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U mjacTuyeckyto yactd. [lpupaiienns ynpyrux neopMmanuil cBsi3aHbl ¢ NPHUPAIIEHUSIMH HampsixKe-
HUi 3akoHOM ['yka. CBsi3b NpupallleHUH MJacTHUeCKHUX ne(opMaluil ¢ MpUpalleHUs MU HaNpsKeHHH
OmpefessieTcs Ha OCHOBE T'MIIOTe3bl O MPOMNOPLHUOHANBHOCTH KOMIIOHEHT TeH30pa MpHUpallleHHH nia-
CTUYEeCKUX JedopMallvil KOMIIOHEHTaM JeBUaTopa HanpskeHHH. Bo BTOpOM BapHaHTe KOMIIOHEHTHI
TeH30pa NpHUpallleHnH NIacTHUeCKUX Ae(opMalMi MoJydeHbl Ha OCHOBE MpelJl0XKeHHOH TMIoTe3bl
O NPONOPLHOHAIBHOCTH 3TUX KOMIIOHEHT KOMIIOHEHTAM JeBHUaTopa NpHUpallleHUH Hanpsi>KeHUH Ha
liare Harpy>keHusl. B sToM BapuaHTe Tak e, Kak U B I1epBOM BapHaHTe, IIPUHSATA TUIIOTE3a O
HecKHMaeMOCTH MaTepuaja NpH IJacTHYecKoM IeOpMHUpPOBaHHWU. B TpeTbeMm BapuaHTe ormpe-
JeJIsIIolllMe ypaBHeHHs Ha llare Harpy»KeHHsl MOJIyuyeHbl HAa OCHOBe IPelJIO’KeHHOH TMIIOTe3bl O
NPONOPLHOHANBHOCTH KOMIIOHEHT JeBHaTopa NpupalleHui necdopMallil KOMIIOHEHTaM JeBHaTopa
NpHpaLleHUd HalpsiKeHUH Oe3 pasiesieHUs NPUPaLleHUd ge(opMalui Ha yIpyTylo U IJIACTHYECKYIO
yacTd. KoappuuueHT nponopuroHasbHOCTH oKasancs (PyHKIUeH XOpAOBOro MOAYJS AUarpamMMbl
necpopmupoBaHus. ['HnoTesa o HeC:kMMaeMOCTH MaTepHaJa MpH MJIacTUYeCKOM NeOpMUPOBAHUU
He NIPHHKMAJlach, a peajrn30BaHa 3aBUCUMOCTb MeX1Y NepBbIMM HHBapUaHTaMH TeH30pOB Aedop-
MallUil M TeH30pOB HaNpsi)KeHUH, MoJsyuyaeMasl U3 3KcrneprMeHTa. /11 cpaBHeHMs C MePBbIM U
BTOPbIM BapHaHTaMU ONpeNesolUX yPaBHEHHWH 3Ta 3aBUCHMOCTb MEXAY TepPBbIMA HHBapHaHTaAMU
TEeH30pOB AedopMaLUi U HaANpsiKeHHH omnpeneseHa no ¢opmyse yrnpyroro aedopmupoBaHus. B
KauyecTBe KOHEYHOr0 3JleMeHTa NPHUHAT NpU3MaTUUeCKHH 3/1eMeHT C TPeyroJbHbIMH OCHOBaHUSMHU. B
KayecTBe Y3JI0BbIX HEHM3BECTHBIX MPHUHSATHI MPHUpAIEeHUs MepeMellleHHH U TpUpalleHus HalpsiKeHHH.
AnnpokcuManusi HCKOMBIX BeJMYUH METOa KOHEUHBIX 3JIEMEHTOB B CMeLIaHHOH (POPMYJIUPOBKe
yepe3 y3JIOBble 3HAYEHMS] OCYLIECTBJISINACH C MCIONb30BAaHHEM JHHEHHBIX (yHKUMHA. Matpuua
Hamnpsi2keHHO-1e()OPMUPOBAHHOIO COCTOSIHUS NpeACTaBJeHa Ha OCHOBEe CMeLIaHHOro (pyHKLHOHA-
Jia, TIOJYYEHHOr0 U3 (PU3MUeCKOro Bblpa’KeHHs paBeHCTBA BO3MOXKHBIX U JeHCTBUTENbHBIX paboT
BHEIIHWX Y BHYTPEHHUX CHJ Ha lIare Harpy>KeHHs ¢ 3aMeHOH NeHCTBUTeNbHOHU paboThl BHYTPEH-
HUX CHJ1 PA3HOCTbIO MOJHOH W JOMOJHHUTEbHOH paboThl BHyTPeHHUX cuJjl. Ha npumepe pacuera
M0Ka3aHO afleKBaTHOe COOTBETCTBHE B pe3ysbTaTaX pacyeTa Ha OCHOBE PAacCMOTPEHHBIX BapHaHTOB
(bU3MYEeCKHX COOTHOLIEHHH U OTMeyeHa MpedloYTUTeNbHOCTb NIPe/JI0XKEeHHOI0 TPeThero BapHaHTa
OIpeessIIOINX YPaBHEHUH TEOPHUH MJIAaCTHUHOCTH.

KaroueBble cioBa: onpejie/isiiollle YpaBHeHUs MJ1AaCTUYHOCTH, AE€BHATOPbI NpUpalleHui nedopma-
LMK, 1eBHATOPBl NPUPALIEHUH HaNpsiKeHHH, cMemmanHbid MKD
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Abstract. To obtain the deformation matrix of the prismatic finite element at the loading step,
taking into account the physical nonlinearity, three variants of physical equations were used. In
the first variant, the defining equations of the theory of plastic flow are implemented, according
to which the increment of deformations is divided into elastic and plastic parts. The increment
of elastic deformations is related to the increments of stresses by Hooke’s law. The relationship
of plastic strain increments with stress increments is determined based on the hypothesis of
the proportionality of the components of the plastic strain increment tensor to the components
of the stress deviator. In the second variant, the components of the plastic strain increment
tensor are obtained on the basis of the proposed hypothesis about the proportionality of these
components to the components of the stress increment deviator at the loading step. In this variant,
as well as in the first variant, the hypothesis of incompressibility of the material during plastic
deformation is accepted. In the third variant, the defining equations at the loading step were
obtained on the basis of the proposed hypothesis about the proportionality of the components of
the deformation increment deviator to the components of the stress increment deviator without
dividing the deformation increments into elastic and plastic parts. The proportionality coefficient
turned out to be a function of the chord modulus of the deformation diagram. The hypothesis of
incompressibility of the material during plastic deformation was not accepted, but the dependence
between the first invariants of strain tensors and stress tensors obtained from the experiment
was realized. For comparison with the first and second variants of the defining equations, this
dependence between the first invariants of strain and stress tensors is determined by the elastic
deformation formula. A prismatic element with triangular bases is adopted as the finite element.
Displacement increments and stress increments are taken as nodal unknowns. Approximation of
the desired values of the finite element method, in a mixed formulation through nodal values,
was carried out using linear functions. The stress-strain state matrix is presented on the basis
of a mixed functional obtained from the physical expression of the equality of the possible and
actual work of external and internal forces at the loading step with the replacement of the actual
work of internal forces by the difference of the full and additional work of internal forces. The
calculation example shows an adequate correspondence in the calculation results based on the
considered variants of the physical relations and the preference of the third variant of the defining
equations of the theory of plasticity is noted.

Keywords: defining plasticity equations, deformation increment deviators, stress increment
deviators, mixed FEM
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BBenenue

B peasbHBIX WHXKEHEPHBIX KOHCTPYKLMSAX BCErla UMelTCs 30Hbl, B KOTOPBIX MPH Ha-
Tpy>KeHHH BO3HUKaeT KOHLEeHTpauusl HanpsikeHUH. [loaTomMy yke mpu Harpyskax, gajeKkux
OT TpenesbHbIX, B HUX BO3HHUKAIOT HAMNpsIKEeHHS, MpeBblllaoiiye npeaea tekydectu. Cie-
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H. A. I'ypeesa n ap. O chnan4ecknx ypaBHeHNsIX AeGhOPMUPYEMOro Tea1a Ha Wware HarpyXXeHums @

A0BaTeJIbHO, OIlpeaeJeHre HallpAXKE€HHOro COCTOAHHNA C YUETOM IMMJaCTUYECKUX ﬂe¢opmunluﬁ
B OrpaHUYE€HHBIX 30HAX ABJIAETCA aKTyaanoﬁ HH}KeHepHOﬁ 3aﬂaqeﬁ.

[Ipu pacuere WH>KeHEPHBIX KOHCTPYKLHH 3a IMpelnesioM yIPYrocTH HauboJiee 4acTo
UCIIOJIb3YETCSl TEOPHUs TJIACTUYECKOTO TEUEHHs M TEOpUsl MaJblX YIPYTOMJIaCTHYECKHUX
nedopmanuii [1-3]. s peanusalnuut COOTHOILIEHUH TEOPHUH MJIACTHUHOCTH HCIIOJb3YeTCs
YHCJIEHHBIH METOJ KOHEUHBIX 3/IEMEHTOB KaK B (hOPMYJHPOBKe MeTONa mepemelieHui [4-6],
TaK U B CMelllaHHOH (hopMysnupoBKe [7].

B Hacrosile#i paboTe Ha OCHOBe NPHU3MATHYECKOI0 KOHEUHOIO 3JeMeHTa B CMeLIaHHOH
(hopMyJsIMpOBKE B TEpPBOM BapHaHTe peasn30BaHbl OMpelessiolllie ypPaBHEHUS TEOpPHH
J1aCTUYECKOr0 TeUeHHs U J1Ba BapHaHTa (PU3UUECKHUX ypaBHEHHWH Ha ll1are HarpyxKeHus,
NoJy4yeHHble Ha OCHOBEe INpeJIOXKeHHBIX THIOTe3.

Onpenensiooliyie ypaBHeHHsl TeOPUH TeUEHHsl COCTOAT M3 MpHpalleHnd yrnpyrux aedop-
Mauui U gedopmaunii naactuyeckux. [lpupaiienus ynpyrux aedopmauuii onpenessiorcs
3akoHOM ['yka. [Ipupaienus nnactruyeckux aeopMalUi onpenessioTcss Ha OCHOBE T'H-
NOTe3bl O NPONOPLUOHAIBHOCTH NPUPALLIEHUH MJIACTHUEeCKUX JeopMalli KOMIOHEHTaM
JeBHAaTOpPa HaNpsKEHUH.

Bo BTOpoM BapuaHTe 1/l MOJNy4YeHHUsl MPUPALLEHUH MJIacTUYeCKUX AedopMalui uc-
N0J1b30BaJIach TUIIOTE3a O MPOMOPLUOHANBHOCTH NPUPALLEHHUH NJIACTHUECKUX Ae(popMalui
KOMIIOHEHTaM JeBHaTopa MpupalleHuil HanpsikeHu#. B TpeTbeM BapuaHTte 6e3 pasaesneHus
neopMalUi Ha yNnpyrue M NJacTHYeCKHe 4acTH IOJy4YeHbl OoNpelessiolihie YpaBHeHUs
Ha OCHOBE THIIOTe3bl O MPONOPLHUOHANBHOCTH KOMIIOHEHT [eBHaTopa NpHUpallleHUH ne-
dopmMauuii KOMIIOHEHTAM JAeBHaTOpa MpUpallleHUuH HanpsikeHUid 0e3 OrpaHU4YUTEeNbHOTO
NPEIONOKEHUSI 0 HECKMMAeMOCTH MaTepuasa MpH MIacTHYeCKOM 1e(OPMHUPOBAHHUH.

1. MeToasl uccjenoBaHud
1.1. [dedopmMupoBaHHOe COCTOSIHUE B TOUKE TeJia Ha HIare HarpyKeHHs

[Ipupawenus pedopMauuilt Ac,,, Acyy, Ac.., AVey, AYe, A7y, B 3aBUCUMOCTH OT
npupaiieHni nepemeiiennii Au, Av, Aw Ha 11are HarpyKeHUs ONpeNessioTCS B TeOMeT-
pHUECKH JIMHeHHOH moctaHoBke [8,9]:

0Au O0Av 0Aw
A P A E— A =
Cu ox ' “uy oy’ £x 0z’ (1)
A B O0Au n O0Av B 0Au n 0Aw B O0Av n 0Aw
Tay = oy ox ’ Tz = T ox ’ T2 T o2 oy

CootHouienus (1) 3anuceiBalOTCs B MaTPUUYHOM BHJIE

{ach = [L{aw}, (2)

x1 6x3 3x1

T
rae {Ac} = {Acy,, Aeyy, Acsy, Avyy, Ay, Ay, } — MaTpULA-CTPOKA NPUPALLEHUS [e-
1x6
dopmaunit, {Aw}’ = {Au, Av, Aw} — cTpoKa npHpalenHii mepeMelieHui, [L] — MaTprua
1x3 6x3
nudhepeHHaNbHbIX ONEPATOPOB.
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1.2. Pusuyeckue ypaBHeHHUs Ha LIare HarpyxeHus

1.2.1. ®usnueckre ypaBHeHUS] T€OPUHU IIACTUYECKOTO TeUeHHUS

CorsiacHo 3TO# TeopuM npupalleHus aedopMalUi NpeAcTaBAsIOTCS CYMMOH Mpupalle-
HUH yOPyTUX U MpUPALLEeHUH MJIacTUYeCKUX AedopMaLuii:

AEU‘ = A&‘fj + Aé‘?] (3)
[pupauienus ynpyrux nedopmauuii onpenenstorces 3akonom ['yka [1]:
1
Ael, = E(Aam —vAoy, — vAo,,),

1
Age — _<A0yy - VAO-.’I?IZ - VAOZZ)’

yy
¥ )
Aegt, = E(Aazz — VAo, —vAoy,),
1 1 1
e, = Aoy, G = A, 286, =~ A

roe F — MoayJib yOPYyTOCTH MaTepuasa MpH pacTsKeHUH, v — KO3(P(HULHEHT TonepeyHoH
nepopMaLnH.

[Ipupaiienuns naactrueckux aedopMaluil onpenensioTcss B TEOPUHU MIaCTHUECKOTO Teye-
HHS Ha OCHOBE TMIIOTE3bl O MPOMOPLHOHANBHOCTH MPUPALLeHUH MIacTHYeCKUX AedopMalui
KOMIIOHEHTaM JIeBHATOPA MOJHBIX HAMPsKEeHUH:

Ae?

i

P

AEZ-]- = (Uij - 5ij<7c)a (5)

rue Agf — NpUpalleHue UHTEHCUBHOCTH MJacTUUeCKUX AeOopMallui, 0; — UHTEHCUBHOCTb
o 1

HanpskeHu#, d,; — cumBoa Kponekepa, o, = g(am + oyy + 0,.) — CpellHee 3HaueHHe

HOpPMaJIbHBIX HaNpPSKEeHUH.

[IpupaliieHde HHTEHCHBHOCTH IJIACTHUECKHX AedopMmanui, Bxomsiiee B (5), onpeness-
eTcst pazHocThio [1]:

AP = Aej— Act = 8% B9 A (i - i) , (6)

E, B,

rie Ae; — npupalleHre UHTEHCUBHOCTH AeopMauuil, Acf — npupalieHie HHTEHCUBHOCTH
yIOpyrux aepopmauui, F, — XOpAOBBIA MOAYJb AHarpaMMbl Ae(OPMHUPOBAHUSI MaTepHa-
Ja, I, — KacaTeJIbHbId MOAYJb [HarpaMMbl ae(opMUpOBaHus, [, — MOAyJb HA4YaJ/JbHOTO
ydacTKa auarpammbl geopMupoBanusi, Ao; — NpUpalleHHe HHTEHCHBHOCTH HamNpsiKeHUH.

Bxonsimiasi B (6) BesMurHa NpUpalleHnss HHTEHCUBHOCTH HamnpskeHUH Ao, onpeness-
eTcsl 1U(p(epeHIMPOBaHHEM BeJUUHHBI

1
V2

B TaKOM OOILIleM BUIE:

0 = [(O-Ix o Uyy)2 + (Uyy - UZZ>2 + (UZZ - U$33>2 + 6(0325y - U?cz - ng)} V2

o, — do; L N— Jo; Ly N— Jdo; 9% Ny do; 9% N, do; 9% Ny 4 do;

00 14 0oy, 00, 00 4y 00, oy,

—Aoy,. (7)
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[Ipu yuere (6), (7) npuparieHus niacTU4ecKux AeopMaluil 3aMUIIYTCS BbIpaKEHUSIMU

Agla):x = m(amc - OC) (Schaa:x + SyyAayy + 5. A0+
+SmyA0my + Sp2 A0, + SyzAUyz> )

Ael =moy, (812004, + SyyAoy, + 5. A0+
+SxyA0xy + szAUa:z + SyzAOyz) )

31 /1 1 g Jo;
e m= 20’i Ek En T aO'ij.

CJiemyeT OTMETHTB, YTO COOTHOLIEeHHUs (8) MOJydYeHbl B MPENIONOXKEHHH O HECKUMae-
MOCTH MaTepHaJa MpHU MJIaCTHUECKOM 1e(OPMUPOBAHHUH.

Cymmupysi B cooTBeTcTBUH ¢ (3) BeipaxkeHusi (4) u (8), MOXKHO 3amucaTh (pU3HUECKUE
ypaBHEHUs TEOPHH IMJIACTHUUECKOTO TeUeHHs] B MaTPUUHOM BUIE

{Ac} = {C1}{Ad}, (9)

6x1 6x6 6x1

rie {Ae} ={Ac,u Ay, Ac. Ay AYe Ay}, {A0Y ={A0eAcy, A0, A0w Ao Ady. ).
6

1x6 1x

1.2.2 BapuaHT npupameHuil niacTuyecKux aedopmanui

[Ipennaraercss BapuaHT (pM3UUECKUX ypaBHEHMH Ha llare HarpykKeHWs, OCHOBAHHBIH Ha
TUINOTe3e O MPONOPLMOHANBHOCTH NPUPAIeHU# NiacTudeckux aedopmauuit Ae}; KOMIO-
HeHTaM JeBHaTopa NpUpalleHuid HanpskeHUH AS;;:

Acl, = pAS;, (10)

p

3Ae
rae AS;; = Aoy — 0;;A0., Y = §AUZ~ — KO3(P(PULUEHT MPONOPLHUOHAIBHOCTH.
(2

[Ipunumast Bo BHUMaHHe (6), npUpalleHus MIacTHUECKHX aedopMaliil MOXKHO 3aMucaTh
BbIpAKeHUEM

3/ 1 1
et =3 (E _ E_) (Ao — 5 A0). (11)
n
B ¢usnueckux ypaBHeHusix (11) Takxke mosaraercsi HeCXKMMaeMOCTb MaTepuaJsa Mpu
MJIACTHYECKOM J1e(hOPMHUPOBAHHH.
Cymmupysl mpupalleHuss yrnpyrux pedopmanui (4) v mnpupalieHds MIaCTHYECKHX
nedopmanuit (11), MOXHO CPOPMHPOBATH MATPHUUHOE COOTHOLIEHHE

{6A61?} = {C:H{Ao}, (12)

6x6 6x1

1.2.3 Bapuant ¢usnueckux ypaBHeHUu# 0e3 pasgeneHus aecdopMmanuili Ha ynpyryo
U IJIACTUYECKYI0 YacTH

[Ipu nonydeHuu TpeTbero BapvaHTa (PU3UYECKHUX YpaBHEHWH NpelJsaraeTcs 0TKa3aTbCs
OT pasfeJsieHUs NpUpalleHui fepopMalUi Ha yIIpyrue U MjacTHYeCKHe YacTH, a ONpesessiTh
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COOTHOLLIEHHS MeXAY IMOJHBIMU NpHpalleHUsIMHU AeopMalUi U NpUpalleHUs MU Hamps-
JKEHHUH Ha OCHOBE THUIOTe3bl O MPONOPLHUOHANBHOCTH KOMIIOHEHT JeBHaTOpa NpUpPALLEeHUN
fgeopMalvil KOMIOHEHTaM J[e€BHATOpa NMPUpPALLEHUH HANpPSKeHUH:

3 Ag;
Ay — b;0ec = 5 AE (Aci; — 6,A0.), (13)
. Ag;
rie Ae; — npUpalleHle HHTEHCUBHOCTH Ae(popManui, o B E, — XopnoBbIl MOLYJ/b
o) T

1
auarpammbl neopMupoBanusi, Ae, = g(Asm + Aeyy, + Ac,,).

Caenyet oTMeTuTh, 4To B (13) ucnosb3yetcsi 3aBUCUMOCTb Ae. = kAo, osydaemasi
M3 dKCIepruMeHTa 6e3 MCIOJMb30BAHHUS TMIIOTE3bl O HECXKUMAEMOCTH MaTepuaJa.
Ecnu npennonoxutsb, kak B (9) u (12), 4to MaTepuas HecxKHMaeM TPH IMJIaCTHYECKUX

nepopMaLusx, T.e.
1—2v

Ae, = T — Ao, (14)
TO MO2XHO C(pOpMI/IpOBaTb MaTpUYHOE BbIpaxKeHue
{AE} ={C;}H{Ad}. (15)
6x6 6x1

1.3. Marpuua negopMupoBaHus NPU3MATUYECKOTO KOHEYHOI'0 3JieMeHTa

OCHOBaHUSIMH TIPU3MATHYECKOTO KOHEUHOTO 3JIeMeHTa SIBJSIOTCS MPOU3BOJbHBIE Tpe-
YTOJIBHUKH C Y3JaMH ¢, J, kK [J51 HUKHEr0 OCHOBAHHA U C Y3JaMH m, N, p AN OCHOBaHUS
BepxHero. B KayecTBe y3/I0BBIX HEM3BECTHBIX MPHUHATHI MPUPALLEHHS NepeMelleHUH U
npupalleHuss HanpsixkeHUH. /s BbINOJHEHUS YUCJEHHOTO UHTErPUPOBAHHUS MO 00beMY
KOHEYHOI0 MPU3MATHYECKOrO JIeMEHTa NHUCKPeTU3aUMH OH 0TOOpaxKaeTcs Ha JIOKAJNbHYIO
NPHU3MYy C OCHOBAaHHUSIMHU B BHJE PAaBHOOENPEHHBIX TPEYTOJbHUKOB, KOOPAMHATEl KOTOPBIX
U3MeHsIUCh B npefesax 0 < &, 7 < 1, a KoOpAUHATA MO BBICOTE NMPU3MBI M3MEHSJIACh B
npenenax —1 < ¢ < 1. Annpokcumanusi KOOpAUHAT x, Y, Z, NIPUPALLEHHH MepeMelleHHH
Au, Av, Aw, a Takxe npupalieHuil HanpskeHuit Aoy, Aoy, Ao, Aoy, Aoy, Ao, depes
Y3JI0BBIE 3HAYEHHUS COOTBETCTBYIOLIMX BEJUYUH OCYLIECTBJANACh JUHEHHBIMU (PYHKLUSAMHU

— 1-¢. 1 1 1 1
et e R e T ) -

= {f(f . O {/\y} (16)

6x1

33

A= {a-e-n?

T ] . .

rie {\,} = {ANAAMATNP} — MaTpHLa Y3/I0BbIX 3HAYEHUH aNPOKCUMUPYEMOH BeJIHUH-
1x6

HB.

C ydyeToM amnmpoKCUMHUpYUX (YHKUUH (16) MaTpuuHble BblpakeHHsI (2) MOXKHO
3amucath B BHIE

{Aw} = [Al{Av,}, {Ac} = [L] [A] {Av,} = [B]{Av,}, (17)

3x1 3x18 18x1 6x1 6x33x18 18x1 6x18 18x1

rae {Av,} ={ AUAWAUAUTAUAPAVAVAVAVTAVAVPAW AW AWEAW AW AWP}.

1x18
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Jlns nprpaleHni HanpsiXKeHUH BHyTPeHHeH TOUKHU KOHEUHOTro 3/7eMeHTa Ha ocHoBe (16)
MOXKHO COCTaBUTb MaTPUYHOE COOTHOLLEHHE

{Ac} = [S]{A0g,}, (18)
6x1 6x36 36x1
rne {Ao,} = {Acl Aol Ack Ao Ao Ao?, . . Adl Aol Aok Aoy Aot Aoh,
1x36
st popMHUpOBaHUsT MaTPHULLbl HANPSKEHHO-1€(hOPMHUPOBAHHOTO COCTOSIHUSI KOHEUHOTO

3JIeMeHTa HCII0JIb30BAJICs HA Llare Harpy:KeHWsl cMellaHHbIH QyHKuHoHas [10]

{ﬁ%} (rjawjav 5 [ (aryTC)Ba)av -
-5 / ()" {Aq}ds - / (au)"(qpas - [ (o} (ackav (=123, (19)

rae {Aq} — Harpy3ka Ha ware HarpyxeHusi, {q} — Harpyska, MpUIOKeHHasi 10 paccMaTpu-
BaeMOro IlIara HarpyxkeHwusi, S — MJIOLIA1b MPUIOKEHHs HATPY3KH, V — 00beM 3JeMeHTa.

C yyeToM anmpokcuMHpyolKX BoipaxkeHud (17) u (18) dyukuuonan (19) sanumercs
BbIpa2KEHUEM

1= 1{A0}" [ 1817 (BldV{dv,} - +{as,)" [ (517Gl 8] dV{Ac,}-

1x36 36x6 6x18 18x1 2 1x36 36x6 6x66x36 36x1
\%4 %4

——{A [ AT {Ag}dS — {Av, )" [ [A]"{q}dS — {Av,}" [ [B]{o}aV.  (20)

1x18 18x3 3x1 1x18 18x3 3x1 1x18 18x6 6x1
S S 14

T T

Bapbuposanue ¢ynkunonana (20) no ysnossim HeusBecTHsM {Ac,}" u {Av,}" mpusomut
1x36 1x18

K CUCTeMaM ypaBHeHUH

oIl
AT — Q] {Av,} — [H] {Ao,} =0,
0{Aoy,} 36x18 18x1 36x36 36x1 21)
oI .
101 T{Ac,} — {AfY — {R} =0,
o{Av, }T ILXILS {36><?1J} {18;]:({} in}l’
me [Q] = [[S]"[BlaV, [H] = [ [S]"[C][S]aV, {Afy} = [ [A]"{Aq}dS, {R} =
36x18 1 36x6 6x18 36><36 V36><6 6><66><36 18x1 5 18x3  3x1 18x1
= [ [A]"{q}dS — [ [B]"{o}dV — ueBsska Padcona.
S 18x3 3x1 VvV 18x6 6x1
Cucremy (21) MOXHO 3amucaTh B TPaAMLUHMOHHON KOHEYHO-3JIeMEHTHOH (hopMe
(K] {Zy} = {Fy}’ (22)
5Ax54 54x1  Bdx1
—[H] ]
rie [K] = | 29098 39181 _ yarpuua HanpsikeHHO-1eOPMHUPOBAHHONO COCTOSIHUS KO-

54 x 54 [Q] g [O]

18x36 18x18

T T T
HEYHOr0 3JeMeHTa Ha Iuare HarpyxeHnus, {Z,} = {{Aay} {Av,} } — BEKTOp Y3JI0BBIX
1x54 1x36 1x18

HeM3BeCTHHIX, {F}} = {{O}T AT+ {R}T} — BEKTOP Y3JIOBBIX Harpysok.

1x54 1x36 1x18 1x18
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2. Pe3syabTathbl
IIpumep

PaccmatpurBasioch HanpsixkeHHO-1e(hOpMHUPOBAHHOE COCTOSTHUE KOHCOJbHOW OaJiKu AJH-
HOH [ ¢ KBapaTHLIM IONIEPeUHBbIM CeUeHHUEM BBICOTOH h MpH 3arpyKeHUH CoCpenoTOYeHHOH
cuJiol P Ha KOHLle KOHCOJIM. bbln NpUHATH chaenyloliyde ucxonHuble naHHele: [ = 0.1 M,

h =0.01 m, P =300 H, E=2-10° MIla.
P [Ipu pacuere KoHCOJIBHOH OasKu Ha OC-
| HoBe MKD npuHrMasach cxema IHUCKPETH-
Ny 3allMyi GaJIKh Ha KOHEeYHble 3JeMeHThl I10

N, PHC 1.
UuceHHble 3HAaUEHUS] HOPMaJIbHBIX Ha-
NPS2KEHUH B BEPXHUX 0., U HUXKHHUX BOJIOK-
Hax o,, 3aJeJKH U CeUYEeHUS, OTCTOSILLEro
Puc. 1. CeTka nuckpeTrsaluur KoHcoJMbHOH Gankn Ha PACCTOAHHU h ot 3apenku, npuBeIeHbl
Ha KOHeuHble 3JeMeHThl: N — YUCJIO0 y3JI0B BIOJNb B TabJ. 1 Npu pasIMYHBIX CeTKaxX AUCKpe-
ocu 6ajiku, N; — 4KMCJIO Y3JI0B 10 BbicOTe Gajkk TH3ALUWKW KOHCOJMbHOH Oanku. Tam e naHo

Fig. 1. Discretization mesh of a cantilever beam MT¢PEMEIIEHHE W TOTKU MPUIOKEHUSA COCPE-

into finite elements: N; — number of nodes along AOTOUYeHHOH cunbl. B crpoke 10 Tabs. 1

the beam axis, N; — number of nodes along the TPHBEIEHbl 3HAYEHHA [1apaAMETPOB, IMOJY-
height of the beam YeHHBIX 0 (hopMyJsiaM COMPOTHUBJEHHUS Ma-

TepUaJIoB.

Tabauua 1 / Table 1

Yuc/eHHble 3HAUEHHUS HOPMAJIbHBIX HAMPsKEeHUN
Numerical values of normal stresses

Sanenxa CedeHue Ha paccTOSHUM
Ne | Ny | V; h oT 3amenKH w, CM
ot., MIla | ¢2,, MIla | o, MIla | ¢2,, MIla
1 |6 |3 | —84.59 11.49 —95.72 103.69 —0.0020
2 1113 —146.28 185.89 —153.51 145.19 —0.0181
3 |21 |3 | —166.57 198.76 —160.24 177.33 —0.0603
4 | 215 | —173.21 188.98 —168.84 170.45 —0.0604
5 [ 21 |7 | —176.51 186.89 —162.37 165.30 —0.0605
6 2119 —176.15 183.16 —161.76 167.78 —0.0604
7 1319 | —178.22 185.79 —161.43 160.97 —0.0605
8 [41 ]9 | —178.62 186.98 —162.83 162.72 —0.0605
9 |41 |11 | —180.43 185.99 —161.80 161.80 —0.0605
10| — | — | —180.0 180.0 —162.0 162.0 —0.06

Ha ocHoBanuu ana/nu3a TaOJMUHBIX pPe3y/bTaTOB MOXKHO CIeJaTh BBIBOJ, YTO NpPH
UCIOJIb30BAHUHU Pa3pabOTaHHOIO0 KOHEUYHOro 3JeMeHTa B CMellaHHOH (hOpMyJHpPOBKe B
BBIYMCJIMTEJBHOM IIpolecce HaOJIOAAITCS CXOAUMOCTb B pe3ysbTaTax U aleKBaTHOe COOT-
BETCTBHE C pe3yJbTaTaMH, MOJYYEeHHBIMH 110 (popMysaaM CONPOTHBJEHHS MaTepHaJoB.

[Ipu pacuere ¢ yuetom mjacThyeckux aedopMaluil fuarpaMMa pacTsKeHUs MaTepuasna
6aJKyd MpUHUMAJACh 10 PUC. 2, a4 CO CAeAYIOUIMMH UCXOAHBIMU JAaHHBIMU: Mpeaes TeKy-
yecTu op = 200 MIla, necopmanus, cooTBeTCTByOLIAs Npeaeay Tekydectd, ep = 0.001,
Er = 0.01, O = 300 MI]a.
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Huarpamma nedopmupoBanus (puc. 2, 6) cTpousaach Ha ocHoBe Qopmya [1]

g, =0, €i:§(1+y)€.
o g,
G-x fEj)
5
s ! §
ol
: |
o Sl AL A
! Ey &
a/a 6/b

Puc. 2. [luarpammbl pactsikerust (a) U pedopmupoBanus (6) matepuana

Fig. 2. Diagrams of stretching (a) and deformation (b) of the material

UucseHHble 3HaUEHUS] MapaMeTpPOB AuarpaMmbl 1eOpPMUPOBAHUSI MaTeprasa MoJyUu-
JICh CIEAYIOLIMMU: 0y = o7, &7 = 0.866667 - 1073, g, = 0.866667 - 1072, 0, = 0 = 300
MIIa.

®DyHKUHKS KPUBOH AHArpaMMbl 1eopMUPOBaHUS 0; = f(g;) IpUHATA B BUMEe MapaboJibl
0; = ag? + be; + ¢ (IpH &; > g;7).

KoadduuueHTsl napaboJibl onpenessijiucb U3 yCJA0BUH:

[pu €; = &;7 BeJHWYHUHA 0; = O;T;

NpU €; = €;; BeJUUUHA 0; = O;

_ 29 _o1p —012%L _ 93100 M
NpU €; = &;7 BeJMYHHA 9z, = OB, =015 =23 a.

3HaueHHs KO3((PULHUEHTOB NOJYUYHJIUCh clenywolure: a = —13301746.149 Mlla, b =
= 25825.591 MIla, ¢ = 1790.009 MIIa.

Pacuer BbinosiHAACS Npu ceTke auckpetusauuun N; =41 u N, = 11. Hanpsizxkenus no
BBICOTE IONePEeYHOro ceueHUs: 6aKH, OTCTOSLLEro0 Ha PaCCTOSSHUM h OT 3afle/IKH, IPUBEIEHbI
B Ta0J/1. 2. Pe3ysnbTaThl NepBoi CTPOKH MOJyUEHB! IPU UCIONb30BAHUN ypaBHEHHH TeOpUU
TeuyeHHs], Pe3y/bTaThl BTOPOH U TpeTbel CTpoK — mo dopmyaam (12) u (15) coorBeTcTBEHHO.

Tabauua 2 / Table 2

3HaueHHs1 HOpPMAJIbHBIX HAMNPSI)KEHWH 10 BapuaHTaM (HHU3UYECKHUX YpaBHEHHH
Values of normal stresses according to variants of physical equations

3HaueHUs1, oJyueHHble o Bapuanty N, MIla
—239.47 | —233.37 | —218.95 | —208.23 | —134.41 | 1.34 | 127.97 | 212.53 | 218.0 | 232.87
—238.57 | —231.28 | —218.76 | —209.45 | —143.99 | 8.88 | 132.63 | 211.96 | 217.16 | 232.67
—239.32 | —232.62 | —219.64 | —208.81 | —133.62 | 6.41 | 124.60 | 210.18 | 218.57 | 233.36

w| ro| —| =

SHaueHus TabJs. 2 moJsydeHbl Npu aedcTBuu cugabl P = 600 H, nocturaemont 3a 20
maroB HarpyeHusi. CXOAMMOCTb BBIYMCJUTEJBHOIO MpoIlecca MPoBepsisach MPH UUCIaxX
mwaroB Harpyxenus 20 u 40.

Kak BHIHO M3 HaHHBIX TabJj. 2, pe3yabTaThl, MOJyUYeHHbIE C HCIOIb30BAHUEM PA3JHUHBIX
BapHaHTOB (DU3UYECKHUX YPaBHEHHH, OKa3aJUCh B aleKBaTHOM COOTBETCTBHH.
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[To 3HaueHHsIM, MOJNyueHHBIM IO TEPBOMY BapUAHTy (PU3HUECKUX YypaBHEHHH (CM.
tabJs. 2), Ha pUC. 3 MpeACTaBJeHa 3MI0pa HOPMaJbHBIX HAMPSKEHHH B CEUeHHUH & = h
KOHCOJIbHOH OaJIKH.

11
10 243.76

=300 =200 -100 0 100 200 300

Puc. 3. Dniopa HopMa/bHBIX HANpsKeHUH B CeYeHUHM KOHCOJBbHOM
6asku ¢ abcuuccoit x = h npu P = 600 H

Fig. 3. Diagram of normal stresses in the section of a cantilever
beam with abscissa x = h at P =600 N

JL7s1 3MIOpBl HOPMAJIBHBIX HATNpsXKeHUH (CM. puc. 3) ypaBHEHHUsS] PAaBHOBECHs UMEIT BHJ

D w=-9153.4+9139.2 = —14.2 H,
> M, = M, —2707.5 — 2700.2 = 5400 — 5407.7 = —7.7 H-cw,

rae M, = 600 -9 = 5400 H-cm — MOMeHT B paccMaTpHBaeMOM CeUeHHH OT 3aJaHHOH CHJIbI
P =600 H.

Kak BHIHO, ypaBHeHMs paBHOBECHS BBINOJHAIOTCA C JOCTATOYHOH TOUHOCTBIO: IO
yeuausam pazaunune §; = 0.15%, no momentam — dy = 0.14%.

3akJaoueHue

Bce Tpu BapuaHTa (pU3MUeCKUX ypaBHEHMH Ha L1are HarpyxKeHWs NpefiHa3HaueHbl [J15
UCII0JIb30BAHHUS NIPU pacyeTaX KOHCTPYKTHBHBIX 3/1eMEHTOB B J€KapTOBOH CHUCTeMe KOOpAHM-
HaT YU NPUBOAAT HA NPUBELEHHOM NpPHMepe K NPAKTHUYeCKH OAMHAKOBBIM pe3y/bTaTaM.

B nepBom BapuaHTe (TeopHsi MJACTHUECKOrO TeUeHHsI) U BO BTOPOM BapHaHTe ((pH3u-
YyeCcKHe ypaBHEHHS) UCIOJb3yeTCs THIIOTe3a O pa3fiesleHHH MpUpalleH|i nedopMauuii Ha
YIPYTYIO U MJACTHUECKYIO YacTH, IpUyeM MepBble HHBAPUAHTHI NPHUPALLEeHUH MIaCTHYECKHUX
neopMalMi NMPUHHUMAIOTCS PaBHBIMHU HYJIO. TpeTHil BapHaHT (pU3UUECKHX ypaBHEHHH
OKa3blBaeTcst HauboJiee MPeANOUTHTEIbHBIM /IS pacueTa KOHCTPYKTHBHBIX 3/1€eMeHTOB (TH[I-
pPOTEXHHUYECKHX COOPYKeHHH, (PYyHIaMeHTOB NPOMBILIJIEHHBIX 30aHUH, KOMIIO3UIIMOHHBIX
KOHCTPYKLHH C Pa3JUUHBIMUA (PU3UKO-MeXaHHUEeCKHMH CBOUCTBAMH MaTepHaJsoB U Ip.) 3a
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TpefiesIoM YIPYTOCTH B IE€KApTOBOH CHCTeMe KOOpPAMHAT, TaK KaK B HEM He MCIOJIb3yeTcs
onepauus pasfeseHUsl NpUpalleHUd AegopMalUi Ha YIPYTyIO U MJIACTHYECKYIO YacCTH,
4TO 1103BOJIE€T UCIO0/1b30BaTh B (PU3UYECKHUX YPABHEHHUSX TPETbEro BapUaHTA 3aBUCHMOCTD
MeXy MepBbIMH MHBApUAHTAMM TE€H30pa NpUpALleHUd AeopMalUi U TeH30pa Npupalle-
HUH HanpsikeHu# e, = ¢(0.), MONyYeHHYIO SKCIIEPUMEHTANBHO, UM Ha OCHOBE aJleKBaTHOM
TUIIOTE3bI.
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