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Abstract - Background. The need to implement controlled coupling between qubits, which are the logical elements of
quantum devices such as quantum computers and quantum networks, requires, along with the use of traditional methods, the
development of new, more effective ways to organize the interaction of qubits with the microwave fields of resonators used
to generate and control the entanglement of qubits. As one of these methods, a method based on the influence of frequency-
regulated radio frequency signals on a superconducting Josephson qubit connected by a large Josephson junction to a free qubit
has been proposed. Aim. The influence of the Kerr medium of the resonator, in which one of the two qubits is placed, on
their entanglement induced by the coherent or thermal frequency-regulated radio frequency field of the resonator is considered.
Methods. To analyze the dynamics of the system under consideration, the solution of the quantum Liouville equation for the
full density matrix is studied. An exact solution o this equation is found in the case of initial separable and entangled states of
qubits. The exact solution of the evolution equation is used to calculate the criterion of qubit-qubit entanglement - cconcurrence.
Numerical modeling of the concurrence was carried out for various states of qubits, coherent and thermal fields of the resonator,
as well as various values of the intensity of the resonator field and the Kerr nonlinearity parameter. Results. It is shown that for
separable initial states of qubits, the inclusion of Kerr nonlinearity reduces the maximum degree of entanglement of qubits. For
an entangled initial state of qubits, the possibility of creating long-lived entangled states in the presence of Kerr nonlinearity is
shown. Conclusion. The type of initial states of qubits and the range of values of the intensities of the resonator fields and the
Kerr nonlinearity parameters have been established, for which the most effective control and operation of the evolution of qubits,

as well as the degree of their entanglement, in the physical system under consideration, is possible.
Keywords - superconducting charge qubits; microwave quantum field; coherent state; Kerr nonlinearity; cocurrence; long-

lived entangled states.

Introduction

Currently, superconducting qubits with Josephson
junctions are the most demanded elements in the de-
velopment of quantum information processing de-
vices [1-7]. To create such quantum devices, it is nec-
essary to realize controlled communication between
any pairs of qubits of the system. Practically, various
methods can be used to realize switchable connec-
tions in superconducting qubit circuits, in particular
using frequency-controlled radio frequency signals.
Frequency-controlled coupling for a pair of flux su-
perconducting qubits was first realized in [8]. In the
circuit, two qubits are connected and disconnected
by modulating the frequencies of applied external
magnetic fields of variable frequency, so that the fre-
quency of the alternating magnetic field matches or
does not match the combination of the frequencies
of the transitions in the two qubits. The technique
of coupling of flux qubits, developed in [8], was sub-
sequently extended to charge qubits [9]. In the case
of charge qubits, the proposed method of organiz-
ing the qubit coupling has an important advantage.
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The charge qubits used for communication operate
at their optimal points, and thus appear to be very
slightly immune to charge noise caused by uncon-
trolled charge fluctuations. In the reviewed work [9],
a new realization of coupling of two charge qubits by
means of an external magnetic field of variable fre-
quency is proposed. For this purpose, a system con-
sisting of two superconducting charge-carrying qu-
bits coupled via a large Josephson junction is studied,
exposed not only to a constant magnetic field but also
to a microwave electromagnetic field. In this case, the
microwave field acts only on the part of the circuit
that contains one qubit and a large Josephson junc-
tion. When the condition ®=wm,+wo,, is fulfilled,
where o is the frequency of the microwave field, and
®, and o, are the resonant transition frequencies in
qubits (in this case, both qubits can simultaneously
perform “flips”, i.e. simultaneously transition from
the ground state to the first excited state and back),
a fairly simple model can be compared to the system
in question, allowing an analytical solution as in the
case of the classical and quantum microwave fields.
A study of the entanglement dynamics of the model
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proposed in [9] in the case of a quantum coherent mi-
crowave field is performed in [10]. In doing so, the
authors showed that the initial state of the charge-
qubit pair and the average number of photons in
the microwave field mode have a significant effect on
the entanglement features of the qubits.

Theoretical studies of the dynamics of supercon-
ducting qubits interacting with microwave fields
are based on the Jaynes-Cummings model and its
generalizations [11]. Multi-atom generalizations of
the Jaynes-Cummings model are often called Tavis-
Cummings models in quantum optics and quantum
information science. It is well known that generaliza-
tions of the Tavis-Cummings model, which describe
the interaction of natural or artificial two-level (qu-
bits) or multilevel atoms (qutrits, qudits, etc.) with se-
lected modes of electromagnetic fields of various res-
onators, allow describing all known quantum effects
of interaction of atoms with matter [12-16]. Recently,
special attention has been paid to the study of mod-
els with different types of nonlinearity, in particular
with Kerr nonlinearity [17-32]. As is known, a ma-
terial whose refractive index is proportional to the
square of the light field strength is called a Kerr me-
dium. A light beam passing through such a material
acquires a phase shift of ¢=XzI, where X is Kerr
constant, t is time of interaction of the light field
with the material, and I is the intensity of the beam.
The Kerr effect is widely used in nonlinear quantum
optics to generate quadrature and amplitude com-
pressed states of the electromagnetic field, para-
metric frequency conversion, creation of ultrafast
pulses, etc. However, in the optical range, the Kerr
nonlinearities X are small compared to the loss rate
of photons « from the resonator, which makes it dif-
ficult to use this effect to control non-classical states
of light and atoms, in particular the entanglement of
qubits. However, the situation changes fundamen-
tally for artificial atoms in microwave resonators.
In particular for superconducting Josephson qubits,
a direct analog of the optical Kerr effect is naturally
produced by the nonlinear inductance of Josephson
contacts. Recently, such an effect has been used to
design a Josephson parametric amplifier [33]. In [34]
it was possible to experimentally realize the regime
of one-photon interaction of a qubit with the field of
aresonator in a Kerr medium by coupling a supercon-
ducting qubit (transmon) in a sapphire medium with
two three-dimensional high-quality superconducting
microwave resonators. It was possible to reach the

value of the Kerr constant, which by order of mag-
nitude coincides with the value of the qubit-photon
interaction parameter in such systems.

It is of interest to consider the features of qubit en-
tanglement in the framework of the model proposed
in [9; 10], taking into account the Kerr nonlinearity.

In the present work, the entanglement dynamics of
two identical superconducting charge qubits coupled
by a large Josephson junction is investigated under
the assumption that the magnetic flux permeating
the circuit with the first qubit and the large Joseph-
son junction, consists of a constant magnetic flux and
a magnetic flux induced by a quantum coherent mi-
crowave field with a varying frequency. Additionally,
the region including the first qubit and the large Jo-
sephson transition includes the Kerr medium.

1. The model and its exact solution

Consider two identical superconducting charge
qubits J; and J,, connected by a large Josephson
junction. Suppose that the magnetic flux penetrating
the circuit including the first qubit and the large Jo-
sephson junction consists of two parts: a static per-
manent magnetic flux and a magnetic flux produced
by a quantum microwave field with a varying fre-
quency. Let’s also assume that the frequency of a sin-
gle-mode microwave quantized field is selected so
that both qubits can simultaneously make the transi-
tion from the ground to the excited state and back,
i.e. the condition w=w, +w, is fulfilled. It will also
assume the presence of a Kerr medium in the contour.
In this case, the effective Hamiltonian of the interac-
tion of quantum magnetic flux with charge qubits can
be represented as
H=hy,(a o]0, +ci05a)+ hXa2a?, €))
where a* (a) is the operator for the generation (de-
struction) of photons of the microwave field mode;
o and ¢~ are the increasing and decreasing opera-
tors in the i-th qubit (i=1,2), y,, is the effective con-
stant of the interaction of qubits with the field, and
X is the Kerr nonlinearity.

We denote by |e); and |g); the excited and ground
state of the i-th qubit. We also choose separable states
as initial states of qubits

| \P(O)>]l]2 = | e>e>a (2)
| T(0)>]1]2 =| g,8), 3)
as well as the entangled Bell’s state

|¥(),,;, =cosa| g,g)+sina|ee), )
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where a is the parameter determining the initial de-
gree of entanglement of qubits.
As an initial state of the microwave field we will

choose a coherent state with wave function

O)p = D Py |0,
n=0

where |n) (n=0,1,2,-

crowave single-mode field. The weight coefficients

-) are the Fock states of the mi-

P, for the coherent state are

)
p =¢ 2 i

n R

The solution of the Schrodinger time equation for
the wave function of the model under consideration
at an arbitrary moment in time ¢ in the case of the
initial state of qubits (4) has the following form

(6 =D (A, (0
n=0

+B, |g,gn+1)+Cylt

le,e,n)+ )

)| 8,8,0),
where
)
—in Xt
¢ n+]\/l+ncosocsm ®, t)+

n
. i . .
+P sinoe <|)((:)n cos(m,t) +iny sin(w,t))],
—inzxt

e . ) T
[-iP, 1+nsinae® sin(w, t)+

B,(t)=

®p

+ P, cosa(m, cos(m,t)—inysin(w,t))],
CO = P0 coso

and

o, :\ln(nxz FD+1 749, x=X/7q9-

For the initial state of the qubits (2), the time wave
function has the form (5) under the condition a. =0,
and for the state (3) under the condition a=m/2.

Having an explicit form of the time wave function
(5), we can visualize the time density matrix of the full
two-qubit+field system as

p(O)) 1 5 =] OXP()]. ©)
We can also find the reduced two-qubit density

matrix by averaging expression (6) over the field

variables

p(t)]ljz :Spr(t)jlsz‘ (7
In the basis of two-qubit states

lee), |e,8), g€, |g8

two-qubit density matrix (7) has the following form

P11 0 0 pyy

0O 0 0 o
PO, = 0 00 o |

Pia 0 0 pyy
where

2 2 2
P11 (0= 1A OF, pay®=D B, +Cy
n=0 n=0

ZAHH £)+ Ay (0)C, -

Pr4(t

For a two—qublt system described by a reduced
density matrix p(t)h]z, the Wouters parameter or

consistency can be chosen as a measure of qubit en-
tanglement [35]. Wouters’ analytical method for com-
puting a quantitative measure of qubit entanglement
is based on the application of the so-called “spin-flip”
transformation, or “inverted spin” matrix, which is
defined as follows:

(t), , =(c, ®c,)plt )” (0, ®0)),

o

Iy
where p(t);1]2 is the matrix complexly conjugate to

the original reduced two-qubit density matrix

1o [0 -
Zan Gy—io

is the standard Pauli matrix (y component).
After the matrix p(t) is found, it is necessary

ple)y g

1)y’

to find the product of the matrices p(t)]]]2 p(t)]]]2 in

the Wouters approach. The resulting matrix is non-
Hermitian, but has real and non-negative eigenval-
ues. Then the consistency C can be found from the

S ACENRTEN ER
where A;(t) are the eigenvalues of the p(t)llj2 p(t)

equation

Cle)=max{ /2, ()

. . . T,
matrix arranged in descending order.

As a result of simple calculations, the formula for
the consistency of qubits in the case of their initial
states of the form (2)-(4) can be written as

Ct)=2|pyy |- )
The results of numerical simulation of the time
dependence of the consistency (8) for different initial

qubit states and model parameters are presented in
Figs. 1 and 2.

2. Numerical modeling of consistency
and discussion of results

Fig. 1 shows the consistency dependence for the
initial separable state of the qubits |e,e) (or | g,g))
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Fig. 1. Dependence of consistency C(t) on reduced time y,,t for the separable initial state of qubits |e,e) (or |g,g)). Average number of
photons m=30. Case (a) corresponds to =0 (solid line) and % =0,3 (dashed line). Case (b) corresponds to y =1 (solid line) and % =3
(dashed line)

Puc. 1. 3aBucumocts cornacosanHoctd C(f) OT NPUBEEHHOTO BPEMEHM Y ,¢ M CenapabelbHOTO HAyaJlbHOTO COCTOAHHS KyGUTOB
|e,e) (mnu |g,g)). Cpennee uncno poroHoB 1 =30. Cnyuaii (a) coorBercTByer ¥ =0 (crutomHas nuHus) u ¥ =0,3 (WTpUXOBAs TUHMUS).
Crny4aii (6) coorBercTByeT ¥ =1 (CrutomHasi TMHUS) U ¥ =3 (WTPUXOBAst TUHHUs)

C(t) C(t)
L L bbb
( H"‘W‘H'H%H*‘
0.8 0.8} iy,
o.eL 06|
0.4 i 0.4}
I

0.2 Cof H 0.2

g Ao L
0.0 - . YW N Lo 00 - - - - L Yot

0 10 20 30 40 o V12 0 10 20 30 40 50 V12
a 6

Fig. 2. Dependence of consistency C(t) on reduced time y,,t for the entangled initial state of qubits 1/ \/§(| g,8)+]|e,e)). Average number
of photons m=10. Case (a) corresponds to =0 (solid line) and x =0,3 (dashed line). Case (b) corresponds to y =1 (solid line) and =3
(dashed line)

Puc. 2. 3aBucuMocTb cornacopaHHocTd C(f) OT IPUBENEHHOrO BPEMEHM Y., IS HEPenyTaHHOIO HA4YaJbHOIO COCTOAHMS KyGUTOB

1/\/5(\ g,8)+|e,e)). Cpennee uncio ¢poronos i =10. Ciyuail (a) coorBercTByer ¥ =0 (crutomnas nuuus) ¥y =0,3 (WTpHxOBas JIHHUA).

Cnyyaii (6) coorBercTByeT ¥ =1 (crtomHas MuHUs) U ¥ =3 (WITPUXOBAs JINHUS)

on the reduced time y,;,t for a fixed average num-
ber of photons in the coherent mode n=30 and
various values of the Kerr nonlinearity. The figure
shows that in the considered model for all values of
the Kerr nonlinearity there is a strong correlation of
the states of the two qubits during their evolution.
Fig. 1 also shows that accounting for the Kerr nonlin-
earity for separable initial states leads to a decrease
in the maximum degree of entanglement of the qu-
bits during their evolution. This dependence of the
entanglement parameter on the nonlinearity is fun-
damentally different from the analogous dependence
in the case of two qubits interacting with a common
microwave field [17-21]. In the latter case, the inclu-
sion of Kerr nonlinearity significantly increases the

maximum degree of qubit entanglement. The behav-

ior consistency, which reflects the entanglement be-
havior of qubits, is oscillatory in nature for separa-
ble states, which corresponds to photon absorption
and emission processes. In addition, the consistency
converges to zero for some times. At these moments
of time, the states of the two charge qubits appear
to be unraveled. As the average number of photons
per mode increases, the times at which the unrave-
ling of qubit states occurs decrease. When the Kerr
medium is taken into account, this effect is absent.
Fig. 2 shows the dependence of consistency on the
reduced time vyt for the initial entangled state of
the 1/\/§(| g,8) +|e,e)) qubits and various values of
the Kerr nonlinearity. In the considered case, the de-
pendence of the maximum degree of entanglement

of qubits on the parameter of Kerr nonlinearity has
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a non-monotonic character. In the range of values of
dimensionless Kerr nonlinearity 0 <y <0,3, the en-
tanglement of qubits decreases with increasing Kerr
nonlinearity. For the values of y >0,3, the opposite
relationship takes place. The most interesting result
is that for sufficiently large values of dimensionless
Kerr nonlinearity y >3, the value in the process of
evolution remains close to the initial value equal to
one. Thus, using a Kerr medium with sufficiently
large values of nonlinearity we can obtain long-lived
maximally entangled qubit states. This result shows
the possibility of using Kerr nonlinearity to control

and manage the degree of entanglement of qubits.

Conclusion

Thus, in this work we have found the exact dynam-
ics of a system consisting of two identical charge
qubits connected by a large Josephson junction. The

ent state acts on a circuit containing one of the qubits
and a large Josephson junction is considered. Based
on the exact solution of the evolution equation, the
temporal wave function of the system is found. The
resulting explicit expression for the time wave func-
tion is used to calculate the qubit entanglement crite-
rion for initial separable and entangled qubit states.
Consistency is chosen as a quantitative criterion for
qubit entanglement. Numerical simulation results of
the temporal behavior consistency showed that for
separable initial qubit states, the inclusion of Kerr
nonlinearity reduces the maximum degree of qubit
entanglement. For entangled initial qubit states, we
show that it is possible to create long-lived entangled
qubit states in the presence of Kerr nonlinearity. As a
result, we demonstrated that with a certain choice of
the initial states of the qubits and values of the Kerr
nonlinearity parameter, we can control and manipu-
late the evolution of the qubits as well as the degree

case when a single-mode microwave field in a coher-  of entanglement.
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Annomayusa - O6ocHoBaHHe. Heo6X0AMMOCTb peaNn3aldd KOHTPOIUPYEMOH CBSI3U MeXAy KyOUTaMH, SIBIASIOLIMMUCS
JIOTUYECKUMH 3JIEMEHTAMU KBAHTOBBIX YCTPOWCTB, TAKMX KaK KBAHTOBBIE KOMIIBIOTEPHI U KBAHTOBBIE CETH, TpebyeT Hapsay C
WCIONb30BAHMEM TPAAUIMOHHBIX METOOB Pa3pabOTKHU HOBBIX, 60jee 3PPEKTUBHBIX CIIOCOG0B OPraHU3aLUU B3aUMOLENCTBHUS
Ky6UTOB ¢ MUKPOBOJTHOBBIMHU TIOJIIMH PE30HATOPOB, UCTIOb3YEMBIX [JIsl FeHEPALUMHU U YIIPaBJIEHHUs TepeNyThiBAHUEM KyOUTOB.
B kauecTBe OQHOTO M3 TAKUX METOJOB IPEJIOKEH METOJI, OCHOBAHHBIM HAa BO3AEHCTBUU YACTOTHO-PErYTHPYEMBIX PAJHOYACTOTHBIX
CUTHAJIOB HAa CBEPXIPOBOASIIUN [K03e(pCOHOBCKHE KYOUT, COeNUHEHHBIM GONBIIMM [K03epCOHOBCKUM IEPEXOLOM CO
cBO6OAHBIM KybuTOoM. llenb. PaccMOTpeHO BIUsiIHME KEPPOBCKOM Cpefbl pe3OHaTOpa, B KOTOPBIA MOMELIEH OOWH M3 JBYX
Ky6HUTOB, Ha MX MepelnyThiBaHWe, MHAYLUPOBAHHOE KOTEPEHTHBIM HJIM TEIUIOBBIM YaCTOTHO-PETYIUPYEMBIM PaJUOYaCTOTHBIM
nosieM pesoHaTopa. Meroasl. sl aHanu3a AMHAMHUKHA pacCMAaTPUBAEMOM CHCTEMBI HCCIIE[NOBAHO peLIeHHe KBAHTOBOIO
ypaBHeHUs JINYBUIUIS [JIs IOJIHOM MaTPULbl INIOTHOCTH. HaliieHO TOYHOE pellieHre YKa3aHHOTO yPaBHEHHU B ClTyyae HadaabHbIX
cenapabenbHBIX U MEPENyTAHHBIX COCTOSHUM Ky6uTOB. TOUHOE pellleHHe YPaBHEHUsI 9BOMIOLMN UCTIONB30BAHO [JIs1 BBIYHCIIEHHUSI
KpUTepHsl MepenyTaBaHUsi KyOUTOB - COMVIACOBAHHOCTH. [IpOBENE€HO YHCIEHHOE MOJEIMPOBAHHME COIJIACOBAHHOCTH [Isl
Pa3JIMYHBIX COCTOSIHUN KYOUTOB, KOT€PEHTHOTO U TEIIOBOTO TOJIEM pe3oHaTopa, a TaKXKe PasIuYHbIX 3HAYEeHUH UHTEHCUBHOCTH
[oJisi Pe30HaTOpa M MapaMeTpa KeppOBCKOM HenuHelHOCTH. Pesyaprarsl. [TokazaHo, 4TO sl cemapaGesbHBIX HayalbHBIX
COCTOSIHUH KyOHUTOB BKIIIOYEHHE KEPPOBCKOW HEIMHEMHOCTH YMEHBIIAET MAKCUMAJIBHYIO CTElIeHb [epelyThIBAHUS Ky6uTOB. [IJ1st
MepernyTaHHOTO HAaYaJbHOrO COCTOSIHUSI KYOUTOB MOKa3aHa BO3MOKHOCTb CO3[aHMsI JONTOXKUBYIIUX MEePENyTAHHBIX COCTOSHUM
[PY HAJTUYUHU KEPPOBCKOW HETMHEWHOCTH. 3aK/II0YeHHE. YCTAHOBIEHbI THI HAYaIbHBIX COCTOSIHUN Ky6UTOB U 06/1aCTh 3HAYEHU
HMHTEHCUBHOCTEMH 110JIeH pe30HATOPA U apaMeTpa KEPPOBCKOU HETMHEMHOCTH, AJIs1 KOTOPBIX BO3MOXKeH Hanbosee 3¢ deKTUBHBIM
KOHTPOJIb U yIIpaBIeHHe 3BOJIOLHEN KYOUTOB, 2 TAKKe CTETEHBIO UX NEPENyThIBAHUS B PACCMATPUBAEMON pU3UYECKON crCTEME.
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