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Abstract - The article analyzes a flat circular aperture and proposes to use a new analytical expression that describes the
radiation pattern of an elementary radiator of an antenna aperture depending on time and integration angle. The formula
presented in the paper can be applied to any flat section of the aperture without taking into account its shape. A new equation
for the antiderivative function of the impulse response of a circular aperture is presented in the form of an elliptic integral of
the second kind. It is shown that the theoretically calculated results are in good agreement with numerical simulations. In the
analysis of the numerical model, the method of finite integration in the time domain (FIT) was used. Due to the requirement of a
large computational resource, the numerical model was simplified.
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Introduction

Aperture antennas are widely used for various en-
gineering solutions, primarily for satellite commu-
nications, e.g., parabolic emitters. The main advan-
tage of such antennas is the high amplification gain,
which is achieved because of the large ratio of the an-
tenna size to the maximum wavelength of the signal
used [1].

Although the fields of narrowband antennas were
investigated and described 50-70 years ago, because
of cumbersome calculations using monochromatic
signals, several issues, such as the far-field criterion,
are still debated. Uncertainties in the choice of such
parameters for measuring the directional pattern in
the near field, such as the aperture-probe distance
and the size of the scanning area, also exist.

Electromagnetic fields of pulsed signals from aper-
ture antennas [2] are becoming relevant for research
because of the constant expansion of the operating
frequency band of communication systems. To calcu-
late the aperture antenna field on a monochromatic
(narrowband) signal, either the aperture or current
method of field calculation is usually used [1-5].

The method of physical optics in the time domain,
in which the integration contour is determined on
the diffuser surface, is used in Refs. [6-18]. An analog
of the physical optics method in the time domain is
the aperture method [19-24].

In the aperture method, the Huygens element is
often used as the aperture element. The normalized
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amplitude directional pattern of the Huygens element
antenna is determined using the following equation:

oc(F,fa) = (1 +cos(y))/2,

where 7 is the radius vector from the aperture point
7, to the observation point and y is the angle be-
tween the normal vector to the surface and the di-
rection to the observation point. However, this di-
rectional pattern is valid only for free space field
components. Other representations of the antenna
directional pattern of an elementary radiator a(?,?a)
are employed for different tasks. Sometimes this fac-
tor can be expressed as cos(y) [4].

The theory of aperture antennas [1-6] assumes
that the current on the metal surface J¢ is equal to
fe = Z[ﬁ,ﬁs], where 7 is the normal vector to the
aperture and Hs is the magnetic field on the aperture
surface. This equation is true if the aperture surface
is perfectly conductive and has infinite dimensions.

An aperture surface element S can be considered
an elementary electric emitter (elementary dipole) if
magnetic field lines act tangentially to it, but there
are no tangential electric field lines. Thus, it can be
considered an element of a long wire with infinite
conductivity. The linear size | of the element must
satisfy the condition [ =A. Under the boundary con-
ditions, during the transition from “ideal conductor
(wire)” to “free space,” the tangential component of
the vector E is equal to zero, and the tangential com-
ponent of the vector H is determined using the value
of the surface current density.

© Skulkin S.P. et al., 2023
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Fig. 1. Directional pattern of an electric dipole in the horizontal (a) and vertical (b) planes
Puc. 1. [luarpaMmma HanpapaeHHOCTH 3JIEKTPUYECKOTO U0l B TOPU3OHTAIBHOM (@) U BEPTUKAIBHOM (6) MIOCKOCTSIX

The spatially normalized amplitude directional
pattern of an elementary electric dipole, presented in
the form of a functional surface F(y,(p), is a three-
dimensional figure. In practice, flat amplitude direc-
tional patterns depicting the dependence of the field
strength values on the direction in one of the two
main planes are usually used (Fig. 1).

1. Basic equations

The aperture theory based on physical optics as-
sumes that the transfer function of an aperture with
a uniform field distribution can be determined using
the spatial frequency dependence of the emitter field
on a certain polarization [1]:

r,ra

£(re)= g2 Jf, S

where ® is the circular frequency, ¢ is the speed of
light, S, is the surface of the aperture, g(Fa) is the

) ]co‘r r‘/c
F

1 Sa> (M

illumination function of the aperture, and a(F,Fa)
is the polarization factor, which is determined using
the directional pattern of the elementary emitter of
the aperture.

For ultra-wideband pulse signals, working with the
time representation of the signal is more convenient.
As reported in Ref. [6], each point of the aperture can
be assumed to emit a 5-pulse at time ¢ =0. The an-
tiderivative of the impulse response (AIR) E(F,t) at
point 7 can be obtained with the following form [6]:

R =
)oc(r, )6 t—7
- IJ' o s, (2

Therefore, if the idealization we adopted is used,

then this shape is a representation of the field, and
the emitted signal is a 8-pulse. Given that the aper-
ture field is proportional to the partial derivative of
the input current with respect to time, in many cases,
working with the derivative of the AIR is more con-
venient because it is simpler and more intuitive.

We assume that the energy of the pulse signal
Sin (t) is concentrated mainly in the frequency band
p<o<o . and A <D, where D is the
circular aperture diameter, or A .. < 2R, where R is
the radius of the aperture. Although Eq. (2) would be
formally incorrect, in this case, it will provide the cor-
rect result for the signal at the antenna input S, (t)
(for more details, see Refs. [3] and [6]).

Thus, this is the most convenient way of calcu-
lating the representation of the field of the emitted
3-pulse, the derivative of the AIR, and the convolu-
tion of the impulse response and the input pulse ac-
cording to Eq. (3).

As a result, using Eq. (2) and a given signal at the
antenna input S;, (t), we obtain the equation for the
field at any point in front of the aperture, considering
the assumption that the entire system is linear [6]:
sﬁgﬁ):gn@)®?Eg}ﬂzsm@)®hgﬁy )
where E(f,t) is the AIR, the function h(F,t) is the
aperture impulse response, and the symbol ® de-
notes the convolution in time. As reported in Ref. [6],
E(F,t) can be expressed as follows:

E(F :—Ig(r eC) (F r

P

eC,)do, )

where 7 is the radius vector from a point on the ap-

r
7, to observation point A (Fig. 2a), the contour

(ct)’ - 22

and center at 7, (where 7, is the projection of the

erture

C,is a circle with the radius r,, = ) (Fig. 2b)

vector ¥ onto the aperture plane), and ¢ is the time.
The integral is taken over the angle ¢ that describes
the arc of the circle C, with its center in ;. The lim-
its of integration ¢, and ¢, depend on the position
7 in such a way that both values can vary from 0 to
2n. Let us assume that the distribution of the aper-
ture amplitude is constant over the entire plane of
the aperture g(Fa) =1. Let us rewrite the polariza-
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Fig. 2. Aperture S, and imaginary sphere with radius ct (a); aperture S, integration contour C, and angle ¢ (b)
Puc. 2. Aneprypa S, u BooGpaxkaemas cdepa ¢ papuycom ct (a); anepTypa S,, KOHTYp uHTerpuposanus C, uyron ¢ (6)

tion multiplier or the dependence of the directional
pattern of the aperture elementary emitter oc(F,Fa) as
a function of angles y and ¢ as follows:

afiy) = a(r(F; ) o(7))- 5)

For the AIR, the integral is derived as follows:
1
E(F,t)zﬁ Ia(y,@)dgo. (6)
¢1

A simple equation for y can be obtained from
Fig. 2 as follows:

cos(y)zz/ct‘ (7

As described previously, cos(y) = a(y,O) is the di-
rectional pattern of a vertically located elementary di-
pole (or the directional pattern of an elementary emit-
ter of a flat metal surface of infinite conductivity) in
the vertical plane (Fig. 1). In the horizontal plane, the
diagram of such an emitter is constant a(O,(p) =1.

Therefore, in the time domain, an equation for the
multiplier oc(y(t),(p(t)), which will describe the cor-
rect change in the value of E(F,t), must be obtained.
The directional pattern of an elementary electric di-
pole in spatial form is a round torus with a center
in the dipole middle and equal internal and external
radii. Fig. 3 shows the dipole and its directional pat-
tern in three dimensions. Let us assume that the field
strength E is collinear to the y-axis.

When calculating the integral of Eq. (6), the polari-
zation multiplier o cannot be extracted from the in-
tegral because, for each angle ¢ in the integration
process, the value of the antenna directional pattern
in the torus section along a certain direction (y, o)
needs to be considered. This action is attributed to

the radius vector 7., and, accordingly, the cross-sec-

¢
tion of the directional pattern of each vertical dipole
that rotates about the vertical axis y when passing

through different values of angle ¢. Therefore, at

each point of the arc C,, the polarization multiplier
has a different value because it describes the length
of the radius of the torus section toward the angle y.
Fig. 3 shows that the integration operation is per-
formed in the first quarter of the YOX plane.

Fig. 4 shows the relative positions of the circular
aperture S, the integration contour C,, and various
directional patterns a(y,(p) depending on the inte-
gration angle o.

The cross-section of a circular torus with a plane
parallel to its axis of rotation is well-known and ex-
tensively investigated [8]. Such sections represent the
curves of the Perseus or Cassini ovals. The canonical
equation of a torus with the axis of symmetry y is ex-
pressed as follows:

2
(\/22+X2 —Qj =y*+¢°, (®)

where x, y, and z are the Cartesian coordinates, Q is
the distance from the axis of symmetry to form a cir-
cle (at the center of the figure of rotation), and q is
the radius of the forming circle (figure of rotation).
The canonical equation for the cutting plane is ex-
pressed as follows:

y:tan(go)x,z:VeR. 9)
After some rearrangements and transformations,

we obtain the following equation for the radius of the
cross-section:

I :a(y,(p)lel—sin2ysin2 0. (10)

By substituting y in Eq. (7), we rewrite the equation
as follows:

o(t.0) = Jl—(l—(z/ct)zjsin2 ().

Eq. (11) is a new equation for the polarization

(11)

factor of an elementary emitter of a metal flat sur-
face with infinite conductivity in the time domain.
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Fig. 3. Dipole D and its radiation pattern in three dimensions
Puc. 3. [lunone D u ero guarpammMa HampaBIe€HHOCTH B TPeX H3-
MepeHHSIX

Notably, Eq. (11) refers to a metal flat aperture, re-
gardless of its shape.

Eq. (6) for the AIR considering the polarization
multiplier of Eq. (11) is rewritten as follows:

(12)
If we input the parameter B =1/ (l - (z / ct)zj, then

the integral of Eq. (12) can be transformed into the
following expression:

L)
E(F,t) :ﬁ J.[B—sinZ ((p)d(px
?q
2B+ 20)-1
cos( (P) E[‘P%j»

where E((p|1/B) is a second-order elliptic integral

(13)

2[3+cos(2(p)—1 /b

with the parameter 1/f. This integral is a table inte-
gral and cannot be expressed in the form of elemen-
tary functions. Such integrals were first investigated
by Giulio Fagnano and Leonhard Euler in the mid-
18t century [25]. The second-order elliptic integral
yields the arc length of an ellipse. Both first-order
and second-order elliptic integrals are available for
calculation in MATLAB. In general, Eq. (13) can be
used for a flat aperture of any shape. At each instance
of time ¢, the angles of integration ¢, and ¢, along
a part of the circle C, are determined by the points at
which this contour intersects with the boundary of
the aperture S_. In some cases, a rectangular aperture
may have several such segments on the line of inte-
gration [10], and the integral will consist of the sum
of the integrals over these segments.

Fig. 4. Circular aperture S, contour C, and different radiation
patterns (x(y,(p) depending on the angle of integration ¢
Puc. 4. Kpyrnas aneprypa S,, koutyp C, ¥ pasnuyHble [Uarpam-

MBI HaIlpaBJIeHHOCTH oc(y,q)) B 3aBUCHMOCTH OT yIJIa UHTETPUPO-
BaHUS @

2. Calculation results

Let us compare the results of calculating the time
dependence of the field obtained using the proposed
calculation method for three different polarization
multipliers and the results of numerical simulation
using the finite integration technique (FIT).

Calculations using the model were performed with-
in the countable volume. The distance from the aper-
ture surface to the boundaries along the X- and Y-ax-
es was 0,5 m. The reflectance coefficient of perfectly
matched layers was 107>. The number of hexagonal
grid cells into which the calculated volume was divid-
ed was 200 million in a quarter of the volume. Adap-
tive mesh formation was used, and smaller cells were
created in the vicinity of structural inhomogeneities.

A linearly polarized plane wave propagated from
the boundary of the countable volume perpendicu-
lar to the circular aperture. The zero moment of the
analysis time was considered to be the moment of re-
flection from a flat round plate. Infinitely small lin-
early polarized field probes were placed in front of
the quasi-aperture.

Because of the need to limit the frequency band
in the FIT, a bipolar Gaussian ultra-wideband (UWB
CUITI) ultrashort pulse (Fig. 5a) with a spectrum from
1 MHz to 10 GHz at a level of -20 dB and up to 12
GHz at a level of -40 dB was used to excite a plane
wave in the simulation (Fig. 5b).

The signal on the probe obtained numerically
(dashed line) and the convolution of the input signal
(Fig. 5a) with three theoretical impulse responses de-
rived from Eq. (13) for various polarization multipli-
ers are shown in Figs. 6 and 7.
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The probe is located at the point r, =0,2R,
2=0,2R, 6=n/4. Here,r,, z,and 0 are the cylindri-
cal coordinates, with r, being the distance from the
z-axis and 0 being the angle from the x-axis. Pulse 1
in Figs. 6 and 7 is the main pulse, and Pulses 2 and 3
in Fig. 6 are caused by boundary and edge effects [6].

Fig. 7 presents an enlarged view of the main pulse
shown in Fig. 6. Notably, the main shape of the pulse
is nearly the same for all polarization factors, which
indicates the pulse of the main wave. However, its
maximum amplitude and mid-zero crossing time (ap-
proximately 6,9 ns) are different. The difference in
the maximum amplitude of the pulse obtained by the
FIT and the pulse calculated using Eq. (11) is approxi-
mately 0,5 %; this difference is approximately 2,5 %
for a “cosine” polarization multiplier and approxi-
mately 4 % for an isotropic emitter.

On the z-axis, when 1, =0, only two pulses can
be recorded, namely, the main pulse and the sum of
the boundary and edge effects that arrive simultane-
ously at this point from the circular aperture. In any
other case inside the aperture or projecting ray, when
1, # 0, the signal from the aperture will have three
pulses. When considering a point outside the project-
ing ray, two boundary pulses with opposite signs are
noted from the nearest boundary and the opposite
edge.

A comparison of the signals calculated using the
FIT and the method proposed in this study showed
that the amplitudes of Pulses 2 and 3 corresponding
to the rear part of the AIR are different. The largest
difference is noted near the z-axis. These deviations
are determined and explained by the antenna direc-
tional pattern of the elementary emitter and the ef-
fect associated with the flow of currents at the ap-
erture boundary. The signal amplitude at the probe

obtained by the FIT is smaller than that obtained by
the theoretical calculations. Notably, the edge cur-
rents at the boundary compensate for/reduce the sec-
ondary impulses.

Conclusion

This study presents a new analytical equation in
the time domain of Eq. (11) for the directional pat-
tern of an elementary radiator of an antenna flat aper-
ture depending on the time and angle of integration.
A new equation (i.e., Eq. (13)) for the AIR of a circular
aperture in the form of a second-order elliptic inte-
gral is also obtained. The last equation can be applied
to a flat aperture of any shape. The shape of the flat
aperture expressed in Eq. (13) was determined using
only the integration segment or, in several cases, sev-
eral segments.

The resulting equations for the field enable more
accurate calculations of the field of large flat metal
apertures, where numerical calculation methods (i.e.,
FIT and the method of moments) encounter difficul-
ties in implementing the terms of time and compu-
tational costs. Thus, through the use of an analytical
method based on physical optics and aperture theory
in the time domain, the accuracy of the method for a
linearly polarized field is improved.

The proposed method can be used to solve prob-
lems associated with the spatial distribution of the
linearly polarized field of aperture antennas more
easily and with higher accuracy.

This publication was prepared as a result of research/
work (project number 22-00-035 “Characteristics of
pulsed fields of aperture antennas”) within the Program
“Research Foundation of the National Research Univer-
sity Higher School of Economics.”
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Annomayus - B craThe HpPOBOAMTCS aHAIU3 IUIOCKOM KPYIVIOM amepTypbl M HpeANaraeTcsi K HCIOIb30BAHUIO HOBOE
aHaJIMTHYeCKOe BbIpa’keHHe, OMHMChIBalOLlee AMarpaMMy HamNpaBJIeHHOCTH 3JIEeMEHTAapPHOIO M3JydaTess amepTypbl aHTEHHBI
B 3aBHCHMOCTH OT BPeMEHH W yIJla WHTerpHpoBaHus. [IpencraBieHHas B paGore GpopMmyia MOXET NMPUMEHSTHCS K JIIOGOMY
IJIOCKOMY YYaCTKY anepTypsl 6e3 ydera ero ¢popmsl. [IprBeieHO HOBOE ypaBHEHME [JIsl IEPBOOGPA3HON GYHKILMH UMIYIbCHOM
XapaKTepUCTUKHM KPYIJIOH amepTypbl B BHMAE SJUIMOTHYECKOTO HHTerpama BToporo popa. ITokasaHo, 4YTO TeOpeTHYecKu
paccyuTaHHBIE 110 OPMY/IaM pe3yIbTAThl XOPOLIO COIVIACYIOTCS C YHMCIEHHBIM MOAeNMpoBaHueM. [IpH aHann3e YHUCIEHHOM
MOJIe/IH HCIIOIb30BAJICS METOJ KOHEYHOI0 HHTErPUPOBaHuUs Bo BpeMeHHoU obnactu (FIT). BenencTBre Tpe6oBaHus 60IBLIIOrO
BBIYMCJIMTENIBHOTO pecypca YMC/IeHHAas MOZleJb IPeCTaBIAIach YIPOLIeHHOM.
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