EBBF69FEF69AAB, FB B>DG:ABEF< FD4AEHBD@<-
DGRFES 6 Q??<CEO, F4> >4> FD4AEHBD@<DGRFES FB?P>B 7BD<;BAF4?PAO9 D4;@9DO. �?S B5?4EF< �
@4>E<@4?PA4S 69?<K<A4 (HA −HB) EBEF46<F 2/3HA, 4 8?S B5?4EF< � 69?<K<A4 BFABE<F9?PAB=
H4;O (HB −HA) = −2Hb (E@. D<E. 5). �A69DE<S H4;O 6B 6FBDB@ E?GK49 CD<6B8<F > <A69DE<<
A4CD46?9A<S 6D4M9A<S. %B7?4EAB @B89?<, ;A4> Df <, EBBF69FEF69AAB, A4CD46?9A<9 E86<74 K4EFBFO
C9=E@9>9D4, BCD989?SRFES CB A4CD46?9A<R 6D4M9A<S, 4 69?<K<A4 E86<74 4 69DF<>4?PAO@ D4;@4-
IB@ Q??<CE4. #BE>B?P>G Q??<CEB6 >4> @<A<@G@ 864, 4 <I A4CD46?9A<S 6D4M9A<S CDBF<6BCB?B:AO,
FB ;A4> E86<74 K4EFBFO C9=E@9>9D4 BCD989?S9FES 5B?PL<@ <; A<I, FB 9EFP FB= B5?4EFPR CB69DIAB-
EF< F9?4, A4 >BFBDGR CB@9I4 6B;89=EF6G9F E<?PA99. �A4?B7<KAO9 D4EEG:89A<S @B:AB CB6FBD<FP
BFABE<F9?PAB ?R5B= 8DG7B= C4DO GK4EF>B6 CB69DIABEF< F9?4, 4 EG@@4DAO= QHH9>F 6OK<E?<FP
<AF97D<DB64A<9@.

"5D4F<@ 6A<@4A<9 A4 E@OE? D4;ABEF< H4; 6 @B89?< )9=?<79A59D74. "A4 A9 E6S;4A4 E ;489D:-
>4@< D4ECDBEFD4A9A<S Q?9>FD<K9E>B7B E<7A4?4 6 6B89, 6O;O649@O@< @47A<FAO@ 6;4<@B89=EF6<9@
FB>B6 6 <EFBKA<>9 < FB>B6 D4EF9>4A<S. � E?GK49 CD9EAB6B8AOI E?45BQ?9>FD<K9E><I DO5 < E GKё-
FB@ K4EFBF <I D4;DS8B6, D4EEFBSA<S, A4 >BFBDOI BA< 6;4<@B89=EF6GRF, @AB7B @9APL9 FB?M<AO
E><A-E?BS <, EBBF69FEF69AAB, C4FF9DAO D4;DS8B6 @B:AB EK<F4FP 45EB?RFAB E<AIDBAAO@< [74].
"8A4>B 9EFP EGM9EF69AA4S D4;A<J4 @9:8G A4L9= E<EF9@B= @AB7BQ?9>FDB8AB= D97<EFD4J<< [10,11]
< Q?9>FDBD9J9CFBDAB= E<EF9@B= DO5. � A4L9= E<EF9@9 @O D97<EFD<DG9@ CB?AO= C4FF9DA D4;DS84
A4 >4:8B@ Q?9>FDB89. �E9 QF< C4FF9DAO E<AIDBAAO. �E?< K4EFBF4 EQ@C?<DB64A<S EBEF46?S9F
50 >�J, 4 K4EFBF4 <EFBKA<>4 500 �J, FB CB >4:8B@G >4A4?G @O CB?GK<@ 100 FBK9> A4 C9D<B8
E<7A4?4. � Q?9>FDBD9J9CFBDAB= E<EF9@9 DO5 >4:8O= D9J9CFBD 84ёF FB?P>B B8AB ;A4K9A<9 A4 B8<A
C9D<B8 6B?AB6B7B D4;DS84 <?< A4 B8<A CG?PE<DGRM<= D4;DS8. $9J9CFBDO, D4ECB?B:9AAO9 5?<:9
6E97B > <EFBKA<>G D4;DS84 (CD< >B@@GA<>4J<<) <?< > B5N9>FG, <E>4:4RM9@G CB?9 (CD< ?B>4J<<),
ED454FO64RF C9D6O@<. +9@ 84?PL9 D9J9CFBD BF <EFBKA<>4, F9@ CB;:9 BA ED45BF49F. #DB<EIB8<F
FD4AEHBD@4J<S 6D9@9AAB7B IB84 E<7A4?4 6 CDBEFD4AEF69AAO= B5D4;. 1FB K9@-FB A4CB@<A49F
EFDB5BE>BC<K9E><= BEJ<??B7D4H [75], CB;6B?SRM<= 4A4?<;<DB64FP BK9AP 5OEFDO9 CDBJ9EEO.

%B7?4EAB 6O6B84@ )9?<79A59D74, D4;89?9A<9 <AHBD@4J<< A4 4@C?<FG8AGR < H4;B6GR
CDB<EIB8<F G:9 A4 GDB6ASI D9J9CFBDB6 Q?9>FDBE9AEBDAB= 8B?< 5B>B6B= ?<A<<. �OK<E?9A<9 D4;-
ABEF< H4; BEGM9EF6?S9FES 6 L9EFB@ E?B9 FBDGE4 ED98A97B @B;74. �A4?<; A4CD46?9A<S 6D4M9A<S
6OCB?AS9FES 6 FBDGE9, F9>FG@9 < Q?9>FDBE9AEBDAB@ S8D9. )9=?<79A59D7 BF@9K49F, KFB EFDG>FGDO,
GCD46?SRM<9 $�#, S6AB <;5OFBKAO, F4> >4> FB :9 E4@B9 @B:AB 5O?B 5O «E89?4FP», A9 6OIB8S
;4 CD989?O CDB8B?7B64FB7B < ED98A97B @B;74, >4> QFB 8BEF<749FES G @BD@<D<8 CDBEFO@ >BC<DB-
64A<9@ EB5EF69AAB7B E<7A4?4 6AGFD< @B;74. !B, CB 6E9= 69DBSFABEF<, @9I4A<;@O J9AFD4?PAB=
B5D45BF><, 6OS6?9AAO9 CD< <;GK9A<< $�#, E6S;4AO E 5B?99 B5M<@< HGA>J<S@< < <I <;5OFBK-
ABEFP, EB7?4EAB 97B D4EEG:89A<S@, CD98BEF46?S9F 5B?PLGR E6B5B8G 8?S Q6B?RJ<BAAB7B D4;6<F<S
Q?9>FDBE<EF9@. 1F4 E6B5B84, 6 K4EFABEF<, B5GE?B6?9A4 BFABE<F9?PAB= A9;46<E<@BEFPR B5D45BF><
BF @B84?PABEF< EF<@G?4. #BE?9 FB7B >4> E<EF9@4 EBBF69FEF6GRM<I D9J9CFBDB6 D4;89?S9F EF<@G?
A4 BDFB7BA4?PAO9 >B@CBA9AFO, CBE?98A<9 CDB9J<DGRFES A4 BF89?PAO9 A9=DBAAO9 EFDG>FGDO,
CD<@9DO >BFBDOI @B:AB A4;64FP 8?S D4;AOI BD74AB6 KG6EF6 D4;AOI :<6BFAOI. %BEF46?SRM<9
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<I @AB7B>D4FAB F<D4:<DB64AAO9 >BDBF><9 J9C< >?9FB> E 8BEF4FBKAB B5M<@< I4D4>F9D<EF<>4@<
@B7GF HBD@<DB64FPES A4 BEAB69 A9E?B:AOI 79A9F<K9E><I <AEFDG>J<=. "5<?PA4S E9FP E6S;9=
6AGFD< QF<I EFDG>FGD, @9:8G QF<@< EFDG>FGD4@<, 4 F4>:9 D4;ABB5D4;AO9 E9AEB@BFBDAO9 E6S;<
CB;6B?SRF 6 CDBJ9EE9 Q6B?RJ<< D4;6<64FP AB6O9 HBD@O CB6989A<S CGFё@ 8B546?9A<S >B??4F9D4-
?9= < B5D4;B64A<S AB6OI <?< BE?45?9A<S EF4DOI E<A4CF<K9E><I EB98<A9A<=. $45BFO CB B5D45BF>9
Q?9>FDBE9AEBDAB= <AHBD@4J<< 6 @B;7G E?45BQ?9>FD<K9E><I DO5 < 6OS6?9A<R DB?< B5D4FAOI
E6S;9= 6 Q?9>FDBE9AEBDAOI 8B?SI @B;74 4>F<6AB CDB8B?:4RFES 6 A4EFBSM99 6D9@S [76, 77].

5. "F9K9EF69AA4S L>B?4 Q?9>FDBQ>B?B7<<:

$O5O >4> :<6O9 EGM9EF64 6 D94?PAB= ED989

"F9K9EF69AA4S L>B?4 Q?9>FDBQ>B?B7<< 6B;A<>?4 CB <A<J<4F<69 �?48<@<D4 $GEF4@B6<K4
#DBF4EB64 6 >BAJ9 1960-I 6 �AEF<FGF9 Q6B?RJ<BAAB= @BDHB?B7<< < Q>B?B7<< :<6BFAOI (�1 -
1�) �! %%%$, AOA9 �#11 $�!. %?98GS ;4 �4D6<AO@ < �<EE@4AAB@, #DBF4EB6 D4EE@4FD<64?
E<?PABQ?9>FD<K9E><I DO5 ?<LP >4> Q>;BF<K9E><9 CDBS6?9A<S B5M97B Q6B?RJ<BAAB7B CDBJ9E-
E4 < B5M97B 5<BD4;ABB5D4;<S [41]. %C9J<4?<;4J<S ;4C48AOI GKёAOI, 6 C9D6GR BK9D98P �4D?4
)BC><AE4 < 97B GK9A<>B6, A4 <EE?98B64A<< @BD@<D<8 < 7<@ABF<8 [51354], ECBEB5EF6B64?4 HBD-
@<DB64A<R @A9A<S, KFB FB?P>B QF< 869 7DGCCO DO5 @B:AB CD<;A4FP E?45BQ?9>FD<K9E><@<, 6 FB
6D9@S >4> 6E9 EB@O >DB@9 Q?9>FD<K9E>B7B ECBEB5AO FB?P>B 6BECD<A<@4FP, AB A9 79A9D<DB64FP
D4;DS8O [78]. #DBF4EB6 :9 CB?474?, KFB Q?9>FD<K9E><I DO5 7BD4;8B 5B?PL9, < KFB ED98< AOA9
:<6GM<I DO5 EGM9EF6GRF C9D9IB8AO9 HBD@O BF A9Q?9>FD<K9E><I DO5 > E<?PABQ?9>FD<K9E><@.
&4><9 C9D9IB8AO9 HBD@O 8B?:AO 79A9D<DB64FP ED46A<F9?PAB E?45O9, E>BD99 6E97B 8BEF4FBKAB
CDBFS:ёAAO9 < A9D97G?SDAO9 Q?9>FD<K9E><9 E<7A4?O.

$45BFO A4K4?<EP EB ED46A<F9?PAOI <EE?98B64A<= K9DAB@BDE><I ;69;8BKёFB6 DB84 Uranosco-
pus < E?45BQ?9>FD<K9E><I E>4FB6 Raja clavata [4,79381]. �AF9D9E > ;69;8BKёFB6O@ 5O? B5GE?B6?9A
CBASFAB= CD<K<AB= 4 D4; EGM9EF6GRF E<?PABQ?9>FD<K9E><9 ;69;8BKёFO Astroscopus, FB A9F ?<
>4><I-FB BEB5OI CDBS6?9A<= G <I DB8EF69AA<>B6 Uranoscopus? '84?BEP ;4D97<EFD<DB64FP D4;DS8O
;69;8BK9FB6, >BFBDO9 B>4;4?<EP @BABCB?SDAO@<, E 8?<F9?PABEFPR 8B 800@E < 4@C?<FG8B= 8B EB-
F9A @<??<6B?PF 65?<;< F9?4. �9A9D<DB64?<EP F4><9 D4;DS8O ?<5B CD< EBJ<4?PAOI 6;4<@B89=EF6<-
SI, 6 FB@ K<E?9 CD< CDBC?O64A<< A48 ;69;8BK9FB@ E>4F4 Raja clavata, ?<5B 6 BF69F A4 @9I4A<K9E>GR
<?< Q?9>FD<K9E>GR EF<@G?SJ<R. ' K9DAB@BDE>B7B ;69;8BKёF4 Uranoscopus scaber 5O?< BC<E4-
AO 7<EFB?B7<K9E><9 < @BDHB?B7<K9E><9 BEB59AABEF< Q?9>FDB79A9D<DGRM<I EFDG>FGD, 4 F4>:9
Q?9>FDBH<;<B?B7<K9E><9 @9I4A<;@O 79A9D4J<< D4;DS8B6. #DB6B8<?<EP CB6989AK9E><9 Q>EC9D<-
@9AFO E B8AB6D9@9AAB= Q?9>FD<K9E>B= < 6<89BD97<EFD4J<9=. #B;:9 ECBEB5ABEFP 79A9D<DB64FP
4A4?B7<KAO9 @BABCB?SDAO9 Q?9>FD<K9E><9 D4;DS8O 8?<F9?PABEFPR 89ESF><-EBFA< @<??<E9>GA8
5O?4 CB>4;4A4 8?S 8DG7<I 6<8B6 DB84 Uranoscopus, B5<F4RM<I 6 2:AB-�<F4=E>B@ @BD9 [49].

�EE?98B64A<S E?45BQ?9>FD<K9E><I EB@B6 A4K4?<EP 6 1990 7. E D45BFO 4@9D<>4AE><I 46FBDB6,
;4D97<EFD<DB646L<I E?45O9 Q?9>FD<K9E><9 D4;DS8O EB@B6 DB84 Synodontis, <EFBKA<>B@ >BFBDOI
S6?S9FES CDBFD4>FBDA4S @OLJ4, EB98<ASRM4S CB;6BABKAO= EFB?5 < C?464F9?PAO= CG;ODP [45].
� C9D6B= BF9K9EF69AAB= D45BF9 A4 QF<I DO54I 5O?B CB>4;4AB, KFB, A9E@BFDS A4 BK96<8AB9 A9EB-
BF69FEF6<9 K4EFBFAOI I4D4>F9D<EF<> 4@CG?SDAOI Q?9>FDBD9J9CFBDB6 < 79A9D<DG9@OI >BDBF><I
D4;DS8B6, E<AB8BAF<EO BF69K4RF A4 A<I <;@9A9A<9@ D<F@4 79A9D4J<< EB5EF69AAOI D4;DS8B6 [82].
�B?99 FB7B, 6 CDBJ9EE9 EBJ<4?PAOI 6;4<@B89=EF6<= 4@C?<FG84 D4;DS8B6 6OD4EF4?4 6 EBFA< D4;,
;4@9FAB <;@9AS?4EP HBD@4 < 8?<F9?PABEFP D4;DS8B6, KFB A9 A45?R849FES G EC9J<4?<;<DB64AAOI
@BD@<D<8 < 7<@ABF<8 [83].

1?9>FD<K9E><9 D4;DS8O 4HD<>4AE><I >?4D<96OI EB@B6 DB84 Clarias 5O?< ;4D97<EFD<DB-
64AO 6 CB?96OI GE?B6<SI < A45?R84?<EP FB?P>B 6 CDBJ9EE9 EBJ<4?PAOI 6;4<@B89=EF6<= [84].
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�?<F9?PABEFP D4;DS8B6 CD96OL4?4 25@E, KFB EBBF69FEF6G9F I4D4>F9D<EF<>4@ 4@CG?SDAOI Q?9>-
FDBD9J9CFBDB6. �OL9 BF@9K4?BEP, KFB �<EE@4AA <  Q=K<A, <EE?98GS >?4D<96OI EB@B6, CB>4;4?<
<I 6OEB>GR Q89>FDBKG6EF6<F9?PABEFP, AB CB8K9D>AG?< BFEGFEF6<9 ECBEB5ABEF< 79A9D<DB64FP
Q?9>FD<K9E><9 D4;DS8O [39]. �I A9G84KG @B:AB B5NSEA<FP FD9@S BEB59AABEFS@< D4;DS8B6 >?4D<9-
6OI CB ED46A9A<R E @BD@<D<84@< < 7<@ABF<84@<:

1) D4;DS8O >?4D<96OI 79A9D<DGRFES FB?P>B CD< 4>F<6AOI EBJ<4?PAOI 6;4<@B89=EF6<SI, CBE?9
484CF4J<< DO5, 4 BF B8<ABKAOI BEB59= D4;DS8O A9 A45?R84RFES;

2) D4;DS8O <@9RF 5B?PLGR 8?<F9?PABEFP, KFB FD95G9F EC9J<4?PAB= 4CC4D4FGDO E A<:A9= K4-
EFBFB= CB?BEO CDBCGE>4A<S A9 6OL9 8B?9= 79DJ, FB784 >4> EF4A84DFAO9 ;6G>B6O9 GE<?<F9?<
<I A9 CDBCGE>4RF;

3) D4;DS8O 79A9D<DGRFES D98>B < FD95GRF BF 4CC4D4FGDO EC9J<4?PAB7B :8GM97B D9:<@4
D45BFO, KFB A9 B59EC9K<64?4 4CC4D4FGD4 �<EE@4AA4 <  Q=K<A4.

�?4D<96O9 EB@O CD98EF46?SRFES C9DEC9>F<6AO@ B5N9>FB@ 8?S <;GK9A<S Q6B?RJ<BAAB=
<EFBD<< Q?9>FD<K9E><I DO5 < Q>B?B7<K9E>B= DB?< Q?9>FD<K9E><I E<7A4?B6. 1F< EB@O @B7GF
6BECD<A<@4FP E<7A4?O EBDB8<K9=, A9E@BFDS A4 <I A95B?PLGR @BMABEFP, < 79A9D<DGRF BA<
<I FB?P>B 6 IB89 EBJ<4?PAOI 6;4<@B89=EF6<=, 6 FB@ K<E?9 8D4> <?< EC4D<64A<S. #BE?98A99
B8AB;A4KAB E6<89F9?PEF6G9F B >B@@GA<>4J<BAAB= HGA>J<< D4;DS8B6, IBFP < A9 <;69EFAB FBKAB,
KFB BA< B;A4K4RF.

'84?BEP CB>4;4FP, KFB 79A9D4J<S BEB5B= «A9D9EFB6B=» C4K>< Q?9>FD<K9E><I D4;DS8B6 >?4-
D<96OI, A9 A45?R849@B= 6 8DG7<I E<FG4J<SI, S6?S9FES B5S;4F9?PAO@ Q?9@9AFB@ A9D9EFB6B7B
D<FG4?4 [85, 86]. �9A9D<DG9F A9D9EFB6GR C4K>G Q?9>FD<K9E><I D4;DS8B6 E4@>4, CD<Kё@ C9D6O=
<@CG?PE C4K>< A45?R849FES CD<@9DAB ;4 100@E 8B CBS6?9A<S A4 6<89B C9D6OI <>D<AB>. �B?B64
E4@J4 6 QFBF @B@9AF CD<:4F4 E>G?B= > 5B>G E4@>< 6 FB@ @9EF9, 789 D4ECB?B:9AO S<KA<><.
"EAB6A4S 7<CBF9;4 EBEFBS?4 6 FB@, KFB A9D9EFB64S C4K>4 D4;DS8B6 E?G:<F E<7A4?B@ > FB@G, KFB5O
E4@9J, A4846<6 E>G?B= A4 5B> E4@><, B5?97K<? <>DB@9F4A<9. �B?99 FB7B, 9E?< 5O D4;DS8O <@9?<
5B?PLGR 4@C?<FG8G, @B:AB 5O?B 5O CD98CB?B:<FP, KFB EG8BDB74, 6O;64AA4S A9D9EFB6B= C4K>B=
D4;DS8B6, ECBEB5A4 B5?97K<FP <>DB@9F4A<9 6A9 ;46<E<@BEF< BF :9?4A<= E4@J4.

1FB CD98CB?B:9A<9 CB;6B?S9F CDBE?98<FP B8<A <; 6B;@B:AOI Q6B?RJ<BAAOI CGF9= BF
>B@@GA<>4J<BAAB= HGA>J<< Q?9>FD<K9E><I E<7A4?B6 G E?45BQ?9>FD<K9E><I DO5 > BDG:<R E<?P-
ABQ?9>FD<K9E><I. �9=EF6<F9?PAB, A9E@BFDS A4 EGM9EF6GRMGR 7<74AFE>GR D4;A<JG 6 @BMABEF<
D4;DS8B6, >4> FB?P>B G69?<K9A<9 @BMABEF<, CGEFP FB?P>B 6 CDBJ9EE9 A9D9EF4, CBC48ёF CB8 CB?B-
:<F9?PAB9 846?9A<9 BF5BD4, @BMABEFP D4;DS8B6 A4KAёF D4EF<. ' 5B?99 @BMAOI D4;DS8B6 CBS6SFES
AB6O9 HGA>J<<, BF5BD GE<?<FES <, 6 >BAJ9 >BAJB6, CD<698ёF > E<?PABQ?9>FD<K9E>B= DO59, CBKF<
6Eё F9?B >BFBDB= CD98EF46?S9F EB5B= B7DB@AO= Q?9>FD<K9E><= BD74A.

'EC9I BF9K9EF69AAB= L>B?O 6 D97<EFD4J<< < BC<E4A<< Q?9>FD<K9E><I D4;DS8B6 E?45B-
Q?9>FD<K9E><I DO5 6 ;A4K<F9?PAB= EF9C9A< 5O? B59EC9K9A D4;D45BF>4@< 6 B5?4EF< ED98EF6
D97<EFD4J<<. #BE>B?P>G DO5O @B7GF 79A9D<DB64FP D4;DS8O BK9AP D98>B, 4CC4D4FGD4 8B?:A4 D45B-
F4FP 6 :8GM9@ D9:<@9, CB;6B?SRM9@ ;4H<>E<DB64FP 6E9 Q?9>FD<K9E><9 EB5OF<S [87]. �DB@9 FB7B,
CBE>B?P>G 8?<F9?PABEFP D4;DS8B6 @B:9F 8BEF<74FP E9>GA8, FB A<:ASS K4EFBF4 D97<EFD4J<< 8B?:A4
EBEF46?SFP EBFO9 8B?< 79DJ4. "5S;4F9?PAO@ GE?B6<9@ Q>EC9D<@9AF4 CB CDB69D>9 ECBEB5ABEF9=
DO5 > Q?9>FDB79A9D4J<< EF4?4 BD74A<;4J<S CB6989AK9E><I Q>EC9D<@9AFB6 E GK4EF<9@ A9E>B?P><I
BEB59=, 6 @4>E<@4?PAB CD<5?<:9AAOI > A4FGD4?PAO@ GE?B6<SI < E EBBF69FEF6GRM<@ C9D<B8B@
484CF4J<<.

 B8<H<>4J<S @9FB8<>< CDB6989A<S Q>EC9D<@9AFB6 A4 BEAB69 GEC9LAB7B CD9J989AF4 D97<-
EFD4J<< D4;DS8B6 >?4D<96OI EB@B6 CB;6B?<?4 BF9K9EF69AAO@ <EE?98B64F9?S@ ;4@9FAB D4EL<D<FP
EC<EB> Q?9>FD<K9E><I DO5, 6>?RK4S CD98EF46<F9?9= 8DG7<I E9@9=EF6 EB@B6 [88], CB?<CF9DG-
EB6 [89] < CDBFBCF9DGEB6 [5]. �B A4EFBSM97B 6D9@9A< D4ECDBEFD4A9AB @A9A<9 B FB@, KFB D4=-
BAO B5<F4A<S CD9EAB6B8AOI Q?9>FD<K9E><I DO5 B7D4A<K<64RFES FB?P>B �HD<>B= < 2:AB=
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�@9D<>B= [78]. "8A4>B CD< CB@BM< AB6B= @9FB8<>< G84?BEP ;4D97<EFD<DB64FP D4;DS8O BF 86GI
4;<4FE><I 6<8B6 EB@B6: Ompoc bimaculatus [90] < 4@GDE>B7B EB@4 Parasilurus asotus [91]. !9B8AB-
>D4FAB, 6 FB@ K<E?9 G �4D6<A4, 6B;A<>4? 6BCDBE 4 4 CBK9@G Q?9>FD<K9E><9 D4;DS8O 79A9D<DGRF
FB?P>B DO5O, 4 A9, A4CD<@9D, 6B8AO9 4@H<5<<? &9EF<DB64A<9 7<74AFE>B= ><F4=E>B= E4?4@4A8DO
CB;6B?<?B ;4H<>E<DB64FP < 9ё D4;DS8O [92].

�4?PA9=L99 D4;6<F<9 @9FB8<>< D97<EFD4J<< 8?S J9?9= Q?9>FDBQ>B?B7<< E6S;4AB E <ECB?P;B-
64A<9@ @AB7BQ?9>FDB8AOI E<EF9@, CB;6B?SRM<I 4A4?<;<DB64FP D4ECD989?9A<9 Q?9>FD<K9E>B7B
CB?S 6 CDBEFD4AEF69 [10]. #4D4??9?PA4S D97<EFD4J<S Q?9>FD<K9E>B= 4>F<6ABEF< DO5 < ;4C<EP A4
6<89B CDBJ9EEB6, CDB<EIB8SM<I 6 Q>EC9D<@9AF4?PAB@ 4>64D<G@9, CB;6B?S9F <89AF<H<J<DB64FP
<EFBKA<> Q?9>FD<K9E>B7B E<7A4?4. #BE?98A99 CB;6B?S9F, E B8AB= EFBDBAO, BCD989?<FP, S6?S9FES
?< <EFBKA<>B@ E<7A4?4 <@9AAB DO54 (4 A9 >4>B=-FB 6A9LA<= <EFBKA<>), 4 E 8DG7B= 4 BCD989?<FP,
>4>4S <@9AAB, 9E?< <I 6 Q>EC9D<@9AF9 A9E>B?P>B [11].

"F@9F<@, KFB CB<E> AB6OI Q?9>FD<K9E>< 4>F<6AOI 6<8B6 B>4;O649FES F9@ E?B:A99, K9@
@9A99 CDB86<AGF4 <I Q?9>FDB79A9D4FBDA4S E<EF9@4. "8A4>B <@9AAB F4><9 E?GK4< A4<5B?99 <AF9-
D9EAO E FBK>< ;D9A<S <EE?98B64A<S CDBJ9EEB6 Q6B?RJ<BAAB7B EF4AB6?9A<S QF<I E<EF9@. �B?99
FB7B, 8?S CBA<@4A<S FB7B, >4> D4;6<649FES < Q6B?RJ<BA<DG9F F4 <?< <A4S E<EF9@4 BD74AB6,
A9B5IB8<@B 6OSEA<FP 9ё HGA>J<<. �9; QFB7B A96B;@B:AB CBASFP, >4> 89=EF6B64? BF5BD < CBK9@G
D4;6<F<9 CBL?B <@9AAB F4>, 4 A9 <A4K9.

%F9C9AP BK96<8ABEF< HGA>J<= Q?9>FD<K9E><I D4;DS8B6, >BFBDO9 79A9D<DGRF DO5O, EFD9@<-
F9?PAB G5O649F CD< C9D9IB89 BF 6OEB>BEC9J<4?<;<DB64AAOI DO5 > @9A99 EC9J<4?<;<DB64AAO@.
&4>, A9F EB@A9A<= 6 FB@, KFB Q?9>FD<K9E><9 G7D<, E>4FO < EB@O <ECB?P;GRF D4;DS8O 6B 6D9@S
BIBFO < 8?S ;4M<FO BF 6D47B6. �?S FB7B KFB5O 8B>4;4FP ECBEB5ABEFP ED46A<F9?PAB 6OEB>BEC9J<4-
?<;<DB64AAOI @BD@<D<8 < 7<@ABF<8 > Q?9>FDB?B>4J<< < Q?9>FDB>B@@GA<>4J<<, CBFD95B64?<EP
8BCB?A<F9?PAO9 <EE?98B64A<S [3, 65]. !B G:9 6 E?GK49 E<AB8BAF<EB6, IBFS 698GM<9 ;4C48AO9
EC9J<4?<EFO < <ECB?P;GRF F9D@<AO «Q?9>FDB>B@@GA<>4J<S» < «Q?9>FDB?B>4J<S» [47,93], A<>4><I
A48ё:AOI 8B>4;4F9?PEF6 F4><I HGA>J<= 8?S QF<I DO5 A9 CD<6B8<FES. �B?99 FB7B, 6 A4EFBSM99
6D9@S G 6E9I EB@B6 8BEFB69DAB B5A4DG:9AO FB?P>B 4@CG?SDAO9 Q?9>FDBD9J9CFBDO. "A< CD<-
ECBEB5?9AO 8?S 6BECD<SF<S Q?9>FD<K9E><I EF<@G?B6 8?<F9?PABEFPR A9 @9A99 20@E [42]. #D<
G@9APL9A<< 8?<F9?PABEF< 8B 98<A<J @<??<E9>GA8 QHH9>F<6ABEFP 6BECD<SF<S D9;>B C4849F.
&4><@ B5D4;B@, 8?<F9?PABEFP D4;DS8B6 E<AB8BAF<EB6 (98<A<JO @<??<E9>GA8) A9 EBBF69FEF6G-
9F QHH9>F<6AB@G 8<4C4;BAG 6BECD<SF<S <I EB5EF69AAOI Q?9>FDBD9J9CFBDB6. #B8B5AO9 >4;GEO
A9D98><. !4CB@A<@, KFB Q?9>FDBD9J9CFBDO 6B6E9 A9 5O?< B5A4DG:9AO G Q?9>FD<K9E>< 4>F<6AOI
;69;8BKёFB6 DB84 Uranoscopus [48350].

!9E@BFDS A4 6E9 C9D9K<E?9AAO9 E?B:ABEF<, A4 A4L 6;7?S8, A4<5B?99 EGM9EF69AAB= S6-
?S9FES CDB5?9@4 4A4?<;4 < <AF9DCD9F4J<< CB?GK9AAOI 6 Q>EC9D<@9AF9 84AAOI. ' A4E 6 DG>4I
9EFP @BMAO= <AEFDG@9AF D97<EFD4J<< < 6<;G4?<;4J<< Q?9>FD<K9E><I EB5OF<=, CB;6B?SRM<=
EBCBEF46<FP 6B 6D9@9A< < CDBEFD4AEF69 D4ECD989?9A<9 Q?9>FD<K9E>B7B CB?S, D4EFDB6B9 <;B5D4:9-
A<9 Q>EC9D<@9AF4?PAB7B 4>64D<G@4 < 4G8<B ;4C<E<. "8A4>B QF< 84AAO9 FD95GRF 68G@K<6B7B <
A9FD<6<4?PAB7B 4A4?<;4, A4CD46?9AAB7B A4 GEF4AB6?9A<9 E6S;< @9:8G EB5OF<S@<, A45?R849@O@<
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propre aux poisons du genre des raies // J. Anat. Physiol. 1865. Vol. 23. P. 5773645.

36. Bennett M. V. L. Electric organs // Fish Physiology. 1971. Vol. 5. P. 3473491. DOI: 10.1016/S1546-
5098(08)60051-5.

37. Lissmann H.W., Machin K. E. The mechanism of object location in Gymnarchus Niloticus and
similar fish // Journal of Experimental Biology. 1958. Vol. 35, no. 2. P. 4513486. DOI: 10.1242/
jeb.35.2.451.

38. "?PL4AE><= �. . 1?9>FD<K9E><= 7?4; 69?<K<AB= 6B 6E9 F9?B // !4G>4 < :<;AP. 2005. &. 11.
%. 943104.

39. Lissmann H.W., Machin K. E. Electric receptors in a non-electric fish (Clarias) // Nature. 1963.
Vol. 199. P. 88389. DOI: 10.1038/199088a0.

40. Bullock T. H., Bodznick D. A., Northcutt R. G. The phylogenetic distribution of electroreception:
Evidence for convergent evolution of a primitive vertebrate sense modality // Brain Research
Reviews. 1983. Vol. 6, no. 1. P. 25346. DOI: 10.1016/0165-0173(83)90003-6.

41. #DBF4EB6 �. $., �BA84DKG> �. �., "?PL4AE><= �. . �6989A<9 6 Q?9>FDBQ>B?B7<R.  .: !4G>4,
1982. 336 E.

42. Lissmann H.W. Electric location by fishes // Scientific American. 1963. Vol. 208, no. 3. P. 50359.
43. Chagas C., Paes de Carvalho A. (eds.) Bioelectrogenesis. Amsterdam: Elsevier, 1961. 413 p.
44. Bass A.H. Electric organs revisited: Evolution of a vertebrate communication and orientation

organ // In: Bullock T.H., Heiligenberg W. (eds) Electroreception. New York: Wiley, 1986.
P. 13370.

45. Hagedorn M., Womble M., Finger T. E. Synodontid catfish: A new group of weakly electric fish:
Behavior and anatomy // Brain Behav. Evol. 1990. Vol. 35, no. 5. P. 2683277. DOI: 10.1159/
000115873.

46. Boyle K. S., Colleye O., Parmentier E. Sound production to electric discharge: sonic muscle
evolution in progress in Synodontis spp. catfishes (Mochokidae) // Proc. R. Soc. B. 2014. Vol. 281,
no. 1791. P. 20141197. DOI: 10.1098/rspb.2014.1197.
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