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Abstract. We consider a linear ordinary differential operator defined by an n-th order differential expression with
a nonzero coefficient for (n — 1)th derivative and Birkhoff regular two-point boundary conditions. The question
of the uniform convergence of expansions of a function into a series of root functions of the operator L and the
usual trigonometric Fourier series, as well as the estimation of the difference of the corresponding partial sums,
is investigated. Estimates of the difference of the partial sums of these expansions are obtained in terms of the
general (integral) modules of continuity of the expandable function and the coefficient at the (n — 1)th derivative.
The proof essentially uses the estimate (previously obtained by the author) of the difference between the partial
sums of the expansions of a function in a series with respect to the root functions of the operator L and in the
modified trigonometric Fourier series, as well as the author’s analogue of the Steinhaus theorem in terms of general
modules of continuity.
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Awnnoranusi. PaccmarpuBaercs TuHeRHBIN OOBIKHOBEHHBIH UM OEPEHITNATBHBIN OIIEPATOD, OMPEIETITeMbIi M-
depeHIMAIBHBIM BBIDAsKEHUEM N-TO MOPsijIKa ¢ HeHylleBbIM Koadduuuentom npu (n — 1)-it npoussosHoi u pery-
JisipHBIME 110 BUpKrody JByXToueYHBIMU KPAaeBbIMH yCIOBUAMU. Vcciemyercss BOIpOC 0 paBHOMEPHOI paBHOCXO-
JUMOCTHU PA3JIoKeHUi (DYHKIUU B Psij] IO KOPHEBBIM (DYHKIUSM Oleparopa L v B OOBIYHBIA TPUTOHOMETPUIECKUT
psan Pypbe, a Takke 00 OIlEHKE PA3HOCTH COOTBETCTBYIOIINX YaCTUIHBIX CyMM. [loJIydeHbl OleHKM pasHOCTH Ua-
CTHUYHBIX CYMM 9TUX Da3/IOXKEHUIl B TepMUHAX OOIMX (MHTErpajbHBIX) MOMLYJIEH HENPEPLIBHOCTU DPa3jIaraeMoii
dbyaxnun n xkosddunuenta npu (n — 1)-it npomssoHOi. J[0KA3aTENBLCTBO CYMIECTBEHHO HCIIONB3YET PaHee MO-
JIYIEHHYIO aBTOPOM OIIEHKY PA3HOCTH YaCTUYHBIX CYMM Pa3JIOYKeHUil (DYHKIUU B Psif] IO KOPHEBBIM (DYHKITUSIM
oneparopa L u B MoauduUIMpOBaHHbIi Tpuronomerpudeckuit psiii Oypbe, a TakKe MOJYyIEHHBI aBTOPOM aHAJIOT
teopembl [IlTelinray3a B TepMuHax OOIUX MOJLYJI€H HENIPEPHLIBHOCTH.

KiroueBbie ciioBa: 0OLIKHOBEHHBIN quddepeHIaIbHbIil oepaTop, KOpHEBble (QyHKIMH, COOCTBEHHBIE U [IPU-
coe/iuHeHHbIe (DYHKIUU, PA3JIOKEHUE B PsAJl 110 KOPHEBBbIM (DYHKIUIM, PABHOCXOAMMOCTD DPA3JIOXKEHU, OIEHKa
Pa3HOCTU YACTUIHBIX CyMM, WHTETPAJbHbIE MOY/IN HEMPEPBIBHOCTH
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Introduction

Consider the differential operator L generated by the differential expression

0(y) = y™ +p1(x)y™ Y 4 pa()y,  pj(e) € L]0, 1],
and boundary conditions

n—1

> (akyP(0) + by (1)) =0, k=Tn. (1)
j=0

Suppose that the boundary conditions (1) are Birkhoff regular [1, pp. 66-67].

One of the important problems is the problem of expansion of a given function into a series
of root functions (r.f.) of the operator L. This problem is most completely solved in the case
when it is possible to prove the equiconvergence of the expansion (in one or another sense) of
the given function into the series on the r.f. of the operator L and into the trigonometric Fourier
series since the trigonometric system is well enough studied.

The trigonometric system is a system of the r.f. of the operator Lg of the form

toy) =y™, y*D0) -y*D1)=0, k=T,n.

We study the influence of the properties of the coefficient p;(z) and the expandable function
f(z) on the estimation of the difference of partial sums of series expansions by the r.f. of operators
L and L in the uniform metric inside the interval (0, 1).

Some results have already been published in [2-4]. A brief background can also be found
there. A more detailed background is given in the review articles [5,6].

1. Basic concepts. Formulation of the theorem

Let Ay, Aov, v = 0,1,..., be the eigenvalues (e.v.) of the operators L and Lg, respectively.
Let us denote by Ds the region of C resulting from the removal of all e.v. operators L and Ly
together with circles with centers in the e.v. and of sufficiently small fixed radius § > 0.
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From the asymptotics of e.v. [1, p. 74-75] it follows that there exists a sequence {7, }>°_; € R
such that (2rm)"™ < rp, < (2mw(m + 1)), and the contours Iy, := {\ € C : |A\| = r,,}, starting
from some sufficiently large m, lie in the region Dy.

Between neighboring contours, there are at most two e.v. A, of the operator L starting from
some m, and one double e.v. Ag, of the operator L. The consideration of such contours is due to
the structure of the usual trigonometric Fourier series, which is actually a series with brackets.

Let us denote by R) and Ry the resolvents of the operators L and Lg, respectively. Let

Sulfa) == [ Bafd\, om(fo) = Somfo) = 5 - / Roxf dA
I

It is known [1, p. 92] that S,,(f, x) is a partial sum of the biorthogonal Fourier series of the
function f(z) by the r.f. of the operator L, containing summands corresponding to the e.v. A, for
which |\, | < 7, and o,,(f) is the partial sum of order m of the ordinary trigonometric Fourier
series of the function f(z) (the partial sum of the orthogonal Fourier series of the function f(x)
by the r.f. of the operator Ly, containing summands corresponding to the e.v. Ao, = (2vmi)™ for
which |v| < m), i.e.

m

1
om(f, ) = Z (f,ex)ex(x), where (f,ex) ;:/0 F(€)e2kmiE ge.

k=—m

For f(z) from L;[0,1] denote

(I)m(x) :Sm(fwf) —Vam(V_lf,:r), \I/m(x> = Sm(f,$) —Um(f,{E), (2)

where
X

V() = exp ( - % / pi(7) dr>. 3)
b

Let us introduce the following continuity modules
1/p

w(f,6)p = sup /\ft+h f@)|P at , e 1 < p < oo,
0<h<d

w(f, )Oo: sup  sup ‘f(t—kh)—f(t)}.

0<h<6 te[0,1—h]

By L[0,1], we understand the space C0, 1].
The following condition is used further

1 1
f(x) € Ly[0,1], pi(z) € Ly[0, 1], 6—1-;:1, 1< g < oo (4)

To formulate the theorem on the estimation of ¥,,(z) we introduce the following notations:
— for the function h(x) € C|0, 1] denote by
1/q
/ 2hq(§)d§ when 1< ¢g<oo, Hy(h,m):=1;
1/m
— for the function g(x) € L4[0, 1] denote by

04(9,6) := sup Bi4(g9,7) when 1< g <oo and Ox(g,0) =1,
T€[0,4]
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1 1
014(g,7) = égg {W(ga %>q + (kQT)tll} when 1 < g < oo,

éq(g,é) = sup élq(g,T) when 1< ¢<oo and Ox(g,6) =1,
T7€[0,0]

5 . 1 1 1 1
qu(g,T) = érellf\l {C‘J(g, %)q + Wﬁq <g7 k) + (k27_>q} when 1< ¢ < 0.

Theorem 1. Under the condition (4) for any compact K C (0,1) and m € N, m > 1,

where

, 1 . k*7  k2lnm 1
BmZégI{]{(lnmw<p1,k>q+1+Hq(9q(p1,-),m)+m1/q+ - )w(f’k>r+

k2Inm 1 1 1 ke ktinm
+(1+ m >W<plak>q+k1/r9q<plyk>+m1+1/q+ m .

Theorem 1 was previously formulated in [4], but the proof was not given. This paper fills
this gap. Moreover, the formulation of Theorem 1 clarifies the formulation of the corresponding
theorem from [4].

If we impose conditions on w(f,d), and w(p1, ), such that B,, — 0 at m — oo, we can obtain

various sufficient conditions of equiconvergence of the corresponding expansions with partial sum
difference estimates (see [2-4]).

2. Proof of the theorem 1

The validity of the statement of Theorem 1 in the case of general continuity modules follows
from Theorem 1 [4] and the analog of Steinghaus’ theorem [7| for general continuity modules on
the basis of the relation

\Ilm(x) = Sm<f7 .iL‘) - Jm(fv :L') = Sm(f7 J}) - V(Ilﬁ)O’m(f, x)+
V(@) (on(V 7 f,2) = VI @)owm(f,2) )= () + V(@) (o (VT f.2) = VT (@)om(f2) )=
= 0(2) = V(@) (W(@)om(f,2) = oW S, ) = Cpula) = V()0 @), (5)

where the notations (2) are used, V() is defined by the formula (3), W(z) := V~!(z) and
Om(2) := W()om(f,x) = om(Wf, ).
The following formula is valid for the function W(x):

W) Vi@ =ew | 5 [mrar | =1+ [g0)a (©
0 0
where )
3(0) ==~ pr (V1) (7

Clearly, if p1(t) € Lg[0,1], then so does g(t) € L4[0, 1] and vice versa. Hence, the function
W(x) is the analog of the function W (x) in the analog of Steingaz’s theorem from [7] for the
case of general continuity modules and for it instead of the formula

twmzmw/jmwm
0

the formula (6) with g(t) € L,[0, 1] is valid.
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Then, based on Theorem 1, we obtain from [7] the following estimate

1Om(2)llcrx) < C(f, 9, K)@m (8)

E*lnm
Qm:égg{w <f7 ;)TH‘](HQ(.&?')vm)+w(§7i>q+ m } (9)

Let us evaluate all objects containing the function g(z) through similar objects containing
only the original function p;(x )

If we denote v := m[aa)ﬁ |V=1(t)|, then based on (6) we obtain
te

where

1—h 1/q
w(g,0)q = — sup /|P1 (t+Rh)VHt+h) —pr()V ()[4 dt <
T 0<h<é 3

1—-h 1/q

1

<1 sup /]pl(t+h)—p1(t)\q|V1(t+h)]th +

n \ o<h<éd
_h 1/‘1

+ sup. /ym OVt + h) — V()1 dt <

v _ _
—w(p1,0)q + Ip1(@)|lg sup  sup |V Ht+h) -V L(t)| =
n 0<h<é t€]0,1—h]
1—h
Y (1, 6)g + 1 (@) g sup  sup / (10)
0<h<dtel0,1-h] | J

Since pi(z) € L,4[0, 1], based on the equality (7) we have from [7]

t+h t+h

[1aar <2 [ in(@ldr < ooy, (1)

It follows from (10), (11) that

w(3,8); < Op) (wpr.0)q + 3704 (p1,9) ). (12)

Using this estimate, we obtain

- 1 1 1 9 1 R
014(9,7) < C(p1) inf {w(pl, E>q + 1770 <p1, k) + (k T)q} = C(p1)b14(p1,7).
Based on this estimate, we have

04(3,€) < C(p1) . O14(p1,7) = C(p1)0y(p1,€). (13)
T7€|0,

Finally, from (13) we obtain
1/q

1
Hf](eq(g>')a / g pla = C(pl)Hq(éq(pb')am)- (14)

J‘M»—t

MaTtemaTtuka 171



@ WUszs. Capart. yH-ta. Hos. cep. Cep.: Matematuka. Mexannka. Vincpopmaturxa. 2025. T. 25, Boin. 2

where

A . A 1 1 1 1 k*Inm
Qm:égg{Hq(QQ(plv)7m)w(f7k>r+w (P17k>q+k1/r0q (plvk) + m } (16>

Hence, based on the relations (5), (8), (15), (16), and Theorem 1 of [4] on the evaluation of

Thus, from (8), (9), (12), (14), it follows that the following estimation is valid

Qm < C(f,p1, K)Qm (15)

|| @y ()], we obtain the statement of Theorem 1.

Thus, Theorem 1 is proved.
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