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Abstract. Automata theory is one of the branches of mathematical cybernetics, that studies information
transducers that arise in many applied problems. The major objective of automata theory is to develop
methods by which one can describe and analyze the dynamic behavior of discrete systems. Depending on
study tasks, automata are considered, for which the set of states and the set of output signals are equipped
with additional mathematical structure preserved by transition and output functions of automata. We
investigate automata over graphs and call them graphic automata. Universal graphic automaton Atm(G, H)
is a universally attractive object in the category of such automata. The semigroup of input signals of the
automaton is S(G, H) = End G x Hom(G, H). It can be considered as a derivative algebraic system of
the mathematical object Atm(G, H), which contains useful information about the initial automaton. It is
common knowledge that properties of the semigroup are interconnected with properties of the algebraic
structure of the automaton. Hence, it is possible to study universal graphic automata by researching
their input signal semigroups. Earlier the authors proved that a wide class of such kind of automata are
determined up to isomorphism by their input signal semigroups. In this paper, we investigate a connection
between isomorphisms of universal graphic automata and isomorphisms of their components — semigroups
of input signals and graphs of states and output signals.
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AnHoTtauus. Teopust aBTOMAaTOB — OfMH M3 pa3fesioB MaTeMaTHYeCKOH KHOepHEeTHKH, H3ydalollni mpeobpaso-
Baresy MH(MOPMALMH, BO3HUKAIOLIHE BO MHOTHUX MPHKJAaAHbIX 3anadyax. OCHOBHas LieJib TEOPHH aBTOMATOB —
paspaboTKa METOOB, C MOMOLIbI KOTOPBIX MOXKHO OMHCBHIBATh U aHaJM3HPOBATh NHHAMHUYECKOE MOBEIeHHe
IUCKPETHBIX CHCTeM. B 3aBHCHMOCTH OT HCCJeyeMBIX 3afau pacCMaTPUBAIOTCS aBTOMATbl, y KOTOPBIX
MHOXKECTBO COCTOSIHHE M MHOXECTBO BBIXOAHBIX CHUTHAJIOB HaJeJieHbl HOMOJHUTENbHOH MaTeMaTU4eCKOH
CTPYKTYpPOH, COTIaCOBaHHOH € (DYHKLHUSMH MEePEXOAOB M BHIXOLOB aBTOMarta. Mbl Hcc/efyeM aBTOMaThI
Hajl rpadaMd U Has3blBaeM UX rpaoBbIMH aBTOMaTaMH. YHHBepcasbHBIH rpadosblil aBTomat Atm(G, H)
SIBJISIETCS] YHUBEPCANbHO MPUTATHBAKOIIMM 00BEKTOM B KaTeropuH TaKWX aBToMartoB. [losyrpynmna BXOAHBIX
curHasioB Takoro aBromara umeet Bua S(G,H) = End G x Hom(G, H). E€ MoxxHO paccmaTpuBaTh Kak
TIPOM3BOJHYIO a/reOpanuecKylo CHCTeMy MaTeMaTHueckoro oowvekta Atm(G, H), comepxKallyo MoJe3Hyo
vHdOopMaLHio 06 HCXOfHOM aBToMmare. V3BeCcTHO, UTO CBOHACTBA MOJYTPYMNIbl B3aHMOCBSI3aHBl CO CBOMCTBAMH
anre6panueckod cTpyKTypbl aBTomara. CJie0BaTebHO, MOXKHO H3ydyaTh YHHBepCasbHble rpadoBbie aBTO-
MaThl, HCCJIeNysl UX MOJYTPYNIbl BXOAHBIX CUTHAMOB. PaHee aBTOpHI 10Ka3a/H, UTO LIMPOKUH KJacc TaKUX
ABTOMATOB OINpeessieTcss (C TOUHOCTBIO 10 M30MOP(U3Ma) CBOMMH MOJYTPyINaMU BXOAHBIX CHUTHAJ/OB. B
IaHHOH paGoTe HCCAEAyeTCsl CBsI3b H30MOP(HHU3MOB YHHUBEpPCAIbHBIX IPadOBbIX aBTOMATOB C H30MOp(hHU3MaMH
UX KOMIIOHEHT — IOJYTPYII BXOAHBIX CHIHAJIOB M Tpa)oB COCTOSIHUE M BBIXOMHBIX CHUIHAJIOB.
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Introduction

One of the main topics of modern algebra is an investigation of mathematical objects by
studying derived algebraic systems associated with these objects. Various algebraic systems are
considered the initial mathematical objects, and the automorphism groups, the endomorphism
semigroups, the lattices of subsystems of algebraic systems, and others are considered as the
derived algebraic systems. For the automorphism groups of algebraic systems, the endomorphism
semigroups of graphs, the endomorphism rings of modules, and other derived algebraic systems,
these questions were very successfully investigated by B. I. Plotkin [1], A. G. Pinus [2, 3],
L. M. Gluskin [4,5], Yu. M. Vazhenin [6,7], A. V. Mikhalev [8], and other algebraists.

[t is also of interest to study structured automata in the categories [9], that is automata,
in which the sets of states and output signals are equipped with mathematical structures from
a category K, and transition and output functions are morphisms of this category. A set of
input signals is usually equipped with an associative operation, which makes it an object of the
semigroup category. The study of such automata belongs to the direction described above: in this
case, the initial object is an automaton, and the derived system is the semigroup of its input
signals, which are considered transformations of the set of the automaton states.

In this paper, we consider automata over the graph category Gr, which is called graphic
automata. As follows from [9], in the category of graphic automata with a graph of states G;
and a graph of output signals G, there is the universal attracting object Atm(G1, G2), which is
called universal graphic automaton over the graphs G, G3. The semigroup of input signals of
such automaton S = End G; x Hom(G1,G2) is regarded as the derived algebraic system of the
automaton Atm(G1,G2). In the paper [10], authors investigated the problem of definability of
such automata by their input signal semigroups: it is shown that the universal graphic automata
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over many reflexive graphs are completely determined (up to isomorphism and graph duality) by
their semigroups of input signals. In this article, for such automata, we consider the structure
of their isomorphisms and groups of automorphisms. Theorem 2 shows a connection between
isomorphisms of universal graphic automata and isomorphisms of the automaton components —
the graph of states, the graph of output signals, and the input signal semigroup. For universal
graphic automata over quasi-acyclic graphs of states and antisymmetric graphs of output signals,
in Theorem 3, we obtain the isomorphism structure description of the input signal semigroups of
automata, and in Theorem 4, we obtain the structure description of the automorphism group of
automata.

1. Basic notions

We assume that the reader is familiar with basic notions of the semigroup theory [11], the
automata theory [9], and the graph theory [12]. Let us briefly unify the basic notations used in
this work.

From now on, by a graph, we mean a directed graph. For a graph G = (X, p), an edge
(z,y) € p is called proper if (y,z) ¢ p. A graph is called quasi-acyclic if each of its proper edges
does not belong to any cycle. Acyclic graphs, quasi-order graphs, and many others are examples
of quasi-acyclic graphs. A quasi-acyclic graph will be called trivial if it has no proper edges, and
nontrivial otherwise. For a graph G = (X, p) the graph G = (X, p~!) is called the dual graph
of G.

In what follows, under connectivity components of a graph, we keep in mind weak connectivity
components. A graph is called connected if it has only one connectivity component.

An anti-isomorphism of a graph G; = (X1, p1) onto a graph Go = (X, p2) is an isomorphism
of the graph G onto the graph G5 dual to G5. An anti-automorphism of a graph G = (X, p) is
an isomorphism of the graph G onto its dual graph G.

A semigroup automaton is an algebraic system A = (X3, S, Xo, *,¢) consisting of a set of
states X, an input signal semigroup (S,-), a set of output signals X5, a transition function
*: X1 x S — X, and an output function ¢ : X7 x S — X, satisfying

* (81 82) = (T * 81) * S2,

o (s1-82) = (T *51) 082

for every x € Xy, s1,89 € S.

A semigroup automaton A = (X, S, Xo,*,¢) is called graphic if its set of states X; and
set of output signals X9 are equipped with structures of graphs G = (X1, p1), G2 = (X2, p2)
such that for every input signal s € S a transition function s = zxs (z € Xp) is an
endomorphism of G and an output function A\ = z¢s (z € X;) is a homomorphism of
G in Gs. In this case, we denote the automaton by A = (Gy,S,Ga,*,0). For any graphs
G1 = (X1,p1), G2 = (X2, p2) the graphic automaton Atm(Gi,Gs2) = (G1, S, Ga,*,0) with the
input signal semigroup S = End G x Hom(G1, G3), consisting of pairs s = (¢, 1), ¢ € End Gy,
1 € Hom(G1,G2), and functions z xs = ¢(z), xos = P(z) (x € X;), is the universally
attracting object in the category of graphic automata, that is why it is called universal graphic
automaton [9].

A mapping ¢, : X — {x} is called a constant mapping of a set X to an element z. For
mappings f: X =Y, g:Y — Z a composition is defined by the formula (f - g)(z) = g(f(x)) for
x € X. For mappings f: X - Y, g: X — Y adirect product f xg: X x X - Y xY is defined
by the formula (f x g)(u,v) = (f(u),g(v)). For any transformation ¢ of a set X, it is true that
(f  9)() = f 1 pg. We denote f x f = f2.

An isomorphism of a graphic automaton A; = (G, S1,GY,*1,01), where G1 = (X1, p1),

" = (X{,p}), onto a graphic automaton Ay = (G2, S2, G, *2,02), where Go = (X2, p2),
5 = (X}, ph), is an ordered triple v = (f,h,g), consisting of isomorphisms f : G; — Gba,
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h:S; — S, g: G — G such that for any x € X, s,t € Sy the following conditions hold:

hs 1) = h(s) - h(t),
Fla s s) = F(a) x2 hs),
gl o1 s) = f(x) o9 h(s).

An isomorphism of an automaton A = (G, S, G’, *,¢) onto itself is called an automorphism of the
automaton A. The set of all automorphisms of A with the composition forms the automorphism
group Aut A of the automaton A.

2. Preparatory phase

To solve the main issue, we use some auxiliary results obtained in [10].

Lemma 1. Let G1 = (X1,p1), G2 = (Xa,p2) be reflexive graphs. Then the following
statements are true for the semigroup S = End G7 x Hom(G1, G2):
1) an element s € S is a right zero of the semigroup S if and only if there exist a € Xj,
b € Xo such that s = (cq, cp);
2) an element s € S is a left identity of the semigroup S if and only if s = (Ax,) for some
w S HOIIl(Gl, GQ)

For graphs G1, G2, we denote by Z(G1,G2) the set of all right zeros of the semigroup
S = End G; x Hom(G1, Gs), by U(G1,G2) — the set of all left identities of the semigroup S. It is
clear that the set Z(G1,G2) is defined in the semigroup S by the predicate M (z) = (Vy)(y-z = x)
of the semigroup theory, and the set U(G1,G2) is defined in the semigroup S by the predicate
N(z) = (Vy)(z -y = y) of the semigroup theory.

Lemma 2. Let G1 = (X1, p1), G2 = (X2, p2) be reflexive graphs. Then the formula of the
semigroup theory

E(z,y) = M(z)ANM(y) A (Ve)(N(e) = z-e=1y-e)

defines a binary relation ¢ on the semigroup S = End G1 x Hom(G1, G2), such that the following
statements hold:
1) € is an equivalence on the set Z(G1,G2) such that for any elements s1,s2 € Z(G1,G2)
the condition s1 =¢ s is valid if and only if s1 = (cq,cy), S2 = (Cq,¢y) for some a € X1,
u, v € Xo;
2) for any right zero s = (cq, ) Of the semigroup S, the equivalence class e(s) = {(ca,cu)|
u < XQ}.

By analogy with Lemma 1 in [13], we can obtain the following result.

Lemma 3. Let G = (X,p), H = (Y,0) be reflexive graphs, v € X, (x,y) € 0. A mapping
f: X =Y defined for uw € X by the formula

y, if there is a path from v to u,
flu) = .
x, otherwise,

is an homomorphism of Gy in G».

3. Main results

The following result describes the relationship between isomorphisms of the input signal
semigroup of a universal graphic automaton and isomorphisms of its graph of states and its graph
of output signals.
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Theorem 1. Let G; = (X;, pi), G}, = (X[, p},) be reflexive graphs (i = 1,2), the graph G, has
an edge that does not belong to any cycle, and let Atm(G1,G)), Atm(Ga, GY) be the universal
graphic automata with the input signal semigroups S; = End G; x Hom(G;,G}) (i = 1,2),
h: Sy — Se is an isomorphism of the semigroup S1 onto the semigroup Ss. Then there exist
isomorphisms f, Ya (a € X1) of graphs G1, G| onto graphs Ga, GY respectively or onto their
dual graphs Go, G2 respectively, such that for any pair (p,) € Sy the equality

he,v) = (£2(9), %) (1)
holds, where V¥ (f(a)) = gya)(¥(a)) for all a € X.

Proof. Consider reflexive graphs G; = (X;, pi), G; = (X[, p;) (i = 1,2), such that the graph
G has an edge that does not belong to any cycle, and an isomorphism h of the semigroup
S1 = End Gy x Hom(G1,GY) onto the semigroup S2 = End G x Hom(Ga, GY).

It is common knowledge that every semigroup isomorphism preserves the satisfiability
of formulas of the elementary semigroup theory. Hence, the isomorphism h preserves the
satisfiability of the formulas M(z), N(x), E(x,y). Therefore, the isomorphism h maps the set
of all right zeros Z(G1,G}) of the semigroup S; onto the set of all right zeros Z(Gs, G%) of
the semigroup So, the set of all left identities U(G1,G}) of the semigroup Sy onto the set of all
left identities U(Go, G%) of the semigroup Sp. According to Lemma 2, the Cartesian product h?
maps the equivalence €1 = €(g, o) (defined in the semigroup Sy by the formula E(z,y)) onto
the equivalence &3 = £(g, ) (defined in the semigroup Sy by the formula E(z,y)).

According to item 1 of Lemma 1, for any a € X3, b € X7, there are elements d € Xy,
e € X/ such that h(ca,cp) = (cg,ce). The isomorphism h maps the equivalence class £1(cq, ¢p)
to the equivalence class ea(cq, ce). Therefore, formulas f(a) = d, go(b) = e define mappings
f:X1 = Xo, go: X{ = X} (a € X7) such that

h(casch) = (Cf(a)s Cga(b))-

It is easy to see that mappings f: G1 — Ga, g, : G} — G% (a € X;) are bijections.
Let (¢,v) € S1, a € X; and ¢(a) = d, 1(a) = e. Then

(Caa Cb) ) (%@b) = (CaSoy Caw) = (Cgo(a)7c¢(a)) = (Cdv Ce)-
Since h is an isomorphism of S; onto Sa, the equality
h(Ca, Cb) ’ h(gﬂ, 17[]) = h(Cd, Ce)

holds. We denote h(p, %) = (¢’,4’). According to the construction of mappings f : X7 — Xo,
ga : X1 — X} (a € X;), we obtain

h(Ca, Cb) = (Cf(a)7 Cga(b))7 h(Cd,Ce) = (cf(d)7 ng(e))'
Then

(Cf(a)s Cgav)) - (@5 0") = (€(a)> Caue))s
(Cf(a)SO i) = (Ch(ays Coule))s
(Cor(f(a)) o (@) = (Cfa)s Coae)):

and, hence, ¢'(f(a)) = £(d) = F((a)), ¥'(£(a) = ga(€) = gu(a) (¥(a)). Therefore,

¢ ={(f(a), flp(a)]a € X1} = f*(p),
U ={(f(a), gp(a)(¥(a)))la € X1} = 9%,
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where ¥?(f(a)) = gy@)(¥(a)) for all a € X;.

Hence, for any pair (p,1) € S1, the equality (1) holds.

It is easy to verify that the Cartesian product f?: End G; — End G5 is a bijection. Moreover,
for any ¢1, p2 € End G; the following equalities holds:

FAprp2) = fFloroaf = FloiAx oo f = fhouff oo f = f2(e1) 2 (2).

It follows that f? is an isomorphism of End G onto End Gs. According to theorem condition,
the graph G1 has an edge (up,vg) € p1 that does not belong to any cycle. On the strength of
Yu. M. Vazhenin’s result [7], the mapping f is an isomorphism or an anti-isomorphism of the
graph G = (X1, p1) onto the graph Go = (X2, p2).

Suppose that f is an isomorphism of the graph GGy onto the graph Gs. It is necessary to prove
that, for any a € X, the mapping g, is an isomorphism of the graph G onto the graph G5.

Let (z0,90) € p) holds for some zg,yo € X{. The mapping ¢ : G; — G, defined for u € X
by the formula

Yo, if there exists a path from vy to u,
Y(u) = .
g, otherwise,

is a homomorphism of the graph G into the graph G due to Lemma 3, and 12 (ug, vo) = (w0, y0).
It means (cq,7) € S1, and from (1) it Tollows that h(ca,¥) = (cf(), %), ¥ € Hom(G2, Gy).
On the other hand, ¥ (f(x)) = g¢, () (¥(7)) = ga(¥(7)). Then for z = ug we get 1 (f(up)) =
= ga(¥(u0)) = ga(xo), and for z = vy we get ¢ (f(v0)) = ga(¥(v0)) = ga(yo). Hence 1% maps
(f(uo), f(vo)) into (ga(x0), ga(yo)). Since (f(uo), f(vo)) € p2 and ¢ is a homomorphism of the
graph Gy into the graph G, then (g4(x0), 9a(v0)) € ph. Thus, g, € Hom (G}, GY).

Conversely, let the condition (x(),yg) € p5 hold for some zf, y{, € X5. Then from Lemma 3 it
follows that for some homomorphism ¢ € Hom(G2, G5) the equation 1 (f(uo), f(vo)) = (x(, ¥()
holds. Hence (cf(q),%1) € S2, and there exists such pair (¢,¢) € S1 that h(p,v) = (cfa),¥1).
Thus, due to the equation (1), we have that cy) = F2(p) = f~Yof, ¥1 = ¢¥. Then

o= e = fepaf T = FU el = (FF el fF7Y) = ca

As a result we get

o = ¥1(f(u0)) = ¥°(f(u0)) = ga(¥(uo)), ¥ (uo) = g5 ' (xp),
Yo = ¥1(f(v0)) = ¥ (f(v0)) = ga(¥(v0)), ¥(v0) = g5 ' (v0)

and (g, (=), 92 (yh)) € ph, therefore g;t € Hom(G%,GY). By this means g, (a € X7) is a
family of isomorphisms of the graph G} onto the graph G%.

Analogously if f is an isomorphism of the graph 1 onto the graph Go, then all mappings g,
(a € X1) are isomorphisms of the graph G onto the graph G, because in this case the condition
(uo,v0) € p1 is equivalent to (f(vo), f(ug)) € pa, the condition (xo,y0) € p) is equivalent to
(9a(Y0); ga(20)) € ph. O

The following result shows the connection between isomorphisms of universal graphic
automata and their components.

Theorem 2. Let G; = (X;,p;), G = (X[, p) be graphs (i =1,2) and [ be an isomorphism
of G onto G, g be an isomorphism of G' onto GY%. The ordered triple of mappings v = (f, h,g)
is an isomorphism of the universal graphic automaton A; = Atm(G1,G)) with the input signal
semigroup S1 = End G1 xHom(G1, GY) onto the universal graphic automaton Ay = Atm(Ga, GY)
with the input signal semigroup Sy = End Gy x Hom(Ge, G%) if and only if the mapping
h: Sy — Sy is defined for any (p,) € Sy by the formula h(p,v) = (f2(¢), (f x g)(¥)).
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Proof. Necessity. Let v = (f,h,g) be an isomorphism of the automaton A; onto A,. Then
for any =z € X3, s = (p1,91) € S1 the following conditions hold:

fla w1 s) = f@) k2 hls), gl@ors)= f(x)oz h(s).
Then for the image h(s) = (p2,12) € Sy for all x € X it follows

floi(x) = pa(f(2)),  g(h1(x)) = tha(f(2)).

Hence, 1 f = fo2, h1g = fibg, and it follows g = f~L o1 f = f2(¢1), Yo = f1b1g = (fxg) ().
Therefore, h(gr, 1) = (f2(p1), (f X g)(t1).

Sufficiency. Let isomorphisms f of G; onto G2 and g of G onto G, define a mapping
h:S1 — Sy by the formula h(p, ) = (f2(), (f x g)(x)) for all (p,1) € S;. Let (p,) € Si. By
the definition ¢ € End Gy, ¢ € Hom(G1,GY)), hence f2(¢) = f~lof € End Go, (f x g)(v) =
= f~l4g € Hom(Go, G%). It Tollows that h(yp,v) € So.

[t is easy to verify that A : S; — Ss is a bijective mapping. Extra to this, for any s; = (¢1,%1),
s2 = (p2,12) from S the following equalities hold:

h(s1-s2) = (f2(p12), (f X g)(p11h2)) = (f " oraf, [ o1tbag) =
= (forf f ook F o f F T ag) = (F2 (1) f2(02), L2 (01) (f % ) (42)) =
= (1), (f x 9)(@1)) - (F*(2), (f x 9)(¥2)) = h(s1) - h(s2).

Thus, h is an isomorphism of S; onto Ss.
Let x € Xy, (p,9) € Sq. The following equalities hold:

(@) %2 h(s) = f(@) %2 (F2(), (f x 9)(¥)) = F2(9)(f(2)) =
= (f'e)(f(2) = fle(fTH(f(2)) = flp(@) = fla i 5),

(@) o2 h(s) = f(x) o2 (f*(). (f x 9)(¥)) = ((f x 9)(¥))(f(x)) =
= (fg)(f(x)) = 9(w(f T (f(2)))) = g(e(x)) = g(z o1 5).

Therefore, the ordered triple v = (f,h,g) is an isomorphism of the automaton A; onto the
automaton As. O

Theorem 2 implies that for automata A; = Atm(G1, G)), A2 = Atm(G2, G%) any isomorphism
v = (f,h,g) of Aj onto As is completely determined by a pair of isomorphisms of state graphs and
output signal graphs. On the other hand, the set of isomorphisms of semigroups of input signals
of such automata is much larger than the set of isomorphisms of automata. It is demonstrated by
the following example.

Let G = (X, p) be a graph with connectivity components X, Xo,...,X,,... and G’ = (Z, ).
For any n € N, we define a transformation g,, of the graph G’ in such a manner: g,(z) =z +n
(z € Z). All transformations g, are automorphisms of the graph G’. Consider a universal graphic
automaton Atm(G,G’) with the semigroup of input signals S = End G x Hom(G, G’). For any
pair (p,9) € S, we set h(p, ) = (¢, ¢¥), where ¥¥?(a) = g,(¥(a)) for all a € X, satisfying the
condition ¢(a) € X,,. It is clear that the mapping h is an automorphism of the semigroup S, but
it cannot be the second component of any automorphism of the automaton Atm(G,G’).

The following example shows that for universal graphic automata not all isomorphisms of the

state graphs and families of isomorphisms
of the output signal graphs define

C C @ isomorphisms of the semigroups of input
@/ signals.
¢ = Let G = (X¢,pc), H = (X, pu) be

reflexive graphs pictured in the Figure
Figure. Graphs G and H (loops are not shown), Atm(G, H) is a

40 HayuHbiii otaen



V_A. Molchanov, R. A. Farakhutdinov. On structure of isomorphisms of universal graphic automata 4@

universal graphic automaton with the semigroup of input signals S = End G x Hom(G, H).
Consider the following two automorphisms of the graph H: g; = Ay — the identity automorphism

1 g g j) For each (¢,v) € S, we set h(p,9) = (¢,9?¥), where

Y?(r) = gy ((x)) for all z € Xg. Then, for the identity endomorphism ¢ = Ag and for the
constant mapping 1 of the set X to the vertex 2 of the graph H, the condition (¢, ) € S holds,
but h(p, ) ¢ S because

o) = (30 (o o) nven)) = (5 (0l i) = (3 3)

and

of the graph H, gy =

(; ;) ¢ Hom(G, H).

Therefore, h ¢ Aut S, i.e. the identity automorphism Ap of the graph H and the family of
automorphisms g1, g2 of the graph H do not define an automorphism of the automaton Atm(G, H).

The following result describes the structure of isomorphisms of the semigroups of input
signals of universal graphic automata.

Theorem 3. Let G1 = (X1,p1), G| = (X1,0)), G2 = (X2, p2), Gy = (X}, ply) be reflexive
graphs, besides G is an antisymmetric graph, G is a nontrivial quasi-acyclic graph with
connectivity components {X1,}, i € I, and let Atm(G1,G)), Atm(Ga,Gh) be the universal
graphic automata with the semigroups of input signals S; = End G x Hom(G1,GY) and
Sy = End G2 x Hom(G2, GY) correspondingly. Then a mapping h : S1 — So is an isomorphism of
the semigroup S1 onto the semigroup Sy if and only if for some isomorphism (anti-isomorphism)
f:G1 — Gy and some family of isomorphisms (anti-isomorphisms) g; : G} — G%, i € I, for all
(p,0) € Sy the mapping h is defined by the formula

h(g, ) = (F2 (), %), (2)

where Y¥(f(a)) = gi(v(a)) for any a € X1, such that the condition p(a) € X1, is satisfied for
some i € I.

Prooi. Necessity. Let h : S; — So be an isomorphism of S; onto Sy. By Theorem 1 the
isomorphism h inspires bijections f : G1 — Ga, gq : G} — GY (a € X1) by the formulas:

fla)=b<= (Jy € X1,z € X3) h(ca,cy) = (cp, ) (a € X1,b € Xo),
9a(y) = 2z == h(ca,cy) = (cf(a),c2) (y € X1,z € X}).

According to the construction of the bijections f, g, (a € X1), we have
h(Ca, CCE) = (Cf(a)a Cga(a:))7 h_l(cf(a)a Cy) = (Ca, Cg;1 (.1‘)) (3)

By Theorem 1 for any pair of mappings (¢,%¢) € Si equation (2) holds, the mapping f
is an isomorphism (or an anti-isomorphism) of Gy onto Gs, the family of mappings g, are
isomorphisms (or anti-isomorphisms) of G} onto G for all a € X;.

We now show that, for adjacent vertices a,b of the graph G;, isomorphisms g, gy are
equal. For definiteness, let (a,b) € p; and let f be an isomorphism of G onto Gs. If the edge
(a,b) € py is proper, then by Lemma 1 [13], there exists an endomorphism ¢; € End G; such
that ¢1(X1) = {a,b}, p1(a) = a, p1(b) = b. If the edge (a,b) € p; has an opposite edge, then
consider the transformation ¢9 : G; — G1, which is defined for all v € X7 by the formula

() a, u=a,
u) =
72 b, u#a.
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Obviously @9 € End G. Therefore, in any case, there is an endomorphism ¢ € End G such that
o(X1) ={a,b}, p(a) = a, p(b) =b. Then for all x € X| we get

e =Pkt = (2o (0 S0 O e,

ga(®) ... go(x)

Since (a,b) € p1 and f is an isomorphism of G; onto Ga, then (f(a), f(b)) € p2, and since
¢y € Hom(Ga, Gb), then (gq(z), go(z)) € ph. Similarly, using formulas (3), it is possible to show
that, for f(a), f(b) € Xo and any y € X5, the condition (g;'(y),g; ' (v)) € p; holds. Then, for
isomorphisms g4, g, of the graph G onto the graph G} and for any = € X/, we get

(9a(@), 96()) € Py = (g, '(9a(2)), g, ' (g(x)) € py <= (g, ' (9a(2)), 7) € P},
(92" (9a(2)), 95 (9a(2))) € P} <= (2, 9; "(ga(x))) € 9.

Since the graph G is antisymmetric, then gb_l(ga(az)) = x, hence g, - gb_1 = Axy, i.e. go = g
Sufficiency. Let for an isomorphism f : G; — G2 and a family of isomorphisms g¢; : G} — G}
(¢ € I) a mapping h : S; — So is defined by the formula

he,v) = (£2(0), ¥%),

where ¥?(f(a)) = ¢i(¢(a)) for all @ € X; such that the condition ¢(a) € X;, is satisfied for
some ¢ € I.

Let’s check that h(p, 1) € Sy for any (¢,v) € Sy. In Theorem 1 it was shown that f2 is an
isomorphism of End Gy onto End Ga, hence f2(p) € End Gs.

Let (ug,v2) € p2, ur = f~Y(uz2), v1 = f~'(vo). Since f is an isomorphism of G; onto
Go, then (uj,vi) € p1, and since ¢ € End Gy, then (p(u1),p(v1)) € p1 and p(u1), ¢(v1)
belong to some connectivity component Xj, of the graph G;. Since ¢» € Hom(G1,G)), we
get ((u1),9(v1)) € p)j. Then for the isomorphism g; of the graph G’ onto the graph G} we
obtain that (g;(¢(u1)),gi(¢(v1))) € ph and, consequently, (?(us2),¥?(ve)) € ph. This implies
(LS HOHI(GQ,GIQ) and h(g@,?ﬁ) € 9.

Let us verify that the mapping h is a bijection. Let us show that the mapping h is
injective: let (¢1,91), (p2,%2) € S1, (p1,91) # (p2,92). 1T o1 # @2 then f2(p1) # f3(p2),
hence h(p1,191) # h(p2,12). If 1 = 9, then 1y # 19, that is, there exists an element a € X3
such that 11 (a) # 12(a). Suppose the element a belongs to a connectivity component X, of
the graph Gy. Then g¢;(¢¥1(a)) # ¢i(¥2(a)) and hence ¥7(f(a)) # ¥§(f(a)), i.e. Y] # 3. Thus
h(¢1, 1) # h(p2,12) and h is injective.

Let us show that the mapping h is surjective: let (p2,12) € Sa. We define mappings

~1
o1 =12 (p2), ¥1(a) = g; ' (¥2(f(a))) for all a € X; such that ¢1(a) € X1, (for some i € T). In
Theorem 1, it was shown that ¢1 € End G;. Let us show that ¢y € Hom(G1,GY). Let (a,b) € p1,
then (¢1(a), ¢1(b)) € p1, and elements p1(a), ¢1(b) belong to the same connectivity component
X1, of the graph G;. As a result, we get the equalities

Y1(a) = g; (Y2(f (@), ¥1(b) = g; ' (%2(f(b))).

Since f is an isomorphism of G; onto Ga, it follows that (f(a), f(b)) € pa. Moreover,
1y € Hom(Ga, GY) implies (12(f(a)),2(f(b))) € ph and from the fact that g; is an isomorphism
of G| onto G, it follows that

(g7 " (2(f (@), g (W2(F (D)) € ph,

i.e. (¢P1(a),1(b)) € pi. Thus (p1,91) € Si, h(p1,91) € So. Hence, h is surjective and, as a
result, bijective.
Let us verify that the mapping h is consistent with the operations of semigroups S; and Ss.

Let (o1,v1), (¢2,12) € S1. By definition, we have (¢1,11) - (v2,%2) = @192, p112). Then
h(p1.41) - (92,402)) = hlprr, pria) = (F(pr02), (2192)719),

42 HayuHbiii otaen



V_A. Molchanov, R. A. Farakhutdinov. On structure of isomorphisms of universal graphic automata 4@

h(p1, 1) - b2, 92) = (F2(01),97") - (F2(02),057) = (F(01) F2(02), F2(01)057).

Hence f2(p102) = f*(1)f*(2).
Consider arbitrary vertex a € X of the graph G1. We denote ¢1(a) = b, @a(b) = ¢, 12(b) = d.
Then

(p192)(a) = p2(p1(a)) = p2(b) = ¢, (p192)(a) = Y2(p1(a)) = Pa(b) = d.

As a result, we get

(0192)7122(f(@)) = 91 02(a) ((P192) (@) = ge(d),
FAlevs? (f(a) = 52 (f2(e1)(a) = ¥5* (f(p1(a)) = U532 (F(0) = o) (¥2(D)) = ge(d).

Therefore, right sides are equal and the equality

h((p1,91) - (p2,92)) = h(p1p2, p1102)

holds. Hence, the mapping & is compatible with operations of the semigroups Si, Sz and & is an
isomorphism of S; onto Ss.

Similarly, one can show that the mapping h : S; — Ss is an isomorphism if it is defined by
an anti-isomorphism f of the graph G; onto the graph Gy and a family of isomorphisms g; of the
graph G’ onto the graph G5, (i € I). O

The results obtained describe the structure of isomorphisms of the universal graphic automata
over quasi-acyclic state graphs and antisymmetric output signal graphs and also establish the
relationship between isomorphisms of such automata and isomorphisms of their components (the
state graphs, the output signal graphs, the input signal semigroups).

Let G, G’ be graphs and Atm(G,G’) be the universal graphic automaton over graphs G, G'.
The obtained results on the structure of isomorphisms of the universal graphic automata allow us
to study the relationship between the automorphism groups of the automaton Atm(G,G’) and the
automorphism groups of its components. We denote by Ant G the set of all anti-automorphisms
of the graph G, by (Aut G)! — the set of families {g;};cs of automorphisms of the graph G.

Theorem 4. Let G = (X, p) be a nontrivial quasi-acyclic reflexive graph with connectivity
components {X;} (i € I), G' = (X',p') be an antisymmetric reflexive graph, and let A =
= Atm(G, G") be the universal graphic automaton with the input signal semigroup S = End G x
x Hom(G, G’). Then for the automorphism group Aut A of the automaton A, the automorphism
groups Aut G, Aut G’ of graphs G, G' and the automorphism group Aut S of the input signal
semigroup S, the following conditions hold:

1) Aut A= (Aut G x Aut G') U (Ant G x Ant G');

2) the automorphism group Aut S is isomorphic to the algebra with the basic set P = (Aut G'x
x (Aut &)U (Ant G x (Ant G')') and the binary operation -, which is defined by the
formula

(fa {gz}zel) ' (f/7 {gz/}’LEI) = (f ' fla {gz : g}'@)}lé[) ) (4)
where f, f' are automorphisms (anti-automorphisms) of the graph G, {~gi}i€1, {g.}icr are

families of automorphisms (anti-automorphisms) of the graph G' and f is a permutation
of the set of indices I induced by the automorphism (anti-automorphism) f.

Prooi. The proof of part 1) of the current theorem follows directly from Theorem 2.

Any automorphism (anti-automorphism) f of the graph G' = (X, p) defines a permutation f of
the set of indices I by the formula f(i) = j, where for any « € X;, ¢ € I the condition f(z) € X;
is satisfied for some j € I.

According to Theorem 3, every automorphism h of the semigroup S is determined by an
automorphism (anti-automorphism) f of the graph G and a family of automorphisms (anti-
automorphisms) {g;}ies of the graph G’ so that for all (,%) € S the formula

h(% 1/]) = (f2(§0)7 @W)
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holds, where ¥#(f(a)) = g;(¢(a)) for all @ € X such that the condition ¢(a) € X; is satisfied for
some ¢ € I. This implies that the formula T'(h) = (f,{gi}icr) (h € Aut S) defines the bijection
I': Aut S — P. Let us show that for all hy, he € Aut S the condition T'(hy - ha) = T'(hy) - T'(he)
is satisfied. Let T'(h1) = (f1, {g} }icr), D(h2) = (fo,{g?}ic1), where f1, fo € Aut G (or Ant G),
{g}Yier, {g?}ier € (Aut G')! (or (Ant G')!). By the definition of the binary operation - in the
algebra P the following equalities hold:

T(h1) -T(h2) = (f1,{9i }ier) - (fo, {97 }ier) = (fl - f2, {9 'gfsl(i)}z‘ef) :

Let us denote hy - ha = h, fi- fo = f and g} '9)2?1(1‘) = g; for every i € I. Let (¢1,%1) € S and

hi(¢1,¢1) = (p2,12). On the other hand, by Theorem 3 we have hy(¢1,¢1) = (fE(¢1), ¥{"),
where ¥ (a) = g} (¢1 (f; '(a))) for any @ € X such that the condition ¢y (f;'(a)) € X;
holds for some i € I. Hence ¢o = fi(p1), 2 = ¥7'. Similarly, for (pa,12) € S we
get ho(pa,¥2) = (f2(p2),13?), where 1352(a) = g2 (¢2 (f3 *(a))) for any a € X such that
@2 (f3 '(a)) € X; holds for some i € I.

As a result, we get

f3(p2) = £ (ff (p1)) = (f1f2)* (1) = f2(01)-
In addition, for every a € X we get
2 (f3 (@) = (Fi(e1) (£ (@) = (FTerhr) (f2 () =
= (f5 " fihe1fi) (a) = ((flfQY1 901f1) (a)=f1 (801 ((flfQ)il (a))) = fi (¢ (f (@)
and
2 (f5 (@) =9 (£5'(a) =9
=gl (7 0) (@) =gt ()7 1) (@) =gl ((F79) (@) = g} (1 (/7' (@)
where the index i € T is such that
e (7 (f7@) = (7 ) (@) = ((Af) 7 ) (@) = (F741) (@) = o1 (74 (@) € Xa
Consequently,
h(1,91) = (hiha) (p1,91) = ha (b1 (p1,91)) = ha (02,92) = (f3 (p2),¥57) = (F* (¢1),457)
where for every a € X equations hold
5 (a) = g7 ) (02 (f21(@)) = g3, ;) (60 (1 (F (@) =
= (g%g}l(i)) (U1 (f71(@)) = gi (1 (f (@),

since the vertex ¢1 (f~1(a)) belongs to the connectivity component X;, the vertex s (f; ' (a)) =
= f1 (¢1 (f*(a))) belongs to the connectivity component X5 and g}g%(i) = g;.
[t is easy to see that f = fi fo is an automorphism (anti-automorphism) of the graph G, for

each index ¢ € I the mapping g; is an automorphism (anti-automorphism) of the graph G’. Hence

L(hy - h2) = (f,{gi}ic1), where f = fifs, gi = gilg]%l(i) for all 4 € I. It follows that

['(h1) - T(he) = (f1f2, {gilg]%l(i)}iel) =T(hy - h)
and the mapping I' : Aut S — P is an isomorphism. g
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Corollary 1. Let G = (X, p) be a nontrivial quasi-acyclic reflexive graph, G' = (X', p) be
an antisymmetric reflexive graph, and let A = Atm(G, G’) be the universal graphic automaton
with the input signal semigroup S = End G x Hom(G,G’). Then the automorphism group
Aut S of the input signal semigroup S is isomorphic to a subgroup of the union of the wreath
products [14] of the groups

(G, Aut G2 (G, Aut G)) U (G, Ant G') 2 (G, Ant G)), (5)

which consists of ordered pairs (1, ), where ¢ € Aut G and ¢ € (Aut G/)G or ¢ € Ant G and
¥ € (Ant G’)G, Y(a) = (b) for all adjacent vertexes a,b € X of the graph G.

Corollary 2. Let G = (X,p) be a nontrivial quasi-acyclic reflexive connected graph,
G' = (X', p') be an antisymmetric reflexive graph, and let A = Atm(G,G") be a universal
graphic automaton with the input signal semigroup S = End G x Hom(G,G’). Then, the
automorphism group Aut S of the input signal semigroup S is isomorphic to the group
(Aut G x Aut G') U (Ant G x Ant G).
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