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Аннотация. Рассматривается линейный обыкновенный дифференциальный оператор, определяемый диф-
ференциальным выражением 𝑛-го порядка с ненулевым коэффициентом при (𝑛− 1)-й производной и регу-
лярными по Биркгофу двухточечными краевыми условиями. Исследуется вопрос о равномерной равносхо-
димости разложений функции в ряд по корневым функциям оператора 𝐿 и в обычный тригонометрический
ряд Фурье, а также об оценке разности соответствующих частичных сумм. Получены оценки разности ча-
стичных сумм этих разложений в терминах общих (интегральных) модулей непрерывности разлагаемой
функции и коэффициента при (𝑛 − 1)-й производной. Доказательство существенно использует ранее по-
лученную автором оценку разности частичных сумм разложений функции в ряд по корневым функциям
оператора 𝐿 и в модифицированный тригонометрический ряд Фурье, а также полученный автором аналог
теоремы Штейнгауза в терминах общих модулей непрерывности.
Ключевые слова: обыкновенный дифференциальный оператор, корневые функции, собственные и при-
соединенные функции, разложение в ряд по корневым функциям, равносходимость разложений, оценка
разности частичных сумм, интегральные модули непрерывности
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Introduction

Consider the differential operator 𝐿 generated by the differential expression

ℓ(𝑦) = 𝑦(𝑛) + 𝑝1(𝑥)𝑦
(𝑛−1) + ...+ 𝑝𝑛(𝑥)𝑦, 𝑝𝑗(𝑥) ∈ 𝐿1[0, 1],

and boundary conditions

𝑛−1∑︁
𝑗=0

(𝑎𝑘𝑗𝑦
(𝑗)(0) + 𝑏𝑘𝑗𝑦

(𝑗)(1)) = 0, 𝑘 = 1, 𝑛. (1)

Suppose that the boundary conditions (1) are Birkhoff regular [1, pp. 66–67].
One of the important problems is the problem of expansion of a given function into a series

of root functions (r.f.) of the operator 𝐿. This problem is most completely solved in the case
when it is possible to prove the equiconvergence of the expansion (in one or another sense) of
the given function into the series on the r.f. of the operator 𝐿 and into the trigonometric Fourier
series since the trigonometric system is well enough studied.

The trigonometric system is a system of the r.f. of the operator 𝐿0 of the form

ℓ0(𝑦) = 𝑦(𝑛), 𝑦(𝑘−1)(0)− 𝑦(𝑘−1)(1) = 0, 𝑘 = 1, 𝑛.

We study the influence of the properties of the coefficient 𝑝1(𝑥) and the expandable function
𝑓(𝑥) on the estimation of the difference of partial sums of series expansions by the r.f. of operators
𝐿 and 𝐿0 in the uniform metric inside the interval (0, 1).

Some results have already been published in [2–4]. A brief background can also be found
there. A more detailed background is given in the review articles [5, 6].

1. Basic concepts. Formulation of the theorem

Let 𝜆𝜈 , 𝜆0𝜈 , 𝜈 = 0, 1, . . . , be the eigenvalues (e.v.) of the operators 𝐿 and 𝐿0, respectively.
Let us denote by 𝐷𝛿 the region of C resulting from the removal of all e.v. operators 𝐿 and 𝐿0

together with circles with centers in the e.v. and of sufficiently small fixed radius 𝛿 > 0.
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From the asymptotics of e.v. [1, p. 74–75] it follows that there exists a sequence {𝑟𝑚}∞𝑚=1 ∈ R
such that (2𝜋𝑚)𝑛 < 𝑟𝑚 < (2𝜋(𝑚 + 1))𝑛, and the contours Γ𝑚 := {𝜆 ∈ C : |𝜆| = 𝑟𝑚}, starting
from some sufficiently large 𝑚, lie in the region 𝐷𝛿.

Between neighboring contours, there are at most two e.v. 𝜆𝜈 of the operator 𝐿 starting from
some 𝑚, and one double e.v. 𝜆0𝜇 of the operator 𝐿0. The consideration of such contours is due to
the structure of the usual trigonometric Fourier series, which is actually a series with brackets.

Let us denote by 𝑅𝜆 and 𝑅0𝜆 the resolvents of the operators 𝐿 and 𝐿0, respectively. Let

𝑆𝑚(𝑓, 𝑥) = − 1

2𝜋𝑖

∫︁
Γ𝑚

𝑅𝜆𝑓 𝑑𝜆, 𝜎𝑚(𝑓, 𝑥) ≡ 𝑆0𝑚(𝑓, 𝑥) = − 1

2𝜋𝑖

∫︁
Γ𝑚

𝑅0𝜆𝑓 𝑑𝜆.

It is known [1, p. 92] that 𝑆𝑚(𝑓, 𝑥) is a partial sum of the biorthogonal Fourier series of the
function 𝑓(𝑥) by the r.f. of the operator 𝐿, containing summands corresponding to the e.v. 𝜆𝜈 for
which |𝜆𝜈 | < 𝑟𝑚, and 𝜎𝑚(𝑓) is the partial sum of order 𝑚 of the ordinary trigonometric Fourier
series of the function 𝑓(𝑥) (the partial sum of the orthogonal Fourier series of the function 𝑓(𝑥)
by the r.f. of the operator 𝐿0, containing summands corresponding to the e.v. 𝜆0𝜈 = (2𝜈𝜋𝑖)𝑛 for
which |𝜈| ⩽ 𝑚), i.e.

𝜎𝑚(𝑓, 𝑥) :=
𝑚∑︁

𝑘=−𝑚

(𝑓, 𝑒𝑘)𝑒𝑘(𝑥), where (𝑓, 𝑒𝑘) :=

∫︁ 1

0
𝑓(𝜉)𝑒−2𝑘𝜋𝑖𝜉 𝑑𝜉.

For 𝑓(𝑥) from 𝐿1[0, 1] denote

Φ𝑚(𝑥) = 𝑆𝑚(𝑓, 𝑥)− 𝑉 𝜎𝑚(𝑉 −1𝑓, 𝑥), Ψ𝑚(𝑥) = 𝑆𝑚(𝑓, 𝑥)− 𝜎𝑚(𝑓, 𝑥), (2)

where

𝑉 (𝑥) = exp

(︂
− 1

𝑛

𝑥∫︁
0

𝑝1(𝜏) 𝑑𝜏

)︂
. (3)

Let us introduce the following continuity modules

𝜔(𝑓, 𝛿)𝑝 = sup
0<ℎ⩽𝛿

⎛⎝ 1−ℎ∫︁
0

|𝑓(𝑡+ ℎ)− 𝑓(𝑡)|𝑝 𝑑𝑡

⎞⎠1/𝑝

, где 1 ⩽ 𝑝 <∞,

𝜔(𝑓, 𝛿)∞ = sup
0<ℎ⩽𝛿

sup
𝑡∈[0,1−ℎ]

⃒⃒
𝑓(𝑡+ ℎ)− 𝑓(𝑡)

⃒⃒
.

By 𝐿∞[0, 1], we understand the space 𝐶[0, 1].
The following condition is used further

𝑓(𝑥) ∈ 𝐿𝑟[0, 1], 𝑝1(𝑥) ∈ 𝐿𝑞[0, 1],
1

𝑞
+

1

𝑟
= 1, 1 ⩽ 𝑞 ⩽ ∞. (4)

To formulate the theorem on the estimation of Ψ𝑚(𝑥) we introduce the following notations:
— for the function ℎ(𝑥) ∈ 𝐶[0, 1] denote by

𝐻𝑞(ℎ,𝑚) :=

⎛⎜⎝ 1∫︁
1/𝑚

1

𝜉
ℎ𝑞(𝜉) 𝑑𝜉

⎞⎟⎠
1/𝑞

when 1 ⩽ 𝑞 <∞, 𝐻∞(ℎ,𝑚) := 1;

— for the function 𝑔(𝑥) ∈ 𝐿𝑞[0, 1] denote by

𝜃𝑞(𝑔, 𝛿) := sup
𝜏∈[0,𝛿]

𝜃1𝑞(𝑔, 𝜏) when 1 ⩽ 𝑞 <∞ and 𝜃∞(𝑔, 𝛿) ≡ 1,

Математика 169



Изв. Сарат. ун-та. Нов. сер. Сер.: Математика. Механика. Информатика. 2025. Т. 25, вып. 2

𝜃1𝑞(𝑔, 𝜏) := inf
𝑘∈N

{︂
𝜔
(︁
𝑔,

1

𝑘

)︁
𝑞
+ (𝑘2𝜏)

1
𝑞

}︂
when 1 ⩽ 𝑞 <∞,

𝜃𝑞(𝑔, 𝛿) = sup
𝜏∈[0,𝛿]

𝜃1𝑞(𝑔, 𝜏) when 1 ⩽ 𝑞 <∞ and 𝜃∞(𝑔, 𝛿) ≡ 1,

𝜃1𝑞(𝑔, 𝜏) = inf
𝑘∈N

{︂
𝜔
(︁
𝑔,

1

𝑘

)︁
𝑞
+

1

𝑘1/𝑟
𝜃𝑞

(︂
𝑔,

1

𝑘

)︂
+ (𝑘2𝜏)

1
𝑞

}︂
when 1 ⩽ 𝑞 <∞.

Theorem 1. Under the condition (4) for any compact 𝐾 ⊂ (0, 1) and 𝑚 ∈ N, 𝑚≫ 1,

‖Ψ𝑚(𝑥)‖𝐶(𝐾) ⩽ 𝐶(𝑓, 𝐿,𝐾)𝐵𝑚

where

𝐵𝑚 = inf
𝑘∈N

{︃(︃
ln𝑚𝜔

(︂
𝑝1,

1

𝑘

)︂
𝑞

+ 1 +𝐻𝑞

(︀
𝜃𝑞(𝑝1, ·),𝑚

)︀
+
𝑘2/𝑞

𝑚1/𝑞
+
𝑘2 ln𝑚

𝑚

)︃
𝜔

(︂
𝑓,

1

𝑘

)︂
𝑟

+

+

(︂
1 +

𝑘2 ln𝑚

𝑚

)︂
𝜔

(︂
𝑝1,

1

𝑘

)︂
𝑞

+
1

𝑘1/𝑟
𝜃𝑞

(︂
𝑝1,

1

𝑘

)︂
+
𝑘2+2/𝑞

𝑚1+1/𝑞
+
𝑘4 ln𝑚

𝑚

}︃
.

Theorem 1 was previously formulated in [4], but the proof was not given. This paper fills
this gap. Moreover, the formulation of Theorem 1 clarifies the formulation of the corresponding
theorem from [4].

If we impose conditions on 𝜔(𝑓, 𝛿)𝑟 and 𝜔(𝑝1, 𝛿)𝑞 such that 𝐵𝑚 → 0 at 𝑚→ ∞, we can obtain
various sufficient conditions of equiconvergence of the corresponding expansions with partial sum
difference estimates (see [2–4]).

2. Proof of the theorem 1

The validity of the statement of Theorem 1 in the case of general continuity modules follows
from Theorem 1 [4] and the analog of Steinghaus’ theorem [7] for general continuity modules on
the basis of the relation

Ψ𝑚(𝑥) = 𝑆𝑚(𝑓, 𝑥)− 𝜎𝑚(𝑓, 𝑥) = 𝑆𝑚(𝑓, 𝑥)− 𝑉 (𝑥)𝜎𝑚(𝑓, 𝑥)+

+𝑉 (𝑥)
(︁
𝜎𝑚(𝑉 −1𝑓, 𝑥)− 𝑉 −1(𝑥)𝜎𝑚(𝑓, 𝑥)

)︁
=Φ𝑚(𝑥) + 𝑉 (𝑥)

(︁
𝜎𝑚(𝑉 −1𝑓, 𝑥)− 𝑉 −1(𝑥)𝜎𝑚(𝑓, 𝑥)

)︁
=

= Φ𝑚(𝑥)− 𝑉 (𝑥)
(︁
𝒲(𝑥)𝜎𝑚(𝑓, 𝑥)− 𝜎𝑚(𝒲𝑓, 𝑥)

)︁
= Φ𝑚(𝑥)− 𝑉 (𝑥)Θ𝑚(𝑥), (5)

where the notations (2) are used, 𝑉 (𝑥) is defined by the formula (3), 𝒲(𝑥) := 𝑉 −1(𝑥) and
Θ𝑚(𝑥) := 𝒲(𝑥)𝜎𝑚(𝑓, 𝑥)− 𝜎𝑚(𝒲𝑓, 𝑥).

The following formula is valid for the function 𝒲(𝑥):

𝒲(𝑥) = 𝑉 −1(𝑥) = exp

⎛⎝ 1

𝑛

𝑥∫︁
0

𝑝1(𝜏) 𝑑𝜏

⎞⎠ = 1 +

𝑥∫︁
0

𝑔(𝑡) 𝑑𝑡, (6)

where
𝑔(𝑡) :=

1

𝑛
𝑝1(𝑡)𝑉

−1(𝑡). (7)

Clearly, if 𝑝1(𝑡) ∈ 𝐿𝑞[0, 1], then so does 𝑔(𝑡) ∈ 𝐿𝑞[0, 1] and vice versa. Hence, the function
𝒲(𝑥) is the analog of the function 𝑊 (𝑥) in the analog of Steingaz’s theorem from [7] for the
case of general continuity modules and for it instead of the formula

𝑊 (𝑥) = 𝒲0 +

∫︁ 𝑥∫︁
0

𝑔(𝑡) 𝑑𝑡,

the formula (6) with 𝑔(𝑡) ∈ 𝐿𝑞[0, 1] is valid.
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Then, based on Theorem 1, we obtain from [7] the following estimate

‖Θ𝑚(𝑥)‖𝐶(𝐾) ⩽ 𝐶(𝑓, 𝑔,𝐾)𝑄𝑚 (8)

where

𝑄𝑚 = inf
𝑘∈N

{︃
𝜔

(︂
𝑓,

1

𝑘

)︂
𝑟

𝐻𝑞

(︀
𝜃𝑞(𝑔, ·),𝑚

)︀
+ 𝜔

(︂
𝑔,

1

𝑘

)︂
𝑞

+
𝑘4 ln𝑚

𝑚

}︃
. (9)

Let us evaluate all objects containing the function 𝑔(𝑥) through similar objects containing
only the original function 𝑝1(𝑥).

If we denote 𝑣 := max
𝑡∈[0,1]

|𝑉 −1(𝑡)|, then based on (6) we obtain

𝜔(𝑔, 𝛿)𝑞 =
1

𝑛
sup

0<ℎ⩽𝛿

⎛⎝ 1−ℎ∫︁
0

|𝑝1(𝑡+ ℎ)𝑉 −1(𝑡+ ℎ)− 𝑝1(𝑡)𝑉
−1(𝑡)|𝑞 𝑑𝑡

⎞⎠1/𝑞

⩽

⩽
1

𝑛

⎛⎜⎝ sup
0<ℎ⩽𝛿

⎛⎝ 1−ℎ∫︁
0

|𝑝1(𝑡+ ℎ)− 𝑝1(𝑡)|𝑞|𝑉 −1(𝑡+ ℎ)|𝑞 𝑑𝑡

⎞⎠1/𝑞

+

+ sup
0<ℎ⩽𝛿

⎛⎝ 1−ℎ∫︁
0

|𝑝1(𝑡)|𝑞|𝑉 −1(𝑡+ ℎ)− 𝑉 −1(𝑡)|𝑞 𝑑𝑡

⎞⎠1/𝑞
⎞⎟⎠ ⩽

⩽
𝑣

𝑛
𝜔(𝑝1, 𝛿)𝑞 + ‖𝑝1(𝑥)‖𝑞 sup

0<ℎ⩽𝛿
sup

𝑡∈[0,1−ℎ]
|𝑉 −1(𝑡+ ℎ)− 𝑉 −1(𝑡)| =

=
𝑣

𝑛
𝜔(𝑝1, 𝛿)𝑞 + ‖𝑝1(𝑥)‖𝑞 sup

0<ℎ⩽𝛿
sup

𝑡∈[0,1−ℎ]

⃒⃒⃒⃒
⃒⃒
1−ℎ∫︁
0

𝑔(𝜏) 𝑑𝜏

⃒⃒⃒⃒
⃒⃒ . (10)

Since 𝑝1(𝑥) ∈ 𝐿𝑞[0, 1], based on the equality (7) we have from [7]

𝑡+ℎ∫︁
𝑡

|𝑔(𝜏)| 𝑑𝜏 ⩽
𝑣

𝑛

𝑡+ℎ∫︁
𝑡

|𝑝1(𝜏)| 𝑑𝜏 ⩽ 𝐶(𝑝1)ℎ
1
𝑟 𝜃𝑞(𝑝1, ℎ). (11)

It follows from (10), (11) that

𝜔(𝑔, 𝛿)𝑞 ⩽ 𝐶(𝑝1)
(︁
𝜔(𝑝1, 𝛿)𝑞 + 𝛿

1
𝑟 𝜃𝑞(𝑝1, 𝛿)

)︁
. (12)

Using this estimate, we obtain

𝜃1𝑞(𝑔, 𝜏) ⩽ 𝐶(𝑝1) inf
𝑘∈N

{︂
𝜔
(︁
𝑝1,

1

𝑘

)︁
𝑞
+

1

𝑘1/𝑟
𝜃𝑞

(︂
𝑝1,

1

𝑘

)︂
+ (𝑘2𝜏)

1
𝑞

}︂
= 𝐶(𝑝1)𝜃1𝑞(𝑝1, 𝜏).

Based on this estimate, we have

𝜃𝑞(𝑔, 𝜉) ⩽ 𝐶(𝑝1) sup
𝜏∈[0,𝜉]

𝜃1𝑞(𝑝1, 𝜏) = 𝐶(𝑝1)𝜃𝑞(𝑝1, 𝜉). (13)

Finally, from (13) we obtain

𝐻𝑞

(︀
𝜃𝑞(𝑔, ·),𝑚

)︀
⩽ 𝐶(𝑝1)

⎛⎜⎝ 1∫︁
1/𝑚

1

𝜉
𝜃𝑞𝑞(𝑝1, 𝜉) 𝑑𝜉

⎞⎟⎠
1/𝑞

= 𝐶(𝑝1)𝐻𝑞

(︀
𝜃𝑞(𝑝1, ·),𝑚

)︀
. (14)
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Thus, from (8), (9), (12), (14), it follows that the following estimation is valid

𝑄𝑚 ⩽ 𝐶(𝑓, 𝑝1,𝐾)𝑄̂𝑚 (15)

where

𝑄̂𝑚 = inf
𝑘∈N

{︃
𝐻𝑞

(︀
𝜃𝑞(𝑝1, ·),𝑚

)︀
𝜔

(︂
𝑓,

1

𝑘

)︂
𝑟

+ 𝜔

(︂
𝑝1,

1

𝑘

)︂
𝑞

+
1

𝑘1/𝑟
𝜃𝑞

(︂
𝑝1,

1

𝑘

)︂
+
𝑘4 ln𝑚

𝑚

}︃
. (16)

Hence, based on the relations (5), (8), (15), (16), and Theorem 1 of [4] on the evaluation of
‖Φ𝑚(𝑥)‖, we obtain the statement of Theorem 1.

Thus, Theorem 1 is proved.
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