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MeTtpuka BaccepmrTeiiHa 1 B3BelleHHble METPUKH
IJs MHOTOMEPHBIX pacnpenenenui 'aycca

M. 4. Kean6epr'™, 10. Cyxos>

'HauuoHa bHbBIH UCCIeI0BATENbCKUH yHHBepcHUTeT «Briciuas mkosa skoHoMHKH», Pocens, 101000, r. Mocksa,
ya. Mscuuukas, n. 20

2Yuupepcuter wrara [ledcunbsanus, Coenunennnle lItatel Amepuku, [encunbsanus, 16802, r. Creiir-
Konnenx, kamnyc IOuusepcuru-Ilapk, ya. Onn Mein, n. 201

Keab6epr Mapk HkoBaeBnu, KaHauaat (U3MKO-MaTeMaTHUECKUX HAyK, MPoQeccop-UcCenoBaTeb fe-
napTaMeHTa CTaTHCTHKM M aHa/lM3a JaHHbIX (haKyJbTeTa 5KOHOMHUECKHX Hayk, mkelbert@bhse.ru, https:
//orcid.org/0000-0002-3952-2012, AuthorID: 1137288

Cyxos IOpmii, kanaupat ¢U3HKO-MaTeMaTHUYECKHX HaykK, Mpodeccop MareMaTH4ecKoro (haky/bTera,
yms@statslab.cam.ac.uk, AuthorID: 1131362

AnHotanusa. [IpuBoauTCS psl HHXKHHMX M BEPXHHUX OLEHOK AJas paccrosiHuil JleBn — IIpoxoposa,
Baccepuireitna, @peure U XesasuHrepa Mexay BepOSITHOCTHBIMU pacripefieleHHsIMUA OTHOU U TOMH
’Ke WM Pa3HBIX pa3MepHocTel. BBopuTCs B3BelleHHOe (MM KOHTEKCTHO 3aBUCHMOE) PAaCCTOSTHHE
TOJIHOM BapHalMH U paccTosiHHe XessuHrepa. JlokazaHbl BepXHSs U HMXKHSAS OLEHKH IJIST 3THX
B3BeIIEHHBIX MeTpPUK. J[0oKa3aHbl HMKHHE OLEHKM MHHHUMyMa CyMMbl Pa3jH4YHbIX OMIMOOK IPH
TNpOBepKe UyBCTBUTEJbHBIX IMIIOTES.

KmroueBbie caoBa: paccrosiuue Jlesu — [Ipoxoposa, paccrosinue Baccepuiteiina, B3BeleHHOe pac-
CTOsIHME TOJIHOH Bapuauuu, HepaBeHCTBO JloOpylinHa, B3BelleHHOe HepaBeHCTBO [IHHCKepa, B3Be-
meHHoe HepaBeHCTBO Jle Kama, B3BereHHOe HepaBeHcTBO PaHo

BaarogapHoctu: VccnenoBanue BEINOMHEHO TP moaaep:kke Poccuiickoro HayuHoro ¢oxaa (mpoexTt
Ne 23-21-00052) u Ilporpammbl (pyHIaMeHTaMbHBIX HccaefoBaHUH YHUBepcuTeta HUY BIID.
Has uutupoBanus: Kelbert M. Y., Suhov Y. Wasserstein and weighted metrics for multidimensional
Gaussian distributions [Keavbepm M. 4., Cyxos 0. Metpuka BaccepiiteliHa ¥ B3BellleHHbIE
MEeTPUKH [IJisi MHOrOMepHbIX pacrnpenesenuit [aycca] // M3Bectus CapaToBCKOrO YHHUBEpPCHTETA.
Hogas cepusi. Cepus: Marematruka. Mexanuka. MHdopmatuka. 2023. T. 23, Bbin. 4. C. 422-434.
https://doi.org/10.18500/1816-9791-2023-23-4-422-434, EDN: ANLRAB

Cratbsi ony6/arKoBaHa Ha ycsaoBusx JquneHnsun Creative Commons Attribution 4.0 International
(CC-BY 4.0)

Introduction

In this note, we review basic facts about the metrics for probability measures and
provide specific formulae and simplified proofs that could not be easily found in the
literature. Alongside the classical results such as the evaluation of the Lévy - Prokhorov
distance in terms of the Wasserstein distance presented in Section 1, we discuss some
novel approaches. In Section 2, we review a recent development related to the distances
between the distributions of different dimensions. Finally, in Section 3, we present the
context-sensitive (or weighted) total variance distance and establish a number of new
inequalities mimicking some classical results from the information theory. Sections 1
and 2 of the paper are basically a review but contain several improvements. Section 3 is
purely original and was never published before.
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1. Lévy-Prokhorov and Wasserstein distances

Let P;, i« = 1,2, be probability distributions on a metric space W with metric r.
Define the Lévy - Prokhorov distance p/~f(P;,P,) between P, P, as the infimum of
numbers € > 0 such that for any closed set C' C W,

P,(C)—Py(C.) <e, Py(C)—Py(C.) < (1)

where C. stands for the e-neighborhood of C in metric r. It could be easily checked that
pl=P (P, Py) < 7(Py, Py), i.e. the total variance distance. Next, define the Wasserstein
distance W;(Pl,Pg) between Py, Py by

Wy (P, Py) = inf (Ep (X, Xo)P]) P

where the infimum is taken over all joint P on W x W with marginals P;. In the case
of Euclidean space with r(xy,zs) = ||x1 — x2||, the index r is omitted.

Theorem 1 (Dobrushin’s bound).
p P (P, Py) < W (P, Py)]'/2, (2)

Proof. Suppose that there exists a closed set C' for which at least one of the
inequalities (1) fails, say P1(C) > € + P5(C.). Then, for any joint P with marginals P
and Ps,

) (X17X2)] 2 P( (X17X2) = ) 2
eP(X, €0, X, e W\ C.) (X,€C)-P(X,€C, X, €CL)] >
£ [ (Xl - C) (X2 - C )} [Pl(Xl c C) PQ(XQ - Cs)} P 62
This leads to (2), as claimed. O

The Lévy — Prokhorov distance is quite tricky to compute, whereas the Wasserstein
distance can be found explicitly in a number of cases. Say, in 1D case W = R! we have

(cf. [1]).

Theorem 2.

Ep [r(X1,X3)] =2 Ep [1(r <X1,X2) Z
> >e [P
> _

Pl,PQ / |F1 )’dl’ (3)

Proof. First, check the upper bound W;(Py,P;) < [ |Fi(x) — Fy(z)|dz. Consider
¢ ~U0,1], X; = F;1(¢), i =1,2. Then, in view of Fubini theorem,

mwﬁXﬂzlwﬁ@ |@—/wa (2)] da.

Let us now prove the inverse inequality. Set Y = X — X3V 0,Z = X; — X5 V0 then
E[|X; — X5|] = E[Y] + E[Z]. It could be easily checked that

BZ] = [ PO <y X > )l dy
R
A similar argument can be done for Y, by swapping X; and X,. This yields

E[|X; — X5|] :/ PXi <y Xo>2y)+P(Xa <y, X1 2y)] dy=
R
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= [ [P1(X0 <)+ PolXa <) = 2P < 9 X < )] dy >
> /R (Fu(z) + Fy(z) — 2min[Fy(z), Fy(x)]] da —/ Fy(z) — Fy(z)] dz. 0
Proposition 1. For d=1and p > 1
WPu P2 =p(p—1) [ dy [ max{Faly) — Fi(o). 0w -y d+
o) [ do [T waslFile) - (), 01— 2 dy
Proof. Follows from the identity

E[|X - Y]] = p —1/’dg/ Ba(y) - Fla,p)](e - y)" 2 dot

—1/‘dg/ (e, )]y — 272 dy.

The minimum is achieved for F(z,y) = min[F)(z), F3(y)]. Alternative expression (see

2)):
v%whmvz/WEA@—ﬁﬁuww. .

Proposition 2. Let (X,Y) € R* be jointly Gaussian random variables (RVs) with
E[X] = uX,E[Y] = u¥. Then the Frechet-1 distance

d
(X, Y)=E|)_|X; -
a (1 ]—;Y) (1 = )
Z [ — 1 (1 - 2@(—%0 + 2@@(-%)1 , (4)

where ; = ((0)* + (o)) —2Cov(Xj,Yj))l/2, ¢ and ® are PDF and CDF of the

J
standard Gaussian RV. Note that in the case uX = pY¥ the first term in (4) vanishes,

and the second term gives
d
2
(X,Y) = \/j > 6.
p ( ) ) szl 0

We present also expressions for the Frechet-3 and Frechet-4 distances

d 3 d (X — i)
~(Em o) - (e (- (L))
st e (<5 ) oy - 1 om (D)

J
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(¥ =) (=) WX =D\ | (=) N
2t | = || +2(6) % | - —— ] +2|]
gj gj

0j
J 1/4 J 1/4
p(X,Y) = <Z E|X; - le4> = (Z(uf — ) ) 4 6(u — ) )?(65)° + 3(@')4) :
j=1

=1

gj

Let pX = p) . The expressions for p™* — p' are minimized when Cov(X;,Y;),j =1,...,d
are maximal. However, this fact does not lead immediately to the explicit expressions
for Wasserstein’s metrics. The problem here is that the joint covariance matrix Xx vy
should be positive-definite. So, the straightforward choice Corr(X;,Y;) =1 is not always
possible, see Theorem 3 below.

Maurice René Fréchet (1878-1973), a French mathematician, worked in topology,
functional analysis, probability theory, and statistics. He was the first to introduce the
concept of a metric space (1906) and prove the representation theorem in Ly (1907).
However, in both cases the credit was given to other people: Hausdorff and Riesz. Some
sources claim that he discovered the Cramér — Rao inequality before anybody else, but
such a claim was impossible to verify since the lecture notes of his class appeared to
be lost. Fréchet worked in several places in France before moving to Paris in 1928. In
1941 he succeeded Borel as the Chair of Calculus of Probabilities and Mathematical
Physics in Sorbonne. In 1956 he was elected to the French Academy of Sciences, at the
age of 78, which was rather unusual. He influenced and mentored a number of young
mathematicians, notably Fortet and Loéve. He was an enthusiast of Esperanto; some of
his papers were published in this language.

In the Gaussian case, it is convenient to use the following extension of Dobrushin’s
bound for p = 2:

p" P (P1, Py) < W,(P1, Py)JP?, p>1.

Theorem 3. Let X; ~N(u;,¥%),i = 1,2, be d—dimensional Gaussian RVs. For
simplicity, assume that both matrices ¥.2 and Y32 are non-singular'. The L, — Wasserstein
distance Wy(Xy, Xy) = Wo(N(p1, 32), N(ug, X3)) equals

1/2

Wa(Xy, Xa) = [l — poll” + tr(SF) + tr(3) — 26r[(51235) 7] (5)

where (X,%2%1)'/? stands for the positive-definite matrix square-root. The value (5) is
achieved when Xy = g + A(X, — 1) where A = 37 (3,22%)Y28

Corollary. Let py = g = 0. Then for d = 1: Wy (X1, Xs) = |0y — 03]. For d =2

Wo(Xy,Xo) = [tr(22) + tr(X2) — 2[tr(2252) + 2\/det(2122)]1/2]
Note that the expression in (6) vanishes when X2 = 2.

Example 1. (a) Let X ~N(0,¥%), Y ~ N(0,%%2) where X% = 0%1; and X2 = 021,.
Then W5(X,Y) = Vd|ox — oy|.

(b) Let d = 2, X ~N(0, Zﬁ(), Y ~N(0, E%,) where E%(- = 03(12, ng = (732/ (; f) and
p € (—1,1). Then

1/2

(6)

o122 2 oon1/211/2 1/2
Wa(X,Y) =22 (0% + 0y —oxoy [2+2(1 — p*)'/?] :

1

In general case the statement holds with X' understood as Moore - Penrose inversion.
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(c) Let d = 2, X ~N(0,%%), Y ~N(0,%2) where ¥% = 0% (pl ”11), ¥ =
1

=02 Lop and p1,p2 € (—1,1). Then
p2 1

X Y) = 91/2 (42 2 _9v1/2 _21/21/21/2
Wa(X,Y) =2 Ox t+0y UXUY[2+2P1P2+2(1 p1) (1= p3) ] :

Note, that in the case p; = pa, Wo(X,Y) = V2|ox — oy| as in (a).

Proof. First, reduce to the case u; = pus = 0 by using the identity W(X,,X,) =
= || — pol|® + WE(&1, &) with & = X; — p;. Note that the infimum in (5) is always
attained on Gaussian measures as W5(Xy, X5) is expressed in terms of the covariance
matrix X2 = E?Xy only (cf. (8) below). Let us write the covarianve matrix in the block

form
s2_ (S K\ _( S 0\ (I 0\ (% YK ™
KT 2 K™t 1J\o Ss)J\o I

where the so-called Shur’s complement S = %2 — K7 2K. The problem is reduced to
finding the matrix K in (7) that minimizes the expression

/ Ix — yIP dPxy(x.y) = tr(S2) + tx(S2) — 2x(EF) ®)
RIxR4

subject to constraining that the matrix 32 in (7) is positively definite. The goal is to check
that the minimum (5) is achieved when Shur’s complement S in (7) equals 0. Consider
the fiber 01(S), i.e. the set of all matrix K such that o(K) =32 — KT(¥%) 'K = S.
[t is enough to check the maximum value of tr(K’) on this fiber equals

Fergixl)%s) tr(K) = tr [(Sy (5% — S)Ey)lﬂ] : 9)

Since the matrix S is positively defined, it is easy to check that the fiber S = 0 should
be selected. In order to establish (9), represent the positively definite matrix 2. — S
in the form X2 — S = UD2U” where the diagonal matrix D? = diag(\?,...,A2,0,...,0)

and \; > 0. Next, U = (U,|Uy_,) is the orthogonal matrix of the corresponding eigen
vectors. We obtain the following r x r identity:

(Y KUD Y (2 KU.DY =1,.

It means that X' KU,D; ' = O,, an ’orthogonal’ d x r matrix, with OTO, = 1I,, and
K =Yx0,D,UT. The matrix O, parametrises the fiber 0=!(S). As a result, we have an
optimization problem

tr(OT M) — max, M = XxU,D,.,

in a matrix-valued argument O, subject to the constraint OTO, =1I,. A straightforward
computation gives the answer tr[(MTM)'/2] which is equivalent to (9). The technical
details can be found in [3] and [4]. O

For general zero means RVs X, Y € R? with the covariance matrices 2,7 = 1,2 the
following inequality holds [5]

tr(22) 4 tr(22) — 2tr[(D 225 )Y?] < B[ X = Y|?] < tr(2?) + tr(22) + 2tr[(2,225) V2.
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2. The distances between distributions of different dimensions

For m < d deline a set of matrices with orthonormal rows:
O(m,d) ={V e R™*. vVT =1,}
and a set of affine maps ¢ : R? — R™ such that ¢y ,(z) = Vo + 0.

Definition 1. For any measures u € M(R™) and v € M(R?), the embeddings of
into RY are the set of d-dimensional measures ®*(u,d) := {a € M(RY) : pys(a) = u} for
some V € O(m,d),b € R™, and the projections of v onto R™ are the set of m-dimensional
measures ¢~ (v,m) := {f € M(R™) : pv(v) = S} for some V € O(m,d),b € R™.

Given a metric v between measures of the same dimension, define the projection
distance 7 (u,v) = infgeo-(m)7(1,3) and the embedding distance ~+*(u,v) :=
= infaeq+ (ua) V(o v). It may be proved [6] that v*(u,v) = v~ (i, v), denote the common
value by 4 (p, v).

Example 2. Let us compute the Wasserstein distance between one-dimensional
X ~N(u1,0?%) and d—dimensional Y ~N(u,Y). Denote by Ay > Xy > ... > )\ the
eigenvalues of . Then
o=V if 0>,
Wa(X,Y) =S 0if VAg < o < VA (10)
VIi—oif o<y

Indeed, in view of Theorem 3, write

Wy (V)2 = min [l — X"z — blI3+

[[x]]2=1,beER
+tr(o? + xT¥x — 20V XTEX)} = Hnﬁin (0 — VxT¥x)?,
x|lo=1

and (10) follows.

Example 3 (Wasserstein-2 distance between Dirac measure on R™ and a discrete
measure on R?). Let y € R™ and y; € M(R™) be the Dirac measure with u;(y) = 1,
i.e., all mass centered at y. Let xi,...,x; € R? be distinct points, py,...,pr = 0,
p1+ ...+ pr =0, and letu, € M(R?) be the discrete measure of point masses with
po(x;) =pi, i =1,..., k. We seek the Wasserstein distance Wg(ul,ug) in a closed-form
solution. Suppose m < d, then

k
%% 2= inf illVxi +b—yl3 =
(Ws (1, p12)) VEO(%%MRM;M X +b—yl3
k k
= inf iV — Vxi|5= inf tr(VOVT
vellh o 2PV = D pVills = nf | e (VOV)

k
noting that the second infimum is attained by b =y — >_ p;V'x; and defining C in the
=1
last infimum to be

k k k T
C = Zpi (Xi - Zpixi> <Xi - ZPiXi) € R™.
i=1 i=1 i=1
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Let the eigenvalue decomposition of the symmetric positive semi-definite matrix C' be
C = QAQT with A =diag(\y,...,M\g), \1 = ... > A\g > 0. Then

m—1
inf tr(VCVT) = Aii
vellh o TVOV = 2

and is attained when V' € O(m,d) has row vectors given by the last m columns of
Q € 0(d). O

A closely related question is to find a projection of zero-mean Gaussian models to
the space of a low dimension r such distance between the projections of X and Y is
maximal. We start the discussion with the TV distance. Suppose r» < d, and we want
to find a low-dimensional projection A € R™*¢ AAT =1, of the multidimensional data
X ~ N(ui,%1) and Y ~ N(ug,¥9) such that TV(AX, AY) — max. The problem may
be reduced to the case pu; = s = 0, Xy = I, ¥y = 3, cf. [7]. Based on the results
from [7,8] it is natural to maximize

r

min[L Z g(%)}

=1

where g(z) = (1 - 1)2 and v; are the eigenvalues of AXAT. Consider all permutations 7
of these eigenvalues. Let

L :a’rgma‘xﬂ'zg<)\ﬂ'(i))7 Yi :Aﬂ'*(i)a 1= 17"'7T‘
i=1

Then rows of matrix A should be selected as the normalized eigenvectors of X associated
with the eigenvalues ;.

Remark. For zero-mean Gaussian models, this procedure may be repeated mutatis
mutandis for any of the so-called f-divergences D;(P||Q) := Ep [f (42)] where f is a
convex function such that f(1) =0, cf. [7]. The most interesting examples are:

1) KL-divergence: f(t) =tlogt and g(z) = 3(z — logz — 1);

2) symmetric KL-divergence: f(t) = (t — 1)log¢ and g(z) = 3(z + L — 2);

3) the total variance distance: f(¢) = 3|t — 1] and g(z) = (2 — 1)2;

4) the square of Hellinger distance: f(t) = (v — 1)? and g(z) = (21)*

5) x*>—divergence: f(t) = (t — 1)? and g(x) = (127 3 ’

For estimations, the following result is utterly useful.

Theorem 4 (Poincaré Separation Theorem). Let ¥ be a real symmetric d x d
matrix, and A be a semi-orthogonal r x d matrix. The eigenvalues of ¥ (sorted in the
descending order) and the eigenvalues of AL AT denoted by {v;,;i =1,...,r} (sorted in
the descending order) satisfy
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Let Xy, X5 be random variables with the probability density functions p, ¢, respectively.
Define the Kullback — Leibler (KL) divergence

KL(Py, [Px,) /plogg.

The KL-divergence is not symmetric and does not satisfy the triangle inequality. However,
it gives rise to the so-called Jensen — Shannon metric [9]

JS(P,Q) = v D(P|R) + D(Q|R)
with R = $(P + Q). It is a low bound for the total variance distance
0<JS(P,Q) < TV(P,Q).

Jensen — Shannon metric is not easy to compute in terms of covariance matrices in a
multi-dimensional Gaussian case.

A natural way to develop a computationally effective distance in the Gaussian case
is to define first a metric between the positive-definite matrices. Let \y,..., A\; be the
generalized eigenvalues, i.e. the solutions of det(¥; — A\¥5) = 0. Define the distance

d
between the positively definite matrices by d(31,%;) = 4/ >_(In);)?, and a geodesic

Jj=1

metric between Gaussian PDs X; ~N(p1, %) and Xy ~N(pug, X9):

d 1/2
(X1, X3) = (67576) " + (Z(mjf) (11)

j=1

where § = yi1 — pp and S = %, + 13,. Equivalently,
P(2,, %) = tr [(m(z;”“’&z;”?))?] . (12)

Remark. It may be proved that the set of symmetric positively-definite matrices
M™(d,R) is a Riemannian manifold, and (12) is a geodesic distance corresponding to the
bilinear form B(X,Y) = 4tr(XY) on the tangent space of symmetric matrices M(d, R).

Note that the geodesic distance (11) and (12) between Gaussian PDs (or corresponding
covariance matrices) is equivalent to the formula for the Fisher information metric for the
multivariate normal model [5]. Indeed, the multivariate normal model is a differentiable
manifold, equipped with the Fisher information as the Riemannian metric, which may be
used in statistical inference.

Example 4. Consider i.i.d. random variables Z;, ..., Z, being bi-variately normally
distributed with diagonal covariance matrices, i.e. we focus on the manifold Mgy, =
= {N(u,A) : p € R? A diagonal}. In this manifold, consider the submodel M, =
= {N(u,c%I) : up € R? 0% € R, } corresponding to the hypothesis Hy : 07 = o3. First,
consider the standard statistical estimates Z for the mean and s2, s2 for the variances. If
o2 denotes the geodesic estimate of the common variance, the squared distance between
the initial estimate and the geodesic estimate under the hypothesis Hy is given by

n 2\ ? 2\ ?

= <1n —2) + <1n —2>

2 s1 S5
which is minimized by 52 = s;s,. Hence, instead of the arithmetic mean of the initial
variance estimates, we use an estimate of the geometric mean of these quantities. [J
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Finally, we present the distance between the symmetric positively definite matrices

Bu B12) is d x d; here By,

of different dimensions. Let m < d, A is m x m and B =
BQl BQQ

is m x m block. Then the distance is defined as follows

m

1/2
dQ(A, B) = <Z (maX[(], In >\j (A_IBH>])2> . (13)

J=1

In order to estimate the distance (13), after the simultaneous diagonalization of matrices
A and B, the following classical result is useful.

B B

Bay B22) be a d xd
symmetric positively definite matrix with eigenvalues \(B) < ... < \g(B) and m x m
block By,. Then

Theorem 5 (Cauchy interlacing inequalities). Let B = (

N (B) < A (B) € Njraem(B),j = 1,...,m.

3. Context sensitive probability metrics

Let the weight function or graduation ¢ > 0 of the phase space X is given (cf. [10,11]).
Define the total weighted variation (TWYV) distance

1
T‘p(Pl,Pg):§<Sjp {/g@dPl—/godPg] +Sljxp [/gdeg—/<de1]).
A A A A

Similarly, define the weighted Hellinger distance. Let p;, p» be the densities of Py, Ps
wrt to a measure v. Then

w(PLPY) - ( [ et - ¢p—2>2du) "

Lemma 1. Let pi,p, be the densities of Py, Py wrt to a measure v. Then 7,(P1,P3)
is a distance and

1
TW(P1,P2) = 5/@‘191 — pol dv. (14)

Prooif. The triangular inequality and other properties of the distance follow
immediately. Next,

1 1
/ o(pr —p2) = 5(/ op1 — /sopz) + 5/90!]91 — po| dv,
p1>p2
1 1
o(p2 —m) = 5( op2 — [ ¢p1) + 5 @|p1 — pal dv.
p2>p1

Summing these equalities, one gets (14). O
Let [ pp1dv > [ ¢psdv. Then, by the weighted Gibbs inequality [10], KL, (P1[|P3) > 0.

Theorem 6 (Weighted Pinsker’s inequality).

%/ﬂpl — po| < \/KLSO(PlHPz)/QU/SOPL
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Proof. Define the function G(z) = xlogx — x + 1. The following bound holds

3(x—1)2
Glz)=zlogz —z+1> 2("’;+2), x> 0. (15)
Indeed, since both terms of the inequality (15) coincide at x = 1, and their first derivatives
coincide at z = 1, the following inequality f”(z) =1 > rop Proves the result. Now, by

the Cauchy — Schwarz inequality

b1 ’ (% —1) p1
SOP2|——1| < SOIA—HZD 2 0, +2)p2 <
< 3/ pl n /sopl < /gog /@pl < KLw(P1IIP2)/<pp1- O

Theorem 7 (Welghted Le Cam’s inequality).
T@(Pla Pz) 2 77(’0(].)1, P2)2.

Proof. In view of inequality
1 1 1

1 1 )
—|p1 — p2| = =p1 + =p2 — minlpy, po] = =p1 + =p2 — V/P1P2,
2 2 2 2 2
one gets
7,(P1,P2) > /SOP1+ /@m—/ /D12 = 1,(P1, Pa)?. O

Next, we relate TWV distance to the sum of sensitive errors of both types in
statistical estimates. Let C' be the critical domain for checking the hypothesis H; : Py
versus the alternative Hy : P,. Deline by a, = [, ¢p1 and 8, = [, ¢p2 the weighted
error probabilities of the I and II types.

Lemma 2. Let d = do be the decision rule with the critical domain C. Then

i%f[OQp +B¢] = % |:/§0dP1 +/(de2:| - Tw(Pl,PQ).

Proof. Denote C* = {x : pa(x) > pi(x)}. Then, the result follows from the equality

for all C
1
c xX\C 2

—l—/g&|p1—p2|[1(:BGC’ﬂX\C’*)—1(:E€CHC’*)]. O

Theorem 8 (Weighted Fano’s inequality). Let Py,..., Py, M > 2 be probability
distributions such that P; < Py, Vj, k. Then

igflg%/ﬂx) (d(z) # 5) dPy( Z/sodP—

(16)

M
1 1 1
—— | — > KL,(P,,P log2— dP;
lOg(M—l) [M2]Zk 90( Jo k)"‘ 0g M;/@ J
where the infimum is taken over all tests with values in {1,..., M}.
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Proof. Let Z € {1,..., M} be a random variable such that P(Z = i) = 5; and let

X ~ Py. Note that P, is a mixture distribution so that for any measure v such that

M
dP 1 dP,
P, <« v, we have L= 1; @ and so

P(Z = j|X) = dP,(x (Zde ) .

[t implies by Jensen’s inequality applied to the convex function —logz

[ #@) 3 P2 =X = 2)logP(Z = jIX = ) dPx(z) <

1 & P, 1«
< WZ/@log(dPi) de—log(M)MZ/ij:
j?k '_

M
1
_ WZKLW(P%P;C — log(M Z/gpp] (17)
7,k
On the other hand, denote by ¢; = % and h(z) = xzlogz + (1 — x)log(1 — z).

Note that h(z) > —log2 and by Jensen’s inequality > .,y ¢;logg; = —log(M —1).
The following inequality holds

ZP = jlX)logP(Z = j|X) =

P2 £ A+ PZ £ A0X) S glogas >
J#A(X)
—log2 —log(M — 1)P(d(X) # Z|X)log(M —1). (18)

Integration of (18) yields

/go(x) ZP(Z = j|X =2)logP(Z = j|X = 2)dPx(2) >

log2—2/<de —log(M — 1) max/ (z)1(d(z) # 7) dP;. (19)

1<j<Mm

Combining (17) and (19) proves (16). O
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AHnHoTauusa. BaHblil mogkaace cpeay OAHOPOAHBIX MPOCTPAHCTB (DOPMHUPYIOT H30TPOMHO-TOUHBIE
OIHOPOJHbIE TIPOCTPAHCTBA, B YACTHOCTH, 3TOT MOLKJACC CONEPXKUT BCE OLHOPOAHBIE NIPOCTPAHCTBA,
IOTyCKalolye HHBAPHAHTHYI0 ap(UHHYIO0 CBSI3BHOCTb. Ad(HHHASA CBS3HOCTH ABJseTCS KBHADDUH-
HOH, ecsid OHa [OINycKaeT mapaJJesbHylo ¢opmy oobema. Llesbio paboThl siBJsSeTCS JIOKAJbHOE
ONUCaHHe TPeXMEePHbIX ONHOPONHBIX IPOCTPAHCTB, HE NOMYCKAIOMX UHBAPUAHTHBIX 3KBUA(D(OUHHBIX
CBSI3HOCTel HeHyJeBOH KPUBH3HBI, pacCMaTpUBaeTcs C/aydyaid HepadpellMMoH rpynmnsl JIu npeo6-
pasoBaHuii. OrnpenesieHbl OCHOBHBIE TOHSATHS: H30TPOMHO-TOYHAS Tapa, HHBapuaHTHas adduHHas
CBSI3HOCTb, TEH30Pbl KPUBU3HBI U KpyueHus, TeH30p Puuun, sxBuaduHHas cBA3HOCTb. JIokanabHOe
M3y4yeHHe ONHOPOIHBIX NMPOCTPAHCTB PABHOCHUJBHO HCCJ/ENOBAHHUIO Map, COCTOSILLMX W3 ajredpbl
JIn u ee nonanre6pel. [ssi TpexMepHBIX OZHOPOAHBIX NPOCTPAHCTB HepaspellUMMbIX rpymnm Jlu,
JOMYCKAIIIUX HHBAPUAHTHBIE CBSI3HOCTH TOJIBKO HEHYJeBOW KPUBH3HBI, ONpeleseHo, NPU KaKHuX
YCJIOBUSAX MPOCTPAHCTBO He NOMycKaeT 3KBUapPUHHBIX cBA3HOCTeH. Mcc/ienoBaHHs OCHOBaHbI Ha
UCI0Jb30BaHUU CcBOMCTB anrebp Jlu, rpynn JIu ¥ oMHOPOAHBIX NPOCTPAHCTB M HOCST, [VIABHBIM
o6pa3om, JoKanbHbIH xapakrep. OcoOeHHOCTBIO METOM0B, MPEACTAaBJEHHBIX B padoTe, SBJSETCS
NpUMeHeHHe YUCTO a/Are6panyeckoro rnoaxona K ONMCaHUIO MHOr00Opasuil U CBS3HOCTeH Ha HUX.
[TosryueHHble pe3ysnbTaThl MOI'YT OBITh UCIOJNB30BaHbl B padoTax no Aud¢epeHLHaNbHOR TeOMeTPHH,
nuddepeHLHaNbHEIM YPaBHEHHUSIM, TOMOJIOTHH, a TaKKe B APYrUX o06/acTsX MaTeMaTUKH U (PU3HKH,
MIOCKOJIbKY MHOTHMe (DyHIaMeHTaJlbHble 33724l B 3TUX 00JaCTAX CBs3aHbl C U3y4YeHHEeM HHBapHaHT-
HbIX 00BbEKTOB Ha OIHOPOAHBIX IPOCTPAHCTBAX, & aJrOPUTMbl MOI'YT ObITh KOMIIBIOTEPU3UPOBAHBI U
NpUMeHeHbl Uil pelleHHs] aHaJOTMUYHBIX 3aad B 00J/bLIMX Pa3MepHOCTSX.
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Abstract. An important subclass among homogeneous spaces is formed by isotropically-faithful
homogeneous spaces, in particular, this subclass contains all homogeneous spaces admitting
invariant affine connection. An affine connection is equiaffine if it admits a parallel volume form.
The purpose of the work is the local description of the three-dimensional homogeneous spaces
that do not admit invariant equiaffine connections of nonzero curvature. We have concerned the
case of the unsolvable Lie group of transformations. The basic notions, such as an isotropically-
faithful pair, an invariant affine connection, curvature and torsion tensors, Ricci tensor, equiaffine
connection are defined. A local study of homogeneous spaces is equivalent to the investigation
of pairs consisting of a Lie algebra and its subalgebra. For three-dimensional homogeneous
spaces of nonsolvable Lie groups that admit invariant connections of nonzero curvature only, it is
determined under what conditions the space does not admit equiaffine connections. Studies are
based on the use of properties of the Lie algebras, Lie groups and homogeneous spaces and they
mainly have local character. A feature of the methods presented in the work is the application
of a purely algebraic approach to the description of homogeneous spaces and connections on
them. The results obtained in the work can be used in works on differential geometry, differential
equations, topology, as well as in other areas of mathematics and physics, since many fundamental
problems in these areas relate to the investigation of invariant objects on homogeneous spaces, the
algorithms can be computerized and used for the solution of similar problems in large dimensions.
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For citation: Mozhey N. P. Homogeneous spaces of unsolvable Lie groups that do not admit
equiaffine connections of nonzero curvature. lzvestiya of Saratov University. Mathematics.
Mechanics. Informatics, 2023, vol. 23, iss. 4, pp. 435-442 (in Russian). https://doi.org/10.18500/
1816-9791-2023-23-4-435-442, EDN: DRMGUT

This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

BBenenue

«KprBbIe U NMOBEPXHOCTH, CJYKUBILIHE OCHOBHBIMH 00beKTaMM H3yUeHHsl B KJaccHye-
CKOM nuddepeHIMaNbHOA reOMeTPUH, BCce OOJiblie BBITECHSIIOTCS Telepb n-MePHBIMU AU-
(pepeHUHMpPYyeMBIMH MHOr000pasusIMU C 3alaHHBIMH Ha HUX Pa3JIMUHbIMH FeOMeTpUYECKHMH
cTpykTypamu» [1, c. 5]. OcHOBHasi TPyAHOCTb MOCTPOEHHUSI MHBAPUAHTHOrO AU(QepeHIIH-
aJIbHOTO MCUYHCJIEHHS Ha MHOT00OOpa3uM 3aKJ/04aeTcsi B HEOOXOAUMOCTH OTOXKAECTBJISATD
KacaTeJibHble POCTPAHCTBA K MHOr00Opa3uio B Pa3/UYHbIX €ro TOYKax, CJeJ0BaTeJ/bHO,
TpebyeTcs onpee/]UTh NapaJjie/bHbld epeHOC reOMeTPUUeCKUX 0ObEKTOB U3 OJHOH TOYKH
MHOroo6pasusi B IpPyry. DTy TPYAHOCTb MOXKHO OOOHTH, (DUKCHUPYsI HA MHOTOOOPa3UH
NOTOJIHUTE/IbHblE CTPYKTYpPbl, HAIpUMep CBSI3HOCTH.

Eme ®enuke Kneitn [2] yTBepxaaj, 4To HauboJiee MoJe3HBIM COCOGOM H3yUeHHUs
reOMeTpPUYECKUX CTPYKTYP SIBJISIETCS U3yuyeHHe CHMMETPHH, T.e. IpyIN NpeoOpa3oBaHUH,
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COXPaHSIIOIMX 0COOEHHOCTH CTPYKTYphl. KoHLeNnuuu U MeToasl, OCHOBaHHBIE HA I'PyNnax
npeoOpa3oBaHUH, 3HAYUTEIbHO H3MEHMJH JHLO COBPEMEHHOH MaTeMaTHUKH U (DHU3UKH.
IT0 006CTOSITENBCTBO CB32HO B MEPBYI0 O4Yepefib ¢ KOHCTPYKTUBHBIM MOAXOAOM, KOTOPBIH
BHOCHUT B MaTeMaTHKy HcnoJsb3oBaHue rpynn Jiu. OnHol U3 HanboJsiee 3HAYUTEJbHBIX
uneit Coyca Jlu aBisiercs BblieseHHe KJacca TPAH3UTHUBHBIX TPYMNI NpeoOpa3oBaHUM
KaK KJjacca 00beKTOB, KOTOpble MOT'YT ObITb M3yuYeHbl KOHCTPYKTHBHO, TaK Kak Jiobas
npobJsieMa, OTHOCALLAACA K OJHOPOAHBIM NIPOCTPAHCTBAM, MOXKeT ObITb pa3pelleHa B SBHOM
BUJIE U CBeJleHA K KJaCcCU(PUKALMOHHOH 3a1a4e. BaxkHbIH MogKIacc cpeid BCeX OAHOPOAHbBIX
NPOCTPAHCTB (DOPMHUPYIOT H30TPOINHO-TOYHbIE OJHOPOAHbIE MPOCTPAHCTBA, B YACTHOCTH,
3TOT MOAKJIACC COAEPKUT BCe OLHOPOAHbIE NIPOCTPAHCTBA, AOMYCKAaIOLIMe HHBAPUAHTHYIO
ap(pUHHYIO CBSI3BHOCTb. DTOH CBA3HOCTBIO 3a[1aeTCsl FeOMeTPHUsl Ha MHOT000pa3nH, CBSI3HOCTb
onpefiessieT KOBapUaHTHOe AU((epeHUpOBaHe U MapaJe/ibHbli epeHOC TEeH30POB.

AddunHas cBA3HOCTD sIBJsIETCS SKBHAP(UHHON, eC/IM OHA JOMYyCKaeT MapaJJesbHYIo
dopmy o6wvema (cM. [3]). OnHopoaHbBle poCTpaHCTBA HepaspelnMbIX rpynn JIu, pomycka-
jole aGrHHbIE CBA3HOCTH TOJBKO HEHYJEeBOH KPUBH3HBI, IPUBeeHBl B padoTe [4].

B nanHo# paboTe u3yuaeTcs, NPU KaKHUX YCJIOBUSIX YKa3aHHble NPOCTPAHCTBA He
JNONYCKAIT 3KBUA(P(PUHHBIX CBA3HOCTEH.

1. OcHoBHbIE omnpeneeHus

[Tycts M — nuddepeHurpyemMoe MHOroo0pas3ue, Ha KOTOPOM TPAH3UTHBHO IeHCTBYeT
rpynna G, G = G, — cTabuMsatop NpoM3BONbHON ToukM = € M. IlycTh §— anre6-
pa Jlu rpynnsl Jlu G, a g — nopanre6pa, cooTBeTcTBylomas noarpynne G. [Ipo6iema
KJaccu(puKalu¥ OfHOPOAHBIX mpocTpaHcTs (M, () paBHOCHJbHA Kjaaccudukauuu (c
TOYHOCTBIO 10 9KBMBaseHTHocTH) nap rpynn Jlu (G, G), rae G C G, Tak KaK MHOT006-
pasue M MOXeT GbITh OTOXJECTBJEHO C MHOr00OpasHeM JIeBbiX CMeXHbIX KaaccoB (/G
(nompo6uee cM. [5]); onucanue nap (G, G), acCOLMMPOBAHHBIX ¢ AaHHOH mapoi (g, g),
nano I'. 1. MoctoBeim [6]. [Tapa (g, g) Ha3biBaeTCsl U30MPONHO-MOUHOL, €CJIU TOYHO
U30TPOIHOE TMpelcTaBjeHre g. Tam, rie 3TO He CTAHET BHI3bIBATb PAa3HOUTEHHSs, OyneM
OTOXJIECTBJISITh MOANPOCTPAHCTBO, IOMOJHHUTENbHOE K g B @, ¥ (PAKTOP-MPOCTPAHCTBO
m=3g/g.

Apepurnnoii ceszrocmoio Ha nape (g, g) Ha3biBaeTcsi Takoe otobpaxenue A : g — gl(m),
4TO €ro OrpaHdHueHHe Ha g — M30TPOIMHOE MpeicTaBjeHHe nona/nredpsl, a Bce oToOpa-
JKeHHe §IBJIsieTCs g-UHBapHaHTHBIM. VHBapHaHTHble ap(pHUHHBIE CBS3HOCTH HA OLHOPOM-
HoM mpoctpaHcTBe (M, G) HaxomsATcs BO B3aWMHO ONHO3HAYHOM COOTBETCTBHH (CM.,
Hanpumep, [7]) ¢ apduHHBIMH CBsi3HOCTSIMH Ha mnape (g, g). Heobxomumoe ycmoBue
CyLIeCTBOBaHUS apPUHHON CBSIBHOCTH COCTOWUT B TOM, UTO IpeICTaBJeHHE H30TPOIMHH
nass G 1OMKHO ObITh TOYHBIM, eciu G addexTuBHa Ha G/G [8,9]. Tensopvl kKpusus-
Hol R W kpyuenus T VHBApUAHTHOH CBSI3HOCTH MOXKHO BBIPAa3HUTh B TEPMHHAX CBS3HO-
cti A caenyromnm o6pasom (moppobHee cM. [8]): R(zm,ym) = [Alx), A(y)] — A([z, y]),
T(Zwm; Ym) = M)y — A(y)Zm — [, y],, 214 BcexX z,y € g. Bynem rosoputs, 4to A nmeer
HyJeBoe KpydyeHHe (MU SIBJSETCS CBSIBHOCTbIO 6e3 KpyueHHsi), ecan 1 = 0. Onpenenum
mensop Puuuu Ric(y, z) =tr{x — R(z,y)z}. Bynem roBoputb, uto appuHHas CBS3HOCTb
A sBasiercsi n0KkaavHo aksuagp@uunoll, ecan trA([x,y]) =0 nas Bcex x,y € g (T. e.
A([g,8]) C sl(m)). AdpuHHas CBASHOCTb C HYJEBBIM KpydeHHEM HMeeT CHMMETPHUECKHH
TeH3op Puuuu Torma ¥ TOJBKO TOTAA, KOrJa OHa JoKajabHO 3kBHadduHHa [3].

[Ton sksuag@unnoii cessnocmoro 6yneM NmoHUMaTh apPUHHYIO cBSI3HOCTH A (6e3
KpydeHust), ajst Kotopod trA(z) =0 mias Bcex = € g. B atom cayuae o4eBHIHO, YTO

A(g) C sl(m).
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2. OnucaHue OJHOPOIHBIX MPOCTPAHCTB,
He JONMYyCKAamuX KBHA(P(PUHHBIX CBA3HOCTEN

Bynem onuchiBaTh napy (g, g) Mpu Momouy Tabaullbl YMHOXKeHUs anredpsl JIu g. Yepes
{e1,...,e,} o6o3Hauum 6Gasuc g (n = dimg). Bynem nosaratb, uto nopanre6pa Jlu g
MOPOXKAAETCS BEKTOPAMH €1, ..., €3, A {U] = €_o, Uz = €,_1, U3 = €, } — 0azuc m. ns
HyMepaluu noparedp UCMo/b3yeM 3anuch d.n, a AJs HyMepaluu nap — 3anuck d.n.m,
COOTBETCTBYIOIINE TPUBEIeHHBIM B [4], 31ech d — pa3MepHOCTh MofaJredpsl, n — HOMEp
nopanre6pel B gl(3,R), a m — Homep mapwl (g, g).

Teopema 1. Bce mpexmeproie 00HOpoOHbLe npocmparcmea, onpedeasemvie napamu
(9,9), makue, umo g Hepadpewuma, 0ONYCKAOWUE UHBAPUAHMHbLE APPUHHbLE CBA3HO-
CMmu MOAbKO HeHyAesol KpuBu3Hol, HO He donyckaroujue aksuagpdunnolx ceasrnocmell,

AOKAAbHO umerom caedyrouyutl euo:
- g paspewiuma:

2.1.2. €1 €9 (51 u9 us 2.3.2. €1 €9 Ul ug us
€1 0 0 (31 —Uu9 0 €1 0 0 —Uug (31 0
€92 0 0 0 0 us €92 0 0 0 0 us
Ul —Uui 0 0 €1 0 s Ul U9 0 0 €1 0 y
u9 ug 0 —€1 0 0 u9 —UuUl 0 —e1 0 0
us 0 —us 0 0 0 us 0 —us 0 0 0
2.3.3. €1 €9 (51 u9 us 2.9.12. €1 €9 (75} ug us
€1 0 0 —U2 (51 0 €1 0 —e€9 (75} '2U2 2U3
€9 0 0 0 0 us €9 €9 0 0 0 (75}
(75} u9g 0 0 —€1 0 s (75} —UuUl 0 0 €9 0 y
u9 —Uul 0 (&) 0 0 u9 2U2 0 —€9 0 —e1
us 0 —us 0 0 0 us -QU3 —Uul 0 €1 0
3.8.8. €1 €9 €3 (51 u9 us 4.13.3. (&) €9 €3 €4 (31 u9 us
€1 0 0 €3 (51 0 0 €1 0 €9 €3 0 (31 0 0
€9 0 0 €3 0 u9 —us €9 —€2 0 0 €3 0 (5] 0
e3 |—eg —e3 O 0 0 Ul es |—es 0 0 —e O 0 Uq
(5} —UuU1 0 0 0 €3 0 €4 0 —€3 €9 0 0 —Uus u9
u9 0 —Uu9 0 —e3 0 262-61 U1 —Ul 0 0 0 0 —€y —€3
ug 0 w3 —up 0 e1-2¢e9 O U9 0 —ug O ug  €s 0 —ey
us 0 0 —Uupr —u €3 €4 0
4.11.2.] e es es eqs up uo ug 4.13.2.] e eo es e4 Ul Uy U3
€1 0 0 €3 €4 Ui 0 0 €1 0 €2 €3 0 Ui 0 0
€9 0 0 —€3 €4 0 u9 —us €9 —€2 0 0 €3 0 (75} 0
€3 —es3 €3 0 0 0 ul 0 €3 —€3 0 0 —€9 0 0 ul
e4 —eq4 —eq4 O 0 0 0 U1, e4 0 —e3 eo 0 0 —usg wu9;
(51 —Uul 0 0 0 0 €4 €3 (75} —U1 0 0 0 0 €9 €3
u9 0 —Uu2 —U1 0 —e€4 0 €2 us 0 —Uul 0 us —€9 0 €4
U3 0 U3 0 —u; —e3 —es O U3 0 0 —u; —us —e3 —eq O
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- g Hepa3pewuma:

6.1.3. €1 €9 €3 €4 €5 €6 ul u9 us
€1 0 262 -263 0 €5 —€g (75} —Uu9 0
€92 -262 0 €1 0 0 €5 0 ul 0
€3 263 —€1 0 0 €6 0 (25 0 0
€4 0 0 0 0 €5 €6 (75} u9 0
€5 —€5 0 —€6 —€5 0 0 0 0 Ui
(&1 (&1 —E€5 0 —€g 0 0 0 0 (%)
(5] —Uul 0 —Uu9 —U1 0 0 0 0 —€5
us us —Uul 0 —Uus 0 0 0 0 —€g
us 0 0 0 0 —Uui —Uu2 €5 €g 0

[leficTBUTeIbHO, B paboTe [4] HaliIeHbl Bce TpeXMepHble OMHOPOIHBIE TPOCTPAHCTBA,
ompenesisieMble TapaMu (g, g), Takue, 4YTO § HepaspellnMa, NOMyCKalollie HHBAPHAHTHBIE
a((pUHHBIE CBI3HOCTH TOJIbKO HEHYJE€BOHW KPHUBHU3HBL. lcnosb3ys mosydyeHHYIO KJacCHU(pHKa-
LU0, HalaeM, CyLIeCTBYIOT I 3KBUA(D(PUHHBIE CBA3HOCTH HA MPOCTPAHCTBAX yKA3aHHOIO
BUJIA.

[TockosbKy orpanuuenne A : g — gl(m) Ha g — M30TPOMHOE TpeACTaBIeHHe MogaNred-
pBl, CBSI3BHOCTb OMpefeJseTcs CBOMMH 3HaueHUusMH Ha m. [Tpu A(uy) = A(ug) = A(us) =0
CBSI3HOCTb Oy/leM Ha3blBaTh HYJIEBOH.

AddunHas CBI3HOCTH sIBJsS€TCS HYJeBOH B caydasx 2.9.12, 4.11.2, 4.13.2, 4.13.3, 3.8.8,
2.1.2, 2.3.2, 2.3.3, TeH30pbl KPyUeHHS B YKa3aHHBIX CAydasX TakKxke HyJeBble. B cayuae
6.1.3 apuHHasA CBSA3HOCTb UMeeT BUJ

0 0 P13 0 0 0 11 0 0
A(Ul): 0 0 0 s A(Ug): 0 0 p173 s A(U3): 0 7'171 0 s
00 O 0 0 O 0 0 7rai+mgs

r11,P1,3 € R, a TeH30p Kpy4yeHHs —
T(uy,uz) = (0,0,0), T(ug,uz)=(—p13+711,0,0), T(uz,u3)=(0,—p13+7ri1,0).

CootBercTBeHHO, B cayuae 6.1.3 7" = 0 npu 711 = p1 3.

3aMeTHM, 4TO BO BCeX ITHUX caydasx, kpome 2.9.12 u 3.8.8, umeem trA([y, z]) =0 nas
BCeX Y, 2 € g, T.e. yKa3aHHas TPHBHAJbHAs CBSIBHOCTb SIBJSETCS JIOKAJbHO 3KBHA(D(HUHHOM,
a B caydae 6.1.3 yokanbHO 3kBHa(DUHHAS CBA3HOCTb (6e3 KpyueHHs) MPUHUMAET BUJ

00 ps 00 0 P30 0
A(ul) = O O 0 ,A(Ug) = O 0 p173 ,A(Ug) = O p173 0
00 O 00 O 0 0 2pigs
B cayuae 2.9.12 umeeM [ug, uz] = —eq, HO trA(e;) # 0, T.e. CBSI3HOCTb He sIBJIsIETCS
JIOKaJibHO 3KkBHaPUHHOH, B caydae 3.8.8 aHAJOTHUHO [ug,us] = 2e; — €1, MOCKOJbBKY

trA(2es — e1) # 0, CBA3HOCTb He SIBJISIETCS JIOKAJIbHO 9KBUAGD(HUHHOM.
TeHnzop kprBHU3HBI B caydae 2.9.12

00 —1 00O 1 0 0
R<u17u2) =100 0 ) R(UhUg) =1000 ) R(UQ,U:;) =10 -20 )
00 O 00O 0 0 2
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torga teHsop Puuun Ric(y, z) =tr{z — R(z,y)z} umeer BUI

0 0 0

0 0 -3

0 -2 0

U He siBJseTcsl cuMMeTpuueckuM. OcTasbHble Caydad pacCMaTpPUBAIOTCS aHAJOTHMUHO.
Takum o6pasom, nosyuaem TeH3opbl Puuuu, npuBeneHHble B TabJuLe.

Tensopsl Puuun / Table. Ricci tensors

[lapa Tenszop Puuun [Tapa Tenszop Puuun
0 -1 0 -1 0 0
2.1.2 -1 0 0 232 0 -1 0
0 0 O 0 0 O
1 00 0 0 O
2.3.3 010 29.12,3.8.8 0 0 =3
0 00 0 -2 0
0 0 0 0 0 O
4.11.2 0 0 -2 4.13.2 0 -2 0
0 -2 0 0 0 -2
0 00 00 0
4.13.3 02 0 6.1.3 0 0 0
00 2 0 0 2pjs+2

Tenzop Puuum siBsisieTcsi CHMMETPUYECKUM TOTJA W TOJIBKO TOTZA, KOTJAA CBSI3HOCTH
JIOKaJIbHO 3KBHA((UHHA, T.€. BO BCEX MPUBEAEHHBIX Caydasx, Kpome caydaeB 2.9.12 u
3.8.8, UTO COOTBETCTBYET MOJYUEHHOMY BBILLE.

st map (g, g) BEIIMIIEM M30TPOIHBIE MPeACTaBIeHUs. B caydasx

x x x Y x z
2.1. —T 2.3 —x ; 2.9. —2x ; 3.8. Y :
Yy (0 2z -y
r z u T Yy =z x oz
4.11. Y ;4.13. ;61 v y v
—y —u

A(g) He mpuHaaIexHT s[(M), MO3TOMY COOTBETCTBYIOLLHE Naphbl (g, §) He NOMYCKAIOT IKBHU-
a((UHHBIX CBA3HOCTEH, 31eCh IJIs YIPOLIEeHHs 3alIMCH BMECTO CTAHIAPTHOro 0603HaueHHs
naist mopanre6pel B gl(3, R)

z 0 0 x
g= 0 —z O rz,y €R MCII0JIb30BaHa 3alHCh - |
0 0 y Yy

npuueM MepeMeHHble 0003HAYeHbl JATUHCKUMU OyKBaMu M mnpuHaanexatr R, a 6asuc
noga/reOpel M0 yMOJYaHHIO BbIOMpaeTcs, MpuaaBas OQHOW U3 MepeMeHHbIX 3HaueHHe 1, a
octaibHbIM — 0, HyMepauusi 6a3UCHBIX BEKTOPOB COOTBETCTBYET as(aBUTY.
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[IpsiMBIMM BBIUMC/IEHUSIMU TIOJy4aeM, 4TO OCTaJsbHble OJHOPOJAHbIE NIPOCTPAHCTBA, HaM-
IeHHble B paboTe [4], momyckaioT 3KBHaQPUHHBIE CBI3HOCTH, T.€. IPYTHX TPEXMEpPHBIX
OTHOPOJIHBIX MPOCTPAHCTB HepadpelluMbIX rpynn JIu, ponyckamoumux apguHHble CBS3HOCTH
TOJIbKO HEeHYJIeBOM KPUBHU3HBI, HO He NONYCKAKOUIMX 3KBHA(P(PUHHBIX CBA3HOCTEH, KpoMe
NpUBEJIeHHbIX B TeopeMe |, He cyllecTByeT.

3akjarouyenve

Taknum o6pa3om, HaleHO U MPUBENEHO B SIBHOM BHJE IOJIHOE JIOKaJbHOE OMHCAHHe
TpPeXMepHbIX OJHOPOAHBIX MPOCTPAHCTB C Hepa3pelIMMo# rpynmnoil npeobpasoBaHuii, 10-
NyCKaLKX UHBAPUAHTHbIe a(PUHHbIE CBA3HOCTH TOJIKO HEHYJeBOHW KPHBHU3HBI, HO He
JONYCKaIKUX 3KBUAQPUHHBIX cB3HOCTeH. OCOOEHHOCTbIO METO/OB, MPeACTaB/AeHHbIX B
pabore, siBJIsleTCS IPUMeHEHHe YUCTO asnredbpanyeckoro rnoaxoia K ONHUCaHUI0 MHOrootpa-
3Ud U CTPYKTYp Ha HUX. [losmyyeHHbIe pe3ysnbTaThl MOTYT OBITh HUCIIOJb30BAHb B paboTax Mo
nvddepeHIHaNbHON reoMeTprH, A hepeHIHaNbHbIM ypaBHEHUSIM, TOMOJIOTHH, @ TaKXKe B
APYrux obsacTaX MareMaTHKH U (PU3UKH, a aJrOPUTMBl MOTYT ObITb KOMIIBIOTE€PU3HPOBAHBI
M MCIOJIb30BaHbl U1l pelleHHs aHaJOrMYHBIX 3a7a4y B OOJBLUIMX Pa3MepHOCTSX.
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kernel. The main result of the work is to establish the convergence of orthorecursive expansions
with respect to the considered systems of subspaces. Note that the conditions for the convergence
of orthorecursive expansions prove to be somewhat more restrictive compared to the previously
obtained conditions for the convergence of order-preserving weak greedy algorithms and frame
expansions.

Keywords: reproducing kernel Hilbert space, Hardy space, Szeg6 kernel, orthorecursive expansion,
frame

Acknowledgements: This research was supported by the Russian Science Foundation (project
No. 23-71-30001) at Lomonosov Moscow State University.

For citation: Terekhin P. A. Orthorecursive expansion generated by the Szegé kernel. lzvestiya
of Saratov University. Mathematics. Mechanics. Informatics, 2023, vol. 23, iss. 4, pp. 443-455
(in Russian). https://doi.org/10.18500/1816-9791-2023-23-4-443-455, EDN: FNPHQP

This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)

Beenenue

XOpolIo U3BECTHO, UTO reoMeTpusi (hyHKLHOHAJIBHOT'O TH/bOEPTOBA MPOCTPAHCTBA B
3HAUMTEJIbHOU CTEeNeHU ONpefesisieTCsl CBOMCTBAMH €ro BOCIPOU3BOAAILEro sinpa. Takue
pasJMuHble 3aJaul, Kak pacrpeneseHne HyJed W UHTepHoJasuus GYHKUHUH, NpUbIHKeHHe
(GYHKUME U NpeAcTaBjieHHe PsaMH, MyJbTUIJNMKATUBHAS CTPYKTypa MPOCTPAHCTBA U
OMHCaHWe aCCOUMUPOBAHHBIX C HEH MPOCTPAHCTB U ajrebp, a TakKe LeJblH psa IPYyTrUxX
3a/1a4 MOJIy4yaloT CBO€ pelleHHe Ha OCHOBE HCCJEeN0BaHUS MOBENEHHS BOCIPOU3BOASILILETO
fnpa NaHHOro (PyHKUHOHAJbHOTO MpocTpaHcTBa. C TOUKMU 3peHHst TeopuH (YHKUHH U
(PYHKLIMOHAJIbHOTO aHa/U3a MpPeACTaBJseT HHTepeC CJAeAYIOLHUH BONpPOC:

Kakumu annpoxcumamusroimu u npedcmasasowumu ceoticmsamnu (noanoma, 6a-
aucrocmo u m.n.) obaadaem nociedosamenvhocmo {Ky}ren Ouckpemusuposammbix
3HaueHull socnpoussoosuieco sdpa?

EcrecTBEeHHO, UTO OTBET Ha 3TOT BOMPOC B €ro «ro6ajbHOM» MOCTAHOBKE He MOXKET
ObITb YHHUBEPCAJbHBIM, T.€. CUTYallUsl CYLleCTBEHHbIM 00pa3oM 3aBUCUT OT KOHKPETHO-
ro (pyHKLHOHAJBbHOTO rHabOepTOBa NMPOCTPAHCTBA, KOTOpoe OyneT paccMmaTpuBaThes. B
JlaHHOK paboTe Mbl OyleM UMETb [eJ10 UCKJIOUHTEebHO ¢ npocTpaHcTBom Xapau H?(D) B
elrHHYHOM Kpyre D v ero BOCIPOU3BOIASILIUM SAPOM

1

e =15

Az eD,

KoTopoe HasbiBaetcsa sinpoM Cere (uam sapom Komwm). OcHOBHOE BOmpoc 3aK/mouaercs
B HaXOXIEHHM YCJOBHH CXOAMMOCTH OPTOPEKYPCHBHBIX PA3JOXKEHHH 110 CHCTEMaM MO-
IPOCTPAHCTB MPOCTPAaHCTBa XapaH, nopoxaeHHbx aapom Cere. OTBeT Ha 3TOT BOMPOC
(Teopema 2 u3 pasn. 4) MoJydeH Ha OCHOBE M3YYeHHS alNPOKCHMATHBHBIX CBOHMCTB MOJ-
[IPOCTPAHCTB CHELHANbHOr0 BUAA K,y = [K,pj]0—), HATAHYTEIX Ha 3Hauenus sapa Cere
K, p.j, COOTBETCTBYIOIIUX MEPEMELIEHHBIM Ha PAUyC I KOPHSAM n-OH CTENEHH U3 eIHHHUIbI
Ay =¥/ 5 =0,...,n—1.

1. IIpenBaputenbHble CBeAeHUS

PDyHKIUOHAJIbHbIE TWILOEPTOBBI MPOCTPAHCTBA. [11b0epTOBO NpocTpaHcTBo H, co-
crosulee U3 GyHkuui f : 0 — C, HasplBaeTca QYHKUUOHAAbHOIM, €CIH IJ51 KaKA0TO0
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A € ) KOppeKTHO ompelesieH W OTpaHUYeH oyeHouMblli yukyuonar f — f(A), T.e.
CYLIECTBYET MOJOXKUTeNbHas nocTossHHas C'\ Takasi, yTo A5 BceX f € H BBINOJHSAETCS
HepaBeHCTBO |f(A)| < C\||f]|. Tlo Teopeme Pucca o mpenctaB/ieHHH OrpaHHUYEHHOTO JIH-
HeHHOro (yHKIIMOHa/Ma B THJAbOEPTOBOM MPOCTPAHCTBE IJIs1 KaXKAOro A € ) cyllecTByeT
eNUHCTBeHHBIH 37eMeHT K\ € H Ttakol, uyto f(\) = (f, K)). Bocnpoussodaujum sdpom
(yHKLHOHa/MbHOTrO THabOepToBa npocTpaHcTBa H HasbiBaeTcs ¢pyHKuusa K : 2 x Q — C,
omnpezessieMasi IOCPEACTBOM

K(Ow) = (Ky K) = K@),  AweQ

Ipoctpancteo Xapau u saapo Cere. [Ipoctpanctso Xapau H? = H?(D) coCTOUT U3
BCeX aHaJUTHUeCKUX B equHHYHOM kpyre D = {z € C : |z| < 1} ¢yukumii f(z), s
KOTOPBIX KOHEYHA HOpMa

1 27 ) %
I = swp (5 [ Itre)Par) <o
T Jo

o<r<1

[Tycte A C D — cueTHOE MHOXKECTBO TOYeK U { K} ep — MOC/IEI0BATENBHOCTD 3HAUE-
Hu# sapa Cere. Kak cienyer u3 Kaaccuueckod TeopeMbl Cere o Hy/siX, MOATNPOCTPAHCTBO
[Ky : A € A] (3ambikaHue JHHEHHOH 000JOUKH MOCJIe0BATENbHOCTH) COBMAfaeT ¢ Mpo-
crpanctBom H?(ID) B TOM ¥ TOJIbKO TOM CJyuae, KOrja

> (1= |A) = oo (1)

AEA

& 2 —
Hanporus, cymectBoBanne 6uoproroHanbHol cucteMbl { Ly faen C H?(D) (1. e. (K, L) go=
= ), THe Oy, — cuMBOs KpoHekepa) SKBHBANEHTHO BBIMOJHEHHIO yC/I0BHs Disiike

D (1)) < oo ()

A€A

HecoBMecTHOCTb yC/IOBHI TOJHOTH B MMHMMAaJIbHOCTH TOKa3blBaeT, 4yTo cucteMa { K, }rea
He MOXKeT ObITb 6asucom mpoctpanctea H?(D) uu npu kakom A. Tem He MeHee, cucTeMa
{K )} en 00pa3syer 6a3UCHYIO MOCJENOBATEIbHOCTD (T. €. 6a3UC B 3aMBIKAHUH CBOEH JIMHEH-
HOHM 060JIOUKH) TOTJA U TOJbKO TOT/A, KOrIa Hapsilly C YCJAOBHEM Duisiiike BBIMOJIHSIETCS
ycaoBue Kapiecona (cm. [1], a takxke [2, 1. 10])

I

BEA, nF#A

= A

> c, A €A, (3)
1—Ap

¢ HeKOTOpO# noctostHHOH ¢ > 0. [Ipu aToM (co6cTBeHHOE) moanpocTpaHcTBo K =K\ : A€ A]
yroBaeTBopseT paBeHcTBy K+ = BH?, rme B — npoussenenue basike ¢ HyasMu A u
K~ — oproronanbHoe n0MOMHEHME.
Paccmorpum HopmupoBaHHoe siipo Cere
1
~ 1 —|\?)z
Rary = L2y e
1—Az

3ametuM, uyto cucteMa { K} cn He TOJIBKO He MOXKET ObITh 6a3HUCOM MPOCTPAHCTBA XapiH,
HO Takxke He oOpasyer ¢peiim Jabduna — [leddepa 8 H%(D). B camom nesie, HUXKHee U
BepxHee (ppeliMOBBIE HEpaBEHCTBA

AllfI3e <3 IUF Emel* < Bllf I}, f € H,
AEA
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BCTYMalOT B MPOTHBOpeUHe APYT C APYrOM, MOCKOJbKY MepBOe M3 HUX BJjeyeT 3a cOOOH
MOJTHOTY CHCTEMbl M TeM caMbIM ycJjoBHe (1), a BTopoe, U3BECTHOE TaKxKe KaK yCJIOBHe
Hreromana

D A= PPIFNP < Bllf e (4)

AEA

MUMeeT CJIeICTBHEM ycJoBHe (2) (moctatouHo mosoxuth f = 1 B ycaoBuu (4)). [lpu atom
(3)=-(4) u, HaoOOPOT, KaxKa0e MHOXKECTBO, yIOBJIETBOpsIolee yCJaOBUIO (4), sBJseTcs
KOHEYHbIM 00beHHEHUEM MHOXECTB, yAoBJeTBopsitoux ycaosuio (3) [3, Ch. 2, § 5].
[TocnenHee yTBepkIeHNE SIBJASETCS YACTHBIM CyyyaeM runortesbl PelxTUHrepa, J10Ka3aHHOH
Mapkycom, nuabmanom u lpuBacraBoit [4] u skBUBaseHTHOI runorese Kanucona —
3uHrepa.

B npoTHBOMOJ/MIOKHOCTD BBHILIEYTOMSIHYTBIM pPe3y/bTaTaM O HeCYI1eCTBOBAHHWH 0a3HCOB
u (peiimoB Hadduna — llleddepa Buna {[A(A}AE/\ pesysbTat ToTHka [5] B 9KBHBaJIeHTHOM
(OpMYJTPOBKe yTBEPKIAET CIPABENJIUBOCTD (DOPMYJIbl BOCCTAHOBJIEHUS

n

f: lim Z<f7pn,k>H2K)\k7 f € H27

n—00
k=1

A7 Kaxao# nocyenoBatebHOCTH { K }aen, A = (A\,), yooBieTBopsitomel ycaosuio (1),
rae ppj — ajdrebpanueckHe MOJHHOMEI, He 3aBucsiiue oT f. Tem He MmeHee, hopmyna
BOCCTaHOBJIeHHsT TOTHKa He MpefocTaB/sieT psija 1o cucTeMe 3HaueHwil sinpa Cere. B
cratbe Ppukeiina, Xos u Jledenpa [6] Obla1 MmocTaBjeH CAeAYOMIUHA BOMPOC:

Cywecmeyem au nocaedosamesvrocmo movek A = (N\,) C D makas, umo {K)} e
asasemcs npedcmasasrouell cucmemoii 8 npocmparcmee H??

Hanomuum, uto mocsenoBatesnbHoCTb { K, 152, HasbiBaeTcsl npedcmasisrouieli Cu-
cmemotl B mpocTpaHcTBe H?, ecau mas Beex f € H? cyluecTByeT M0C/e10BaTeIbHOCTD
Ko3(ppuuueHToB (¢,,) C C Takas, uTo CrpaBelJUBO MpeaCcTaBIeHHe

f = Z CnK/\n~
n=1

31ech, B OTJIMUME OT MOHATHS 6asuca, He TpebyeTcs eIUHCTBEHHOCTH MPENCTABJSIOLIETO
¢yukuuio f psapa. [losoxutenbHelld oTBeT Ha Borpoc PpukeiiHa, Xost u Jledespa nosnyueH
B cTaThe [7] ¢ Wcrmosb3oBaHueM TMoOHATHS (peiima [8], Gosee obliiero, Hexenu Gpeim
Hadpduna — Hleddepa. 3ametnm, yTo PpedMOBBIN MOAXOM MO3BOJSET JHUIIb YTBEPXKIAATh
CylllecTBOBaHHe KO3(D(hHULHEHTOB (¢,) MPeACTABJSIONIET0 Psia, HO He AaeT 3(PPeKTHBHOTO
crnoco6a BBIYMUC/IEHHS ITHUX KO3(PPULHEHTOB. B cBA3u ¢ 3TuM B ctathe [9] OblIM HakmeHbI
YCJIOBUSI CXOIUMOCTH TMOPSIAKOCOXPAHSIOIIEr0 ¢1aboro »KafiHOro ajJropMTMa Mo CUCTeMe
MOANPOCTPAHCTB NMPOCTPaHCTBa Xapau, nopoxaeHHbIX sapom Cere. B Hacrosieil pabote
U3y4aloTcs OPTOPEKYPCHUBHbIE Pa3J/ioxKeHHs MO MOANPOCTPAHCTBAM TaK »Ke, KaK U KaJHble
aJrOPUTMBI, yKa3biBatoline 3((eKTUBHbIH MeTON Hax0XAeHUS KOI(P(PULUEHTOB psfa.

OpTtopeKypcuBHOe pa3jiokKeHHe M0 MOC/JAeI0BaTeIbHOCTHA 3jJeMeHTOB. OpTOopeKyp-
CHMBHOE pasJioykeHHue, ornpeneseHre Kotoporo npeanoxerno T. I1. Jlykamenko B 1999 r.,
npefcTaBasieT COO0H KOHCTPYKTHUBHYIO MPOLENypy pelleHUsl 3aaduud MpeicTaBaeHus (QyHK-
UH psiiaMy MO 3JIeMeHTaM 3aJaHHOM MocJjenoBaTesbHOCTH GYHKIHE (cm. [10]).

[Tycte H — ruabbepToBo mpocTpaHcTBO U {ex}7, C H — MOC/ef0BaTENbHOCTb €ro
5/IEMEHTOB, KOTOPyH MJsi yno6cTBa OyoeM CUHTAaTh HOPMHUPOBAHHOH, T.e. |lex] = 1,
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k=1,2,.... lna saneMeHTa f € H nocTpouM Mo UHAYKLHUH €ro peKypcHBHbIE KO3(PULH-
eHTbl Pypbe fi. [Ipennonoxum, uto Ko3pdhuurueHTs fi,..., f,_1 yke noctpoensl. Torga

n—1 .
nonaraeM R, 1f = f— > frex v frn = (Rn_1f,en). Psn
k=1

[e.e]
fe) o fre
k=1
HasblBaeTcsl pekypcusroim padom Pypve snementa f € H.

2. OpropeKypCcUBHBbIE Pa3JIOKEHHS MO CUCTEMe MOAMPOCTPAHCTB

[lycTh 3amaHa cucTeMa MOANPOCTPAHCTB

ruspbeproBa npoctpaHcTea H. O6o3HauuM yepe3 P ormepaTop OpPTOTrOHAJTBHOTO MPOEKTH-
poBaHus U3 H Ha Hj ¥ pacCMOTPUM OIepaTOPHBIE NPOU3BENEHHUS

Qu=P(I-P_y)...01—P), Rie=(I-PF)...(I-P), k=12 ...

Jas npousBosbHOro h € H umeem Qxh € Hyp u Rph oproroHanbHO (Jrh, mpuuem
Qrh + Riyh = Ry_1h (monaraeM, uto myctoe npousBeneHue Ry = I). OTciona anas cymm

Soh =Y Qeh,  n=12 .,
k=1
10 UHAYKLHH MOJy4aeM COOTHOLIEHHS
h=Suh+ Ry,  ||B> =) |Quhl* +[Rak]?,  n=12,....
k=1
dopmanbHBIA psa

he Y Qe Quhe Hy,
k=1

Ha3bIBAETCSI OPMOPeKypCcuBHoiM pasioxceruem h € H 1o cucteme MOANPOCTPAHCTB
{Hy}?2,. OpTOpeKypCHBHOE pa3JyoKeHHe CXOOUTCS K h, T.e.

h=>Y Qh= lim Sy,

k=1

eCJIM U TOJNbKO ecau R,h — 0 npu n — 0O UJH, UTO PABHOCHUJIBHO, €CJIH U TOJBKO €CJH
BBITNIOJIHSIeTCS paBeHCTBO [lapceBaiss

IR)P = Quhl*.
k=1

[TocnenoBaTeibHOCTb MOAMPOCTPAHCTB { Hy }52, Ha3blBAETCS CUCMEMOL OPMOPeKypCUBHO-
20 pa3nodxeHuss B TOM CJaydae, KOTa AJs KaXaoro h € H opTopeKypCHBHOe pasJoxkKeHHe
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cxonutest K h. CBoficTBa OPTOPEKYPCHUBHBIX PA3/OXKEHHUH 10 MOAMPOCTPAHCTBAM paccMaT-
puBajuch B padorax [11] u [12].

JlocTaTouHOe YCJI0BHE CHCTEMBI OPTOPEKYPCHBHOTO PA3JI0KEHUS MOJYYEHO B CTAThIX
[13,14] u ocHOBaHO Ha HJee KPOCC-aNMPOKCUMALMH, T. €. Ha U3YYeHHHU MOBeJeHHs BeJUUUH
HaUMyyllero NnpuOJHKeHHUsl, C ONHOH CTOPOHBI, 3JeMeHTOB h € Hj; NOJIMHOMAaMH IO
HEKOTOPOH CIelHaJbHO BBIOPAHHOH CHCTeMe 3JIEMEHTOB THibOepToBa NpPOCTpaHcTBa [
U, C OAPYroil CTOPOHBI, MOJHHOMA IO TaKOH BCIIOMOTraTesJbHOH CHCTEeMe [OCPELCTBOM
nonnpoctpaHcTs Hy. Ilepelinem K TOUuHBIM (DOPMYIHPOBKAM.

[Tyctb {e,}5° , — nosHas cucTeMa 3JeMeHTOB rU/bOepToBa MpocTpaHcTBa H. Pacemor-
pHUM BeJMYMHY HaWIydllero npubauxkeHus nopsiaka N

Ey(h) = inf [k —p]|

p:degp<N
N-1
sneMeHTa h € H MONUHOMaMH p = Y ape, cTenenu degp < N.
n=0

Hanee, Bo usbexxaHue myTaHUllbl OyaeM 0603HaUaTh

dist (p, Hy) = inf [lp — |

BeJIMUMHY HAWJyUllIero MpUOJHKeHHs dJeMeHTa (B 4aCTHOCTH, MOJUHOMA) p MOCPEACTBOM
MOANPOCTpaHCcTBA H.

Hakonen, BbiGepeM CTPOro BO3pacTaloLIy0 MOCAEI0BATENbHOCTh HATYPANbHBIX (ng) U
NPEIOoJ0KHUM, YTO BBINOJNHSIOTCS C/AeYIOlHe HepaBEeHCTBA AJis1 CMeLlaHHBIX TPUOJIHKEHUH:
BO-IIE€PBbIX

E,, (h) < 1 5]All, h e Hj, j=1,...,k—1, k=12 ..., (5)
H, BO-BTOPBIX, [JIs MOJHHOMOB p MO cuUcTeMe {e,}>°
dist (p, Hx) < ol|p]|, degp < ny, k=12 .... (6)

Teopema 1 (DocTaTouHOe yC/IOBHE CHCTEMbI OPTOPEKYPCHUBHOIO pasjoxkeHus |13,
14]). Ilpednonroxcum, umo nocaedosamesbHocms HamypasvHolx (ny) makosa, 4mo
umerom mecmo ouernku (5) u (6) ¢ nocmosumoimu o < 1 u

k—1

sup E T]?j < 00.
k=
7j=1

Toeda nocaedosamenvrocmo noonpocmparcme {Hy}2, asasemcsa cucmemoil opmo-
peKkypcusroeo pasaoxcerus 8 npocmparcmee H.

3. IlognmpocrtpaHcTBa, nopoxkaeHHbie aapom Cere
[Iyete 0 <7 <1 un € N. PaccMmoTpuM ceMeHCTBO MOANPOCTPAHCTB
Krn = [KrniliZo

MOpOXKAEHHbIX 3HaueHHsMH siipa Cere K, (z), AUCKPETH3UPOBAHHOTO B KOPHSIX n-OH
CTeleHH M3 eIMHHULBI, NTepeMelleHHbIX Ha OKPYKHOCTb pajuyca 7:

o 2mig/n -
Armj = T€ /n. 7=0,...,n—1.
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Hpyrumu cioBaMu, pyHKuus f € K, , UMeeT BUL

n—1 n—1
f(z) = ZCjKr,n,j(Z) = Z %, (=(¢)eC
j=0 Jj=0

Jlemma 1. /lrs scex [ € K, ,, umeem mecmo paserncmeso

= 1/2
Il = (= 2 IGr)

k=0

~ n—-1 ..
ede (p = > (e 7/ k= 0,1,..., — duckpemnoe npeobpasosarnue Pypve (II1D)
=0
gexmopa ¢ € C".
JokasateanctBo. [lo onpenenenuto, a1a f € K, ,, umeem

n—1 0o
R e I M
0 7=0 k=0 k=0

]—

YuuTeIBasi, YTO MOCJAENOBATEJIBHOCTD (()) SIBJISETCS MEPUOAUUECKOH C MEPUOOM N, ToJyda-

em
n—1 ) fo%) 1 1 )
= S e = S -
k=0 =0 k=0

OueHuM BeJMUMHY Hau/y4ylllero npuo/nkeHus nopsaka N

En(f) :i%fo_pHH% degp < N,

N-1
¢yukunu f € K,,, anre6panyeckimMu nojsnHomamu p(z) = > az" cremenn degp < N.
k=0

Jlemma 2. /las scex f € K., 6vinoansemcs Hepagencmeso
Ex(f) <™ fllgz, N=12,...,
ede (N), = Nmodn — ocmamok om Oeaenuss N Ha n.

HokasatenbctBo. OGosHaunM uepes Sh(z) = zh(z), h € H?, oneparop caBura.
3amMeTHM, YTO COMPSKEHHBIH omepaTop S* UMeeT BU[

S*h(z) = S* Z et = chzk_l,
k=0 k=1

U Mo3TOMYy 115 jiroboro N crnpaBefyiuBO PABEHCTBO

0o 1/2
1S AL, = (Z |ck|2) _ Ex(h).
k=N

Maremarunka 449



@Ms& Capar. yH-1a. Hos. cep. Cep.: Matemarnka. Mexanvka. ViHgpopmarnka. 2023. T. 23, Bbin. 4

[lanee, HeTpynHO BHUIeTb, uTo 3HaueHus sinpa Cere K, (z) siBAsIIOTCA COOCTBEHHBIMH
(GyHKUHUAMU omepaTopa S*:

S*Ky = AK).
OTCPOI[a CJenyeT, UTo
n—1 n—1 n—1
N N N —27ijN N
S *f =5 ZCjKT,n,j =r Z gje ™ /nKrn,j =T anKr,n,j7
=0 =0 j=0

re 1; = (e 2™IN/m 1. e. BekTOp 1 ABAseTcH Monyasuued (. Bumum, uto SN*f npunanse-
xut K, , Bmecte ¢ f. Ilo semme 1

= 1/2
1%l = (=g i)

k=0

roe 1D ot monynsuuu sasercs capurom JII1D:

n—1 n—1
A —2mijk/n __ —2mij(N+k)/n __
nk—E:W / —E:Cje NFR/™ = Cv .
=0 =0

~

fAcno, uto (nik = (NYtk B

n—1 T'L*(N)n,*l

=S Kl + z el =
k=0 k=0 k=n—(N
n—1 n—

— (N)n—1 1
_ |Ck‘2702(k7<N>n) + Z |Ck|2r2(k+n7<N>n) < rHN)n |C ’2 2k
0

k=(N)n k=0 k=

OxkoHYaTeJIbHO HAaXOIUM

Exn(f) = IS fllue <70

Tenepb [TIOMeHsAeM MeCTaMU INOoAIIPOCTPaHCTBA aJTF€6p8.I/I‘-I€CKI/IX [TOJIMHOMOB C IIOAIIPO-
CTpaHCTBaMH ]Cr,n B 3aJa4e OUEHKHU BEJMUHWHLI HAHUJAYyUILIero HpI/I6.HI/I)KeHI/IH

dist (p, ) = inf |Ip— fll 2.
ist(p, Kr) = f lp = flla

Jlemma 3. [[as 206020 areebpauueckoeo noaunoma p(z) cmenenu degp < n umeem
Mecmo paseHcmao

dist (p, Krn) = 7"|pl| pr2.-

JokasareabcTBo. Bocnosb3yemcss XOpoLIo U3BECTHBIM PaBEHCTBOM

dist(p,Kr)) = sup  |(p, 9)m2l-
geKt i llgl 21

31ech NMpUHAANEXKHOCTb g € K1 03Hauaet, yTo QyHKIHMS g OPTOrOHAJIbHA TOANPOCTPAH-
ctBy K, .. Tak Kak 3TO MOANPOCTPAHCTBO MOPOXKAEHO 3HAUEHHUSMH BOCIPOM3BOISILLErO
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anpa, 10 g(\;) = 0, rne \; = re?™/m j = 0,...,n — 1. [locsennee yc/ioBHe, B CBOKO
ouepe/ib, 9KBMBAJIEHTHO NpeacTaB/eHuio g = hB, rne h € H? u

— IIpoH3BEAEHHE basike. I[JIH paccMaTpruBaeMblX HAMU TOYEK )\j HMeeM

n—1 2mij/n / 1 ( / )n 1 00
e z/r z/r
B =" — =r" — "_(__ n) E nk nk'
(Z) r H eQm]/n —rz r 1— (7"2’)” r n r 2 rvz

=0
o0

[Tostomy, ecu h(z) = > 2, 10
k=0

n—1

h(z)B(z) =r" Z A

k=0

(MHOrOTOUHME COOTBECTBYET cTeneHsM z* mpu k > n), oTKyna

<p7 g>H2 = <p7 hB>H2 = rn<p7 h>H2

B utore
dist (p, ICrn) = sup  7"[(p, h) 2| = r"||p|| &2,
2l =1
TaK KakK ||h||g2 = ||g||z2 = 1 BBURY ToroO, uTO |B(2)| =1 npu |z| = 1. O

4. CxooMMOCTb OPTOPEKYPCUBHBIX Pa3jOXKEeHUH MO cCUcTemMe
MOANPOCTPAHCTB, NMOPOKIAeHHBIX aapom Cere

PaCCMOTpI/IM BMECTO CeMeHCTBa ICm C NMPOU3BOJIbHBIMH HHAEKCAMH 7 U M MOCJI€00Ba-
TE€JbHOCTb MOANIPOCTPAHCTB

Ki=Kpmn k=12

TJle TI0CJIeI0BaTeIbHOCTD PANUYCOB (1) U TOCJIEI0BATebHOCTh HATYPANbHBIX (7)) CTPOTO
BO3PACTAIOT U YAOBJETBOPSIIOT YCJOBHIO COTJIACOBAHHUS

— < 1—rp < —, k=1,2,..., (7)
C HEeKOTOPHIMU MOCTOSIHHBIMU 0 < a < b < oco. [lokaxeM, 4To B 3TOM Ciyyae yTBepKAEHUS
JeMM 1, 2 1 3 momyckaloT yTOYHEHHe.

CaenctBue 1. [lpu svinosnenuu ycarosus coeracosanus (7) cywecmayom nocmo-
annole 0 < A < B < oo makue, umo oas scex k € N u scex ((;) € C™ gounoansaromcs
HepaseHcmsa

ng—1 1/2 ng—1 N ni—1 1/2
A(X 1) < | R <B(Xlor)
=0 =0 H? =0
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HokasareabcTBo. [Ipexne Bcero, 3ameTum, 4To
7> 1/2
KTk,nk,] - (1 - rk:) Krkmkm

U 1o JeMMe | MBI UMeeM
2 Nk — 1

ng—1
7% 12y
7=0

H2
2
Hcnonb3ys TpuBHa/bHBIE OLEHKH ri”’“ <) <1, nonyuaem

nk 1 ne—1

2n
r
k _ 2nk Z ‘C]’2 Z CJ Tk Nk,

C yuerom paBeHctBa [lapceBans mas JII1P

nk 1

H?2

nE—1 ng—1

S OIGE =m > 161
j=0 J=0

OyneM UMeTb

nkl 2 nkl

ne—1
7’ nk -~
k 1— an E :‘CJP E : JKTk,nk,j § 1 an E ’C]‘Q
= _

Ha ocHoBaHuu ycjioBus coriacoBanus (7) 3akJjouaeM, uTo

H2

a<ng(l—r)<2b

e’ = lim (1 — L )™ < liminf r* < limsup r;* hm (1 — &) =@
ng k k -, 5
k—ro00 k—o00 k—s00 k—ro00

OTKyZa, BBHAY Toro uro 0 < r.* < 1, HaxonuM
O<a<rt*<p<l, k=1,2,.... (8)

OkoHuaTeJbHO [NOJy4YUM

ne—1 ne—1 2 ne—1

Zw Zf? <7 BQZW O

CaenctBue 2. [Ipu svinoanenuu ycrosus coeaacosarnus (7) cywecmsyem nocmosm-
naa C' makas, umo oaa ecex k € N u gcex f € Ky cnpasedruso nepagercmso

EN(f)gCr,iVHfHHa, N=12,....
Jloka3zareabctBo. [lo nemme 2
N—(N)n
En(f) <y, “[1f 2

OcTajioch 3aMeTHTb, YTO B cHJy (8)

Ny _ _
rk<>’“<r"’“<a1:C. O
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CanencrBue 3. [Ipu soinoanenuu ycaosusa coeracosarus (7) cyuecmayem nocmosm-
Has o < 1 maxasa, umo 0aa scex k € N u gcex arcebpauueckux nOAUHOMO8 p Cmenexu
degp < ny svinosnaemcs Hepagencmeo

dist (p, Ky) < ol|p| n2.
Jloka3zareabcTBo. [lo nemme 3
dist (p, Ky) < ri"[|pll 2,
rae B cuay (8) naist Beex k umeeM 7 < B =0 < 1. O

Teopema 2. [lycmo nocaedosamervrocmo HamyparvHolx (ny) A8A3emcs AAKYHAPHOLL

Nk+1
N

>q¢>1, k=12,...,

u emecme co cmpoeo sozpacmaroweli nociedosamenvHocmoto paduycos (ry) yoosaremso-
paem ycaosutro coesacosarus (7).

Toeda nocaedosamenvrocms noonpocmparcms {Ky = Ky, n, }72,, noposxcoennolx
adpom Ceze, aeasemcs cucmemoti OpmopeKypcuUsHO20 pa3r0HeHUs 8 NPOCMPAHCMEe
H?

Hoka3areabctBo. [IpoBepuM, uTO BBIMOJHEHBI ycjaoBUs TeopeMbl 1. CioencTtBue 3
nokasbiBaet, 4to uMmeet Mecto (6). CmenctBue 2 mpu k=1,2,... uj=1,...,k — 1 naer

OLEHKY
E,(f)y<Cr, ek,

T.€. UMeeT MecTo (5) ¢ MOCTOAHHBIMHU Ty ; = C73*. OcTanoch y6eiuThCss B KOHEYHOCTH

BEJIMYHHBI
k—1 k—1 k—1

2 2nyg anqkij

sup g T;.; = C'sup E rit < Csup E T .
- - -
7j=1 7j=1 7j=1

W3 ycosus cornacosanusa (7) monydaem 7; < 1— -, W mosToMy r;” < e™% 1pu I0CTaTOYHO
J
OoJbLINX j > jo (3aBegoMo HauMHasi ¢ nj, > a). B urore umeem

k—1 k—1 9]
J J
supE T£]<CJO+C':§;3§ e 2 <C’]0+E e 2 < o0 O
Jj=1 0 j=jo Jj=1
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. W,

AnHoranusa. Ha ocHoBe Mozmesu niaHapHBIX KoJeGaHUH CIIOLI-
~ ﬁ HBIX Y UMEIOLIMX OTBEPCTHS WJM BKJIOYEHHS] HEONHOPOAHBIX Mpes-
o BapUTeJ/bHO HAMpPS>KEHHBIX MJIACTHH PAacCMOTPEHBI HOBble 00part-
HayL-le”/l Hble 3a7a4d WOEHTU(PUKALUK KOMIIOHEHT TeH30pa MpeaBapUTe/b-
Hbix HanpsikeHud ([TH), sBasommxcs (yHKUHSMH OBYX KOOp-
OTﬂ'eﬂ JIUHAT, TIPU aHaju3e aKyCTUYECKOTO OTKJHMKa B Tpollecce 30H-
nuposanus. ITH 3amaBasnuce Kak pesysnbTaT pelleHHs BCIIOMOra-

N TeJIbHBIX 3aJau O CTATHUeCKOM HarpyKeHHWH MJIaCTUH HEKOTOPOH
HadasbHOU Harpyskod. [sis pelleHHWs OCHOBHOH M BCIIOMOTaTe/ib-
HBIX 3a/lay pacueTa (yHKUHUHA CMellleHHsl MJacTHH paspaboTaHa

U KOoHeuHO-3seMeHTHast (KD) cxema Ha OCHOBe BbiBeJE€HHBIX COOT-
BETCTBYIOIIHUX CJa0blX MOCTAHOBOK 3ajJay, peajnu30BaHHAsl B BHU-
Jle TIPOTPAMMHBIX KOMIekcoB B KD-makere FreeFem++. Bruin
paccMOTpeHbl 3allleMJIeHHble N0 OAHOH TPaHHU MPSMOYTOJbHEIE I1J1a-
CTUHBI, KaK CILJIOLIHBIE, TaK U HMeIOlllHe OTBEePCTHe HJH KecT-
Kylo BcTaBKy. CchopMysnupoBaHbl 00paTHbE 3afa4l UIeHTH(HKa-
uuu tpex ¢pynxkunit ITH, 3aBucsimiux ot AByX KOOpAHMHAT, Ha OC-
HOBE JIOMOJIHUTEJbHON HH(pOPMALHUHA 00 aKyCTHUECKOM OTKJIHKE
Ha He3allleMJIeHHBIX I'DaHsX MJIAaCTHH B pe3y/bTaTe paccMoTpe-
HHSl HECKOJIbKHX HaOOpOB 30HAMPYIOLIMX HAarpy30K Ha HECKOJbKHX
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yacToTax. BBULY HeJqMHEHHOCTH 0OpaTHBIX 3aay [Jis UX pelleHus Obl1 pa3paboTaH UTepalOHHbINA
MOJXOJ, COUYETAIOIINH Ha KaXKJIOW UTepallluy pellleHre MPSMbIX 3a/a4 JJs1 TeKYLUIUX NPUOIHKeHHUH
UCKOMBIX (DYHKLHH U OIpelesieHHe MOMPABOK K HUM K3 MOCTPOEHHOTO ONEpPaTOPHOrO ypPaBHEHHUS.
st pelieHUs1 OMepaTOPHOro ypaBHEHUs! pa3paboTaH MPOEKIHMOHHBIH METOM, TO3BOJSIOIINN Tpej-
CTaBUTb TOTNPABKH B BHJEe PA3JIOKEHUU MO 3aJlaHHBIM cHUcTeMaM (YHKLIMH ¥ CBECTH pellleHHe K
uccseIoBaHuIo mioxo o6ycsosiaeHHbX CJIAY oTHocuTebHO HaGOPOB KOA(P(UIIMEHTOB Pa3ioXKeHHH
¢ nomotbio Metona A. H. Tuxonosa. [IprBeneHbl pe3y/ibTaThl BHIUKUCAUTEIbHBIX SKCIIEPUMEHTOB 0O
OIIHOBPEMEHHOH HAeHTHU(pHKaLUUN NByMepHbIX nojeld [TH, cooTBeTCcTBYIOLINX pa3IMIHBIM BHAAM
HayaJIbHBIX BO3JE€HCTBUH Ha PacCMOTPEHHbIE TJIACTHHBI.

KuroueBble ca0Ba: NpeBapuTe/bHBIE HAMPSKEHUs], YIPYTye TJIACTUHBI, HEOMHOPOIHOCTD, BKJOUe-
HHS, TBYMepHble 0OpaTHbIe 3ajau, aKyCTHUECKHH MeTO[
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Identification of two-dimensional prestress fields
in inhomogeneous plates

I. V. Bogachev™, R. D. Nedin

. 1. Vorovich Institute of Mathematics, Mechanics and Computer Sciences, Southern Federal University,
8A Milchakova St., Rostov-on-Don 344090, Russia
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Rostislav D. Nedin, rdn90@bk.ru, https://orcid.org/0000-0003-4366-9591, AuthorID: 805678

Abstract. Based on the model of in-plane oscillations of inhomogeneous prestressed plates, the
new inverse problems of identifying the components of the prestress tensor via acoustic response
probing are considered for the plates with and without holes and inclusions; the prestress
components are assumed to be functions of two coordinates. Prestresses were set as a result
of solving auxiliary problems of static loading of plates by some initial mechanical load. To
solve the main and auxiliary problems of calculating the plates’ displacement functions, a finite
element (FE) scheme was developed based on the derived corresponding weak problem statements,
implemented in the form of software systems in the FE package FreeFem++. Rectangular plates
clamped along one face, both solid and having a hole or a rigid insert, were considered. Inverse
problems of identification of three prestress functions depending on two coordinates are formulated
on the basis of additional data about the acoustic response on the non-clamped edges of the
plates as a result of considering several sets of probing loads at several frequencies. In view of
the nonlinearity of the inverse problems under study, an iterative approach was developed to
solve them, which combines solving the direct problems for current approximations of the desired
functions and the determination of the corresponding corrections from the operator equation built
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at each iteration. To solve the operator equation, a projection method has been employed that
allows one to present the corrections in the form of expansions in terms of some smooth given
functions and reduce the problem solution to the study of ill-conditioned SLAEs with respect to
sets of the expansion coefficients using the A. N. Tikhonov method. The results of computational
experiments on the simultaneous identification of two-dimensional prestress fields corresponding
to various types of initial actions on the considered plates are discussed.

Keywords: residual stress state, elastic plates, inhomogeneity, inclusions, two-dimensional inverse
problems, acoustic method
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Beenenue

[Tosisi mpenBapuTebHBIX (OCTaTOUHBIX, BHyTpeHHUX) Hanpsikenui (ITH) [1] siBasitorces
XapaKTepHbIM CJIeACTBHEM MHOTMX TEXHOJOTHUYECKHUX TPOLECCOB, MPUMEHSeMbIX TPU HU3TrO-
TOBJIEHUH 00BEKTOB M KOHCTPYKLHUH M3 HOBBIX MaTepHaJsIOB CO CJIOXKHBIMH HEOLHOPOAHBIMU
(pU3UKO-MeXaHHYeCKUMH CBOUCTBaMM, TaKUX KaK (DYHKLHOHAJbHO-TPAaHeHTHble MaTepHua-
abl (OI'M). Ipu npoussonctBe ®I'M yacTo npuMeHsieTcst TepMUdeckas oopaborka [2],
B YAaCTHOCTH HallJlaBKa, ClleKaHue, HarapToBKa U IpyTHe, 3aTeM B MpoLecce OCThIBAHUS
NoJy4eHHbIX 00pa3LOB B HUX MOTYT COXPaHATbCS OCTaTOuHble HanpsixkeHus. Hannuue [TH
B 00pasliax JOJKHO YUHUTBIBATbCS B MPOM3BOACTBEHHBIX Mpolleccax, TaK Kak OHU 3a4acTylo
OKa3blBAIOT CYIlleCTBEHHOE BJHSHHE Ha 3KCIJyaTalHOHHblE XapaKTEPUCTUKHU U3rOTOBJIEH-
HBIX y3JI0B U netanei. Takxke IIH moryT mpucyTcTBOBaTh B HIeTassiX, UCIOJAb3YyEeMBIX B
MPOMBIIIJIEHHBIX KOHCTPYKLHSX, UMEIOLUIUX TEXHOJOrHYeCKHe Bbipe3bl ¥ OTBepCcTHs [3].
B uX oKpecTHOCTSIX BO3HMKAaeT 3HAUMTEJbHAS KOHLEHTPALHUs OCTAaTOUHbIX HaIpsiKeHUH,
M3-32 KOTOPOH MOTYT MOSIBJSATbCS TPELIUHBbl U Ne(OPMUPOBAHHbBIE 30HBI, UTO MOBJEYET
3a co6oi norepto paboTOCNOCOOHOCTH AeTaJsell. B cBA3M ¢ 3TUM BecbMa akTyaJbHBIMH
SIBJSIIOTCS] TIOCTPOEHHE aleKBATHBIX Mofeseld 00beKTOB U KOHCTPYKLUHH K3 HOBBIX MaTe-
pHasioB, MO3BOJSIOUIMX YYeCTb UX HEONHOPOAHOCTh, (DOPMY M HaJIMuMe MpeaBapUTENbHO
HanpsikeHHoro coctostius (ITHC), a takxke paspa6oTka 3¢p(heKTUBHBIX Hepaspyllammnx
MeTOAMK HAeHTH(UKAUWW ypoBHS W pacnpepneneHus [IH B HuX, KoTOpble MOryT OBITH
MPUMEHUMBI KaK B MpPOLleCCe M3rOTOBJEHHUS, TaK U MPH IKCIJIyaTallUH.

Paspabotka metonos usmepenus [1H siaseTcss noctatouHo BocTpeOOBaHHOM TEMaTUKOH,
el MoCBsLLEHO 00JIbILIOe KOJHUECTBO UCCAEN0BAHUMN, TIPH ITOM MHTepec K Hell 3HaYUTeJsbHO
BO3pOC B MocJiefiHee BpeMsi (CM., Hanmpumep, o63opHble padoThl [4,5]. CyliecTBEeHHYIO
MPaKTUUYECKYI0 3HAUMMOCTh UMeeT h3ydeHue 3anad no onpepesnenuio [1H, BosHuKaomux
B Tpoliecce cBapo4HbIX onepauui. CtaTbs [6] mocBsileHa MOCTPOEHHIO U CPaBHEHMIO C
9KCIIEPUMEHTA/IbHBIMU JAaHHBIMU TPEXMEPHOH MoJe/H «Ae(opMalHs-oa3yyecTb» ¢ yye-
ToM pacnpezenenus [IH B cBapHBIX LIBaX »Kapolnpo4yHBIX CIIJIABOB Ha OCHOBE HHUKeJ,
HCI0JIb3YeMbIX B pa3paboTKe KOMIIOHEHTOB aBHaaBurarteseil. B padore [7] mMeTon rayxux
otBepcTuil (the blind-hole method) ucnonb3oBascs nis NpoBepKH pacrpeneseHus: ocTa-
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TOYHOT'O Halpsi>KeHWs] B CBAPHOM IlIBe KOJIbLIEBOH KOHCTPYKLUMU. CpaBHeHHe pe3y/bTaTOB
UCIBITAHUH C pacyeTaMHd MeTOAOM KOHEYHBIX 3JeMEHTOB I103BOJMJO C(POPMYJIUPOBATH
PEKOMeHJ AWK 10 ONTHMaJbHOMY PEXHUMY CBAPKH KOJbLEBBIX KOHCTPYKUuH. B [8] mpen-
CTaBJ/IeHA MeTOAUKA M3MEePEHHUsl PacTATHMBAIOIIMX OCTATOUHBIX HaNpsiKeHWH, BOSHUKIIMX Ha
rpaHUllax COeUHEHUS MaTepuasoB B IBYX 00pa3laX KOMIO3UTHBIX TPEXCJIOHHBIX MJIaCTHH
MPU UCMOJb30BAHUH Ta30BOH BOJb(PAMOBOM NyTOBOH CBapKH.

Tak>xe BaxkHOe 3HaueHHe UMeeT co3naHue cxeM uaeHTUdukauuu [IH Ha sTane npo-
eKTHPOBaHHUsl U TNPU HX TekylleM MoHUTOpuHre. CtaTbs [9] mMOCBsilleHa MOCTPOEHHUIO
Mozenu mnporHosupoBanus IIH npu skcnepumeHTanbHOM HCC/I€IOBAaHHUH aBHALIMOHHBIX
TOHKOCTEHHBIX paM, MoJlydaeMblX (ppe3epoBaHHUEM M3 aJIOMUHHUEBBIX MJIACTHH, B KOTOPBIX
13-32 HHU3KOH »KeCTKOCTH CYLIeCTBEHHOE BJAHsSHHE Ha Ae(OpMallMi0 OKa3blBAIOT OCTATOUHbIE
HanpskeHus. [locTpoeHue Hepaspylarwulero noaxona k onpenenenuto [IH B ToHkHX
nacTuHax npenacrasieHo B padote [10]. [Toxxon ocHoBaH Ha mapamerpusaunu [THC c
MOMOLLbI0 (DYHKLHH HAMpsizKeHUH DPH, UTO MO3BOJNUJIO ONPeessiTh 3TH MapaMeTphl U3
3aJla4y HeJIMHeMHOH ONTHMU3alLuH.

CToOUT OTMETHTh, YTO PSii CMEXHBIX 3afad HAEHTU(PUKALUK HEOJHOPOAHBIX TMOJeH
[THC B nmsactuHax Obln u3ydeH paHee. B cratbe [11] uccienoBanbl obpaTHbIE 3a1a4yH
uneHtTudukauuu nosedl [1H npu aHanuse usrubHbIX KoseOaHUH MJAACTHH B paMKax TUIOTE3
TuMoIIeHKO ¢ MOMOLIbI0O HECKONbKUX METOAMK, OCHOBAHHBIX Ha aKyCTHUUECKOM IOJXOJeE.
B pa6ote [12] paccMoTpeHa 3amaua B aHAJOTMUHOU MOCTAHOBKE /151 Mep(OpHpPOBaHHOM
nByxdasHo# nnactunel u3 @I'M. Monesnu KpyrJbiX CIJIOLIHON U KOJIbLEBOH HEOTHOPOAHBIX
1o pajfinajibHOM KOOpAUHATE MpeABapUTENbHO HAMPSIKEHHBIX MJIaCTHH THUMOILEHKOo pa3pabo-
TaHbl B ctatbe [13]. PaccmoTpenbl omHOMepHble o6paTHble 3anaud uaeHTUGHKauu [1TH,
pellieHHe KOTOPbIX MPOU3BOAUTCS C MOMOLIbIO MPOEKIIMOHHOTO MOAX0Ma, MO3BOJSIOLIETO
onpeneasite uckoMmble [TH B 3amaHHBIX Kjaccax QpyHKUHH.

OcHOBHO# LeJIbI0 TaHHOH pabOThl SIBJSETCS HCIOJNb30BAaHHE paHee pa3pabOTaHHBIX
MozeJiel U MOAXO0B /Il MOCTPOeHUs 3(h(PEeKTUBHOW METOAMKH HMAEHTH(PUKALHUU peaslbHbIX
IBYMepHBIX 3aKOHOB Mu3MeHeHus noJjeil [ITHC, Bo3HMKaOIUX B CIJIOMIHBIX, a TakxKe
UMEIOILMX OTBEPCTUS W BKJ/IOUYEHHUs MJIACTUHAX, TP UCC/IEeI0BAHUM aKyCTUYECKOTO OTKJMKA
C UCINO/Ib30BAHHEM HECKOJbKHX PeXKHMOB 30HAMPOBaHMA. [Ipn aTOM BoccTaHaB/IMBaeMble
noss [TH no/mxHE! ABAATHCS pelleHHeM HEKOTOPHIX BCIIOMOTaTe/IbHbIX 33a4 O HEU3BECTHOM
B paMKax oOpaTHOH 3anauu HayaJbHOM BO3[eHCTBUM Ha MJIACTHHBI.

1. OOmag nmocraHoBKa 3agauyu

PaccmoTpuM ycTaHOBUBIIHECS KoseGaHHsI HEOTHOPOAHOH MpeaBapUTEIbHO HaMpsixKeH-
HOM HM30TPOMHON TOHKOH IMJIACTHHBI TOJIIMHE h, 3aHMMarollell obmaactb S X [—h/2, h/2]
(S — obsacTh CepelMHHOTO CeYeHHs), B KOTOPOH MOTYT UMETbCs OTBEPCTHS JIMOO BKJIIO-
yeHusi. Bynmem paccmarTpuBaTh Caydad MMJIOCKOrO HAMPSXKEHHOIO COCTOSIHHS, KOTaa Ha
TMJIOIAAKaX, TePIeHANKYISPHBIX OCH '3, OTCYTCTBYIOT HAMPSIXKEHHS: OTJIHUUHBIMH OT HYJIS
SIBJISIIOTCSI IB€é KOMIIOHEHTBI BEKTOpa MepeMellieHu: uy(xy, x2) U us(xy,x2). JIuHeapuso-
BaHHasl MOCTAHOBKA 3aJaud B TaKOM cJjydae hMmeeT Bun [14, 15]:

Tijj + pw’u; = 0,

0 .

" (1)
Oij = N Gjjtmm + 1 (wij + uj;)

ui|lu:O’ ,I;jnjhg :-Pz i,j,m:]_,Q.

Tij = 0ij + Uimo

3nech T;; — KOMIIOHEHTbl HECHMMETPHYHOIrO TeH3opa HamnpsxkeHWH [Inosbl, o;; — KoMm-
TIOHEHTHl KJ1aCCUUeCKOr0 TeH30pa HamlpsiKeHHH, J?nj—KOMHOHeHTbI teHzopa [IH, w—
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4acToTa YCTaHOBUBIIUXCS KoseGaHUH, A* = 2 pu (A + 2,u)_1 — napametp Jlame maockoro
HamnpsiKeHHO-1e()OPMUPOBAHHOTO COCTOSIHUSI, KOTOPHIH, KaK ¥ nmapameTpnl Jlame \(xq, 3),
w(xy, x2), ¥ WIOTHOCTD p(T1,To), ABIASETCS (YHKLIHMEH NBYX KOOpPAMHAT. TpH KOMIOHEHTHI
cummerpuuHoro tensopa [TH o) (xq, 25), 0% (21, x9), 09 (71, 22), yoOBAETBOPAIOLIHE ypaB-
HeHHAM paBHOBecHs oy ; = 0, TaKXKe 3aBUCAT OT ABYX KoopauHaT. [Ipy 3amucy nocTaHOBKH
(1) u nanee nJjs KOMHOAKTHOCTH TPEACTABJAEHHUS] CyMM C MOBTOPSIOIIMMHCS HHIEKCAMU
UCII0/b30BAHO CoryallleHrde DHUHILITeRHA; A5 3alUCH POU3BOJHBIX MPUHATO 0003HAUYeHHe
U 5 = 6u1/8$]

[TpumeHsiemasi Moze/ib MO3BOJISIET ONMUCHIBAaTb HEOLHOPOAHbBIE MaTepHUasbl, B TOM YHC/e
®I'M, ucnosb3ys npeicTaBleHHe XapaKTePUCTHK MJIACTHH (mapaMmeTpoB Jlame W mioTHO-
CTH) B BUIE (PYHKLHOHAJNbHBIX 3aBUCUMOCTEH OT KOOpPAMHAT.

ByneM cunTath, 4TO Ha 4acTH TrpaHuubl [, X [—h/2, h/2] naacTHHA XKeCTKO 3alleMJIeHa,
Ha IPyroH YacTH rpaHuusl |, X [—h/2, h/2| K Hell MpUJIOKeHa MeXaHHUUecKasi Harpyska,
3ajaBaeMast KOMIIOHEHTaMH F;.

3anuiiem caabyio noctaHoBKy [14] 3amaum (1), KoTopasi mosiyuyaeTcsi Ha OCHOBE TPOeK-
THPOBAHUS ypaBHEHUH NABHUKEHHUS HA MOJle BO3SMOXKHBIX NepeMellleHHH v;, YA0BAeTBOPSIOLINX
IJIaBHBIM FPaHUUYHBIM yCJO0BUAM v;, = 0:

0 0 0
/ (Ullui,lviyl + 0'12 (uivlvi,g -+ U¢721}i71) —+ 0'22Ui,2?]i,2) dS"—
S

—1—/ (/\uz-’ivm + 2ugie;; — w2puivi) ds — / Pu;dl =0, (2)
s ly

u

v 1
i€ = 1,101,101 + 5 (ur 2+ uay) (V12 + v21) + Uz2V2 2.

2
Cnabast mocTaHOBKa 3ajnaud B BUJe (2) 1M03BOJSIET MOCTPOUThb 3(PPEeKTHBHbIE KOHEYHO-
snemeHTHble (KQ) cxeMbl pacueTa KojieOaHUE MJIACTHH.

B KkauecTBe MOJe/JbHBIX OOBEKTOB HCCJENOBaHHS Jajiee PacCMaTPUBAKOTCS MPSIMO-
yTOJIbHBIE TIIACTHHBI, KaK CIJIOLIHbIE, TAK U MMEIOIHe KPyrJjoe OTBepcTHe, JUO0 Kpy-
roBoe BKJ/IOUeHHe (BCTaBKYy), CepeNHHHble CeYeHHUs] KOTOPbIX OrpaHHYeHbl 00JACTBIO
{z1 €[0,1], 25 € [-a/2,a/2]} (puc. 1). Onna u3 rpaneil z; = 0 Kaa0# M3 MJACTHH
CUHTAeTCs] XKEeCTKO 3alleMJIeHHOH, KoJeOaHHsl BbI3bIBAIOTCS MPUJIOXKEHHBIMH K JPYTHM
rpaHsM HOPMaJIbHBIMU W KacaTeJbHBIMH Harpyskamu. B pamkax paspaboTaHHO# Mopesu
MOT'YT OBITh PACCMOTPEHbI MJIACTHHBI APYToH (OPMBI, a TaKxKe HMeIolLHe (oJbliee YHUCTIO0
OTBEPCTUH JUOO BKJIOYEHUH WM UX KOMOWHALMH.

€

a/la | 6/b | 86/ c

Puc. 1. O6mui B paccMaTpUBaeMbIX MJIACTHH: 4 — CIJIOLIHAS; 6 — C KPYTJIbIM OTBEPCTHEM; 8 —
C KPYTOBBIM BKJ/IH0OYeHHeM (BCTaBKO#)
Fig. 1. General view of the considered plates: a — solid; & — with round hole; ¢ — with circular
inclusion (insert)
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2. BcnomorareabHble 3amaun pacuera noJei ITH

B naHHoii paboTe OCHOBHOH 3ajauei siBJsieTCs UAEHTU(PUKALUS PealUCTUYHBIX 3aKOHOB
usMeHeHus1 noJsed [TH, Bo3HMKamOIKMX B CHJIOLIHBIX, @ TaKXKe HMEIOIIUX OTBEPCTHUS U
BKJIIOUEHHs NJ1acTUHaX. B Takom ciydae nBymepHble (pyHKuuu ITH MoryTt 3amaBatbes Kak
pesyJibTaT pelleHUsl BCIIOMOTaTeJ/IbHbIX 3a4ady O NPUJIOXKEHHH K FPaHHIlaM 3alleMJ/EeHHbIX
MJIACTHH HEKOTOPOU HauaJbHOM CTaTHUYeCKOH HAarpysku PP. B Takoli mocTaHOBKe paBHOBeCHE
JIACTHH ONUCBIBAETCS yPaBHEHUAMHU

0 0o _ 0 0o _
Ol T 0120 = 0, 0911 T 0329 = 0. (3)

C.Ha6YIO I[TOCTAHOBKY 3a/laid B TAKOM CJiydae MOXHO 3allMCAaTb B BUIE

1
/s (Au?yivgj +2p (U?,ﬂ’& t3 (u)p +up,) (V1 +v3,) + u%?vgv?)) d5—
- / POl = 0. (4)
lo

3nech v? — HauasibHble IPOGHBIE PYHKIMH, YIOBJETBOPSIOLIHE IJIABHBIM HayaJbHbIM Tpa-
HUYHBIM YCJIOBUSIM.

Torpa us pewienus 3anauu (4) onpemessiiorest PyHKUHM HAYANbHOTO CMELEHUs u), 3a-
TeM 1o (opmyse 06001IeHHOTr0 3aKoHa ['yKa A/ HUX BBIUMCAAIOTCH (PYHKLUUU HaNpsixKeHUH
o) = N6gum, .+ o (ud; +ul;), nenonpsyiomuecs: B KadecTse 3aKOHOB H3MEHEHHS MOJIeH
[TH B moctanoBkax 3amauu (1) u (2).

Jlnsi perieHUst 3aMMCaHHBIX B CJ1a0bIX MOCTAHOBKAX OCHOBHOH (2) W BCrOMOrarte/bHON
(4) 3anmau paspaboranbl KO cxembl pelieHusi, peain3oBaHHble B nakete FreeFem++ [15].
[Tpu pacuerax Oblia Mcnosb3oBaHa KO ceTka ¢ KBaapaTHUHOH anmpokcuMalued ¢ pas-
6venreM He MeHee 100 x 60. [Ipn 3TOM A/15 NJACTHH C OTBEPCTHUSMH U BKJIOUYEHHUSMH B
3THUX 00J1aCTSAX HUCIOJb30BAJNOCh JIOKAJJIbHOE CI'yllleHHe CeTKU IJIs1 yBeJUYeHHs TOUHOCTH
pacuetoB. HauanbHas Harpyska BblOMpasach TakUM 00pa3oM, UTOObl 3HAYeHUS MOJyUEeHHBIX
noset [1H otHocuTensHo Monyast IOHra E paccmaTprBaeMoro marepuasa MJIacTHH JieKauu
B JMala3oHe M3MeHeHHs max ‘a?j/E} =107+ 1073, COOTBETCTBYIOLIEM HauboJiee 4acTo
BcTpevatoumes [TH Ha npakTuke.

Huxxe npencraseHbl pe3ybTaThl HECKOJbKUX 3KCIIEPUMEHTOB Mo pacyety nosei [TH,
BO3HHUKAWOLIMX B cjyyae MPUJIOKEHHUS Pa3HblX BUIOB Haua/bHBIX Harpy3ok, ¢ MOMOILbIO
paspaboranHoi KI-cxembl pemenusi. Pa3meprl paccmarpuBaeMbix miacTuH: | = 1.3,
a = 0.5M, paguyc OTBepCTHUSl UM BCTaBKU cocTaBisgeT 7o = 0.2 M. OCHOBHOU MaTepual
JIACTHH — CTaJjlb, UMeKllas XapakTepucTuku F = 198TTla, v = 0.28, p = 7.881/m3.
PaccmatpuBadics caydall BCTaBKH M3 XKECTKOTO MaTepHuaJsa — Kybudeckoro HUTpuaa 6opa,
¢ xapakrepuctukamu E = 706[Tla, v = 0.26, p = 3.441/m3. PaccMoTpeHHble BHbI
npelBapUTe/IbHBIX CTAaTHUEeCKUX HArpy>KeHHWH s CIJIOLIHBIX U UMEIIIUX OTBEPCTHE U
BKJIIOYeHHe MJacTHH, BeidbiBatoux [1H, nsobpaxxensl Ha puc. 2.

dkcnepumeHt 1. Paccmotpeno nosie [TH nmais crtomiHo# miacTUHBI, BbI3BAaHHOE Ha-
YyaJibHOW pacTAruBaolled BAOJAb OCH X, HAarPy3KoH, usoOpakeHHO# Ha puc. 2, a. Ha
puc. 3 mpencTaB/eHbl COOTBETCTBYIOLIME TpeXMepHble IpaUKH pacCUMTAHHBIX C [OMO-
b0 paspaboTaHHOl K3D-cxembl KOMIOHEHT 0, 0%y, 095, U3MepsieMbix B Ila. 3mech u
Jajiee TpexMepHble U300pakeHHs MOBEePHYThl TAKUM 00pa3oM, 4ToObl Nepenatb HauboJiee
XapaKTepHble YaCTH UCCJedyeMblX (PYHKIUH.

3aMeTHM, YTO B 3TOM M CJIEAYIOLIEM 3KCIEePUMEHTAaX KOMIIOHEHTa 09 (T, To) OH3Ka K
HYJII0 Be3Jle, KpOMe OKPeCTHOCTel o6/acTell KeCTKOH 3a/leIKi U Harpy»KeHus (3To CBA3aHO
C BUJOM TIPUKJAIBIBAEMbIX HAauaJbHbIX HArPy30K).
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Puc. 2. PaccMoTpeHHble BUIbI CTaTHUECKUX HATpyKeHUH, BbidbiBatoux noJs [TH, B skcrneprMeHTax
no pacyery [TH B cnsomHbix (a, 6) U UMewKUX OTBepcTHe (8) WM BKJOUEHHE (e) MaacTHHAX
Fig. 2. Considered types of static loads that cause PS fields in experiments on calculating ST in
solid (a, b) and having a hole (c) or an inclusion (d) plates

G:’ 5 (x1,%,) =
2.x10™ ‘ /%{%{:,'7'1'1'7;"'
Gz )
il Illllllllllll"‘\
7 g
1.x 10" ) g,,'{,I;;,I;;;'lo‘ “
L5100y “ “
7))
A

K

05, (X;,X,)

0
on(X,X,)

Puc. 3. Paccuurannsie nosist [IH B crjiouiHol niactTrHe, BbI3BaHHBIE PaCTATHBAIOLIEH Harpy3KoH
(uBeT oHJsakiH)

Fig. 3. Calculated PS fields in a solid plate caused by a tensile load (color online)

dkcnepumeHt 2. Paccmorpeno nosie [IH nas cniomHo# miacTHHBI, BbI3BAHHOE Ha-
Ya/JbHOH CIBUTOBOH HAarpyskoH, u3obpakeHHOH Ha puc. 2, 6. TpexmepHble TpadukH
PACCUMTAHHBIX KOMIIOHEHT 0V, 0y, 095 MpPEeICTaBIEHBl HA PHC. 4.

0'?2(7‘1"2)

f

0
6 (X,X,)

7l
”””/’/444’/4“

%

i

i /
‘llllllé%

] /)
-15 %107 //A////%l/
i

Puc. 4. Paccuurannsle nossi [IH B cniomwHol nsiacTHHe, BbI3BaHHbIE CABUTOBOH HArpysko
(uBeT oHJIaMH)

Fig. 4. Calculated PS fields in a solid plate caused by shear load (color online)

dkcnepumeHt 3. Paccmotpeno mose IIH nas niacTUHBI ¢ OTBepCTHEM, BBI3BAHHOE
HauaJ/IbHOW PacTSArMBalOLIeH HArpy3KoH, H300paXKeHHOH Ha puc. 2, 8. TpexmepHbie rpaduku
PACCUMTAHHBIX KOMIIOHEHT 0, 0y, 095 MpelCcTaBIeHbl HA PHUC. 5.
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Puc. 5. Paccuutannbie nojst [TH B miacTuHe ¢ 0TBepCcTHEM, Bbi3BaHHbBIE PaCTATUBAOIIEH HArPy3KOH
(uBeT oHsalH)

Fig. 5. Calculated PS fields in a plate with a hole caused by tensile load (color online)

dkcnepumeHTt 4. Paccmotpeno nosie [TH nns nnacTuHbl ¢ KeCTKOH BCTaBKOH, BbI3BaH-
HOe HayaJIbHOH pacTsArMBalolledl Harpy3kod, usobpakeHHOH Ha puc. 2, e. TpexmepHble
rpadUKy PacCUMTAHHBIX KOMIOHEHT 0¥, 0%y, 0ly MpeicTaB/eHbl Ha pHc. 6.
o (X1,X,)

G?I(XI’XZ) o5 (X1,X,)

III,I
i

i
iy
. III%// 02 0

0.

0.
0.6
108
1 X X, - X

x 1 2 2 1
Puc. 6. Paccuurannsie nossi [TH B miacThHe ¢ xKecTKOH BCTaBKOM, BbI3BaHHbIE pacTsArHBaiolIeH
Harpyskod (1BeT OHJIaHH)

Fig. 6. Calculated PS fields in a plate with a rigid insert caused by a tensile load (color online)

3ameuanue. Ha puc. 5 U 6 BUAHO, YTO B OKPECTHOCTH OTBEPCTHS U BCTABKH HMEIOTCS
JokabHble Bo3mylleHus1 GyHkuui [TH (konuentpartopsl I1H), onHako ob6uiuil xapakTep
3TUX (PyHKIHH, a Takke ypoBHU [IH cooTBeTCTBYIOT (yHKLUHMSAM HA puc. S [J/5 HAYAJIbHOTO
pacTsKeHHUs CIJIOLIHOK MJIACTHHBL.

3. OOparHbie 3agauu NAEHTU(PUKAINHA PACCYUTAHHBIX ABYMEPHBIX
nosen ITH

Ha npakrtrke, npu npoBeeHHMH MOHUTOPUHTA COCTOSIHUS MJACTHH, (PYHKLHUU a?j(xl, Ta),
onucoiBatouime pacnpenenenve [1H, Bo3HUKIIMX B pe3y/jbTaTe HEKOTOPOTO HAYaJbHOTO
BO3/IEHCTBHUS Ha IJIACTUHY (CM., HalpuUMep, SKCIIePUMEHTBl U3 pas3fena 2), sBJASIOTCA
HEeM3BECTHBIMH, U aKTyaJbHOU MpobJieMOl CTaHOBUTCS pellleHHe oOpaTHbIX 3amad (O3)
UX uaeHTUpuKauuu [16]. s 3TOro npuMeHsOTCS pa3iHuHble METOIUKH, B YACTHOCTH
Hepas3pyLIallii aKyCTUUeCKHUH MOAXO0/, B PAMKaX KOTOPOTO B KayecTBe NOMOJHUTEJNbHOH
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uHpopmaruu A O3 UCMOoNb3yeTesl aKyCTHYECKUH OTKJIKMK, H3MEPEHHbIH B HEKOTOPHIX
TOUKaX 0ObEKTa B MPOLECcce MPOBEIeHHs FKCIEPUMEHTOB 110 30HIUPOBAHUIO B PA3JIHUYHBIX
4acCTOTHBIX HanasoHax. Ha ero ocHoBe o6pammoie 3adauu aJisi paccMaTpUBaeMbiX MJIACTHH
MOXKHO C(HOPMYJIUPOBATH CJELYIOLIMM 06Pa3OM.

Onpenenutsb Tpu QpyHKIEK-KOMIOHeHTHl Ten3opa [TH 0¥, (z1, 13), 0y (21, 22), 09 (71, T2),
BXOJISILIKE B COCTAB CJIaboH MOCTAHOBKHU (2), U3 9KCIEPUMEHTOB 110 30HAMPOBAHHIO MJIACTHH
Mozl efiCTBHEM HAGOPOB HATPY30K BUAA

(Tuna + Taano)|,, = P, (Tormn + Taana)|,, = P, (5)

C HUCIIOJIb30OBAHHEM HOJIy‘-IQHHOﬁ [IpyU UX MPOBEAECHHHU JIOTIOJTHUTEJIbHOU I/IHqDOPMaLLI/II/I 06
HW3MEPEHHbIX Ha YAaCTH I'PAHUIBI aMIIJIMTYdAX nepeMemeHHf/’I BH A

wily, = filw), 1=1,2, wé€w_,wy]. (6)

Jpyrue MexaHW4yecKue mapaMeTpbl MJACTUH MPH 3TOM CUUTANUCh U3BECTHBIMHU.

3ametuMm, yto cpopmyaupoaHHass O3 06 orsickanuu noqas [TH npeacrasiasier co6oi
HeJIMHEeHHYI0 KO3 (pULHEeHTHYI0 00paTHYIO 3aady, pelleHUe KOTOpod TpebyeT HUCIOJb30Ba-
HHS crlelldaibHbIX MeTofoB. [y pemtenuss O3 B nJaHHOH paboTe MOCTPOEH UTePaLUOHHBIH
nporecc, nogo6HbIH pa3paboTaHHBIM paHee 15 pewenus apyrux O3 [11,17,18], na
KaXXJIOM LIare KOTOPOTo ONpeiensitoTcst npubankenns uckombix ¢pynkuuil [1H, ero cxema
TNpefCcTaB/eHa HUXe.

0

Idtan 0. 15 uckoMbIX QYHKUMH 07, (71, T2) BBIOMPAIOTCA Haua/lbHble NPUOIMKEHHs
a?j(o)(:vl,xg) Ha OCHOBe alpHOpPHOH HH(popMauUUU 00 UX OrpaHHYeHHOCTH. B KauecTBe
HauaJ/JbHbIX MPUOJUKEHUH MOTYT TakkKe BblOWpaTbcsi HyJseBble 3HadeHus [IH, kak sto
ClleslaHO B NaHHOH paboTe.

dran 1. Jlna texkymux npubauxenunit [TH ¢ nmomombio moctpoenHoit K3I-cxembl

pacCUMTBIBAIOTCS MOJS TIepeMelleHn ugn)(ml, T9). 31eCh n — HOMEp TeKYIlleld UTepaluy.
dran 2. [lonpasku (50%(951,352) ONpeeIOTCS U3 ONepaTOPHOrO COOTHOLIEHUS, TOCTPO-
€HHOTO Ha OCHOBE MOJIyUeHHOro paHee B padore [14] cooTHolneHus B o0lleM BHIE, C

MCII0JIb30BaHHEM JOMOJHUTENbHOM HHpopMauun O3 (6):
/50,%-%(3- uﬁ)ds —I—/ P (fZ — ul(”)> dl =0, we w_,wy]. (7)
S lo

OHo npexnctaB/sieT co60i HMHTerpaspHoe ypaBHeHue PDpenronbma l-ro pona, pelueHue
KOTOPOTO SIBJISIETCS HEKOPPEKTHOH 3anadell U TpeOyeT UCNONb30BAHHUS PeTry/sipU3alMOHHbIX
metomnoB [19].

dran 3. [lonpaBky, HaliieHHble HA BTOPOM 3Tare, UCMOJb3YIOTCS AJS BbIUUCJIEHUS
CJedYyIOUUX MPUOIHKEHUH HcKoMbIX yHKUMHA [TH:

a?j(n) = a?j(n_l) + 50%. (8)
3aTeM Ha TpeTbeM 3Tare MPOBEPSIOTCS YCJIOBHUS BBIXOAA U3 UTEPaLMOHHOrO npouecca: aubo
BeJIMUMHA (PYHKLHOHA/NA HEBS3KH CTAHET MeHbllle HEKOTOPOro 3aJaHHOrO MaJoro 4ucaa £,
JU0O0 YUCJIO UTepaLMi NPEBBICUT 3aaHHOe 3HaueHHe N, 100 BeJHUMHA MONPABOK CTaHeT
HecyulecTBeHHOMH. [ToBTOpeHue sTtanoB 1-3 mponosmKaeTcs 10 BbINOJHEHHUS OJHOIO U3 3THX
YCJIOBUH.

B nanHoil pabore TakxKe npou3BeaeHa NopabOTKa BTOPOTO 3Tara OMNWCAHHOTO BhILIE
UTEePaLMOHHOTO Mpoliecca ¢ MOMOUIbIO HCI0/Ib30BAHUS OCHOB MPOEKIIMOHHBIX TOAXOMO0B,
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NpenoKeHHBIX paHee B padorax [11,20], mo3BossiIOIIMX ONPeNesiTh MOMPABKH K UCKOMBIM
¢yukuuam [IH B 3amaHHBIX KJaaccax (yHKUMH. B paMkKax NpoeKLMOHHOro Moaxona
(DYHKLHHU MONPABOK ObIJIM MpeACTaBJ/ieHbl B BUIE Pa3J/oKeHHUH 10 HEKOTOPbIM CUCTeMaM
JIMHEHHO He3aBUCHMBIX 0a3UCHBIX (PYHKLUHH BHIA

50 5E1,$2 Z ?/)m $17I2) (9)

Hanee nmoxcraBum pasnoxenus (9) B cootHotieHue (7):

(ij/@bmu ulde) /IUPZ» (fi—ug")) dl, = 0. (10)

3areMm, BbiObHpast Habop U3 K, 4aCTOT wy, HA KOTOPBIX NMPOU3BOAUTCS 30HAUPOBAHHUE, C
MCIO/Ib30BAHHEM K¢y, BUIOB 30HAMPYIOLIMX HArpy3ok OynaeM npoBoauTb K = K, X K
ucrbiTaHui. [l KaXI0ro ¢-ro MCMBITAHKS, COOTBETCTBEHHO, 0603HAUNM P! — KOMIIOHEHTEI
MPHUKJIaIbiBAeMOl TIPH €ro MpoBeIeHUH Harpysku, ff — momonHutenbHywo nHbopmanuio O3,
U! — paccuntanHble KOMIIOHEHTHI TIOJIS TIepeMeleH i u§“>(x1,x2) IJ151 TeKYyLeHd UTepaluHu.
Torna naHHBIA 9Tan UTEPALIHOHHOIO MPOLECCa CBOAUTCH K PELIeHUI0 CUCTeMbl /X JIMHEeHHbIX
anreGpanyeckux ypaBHEHHE OTHOCHTeNbHO 3M Ko duureHTOB Cf pasioxKeHHs 9),
KOTOPYIO MOXKHO 3allMCaTh B BUIE

ZJ,Z"C,W . t=1K,
(11)
/ bl ULdS, F' = / P (5~ UY) dl,.

lo

[Tonyuyennass CJIAY (11) pewaercsi ¢ nomouibio Mmetona A. H. Tuxonosa [19], 3atem mno
dopmynam (9) onpenensiloTcss KCKOMble monpaBkH K dhyHKuusM [TH.

3ameuanue. KonnuectBo K ypasuenuin CJIAY (10), onpenesnsiemoe KOJHYECTBOM
9acTOT, HAa KOTOPbIX MPOM3BOAMUTCS 30HIMPOBAHHE, U KOJUYECTBOM 3IKCIIEPHMEHTOB MO
30HIMPOBAaHUIO, BOOOLIE TOBOPSl, MOXKET He ObITb paBHO 4YHCJay 3M HEHW3BECTHBIX KO3(-
¢uuumentos pasnoxenus C7'. B takom cayuae CJIAY (11) sBasiercss mpsiMOyroJbHOH, 1
1J151 ee pelleHUs1 MeToA THUXOHOBa Takxke mpuMeHUM. [Ipu aTOM, ec/iM U3BEeCTHO, YTO MOJe
[TH camoypaBHOBellleHO, TO B CHJy B3auMocBs3u KoMmnoHeHT IIH apyr ¢ mpyrom, koTopble
B TAKOM CJydyae MOXKHO BBIPa3uUThb depe3 OAHY (DYHKLHIO HampsikeHHH Dpu [17], uncio
HEU3BECTHBIX KO3(P(ULHUEHTOB MOKHO COKPATHTh.

TakxKe CTOUT y4UTBIBaTbh, YTO NOCKOJBKY B paccMaTpuBaeModl nocraHoBke O3 Heo6Xo-
IUMO OINpenie/IsiTh OIHOBPEMEHHO TPU (PYHKLMU-KOMIOHEHTbl TeH3opa [IH, uncao skcnepu-
MEHTOB 110 30HAHWPOBAHHUIO (OTJIMYAMIIMXCS BUIOM Harpy»KeHHs) NOJKHO ObITh HE MeHbIlle
Tpex.

4. BbluncaurtenbHble IKCIiepuMeHThI o pemeHuio O3

Ha ocHoBe npenJio;keHHOTO B pa3zese 4 MTepalMOHHOrO npouecca Obl NMPOBEAEH Psifl
BBIUHCJINTEJbHBIX SKCIEPUMEHTOB N0 WAEHTH(UKALUUK (PYHKLUHUH ABYMEPHOTO pacrnpene-
Jenus: Tpex kommnoHeHT [TH B paccmoTpeHHbiX muiactuHax. Ilpu aTom Hckomble GyHKUIUU
[TH B sKcneprMeHTax SIBJASNUCH pellileHHeM COOTBETCTBYIOLIMX BCIIOMOTaTe/bHBIX 3a/au O
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NelCTBUM Hadya/bHBIX Harpy30K Ha MJACTHHBI, Pe3ynbTaThl /5 KOTOPbIX MpeICTaBJAeHbl B
pasneJne 2.

JI7s1 30HAMPOBAHUS B KaXKJOM IpUMepe OblJIO0 UCIOJb30BAHO MO TPU BHIA HATPY30K.
Jls Bcex pacCMOTPeHHBIX MJIACTHH MPUMEHSJIUCh CEPUU IKCIIEPUMEHTOB 0 CXKATHIO BLOJb
OCH 9, PACTSI?)KEHHUIO BIOJIb OCH Xy U TPHUJIOKEHHUIO CIBUTOBOM HArpy3KH (KacaTeJsbHBIX
Harpy3oK BIOJIb BCeX He3alleMJeHHbIX rpaHel). B Kaaom skcrneprMeHTe 30HAHPOBAHHE
NPOBOJMUJIOCH HA YeTblpeX BbIOPaHHBIX 4acTOTaX, PAClONOKEHHBIX B OKPECTHOCTSX MEPBbIX
yeTblpeX Pe30HAHCHBIX YACTOT WUJM BOJIM3M KaKOH-IMO0 ONHOH U3 HUX.

B npoekunoHHOM MeTOze, MPUMEHSIEMOM Ha 2-M 3Tare KaxKAOro Liara UTepaldoOHHOI0
mpoluecca, Yucyao 6a3ucHbIX PYHKUUH B KaxKIOM passoxkeHuu (9) 6blI0 BHIOPAHO paBHBIM
M = 6, npu 3TOM B KauecTBe HUX OblJM BbIOPAHbI CJAeNYyIOLIMe MOJUHOMBL: P = 1, 1y = o7,
U3 = Iy, Wy = T1T9, 5 = 23, Vg = x3. Pasnoxenue (9) B TakoM ciyuae MPUHSIO BUJ

50?]-(361,362) C +02x1+03x2+0 xlxg—i-C'fjx%ﬂLijmg. (12)

B CJIAY (11) npu stom BxomuT 3M = 18 HeU3BECTHBIX KOI(PPHUIHEHTOB, U OHA
coctouT U3 K = K, X Ko, = 4 X 3 = 12 ypaBHeHUH. Kak yxke oTmeuasiochb Bhbllle, B
TAKOM CJIyyae OHa SIBJISJIACh TMPSIMOYTOJIbHOH U TIJI0XO O0OYCJIOBJIEHHOH, U NI/l ee pelleHHs!
TPUMEHSJICS PeryJspu3allMoHHBIA MeTo THXOHOBA.

Bo Bcex skcmepuMeHTax B KauecTBe HAUasbHOrO TMPUOJHKeHHUS OblJIO BEIOPAHO HYJeBOe

nose IIH o;; 0@ )<HZ’1,£L’2) = 0, 4TO fIBJIsIETCA NOCTATOYHO yNOOHBIM C MPAKTUUYECKOH TOUKH
3peHHs U nosBOJlﬂeT He TPOBOAUTHL MAOMNOJHHUTEJbHBIE UCCJEeN0BaHHS Iepel OCHOBHOM
UTEPALMOHHOH NPOLeNypPOr HAEHTU(HUKALUH.

Jnsi kaxkgoro skcreprMeHTa pe3ysbTaThl WAEHTH(UKALMK TpeiCTaBJeHbl B BUIE
TpexXMepHbIX H300pakeHUH, Ha KOTOPbIX I'paMK TOYHOIO pelleHHsi O0ToOpakaetcs B
BHJle CIJIOIIHOH MOBEPXHOCTHU C TPaJHeHTHOH 3a/JMBKOH, Haua/ibHOe NPUONHKEHHEe — B
BHJe CHHMX KyOHKOB, BOCCTAHOBJIEHHO€ pellleHHe — B BHUJe YepHBIX TOYeK. lakxke HJd
KaXK[0ro pe3ysbTaTa BOCCTAHOBJIEHUS PACCUUTAHBI CPeJHHe MO MJIOLIAAH JIACTUH 3HAUEHHUS
MOTPELHOCTH, BblUHCAseMble N0 (popMyJie

J = S rnax‘aw|

1,22

TM03BOJISIIOIINE OLEHUTD MOrPELIHOCTb PEKOHCTPYKLUMHU 0e3 yyeTa JIOKaJbHBIX 0COOeHHOCTeH
BOCCTAHABJIMBaeMbIX (PYHKUHH B 00/1aCTH 3a/le/IKU, OTBEPCTHS UJM BCTaBKU. B dopmyie
(13) o}; — Tounble 3Hauenus dyukumii ITH, afj(”) — BOCCTAHOBJIEHHbIE HA N-U UTEpaLUH.

dkcnepument 1. CryomHas nuactrHa. BoccranoBaenue nosst [TH, BeizBaHHOTO pac-
TITUBAIOlleld B HalNpaBJeHHWH I HauaJbHOH Harpyskoi (axcmepumeHT | U3 pasmena 2).
Bolnn BeIGpaHbl 4acToThl wy = 190, we = 990, w3 = 1900, ws = 2500 (1) B oKpecTHOCTAX
MepBbIX UeThipex pe3oHaHcoB. /1 BoccTaHOBJeHUs1 noTpe6oBasnock 10 urepaunii. Pesysb-
TaThl TpeiCTaBJeHbl HA puc. 7. CpeqHHe MOTPELIHOCTH, BHIUKCJ/IEeHHbIE M0 (hopmye (13),
cocTaBHIH 7, = 3.48% , Y15 = 8.81%, 9y = 7.29%.

PesysibTaThl 5KCIIEPUMEHTa MMOKA3bIBAIOT, UTO DYHKIHH 00 U 07y, ABASKOLIMECs Cylie-
CTBEHHO HEOIHOPOAHBIMU, BOCCTAHABJIUBAIOTCS AOCTATOYHO TOUHO. DYHKUKSA 05, OMU3KaS
K HYJII0 U3-33 BUJA HauaJbHOU HAarpy3kKH (UTO y»Ke 0TMeyasioch B pasfesie 2), BOCCTaHABIHU-
BaeTCs TAaKxkKe NOCTAaTOYHO XOPOLIO Be3le, KpoMe 00/JacTH KEeCTKOH 3afesKh. DTO CBSI3aHO
C TeM, UTO B JAHHOH 006J1aCTH siipa OTnepaTopHOro ypaBHeHHus (7) MoryT obpaiatbcs B
Hyab. OnHaKO AJ15 pelleHHs NMPaKTHYeCKHX 3aj1au UAeHTHU(UKALUHU MOA0OHbIH pe3ysabTaT
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Puc. 7. Pesynbrat unentudukaunn paccuntanueix noJed [1H B crsomHo# niactrHe, BbI3BaHHBIX
pacTsirMBalollleil HauaJlbHOH Harpy3kod (LiBeT OHJaiiH)

Fig. 7. The result of identification of the calculated PS fields in a solid plate caused by a tensile
initial load (color online)

(xauecTBEHHOE BOCCTAHOBJIEHHE YPOBHSI U XapaKTepa MCKOMOH (DYHKLUHH BHe 00JIaCTH
3a/1e/IKH) SIBJISIETCs BIIOJIHE YIOBJETBOPUTENbHBIM. 3aMETHUM, YTO JAHHOE SBJEHHE IJIsI 0oy
NPOSIBJSJIOCH U B MOCJENYIOIINX IKCIEPUMEHTaX.

AkcnepumeHT 2. CrnjolwHas niacthHa. Boccranossnenue noss I1H, BeidBaHHOrO ciBU-
roBOH HauajibHOM Harpy3kod (3kcrnepuMeHT 2 M3 pasfesa 2). HacTOThl 30HAMPOBAHUS:
w1 = 230, wy = 980, w3 = 2040, wy = 2800 (T'mw). s BoccTaHOBJEHHUS MoTpedoBasoch 12
uTepanuii. PesyabraThel npenactassensbl Ha puc. 8. CpenHue morpermHocth: 7, = 1.05%,
Y1 = 2.02%, 7oy = 1.81%.

0
0 (X,X,)

0
o, (X;,X,)

Puc. 8. PesysbraT nueHTHhUKAaLMK paccyuTaHHBIX mosiedt [TH B crsiomHol nyacTHHe, BbI3BAHHBIX
CIIBUTOBOH Haua/JbHOW Harpy3koi (LBeT OHJaiH)

Fig. 8. The result of identification of the calculated PS fields in a solid plate caused by a shear
initial load (color online)

3aMeTHM, YTO JOCTATOUHO TOUHO BOCCTAHOBUJICS CYIIE€CTBEHHO HEMOHOTOHHBIH 3aKOH
M3MeHeHHs] DYHKLUHU 0y

dkcnepumeHnt 3. Boccranossenue noss [1H B miacTuHe ¢ oTBepcTHeM, BEI3BAHHOTO
pacTAruBalolledl B HalnpaB/JeHHWH x; HAauyaJbHOW HArpysko# (3KcmepuMeHT 3 M3 pasjeJa
2). YactoThbl 3oHaUpoBaHusi: wy = 120, we = 130, w3 = 140, wy = 150 (I'1) (pacnosoxeH-
Hble CJieBa OT TepBOro pe3oHaHca). /st BOCCTaHOBJIEHHUSI TOTPeOOBANOCh D HTepaluii;
TMOMPAaBKH, BBIUUC/AsieMble Ha MOCJAEAYIOUIUX HTepalUsiX, Oblid OJHU3KU K HYJ0. Peaynbrarhsl
npeacTa/enbl Ha puc. 9. CpenHue morpemHocT: 7y, = 5.93%, J15 = 1.03%, F9y = 7.01%.
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Puc. 9. Pesynbrat ugentudukanuu paccuntaHusix nosed [1H B miacTuHe ¢ oTBepcTHEM, BbI3BAaHHBIX
pacTAruBalollel Haya bHOM HArpyskod (I[BET OHJakH)

Fig. 9. The result of identification of the calculated PS fields in a plate with a hole caused by a
tensile initial load (color online)

dkcnepumeHT 4. Boccranosnenue noss [IH B nsactuHe ¢ »KecTKo#l BCTaBKOH, Bbl-
3BaHHOTO PaCTSATUBAIOLIEH B HANpaBJIEHWH x; HayaJbHOH HArpyskod (3KcrepuMeHT 4 U3
paznmena 2). HactoTsl 30HAMpOBaHUs: wy = 120, wy = 130, ws = 140, wy = 150 (Tu). Has
BOCCTaHOBJIeHUs] noTpeboBasoch 18 nrepauuil. PesynbraTel npenctas/iensl Ha puc. 10.
CpenHue morpeiHocTs: v, = 2.31%, ¥y = 4.26%, 799 = 5.73%.
%, (X,X,)
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Puc. 10. Pesyabrat ngeHTudukaunn paccuyutaHubix noJed [1H B niactrHe ¢ xKecTKOH BCTaBKOH,
BBI3BAHHBIX PACTATMBAIOIIEN HAuaJbHOH HArpy3Kod (IIBET OHJIAHH)

Fig. 10. The result of identification of the calculated PS fields in a plate with a rigid insert caused
by a tensile initial load (color online)

PesysbraTel sKcneprMeHTOB 3 U 4 no BocctaHogeHuio [TH B miacTuHax ¢ oTBepcTHeM
M BCTaBKOH MOKA3blBAIOT, UTO pa3paboTaHHasi MeTONHKA MO3BOJISET ONpeNessiTh YPOBEHb U
o6wuit xapaktep pacnpenesnenus [TH B paccMoTpeHHBIX miacTHHax 6e3 ydyeTa JOKaJbHBIX
ocobeHHOCTel BOJNM3M OTBEPCTUS UMK BCTaBKHU. [Ipu HeoOxomuMocTH GoJiee TOUHOW HIeH-
tuukanuu [IH B 0OKpecTHOCTH OTBepPCTHUS WJIM BCTABKHU MOTYT OBbITb MPHMEHEHbI HHbIe
criellMa/IM3UpOBaHHble METOMbl, B KOTOPLIX pelleHHe, MOoJyueHHOe C MOMOILbI0 JAHHOTO
MOAX0/la, MOXKET OBbITh HUCIOJb30BAHO B KaueCTBe HAYaJbHOTO MPUOJIUKEHHS.

Takke 0TMeTHM, 4TO MOCKOJbKY UIEHTU(UKALUS MPOBOAUTCS B 00IlleM BHIE W MOMpaB-
KM K HEM3BECTHbIM (DYHKLUHMSMH MILYTCS B MPOU3BOJBHBIX KJjaccax (pyHKUIHUH, pazpabdo-
TaHHAasl cXeMa I03BOJIseT MPOBOAUTh UaeHTUPUKauuio noseld [IH noboro xapakrepa BHe
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3aBUCHUMOCTH OT MPHUPOAbl UX Bo3HHUKHOBeHUs ([TH mMoryT 6bITh ciiencTBHeM MPOU3BOJBHBIX
HauyaJ/bHbIX HAarpy3oK, BbI3bIBAIOLIMX YNPYyTHe WU MJacTHYeCcKue AepopMaLUH, TepMH-
YeCKUX BO3IEHCTBUH M Npyrux npoueccoB). Takxke K MPeUMYILIECTBAM MPEIJIOKEHHOTO
MOAXO0Aa CJielyeT OTHECTH TO, UTO BOCCTAHOBJIEHHE J0CTATOYHO 3(PPEKTUBHO POU3BOIUTCA
[J1S1 HYJIeBOI'O HayaJbHOrO MPUOJHKEHUS, YTO SIBJSETCS CYLeCTBEHHbIM (haKTOpPOM NpH
pellleHUH MPaKTHYeCKUX 3aaad.

3akjarouyenve

[TocTpoeHHast Mozesb MJIaHAPHBIX KOJeOaHUH MpeaBapUTeNbHO HANpPSKEeHHBIX MJ1aCTHH
M03BOJISIET pacCMaTPUBATh MJACTHHBI PA3JUYHON (POPMBI, B TOM YHUCJE NPU HAJUUHMK B HUX
OTBEPCTHUH U BCTABOK; YUHUTBIBATh HEOAHOPOAHOCTb CBOUCTB B MJIOCKOCTH MJACTHH, a TaKKe
3a/aBaTh pacrpeeseHre MpeaBapUTeNbHBIX HAMpsKEHWH B HUX KaK aHaJUTHYeCKH, TaK U
YUCJEHHO — B BUJle pellleHUH BCIOMOraTe bHbIX 3aa4 O BO3[eHCTBUU HayabHbIX HArpy30K,
peasu3yeMblX B pa3pab0TaHHbIX KOHEYHO-3JEMEHTHbIX cxeMax pacueta. [ljs nccsenoBaHus
MOCTABJIEHHBIX HOBBIX 0OpaTHBIX 3amau naeHTHUUKauuu [ITH Ha ocHoBe akycTHueckoro
30HIMPOBaHUSA pa3paboTaHa UTepALMOHHAS CXeMa, Ha KaXKJIOM llare KOTOPOH MPUMEHseTCs
MPOEKLMOHHBIH MOAXOA [JIsl TOWCKA MOMPaBOK K MUCKOMBIM (hyHKUUSIM. B pesynbrare ee
UCI0J1b30BAHUS TIPH TPOBEEHUU HECKOJbKUX 3KCIEPUMEHTOB MO 30HAUPOBAHHUIO YAAeTCs
JOCTaTOYHO 3((eKTUBHO BOCCTAHABJAMBATbH OJHOBPEMEHHO TPH KOMIIOHEHTBI JBYMEPHOIO
nosisi [1IH, 4yTo 6B1JI0 NPOUMNIOCTPUPOBAHO HAOOPAMHU BBIYHCJAUTEJBbHBIX 3KCIIEPUMEHTOB.
MeTtonrKka TakxXKe oKasajachb NPUMEHUMOH [IJ51 IMJACTUH, UMEIOLIUX OTBEPCTUS] JUOO
BKJIIOUEHHS, U N103BOJIMJIA ONpPeleUTh OOLIMH ypoBeHb U xapakTep pacrnpenesenus [1H
(6e3 yyera JIOKaJbHBIX OCOOEHHOCTEH B 30HaX KOHLEHTPATOPOB), UTO AAET BO3MOKHOCTb
MCII0JIb30BaTh €e /ISl LIMPOKOro CHeKTpa 0OBEKTOB.
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AnHoTtanusa. Pa3pa6otaHbl MeToauKa U NMPOTOTHUI MOOMJIBHOIO HUCIBITATEbHOTO CTEHAA /IS MPOBe-
JeHHsI 9KCIIePUMEHTOB Ha OIHOOCHOE CKaTHe 00pa3loB OMONOrHUecKUX TKaHed. CTeHI COCTOUT
M3 BBICOKOTOYHBIX BECOB, JIEKTPOHHOTO LUTAHTEHIUPKYJ/S C MOIM(HULHPOBAHHBIMH 3aXBaTaMH U
BrIeokaMepbl. C TIOMOLIBIO CTEHJA MPOBeieHa Cepusi SKCIEPUMeHTOB (B 00uiel caoxkHoctu 120) mo
onpezeseHuio Monyss IOHTa aTepock/aepoTHUeCKUX OJISIIEK U COCYOUCTBIX CTEHOK, YAaleHHbIX U3
opraHuM3Ma He IMoajHee HecKoJbKHX 4acoB. ChopmupoBaHa 6a3a JaHHBIX MeXaHMYeCKHX XapakKTe-
PUCTHK OJISILIeK U CTEHOK apTepui, MaKCUMaJ/bHO NPUOIUKEHHBIX K UX peaJsibHbIM [IPOUHOCTHBIM
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Introduction

During biomechanical modeling of arteries affected by atherosclerosis, the problem of
determining the mechanical characteristics of vessel walls and atherosclerotic plaques
arises [1,2]. It is also obvious that in the area of atherosclerotic plaques, the wall is
pathologically changed, which means that its properties can differ significantly from the
ones of healthy tissue. The literature often presents data obtained for plaques as a whole
without information on individual structural elements such as core, fibrous cap, or soft
component [3]. There are a number of articles devoted to the mechanical properties of
arterial wall structural elements (intima, media, and adventitia) and plaques [4], but
those studies are carried out on cadaveric samples aiter a considerable period after death.
In addition, testing machines are mostly located in special laboratories outside medical
institutions, so tissue samples are stored for quite a long time and often even frozen
during transportation to the place of experiments [4]. All this significantly affects the
properties of tissues, so the results may differ from the real ones. Thus, the problem of
developing mobile testing devices [5, 6], that can be installed directly in the clinic for
testing immediately alter surgery is an urgent one.

For bone tissues, descriptions of methods for determining mechanical characteristics
by computed tomography (CT) based on the Hounsfield units have long been found in
the literature [7,8]. The task seems to be relevant to similarly determine properties of
atherosclerotic plaques, which are also identified on CT [9].

The purpose of this work is to create and test the methodology and a prototype of
the test bench for conducting experiments on compression of biological tissue samples.
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Materials and methods

During the experiment, the movable traverse of the testing machine presses on a
sample, and the force and displacement of the traverse are recorded at every moment.
The sample’s cross-sectional area, as well as its initial height, is considered to be known,
therefore, after the experiment, the force at every moment is converted into stress,
and the displacement is converted into strain. Further, according to the constructed
“stress-strain” dependence, Young’s modulus of the sample can be determined. This
method for compression testing can be implemented both on a mobile device based on
a strain gauge and a linear actuator [6], as well as using high-precision scales and an
electronic caliper. In this study, the latter option was implemented with some design
modifications.

The test bench for implementing the methodology consists of high-precision scales
(measurement accuracy up to 0.01 g, maximum value —5kg), an electronic caliper
(measurement accuracy up to 0.01 mm), and a video camera (Fig. 1, a). For tighter
fixation of the caliper and ensuring uniform pressure on the sample, its design was
supplemented with removable platforms grown on a 3D printer (Fig. 1, b).

a b c

Fig. 1. The test bench components and typical samples: a is the general view; b are special
removable platforms for caliper and a cylindrical sample of the plaque; ¢ are samples of bovine
cancellous bone (color online)

For experiments, samples of the correct geometric shape with a circle- or square-
shaped cross section were prepared from vessels with atherosclerotic lesions. For
compression tests, it is necessary to prepare specimens whose linear dimension along
the compression axis is greater than any linear dimension of the cross-section. With
large lesions, this is not difficult to perform the above for both soft and hard plaques.
For example, Fig. 1, b shows a cylindrical sample from a femoral artery section (soft
plaque). As a rule, the size in the direction of the compression axis ranged from 4.5 to 9
mm, while the linear size of the cross-section (diameter or rib length) varied from 2 to
5 mm. From one side of the vessel belonging to a particular patient with a large amount
of atherosclerotic deposits, it may be possible to prepare several samples for testing.

In a number of experiments, it is possible to isolate the plaque fibrous cap: in fact, it
is an altered and compacted intima [10, 11]. Usually, a fibrous cap is easily separated
from the atherosclerotic deposits in cases of severe calcification. Arterial walls’ sections
were studied too: both pathologically altered and healthy. When compressing the walls
and plaques fibrous caps, as a rule, it was not possible to maintain the required ratio of
the geometric parameters of the sample, since the thickness of these structures ranged
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from 0.3 to 2.5 mm. But calculations in such cases were also carried out according to the
formulas for linear uniaxial compression within the framework of the theory of elasticity.
In most experiments, it is possible to preliminarily assess whether the plaque contains a
calcified component. Thus, even at the preparation stage, a preliminary classification of
the samples was carried out, and for hard plaques, the ultimate strength was additionally
determined.

To assess the possibility of using the created prototype to study the strength properties
of solid biological tissues, experiments were carried out on uniaxial compression of bovine
cancellous bone samples. To do this, prismatic samples of the rectangular cross-section
were isolated from the bovine femur metaphysis [12] (Fig. 1, ¢), the ratio of height to
width of which was about 4 to 1.

After preparing the samples, the surface area and the initial height of each of them are
measured, that is, the linear size in the direction of the compression axis. Measurements
were taken with a digital caliper.

The experiment itself on a mobile test bench is as follows. The sample is placed on
the scale’s surface, and one caliper jaw with a wide flat nozzle (platform) is brought
to its upper face. With the second jaw, the tool rests against the lower edge of the
table directly under the scales so that the bar is perpendicular to the plane of the scale
platform. The scale and caliper readings are reset to zero. Video recording starts and
the operator slowly and evenly moves the upper jaw of the caliper towards the scale’s
platform, compressing the sample. When the limit value on the scales is reached, a
typical sound of sample destruction occurs, or if further compression is impossible (in
the case of a high degree of plaque calcification), the experiment stops, as the video
recording.

Next, the video is analyzed frame by frame, and the readings of the scales and calipers
corresponding to each other are recorded in the table. Further, in the Excel software,
the caliper readings are converted into strain, which in this case represents the relative
shortening of the sample in the direction of the compression axis. The scale readings are
converted into stress. Based on the obtained set of points, a stress-strain dependence
is constructed. Further, using the linear section of the graph, Young’s modulus can be
calculated using the classical formula of Hooke’s law for the case of uniaxial tension:

E=o0/e.

Young’s modulus is calculated at several points (usually 10 points on the graph), after
which the average value is taken. This value is taken as the modulus of elasticity for the
test sample.

In the case when during the experiment there was a fracture of the calcified plaque,
identified by a typical sound, the ultimate strength was additionally determined.

The methodology was verified through mechanical experiments on the Instron 3342
Universal Testing Machine and the mobile test bench on hard (highly calcified) and
soft plaque specimens. To verily samples of each type, 7 experiments were carried out.
Initially, tests were carried out on a mobile test bench, and the load on the sample
was given in the range from 0 to 10N. This made it possible to deform each sample
minimally and not to leave the elastic deformation zone.

Results

In cooperation with the Russian Scientific Center for Radiology and Surgical
Technologies named after Academician A. M. Granov, a number of experiments were
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conducted aimed at studying mechanical characteristics of atherosclerotic plaques of
different densities and localization. Young’s modulus values were obtained for hard
(heavily calcified) and soft plaques.

Except for plaques, sections of internal carotid arteries (ICA) and common carotid
arteries (CCA), as well as the walls of femoral arteries (FA), which are not subject to
changes, were tested on a mobile test bench. In addition, in some cases, it was possible
to isolate fibrous caps of the ICA plaques and sections of the walls behind the plaque
(the outer part of the vessel behind the calcified plaque, ICA only), for which Young’s
moduli were also obtained. Young’s moduli and ultimate strengths of bovine cancellous
bone samples were also determined.

The results of the tests with the number of samples were summarized in the Table.
The results for each type of tissue were checked using the Kolmogorov — Smirnov test
to see if the distribution was normal. In all cases, the distributions were found to be
normal, so standard deviations are listed in the table.

Table
Number of samples, average Young’s moduli, and ultimate strengths
Sample type Quantity, pcs. | Average Young’s Ultimate
modulus, MPa strength, MPa
Soft plaque, ICA 39 0.29+0.17 -
Hard plaque, ICA 24 0.85+0.39 1.124+0.67
Soft plaque, FA 8 0.28+0.19 -
Hard plaque, FA 8 1.124+0.54 2.24+1.17
Arterial wall, ICA 14 0.32+0.24 -
Arterial wall, CCA 5 0.35+0.24 -
Arterial wall, FA 10 0.27+0.16 -
Fibrous cap 5 0.12+0.05 -
Arterial wall (ICA) near plaque 7 0.08+0.02 -
Bovine cancellous bone 14 318.5+92.7 9.25+5.82

In addition, regression dependences were built between the Hounsfield units and
Young’s moduli obtained during the experiments. For 11 patients at the time of
writing, CT scans were obtained with contrasting sections of the vascular bed affected
by atherosclerosis (CT scans were available only for patients with plaques in the
ICA). On CT, Hounsfield units were calculated for calcified plaques as well as for
soft plaques for each patient. Next,

a graph of the dependence of 0 ¢
Young’s moduli on the Hounsfield 400 "Zi‘éf'_sf}"aﬁgi'zi .
units was constructed for each 3% 350 - T
case considered. According to this = 300 '
graph, a regression dependence = 250 R
was built, shown in Fig. 2. 3 500 o

It should be noted that Fig. 2 150 PR
clearly shows the division into .
separate groups of soft and hard 100 0 05 . L

(calcified) plaques.

It should be noted that the
average value of Hounsfield units  Fig. 2. Dependence between Young’s moduli and
for plaques was 242. At the same Hounsfield units
time, in [9] the authors obtained

Young's module, MPa
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an average value of 256.7 for the calcified part of the plaque. It is obvious that only
dense structural elements of atherosclerotic deposits are clearly visible on CT scans;
therefore, the obtained values, even for conditionally soft plaques, were also considered
in this comparative analysis.

The results of experiments on the mobile test bench and Instron testing machine for
soft plaques obtained during the verification of the method differed by no more than 4.3%,
and for hard (heavily calcined) plaques, by no more than 9.5%. Typical stress-strain
curves for hard and soft plaques obtained on the Instron testing machine and the mobile
test bench are shown in Fig. 3.
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Fig. 3. Typical “stress-strain” dependences obtained on a testing machine and a mobile test bench:
a — for hard plaques; b — for soft plaques

Discussion

A series of experiments were carried out to determine the mechanical characteristics
of blood vessels and atherosclerotic plaques immediately after surgical removal, as well as
Young’s modulus of bovine cancellous bone. Samples of the studied soft tissues practically
did not lose their properties, which allows us to say that numerical calculations using
obtained modules will be as accurate and physiological as possible. In fact, this situation,
when it is possible to perform experiments with samples immediately after they have
been removed from the body, is unique, since they usually need to be transported
from the clinic to a mechanical laboratory, which can take quite a long time. In
addition, transportation usually involves freezing samples, which can significantly affect
their mechanical properties. At the same time, cadaveric material in the framework of
experiments does not allow for obtaining reliable information about the properties, which,
moreover, has a number of legal restrictions.

A series of experiments were carried out to determine Young’s modulus of atherosclero-
tic plaques, sections of the vascular wall removed from the body no later than a few
hours ago (in some cases experiments were carried out immediately after the surgery),
as well as bovine cancellous bone. This made it possible to collect a database of the most
relevant mechanical characteristics of plaques and confirm the possibility of using the
test bench on bone tissues.

The results are similar to literature data [3, 12-14]. In [13] the average values of the
fibrous cap Young’s modulus were 0.082 + 0.033 MPa (8 samples), which is consistent
with the data obtained in this study (0.12 & 0.05 MPa). Results in [13, 14] are also in
good agreement with the data on the properties of the altered ICA wall in the plaque
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area. Thus, in [14] the Young’s modulus of the altered wall is given as 0.059+0.047 MPa,
and the data from the Table (0.08 + 0.02 MPa) are included in this range of values.

According to the literature data, Young’s moduli of ICA walls differ significantly,
however, the values from the Table are in excellent order of magnitude agreement with
the published values. The mechanical properties of FA are also consistent with literature
data. For example, in [15] the Young’s modulus of CCA wall is indicated as equal to
0.49 MPa, which is in good agreement with the data from the Table. However, it should
be noted that in many modern studies, it is customary to model the FA using hyperelastic
material models [16], therefore, to calculate the Mooney — Rivlin constants it will be
necessary to build a stress-strain curve using the points obtained on a mobile test bench.

Paper [3] presents the results of the mechanical properties study of carotid and femoral
atherosclerotic plaques, and the values obtained in this work differ slightly from the source.
In [3] elasticity moduli of plaques in common femoral (0.44 MPa) and carotid (0.89 MPa)
arteries differed by almost two times. At the same time, according to data from the Table,
there is no such difference for soft and hard plaques in corresponding arteries: 0.28 MPa
to 0.29 MPa for soft plaques in femoral and carotid arteries, respectively; 1.12 MPa to
0.85 MPa for hard plaques in femoral and carotid arteries, respectively. Such a difference
in ratios may be due to the degree of calcification of the studied plaques in [3] and in this
work. Moreover, authors in [3] pointed out that before testing, samples were frozen at a
temperature of —20 degrees Celsius, which could change their mechanical properties.

In [17], a value of 2.49 MPa was given for the ultimate strength of a calcified
plaque located in the iliac artery, which is quite close to 2.24 MPa obtained for plaques
in FA. Anatomically, the femoral artery is, in fact, a continuation of the iliac artery,
and atherosclerotic plaques in these vessels often cover fairly long areas, so it seems
appropriate to compare mechanical properties with the results from the Table. For the
ultimate strength of hard plaques from carotid arteries, we were unable to find data,
so this result is still seen as new and requires clarification by enlarging the number of
experiments.

As for the calculated Young’s moduli of the bovine cancellous bone, the average value
of which (318.5 £ 92.7 MPa) corresponds to the literature data [12], where the Young’s
modulus of femoral metaphysis ranges from 314 to 504 MPa. The calculated ultimate
strength of cancellous bone is in good agreement with the ultimate strength of a similar
horse bone presented in [18].

Thus, the methodology and its implementation on a mobile test bench show good
agreement with literature data for both soft and hard biological tissues.

The human factor proves to be the main limitation of the developed technique. That
is the operator’s ability to accurately place and then compress the specimen relatively
evenly and slowly.

Conclusion

In this study methodology and prototype of a test bench for conducting uniaxial
compression experiments on biological tissue samples were developed and tested. A
series of experiments was performed to determine the Young’s modulus of atherosclerotic
plaques and vascular wall sections removed from the body no later than a few hours ago,
as well as the Young’s modulus of bovine cancellous bone tissue. This made it possible
to create a database of the most relevant mechanical characteristics of the plaques. Also,
regression dependencies were constructed, connecting Hounsfield units and Young’s
moduli obtained during the experiments.
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HanpsikeHHOe cOCTOsSIHME BOJU3U JEeHTAJbHbIX UMILUIAHTATOB
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Annotanusa. [IpencraBseHsl pe3y/bTaThl YUCJAEHHOTO MOAENHUPOBAHHS METONOM TPAHHUHBIX HHTE-
rpanbHbiX ypaBHeHHH (MTMY) Bausinust pe3opOIUK KOCTHBIX TKaHeH Ha HampsiKeHHOe COCTOSIHUE
BOJIM3M BUHTOBBIX JI€HTAJbHBIX HMIJIAHTATOB MPHU AeHCTBUH HOPMaJbHOH M HAKJOHHOH CKHMalo-
mux Harpysok. Mcnosnbsyercs npsamoil Bapuant MI'MY nss KycouHo-0nHOPOAHBIX Mofo6saacTei.
Pacyer HampsiKeHHOTO COCTOSTHUSI UMIIJIAHTATa M OKPYXKAIOLIUX KOCTHBIX TKAHEH BBITIONHSAACS AJIS
COCTOSIHHS TJIOCKOH neopMalyy B MPeATNOoJOKEHUH TOJTHOTO COeAMHEHUs] MaTepruasoB Ha rpaHULe
MMIIJIAHTATa U KOCTH (OCTEOMHTErpallMi) U COCTOSIN U3 ABYX 3TanoB: 1) aHa/au3a Bcell KOHCTPYKIHH
UMIJIaHTaTa CO CIVIa’KEHHBIM BUHTOBBIM COeJMHEHHEeM MeXX1y HMIJIAHTaTOM U OKpYy»KalolHMH
KOCTHBIMH TKaHSIMH; 2) MCCJIeIOBaHUS pacrpefe/ieHUsl HalpsixKeHWH ¢ y4eToM (hOpMbl BUHTOBOTO
COe[MHEeHUS] MMILJIaHTaTa U KOCTHBIX TKaHeHd. Moge/b NepBoro srama pacuera coCTosijla U3 ce-
MU nofno6JsacTell, COOTBETCTBYIOIINX dJeMeHTaM KOHCTPYKLIHMH HUMILJIAaHTAaTa M y4acTKaM KOCTHBIX
TkaHe#. Ha BTOpoM 3Tame pacuera mpeanosarajgoch, 4YTo BINAAUHBI B ry6uaTol KOCTH, KOTOpbIE
00pasyloTcs nocse yCTaHOBKM HMILJIaHTaTa, COOTBETCTBYIOT BUHTOBOH pe3bOe Ha uMmsaHTare. Pac-
CMOTPEHO BJIMSIHME Pe30pOLUMH KOCTHBIX TKaHel Ha KOHLEHTPAaLMIO HaNpsiKeHUH B BUTKAX Pe3bObl
UMIIJIaHTaTa U B rybuyatoil KOCTHOH TKaHHU. [locTpoeHHe UnC/eHHBIX MOAeJ/el BhIIOJIHANOCH MIPU
JOMYIEHHH, UTO CJIeICTBHEM Pe30pOLUK KOCTHOH TKaHH siBJsieTcsi (GOPMHUPOBaHHE TOJOCTH (NTYHKH
pe3opOuMK) BOKPYT MMILIaHTATa. BbIYMC/AEHHS MPOBOAMJHUCH B IMPEATONOKEHHH, YTO KOCTHBIE
TKaHHU SIBJASIIOTCS U30TPOMHBIMH U OAHOPONHBIMH YNPYTHMH MaTepHasjaMH. YCTaHOBJEHO, UTO B
pesy/bTare pe3opOLMH MPOUCXOAUT 3HAUUTENbHOE NepepaclpejesieHHe HalpsiXKeHUH B KOCTHBIX
TKaHSAX U UMIJaHTaTe. MakcuMasbHble SKBHBAJEHTHbIE HAMPSXKeHHsI B KOPTHKAJbHOH KOCTHON
TKaHH CHHXKAIOTCS, B I'y6UaTOH KOCTHOH TKaHH — BO3pacTaloT. Pe3ysbTaTel NpeacTaBaeHbl B BUE
pacrnpenesieHU# HHTEHCHBHOCTH HaNpsiKeHWH 10 rpaHullaM nogobJjacTell pacyeTHOH MOAEJIH.
KnroueBble cjoBa: MMIJIaHTAT, BUHTOBOE COeJlMHEHHe, pe30opOLHs KOCTHOH TKaHM, MeTol Trpa-
HUUHBIX MHTETPaJbHbIX YPaBHEHHUH, HaMpsi>KeHHO-Ae(hOPMHUPOBAHHOE COCTOSIHWE, KOHLIEHTpaLHs
Hamnpsi>KeHUH
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Abstract. The results of numerical modeling by the boundary integral equations method (BIEM)
of the effect of bone tissues resorption on the stress state near screw dental implants under
action of normal and inclined compressive loads are presented. The direct version of the BIEM for
piecewise homogeneous sub-regions is used. The computation of the implant and the surrounding
bone tissues stresses was carried out for plane strain state, assuming the complete bonding
of materials at the interface of the implant and bones (osteointegration) and consisted of two
stages: 1) analysis of the entire implant structure with smoothed screw join between implant
and the surrounding bone tissues; 2) studies of stress distribution taking into account the shape
of the screw join of the implant and bone tissues. The model of the first stage of computations
consisted of 7 sub-regions corresponding to the parts of the implant structure and bone tissues
zones. On the second stage of computations it was assumed that those hollows in the spongy
bone, which had formed in a bone after implant penetration, are conformed to the screw thread
on the implant. The effect of bone tissues resorption on stresses concentration in the screw
join of implants and spongy bone tissue is considered. The creating of computation models was
performed on the assumption that the result of bones resorption is the cavity formation around
implants. The computations were performed under the assumption that the bone tissues are
isotropic and homogeneous elastic materials. It was found that as a result of resoprtion, there is
a significant stresses redistribution in bone tissues and the implant with maximum equivalent
stresses decreasing in the cortical bone tissue and increasing in spongy bone tissue. The results
are presented as the distributions of stress intensity along the sub-regions boundaries of the
computational model.

Keywords: implant, screw joint, bone tissues resorption, method of boundary integral equations,
stress-strain state, stress concentration
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Beenenue

OnHoli M3 OCHOBHBIX MPOOJEM B CTOMATOJOTMYECKOH HMIILJIAHTOJIOTUH SBJISETCS pe-
30pOLUS KOCTHBIX TKaHel, KOTopasi COKpallaeT BpeMsl CayKObl UMIJIAHTATOB. [IpuduHbl
pe3opOLKK MHOr00Opa3Hbl U 3aBUCAT OT KayecTBa KOCTHBIX TKaHeH MallMeHTOB, a TaKxKe
OT TEXHOJIOTMH MeIMLHHCKHUX TPOLeyp YCTaHOBKH MMILIaHTaToB [1]. IleperpeB KocTHO#H
TKaHU TIPU CBepJIEHUH B NpOLECcCe YCTAHOBKH MUMIJIAHTATa MOXKeT ObITh OJHOH M3 NPUYMH
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MOBpeXXJeHHsl KOCTHBIX TKaHeH W mocJenyiouleid ux pe3opOLUnn. YCTaHOBKA HMIJIAHTATOB C
M30bITOUHBIM YCUJIHUEM MOXKET NMPUBECTH K 3HAUMUTEJbHBIM HaMpsiKeHUSIM B KOPTHKAJIbHOH U
ry64yaToll KOCTHBIX TKaHSAX, YTO TaKxKe sBJsieTcsl (paKTOPOM, CIOCOOCTBYIOIKMM pe30pOLrH
KOCTHBIX TKaHeH BOJM3M UMIJIaHTATOB. Pe30pO1usi KOCTHBIX TKaHeH 3aBUCHUT OT MOJIEJH
UMIJIaHTATOB, X pPa3MepoB, (DOPM K MaTepHaJioB, U3 KOTOPbIX OHU M3rOTOBJeHBl. BuoJio-
TMYECKUMU (paKTOpaMH, BJAHSAIOLIMMH Ha Pe30pOLHI0 KOCTHBIX TKaHeH, IBJSIOTCS, KpoMe
HeJ0CTaTOYHOr0 KauecTBa KOCTHOH TKaHM, paHHSS Harpy3ka UMIJaHTaTa U HeyLOBJeTBO-
pUTe/bHAsE OCTEOMHTErpalusl MexAy UMIJIAHTATOM U KOCTHOH TKaHbio. DopmupoBaHMe Ha
UMIJaHTaTe 3yOHOro KaMHS$l, SIBJSIOILIEr0Cs UCTOUHUKOM OaKTepui, sIBJASETCs AOMOJHHU-
TeJbHOH NMPUUMHON pe3opOunu. PasnnyHble acneKkThbl MPUUKMH Pe30pOLUHU KOCTHBIX TKaHeH
o6cyxaaTest B paborax [2-6].

Jlns MoneMpoBaHUs HAMPSI2KEHHOI'0 COCTOSIHHS CTOMATOJIOTHYeCKHX MUMILJIAHTATOB U
KOCTHBIX TKaHel B IMOCJefHHe NeCATUJETHUS HCIOJb3YIOTCS UYHc/AeHHble MeToabl. Hau-
GoJiblllee pacnpoCTPaHeHHe MOJYUYUJ MeTON KOHeuHbX ajnemeHToB (MKD) [7-12]. MTUY
B 3aZlayaX CTOMAaTOJIOrHYeCKOH OHOMEeXaHHWKH HCIOJb3yeTcsl He Tak Lupoko. OgHO u3
MepBbIX MPUMeHeHHH 3Toro Metona 6bwio B 1993 r. nig aHa/mu3a HampsiXKeHHOTO COCTOS-
HHUSI COeNIMHEHHs] LMJUHIPUUECKOTO UMIJIaHTaTa ¥ KOCTHOH TKaHHu [13]. MUY Takxe
NPUMeHSJICS /1S aHa/Ju3a HalpsiXKeHHOT'0 COCTOSIHHS CTOMATOJIOTMYeCKUX MUMIJIaHTaTOB,
M3TOTOBJIEHHBIX M3 Pa3JUUHBIX MaTepuasoB (THTaHA WM KepaMuKH) [14]. CpaBHUTebHBIH
aHau3 npumeneHuss MK u MI'MY n7s oueHKH HampsizKeHHOTO COCTOSIHUSI UMIIJIAaHTATOB
¥ KOCTHOU TKaHW Obla BbiMoJsHeH B [15, 16]. [Ipu ucnoabzoBanuun MI'MY, BBULY Hesa-
BUCUMOTO MOJEJIMPOBAHUS TepeMellleHUH U HanpsiKeHUH Ha MMOBEPXHOCTH TeJsa, B 30HAX
C BBICOKMMM I'PalM€HTaMH HaNpsi>KeHHH MOXKHO IOJIYyUUTb pe3ysbTaThbl, CONOCTaBUMBIE C
pesyJbTaTaMH, MoJydyeHHbIMH ¢ nomouibio MK3, Ho 6e3 cyllecTBEHHOr0 M3MeJbueHHs
CeTKH 3JeMeHTOB. B naHHoi pabote MI'MY ucnosbsyeTcs nJis CpaBHUTEJNBHOTO aHa/NNU3a
BJIMSIHUSA TJIyOUHBI 30HBI BePTUKAJ/JbHOH pe30pOLMUM KOCTHBIX TKaHEH Ha HalpsiKeHHOe
COCTOSIHHE B 3TUX TKaHAX W UMILJIAaHTATe.

1. MeToanKa 4YMCJA€HHOTO peleHus

JI/1s1 yuc/eHHOro aHaJ/u3a HanpsixkeHHO-1e(hOpPMHUPOBAHHOT'O COCTOSIHUS B paboTe HC-
nosib3yercs npsmoi BapuaHt MIMY [17]. [IBymepHasi cocTaBHasi KOHCTPYKIIUSI MOJe-
JupyeTcsi Ha6OpPOM OJHOPOAHBIX MofobJacTeidl. Takol moaxof MO3BOJSET pacCMaTPUBATD
COeIMHEHHUS Pa3JIMYHbIX MaTepUasoB B KOHCTPYKIIMH, a TaKxkKe YCJOBHUS HEHIeasbHOTO
CoelMHeHHUs1 Mex Iy nopodsaactsimu. [paHuuHoe uHTerpasibHoe ypaBHenue (I'MY) Teopun
YIPYTOCTH AJIS1 KaXXI0H OOHOPOAHON MOA00/MaCTH KOHCTPYKLUHMH 0e3 yyeTa MacCOBBIX CHJ U
TeMIepaTypHBIX BO3leHCTBUI nMeeT BUA [17]

cij(p)ui(p) :/[Gij(pv Q)ti(q) — Fij(p, Qui(@)dl (q), 4,7 =1,2, (1)

r

rJle TOUYKH p U ¢ TIpUHaJIeKat rpanuue nopobmactu I, u;(q) — nepemerienus u t;(q) —
YCUJIMS Ha I'PaHHULe MOA00MaCTH, ¢;;(p) — QYHKILHH, 3aBUCSLINE OT JIOKAJbHOH reOMeTpPUH
rpaHnnsl nogobsaactu B Touke p. Pyuxunu Gi;(p,q) u Fi;(p, q) aBasiorces GyHIaMeHTaJb-
HBIMH pellleHusiMM KesnbBHHA 1J1 3aaud TeopuH ynpyroctd (miockas pedopmanus) [17].

Ha yuacTkax upeasbHOr0 KOHTaKTa Mofa00iacTel mojaraeM, 4To BHIMOJHSIOTCS YCJIOBHS
HEMpEepPBIBHOCTH /IS epeMelleH|H U paBHOBeCHs 1Js1 ycuaud (k U n — HOMepa COCeIHUX
nopobsacTei)

uf(p) = ul(p), t(p) = —t7(p). (2)
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st uncnensoro pewenus [MY ucnonb3yloTes nzonapaMeTpuueckrie KBaapaTHYHble
rpaHHYHble 37eMeHThl. [ucKkpeTusauus rpaHul nonodJaacTeil U anmnpokKCHMaL sl MepeMeH-
HbIX M03BOJISIeT 3aMEHUTb BBIYMCJIEHUE UHTErpaJsoB MO BCEH MOBEPXHOCTH MOA0OJAaCTH B
1Y (1) cymMMO#i MHTErpaJsoB MO COBOKYMHOCTH IPAHUUYHBIX 3JI€EMEHTOB, MPEACTABJISIOIINX
MIOBEPXHOCTh MOAO00JACTH, U MOJYUUTh A/ KaXKAOH TOUKHM KOJIJIOKALUHU p AUCKPETHOE
npenctasienre ['MY. Cunrynsipoe noseneHue ¢pyHnaMmeHTanbHbix pemeHud 8 TUY (1)
NpOsIB/JSIeTCS B OCHOBHOM IPU BBIUHUCJIEHHHU HHTErpaJjoB MO 3JeMeHTaM, COAepxKalluM
TOUKY KOJJIOKAUMH p. BBHUAY 3TOro paccMartpuBaeTcsl IBa CJydas pacloJsioKeHUsl TOu-
KU p: a) p & e; 6) p € e, 30eCb € — TPAaHUYHBIA 3JIEMEHT, M0 KOTOPOMY BBIMOJHSIETCS
UHTerpupoBaHue. B mepBoM ciyyae HHTETpUPOBAHHUE BBIMOJIHSETCS MO0 KBaApaTypHLIM
¢dopmynam [aycca — Jlexxanapa ¢ yueTom CrylieHusi TouekK UHTeIrPUPOBAHUS B HaNpaBJeHUH
TOUKH KossoKauuu. [Ipu p € e ¢pyHmameHTasbHOE pelleHHe MJOCKOH 3aJayd TeOpHHU
YIPYrOCTH 1JIs NepeMelleHUd G;;(p, q) CONEPXKUT c/1abyio JorapuMUIecKyio 0COOEHHOCTD
¥ MHTerpaJ/bl B JUCKpeTHOM npeactasienuu 'Y, comepxamme 3Ty QyHKLUHIO, BEIYUC/ISA-
I0TCSl C UCIOJb30BaHHEM KBaApaTypPHOH (POPMYJBI C JOTapU(PMHUUECKOH BECOBOH (PYHKLHEH.
dyHraMeHTaNbHOE pelleHHe [ TOBEPXHOCTHBIX YCHIUH Fj;(p, q) CONEPKUT CHIbHYIO
0CO6EHHOCTb, U BBIUHCJIEHHE CYMMbl COOTBETCTBYIOLIMX MHTErpajoB U MapameTpa ¢;;(p)
BBITIOJIHSIETCS KOCBEHHBIM TyTeM, UCXOIsl U3 CMeIlleHHs Tesa KakK »KeCTKOro 11esioro (CMm.
OMUCaHWe aJrOPUTMa YUCJEHHOTO UHTETPUPOBAHUS AJs IBYMEPHBIX U MPOCTPAHCTBEHHBIX
3anay B [18]). Obxoxst mocsenoBaTeIbHO Y3J0Bble TOUKU TPAHHUIL BCeX MOA00/acTel, mosy-
yaeM cucteMy auckpeTHbix MY nuis Bcell KOHCTPYKLUMH. YueT rpaHHYHBIX YCJOBHH Ha
BHELIHUX I'PaHULAaX NOof00JaacTel U AONOJHUTE/bHBIX YCJOBUH Ha y4acTKax COeIUHEeHHSs
nono6JacTedt (2) Mo3BOJISIET TOJYYUTh U3 cUCcTeMbl AucKpeTHbBIX MY nmis Bcex momo6-
JlacTel KOHCTPYKIMH CUCTEMY JIMHEHHBbIX anreOpanieckKux ypaBHEHUH MJs1 onpeeseHust
y3JI0BBIX HEHW3BECTHBIX 3agauu. Metonnka uuciaeHHoro peuieHus MY peanusoBana B
koMmiiekce nporpamm «MEIP2» (MEton I'Panuunbix dnemento) [18-20], koTopsiit
UCIIOJIb30BaH /151 MOJYYEHUS] Pe3ysbTaToB, NPUBENEHHBIX B JaHHOW CTaThe.

[Ipu pe3op6buuK KOCTHOW TKaHU BOJM3K HMIJIaHTATa MPOUCXOAUT (OPMUPOBAHUE MO-
JocTH (JIYHKHU pe3opOLMU) MeXIy UMIJIaHTaTOM U KOCTbIO, MPUBOJsIIee K 0OHAXKEHUIO
BepxHell yacTH MMIJIaHTaTa. PacueT HampsixkeHHO-Ae(pOPMHUPOBAHHOIO COCTOSIHUS UMI/aH-
TaTa U OKPYKAIOLIUX KOCTHBIX TKaHeH C y4yeTOM pe30pOLMU BBHINOJHEH B MOCTAHOBKE
TJIOCKOTO J1Ie()OPMUPOBAHHOTO COCTOSTHHSI M COCTOSINI M3 [IBYX 3TAroB: 1) aHasu3a BCel KOH-
CTPYKLHH HUMIJIAaHTaTa CO CIVIa>KEeHHBIM BUHTOBBIM CO€UHEHHEeM MeXXAy HUMIJIaHTaTOM H
OKPYKAIOLIMMH KOCTHBIMH TKaHSIMH; 2) UCCJEIOBAHUS paclpeleseHnsl HaTpsikKeHHH B BUH-
TOBOM COE/IMHEHUU B 30He CLeMNJEeHHUs MUMIJIaHTaTa ¢ KOCTHOM TKaHblo. JIlyHka pe3opbuuu
MeX1y UMIJaHTAaTOM W KOCTHOH TKaHbIO MOJEJNHPOBAJIach Kak KJIWUHOBHUAHOE OTCJOEHHE
KOCTH B BepXHeH 4acTH HMIJIaHTaTa. PacueTsl BbINOJIHEHBl IPU AONYLIEHHUH, UTO KOCTHAA
TKaHb §IBJISIETCS U30TPOINHBIM M OfHOPOAHBIM YIPYIMM MaTepHasoM. 3HauyeHUs MopyJnel
YIPYTrOCTH KOPTUKA/NbHOU M ryOUaTOH KOCTHBIX TKaHEH MU3MEHSIOTCS B JOCTATOUHO LIKPO-
KoM nuanasone [21]. [1pu BbIMOJHEHUHM HAHHOTO MCCJEI0BaHHS M0Jaragoch, 4YTO MOAYJb
YIpyrocTu ryoéuatoil KoctHo# TkaHu — Es = 0.5 'Tla, koappuument Ilyaccona vy = 0.35, a
MOAYJ/b YIIPYTOCTH KOPTHKAJbHOW KOCTHOH TKaHU — L, = 18['T]a, koapduuument Ilyaccona
v. = 0.3. [losarasock, UToO KOpOHKa UMILJIAaHTaTa siBJsieTcss Kepamudeckon (£ = 70TTla,
ko3(dunuent [lyaccona v, = 0.19), octanbHble YaCTH UMIIJIAHTATa U3TOTOBJEHBI U3 THTAHA
(E; = 110TTla, xosdduuuent [lyaccona vy = 0.3).

PesysbraThl pacueToB npeacTaB/eHbl B BUJE pacnpefeneHUH NMHTEHCUBHOCTH Halpsike-
HUH MO IpaHuIlaM Mopo6JacTed pacueTHOW Moiesd. MIHTeHCHBHOCTb HampsiKeHUH (3KBHBa-
JIEHTHble HaTpsiKeHHs], HaTpsiKeHUs1 1o Musecy) 1/ COCTOSIHUS TJIOCKOH neopMaLuu

(02—05)*+(03—01)°
2

2
—02)%+
onpeneasercs KaK o; = \/(Ul o2) , TJe 0123 — [VIaBHblE HATIPSKEHHS.

MexaHuvka 485



@Ms& Capar. yH-1a. Hos. cep. Cep.: Matemarnka. Mexanvka. ViHgpopmarnka. 2023. T. 23, Bbin. 4

2. AHaau3 BJUSHHMSA pe30pOLMM KOCTHOM TKaHU Ha HAMNpsKeHHOe
COCTOSIHUE Ha MOJHOW KOHCTPYKIMM MMILIaHTaTa

[lonHasi KOHCTPYKIMS pa30OPHOro MMIJIAHTATA BKJOYaeT B cebsi COOCTBEHHO UMI/IaH-
TaT (MCKYCCTBEHHBIH KOpEHb, BHEAPSIEMbIH B KOCTHYIO TKaHb MECHBI), KePaMHUYECKYIO
KOPOHKY C KapKacoM W COeIHHHUTe/JbHble neTand (abaTMeHT ¥ BUHT). PacueTHast Momesb
NaHHOTO 3Tana (ComepXKHUT 7 mopobsacTeit) ¢ yuyeToM pe3opOLHH KOCTHOM TKaHH, ¢ yKasa-
HUeM BHJA Harpy3ku U IPAaHUUYHBIX YCJOBHH, a TaKXkKe yBeJUUeHHOe U300pakeHue BepxHei
YyacTH MOJEJH TMpeacTaBJjeHbl Ha puc. 1 (/s ynoOcTBa rpaduueckoro mnpeacTaB/eHUs

BHEILLHUH CJIOH KOPTHUKAJbHOH KOCTH,
BUHT, KapKac U KOpPOHKa 3alITPUXO-
BaHbl). Tpu momo6jacTd MoOmeJNUpy-
I0T KOCTHble TKaHHU: 1nonobsacts / —
BHEILIHUH CJOW KOPTUKAJBbHOU KOCTH
(cpennsis TosmmuMHa cjosi 1.7 MM), moga-
o6mactb 2 — ry6uyatasi KOCTb — OCHOB-
Hasl 4acThb KOCTHOH TKaHH YeJIIOCTH;
nono6.JacTb 7 — CJI0H KOPTUKAJbHON
KOCTHU TOJIILUUHOK 1 MM, dopmMupyto-
IAHA CTEHKH HHUKHEYeJIOCTHOro Ka-
Hasta avametpoM 3 MM. OcTaJjibHble
no1006/1aCcTH MOJEJH COOTBETCTBYIOT
3/7eMeHTaM KOHCTPYKLHH MMIJIaHTaTa

Puc. 1. duckperusanus rpa”ul] nomobsaacted uUM-

MJIaHTaTa U KOCTHBIX TKaHeH, NeHCTBHe HaKJOHHOH
Harpy3KH, TyOHUHa 30HBI Pe30pOLUU MeXYy UMILIaH-
TaToM U KocTblo h/L = 1/3, cemp nopobmacreit (I —
BHEIIHWN CJIOH KOPTHKaJNbHOH KocTH; 2 — ry6uaTas
KOCTb; 3 — UMILJIaHTaT;, 4 — BUHT;, 5 — abaTMeHT; 6 —
KepaMHUeCKHe KOPOHKA W Kapkac; 7 — KOPTHKaJbHasi
CTeHKa KaHaJja), 1166 y3i0B Bo Bcell Mopmesu

Fig. 1. Boundary elements discretization of the
implant and surrounding bone tissues under inclined
load application, bone resorption cavity depth
h/L = 1/3, seven subregions (I — external layer
of the cortical bone; 2 — spongy bone; 3 — implant,
4 — screw; 5 — abatment; 6 — crown and framework;
7 — cortical wall of the channel), total 1166 nodes

(IMHA LUJHHAPHUYECKOH YacTH HM-
nnaHTata L = 14 MM, nogo6.JacTb J).
Mexny BceMH COeIMHEHHBIMH 3Jie-
MEeHTaMH MOJe/H I0JIaraeTcsl BbINOJI-
HEHHWe YCJOBUM HJIeaJIbHOTO CLerJie-
HUS, BKJIlIOUasl 30Hy COeJMHEHUS LH-
JIMHIPAYECKOW 4acTU HMMIJIaHTaTa U
ry6uaTtoidi KOCTHOH TKaHH (moJsiHas
ocreouHTerpauus). [lonocts, o6pasy-
IOLAsCs TIPpU pe30pOLUH, MOeNUpPYeT-
€l KaK KJIUHOBUIHOE OTCJIOEHUE KOCT-
HbIX TKaHeHd OT BEePXHEHHU YacTH UM-
MJaHTaTa Ha ydacTKe TJyOMHOH h,
paccTosiHMe OT BepPXHEro Kpas MoBepx-
HOCTH HMMILJIAaHTaTa 10 BepXHEro Kpas

KOPTUKAaJbHOU KOCTH 10J1arajoch paBHBIM TOJILKHE CJ0S1 3TOH KOCTHU. PacueTHble Moje/H
OblIM CPOPMUPOBAHBI Uil ABYX CJydaeB [VIyOUHBI h JYHKU pe30pOLUU MeXay UMIJIaHTa-
ToM (rmopo6sacTh 3) U KOCTHBIMH TKaHsiMu — h/L = 1/3 (cm. puc. 1) u h/L =1/2.

Cxumaroliasi Harpy3ka BeJuuuHo# p = 6 MIla, cooTBeTCTBYyIOLIAS YCUITHIO YKEBAHUS
(mo pesysbraTam paboThl [22]), MpHKJagbiBasach K OKKJIIO3MOHHON MOBEPXHOCTH KOPOHKH
B [IBYX BapHaHTaX (B BepTHKaJbHOM HAMpaBJEHHU U MOA YoM 45° K BepTHKaJMH) (CM.
puc. 1, 3oHa 6). [lo BHelIHel rpaHulle KOPTUKAJBHOH KOCTH (puc. 1, 30Ha /) 3amaHbl
HyJIeBble MepeMellleH st (3a UCKII0UeHHeM Y4acTKOB, MPUMbIKAIONUIMX K KOPHIO HMIIIAHTATa).
3amTpuxoBaHHAas TOHKAsi 30HA MOKa3biBaeT 00JIACTb 3alaHHBIX HYJIEBBIX MepeMelleHHH
M0 BHELIHEH rpaHHlle KOPTHKAJbHOH KOCTHU (3TO 0003HAaYeHHe TOJbKO HA PUCYHKeE, He
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3aJlaHHOe YCHJIMEe p COOTBETCTBYET MpPUJIOKeHHOH cujie F' ~ 600 H.
AHanus pesysbTaToOB pacueToB MMOKa3aJs, YTO MPH Pe30pOLMH KOCTHOH TKaHH MPOHCXO-

IUT 3HAUMTEJIbHOE MepepacrpenesieHre HanpsikeHUi BOIM3M uMmniantata. HanpsikeHus B

KOPTHUKAJIbHOH KOCTHOH TKaHW CHHXKAKOTCS, B Ty64aTod — Bo3pacratoT (Tabiuua).

MaxcumanbHble 5KBUBaJeHTHBIE HanpsaxKeHusd B KOCTHBIX TKaHAX (MHa)

Table. Maximum equivalent stresses in the bone tissues (MPa)

e

ABJISIETCS YacThio Mofeu). [Ipy mioliaay KOHTaKTHOH TOBEPXHOCTH KOPOHKH S & 1 cm?

Ty6HHa AYHKH pesopoiun HopmanbHas Harpyska Haksnonnas narpyska
Koprtukanbhas ['y6uatas Koprtukasnbhas ['y6uatas
KOCTb KOCTb KOCTb KOCTb
Hert pesop6uuu 69. 2.6 76.1 4.3
1/3 BLICOTBHI MMIJIAHTATa 18.6 16.7 16.9 28.4
1/2 BLICOTBHI MMIIAHTATa 7.0 22.4 19.5 45.2

Pacnpenesierrie HHTEHCUBHOCTH HAMPSIXKEHUH M0 IPaHUIle Ty6UYaTOH KOCTH C yUETOM
pesop6uuu (h/L = 1/3) npuBeneHo Ha pUC. 2 A HOPMaJbHOH W HAaKJIOHHOH Harpysok.
[Tpu HOpMa/IbHOH HAarpy3ke MaKCHMaJibHble HAMpPsKeHHst HAOMIONAI0TCS Y OCHOBAHHUS JYHKH,
oOpaszoBaBlleiics NMpyU pe30pOLUK KOCTHOW TKaHH, B 30He KOHTAKTa ry64aTod KOCTHU U
uMmaanTara (puc. 2, a). [1pu HaKJOHHOH HarpysKe 3HaUKTEJbHbIE HAMPSKEHHUSI, BbI3BAHHbIE
M3ru6OM, BO3HHKAIOT TaK»Ke B 30HE KOHTaKTa ry6uyaTod KOCTH ¥ OCHOBAaHHSI MMIJIaHTATa

(puc. 2, 6).

6/b

al/a

Puc. 2. VIHTeHCHBHOCTb Hamnpsi)KeHHH o; BHOJb KOHTypa rybdaroiét koctd, h/L = 1/3: a —
HOpMaJibHasi Harpys3ka Ha KOPOHKY, 0jmax = 16.7 MIla; 6 — Hak/JOHHasi Harpyska Ha KODOHKY,
Oj,max — 28.4 MIla
Fig. 2 . Stresses intensity o; along the spongy bone contour, h/L = 1/3: a is normal load on the
Crown, 0; max = 16.7MPa ; b is inclined load on the crown, o; max = 28.4 MPa

YBesnnyeHue riyOuHBl JyHKH pesop6unn Ha 50% (mo h/L = 1/2) NpuBOAUT K 3HAYH-
TeJIbHOMY BO3PaCTaHHI0O MAaKCUMaJbHbIX HaNpsKeHHH B ry6uyaToil KocTu (puc. 3).

J15 OUeHKH BJMSHUS MOAYJS YNPYTOCTH T'yOuaTOd KOCTHOW TKAaHHW Ha BeJUUYUHY
MaKCUMyMa MUHTEHCHUBHOCTH Halpsi>KEHUH BBINOJHEHA CepHUsl PacueToB MPHU Pa3JUYHBIX
3HAUeHHUsIX MOAYJs yIPYrOCTH KOPTHKabHOU KocTh (puc. 4). Ilpu BospacTanuu momy.is
YIPYrOCTH TyOuaTod KOCTH (UTO COOTBETCTBYET YBEJHUEHHIO ee MJIOTHOCTH) BEJHUYHHA
5KBHBaJIEHTHBIX HaNpsi2KeHWH Bospactaet, ecau Fg > 3I'Tla. [Ipu MeHblIMX 3HAYeHUSIX
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Monysist ynpyroctu ry6uyatoin Koctu (0.5 < F, < 3, ['lla) BennunHa MakCHMaJbHBIX
SKBUBAJIEHTHBIX HaNpsi2KeHWH MeHseTcs caab0o W NMPaKTHUYECKU He 3aBHCHUT OT MOAYJS
YIPYTOCTH KOPTHUKAJNBHOM KOCTH.

G.
il  1-E=6 Ml
% 2- E=10 MIla
3- E=18 MIla

{8
\

Hanpsbxenus B ryGuaroii koctu, MIla
F-s
o

N

o
o
N
IS

6 E, Mlla

Puc. 3. IHTeHCUBHOCTb Hampsi)KeHUH o; BIOJb
KOHTypa ry64atoil KoctH, h/L = 1/2, HaKJOH-
Has Harpyska Ha KOPOHKY, 0 max = 45.2 MIla

Puc. 4. MakcruManbHble HanpsixKeHUs o; B I'y6-
yatoit KoctH, h/L = 1/3, HakJIOHHasi Harpy3Ka

Ha KOPOHKY
Fig. 3. Stresses intensity o; along the spongy

bone contour, h/L = 1/2, inclined load on the
Crown, 0; max = 45.2 MPa

Fig. 4. Maximum stresses o; in the spongy
bone, h/L = 1/3, inclined load on the crown

3. HanpsixkeHHoe cocTOosiHUE MPU pPe30pOLUU C YueTOM (hOpPMBbI
BHHTOBOI'0 CO€IVWHEHNs UMIUIAHTAaTa U KOCTHOW TKaHU

HccnenoBanue BavsHUS pe30pOLUU KOCTHOH TKaHU HAa HAMpsSKEHHOe COCTOSIHUE BOJIM-
31 UMIJIAHTATa BBINIOJHEHO HA MOJEJH BHHTOBOI'O COEIMHEHMS MMIJIaHTaTa U KOCTHOH
TKaHU. BHelIHsisl 4acTh KOHCTPYKUHH (KOpOHKA M abaTMeHT) OTCeyeHa, U Harpyska Ipu-
KJ1a[blBa/lach HEMOCPEACTBEHHO K UMIaHTary. [losnaranoce, 4to yrayOsneHus: B ryb4yaToi
KOCTH, oOpasymoliyecs Npu BHeJAPEHWH HMMILJIAHTaTa B KOCTHYIO TKaHb, COOTBETCTBYIOT
pe3bOe Ha nMmnuaHTate. [Ipennosaranochk Takke, UTO Ha FpaHHMlle UMIJIAaHTAaTa U KOCTH
BBIITOJIHAKOTCS YCJAOBUS UJ1€abHOIO COeIMHEHHS, UYTO COOTBETCTBYeT MOJHOH OCTeOHHTe-
Tpallly B CHCTEME KOCTb — UMIJIaHTaT. PopMa MornepeyHoro ceyeHHst BHICTYIIOB BUHTOBOTO
COeIMHEHHS, KAHABOK MeXXy BUTKaMHU pe3bObl Ha MUMIJIaHTaTe U opma yriayOseHHH B
KOCTH MOJIEJHMPOBANUCh KaK PAaBHOCTOPOHHUH TPeyTOJbHUK CO CTOPOHOH a = 0.93 MM (mpH
12 3ybuax no anuHe L = 14 MM uMmmiaHTtata). Paguyc 3akpyrsieHus BepLUIMH 3yOLOB H
BIAJWH MeXIy BUTKaMH (7) NMpPUHHUMAJCS PABHBIM IOJIOBHUHE paguyca OKPYXKHOCTH R,
BIIMCAHHON B PAaBHOCTOPOHHHU TPeyTOJNBHUK CO CTOPOoHOH a: R = 0.5a - tg(30°), r = 0.5R.
PacueTbl BBINOJIHEHBI NIPU HOPMaJIbHOM M HaKJOHHOH Harpyskax. Mopesb cocrosina U3
Tpex Moao6JsacTel, MpeaCcTaB/ISIOUUX KOCTHble TKAHH (KOPTHKAaJbHYI W TyOuyaTylo) U
BHEJIPsieMYI0 B KOCTHYIO TKaHb BUHTOBYIO 4acTh UMIIaHTata (puc. 5). [paHnuHble ycioBHs
(30HBI 3aKpernJieHHsI) MMOKa3aHbl Ha PUCYHKe TOHKOU IITPUXOBOU MOJIOCOU, TaK »Ke Kak
Ha puc. 1. Cxumarowas Harpyska p = 10 MIla npuk/azabiBajsach 1o HOpPMaJd U MO
yryoM 45° K MJIOCKOCTH CeYeHHUsl UMIJIaHTaTa B MpPEANOoJOXKEeHWH, UTO Harpyska, MnpuJo-
KeHHast K BepXHeH 4acTH KOPOHKH, TepelaeTcsl Ha ceyeHHe MMIIaHTaTa (IIMpPHHA CeueHHs
d = 5.68 MM).
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N

/AN NN\A

IAVAVAVAV

al/a | 6/b

Puc. 5. JIuckpeTusauusi rpaHul] Nofo6aacTell HMIIIaHTATa ¥ KOCTHBIX TKaHe#l ¢ y4yeTOM BHHTOBOTO
COelMHeHHs], TeHCTBHe HAKJOHHOH Harpysku, riyOuHA 30HBI pe3opbuuu h/L = 1/3, Tpu nomobna-
ctH, 1740 y3/10B BO BCell MOIeJH: a8 — MOZeJIb LIeMUKOM (I — KOpPTHKaJsbHasi KOCTb; 2 — rybuaras
KOCTb, 3 — HMILIaHTaT); 6 — 30Ha pe30pOLMHU B yBeJHUYeHHOM MacluTtabe; 8 — umnaanrar, A, B,C —
MOJIO’KEHUS MAKCHMYMOB HaMpsKeHWH NPHU pa3indHOH ryyOrHe 30Hbl pe3opOuuu

Fig. 5. Boundary elements discretization with screw joint of the implant and surrounding bone

tissues under inclined load application, bone resorption cavity depth h/L = 1/3, three subregions,

total 1740 nodes: a is the whole model (7 is cortical bone; 2 is sponge bone; 3 is implant root);

b is enlarged resorption zone; ¢ is implant, A, B, C' is positions of stresses maximum for different
resorption cavity depths

YBe/siMueHHe Harpy3kH BBINIOJHEHO AJis y4yeTa M3rubarollero MoOMeHTa, BO3HUKAIOLLEro
BBHUIY HeCMMMeTpUM KOpoHKH. Kak W B paszpmese 2, 30Ha pe3opOLUUH MOAeNHPYeTCs Kak
KJIMHOBHJHOE OTCJIO€HHe KOCTHBIX TKaHeH OT BepXHeH 4acTH HMMIJIaHTaTa Ha ydacTke
ray6uHod h. PacueTbl BbIMOJHEHBl A/ TPeX BAPHUAHTOB IVyOUHBI JYHKH pe30pOLUH
KOCTHOH TKauu — h/L = 1/3 (cm. puc. 5), h/L = 1/2 u h/L = 0.6. Paccrosinue or
Kpas MMIlJIaHTaTa 10 BepXHero Kpas KOpTHUKaJbHOH KOCTH I10J1arajoch PaBHBIM paguycy
umnaaHrtara 0.5d = 2.84 MM 11 BCeX BapUAHTOB [VIyOUHBI JIYHKH Pe30pOLIUH.

PacnipenesneHusi HHTEHCHBHOCTH HaNpsiKeHUH M0 rpaHuLe Ty6uaTod KOCTH TpPH yuyeTe
BUHTOBOH (DOPMBI COeJMHEHHUS] UMIJIAaHTATa U KOCTHOM TKaHH /1 HOPMaJIbHOH U HaKJOHHOH
Harpy3ok npuBefeHbl Ha puc. 6. [Ipy HopManbHON Harpyske MakcMMaJjbHble SKBUBAJEHTHbIE
Hanpsi2KeHUs: HaOJI0JAI0TCA Y OCHOBAHUSA JIYHKH, 00pa3oBaBLIEHCS NPU Pe30pOLUHU KOCTH,
B 30HEe KOHTaKTa ry0uaToil KOCTH U MMILJIaHTaTa. 3HaUMTeJ/bHble HAaNpsi>KeHHsI BO3HUKAIOT
TaK>Ke B 30HE KOHTaKTa ryOuaTOH KOCTH C HHXKHEH 4yacTbio uMmmiaHTara (puc. 6, a). [Ipu
HaKJOHHOH Harpyske BBUAY Ha/lW4Hsl U3ruba UHTEHCUBHOCTb HANpPSKEHWH 3HAUUTEJbHO
Bo3pacTaeT. MakcuMa/bHble 5KBHUBAJIEHTHbIE HAINPSXKEHUS TakxKe HaOJ/I0falTCs Y OCHOBa-
HUS JYHKH, 0Opa3oBaBlIelicsl MpU pe30pOLUU KOCTH, B 00J1aCTH KOHTaKTa ryb4aTod KOCTH
U MMILJIAHTaTa B 30He NEeHCTBHSA CXKUMAIOIIMX HanpsikeHWi. HanpsikeHuss y ocHOBaHUSA
JIYHKH pe30pOLHH CO CTOPOHBI PacCTs2KEHHsI MeHblle MaKCHMaJbHbIX 3HAaYeHUH 3KBUBA-
JIEHTHBIX HaMpsSI)KeHHUH CO CTOPOHBI cxKaTus Ha 3—5% (puc. 6, 6). B obsmactu KoHTakTa
ry64aToil KOCTH C HHUXKHeH 4acTbio UMMJIaHTaTa (puc. 6, 6) SKBUBaJeHTHbIE HAIPSKEHUS
3HAUNTEJIbHO HHXXe MAaKCHMaJbHBIX BEeJMUYHH.

Pe3opOuus KOCTHOH TKaHW NPUBOAUT K 3HAYMTEJBHOMY Iepepaclpefie/leHHI0 Hampsike-
HUH B nMnyanTtate. HanpsakeHus no rpaHuue Mone/d UMIJIaHTa IPY HOPMaJIbHOH Harpyske
Npu ydyeTe pe3opOUMHU NPUBELEHBl HA pUC. 7, a. B pesysnbrate pe3opOunn KOCTH MOJOKEHHE
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Puc. 6. VHTeHCUBHOCTb HampsiKeHHE o; BHOJb KOHTypa ry6uatod koctd, h/L = 1/3, yuer
BUHTOBOTO CO€JIMHEeHHs: a — HOpMaJ/lbHas Harpyska, o; max = 14.7 MIla; 6 — HaKk/IOHHas Harpyska,
0imax = 62.4 MIla
Fig. 6. Intensity of stresses o; along the spongy bone contour, h/L = 1/3, screw join modelling:
a is normal load, o; max = 14.7 MPa; b is inclined load, ¢; max = 62.4 MPa

MaKCHUMyMa Halpsi)KeHWH B UMIJIAHTaTe CMelLlaeTcsl OT BepXHeH 4acTh UMIJIaHTaTa (rae
pacriojiaraetcsi pu OTCYTCTBUU pe3opbuuu, cM. [14]) u HabmofaeTcs y OCHOBAHHUS JIYHKH
pe3op6unu. Pacnpenenenue HanpsiKeHHH MO0 KOHTYPY MOZAEJH MMIJIAHTATA MPU HAKJIOHHOH
Harpy3ke U ydeTe pe3opOLMM KOCTHOH TKaHHU MpeAcTaBjgeHo Ha puc. 7, 6. [lpu neficTBun
HaKJIOHHOH Harpy3ku MaKCHUMaJibHble 3HaYeHHUs HalpsKeHWH B MMIJIaHTaTe (TaK »Ke Kak
¥ B ry6uyaTod KOCTH) HaOJIONAIOTCS Y OCHOBAHHS JIYHKH Pe30pOLUU CO CTOPOHBI CXKa-
THS, U BeJUUMHA MaKCUMaJbHbIX HANPs2KEHWH 3HAYUTENbHO BbILIE, YEM MPU OTCYTCTBUH
pesop6uuu. [Ipy yBesnyeHUU rayOUHBI JIYHKH Pe30pOUHUU MaKCHMaJbHble HaNpPsSKeHUs
3HauUMTEeJbHO BO3PACTAIOT.

a/a 6/0b

Puc. 7. VlHTeHCHBHOCTb HampsiKeHHE o; BAOJb KOHTypa HMIIaHTata, h/L = 1/3, y4eT BuH-
TOBOIO CO€IMHEHHMs: a — HOpPMaJ/lbHasl Harpyska, 0;max = o7.1 MIla; 6 — HaKJIOHHAasi Harpy3kKa,
Timax = 107.7 MIla
Fig. 7. Intensity of stresses o; along the implant contour, h/L = 1/3, screw join modelling:
a is normal load on the implant, 0;max = 37.1 MPa; b is inclined load on the implant,
0imax = 107.7 MPa

AHanu3 pe3ysbTaTOB pacueToB MPH yueTe (POPMbl BUHTOBOI'O COEIMHEHHsI UMILJIAHTATa
U KOCTHOM TKaHM INOKa3blBaeT, YTO, KaK M NPH pacyeTe MOJHOH KOHCTPYKLHH HUMIJAHTaTa
0e3 ydeta (popMbl BUHTOBOTO COE€MHEHUS, HAOMIONAeTCs 3HAUUTeIbHOE NepepacnpesiesieHre
HanpsiKeHWH BOJIM3M UMIJIAHTATa NPU pe3opOLMM KOCTHOH TKaHHU. [Ipu yBesnuueHuu
TJIyOWHBl JJYHKU pe30pOLMH HaNpsi)KeHUS] B KOPTHKAJNbHOH KOCTHOH TKaHU CHUXKAIOTCS, a B
ry64aToil — BO3pacTawT, Kak MpH HOPMaJbHOM, TakK U MPH HAKJOHHOK Harpyskax (puc. 8).
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[Ton pmeficTBMEM HaKJIOHHOM Harpy3kW 3HauMTe/bHAasl KOHLEHTPALUs HaNpsiKeHUH B UM-
nJaHTaTte Hab/o1aeTcsl Ha cTopoHe cxkatusi. Ha puc. 9 npuBeneHsl rpaky HHTEHCUBHOCTH
Hanpsi)KeHUH Ha CTOPOHEe CXKaTHS BJOJb KOHTypa MMILJIAaHTaTa JJisl TPeX PacCMOTPEHHBIX
BapUaHTOB IVyOUHBI JYHKH pe3opOuuu. 3a Hauajlo oTcyeTa JJMHBI KOHTypa MPUHATA TOUKa
1 Ha MOBEPXHOCTH MMILJIaHTaTa (CM. pUC. O, 8) U Ha pUc. 9 mpeacTaB/eHbl paclpejesneHus
UHTEHCUBHOCTH HAIpsKeHHWH Ha ydacTKe NOBEPXHOCTH MMIJIAHTATa MeXJy TOYKaM 2 U 3
(paccTosiHHe OT TOUKH 1 IO TOYKH 2 BOJIb KOHTypPa MOAEJH S ~ 3.6 MM, Touka 3 pacro-
JIOXKeHa Ha BBICTYIe UMIJIAaHTaTa, CJAeAYIOLLEeM Noc/e JUHUM KOHTaKTa MexX1y rybyaTod
KOCTbIO U MUMIIaHTaToM npu h/L = 0.6).

: | | : :
c
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. , max
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Puc. 8. BuHToBOE coenrHeHMe, MaKCHMaJ/bHble
HaTpsi)KeHUS] B KOCTHOH TKaHHU TPH H3MeHEeHHH
ryOUHbl JIYHKH pe3opOuuu h/L
Fig. 8. Screw join, maximum stresses in
the bone tissues; resorption cavity depth h/L
variation

Puc. 9. Pacnpenenenue Hanpsi:keHU# BIOJb Ya-
CTH BUHTOBOH MOBEPXHOCTH MMIJIAHTATa, HAKJIOH-
Hasi Harpyska
Fig. 9. Stresses along the part of screw implant
surface, inclined load

Bo Bcex paccMOTpeHHBIX BapHaHTaX IJyOWHBI JYHKH pe3opOLUM KOHLEHTpaLus Ha-
NpsKeHHH HabJiofaeTcs Ha JHe KaHABKH pe3bObl, PACMOJIOKEHHOH Ha HMIJIAaHTaTe Tepej
JIMHUEH KOHTaKTa ¢ ry6uyaTtoil kocteio. C yBesHueHHeM IJIyOHHBI JTYHKH Pe30pOUUH BeJIUYHU-
Ha MakCHMyMa Hamnpsi>KeHHH Bo3pactaeT. Beibop ydyacTKa MOBEPXHOCTH MMIJIAHTATa MEXY
TOYKaM 2 U 3 [aeT BO3MOXKHOCTb INPENCTaBUTb paclpelesieHHe HaNpsKeHUH A Tpex
pPacCMOTPEHHbIX BaPHAHTOB IVyOWHBI JTYHKH Pe30pOUHUU C YKa3aHHeM HX MaKCHMaJbHbIX
sHaueHuil. Touka A (cM. puc. 5, 6, 8 U puc. 9) ykaspiBaeT MoJoKeHHe MaKCUMyMa TpH
h/L =1/3. Toukn B u C, COOTBETCTBYIOLIME MAaKCUMyMaM HanpsikeHUi npu h/L = 1/2
u h/L = 0.6, ykazaHbl Ha puc. 5, 8 u puc. 9. OTmeTuM, uTo B Ty64YaTOd KOCTH, BOJIHU3H
JIUHUM KOHTAKTa C UMIJIAHTATOM, Ha AHe yraybJeHHsi, 00pa30BaHHOIO MpHU BHEIpPEHHH
MMIIJIaHTaTa B KOCThb, TaKKe HaOJII0Aal0TCsl MaKCHMaJibHble HampsikeHHs: (CM. puc. 6).

MakcrMasibHble HanpsKeHUs] B KOCTHBIX TKaHSX MPH yueTe pe3opOLUH, TONyUeHHbIe
KaK Ha TOJHOH KOHCTPYKLHH HUMILIaHTaTa (CM. TabJHIy), TaK U MpU ydeTe (POPMBI BUHTO-
BOTO COeIMHEHHSs], PEBBIIAIOT Mpeesbl MPOYHOCTH KOPTHKAJIBHOH U ry64aToil KOCTHBIX
TKaHel Ha pacTsikeHHe W cxkatue (cMm. [23,24]). CienyeT OTMETHTD, UTO TpeaCTaBIeHHbIE
pe3ysbTaThl MOJyUeHbl MPH JOCTAaTOYHO BBICOKOH Harpyske Ha ummiantat (F' =~ 600 H). Ilo
IPYTUM OlLleHKaM [25], »KeBaTesibHasi Harpyska Ha MUMILJIaHTAaT He mpeBbinaeT F =~ 150 H,
TP KOTOPOH HAMpsi?KeHHs] B KOCTHHIX TKaHSAX OYAYyT B 4eThbipe pa3a MeHblle. Ho nmaxe
B 3TOM CJy4yae NpPH HAKJOHHOM TPHUJIOKEHHH HArpy3KH MaKCHMaJjibHble HalpsiKeHHs B
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ry6uaTo#l KocTd npu h/L = 1/3 cOCTaBJSAIOT 0 mar ~ 7.1 MIla, 4To cpaBHUMO C Tpene-
JIOM TIPOUHOCTH ryOuaToiél KocTh. [Ipu yuyeTe KOHIEHTpALMH HAMPSI)KEHUH B BUHTOBOM
COeIMHEHHH B MMIIJIAHTAT€ HMEIOTCSl 30HbI BHICOKMX HAamMpsiKeHHH, He MPEBBIIIAIINX
MpeesioB TEKyUeCTH ¥ MPOYHOCTH THUTaHA. J[eHCTBHE BBICOKHX HAMpPsKEHUH TMPUBOAUT K
CHHXKEHHUIO J0JTOBEYHOCTH HMIJIaHTaTa, HO 60Jiee BEPOSITHBIM Pe3yJbTaToOM Pe30pOIHu
KOCTHBIX TKaHeH SIBJISIeTCS OTTOPXKEHHWEe MMILJIaHTaTa.

3akJjrueHue

1. YcraHoBJsieHO, 4TO MpU pe30pOLUM KOCTHOH TKaHH MPOUCXOAUT 3HAYMTEJbHOE Iie-
pepacnpesiesieHHe HANpsi>KEHWHA B KOCTHOH TKaHW BOJM3M WMIJaHTaTa. MakcuMmasbHble
SKBUBAJIEHTHbIE HaNps2KeHUs1 B KOPTUKAJbHOH KOCTHOW TKAaHU CHHXKAIOTCSl, B ryO4aToH
KOCTHOM TKaHHU — BO3paCTaloT.

2. BospacTtanue HanpsikeHHW# B ry04aToil KOCTHU CYIIEeCTBEHHO 3aBHUCHUT OT CTeNeHH
pe30opOLUHU KOCTHOM TKaHU M NPU 3HAUUTEJbHOW Pe30pOLUM MpeBbIlIaeT Npeaes NPOYHOCTH
KOCTHOHU TKaHH.

3. Bausinue pe3opOIiu KOCTHOH TKaHM HAa HAMPsi)KeHHOE COCTOsIHWE BOJM3YM UMILJIaHTaTa
HauboJiee CYLLIeCTBEHHO NPU HAKJOHHOH Harpyske. B aTom caydae npu pe3opOuuH, He
npeBbILIAIOLLEeH TPETH BBICOTHI UMIJIAHTATa, MOXKeT HabJI0AaThCsl AeCTPYKIUS rybuaTon
KOCTHOW TKaHH.

4. Beicokue HamnpsizkeHUs1 B KOPTUKAJbHOH KOCTH B MPHUIIEEYHON 30HE KOHTAKTa 3TOH
KOCTU C UMIIJIAHTATOM MOTYT SIBJSITbCS OQHOW M3 MPUUUH HadaJja pe3opOLUH KOCTHOU
TKaHU. [Ipu 3HaUUTeNIbHBIX HAKJIOHHBIX Harpy3kax BO3MOXKHO 0Opa3oBaHUe OJHOCTOPOHHEH
pe3opOLUU KOCTH.

5. Pe3op6uus KOCTHOH TKaHW TPUBOIMT K Tepepacipesie/leHHI0 HaNpsiKeHUH He TOJIbKO
B KOCTHOM JIOKe BOJIM3W HMMILJIaHTaTa, HO U B CaMOM HMIJaHTaTe. [Ipu 3HauHMTe bHBIX
HAKJOHHBIX Harpy3kax MakCHMaJbHble 3KBUBaJIEHTHble HANPSI?KeHHs B UMILJIaHTaTe 3HA4yM-
TeJIbHO BO3PAaCTaloT, YTO MOXKET MPHUBECTH K CHUKEHUIO NOJTOBEYHOCTH HMILJIAHTATA.
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AnHoranusa. OTK/IOHeHHe TepBOro MaJblia CTONbl KHAPYKH, B3aUMOCBSI3aHHOE C OTKJIOHEHHEM
nepBoi MJIIOCHEBOH KOCTH KHYTpPH, BCTpeuaeTcs y 46% mnauneHTOB cTaplield BO3PACTHOH IPYIIIbI
W HasblBaeTCs BaJbl'yCHOW HeopMalyed MmepBoro naJbla cTonbl. HeraTnBHOe BJMsIHUE NaHHOH
MaToJIOTHH Ha KayecTBO »KU3HU MALMEHTOB SIBJASETCS MPUYMHON o6palleHrs 3a MeAWLHUHCKOH MOMO-
IL1bIO, 30JI0TBIM CTaHAAPTOM OKa3aHHUA KOTOPOH CUMTAeTCsl XUpypruueckas KOppeKLHs, a 6a3uCHOH
XHUPYPruvecKoil TEXHHUKOH CJYKHUT OCTEOTOMHs (pacrnu/nBaHHe KOCTH U (PUKcaLUsi ee GpparMeHTOB
MMIIJIAaHTATaM1) MepBOH MJIIOCHEBOH KOCTH. [Ipy 3TOM HueasnbHasi OCTEOTOMHS J0J/KHA obecredu-
BaTb [1€PBOHAYAJIbHYI0 CTa0U/IBHOCTb B PaHHEM Il0ocJjeonepaluoHHoM nepuoge. OgHako 6oJblIoe
YUCJO0 CIOCOOOB BBHIMOJHEHHS OCTEOTOMMH, a TaKXKe MPEHMYIIeCTBAa U HEeNOCTaTKU KaxKIOoro M3
XUPYPrudeCcKUX MPHUEMOB He TO03BOJISIOT CUUTATh KAKOH-TO U3 HUX HauboJsee ycreurHbiM. B 3Toi
CBSI3U Llesib paboThl COCTOsJIAa B pa3pabOTKe U BalHAaLUUU OMOMeXaHHUeCKOH MOJesNH OCTeOTOMUU
NepBOH MJIIOCHEBOH KOCTH AJIsl aHa/lH3a ee CTaOUJIbHOCTH U HaAeXKHOCTH B 3aBUCUMOCTH OT THIa
OCTEOTOMMH, CTENEeHU CMelleHHUs] (parMeHTOB KOCTH, a TakKe KOJWYecTBa CKPEeIJISIOLIMX BUHTOB.
B nanHOM Hccsie0BaHHHM NPOBENEHO OMOMeXaHH4YeCKOe MOJeJUpoBaHHe HanboJee 4acTo UCHOMb3Y-
€MbIX BAPUAHTOB OCTEOTOMHHU MEPBOH MJIOCHEBOH KOCTH CTOIbI NIPU XUPYPrHUECKOM JIeUEHUH ee
BaJIbr'ycHOU necdopmanuu. C 3ToH Lesbio 66110 co3nano 10 Mozesell OCTEOTOMUN OTIENbHOH MepBOH
MJIIOCHEBOM KOCTH, KOTOpPble 3aTeM OblJM TOABEPrHyThl CTATHUECKOMY Harpy:KeHHUIO AJis aHaju3a
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UX Hamnpsi2kKeHHO-/1e(hOPMHUPOBAHHOTO COCTOSIHUS M OLIEHKH HUX yCIELIHOCTH. BhIsiBJIeHbl yCMelIHble
(cTabuspHble U HaleXHble) BAPUAHTbI JleUeHHs, a TaKxKe HeycrellHble. HeycrnemHpMU MPUHSTH 1Ba
U3 JIeCATH PACCMOTPEHHBIX BapPHAHTOB — OCTEOTOMHHM THMA scarf co cMmelieHHeM (parMeHTOB KOCTH
Ha 2/3 ee nMaMeTpa W 3aKperJieHHbIMH OfHUM BHHTOM. BBIsiBJI€HO, UTO 0CTEOTOMHM THMa chevron
nokasaJu 6oJsiee BBICOKYIO CTabHJIBbHOCTb B CpaBHeHHHU co scarf-octeoromusmu. B nanHoM uccieno-
BaHWH BIIEpPBble TPOBELEHbl UHCJIEHHbIE SKCIIEPUMEHTDI 1JI CPABHUTENBHOTO aHajnu3a CTaGUIbHOCTH
U MPOYHOCTH HanboJlee YacTO MCIOJb3yeMbIX BapHaHTOB OCTEOTOMHH Ha 6ase MOAe/H OJHOH KOCTH.
Paspa6orana v Ba/quaHpoBaHa Ha OCHOBE HATypPHBIX KCIEPUMEHTOB OHOMexaHHYecKas MOJEJb
scarf-ocTeoTOMHHU MepBOH MJIIOCHEBOM KOCTH.
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Abstract. Deviation of the first toe to the outside, interconnected with the deviation of the first
metatarsal bone to the inside, occurs in 46% of patients of the older age group and is called
valgus deformity of the first toe. The negative impact of this pathology on the quality of life of
patients is the reason for seeking medical help, the gold standard of which is surgical correction,
and the basic surgical technique is osteotomy (sawing the bone and fixing its fragments with
implants) of the first metatarsal. At the same time, an ideal osteotomy should provide initial
stability in the early postoperative period. However, a large number of ways to perform osteotomy,
as well as the advantages and disadvantages of each of the surgical techniques, do not allow
to consider one of them as the most successiul. In this regard, the aim of the work was to
develop and validate a biomechanical model of osteotomy of the first metatarsal bone to analyze
its stability and reliability depending on the type of osteotomy, the degree of displacement of
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bone fragments, as well as the number of fastening screws. In this study, biomechanical modeling
of the most commonly used variants of osteotomy of the first metatarsal bone of the foot in
the surgical treatment of its valgus deformity was carried out. For this purpose, 10 models
of osteotomies of a separate first metatarsal bone were created, which were then subjected to
static loading to analyze their stress-strain state and assess their success. Successful (stable and
reliable) treatment options were identified, as well as unsuccessful ones. Two of the ten options
considered were unsuccessful — scarf type osteotomies with displacement of bone fragments by
2/3 of its diameter and fixed with a single screw. It was revealed that osteotomies of the chevron
type showed higher stability in comparison with scarf osteotomies. As a result, we note that
in this study, numerical experiments were conducted for the first time to compare the stability
and strength of the most commonly used variants of osteotomies based on a single bone model.
A biomechanical model of scarf osteotomy of the first metatarsal bone has been developed and
validated on the basis of mechanical experiments.

Keywords: biomechanics, metatarsal bone, valgus deformity, FEM, Mises stresses, numerical
model validation
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BBenenue

OTkJyioHeHHe TepBoro masbla cronbl KHapyxkH (hallux valgus, niau BasbrycHas me-
(opmanys MepBOro najblia CTOIMbI) XapaKTepHU3yeTCs BBICOKOH UacTOTOH BCTPeYaeMOCTH,
pocrurawouei 46% y mauueHTOB cTapiieidl Bo3pacTHOH rpynmbl [1]. 3HauuTeIbHOE HeraTHB-
HO€ BJIMSIHUE YKa3aHHOU MaTOJNOTHH Ha KayeCTBO »KU3HH OOJIBIIMHCTBA MALlUEHTOB CJYXKUT
MPUYMHON obpallleHHs1 32 MeIUIIMHCKON ToMoIblo. KoHcepBaTHBHBIE METOMbI JIeUeHHsl He
MO3BOJISIIOT WCTIPABUTh NAHHYIO He(opManuio. 30J0TbIM CTAHIAPTOM CIELHATU3UPOBAHHOH
MEIMIMHCKOH MOMOILH MalreHTaM ¢ 06CyKIaeMOH MaToNoruel Mpu3HaHa XUpypruueckas
Koppekuusi [2]. OCHOBHBIM MaTOreHeTHUECKHUM 3BEHOM BO3HHKHOBEHHS 00JIe3HEHHOH «KO-
CTOUKH Ha CTOTMe» SIBJISETCS U3MeHeHHe HOPMaJIbHOTO IMOJIOXKEHHUs MepPBOM MJII0CHEBO#H
KOCTH (B MEIMIIMHCKOH JiUTepaType o6o3Hadaercss M1), KoTopasi OTKJIOHSETCsS KHYTPH, Kak
MoKa3aHo Ha puc. 1. 3mecb o — yros MeXay OCSIMH MePBOH MJIOCHEBOH KOCTH W OCHOBHOH
(pasaHry mepBoro nasbla cTonbl. B HopMe BesuunHa yria « He mpesbimaet 8°. bBosbiee
3HaUyeHHe yrJja yKas3blBaeT Ha MAaTOJIOTHUECKOe OTKJIOHEHHUE, T.e. BaJbIYCHYIO Ne(opMaluio
MepBOro MaJblia CTOIIbI.

B cBsizu ¢ 3TUM 6a3UCHON XUPYPrUueCcKOd TeXHHUKOH JiedeHHsI BaJbI'YCHOTO OTKJIOHEHHS
MepBOro Masblia CTOMbl CIyKUT ocTeoromust M1 [3]. CyuiHOCTb yKa3aHHOU omepaluu 3a-
KJII0UaeTCsl B PACIUIMBAHUK KOCTH (OCTEOTOMHH), B pe3ysbTaTe KOTOPOro 06pasyioTcs 1Ba
¢parmenTa. CMmelieHHe OfHOrO (hparMeHTa OTHOCHUTEJNbHO IPYTOro M03BOJSET BOCCTAHOBUTD
HOpMaJibHOe aHAaTOMHUYecKoe noJjioxkeHne M1 U mepBoro maspla CTOIBL.
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daxkThueckd XHPYpr BO BpeMsl YKasaHHOW omnepa-
IIMM BBIMOJIHAET UCKYCCTBEHHBIH IMepeJsioM CO cMelle-
HUeM, T.e. ocTeoToMHI0. OCHOBHBIM YCJIOBHEM JIJiSl
YCIIEIIHOT0 3aXKUBJIEHUS TlepeJsioMa sIBJsieTCs HaJudyue
B3aUMHOTI'0 KOHTAKTa U OTCYTCTBHE 3HAUUTEJNbHOH TO-
IBHXKHOCTH MeX1y ¢parMeHTaMu KocTtH [3,4]. Bosee
TOrO, NMPU HAeaJbHOH OCTEOTOMHUU IepBOHAUAIbHASA
CTabUJbHOCTb MMeeT MepBOCTeNeHHOe 3HaYeHWe B paH-
HeM IocJjeonepaudoHHOM mepuope. [laHHoe o6cTOsI-
TeJbCTBO CYILIECTBEHHBIM 00pa3oM BJIMSET Ha BBIOOP
XUPYPruueckor TaKTHKU U METOJMKH MOCJ/eonepaloH-
HOTO BOCCTAHOBHUTEJIbHOTO JIeYeHUS] C YUETOM JByXCTO-
pPOHHEro xapakTepa MaToJIOTHH. 3a4acTyl0 BO3HHUKAeT
CBO€OOPA3HBIA KOH(JIUKT UHTEPECOB MEXAY CTpeMJe-
HUEM K OJHOMOMEHTHOMY HCIpaBJjeHHI0 AedhopMalun
Ha o0enX CTOMax W paHHed akTUBHU3alMel MalueHTa
B I10CJIE0NEPALMOHHOM TePHOJIE.

CnoxXuBLIAsICA KJIMHUUECKasl TPaKTUKaA He Tpearo-
JlaraeT 4YeTKUX KOJIMYECTBEHHBIX KPUTEpPHUEB AJS pe-
LIeHUs] YKAa3aHHbIX BONPOCOB B KaXXIOM KOHKPETHOM
c/lydyae, 4YTO He COOTBETCTBYeT NPHUHIMIAM COBpPEMEH-
HOH MepCOHAMM3UPOBAHHON MenAuUMHBEL. C yd4eToM pas-
JINYHBIX T€OMEeTPHUYECKHUX MapaMeTPOB JIMHUHU Nepece-
yenuss M1 ¥ UMIJIAHTATOB (BUHTBI, TMJIACTHHBI, CIIUIBI),

Puc. 1. PentreHorpamma mnepenHe-
ro OTZeJa JIeBOH CTOMBl B MPSAMOK
MPOoeKIHK (KOHTYp MepBOH MJII0C-
HeBOM KOCTH, 0003HaueHHOH MI,
00BelleH MyHKTHPHOM JIMHHEH )

Fig. 1. Radiograph of the forefoot
of the Ileft foot in direct
projection (the contour of the first

metatarsal bone, labeled M1, is

HCIOJIb3YeMbIX [Ji1s1 COeIHUHeHUs (ParMeHTOB KOCTH
circled with a dotted line)

Mexny cobol, mpensoxeHo 6osee 150 croco6oB BbI-
noJiHeHUs o6cyxkaaeMoi onepaunu. Kaxabiii U3 crnoco-
OOB MMeeT CBOM MPEeHUMYLIeCTBA ¥ HemocTaTKH [4]. AkTyanabHOH Mpob/eMod cOBpeMeHHOH
XUPYPrUH CTOIBl OCTAETCs MOUCK U 060CHOBaHUe HauboJiee 3(PPeKTUBHOTO (yCIIEIIHOr0)
crnoco6a octeoromuu M1. Jlo cux mop He cylecTByeT 0OLENPU3HAHHOTO YHHUBEPCAJBbHOIO
aJATOPUTMA TPeAONEePALMOHHOTO MIJIAHUPOBAHHUS XUPYprudeckoi koppekuuu hallux valgus.

Haubosee pacnpocTpaHeHHBIM MOAXOAOM K peLIEHHI0 NAaHHOH MpoOJeMbl OCTaeTCs
SMIIMPUYECKHH, OCHOBAHHBIM Ha aHaJ/W3e KJIWHHYECKUX pPe3yJbTaTOB NPUMeHeHHUsl pas-
JIUUHBIX Ccr0c000B omnepaunu. CyliecTBeHHBIM HEIOCTAaTKOM YKAa3aHHOTO MOAX0A CJYKHT
HEBO3MOXKHOCTb yueTa U KOPPEKTHOI'0 CpaBHEHHsI MHOT000pasvsi MHAMBUIYyaJbHBIX Mapa-
MeTpPOB, OCHOBHBIMHU M3 KOTOPBIX SIBJSIIOTCS TOKa3aTesd CTaOUJIbHOCTH CUCTEMBI «KOCTb —
UMIJIAHTATbl». DKCIIEPUMEHTANbHBIH METOM CPAaBHEHHS PA3JUYHBIX CIOCOOOB OCTEOTOMHUH
M1 o61anaeT MHOXKeCTBOM HelOCTAaTKOB. Cpeny HUX — HEBO3MOXKHOCTb HCIOJb30BaAHHUS
OJIMHAKOBBIX 3KCMepUMeHTaJJbHbIX 00pa3uoB M1 uesoBeka, a TakXKe CylLIeCTBEHHOE OT-
JIMUHEe HCKYCCTBEHHBIX (IJIACTHKOBBIX) KOCTeH OT HaTypaJbHBIX. B mocienHee Bpems
IJIsl pellleHusl MOA0OHBIX MpobseM ObLIO MPeaJoKeHO HCMOJb30BaTh OHOMeXaHUUecKoe
MOZIe/IUPOBAaHHE C MPUMEHEHHEM MeTOla KOHEeUHbIX 3JeMeHTOB [5]. OTeuecTBEHHBIMH U 3a-
pyOeKHBIMH aBTOPAMH OLIEHHBAIOTCS TPOYHOCTHBIE CBOMCTBA CUCTEMBI «KOCTb — UMIIJIAHTAT»
oA IeHCTBHEM CTaTHYeCKHUX Harpy3ok [6—10], a Takxe wuccnenyeTcs BIHsSHHE OCTEOTOMUH
MepBoO# MJIIOCHEBOU KOCTH Ha 6MoMexaHHUKY crtombl [11]. M3yueHo Takke BiMsiHHe oOIiel
IpsiGJIOCTH CBSI30K Ha YXYMIIEHHe COCTOSTHUS MPH BaJbrycHOH nedopmanuu [12]. B To xe
BpeMsI TIOJIHOTO aHa/nu3a CTabU/IbHOCTH PA3HBIX THUIIOB OCTEOTOMHH BBINOJHEHO 0 CHX TOp
He ObLJIO.
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Llenb nanHo# paboThl cocTosina B pa3paboTKe U BaJiuAaLUU OHOMeXaHWYEeCKOH MOJesn
OCTEOTOMHH TEepPBOH MJIOCHEBOH KOCTH [J51 aHa/M3a ee CTaOUJIbHOCTH M HAJEeKHOCTH
B 3aBHCHMOCTH OT THUIa OCTEOTOMHH, CTENEHH CMellleHUsl (parMeHTOB KOCTH, a TaKxkKe
KOJIMYeCTBA CKPEMNJSIOIINX BUHTOB.

1. Marepuaabl U MeTOIBbI
1.1. Iloctpoenue 3D momenu KocTu

TpexmepHasi TBepaOTeNbHAsT MOJENb MEPBOU IJIIOCHEBOH KOCTH, BKJ/I0Yaiomas ryb4aryro
¥ KOMIIAKTHYI0 KOCTHbIe TKaHH, OblJa MOCTPOEHA Ha OCHOBE Pe3YJIbTATOB KOMIIbIOTEPHOH
ToMOorpaduu KOHKpeTHOro nauveHta. Mopesp co3naBasnach B MPOrpaMMHOM KOMILJIEKCE
Mimics, a 3aTeM B cHcTeMe aBTOMAaTH3UPOBaHHOro rnpoektupoBanus SolidWorks pas-
pesajach (mJs CO3MaHHUSI OCTEOTOMHH) M COBMeIlasjach C TBEPAOTEJNbHBIMH MOIEJSIMH
BHHTOB, TaKxe MocTpoeHHBIMU B cucteMe SolidWorks. B manHoii paGoTe oleHHBaIUCh ABa
THIA 0CTeOTOMHH: scarf U chevron, KoTopele MPOUJIIOCTPUPOBAaHBI Ha puc. 2. Ha puc. 3
MoKa3aHa yKOpOYeHHast (B CPaBHEHHWH CO CTaHIAPTHOW Ha pUC. 2, a) ocTeoToMus scarf.
Puc. 4 unmocTpupyeT pacroJioxkeHrde BUHTOB B CJydae, eCJid OCTeoToMUs scarl kpenures
TOJIbKO OTHUM BHHTOM, a He JIByMs, KaK MOKa3aHO Ha puc. 2, a.

OcTeoTomMust
BuHTHbI

CwmelleHune

CwmelLeHne
parmeHTa KocTu

dparmeHTa KocTu

a/a 6/b

Puc. 2. OcreoToMuu nepBoi MIHOCHEBOH KocTH: a — scarf; 6 — chevron (uBeT oHsaiH)
Fig. 2. Osteotomies of the first metatarsal bone: a is scarf; b is chevron (color online)

B pesysbTaTe KOHEUHO-3JIEMEHTHOMY aHAJM3y Hampsi2KeHHO-1e(pOPMUPOBAHHOIO CO-
CTOSIHUSI CHCTEMBl «KOCTb — UMILJIAHTaT» MofaBeprasochb 10 momesedt 0cTeOTOMHUE MepBOU
TMJIIOCHEBOM KOCTH, ONMHCaHWe KOTOPBIX MpeacTaBjeHo B Taba. 1 (cMellleHHe — BeJHYHHA
CMellleHHs] OHOrO (hparMeHTa OTHOCHTEJbHO NAPYTOro MOTepek KOCTH, BhIPaXKEHO B HOJSIX
IMamMeTpa KOCTH; KOJHYECTBO BUHTOB — | MJIM 2, TaKXKe yKa3aHO pacrojioXKeHHe BHHTA
BIOJIb OCH KOCTH).
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Puc. 3. Ocreoromus scarf ykopouenHast (1[BET OHJIAlH)
Fig. 3. Shortened scarf osteotomy (color online)

a/a 6/0b

Puc. 4. Pacriono)keHre BUHTOB MPH OCTEOTOMHHM scarfl U KpensieHHH (parMeHTOB OJHHUM BHHTOM:
a — BUHT Krepeiu; 6 — BUHT K3aau (LBeT OHJIAHH)
Fig. 4. Screw placement for scarf osteotomy and single screw fixation: a is screw to the front; b
is screw to the back (color online)

Tabauya 1 / Table 1

[Tapamerpsl Mopenell octeoTomuil / Parameters of osteotomy models

Mopenb | Cmelnenue (parmMeHToB KocTd | Tum ocreotomun | Kos-Bo BUHTOB
Moz, 1 1/3 scarf 2

Mog. 2 1/3 scarf 1, x3anu
Moz. 3 1/3 scarf 1, krepenn
Moz, 4 2/3 scarf 2

Mozx. 5 2/3 scarf 1, k3anu
Mopzn. 6 2/3 scarf 1, krepenn
Mon. 7 1/3 scarf ykopouenHas | 1

Mon. 8 2/3 scarf ykopouenHas | 1

Moxn. 9 1/3 chevron |

Mogx. 10 2/3 chevron |

1.2. TIlocraHoBKa 3agauM OMOMeXaHUKU

Pemanach cratuueckas 3ajgadya OMOMeXaHHUKH O HaHpH}KeHHO-I[ect)OpMI/IpOBaHHOM COCTO-
AHUKU CUCTEMBbI «KOCTb — UMIIJIAHTAT»:
— YpaBHeHHS paBHOBeCHS (nonaraeM, 4TO 00bEeMHbIE CHJIbI OTCYTCTBYIOT)I

Oiji = 0; (1)

— ypaBHeHHsd 3aKoHa ['yka, cBfi3biBawolHe KOMIIOHEHTbl TeH30pa HampsiKeHUH U aedop-
MalLUH:
Oij = )‘9613 + 2u5ij; (2)
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— COOTHOIIEHHA KOLHI/I, CBA3bIBAIOLIHE TEH30P Jleq)OpMaLU/IIjI W BEKTOp IepeMelleHud:

(Ui + uj4), (3)

N | —

Eij =

rjae o;; — KOMIIOHEHTBl TeH30pa HalpsiKeHHH, €;; — KOMIIOHEHTBl TeH30pa MaJblX Aedop-
Malui, u; — KOMIIOHEHTbl BEKTOpa TepeMelleHHuH, A, [ — YIpyrue KOHCTaHThl Jlawme,
© = €11 + €22 + €33 — 0ObeMHOE paclIMpeHHe, 0;; — CUMBOJ KpoHekepa, MHAEKCH ¢ U
Jj TPUHHUMAIOT 3HadyeHHs OT 1 10 3, 3HAK «,» B HHXKHEM HHJeKce 0003HAYaeT YaCTHYIO
MPOU3BOJIHYIO MO COOTBETCTBYIOIIEH KOOPAUHATE.

B nanHo# paGoTe rpaHUYHBIE YCJIOBUS MMeJHM CMellaHHBIH BuA (cM. puc. 4). ['panuna
(parMeHTOB KOCTH OblJa pa3buTa Ha ABe 00J1aCTH TaK, 4TO

S=5,+95.
Ha OHHOI';I obJiactu rpaHulbl SU ﬂeﬁCTByIOT IMOBEPXHOCTHLIE CHJIBIL:
O-ij(xl’ T2, x3)nj|5(, - Pi(xla X2, I3)7

rae P; — KOMIIOHEeHTBl BeKTOpa 3aJaHHbIX Ha S, MOBEPXHOCTHBIX CHJI, 70j — KOMIIOHEHTDI
BEKTOpa BHeLIHeH HOpMaJ/M K [OBEPXHOCTH.
Ha Bropoil obsactu rpaHuusl S, 3afaHbl epeMelleHUs:

ui(z1, T2, T3)N5| g = ui (w1, Ta, T3),

i€ U — KOMIIOHEeHTHl BEKTOpa 3alaHHBbIX Ha S, NepeMelleHUH.

PaccmatpuBasocs nelicTBHe KOHCOJbHOH Harpysku [10] Benwuuno#t 31 H, mpuiio-
JKEHHOU K TOJIOBKE KOCTH C TMOJOIIBEHHOH CTOPOHBI MOA yrjaoM 75° (COOTBETCTBYET
S 15° HaKJIOHa OCH KOCTH K FOPH30HTAJM) K OCH KO-
W ctu. Konen xoctu xectko s3akpemsics [10,13].
Takoe 3akpensieHue UCMONb3yeTC MHOTUMHU aB-
TOpaMHU MpPU HATYPHBIX IKCIIEPUMEHTaX, COOTBET-
CTBYeT aHATOMHYECKOMY IOJIOKEHHUIO KOCTH UeJio-
BeKa B IOJIO)KEHUU CTOSI U MOJAENUPYET PeakiHIo
ornopsl mox ctonol [13]. 3agaua peranach yuc-
JIEHHO METOJOM KOHEUHBbIX 3JIEMEHTOB B CHUCTEME
Ansys 19.2. O6aacTti 3akpernJieHuss U 06JacThb
Puc. 5. I'panuunble ycioBusi: A — xkectkast TPHJIOKEHUS HATPY3KH MOKAa3aHbl HA PUC. 5.
3anenka; B — koHcosnbHas Harpyska 31 H [Ipu mMomenvpoBaHUM y4YUTBIBAJIOCH 1Ba TH-

(uBer onsaiin) Na KOHTAKTHOTO B3aUMOJEHUCTBUSA Mexnay (Qpar-
Fig. 5. Boundary conditions: A —rigid meHTamMu KOCTHM ¥ BHHTAaMH: NOJHBIH KOHTAKT H
fixation; B — cantilever load 31N (color xonrakr ¢ Tpennem (taba. 2).
online)

Tabauya 2 / Table 2

KoHTaKTHpyIOlIHe Tejla ¥ THIIbl KOHTAKTHOTO B3aWMOIEHCTBHS
Contacting bodies and types of contact interaction
KonrakTupytoliue Tesna Tunm KOHTAKTHOTO B3aMMOAEHCTBHS
YacTb KOCTH — BUHT [Tonuwiit koutakT (Bonded B Ansys)
Yactb KocTH —4acTh KocTd | Kontakt ¢ Tpenuem (Frictional B Ansys)
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Jlanee npuBeneM MaTeMaTHYecKoe OTNUCaHHe TH-
OB KOHTAKTHOTIO B3auMoJeHcTBUs (pHc. 6). A
[Tpy KOHTaKTe NBYX TeJ Ha MOBEPXHOCTHU KOH-
TaKTa Seon: (PUC. 6) MOJKHO BBIMOJHITHCS YCJOBHE
HEMPOHUKAHHUSI OJHOTO TeJia B IPyroe, KOTOPOE MO- B

»KeT OBbITh 3allKMCcaHo B BHE

&S
cont

(xa—2xp) -1 =0. (4) 2
Puc. 6. KoHTakTHOe B3auMonelCcTBHE
3nech x4, xp — pamuyc-BeKTOPHl Touek Tes1 A, B, a ABYX Teql (LBET OH/aliH)
T — edMHUYHAs HOPMaJb K [0BePXHOCTH KoHTakra I ig- 6. Contact interaction between
S two bodies (color online)
cont-

Tak:ke Ha rpaHHlle KOHTAKTa BOBHHKAIOT pacmpe-
JieJleHHble MO TIOBEPXHOCTH KOHTAKTa CXKHMAIOLIUe YCUJIHUS t;, HallpaBJeHHble M0 HOPMaJn

(puc. 6):

HepaBeHCTBO (5) BBITIOJIHAETCHA, €CJH TeJa HaXOoAATCA B KOHTAKTe.

KacarenbHble YCUJIHA Ha KOHTaKTHOMU IMMOBEPXHOCTH ts; MOTYT OBITb KaK IIOJIOXKHU-
TeJbHBIMHU, TaK WU OTPHLATEJJbHLIMU. Onu MMOAYHUHAIOTCSA 3aKOHY TPEHHUS KYJIOHa (6), B
COOTBETCTBHUU C KOTOPBIM MPHU OTHOCUTE/JBbHOM ABUKEHHUU KOHTAKTHUPYIOLHUX TeJ

’tnz| = Hcont ‘tz’ . (6)

31ech ficont — KOIPPHULMEHT TpeHUs (MpuHHUMAJ/CS paBHbIM (.2).
B cootBeTcTBHH ¢ (4)-(6) B naHHOH paboTe CTaBHJHCH CJEYIOLIHe YCJIOBHS KOHTAaKTa
(7) u (8):

— MoJIHBIH KOHTaKT (HasbiBaetcss Bonded B cucreme Ansys):

— uiB(Il7 T, x3)

U?(xl, T, ZE3>

)

Scont (7)

I

Scont

Seont — Og(xlax27x3)

O'f]l'(l'l,x27l'3) Seont

— KOHTakKT ¢ TpeHHeM (HasbiBaeTcsi Contact with friction B cucreme Ansys):

uﬁ(xh T, x3>

— uf(than?)) Seont (8)
A
o/ (xy, 29, 3)

= 0—5(33173:27333) S 5

cont

Scont

Scont

A uP — KOMIOHEHTHl BEKTOPOB MepeMellleHHH KOHTAKTHPYIOIKUX TodeK Tea A u B

rae u;, u; —
COOTBETCTBEHHO, a;f}, 05 — KOMIIOHEHTB! TE€H30POB HAIpPSIKEHUH KOHTAKTUPYIOIIUX TOUYeK
Ten A W B COOTBETCTBEHHO, U/, uZ — mpoekurk BEKTOPOB MepeMelleHHiH KOHTaKTHPYIOIIHX
Touek Tesl A U B COOTBETCTBEHHO Ha BEKTOp BHeLIHel HopManu K Teay A, o2, 0B —
MPOEeKL MU BEKTOPOB HAMNpsiKeHUH KOHTAaKTHPYIOLIUX ToyeK Teql A U B COOTBETCTBEHHO Ha
BHeIlIHHEe HOPMaJlH.

KontakTHas 3amaua ¢dopmy/aupoBasach € MOMOLIbI0O MeToga MHOXUTesel JlarpaH-
)a [l14], npu KOTOpOM TMOTeHLMaJ KOHTaKTHbIX cua (9) mobaBssieTcsi K ypaBHEHHIO

HpI/IHI_[HHa BO3MO2KHBIX HepeMeLU,eHI/II;I:
Weont = —/ t(xa —zp)ds. (9)
Scont
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3/1ech t — BEKTOD KOHTAKTHBIX YCHJIMH, KOTODPble IeHCTBYIOT 10 MOBEPXHOCTH KOHTAKTa
nByx ten A, B. OH sBJsieTcs MHOXKHUTeJeM JlarpaHKa U MOAJIEXUT OTNpeeseHHIO.

[TpuHIMNIMAbHOE OTJIHUYHE MOCTAHOBKH [6] M MOCTAaHOBKM 3afiayd JaHHOTO HCCJIeN0-
BaHMs COCTOMUT B TOM, YTO HAMM YUYHUTHIBAJOCh JBa THMa KOCTHOH TKaHW (rybuaras u
KOMIIaKTHasi), CBOUCTBA KOTOPBIX MpeACTaBJjeHbl B Tabs. 3 [7].

Tabauya 3 / Table 3

Mexanuueckue cBoiictBa / Mechanical properties

Martepuan Monynb IOnra, Koadpduunent
MIla [Tyaccona
KomnakTHas KocThb 12000 0.3
['y6uatast KocTb 300 0.3
TuraHoBHH criaB (BUHT) 11000 0.3

1.3. CertouyHag CXOOAMMOCTH

58 MCCJTGILOBaJIaCb CeTOoYHasaA CXOOHUMOCTb.
HrtoroBast BEIUMCAUTE/IbHAST CETKA JJI1 KaK-

§ 22 IOW Mofesu coiepxana nopsaka 600 Teic.
8 54 y3J0B. ['paduk ceTouHol cxomumocTH (3a-
© 53 BUCHUMOCTb MaKCUMaJIbHbIX HAMps2KEeHUH B
I 52 KOCTH OT YMCJIa Y3JI0B BBIYMCIHUTENbHOH
= z; CeTKH) 151 MOJEJH ¢ chevron-ocTeoToMuel
S 19 — . [0OKasaH Ha puc. 7.
48
200000 400000 600000 800000 1.4. Bammpauus Mojeu
Yucno Y3N10B CETKHU
s Banupauuu Mopesd Obl NpoBeneH
Puc. 7. T'padyk ceToyHOH CXONMMOCTH HaTYPHBIH 9KCTIEPUMEHT Ha UCIbITATENbHOM
Fig. 7. Graph of mesh convergence mawuHe Instron. [lss atoro Ha o6pasue

NepBOY IJIFOCHEBOH KOCTH, U3BATOU BO Bpe-
Msl XMPYPrMUYECKOTO BMeLIaTeJbCTBa [0 aMIyTallUh CTOMbl He paHee TPeX YacoB 0
JKCIepUMeHTa, Oblja BhiMoJHeHa scarf-octeoTomust (puc. 8, a, 6). OnuH KOHEl KOCTH
(UKCHPOBAJICS C MOMOLILbIO [IMAHAKPUIATHOTO KJ€sl C LIEJOYHBIM MOJHUMEPU3YIOLIUM areH-
ToM (muieBas cona). Ilanee obpasell 3akpensisijicss Ha CTOJIE HCIBITATEbHOH MalIHHbI
non yrsiom 15° K ropusoHTy (puc. 8, 8) U BBHIMOJHSAJICS IKCIIEPUMEHT 110 €r0 KOHCOJbHOMY
u3rudy co cKopocTbio 2 MM/MuH [13].

PesysbraThl HaTypHOro 3KcnepuMeHTa B Buje rpaduka Harpyska (H) — [lepemere-
HUe (MM) CpPaBHHBAJHUChb C AHAJOTWYHBIM UHCJEHHBIM 3KCIIEPUMEHTOM, BBITIOJHEHHBIM
B Ansys 19.2. Ha puc. 9 npezncraB/ieHbl pe3ysbTaThl 060MX 3KCIepuMeHTOB. K3 cpas-
HEHMs] BYX KPHUBBIX BHAHO, YTO Pe3Y/bTaThl YHUCJEHHOT'O M HATYPHOI'O JKCIEPHMEHTOB
CXOXH, a OTHOCHTeJIbHasi pasHulla He mpeBbiliaeT 15%. B o6sacTi MUKOBBIX Harpysok
KpuBBle TepecekatoTcs. [lorpenrHocTb MoxeT GbITh 060CHOBaHA HEOIHOPOAHOCTHIO MEXaHH-
YeCKHUX CBOHCTB KOCTHOH TKaHH, UTO B UHCJEHHOH MOJEJH B paMKax NAaHHOH paboThbl He
YUUTBIBAETCS.
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a/a 6/0b

Puc. 8. Koctb (ocreoromus scarf): a — obpaser mnepen 3KCIepUMEHTOM

(B c6oky); 6 — obpasel mepei 3KCIEPUMEHTOM (BHA CIepenn); 8 —
oOpasell B HCIBITATENbHON MaliuHe (IlBeT OHJIaMH)

Fig. 8. Bone (scarf osteotomy): a is specimen before experiment (side
view); b is specimen before experiment (front view); ¢ is specimen in
testing machine (color online)

Harpyska, H
w P
(9] o

W
o

0 0.5 1 1.5
MepemelteHune, mm

Puc. 9. Banupnauns mMonenn oCTEOTOMHH: CpaBHEHHe HATyp-
HOTO (CTJIOIIHAS JIMHUS) U YHUCJEHHOr0 (MyHKTHPHAs JIMHHS)
9KCIIEPUMEHTOB

Fig. 9. Validation of the osteotomy model: comparison of
field (solid line) and numerical (dotted line) experiments

PesyabTaThbl

PesynbTaThl UMC/NEHHBIX pacyeToB IpeficTaBjgeHbl B Tab/a. 4, a Takke Ha puc. 10
(TMMUUYHBIE TOJISI MOJHBIX MepeMelleHHi) U puc. 11 (TUNHYHBIE MOJIS IKBHUBAJEHTHBIX
HarnpsKeHUH).
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Tabauya 4 / Table 4

XapaKkTepUCTHKH HanpsiKeHHO-1e(OPMUPOBAHHOIO COCTOSIHUS MOJieslell OCTeOTOMHM
Characteristics of the stress-strain state of osteotomy models

Monenb MakcuMasbHbIe MakcuMasbHble MaxkcuMaJsibHble MakcumMasnbHble

nepeMelleH s, MM Hampsi)KeHHUs B HaTpsI)KEeHHUS B HaTIpsI)KEHUS B

BuHTax, Mlla KOPTHUKAJbHOH ry64aToil KOCTH,
KocTH, MIla MTIla
Mon. 1 1.30 107 70 6.7
Mon. 2 1.60 200 120 6.9
Moz, 3 1.38 201 125 4.0
Mog. 4 1.89 192 85 10.7
Mozx. 5 5.73 890 320 8.3
Moj. 6 5.83 760 325 10.3
Mon. 7 0.73 190 75 3.6
Morn. 8 0.98 145 140 4.4
Mogx. 9 0.32 88 49 2.6
Mozn. 10 0.39 73 58 2.7

a/a 6/b 8/c
Puc. 10. TunnuHble mosist MoJHEIX MepeMeleHu# (MM): a — scarf-octreoTomusi; 6 — scarf-octeoTomus
yKOpoueHHasi; 8 — chevron-octeoToMus (11BeT OHJIaiiH)
Fig. 10. Typical total displacement fields (mm): a is scarf osteotomy; & is scarf shortened
osteotomy; ¢ is chevron osteotomy (color online)

[ EEEEEEEEEEE i SEEEEEE

6/b
Puc. 11. TunuuHble noJist SKBUBaJeHTHBIX HanpsikeHu# (MIla): a — scarf-octeoromusi; 6 — scarf-
OCTEOTOMHsI yKOpoUeHHasi; 8 — chevron-octeoToMus (LBET OHJIAMH)

Fig. 11. Typical equivalent stress fields (MPa): a is scarl osteotomy; b is scarf shortened
osteotomy; ¢ is chevron osteotomy (color online)

8/ c
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OOcyxaeHue

B nanHoil pabGoTe chesaHa MOMbITKA OCYLIECTBUTb OMOMeXaHHYECKOe MOJeNHpOBa-
HUe HauboJsiee YaCcTO HCIIOJb3yeMbIX BapUAHTOB XUPYPrUYECKOro JieueHHUsl BaJibl'yCHOH
nedopMalry nepsoro nasgsua cromnsl. /s 3Toro 6s0 coznano 10 mMoneseit ocTeoToMui
OT/IeJIbHOH MepBOH MJI0CHEBOH KOCTH, KOTOpBIE 3aTeM MOABEPTHYTHl CTATHUECKOMY Harpy-
JKEHHUIO C 1eJIbI0 aHa/M3a UX HaIpsi)KeHHO-Ae(hOPMUPOBAHHOIO COCTOSIHUSI U OLEHKH HX
ycremHocTH. Mcnosb3oBaHbl pa3paboTaHHble paHee OHMOMeXaHUYeCKHe KPUTEPUH OLEHKU
yCHelmHOCTH JiedueHus: [19], KOoTopble MO3BOJSIOT OLEHUTh CTaOUIBbHOCTb (DUKCALUU CH-
CTeMBbl «KOCTb — UMILJIAHTAT» M JOJTOBEYHOCTb (HALEKHOCTh, MEXaHHUECKYI0 MPOYHOCTD)
MMIIJIaHTaTOB.

[lepen o6cyxneHreM MoNyYeHHBIX Pe3y/NbTaTOB OTMETUM cjefAylollee. HecmoTps Ha To,
YTO COBpPeMeHHble HCC/Ie0BaTe T YacTO UCMOJb3YI0T Monenau Bced crombl, K. S. Shih ¢
coaBT. [8] mokasaju, YTO U MOAENH ONMHOUHOM IJIIOCHEBOH KOCTH, ¥ MOJEJb BCEH CTOIBI
JAI0T CXOXKHe HaMpsiKeHHO-/e(OPMUPOBAHHbBIE COCTOSTHHS UMIIJIAHTATOB U KOCTHBIX TKaHEH.
BoJsiee Toro, npencraBsieHHasi B 1aHHOH paboTe MOJeNb OCTEOTOMHUH OAMHOYHOH MJI0CHEBOH
KOCTH Obl/1a BaJMIMPOBAHA HA OCHOBE Pe3y/bTaTOB HATYPHbIX 3KcrepuMeHTOB. K Tomy xe
OblIM MOJyYeHbl MaKCHMaJibHble KBUBAJIEHTHbIE HAMpsXKEHUs] B KOCTH M MMIJIaHTaTaXx,
6JIM3KHe M0 3HAUEHHsIM K BeJIMYMHAM M3 cTaTbd [8] mpu Tex ke Harpyskax. OnvHoYHas
TUIFOCHEBAsl KOCTb UCIOJIb30BaHa U B padote (7] mjisi cpaBHEHHs ABYX THUIIOB OCTEOTOMHH C
MO3UIMH MPOYHOCTH U CTAOMJIBHOCTH, @ Pe3yJbTaThl TOATBEPXKIAIOTCS KIUHUYECKUMH JaH-
HbIMH. DTH (aKThl 03BOJSAIOT 000CHOBATh MCIMOJb30BAHHE MOJEIN OAMHOUHOH MJIOCHEBOH
KOCTH [/ MOAEJNUPOBAHUS U CPAaBHUTEJNBHOrO aHa/IM3a CTAOUIbHOCTH OCTEOTOMHH.

[lepelineM HemocpeACTBEHHO K OOCYXKIEHWUIO pe3yJbTaTOB U oOpaTUMcs K TabJ. 4.
Haumenee ctabuabHBIMU OKasaauch momead Mox. b u Mon. 6, nokasasiune HaubOJIbIIHE
TIOJIHBIE TIepeMellleHts], © COOTBETCTBYIOLIME OCTEOTOMUHU THMA scarf co cMelleHreM OIHOTO
(parMeHTa OTHOCHTEJIbLHO APYroro Ha 2/3 U 3akpemnJieHHble OHUM BHHTOM. Takke cjenyer
OTMETHTh, 4TO ocTeoToMus Tuna chevron (Mox. 9 u Mox. 10) okasasach CylieCTBEHHO
6osee cTabU/IbHOM, YeM OCTEOTOMHUS THMA scarf, Tak Kak Mokasaja HahMeHblIHe IOJIHbIE
nepeMelleHns] B CPaBHEHUH CO BCEMM OCTaJbHBIMH MOJIEJNSIMHU.

Uro KacaeTcst MPOUYHOCTH U JOJTOBEYHOCTH KOHCTPYKIUHEH, To Mon. 5 u Mon. 6 okasa-
JIUChb ¥ HauMeHee MPOUYHbIMU. B To ke Bpemss Moa. 9 u Mox. 10 (chevron-ocTeoTomust)
OKasaJHuCh HanboJsiee MPOUHBIMU M M0Ka3a/yd HaUMeHbIIYI0 CKJIOHHOCTb K MoJjioMke. Ha
CaMOM JieJie TPOYHOCTh CUCTEMBI «KOCTb — UMIIJIAHTAT» B LIEJOM U €€ OTAEeJbHBIX 3JeMEHTOB
omnpefiesisieTcss MeXaHUYECKHMH HanpsiKeHUsIMH (HarprMep, SKBUBAJEHTHBIMH HarpsixKe-
HUSIMH, UHTEHCUBHOCTBIO HAMPSI’)KEHHUH), BOSHUKAIIIMMH B Hell MPH THUIOBBIX HArpy3Kax.
BHyTpeHHMe HampsiKeHHS B MMIJIAHTATaX CPABHUBAIOTCS C UX MPOYHOCTHBIMH XapaKTepH-
CTHKaMH: MPEeIeIOM BBIHOCJHUBOCTH (TMIPU LMKJIHUECKUX Harpyskax), MpeiesaMd TeKydecTH
1 npouHocTH [16,17,19] ¢ HekoTOPBIM KO3(pHLHEHTOM 3amaca MpoyHocTH. [lpyrumu
CJI0BaMH, HalpsiKeHHsl B UMILJIaHTaTaxX He JOJIKHbI MPEeBbILIATh JOMyCKaeMble MpeeJibl,
KOTOpble [/ MeTa/JI0B MOTYT ObITh paccumTaHbl B cootBeTcTBuu ¢ [TOCT!. Kak npaswuio,
IJ1s1 THTAHOBBIX CIIJIABOB B Ka4eCTBEe JOMYCKAEMOro HarpsiKeHHs OepeTcsi mpenes npou-
HOCTH ¢ Ko3dpduuuentom 3anaca 3 [19]. BUHTH H3roToBJIeHBl M3 THUTAaHOBOTO CILJIABA,
npefes npouyHocT kotoporo coctasnaser 970 MIla. Takum o6pazom, nonyckaemoe Hampsi-
KeHue Ui HUX He npeBbiaer 323 MIla. AHanu3 3HayeHHH SKBUBAaJEHTHBIX HAMPSKEHUN

ITOCT P 34233.1-2017 Cocyabl u annapaThl. HopMbl M MeTombl pacueTa Ha MpouHOCTh. O6miue
TpeboBanusi. Mocksa : Crannaptundopm, 2019. 29 c.
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U3 Tab/. 4 MokasblBaeT, YTO KPUTEPHIO MPOUYHOCTH MO AOMYCKAEMbIM HaIpsiXKEHUSIM He
yIOBJeTBOPsiOT Monesnn Mox. 5 u Mon. 6.

B To ke Bpems mpenes NPOYHOCTH KOMMAKTHOH KOCTH, MO JaHHBIM JuTepaTypsl [18],
He npebilnaer 161 MIla, a ry6uyatoit — no 15 MIla [15]. C 3TUX MO3UUMH B MOIEJSIX
Mon. 5 1 Mopn. 6 B KOMINaKTHOH KOCTH B 00J1aCTH KpEIJeHHUsi BUHTOB, a TakXe B 00/1aCcTH
KOHTAKTa KOCTHBIX TKaHeH MOI'yT HauyaTbCsl paspylleHHs, NPH 3TOM B I'ybuyaToH KOCTH
npenesbHble 3HaUEHHUS HanpsikeHUH He pocturatrotcs. OnMHAKO OHU OKa3bIBAOTCH OJU3KUMU
K MpeneJsy MpoyHOCTH rybuatoit koctd B Momensix Mox. 4 u Mon. 6.

Takum o6pasom, ¢ yyeToM 6HOMeXaHUUECKUX KPUTEPHUEB YCIELIHOCTH BapUAHTHI Je-
yeHHUs!, cooTBeTCTBYyIIMe MoneasiMm Mon. 1 — Mon. 4, a Takxke Mox. 7 — Mon. 10, moryr
ObITb MpPHU3HAHBl yCHeIHbIMU. MOXKHO 3aK/MI0YUTh, UTO CTAHAApTHas scarf-octeoToMmus
M chevron-ocTeoToMusi ¢ TOUKH 3peHHsT OHOMEXAHUKH SIBJSIOTCS PABHOLIEHHBIMU, UTO
MOATBEPXKIAETCS U KJIUHUYECKUMHU pesyabTatamu [20].

Cnenyer OTMETUTb OrpaHUUEHUs NaHHOHM paboTbl, KOTOPbIE, B MEPBYI0 OUepelb, 3aKJI0-
4alTCcs B UCIOJAb30BAHUM MOJEIN ONMHOYHOH KOCTH, a He BCeH CTOMbI B IeJoM. Takxke
OTMETUM TOT (paKT, YTO B MCCJEJOBAHHWH MaTepHasbl KOCTHBIX TKaHEH yCPeIHSJIUCH I10
BCceMYy 00beMy ryO6uaToil U KOMINAaKTHOH KOCTH M CUHUTAJNHCh JIMHEHHO-YIPYTHMH U HU30-
TponHbIMU. Ellle 01HO orpaHHueHHe KacaeTcsl TOro, UTO B paboTe HCCe0BaHA MJIOCHEBAS
KOCTb TOJIBKO OJIHOT'O TMallKeHTa.

BroiBoabl

BriepBble mpoBeneHbl YUCJEHHbIE SKCIIEPUMEHTHl [/ CPAaBHUTEJbHOIO aHa/ju3a CTa-
OUJBHOCTH W TMPOYHOCTH HauboJiee YacTO HCIOJb3yeMbIX THIIOB OCTEOTOMHUH Ha 0Oase
Monesid OfHOH KocTH. PazpaboTaHa W BajiuIMpPOBAaHA Ha OCHOBE HATYPHBIX SKCMEPHMEHTOB
6uomMexaHHUecKasi MoJesb scarf-ocTeoToMHUH TepBol MmtocHeBOH KocTH. C MOMOILIbI0 6HO-
MeXaHUUEeCKUX KPUTEPHUeB YCIELIHOCTH BBISIBJEHBl YCIELIHble U HeyClellHble BapUaHThI
OCTEOTOMHMH.

Cnucok aurteparypsl

1. Nix S., Smith M., Vicenzino B. Prevalence of hallux valgus in the general population: A
systematic review and meta-analysis // Journal of Foot and Ankle Research. 2010. Vol. 27,
iss. 3. P. 21. https://doi.org/10.1186/1757-1146-3-21

2. Ray J. J., Friedmann A. J., Hanselman A. E., Vaida J., Dayton P. D., Hatch D. J.,
Smith B., Santrock R. D. Hallux Valgus // Foot & Ankle Orthopaedics. 2019. Vol. 4, iss. 2.
Art. 2473011419838500. https://doi.org/10.1177/2473011419838500

3. Sammarco V. J., Acevedo J. Stability and fixation techniques in first metatarsal osteotomies //
Foot and Ankle Clinics. 2001. Vol. 6, iss. 3. P. 409-432. https://doi.org/10.1016/
S1083-7515(03)00105-0

4. Unal M., Baran O., Uzun B., Turan A.T. Comparison of screw-fixation stabilities
of first metatarsal shaft osteotomies: A biomechanical study // Acta Orthopaedica et
Traumatologica Turcica. 2010. Vol. 44, iss. 1. P. 70-75. https://doi.org/10.3944/A0OTT.
2010.2209

5. Matzaroglou C., Bougas P., Panagiotopoulos E., Saridis A., Karanikolas M., Kouzoudis D.
Ninety-degree chevron osteotomy for correction of hallux valgus deformity: Clinical data
and finite element analysis // The Open Orthopaedics Journal. 2010. Vol. 4. P. 152-156.
https://doi.org/10.2174/1874325001004010152

6. loasdxkuna A. A., I[loauenko A. B., Kupees C. H., Kypmanos A. I'., Kupees B. C. Ananus
OGHOMeXaHMUYEeCKHUX MapaMeTpPoB OCTEOTOMHH MePBOH MJOCHEBOH KocTH // Poccuiickuil xyp-
Has 6uomexanuku. 2019. T. 23, Ne 3. C. 400-410. https://doi.org/10.15593/RZhBiomeh/
2019.3.06

508 HayyHbiii otoen



A. B. lNonueHko n Ap. YncnexHswi aHann3 HLAC ocTeotomMuii NepBoy /itoCHEBOM KOCTH @

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

LiY., Wang Y., Tang K., Tao X. Modified scarf osteotomy for hallux valgus: From a finite
element model to clinical results // Journal of Orthopaedic Surgery. 2022. Vol. 30, iss. 3.
Art. 10225536221143816. https://doi.org/10.1177/10225536221143816

Shih K. S., Hsu C. C., Huang G. T. Biomechanical Investigation of Hallux Valgus Deformity
Treated with Different Osteotomy Methods and Kirschner Wire Fixation Strategies Using
the Finite Element Method // Bioengineering (Basel). 2023. Vol. 10, iss. 4. Art. 499.
https://doi.org/10.3390/bioengineering 10040499

Xie Q., Li X., Wang P. Three dimensional finite element analysis of biomechanics of
osteotomy ends with three different fixation methods after hallux valgus minimally invasive
osteotomy // Journal of Orthopaedic Surgery. 2023. Vol. 31, iss. 2. Art. 10225536231175235.
https://doi.org/10.1177/10225536231175235

Shin K. S., Hsu C. C., Lin T. W., Huang K. T., Hou Sh. M. Biomechanical evaluation
of different hallux valgus treatment with plate fixations using single first metatarsal bone
model and musculoskeletal lower extremity model // Journal of Biomechanical Science and
Engineering. 2021. Vol. 16, iss. 2. P. 1-12. https://doi.org/10.1299/jbse.21-00073

Guo J., Wang L., Mao R., Chang C., Wen J., Fan Y. Biomechanical evaluation of the first
ray in pre-/post-operative hallux valgus: A comparative study // Clinical Biomechanics.
2018. Vol. 60. P. 1-8. https://doi.org/10.1016/j.clinbiomech.2018.06.002

Wong D. W., Wang Y., Chen T. L., Yan F., Peng Y., Tan Q., Ni M., Leung A. K.,
Zhang M. Finite element analysis of generalized ligament laxity on the deterioration
of hallux valgus deformity (bunion) // Frontiers in Bioengineering and Biotechnology. 2020.
Vol. 8. Art. 571192. https://doi.org/10.3389/ibioe.2020.571192

Favre P., Farine M., Snedeker J. G., Maquieira G. J., Espinosa N. Biomechanical
consequences of first metatarsal osteotomy in treating hallux valgus // Clinical Biomechanics.
2010. Vol. 25, iss. 7. P. 721-727. https://doi.org/10.1016/j.clinbiomech.2010.05.002
Kopobeiinukos C. H. Henunetinoe nedopmupoBaHue TBepabix Tes. HoBocubupcek : Msn-so
CO PAH, 2000. 262 c.

Goldstein S. A. The mechanical properties of trabecular bone: Dependence on anatomic
location and function // Journal of Biomechanics. 1987. Vol. 20, iss. 11-12. P. 1055-1061.
https://doi.org/10.1016/0021-9290(87)90023-6

Titanium Alloys in Medical Applications // AZoM. 2023. URL: https://www.azom.com/
article.aspx?ArticleID=1794 (mara o6pauenusi: 05.04.2023).

Material Data Sheet // SLM solutions. Ti-Alloy Ti6Al4V ELI (Grade 23). URL: https://
www.slm-solutions.com/fileadmin/Content/Powder/MDS/MDS_Ti-Alloy_Ti6Al14V__ELI_
0719_EN.pdf (nara o6pamenus: 05.04.2023).

Havaldar R., Pilli S. C., Putti B. B. Insights into the effects of tensile and compressive
loadings on human femur bone // Advanced Biomedical Research. 2014. Vol. 3. Art. 110.
https://doi.org/10.4103/2277-9175.129375

Hsanos /I. B. buomexaHnueckasi Nojiaep:KKa pellleHHs Bpaya NpH BeIOOpe BapHaHTa JeueHHs
Ha OCHOBE KOJIMYECTBEHHBIX KPHTEPHEB olleHKH ycrnemHocTH // M3Bectusi CapaToBCKOro
yauBepcutera. HoBas cepusi. Cepusi: Martematuka. Mexanuka. Undopmaruka. 2022. T. 22,
Boin. 1. C. 62-89. https://doi.org/10.18500/1816-9791-2022-22-1-62-89

Ma Q., Liang X., Lu J. Chevron osteotomy versus scarf osteotomy for hallux valgus
correction: A meta-analysis // Foot and Ankle Surgery. 2019. Vol. 25, iss. 6. P. 755-760.
https://doi.org/10.1016/j.fas.2018.09.003

References

Nix S., Smith M., Vicenzino B. Prevalence of hallux valgus in the general population: A
systematic review and meta-analysis. Journal of Foot and Ankle Research, 2010, vol. 27,
iss. 3, pp. 21. https://doi.org/10.1186/1757-1146-3-21

Ray J. J., Friedmann A. J., Hanselman A. E., Vaida J., Dayton P. D., Hatch D. J.,

MexaHuka 509



@Ms& Capar. yH-1a. Hos. cep. Cep.: Matemarnka. Mexanvka. ViHgpopmarnka. 2023. T. 23, Bbin. 4

Smith B., Santrock R. D. Hallux Valgus. Foot & Ankle Orthopaedics, 2019, vol. 4, iss. 2,
art. 2473011419838500. https://doi.org/10.1177/2473011419838500

3. Sammarco V. J., Acevedo J. Stability and fixation techniques in first metatarsal osteotomies.
Foot and Ankle Clinics, 2001, vol. 6, iss. 3, pp. 409-432. https://doi.org/10.1016/
S1083-7515(03)00105-0

4. Unal M., Baran O., Uzun B., Turan A.T. Comparison of screw-fixation stabilities of first
metatarsal shaft osteotomies: A biomechanical study. Acta Orthopaedica et Traumatologica
Turcica, 2010, vol. 44, iss. 1, pp. 70-75. https://doi.org/10.3944/A0TT.2010.2209

5. Matzaroglou C., Bougas P., Panagiotopoulos E., Saridis A., Karanikolas M., Kouzoudis D.
Ninety-degree chevron osteotomy for correction of hallux valgus deformity: Clinical data
and finite element analysis. The Open Orthopaedics Journal, 2010, vol. 4, pp. 152-156.
https://doi.org/10.2174/1874325001004010152

6. Golyadkina A. A., Polienko A. V., Kireev S. I., Kurmanov A. G., Kireev V. S. Analysis
of biomechanical parameters of the first metatarsal bone osteotomy. Russian Journal of
Biomechanics, 2019, vol. 23, iss. 3, pp. 400-410 (in Russian). https://doi.org/10.15593/
RZhBiomeh/2019.3.06

7. LiY., Wang Y., Tang K., Tao X. Modified scarf osteotomy for hallux valgus: From a finite
element model to clinical results. Journal of Orthopaedic Surgery, 2022, vol. 30, iss. 3,
art. 10225536221143816. https://doi.org/10.1177/10225536221143816

8. Shih K. S., Hsu C. C., Huang G. T. Biomechanical Investigation of Hallux Valgus Deformity
Treated with Different Osteotomy Methods and Kirschner Wire Fixation Strategies Using
the Finite Element Method. Bioengineering (Basel), 2023, vol. 10, iss. 4, art. 499.
https://doi.org/10.3390/bioengineering 10040499

9. Xie Q., Li X., Wang P. Three dimensional finite element analysis of biomechanics of
osteotomy ends with three different fixation methods after hallux valgus minimally invasive
osteotomy. Journal of Orthopaedic Surgery, 2023, vol. 31, iss. 2, art. 10225536231175235.
https://doi.org/10.1177/10225536231175235

10. Shin K. S., Hsu C. C., Lin T. W., Huang K. T., Hou Sh. M. Biomechanical evaluation
of different hallux valgus treatment with plate fixations using single first metatarsal bone
model and musculoskeletal lower extremity model. Journal of Biomechanical Science and
Engineering, 2021, vol. 16, iss. 2, pp. 1-12. https://doi.org/10.1299/jbse.21-00073

11. Guo J.,, Wang L., Mao R., Chang C., Wen J., Fan Y. Biomechanical evaluation of the first
ray in pre-/post-operative hallux valgus: A comparative study. Clinical Biomechanics, 2018,
vol. 60, pp. 1-8. https://doi.org/10.1016/j.clinbiomech.2018.06.002

12. Wong D. W., Wang Y., Chen T. L., Yan F., Peng Y., Tan Q., Ni M., Leung A. K.,
Zhang M. Finite element analysis of generalized ligament laxity on the deterioration
of hallux valgus deformity (bunion). Frontiers in Bioengineering and Biotechnology, 2020,
vol. 8, art. 571192. https://doi.org/10.3389/fbioe.2020.571192

13. Favre P., Farine M., Snedeker J. G., Maquieira G. J., Espinosa N. Biomechanical
consequences of first metatarsal osteotomy in treating hallux valgus. Clinical Biomechanics,
2010, vol. 25, iss. 7, pp. 721-727. https://doi.org/10.1016/j.clinbiomech.2010.05.002

14. Korobeynikov S. N. Nelineynoe deformirovanie tverdykh tel [Nonlinear Deformation of
Solids]. Novosibirsk, SO RAS Publ., 2000. 262 p. (in Russian).

15. Goldstein S. A. The mechanical properties of trabecular bone: Dependence on anatomic
location and function. Journal of Biomechanics, 1987, vol. 20, iss. 11-12, pp. 1055-1061.
https://doi.org/10.1016/0021-9290(87)90023-6

16. Titanium Alloys in Medical Applications. AZoM, 2023. Available at: https://www.azom.
com/article.aspx?ArticleID=1794 (accessed April 5, 2023).

17. Material Data Sheet. SLM solutions. Ti-Alloy Ti6Al4V ELI (Grade 23). Available at: https:
//www.slm-solutions.com/fileadmin/Content/Powder/MDS/MDS_Ti-Alloy_Ti6Al4V__ELI_
0719_EN.pdf (accessed April 5, 2023).

18. Havaldar R., Pilli S. C., Putti B. B. Insights into the effects of tensile and compressive

510 HayyHbiii otoen



A. B. lNonueHko n Ap. YncnexHswi aHann3 HLAC ocTeotomMuii NepBoy /itoCHEBOM KOCTH @

loadings on human femur bone. Advanced Biomedical Research, 2014, vol. 3, art. 110.
https://doi.org/10.4103/2277-9175.129375

19. Ivanov D. V. Biomechanical support for the physician’s decision when choosing a treatment
option based on quantitative success criteria. lzvestiya of Saratov University. Mathematics.
Mechanics. Informatics, 2022, vol. 22, iss. 1, pp. 62—89 (in Russian). https://doi.org/10.
18500/1816-9791-2022-22-1-62-89

20. Ma Q., Liang X., Lu J. Chevron osteotomy versus scari osteotomy for hallux valgus
correction: A meta-analysis. Foot and Ankle Surgery, 2019, vol. 25, iss. 6, pp. 755-760.
https://doi.org/10.1016/j.fas.2018.09.003

[Toctynunaa B penakuuio / Received 23.08.2023
[Tpunsita k ny6aunkauun / Accepted 28.09.2023
Ony6aukoBana / Published 30.11.2023

MexaHuka 511



@Ms& Capar. yH-1a. Hos. cep. Cep.: Matemarnka. Mexanvka. ViHgpopmarnka. 2023. T. 23, Bbin. 4

HMsBectuss CapaTtoBckoro yHuBepcuteta. HoBast cepusi. Cepusi: Matematuka. Mexanuka. Mudop-
matuka. 2023. T. 23, Buin. 4. C. 512-530

lzvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2023, vol. 23, iss. 4,
pp. 512-530

mmi.sgu.ru https://doi.org/10.18500/1816-9791-2023-23-4-512-530, EDN: TAEGBQ

Hayunasi cratbs
YK 539.376:621.787

Pejakcauus oCTaTOYHBIX HaNpPsKeHUA B MOBEPXHOCTHO
YIIPOYHEHHBbIX BpallAloMMXCs NMPU3MATHUYECKHX 3JeMeHTax
KOHCTPYKIMYA B yCJOBUSIX MOJ3y4YeCTH

B. II. Paguenko™, T. U. Bep6acosa, M. H. Caymkun, M. M. Akuadpuesa

Camapckuil rocynapcTBeHHBIH TexHUUecKHU yHuBepcurert, Poccus, 443100, r. Camapa, yn. MoJsonorsapaei-
cKas, 1. 244

Panguenko Baagumup ITaBnoBuy, noKTOp U3MKO-MaTeMaTHUeCKHX HaykK, mpodeccop, 3aBeAyIoni Kaden-
poil NpHKJaJAHOH MaTeMaTUKH W MH(opMaTuku, radchenko.vp@samgtu.ru, https://orcid.org/0000-0003-
4168-9660, AuthorID: 113673

Bep6acosa Tarbsina MropeBHa, KaHInIaT TeXHHUECKMX HAyK, aCCHCTEHT KadeApbl MPHKJIaIHOH MaTeMaTh-
K ¥ uHpopMaTHKH, t.i.ber@yandex.ru, https://orcid.org/0000-0002-8070-4846, AuthorID: 834419
Caymkud Muxann HukonaeBuu, kaHaunar GU3MKO-MaTeMaTHYeCKUX HayK, JOLEHT, JOLEHT Kadeapbl MpH-
KJaJHOH MaTeMaTHKH U MH(OpMaTHKH, saushkin.mn@samgtu.ru, https://orcid.org/0000-0002-8260-2069,
AuthorID: 103114

AxkundueBa Mapuss MuxaiiioBHa, acnupaHT KadeIpbl NPUKJIATHOH MaTeMaTHKH W HH(pOPMaTHKH,
mar.akinfieva@mail.ru, https://orcid.org/0000-0001-8771-8127

AnHortanusa. Pa3pa6oTaH MeTos pellleHHUs KPaeBbIX 3a/lau pesakKCallid OCTaTOYHBIX HAMpsiKeHHH BO
BpaLaoILeMCsl TOBEPXHOCTHO YIIPOUHEHHOM NPH3MaTHUYeCKOM 00paslie B YCJIOBHSAX BBICOKOTEMIIEPA-
TYPHOH TIOJI3yUecTH. 3a1ada MOAeNUPYeT HANpsKeHHO-1e(OPMHUPOBAHHOE COCTOSIHME MOBEPXHOCTHO
YIIPOUHEHHOT0 NIPU3MaTHUECKOTO CTepXKHS, TOpLieBoe cedeHHe KOTOPOro 3aKpelJieHo Ha abCoJI0THO
’KeCTKOM [IMCKe, Bpallalollerocst ¢ MOCTOSSHHOH yryoBod ckopocThio. Ha nmepBom atamne peleHa
3ajadya PeKOHCTPYKUHMHU MOoJied OCTATOYHBIX HANpPSIXKEHWU W NJaCTUUeCKUX OedopMaudil mocJje
NPOLEAYPHl YIPOYHEHHs, UTPAIOIIUX POJb Ha4aJbHOIO HaMpsKeHHO-1e(pOPMHUPOBAHHOTO COCTOSHHUS.
Ha BTopom 3Tame pemaeTcs 3afada pesakcaldd OCTATOYHBIX HATPSKEHUH B YCJOBUSAX MOJN3YUECTH.
BrinosHeHO feTajibHOE HCCJleJOBaHHE BJMSAHMS YIVIOBOH CKOPOCTH HAa MHTEHCHBHOCTb peJslaKCaluu
OCTaTOUHbIX Halpsi)KeHWH B Pa3/MUHBIX CEUEeHHSAX 10 OCEBOH KOOpAMHAaTe /51 NPU3MaTHYECKOTo
obpasua 10x10x150 mm u3 crnnasa DI1742 npu temneparype 650 °C mocse yabTpa3ByKOBOTO
MeXaHHYeCKOTO YIPOYHEHHS] ONHOH M3 ero rpaHed. AHa/ M3 pe3y/nbTaTOB pacueTa MO3BOJHJ yCTa-
HOBUTB, UTO [Jsl YIJIOBOH CKOpPOCTH, uaMeHsiooinedcss ot 1500 mo 2500 o6/muH, HabaogaeTcs
HETPHUBUAJBHBIE 3(PQPEKT, 3aKM0YAIINANACT B TOM, YTO peJiaKcallds OCTATOUHBIX HaMpsKeHUH
B 6oJlee Harpy>KeHHBIX CeUeHHsIX, HaXOASALIUXCs 0] AeHCTBHEM OCEBbIX PacTArMBAIOILIMX HaMpsi-
JKeHHUH BCJIe[CTBHEe BpalleHHsl, NMPOUCXOAUT MeHee HUHTEHCUBHO, YeM B «XBOCTOBOM» CEUeHHH,
roe oceBasi Harpyska paBHa HyJo. [losydeHHble B paGoTe pe3ysnbTaTbl MOTYT OBITb MOJIE3HBIMU
npu oueHKe 3()(PeKTUBHOCTH MOBEPXHOCTHO YIPOUYHEHHBIX BPALIAIOILINUXCS AeTajeld B yCJOBUIX
BBICOKOTEMIIEPATYPHOH MOJ3yUeCTH.

KiroueBble cjoBa: OCTaTOYHble Halps2KeHHsl, I0BEPXHOCTHOe MJacTHuecKoe AeopMHUpOBaHUeE,
BpalllaioLIMACS NTPU3MaTHUeCKHUH 00pasell, M0J3y4ecTb, peaaKkcalus

© Paa4eHko B. I, bepbacosa T. W., CaywkuH M. H., AkuHgpuesa M. M., 2023



B. I1. Pan4eHko n ap. Penakcaumns octaro4HbiX HanpsiXeHui @

BaaromapHocTu: VccnenoBanue BEITONHEHO NP noaaepke Poccuiickoro HayuHoro gpoHaa (mpoekT
Ne 23-29-00434, https://rsci.ru/project/23-29-00434/).

Hdasa uutupoBanus: Paduenko B. [1., bepbacosa T. H., Caywxun M. H., Axungpuesa M. M.
Peslakcanus 0CTaTOUHBIX HAMNpsKeHHWEH B MOBEPXHOCTHO YIPOYHEHHBIX BPALIAOIIUXCS MPU3MaTHye-

CKHX 3JIeMeHTax KOHCTPYKUHMH B ycJoBHsAX mossydecTd // M3Bectuss CapaToBCKOro yHHBepCHTETA.
Hosas cepusi. Cepusi: Maremartuka. Mexanuka. Mudopmaruka. 2023. T. 23, semn. 4. C. 512-530.
https://doi.org/10.18500/1816-9791-2023-23-4-512-530, EDN: TAEGBQ

Cratbsi ony6/auKoBaHa Ha ycjoBusix juieH3un Creative Commons Attribution 4.0 International
(CC-BY 4.0)

Article

Relaxation of residual stresses in surface-hardened rotating
prismatic elements of structures under creep conditions
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Abstract. A method for solving boundary problems of relaxation of residual stresses in a rotating
surface-hardened prismatic specimen under high-temperature creep conditions has been developed.
The problem models the stress-strain state of a surface-hardened prismatic rod with one end fixed
to an infinitely rigid disk rotating at a constant angular velocity. In the first stage, we solve the
problem of reconstructing fields of residual stresses and plastic deformations after the hardening
procedure, which play the role of the initial stress-strain state, is solved. In the second stage,
we address the problem of relaxation of residual stresses under creep conditions is addressed. A
detailed study of the influence of angular velocity on the intensity of residual stress relaxation
in different sections along the axial coordinate is carried out for a 10x10x150 mm prismatic
specimen made of EP742 alloy at a temperature of 650°C, following ultrasonic mechanical
hardening of one of its faces. The analysis of the calculation results revealed that for angular
velocities ranging from 1500 rpm to 2500 rpm, a non-trivial effect is observed. The relaxation
of residual stresses in more stressed sections experiencing axial tensile stresses due to rotation
occurs less intensively than in the “tail” section, where the axial load is zero. The obtained
results from this study can be useful in assessing the effectiveness of surface-hardened rotating
components under high-temperature creep conditions.

Keywords: residual stresses, surface plastic deformation, rotating prismatic specimen, creep,
relaxation
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Beenenue

TexHoMOTHK MOBEPXHOCTHOTO MJACTUUYECKOT0 YIIPOYHEHHUS LIMPOKO HUCIOJB3YIOTCS s
MOBBILIEHHS pecypca neTaJjield OTBETCTBEHHBIX 3JEMEHTOB KOHCTPYKLHUH B aBUaJBUTATeJe-
CTPOEHUH, IHEPreTUYeCKOM MAIMHOCTPOEHHUHU U JPYTUX OTPAC/SAX MPOMbBILIJIEHHOCTH. DTO
00ycJI0BJIeHO 00pa3oBaHHEM MOJIed OCTATOUYHBIX HaNpsXKEHHWH B MPUIIOBEPXHOCTHOM CJIO€
MaTepuaJsa JeTajei, ¢ KOTOPbIMU CBSI3bIBaeTCS YJy4dllleHHe psia MoKasaTeseld HaleXKHOCTH:
MOBBILIAIOTCS MUKPOTBEPAOCTb U TMpeles BbIHOCJIHWBOCTH MPU MHOTO- U MaJOLHUKJIOBOM
HarpyKEHUH, yAydllatoTcss TPUOOJOrHUeCKHe XapaKTePUCTUKH U Ipyrue mokasatesu [1-
11]. Peruenue KpaeBbIX 3a[ay, CBSI3aHHBIX C OLIEHKOH KUHETHKH OCTATOUHBIX HaIpsKeHUH
B Mpoliecce MoJ3yyecTH, COCTOMT U3 ABYX 3TanoB. Ha nepBoM srtame HeoOXOAHMMO PELIUTh
3ala4y PeKOHCTPYKUHH ((hOPMHPOBAHHS) OCTATOUHBIX HAMPSKEHUH U MJACTHUECKHUX Je-
(opmanuil mocJse Mpoueaypsl MOBEPXHOCTHOTO YIPOUYHEeHHUs. 31eCh MOXKHO BBIIEJNUTb IBa
MoAX0oAa NJisl pelleHUs 3TOH 3anauu. B psine ny6Gaukauuii aBTOPbl UCMOJB3YIOT (PeHOMe-
HOJIOTHYEeCKUH TMOAXOM, 0a3HPYIOLIMNCSA HA SKCIIePUMEHTANbHO U3BECTHOM MH(OPMAaLUHU O
pacrnpefie/leHHH OIHOM WJIHM IBYX KOMIIOHEHT T€H30pa OCTATOUHBLIX HampsikeHud [12-17].
Takas noctaHoBKa 3aa4 COOTBETCTBYET KJjaccy 0OpaTHBIX KpaeBbIX 3aJay, U UX pelleHue
JlaXke B YIPYrod MOCTaHOBKe MpeiacTaBJsieT Gosblune TpyaHocTd [18,19].

CyliecTBeHHOe MPOABHKEHNUE B 00J1aCTH TEOPETHUECKUX METONOB PEKOHCTPYKIIMU OCTa-
TOUHBIX HAMpPSIXKEHWH CBSI3aHO C MHOTOKPATHO BO3POCLUMMHU BO3MOXKHOCTSIMH TIPSIMOTO
MaTeMaTHYeCKOr0 MOJEJUPOBAHHUSI TEXHOJOTMUECKHX MpoleccoB (06paboTKa MHUKpOIIa-
pUKaMH, o6KaTKa POJIMKOM, ajJMa3HOe BBIIJIaXKMBaHWE M 1p.) Ha OCHOBE COBPEMEHHOTO
NpOrpaMMHOro obecrneyeHUs B MHOTOUUCJEHHBIX KOMMepUeCKHUX MakeTax, 0a3upyrolnxcs
B OCHOBHOM Ha MeTojle KOHeYHbIX 3jeMeHTOB. Hanpumep, B [20] 3a cueT BapbHUpOBaHHUs
TEXHOJIOTHUECKHUX TapaMeTPoB 00pabOTKH MOBEPXHOCTH MHUKPOIIAPUKAMH (AJHUTEIbHOCTD
00pabOTKH, CKOPOCTb M HalpaBjeHHe MaKpOIIaPUKOB U AP.) AJSI TPEXMEPHOro cJjydas
YIaJ0Ch MOJNYYUTh IOJS1 OCTATOYHBIX HaNPSXKEHUH WU HUCCJIEN0BATH BJUSHUE TEXHOJIOTHYe-
CKHX TapaMeTpPOB Ha UX XapaKTep W BeJUUMHY. AHAJOrHUHbIEe MOAXOAbl Peasu30BaHbl B
uccaenoBanusax [21-26].

OnHako MHOro4YHCJeHHbIe MOMBITKH MPSMOro MOJEJUPOBAHUS TMpoliecca YIPOUHeHUs!
B OOJIBILIMHCTBE CJIy4yaeB MO3BOJISIOT MOJYUUTh paclpeleseHrde OCTATOUHbIX HANpPsSKeHHH
JIMILIb Ha KaYeCTBEHHOM yPOBHE, TIOCKOJIbKY YYECThb BCe MapaMeTphbl PeajbHOr0 TEXHOJOruye-
CKOTO Tpollecca MOBEPXHOCTHOTO MJIACTUYECKOTO YIPOUHEHHUS CJ0XKHO, a 3a4acTylo, B CHUJY
pa3/MUYHBIX CTOXAaCTHUYECKUX BO3MYILEHHH, U HeBO3MOKHO. Ha BTOpOM 3Tamne ucc/enoBaHus
MOJIyYEHHOE OCTAaTOYHOe HaMpsixKeHHO-Ae(hOPMUPOBAHHOE COCTOSIHHE T0CJe YIIPOUYHEHUS
UCIO/b3YeTCsl B KPaeBbIX 3a4ayax MOJ3y4eCTH YNPOUHEHHBIX 3J1eMeHTOB KOHCTPYKUHM
IJ151 OLIEHKU CKOPOCTH peJIaKCallMM OCTATOUYHBIX HaMpsixkeHUH U 3(P(PeKTUBHOCTH METOIO0B
MOBEPXHOCTHOI'O MJIACTUYECKOr0 YIMPOUHEHUS AJS JeTajed NP BbICOKOH TeMmIepaTrype.
JlaHHas TeMaTHKa HaXONWUTCS B aKTUBHOH pa3paboTke. B uacTHocTH, pelleH psia 3anad
IJI51 TIOJIBIX U CIJIOLIHBIX TIOBEPXHOCTHO YNPOYHEHHbIX LMUJAUHAPUUECKUX NeTajed B ycJo-
BHUSIX KBA3UCTATHUUECKOrO HArpyKeHUs NpU KpydeHUH, BHYTPEHHEM [aBJEeHUH, O0CEBOM
pacCTsI>KeHHH, UACTOH TEPMOIKCIO3ULIMH (TeMIepaTypHasi BbiaepKKa 6e3 MPHJI0KEHHS CH-
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JIOBBIX HAarpy3okK) M HX pasjHuHbIX KoMOMHauusix [27-30], a Tak»Ke NPU NOTNOJHUTENbHBIX
KMHEMAaTHUYeCKHUX OTPAHHUYEHHSIX HA OCEBble U YTJOBble MepeMeleHus: [31-33]. Bakubli
KJacc 3a/1a4d CBS3aH C y4eTOM BJIMSHHUSI MacCOBBIX CHJ MPH BPALIEHHH HAa peJIAKCALHIO
OCTATOUYHBIX HATpPSKEHHH, UMEIOIUX MPO3pPauHbli UHTEpeC B 00JIaCTH aBHA/BUraTeJIeCTPO-
eHMS] M SHEpreTHYecKoro MamMHocTpoeHusi. [lepBas monbiTKa pelleHUst 3afad TaKOro THUIa
MPeANpPUHSTA [/1s TOBEPXHOCTHO YIPOYHEHHOTo UMIMHAPA B [34]. 31ech MeTonMKa pacyeTa
OCHOBaHA Ha WCIOJb30BAaHUH MPUOJIHKEHHOTO MeTozia [15], corsacHo KoTopoMy moJsara-
JIOCb, UTO MOCKOJIBKY TOJIILIMHA IOBEPXHOCTHOTO YIIPOUHEHHOr0 CJIOSl MaJja Mo CPaBHEHMIO
C pafiMycoM LUJIHHAPHYECKOro 00pasla, TO 3TOT CJIOH He OKa3blBaeT CYLEeCTBEHHOIO BJIHUS-
HUS Ha KeCTKOCTb U J1e(hOPMUPYEMOCTb caMoro UUAUHAPA. [TloaToMy TOHKHH ynpoyHeHHBIH
CJIOH MpPeNCTaBJISANCS «HAKJIEeHHbIM» Ha LMJIUHAP U 1e(OPMUPYIOLIMMCS C HUM B peXUMe
«KEeCTKOr0» Harpy»KeHHusl Moj JeHCTBHEM OCeBOH pacTATHUBaIOLIEH CHUJbl, HO OLIEHUTb I10-
TPELIHOCTh 3TOr0 MEeToJa TeOpeTHUYeCKH He MPEeACTaBJ/IseTCsl BO3MOXKHBIM. BriepBeie TouHOe
(HO uMC/IeHHOe) pellleHHe 3aauyu O PeJiaKCallud OCTATOYHBIX HAMPSiKEHUH MPU BpallleHuH
CILJIOIIHOTO yTPOUHEHHOTO LUJIMHAPA B YCJIOBHUSIX MOJ3YyUeCTH MPHUBeNeHO B [35].

B nacrositieit pa6ore o6obuiaercs moaxon [35] MPUMEHHTEJbHO K BpallaolleMycs
MIOBEPXHOCTHO YIPOUHEHHOMY MPU3MaTHYeCKOMY 00pasiy.

1. IlocraHoBka 3amauu

PaccmatpurBaeTcsl BpallaoLMics TOBEPXHOCTHO YIIPOYHEHHBIA NPU3MaTHUYeCKUH obpa-
3ell B YCJOBHUSIX BBICOKOTeMIepaTypHOH noJssydecTd. [eomeTpuyeckue napamerpel o6pasia
U BBeJleHHasl 151 JaJjbHelllero UccaeNoBaHUsl eKapToBa cuctema KoopauHat OXY Z
NpeacTaBJ/eHbl Ha puc. .

Z,
4 i /]
| | |
[0) | _ I
w [ I o T T N
= T 2 : . 3
fmm s it Attt — ~| = = = = <
/ H / //
yv // , //
/ / /
dz
A Rl l
Ry

Puc. 1. Cxema pacTsikeHHs1 TpU3MaTHUecKoro o6pasiia OT NeHCTBHS 1IeHTPOOEKHOH
cu/bl N [pH BpallleHUH C yIJOBOH CKOPOCTbIO W

Fig. 1. The stretching scheme of a prismatic specimen under the action of the
centrifugal force IV during rotation with an angular velocity w

['panb B miaockoctd X OY KOHCONBHO (KECTKO) 3aKperjieHa, UTO MOXKHO TPAaKTOBATh
KaK CTepKeHb, 3aKpeIJIeHHbIH Ha aOCO/IOTHO »KeCTKOM JUCKe paauyca R;. Bpauienue
3a71aeTcst OTHOCUTEJbHO ocH AA; ¢ yryioBoH CKOpocThio w. CUcTeMa KOOPAHMHAT KEeCTKO
CBsI3aHa C BPALIAIOIIMMCS NPU3MaTHUeCKUM o6pasuoM. OnHa U3 ero rpaHeill mopBepKeHa
MpoILeaype MOBEPXHOCTHOTO MJIACTHYECKOT0 Ae(hOPMHUPOBAHUS (3a/1UTa TEMHBIM LIBETOM Ha
puc. 1), ¥ B TOHKOM IPUMOBEPXHOCTHOM CJjioe C(DOPMUPOBAHO MOJI€ OCTATOYHBIX HarpsizKe-
Huil. [Ipu BpaleHnu B oObeMe 00pa3lia BO3HUKAET HEOAHOPOJHOE 0CeBOe HAaIpPsiKeHHOe
COCTOSIHME 32 CueT MepeMeHHOH Harpy3ku N(z), mox neHcTBUEM KOTOPOH pPa3BUBAIOTCS
neopMaluu M0JI3y4YeCTH B KaKJAOM CeUYeHHWH, OPTOTOHa/NbHOM ocH (OZ, U NPOUCXOAUT
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nepepacmnpesiesieH’e (pesakcalusi) OCTaTOUHBIX HANpsiKeHHH B TOHKOM MPHUIIOBEPXHOCTHOM
caoe. Llenaplo paboThl sBsseTcss pa3paboTKa MeTOAa pacuyeTa peJsiakCallud HaBeleHHBIX
OCTaTOYHBIX HaNpsi?KeHUH T0CJ/e Mpolelypbl NOBEPXHOCTHOIO MJIaCTHUYECKOrO yIPOYHEHUS
B NPU3MaTH4YeCKOM 00paslie B 110Jle MAaCCOBBIX CHJI B YCJOBHUSAX IOJI3YYECTH MaTepHuala.
[locnenoBarenbHOCTD pellieHHs] C(HOPMYJIUPOBAHHON 3a1aul aHAJOTMUHA HU3JI02KEHHOH
B paboTe [35] M COCTOUT U3 peasiM3alHH CJAEAYIOUIUX ITAIMOB:
1) peKOHCTPYKLHS MOJIed OCTAaTOYHBIX HANPSIKEHUH U MIacTHUeCKUX AedopMaluil nocse
MpOLENypPhl YIIPOUHEHHUS] TP HOPMaJbHOH («KOMHaTHO#») Temnepatype T = T;
2) mepepacuer MoJied OCTaTOYHBIX HAMpPSKEHHH MPH MPUJIOKEHUH TeMIepaTypHO-CHJIO-
BBIX CTALIMOHAPHBIX HATrPy30K OT BpallleHHsl M U3MEHeHHWH TeMIlepaTypbl CO 3HaYeHHUs
T = Ty (monynb FOHra marepuana Ej) 00 TeMmepaTypsl «3kcmayatauuu» 1 = T
(T > Tp, monynb IOHra npu stoil Temneparype F);
3) pacuer pesiakCalliM OCTAaTOYHBIX HAIpPSKEHUH B yINPOYHEHHOM MPHU3MATHUECKOM
oOpaslie BCJeACTBHE MOJ3yuecTH Npu Temmnepatype 1" = Tj.

2. HanpsxeHHO-Ae(dopMHUPOBaHHOE COCTOSIHWE BpPallal0erocsd
NpU3MaTu4eckoro oopasua

PaccMoTpuM cHauasa 3aKOH U3MEHEHHsl 0CeBOI'0 HalpsiKeHHsl BO BpalllalollleMcsl He-
YIPOYHEHHOM MpU3MaTH4YecKoM obpasle. BenuuuHa 1eHTpoOeKHOHU CUJIBl OT BpallleHUs,
NeUCTBYIOIIEH Ha 37eMeHT oObeMa H X H xdz (cMm. puc. 1), onpenensiercs gopmynoi [36]

AN = wW*(Ry + 2)pF(2)dz, 0<2<1=Ry— Ry, (1)
rie w — YIJoBasi CKOPOCTh; p = /g — MJOTHOCTb MaTepHana; vy — yAeJabHbIH BeC; g — YCKO-

peHHe CBOGONHOrO najeHus; F(z) — molaib NonepedHoro cedyeHus (B paccMaTpUBaeMoM
caydae F(z) = H? = const). W3 (1) noaydaem

!
N(z) = pu? / (R, + €)F(€)de. @)

YuureiBasi, uto F(z) = const, u3 (2) misa Hanpsokenus o°(z) = N(z)/F nmeem

l2 - 22
02(z) = pw? [Rl(l —z) + T} (3)
Dopmyay (3) ¢ yuetom o603HadeHust [ = Ry — Ry MOXKHO MpPeNCTaBUTb B BUIE
1 2
02(z) = épuﬂRg [1 - (%) ], 0<z< Ry — R;. (4)
2

U3 popmya (3) u (4) cenyer, 4To NpH w = const 0ceBoe HampsikeHHe o2 (z) NpU PUKCH-
pPOBaHHOH BeJIMYMHE 2 HE 3aBUCHUT OT BpPeMeHH. DTOT (PAKT HUCMOJb3yeTCs B AaJbHEHIIEM
NPU «HAJIO2KEHUH» Ha T0Jie OCTATOYHBIX HANpPsS2KEeHUH «3KCIJyaTallMOHHBIX» HAaIrpPy30K OT
OCEBBIX HalpPSKEHUH.

3. PekoHCTpyKIMSl OCTATOYHBIX HANpPSIKEHUHN U MJIACTUYECKUX
necdopmManuil nocjie ynpoyHeHUs

3ajaua peKOHCTPYKLHMH OCTATOUHBIX HAMPSKEHUH U MJIacTHYeCKUX AedopMaLuil B Mpej-
TMOJI0KEHHUH, 4TO BCe KOMIIOHEHTBI TEH30POB HAINpsKeHWH U Je(opMalUi 3aBUCAT JHILIb OT
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KOOPIUHATHI Y, UCIIOJIb30BAHUS TUIIOTE3 MJIOCKUX CEeUEHWH M aHW30TPOMHHU YNPOUHEHHUS MO
KOOpAMHATaM z U z (cM. puc. 1), peuiena B [12], ¥ mosydeHbl cJeyIolle COOTHOLIEHHUS:

res 1+ av res O[(l B VQ) res
z = —Ux Y qCE = _—Ux Y
(8] + 1% E()(Oé + V) (5)
1—v° res (1+a)<1_y2) res
z = _—ax ) = Ux )
1 Ey(a+v) T Ey(a+v)
rie o = o:%(y), oI® = 0.*(y) — KOMIIOHEHThl TEeH30pa OCTATOYHBIX HaINpsKeHHH;

& = &), ¢4 = ¢,(y), ¢z = ¢.(y) — KOMIOHEHTB TE€H30pa OCTATOYHBIX MIACTHYECKUX
nedopmanu; Ey — monyab IOHra npu temnepatype ynpouHeHust; v — Koapduuuent [lyac-
COHa; o — (heHOMEHOJIOTHYECKHI MapaMeTp, XapaKTepU3YIOIHH aHU30TPOIHI0 KOMIIOHEHT
¢z ¥ (. BCJIENCTBHE TeXHOJOrHH ynpouyHeHus [12]. OcrasbHble KOMIOHEHTHI TEH30POB
OCTaTOYHBIX HAMPSKEHHH M MJacTHUYeCKUX AedopMmaliuil mojaraiTcs paBHBIMUA HYJIIO, MO-
CKOJIbKY MX 3HaueHwus (10 MOLYJIO) Ha MOPSIIOK MeHblile, yeM y MpeacTaBieHHbIX B () [12].
Takum 06pasom, IJisi PpEKOHCTPYKLHUH OCTaTOUHOTO HaMpsi)KeHHO-1e(hOPMUPOBAHHOTO CO-
CTOSIHUS HeOOXOAMMO UMeTb aHAJHUTHYECKOe BbIpakKeHHe /151 KOMIOHEeHTBl 0,° = a;es(y),
0 <y < H. B nanpHedmux pacuetax HCMOJb3YIOTCS SKCIEPUMEHTaNbHbIE NaHHbIE MOC/e
OTHOCTOPOHHET0 YJIbTPa3BYKOBOTO YIIPOYHEHHUS] MPU3MAaTHUECKOr0 06pasiia mpsiMOyTrobHOrO
ceueHusi U3 craBa JI1742 nisg KOMNOHeHTH o, = 0,(y), NpUBefeHHBIe B padore [12]
U MpelCcTaBJ/eHHbIe JIUIIb B 00JACTH CXKaTHsl MaTepHaJa.

DKCTpanosiiys 3KCepUMEHTaAbHbIX TaHHbIX Ha Bce 3HaueHus 0 < y < H BbINOJHEHA
C UCIOJb30BaHHEM 3aBUCUMOCTH

*) 2
res y—y
oy (y) = 00 — o1 eXP(—%) (6)
rae ot(y*) = min o,(y); 0o, 01 U b— mapameTpbl, METOIUKA OMpe/eJeHHs] KOTOPbIX

O<y<H
C HCIIOJIb30BAHHMEM YCJIOBUSI CaMOYpPaBHOBEILLIEHHOCTH 3MIOPbl OCTATOUHBIX HaIpSKeHUU

uasoxeHa B [12].

B yactHOM csydae usoTpomnHoro ynpodHeHnus (o6paboTka ApoObIO, YJIbTPa3ByKOBOE
(MexaHHWYeCcKoe) yNpoYHEeHHE, TePMOIJIACTHYeCKOe YIPOUHEHHE W APYTHE TEXHOJOTHUHU)
napamerp « = 1 [12] u dpopmynsl (5) npuHUMaOT GoJiee MPOCTOH BHA:

0265202687 qz:qZ:_l_VO-reS _2(1_1/)

EO T y = TOO';eS. (7)

4. Pacuyer HampsKeHHO-Ae(POPMHUPOBAHHOTO COCTOSHUSA
MPY MTHOBEHHOM MPUJIOKEHUH TeMIlepaTypPHO-CUJIOBOTO
HarpyxeHus

PaccmoTpum ciienyolnyo cxeMy Harpy»KeHusi MOBEPXHOCTHO YNPOYHEHHOTO MPHU3MATH-
YecKoro obpasia: cHadasa oOpasell MporpeBaetcs (yCJOBHO MTHOBEHHO) C TeMIIEPATYpHI
ynpounenusi Ty (Monynb FOHra Ejy) mo temmnepatypsl «dKcmayatauuu» 17 (momynab HOH-
ra F), a 3aTeM LWJIMHAD HAUWHAET BPAlIaTbCsl C YIJIOBOH CKOPOCTbIO w. [Ipenmnosaraercs,
4TO MPH TEMIIePaTyPHO-CUJIOBOM HArPy’KEHHH He BO3HHUKAKOT BTOPHUHBIE MJIACTUYECKHE
neopMal{K, T. €. MPOUCXOAMUT YIpyras NOrpy3Ka ymnpodHeHHoro obpasua. [loatomy
¢rx = ¢.(y) He 3aBHCHUT OT TeMIIepaTypbl, U BTOPOe COOTHOIIeHHe (D) m/si Temmepatypsl T}
MOXKHO 3aMucaTh B BHUJE

a(l —v?)

0 (y) = —m

E, res
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CoortHourenue (8) mo (opme GyneT aHAJOTMYHO BTOPOMY COOTHOILEHHIO (D), ecau BCe
SMIOPbl OCTATOYHBIX HAMPS)KEHWH YMHOXKHUTb Ha KodpduuueHtT Fi/Ey. B pesymabrare
noJiyyaeM pacrpejieieHHe OCTAaTOUHBIX HaNpsiKeHHH Mpu Temneparype 77.

[Ipu pacueTe HampsiKeHHO-AePOPMUPOBAHHOTO COCTOSIHUS B YCJOBHUSIX MOJ3YUYECTH MPU
BPALLEHHUH C YIVIOBOM CKOPOCTBIO w M TemImeparype 1) B 000K MOMEHT BpeMeHH ¢ B AaJib-
HefilleM GyfeM HCIOJIb30BaTh CJeNyIOlHe 0603HaueHUs1: o; = 0;(Yy, 2, 1) — /15T KOMIIOHEHT
TeH30pa HanpsikeHuH; ¢;(y, 2,t), e;(y, 2,t), pi(y, z,t) — NI KOMIOHEHT TEH30POB IMOJIHOH,
yIPyro#l U peosIorHueckoi aeopMalifii COOTBETCTBEHHO, ¢ = Z, Y, 2. 10r1a B HayaJbHbIH
MOMEHT BpeMeHH 1pu ¢t = 0 uMeeM:

2 P2
_pw R2|: o R1+Z>2i| E res
20 =l (Tg) |+ mow,
72 (y:2,0) = Tor (W),
€Z<y7 270) = E[02<y7 270) - Vaw(y7za 0)] + qZ(y)J
€x<y72a0) = E[Ox<y72a0) - yaz(y,z,())] + qyc(y)a

rae o.%(y), 02(y) — ocTaTOUYHble HANpsKEeHHs MOCJe YIIPOUHeHHs, orpefesseMble GopMmy-

namu (5), (6).

5. Pacuer pejakcanyy oCTaTOYHBIX HaNpsKEHU! BO BpallaIoIeMCs
npu3MaTH4eCcKoM o0pa3le B yCJOBUSX MOJ3y4eCTH

PemnTbh aHaNWTHYECKH MOCTABJEHHYIO 3aa4y pesakCaldd OCTATOUYHbIX HAMpsiKeHUH
NPH MOJ3Y4YeCTH HEBO3MOXKHO B CHJIy HEJHHEHHOCTH JI000H TEOPHUHU IOJ3Y4YeCTH IJIA Me-
TaJJnYecKuX mMatepuanoB. [losTomy B HacTosllell paboTe pa3paboTaH UUCAEHHBIH METOL.
YuuTbIBas HEONHOPOMHOCTb HATIPSIXKEHHOTO COCTOSIHUS [/l KOMIIOHEHTBI 0 (2), 3a1aBaeMOro
(1), n ero craunMoHapHOCTb MO KoOpAHHATe z € [0,!] Mpu BpalleHHH, BBINOJHSIETCS JHC-
KpeTH3alus npu3mMaTHueckoro obpasua no 3Tod KoopauHarte: 0 =z2p < 21 < --- < 2y =
¢ noctossHHBIM waroMm Az = [/N, rne N — KOJHUYeCTBO OTPe3KOB pa3bueHus. [laiee
YIPOYHEHHBIH 06pasell pacCMaTPUBAeTCs KAK COCTABHOW CTepyKeHb U3 N 3jeMeHTapHBIX
CTepKHel MPSMOYTOJIBHOIO CeYeHHs ¢ BbICOTOH Az, MPU 3TOM B KaXKJIOM CeUeHHH Ha-
npsikenue 0°(2) (21 < 2 < 2, 1 =1,2,..., N) MOXKHO CUHTAThb MOCTOSIHHBIM. B cBsizu
C 3THM pacueT peJaKcalluh OCTATOUHBIX HANps)KeHHH B KaXKAOM CEeYeHHH z = z; Bpallaw-
merocst o6pasia MOXKHO BHITIOJIHATh aBTOHOMHO, TMOJiarasi, YTo B 3TOM CeUeHUH NeHCTBYeT
MOCTOSIHHASL HATPY3Ka 0 (2y,).

,HJ'[H KaxJ10ro 3JIEMEHTAPHOTIO CTEP2KHA BBOAUTCA THIIOTE3a IJOCKHUX CedeHHH B BUJE

Ez(yv Z/fyt) = 62(Zk7t)7 5:5(,% Zk7t) - 52(Zk7t)

Torna B n060H MOMEHT BpeMeHH ClpaBelJ/IMBBI CJedyOlI1Me PaBeHCTBA:

52(% Zk>t) = ez(yv let) + qz(y) _'_pz(yv Zk7t) = gg(’zk’t)’ (9)
5x(y7 Zkvt) = ew(y7 Zk7t) + Qm(y) +pm(y7 2k, t) = €g<zk7t)'

Benuunnel £2(zy,,t) u €2(2;, 1) UMEOT IpeacTaBIeHNE

1
ez, t) = =—a%(zk) + P2 (21, 1),
(21, 1) Ely(k) P> (2K, t) (10)
ez, t) = —7—02(2k) + P2, 1)
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Torna (9) ¢ yuetom (10) mpeobpasyroTres K BHLY

1 1
— 02y, 2, t) — Voo (Y, 20, 1)] + 4= (y) + =Y, 20o 1) = =02 (2k) + P22k, 1),

1%
E [Ux(yv 2k t) - Vo-z(:% 2k, t)} + QI(y) +pz(y; Zks t) = _EJ (Zk> +px(zl€7 t)

Pemasi nosyueHHYI0 CHCTEMY OTHOCHTEJBHO 0, (Y, 2k, t) ¥ 04 (Y, 2k, t), HAXOLUM

— [(pz 2, 1) 4+ vpd (25, 1)) —

(qz Y) +va:(y)) — (p=(y, 26, t) + vy, 21, 1))], (11)
(21, 1) + vp°(z1, ))

—(2:(v) + va:-(y)) — (Pe(y, 20, 1) + vp=(y, 2, 1)) |-

OnHako AJisl peasnu3allid PacueToB HaNpsiKeHUH o, (y, zx,t) U 0,(y, 2, t) HA OCHOBaHUH
(11) HeoOx0oaMMO 3HATHh BeMMUHHBL PO (2, t) ¥ pY(2k,t), KOTOPbIE MOKa HeW3BeCTHbI. st
MX OMpe/e/eHUs 3aMHIIeM YCJIOBHSI PABEHCTBA BHYTPEHHUX W BHEIIHUX CHJI, JEHCTBYIOIIHX
B JIIOOOM CeuyeHHH, MapaJsjiesbHOM KOOPAHHATHBIM MaockKocTsM ZOY u XOY':

H H H
/ Jz(y)zkat)dy = / O'S(Zk)dy, / O-.T(y?Z/mt)dy = 0. (12)
0 0 0

[Moncrasasisi (11) B (12), yunThiBasi, uTo MpH 2z = 25 BeJUYHHA 00(z,) = const, perast
TMOJIyYeHHYI0 CHCTEMY YPaBHEHHE OTHOCHTEJbHO p° U p?, OKOHUATENBHO HAXOIUM

0z<y7zk7t) _UO(Zk 2

=00

0$<y7 2k t)

P(eint) = / 4:(9) + p:(9, 20 D)y,

H (13)
et) = [ laa(0) + ol 1.

O6benunsis (11) u (13), nonyuaem cucremy AJsi pacueTa KUHETHKH OCTaTOYHBIX HaIpsizKe-
HU# 0, (Y, 2k, t) U 0.(y, 2, t) B IpoOLIeCCe TOJA3YUECTH BO BpallalolleMcst YIIPOYHEHHOM TpHU3-
MaTHuecKoM obpasie. HauanbHble ycioBUs IJ/is 3TOH CHCTEMBI caenyiouue: p,(y, zx, 0) = 0;
pz<y7 Rk O) =0.

Takum o6pa3om, eciu H3BECTHBI KOMIIOHEHTBI TeH3o0pa NedopMalHi MOJ3yUecTH
(Y, 2k, 1) 1 pu(y, 2k,t), TO BeMUUUHBl 04(Y, 2k, t) U 0,(y, 2k, 1) ONpPENENAIOTCS W3 CH-
crembr (11), (13). Hns ompenenenus nedopMauyy MOJN3YUECTH HCIOJNb3YeTCS TEOPHS,
OMMCHIBAIOIIAS MIEPBYI0 U BTOPYIO CTAIHH MOJI3YUECTH U MMelollas AJis pacCMaTPUBAEMOro
B HacTosiled paboTe CJA0XKHOTO HAMPSXKEHHOTO COCTOSIHHS B MPU3MaTHYeCKOM o6pasie
caenytomui Bua [37]:

p;(t) = v;(t) + w;(t);
t

4 (1) = {AB]@), B, ()05 (1) > 0.
: 0, By(t)oy(t) <0, (14)
B0 = alS )/ (0o = B0 S5
t)\m—1 0, —50'1 .
wZ(t)Zc(g;)) —1< (t)a**l (t)>7
wal) =e(02)" (),
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rae p;(t), vj(t), w;(t) — KOMIIOHEHTHl TE€H30POB MOJHOH Ae(opMallUH MOJ3Y4YeCTH, BS3-
KOTJIaCTHUeCKOH nehopMalnd U aeopMaliy BSI3KOTO TeYeHHs] COOTBETCTBEHHO; pu —
aHaJIor Ko3(ppHIIHeHTa HyaCCOHa II.HH KOMIIOHEHT v,(t), v,(t) (mo pekomennauuu [37]
MOXKHO Mcrnonb3oBath p1” = 0,42); S(t) = \/02(t) + 02(t) — 0,(t)o.(t) — HHTEHCHBHOCTD
HampsKeHu; o™, \, a, n, ¢, m — napaMeprI MOJIeJIH, METOAMKA UIEHTU(UKALUHU KOTOPBIX
XOpOLIIO M3BeCTHA M M3J0xKeHa B [37].

HauasnbHele ycoBust mjsi ypaBHeHu# (14) UMerOT c/enyomui BULI:

v;(0) = w;(0) = B;(0) =0, j=u,z. (15)

C ucrnosnb3oBaHHeM Teopud mouszyuect (14) paccuuTbiBaloTCs 3HauUeHUs p.(y, 2k, t)
u . (y, 2k, t), Bxoasuue B popmyabl (11) u (13). DTy BesMUMHBI paCCUUTHIBAIOTCS YUCTEHHO
«aramu» mo BpeMeHd. CyTbh MeToia COCTOUT B caenytoiieM. CHauasna oCylecTBASETCS ANUC-
KpeTHu3alus 1o BpeMeHHOH koopauHate 0 =ty < t] < --- < tx = t* c warom At; = t;11—1;
(1=0,1,..., K — 1) 1 no npocTPpaHCTBEHHOU nepeMeHHOH 0 =yg < 1 < ... <yy = H
(H — romuuHa obpasua, cMm. puc. 1). [lycTh HaM H3BeCTHbl 3HaueHHs BceX (PYHKIHH,
BXoAsIKUX B (14) B Kaxkaoi Touke (t;,y;), a 3HAUUT, U3BECTHBI U 3HAYEHUS D, (Yj, 2k, ti),
P-(yj, 2, t;). Torna Ha ocHoBaHuH (14) BBIYMCJISAIOTCS TPUPALIEHHUS KOMIOHEHT AedopMa-
LUK nonsydectd Ap,(y;, 2k, ti), Ap.(yj, 2k, t;) 3a war BpeMeHH At;, TP 3TOM NpHUpaLleHHUs
COOTBETCTBYIOLIMX BEJHUYHMH, BXOAALIMX B quddepeHrasbible cooTHoteHus (14), Bbiyumc-
JISIFOTCS1, HampuMmep, 1o metony disepa. Jlanee HaxXoAATCs 3HAUEHHUS

Pa(Yj, 2k, tiv1) = Pa(Yjy 2ko 1) + Apa (Y, 2, i),
pZ(?J]? Zk7ti+1) - pz(y]a 2k tz) + Apz(yj7 Zk:ati)a

a 3arem no opmynam (11), (13) ompenenstorest 0, (y;, 2k, tiv1), 02(Yj, 2k, tit1), U IpoLECC
UTEPALMOHHO MPOJOJKAETCS 10 AOCTHXKEHHs 3HAUeHHeM BpeMeHH 3alaHHOT0 HHTepBaJa
pacuera t = ty = t*. Ha nepBom mare npu Aty = t; — to UCIOAB3YIOTCS HadasbHbIE
ycqioBust (15) W 3HaueHUs] HaNpsixKeHUH o, (y, 2k, 0) ¥ 0,(y, 2k,0) B MOMEHT TPHJIOKEHHS
TEMIIEPaTyPHO-CUJIOBOTO HArPyKeHHs.

PaccmoTpuM Tenepp TeMIepaTypHO-CUJIOBYIO Pa3rpy3Ky MOCJe MOJA3YyYeCTH B MOMEHT
BpeMeHHd t = t* + 0. [lycTp cHauasa ocyliecTB/sIeTCS CUJIOBAasi yIpyrasi pasrpyska, T. €.
noJsaraetcst w = 0. Torga mosydyaemM COOTHOLIEHHUS AJIsi OCTATOYHBIX HampsikeHu# u3 (11)

E,

2 [(pg(zkvt*) + Vpo(zk>t*))_
5 —(@:(v) + va(y)) — (P=(y, 20: 1) + vPa(y, 21, 1)) ] (16)
0.y, 2z, t*) = 1.2 [(px(zk,t*) +vp?(z, t ))
_<qm( )+VQz< )) (p:c(yazk7 )+sz(y, Zk,t*))}.

YToObl HAWTH OCTATOUHbIE HATPSKEHHsI MOCJEe TeMIepaTypPHOH pa3rpy3KH ¢ TeMIepaTyphl
Ty no Temneparypsl Ty, noctatouHo B (16) F; 3amMeHUTb Ha Fj.

Uz(ya 2k t*) -

6. Pe3syabraThl pacueToB M UX aHAJMU3

B MozmenbHBIX pacyeTax MCMOJb30BaJICs MpU3MaTHUecKuil obpasel u3 cniasa DI1742
C reoMeTpuuecKUMHU pasmepamu 10x10x150 MM mocse y/abTPa3ByKOBOro (MeXaHHUeCKo-
ro) ynpouyHeHus' npu HOpMa/JbHOH («KOMHaTHOH») Temmepatype Ty = 20°C (MomyJb

13nech BenMuMHa mapaMeTpa aHM30TpONUM B (opmyiax (5) o = 1 M 0CTaTOUHOE HAMPSKEHHO-AeHOpPMHU-
pOBaHHOE COCTOSIHHE 3ajaeTcsi cooTHoeHussMu (7).
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IOura mpu stoii Temmeparype E, = 2.21 - 10° MIla). Pacuer pesjakcaluu 0CTaTou-
HBIX HaNpsRKeHWH ocyllecTBjasiics npu temneparype 77 = 650°C (mopynb IOura mpwu
310l Temmeparype E; = 1.79 - 10° MIla) npu yeTbipex 3HaUEHHUsIX CKOPOCTH BpallleHHst
w = {1500; 2000; 2500; 3000} 06/MuH u nautesbHoCcTH «ucnbiTaHui» 100 4. [1noTHOCTH
matepuaga p = 83200 r/m3, koaddument v = 1/3 mosarancs HE3aBUCHMBIM OT TeMIle-
patypbl. Unc/ieHHble 3HAUEHHs IeOMeTpPUUYECKUX napaMeTpoB (cM. puc. 1) ciaenyrouiue:
Ry = 517 MM, Ry = 667 MM. 3HayeHUs mapaMeTpoB Mopesu moJssdydectd (14) crnsasa
DI1742 npu temnepatype 650°C npusenennl B [38]: o™ = 500 MIla; A = 0.022 1/y;
a=6.1-1073n=329; m=14.3; c = 0.722-1075.

PacueTbl /151 OLeHKM KMHETUKHM OCTAaTOYHBIX HaNpsi>KeHWH BO Bpallaiolliemcsi oopasie
B YCJIOBHSIX TIOJI3yUECTH BBIMOJHSAINCH B MATH CEUEHUAX NPHU 3HaYeHHUsiX z = 0 (yCJ0BHO —
«KOpHeBoe» ceueHHe), 37.5 MM, 75.0 MM, 112.5 MM, 150.0 MM (yCc/IOBHO — «XBOCTOBOE»
ceueHwue).

Ha nepBom 3Tamne BbllOJIHEHA PEKOHCTPYKLIMUS HaIpsi>KeHHO-Ae(hOPMHUPOBAHHOIO CO-
crostHUsl oOpa3ua u3 crnsiasa II1742 nocse yabTpa3ByKOBOr'O YNPOYHEHHS] €r0 T'PaHU C
UCIIOJIb30BAHMEM 3KCIEPUMEHTAJbHBIX JAAHHBIX AJS peXHMa YNPOUYHEHHS, NJIUTENbHOCTbIO
20 ¢, npuBeneHHBIX AJISI KOMIIOHEHTH 04 = 03°(y) B pabore [12] u mpeacTaBieHHBIX Ha
puc. 2 criourHoH JuHuel. Mcnob3ys MeTonuKy 3TOH paboThl, OMpeaesieHbl apaMeTphbl
annpokcumanuu (6): o9 = 119.2 MIla; o; = 1230.7 MIla; b = 0.097 mm. PesyabraThl
annpoKCHMalMHK NPUBe/IeHbl Ha pUC. 2 WITPUXOBOH JHHHeH. M, HaKoHell, ¢ HCTo/b30BaHHEM
(6) u (7) onpenesieHbl KOMIIOHEHTHI TEH30POB OCTATOYHBIX HAMpPsKEHHH U MJIAaCTHUECKUX Jie-
¢popmanmii. Emie pa3 orMeTHM, 4TO B COOTHOIIEHHUSIX (D) TPH YJIbTPa3BYKOBOM yNPOYHEHUH
napaMeTp aHU30TPONHUM YNPOUHEHHUs o = 1.

Ha BTopoM 3Tare BBHIMOJIHAJICS pacyeT OCEBbIX OCTATOYHBIX 0U(z), BHI3BAHHBIX Bpa-
meHueM, o dopmyse (4) mpu pasaHUHBIX 3HaueHHsIX w. COOTBeTCTBYMOLIHe I'pa(UKH
NpUBeNIeHbl Ha pUC. 3.

800

600

]
Ay
S —400 o
= &
= 2 400
Ebs a8
—800
200
—1200 : - - - : : : :
0 005 010 015 0.2 0.25 0
v, mm 0 3 6 9 12 15
Puc. 2. DkcnepumenTanbHas (CrJIOMIHAS JH- # e
Puc. 3. Pacnpenenenue oceBoro Hampsixe-
HHS1) ¥ pacueTHas (LITPHUXOBas JIMHUS) 3IIIO- 0

HUS 0, B CedyeHHUsX o0pasua NpH pasuuHOH

cKopocTH BpaieHndl w: I — 1500 06/muH;

2—2000 06/mun; 3— 2500 06/mus; 4 —
3000 06/MuH

Fig. 3. Distribution of the axial stress ¢¥ in
the cross-sections of the sample at different
rotation speeds w: I —of 1500 rpm; 2 — of
2000 rpm; 3 — of 2500 rpm; 4 — 3000 rpm

Pbl OCTaTOYHBIX HAIMpsI)KEHUH B MOBEPXHOCT-
HOM CJIoe MpH3MaTHueckoro obpasua (cn/ias
JI1742) nocJie yabTPa3ByKOBOTO yIPOYHEHHUS

Fig. 2. Experimental (solid line) and
calculated (dashed line) profiles of residual
stresses in the surface layer of a prismatic
sample (EP742 alloy) after ultrasonic
strengthening
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Ha 3aknounTe/bHOM 3Tarne BBIMOJHSAJICSA pacueT pesaKCaldd OCTAaTOUHBIX HampsiKeHUH
B Tpollecce noJsydyecTd o6pasua 3a Bpems 100 4 B ycJ0BHAX TeMIlepaTypHO-CUJIOBOTO
Harpy»KeHHs C MOCJeNyIollell TeMIepaTypHO-CHUJIOBOH pa3rpy3Koil obpaslia B MOMEHT Bpe-
MeHH t* = 1004. Hanbosnblui HHTepec NpeicTaB/sieT aHAIU3 KUHETHMKH KOMIIOHEHTHI
0.(Yy, 2k, 1), MOCKOJIbKY 3[1€Cb Ha TepBOHAYABbHO HaBeleHHOe MOCJ/Ie MPOLEeLyPhl YIPOUHEHHUS]
HampsiKeHHOe COCTOsIHHE HaKJaJblBaeTcsl «pabodee» BHeILIHee HAMpsiKeHHe, BbI3BAHHOE
BpalleHreM oOpasua. B kayecTBe npumMepa Ha puc. 4, a—8 NpUBEEHBI 3MIOPbl pacrpeeJe-
HHS1 3TOH KOMMOHeHTbl npu w = 1500 06/muH (157.1 pan/c) B ceyenusx z =0, z = 75 MM
U z = 150 MM COOTBETCTBEHHO, U aHAJOTHYHO Ha pUc. 4, e—e MpUBeJeHbl 3aBUCUMOCTH
B «KOpHEBOM» cedyeHHH z = 0 mpu w = 2000 o6/mun (209.4 pan/c), w = 2500 06/mMuH
(261.8 pan/c), w = 3000 o6/mun (314.2 pan/c). OTMeTHM, YTO pachpeneseHHe OCTa-
TOYHBIX HAIpsXKEHUH 0, B «XBOCTOBOM» cedeHUU (puC. 4, 8) He 3aBUCHUT OT BEJHUYHUHBI
YIJIOBOH CKOPOCTH W, MOCKOJIBKY OCEBOe pacTATHBalOlllee HaNpsixKeHHWe OT BPalleHHUs MpU
z =150 MM B 3TOM CeYeHHH OTCYTCTBYIOT. 31ech (haKTHYeCKHU HabJiofaeTcs pesakcalus
OCTATOYHBIX HAMps2KEHUH B YCJOBHUAX YUCTOH TEPMOIKCIIO3ULIHUH.

Ananus 3aBUcHMOCTed Ha puUC. 4, a—8 CBUIETEJbCTBYET, YTO NpH w = 1500 06/MuH
pesiakcalus HanpsikeHUH B CceyeHHUsIX, TJle 0CeBOe pacTAruBalollee HaNpsizKeHHe BhIllIe,
MIPOUCXONUT MeHee MHTEHCHBHO, UeM B «XBOCTOBOM» cedeHUHU (z = 150 MM), rie oceBast
Harpyska oT BpallleHHWs] paBHa HY.JIIO.

ITO cJenyeT U3 CpaBHEHHS KPUBOH [/, KOTOpasi COOTBETCTBYET paclpelesieHHI0 HaMpsi-
JKEHHS 0, ToC/e TIPOLEeNypPhl YIIPOYHEHHS], C KPUBOH 6, KOTOpasi COOTBETCTBYET pacrpeje-
JIEHUIO 3TOH KOMIIOHEHTHI mocJie nosdydectd B TeueHue 100 4 ¢ mocsenyomel Temnepa-
TYPHO-CHJIOBO# pa3rpyskod. AHajoruunbiii ad ekt Habmogancs npu w = 2000 06/MuH
1 w = 2500 06/MuH. OTMETHM, YTO MaKCHMaJbHble OCEBble PACTSTHBAIOIINE HaMpsiKeHHUs
OT BpAllleHUs] B «<KOPHEBOM» ceueHuu He mnpeBocxonsaT 500 MIla (cm. puc. 3) mpu 3TUX Tpex
3HaUeHHUsAX YIJIOBOM CKOPOCTH. TakMM 00pa3oM, B 9TOM Juana3oHe W3MeHEHHUs w Hajuune
pacTATMBAIOLLIMX OCEBBbIX HANPSKEHHWH MPUBOAUT K 3aMelJeHHUI0 Mpolecca pesakcaluu
OCTATOUHBIX HANPSI?)KEHUH 110 CPABHEHUIO C YCJOBUSAMU YUCTOH TEPMOIKCIIO3ULUHU B CEYeHUH
z = 150 MM, rae nmos3yd4ecTb MPOUCXOAUT TOJBKO MOA NeHCTBHEM OCTATOUHBIX (COOCTBEH-
HBIX) HamnpsikKeHWH. AHAJOTHYHBIA HeTPUBUAJBHBIE BHIBOJ TOJyueH U B paboTe [35] mpu
UCCJIeIOBAHUN peJslaKCallMi OCTAaTOYHBIX HaMps2KeHWH BO BpallAOLIEeMCs LUJIUHIPUYECKOM
obpasLe.

400 . . . . ,
I I I I I
1 1 1 * 1
1 1 1 1 1
g S L S ¢ L L
1 1 1 1 1
I I f I I
B | | | | |
= 400 [enenzs berF S boooe- booooe- boeo-e-
d 5! /) ! !
fg ' ! ! !
R e I S S 17/ S .
—~2 | | | |
1 1 1 1 1
<1 I I I I
71200 1 1 1 1 1
0 0.05 0.10 0.15 0.2 0.25 0.2 0.25
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a/a 6/b
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Puc. 4. KuHeTrka KOMIIOHEHTbl OCTATOUHbIX HampsiKeHHH o,(y,t) B yCJAOBHUSX MOJI3Y4YeCTH MpPH
w = 1500 06/mun B ceuenusix z = 0 (a), z = 75 mm (6), z = 150 mm (8); B cedeHuu z = 0
npd w = 2000 o6/muH (&), npu w = 2500 06/muH (0), npu w = 3000 06/muH (e). PacuerHbie
3HaueHus: | — nocJse npouenypsl ynpouHenus npu 20°C B MoMeHT BpemeHHd ¢t = 0 — 0; 2 — nocJie
TemnepatypHo# Harpysku 10 650 °C B MomeHT BpeMeHH ¢t = 0 + 0; 3 — mocsie CHIOBOKM HAarpysKu OT
BpaueHus npu 650 °C B MomeHT BpemeHH t = 0 + 0; 4 — mocJie MoJ3y4ecTH MPH TeMIepaTypHO-
cusioBoit Harpyske npu 650 °C B MmomeHT BpemeHH t = 100 — 0 4; 5 — mocsie CHJIOBOH pa3rpy3Ku
npu 650 °C npu ¢ = 100 + 0 4; 6 — nocsie TeMnepatypHo# pasrpy3ku 1o 20°C B MOMEHT BpeMeHH
t=100+04
Fig. 4. The kinetics of residual stresses component o (y,t) under creep conditions at w = 1500 rpm
in sections z =0 (a), z = 75 mm (b), z = 150 mm (c); in the section z = 0 at w = 2000 rpm (d),
at w = 2500 rpm (e), at w = 3000 rpm (f). Calculated values: / — after the hardening procedure
at 20°C at time t = 0—0; 2 — after temperature loading up to 650°C at time t = 0+0; 3 — after
force loading from rotation at 650°C at time ¢t = 0 + 0; 4 — after creep under temperature-force
loading at 650°C at time ¢t = 100 — 0 h; 5 — after force unloading at 650 °C at time ¢ = 10040 h;
6 — after temperature unloading to 20°C at time ¢ =100+ 0 h

[Ipoananusupyem Tenepp npouecc pejakcalydyd OCTATOYHBIX HAIpPSI)KEHUH o, B «KOpHe-
BOM» ceueHUHU (z = () B 3aBUCHMOCTH OT BEeJHUYHMH yTJIOBOH CKOPOCTH, CPaBHHBAs KPHUBBIE
I v 6 Ha puc. 4, a, e—e. 3mecb HaOJOAETCS HEMOHOTOHHAsi 3aBUCUMOCTb CKOPOCTH
peslakcaluu OT w (HUJH TO XKe caMoe — OT OCEBOTr'0 PacTSATUBAIOIIETO HATPsSIXKEeHHUs): TIPH
w € [1500;2000] 06/mMuH mpoliecc pesakcalUy 3aMelJisieTcss (3HaYeHHs] HATPSIKEHUST 0,
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npu 100 yacax (kpuBast 6) Mo MOLYJIO YBeJIHUYUBAIOTCS) C yBeJHUEHHEM w; 3aTeM ITIpH
w = 2500 06/MHH mpolecc pesakcaluyd UHTeHCH(HULNpPYeTcs (3HAYeHUs] HATPSKEHUS O,
(kpuBasi 6 Ha puc. 4, J) Mo MOAY/I0 HAUMHAIOT YMEHbIIATbCS M0 CPABHEHHIO C TpadUKoOM
Ha puc. 4, 2), a npu w = 3000 06/MHUH OHH TIPAKTHYECKH TOJHOCTBIO PeNaKCHPYIOT (KpUBast
6 Ha puc. 4, e) U uX pacnpenesneHue no KoopauHare y € [0,10] MM mpu ¢t = 1004 no
TeMIIepaTypPHO-CUJIOBOH pasrpy3ku (Kpusas 4) coBmagaeT co 3HaUeHHEM pacTSATMBalOLLeH
0CeBOH Harpysku oT BpalleHHus (cM. puc. 3, kpuBas 4 npu z = 0).

AHasnu3 UHTEHCHBHOCTH peslaKCallid OCTaTOYHBIX HAIpsKEHWH o, 10 [JMHe Bpallalo-
erocss oopasia rnokasas MOHOTOHHOE yBeJHUYeHHe CTeleHH PeslaKCalUH OT «KOPHEBOIo»
ceyenusi (z = 0) n0 «xBocTOBOro» cedyeHusi (z = 150 mm) aas w = {1500;2000; 2500}
06/MHH, MPH 3TOM MaKCHMaJjbHble 3HAUEHHsI OCEBOI'0 PACTSATUBAIOIIErO HAIPSIKEHHUS OT
BpallleHHsI B «KOPHEBOM» ceueHHH H3MeHstoTes oT 182.3 mo 506.4 MIla (cm. puc. 3).
Opnnako npu w = 3000 06/MHH, YTO COOTBETCTBYET YPOBHIO PACTSTHBAIOLIMX HaMpsixKe-
HUH or BpawieHus 729 Mlla npu z = 0, cuTyaluus CTAHOBUTCS HMHOU M HabJogaeTcs
HEMOHOTOHHAs 3aBUCUMOCTb CTelleHHW peJlakCallUM B CeYeHMsX 0 JJIMHe oOpasla: Mpu
z = (0 IPOUCXOQUT MOJIHASA peJlaKCallUg OCTATOUYHbIX HANpsXKeHWH o; fajee 10 z = 75 MM
NIPOMCXOAUT MOHOTOHHOE 3aMe/lJieHHe INpolliecca pesakcaluH, a AJs 3HaueHUH z, OOJbLIMX
75 MM, BHOBb MOHOTOHHOE yBeJHUEHHE CKOPOCTH pesIaKCallMH, HO B «XBOCTOBOM» CEUEHUH
YPOBEeHb CKMMAIOLIMX OCTATOYHBIX HANpPSKEHUH ellle JOCTaTOYHO BBICOKHH, B YACTHOCTH
npu y € [0;0.1] mm Besnnuuna o,(y) = —560 MIla.

[lonyyeHHble pe3ynbTaTbl MOTYT ObITb HCIOJb30BAHBI AJ51 OLEHKH 3(PPEKTUBHOCTH
MIOBEPXHOCTHO IJIACTHUYECKOr0 YIPOUYHEHHUS /151 BPALLAIOILKXCH AeTajiell aBUaLlUOHHOU TeX-
HUKH B YCJOBUSAX BBICOKOTEMIEPATYPHOHU MOM3Y4eCTH, TTOCKONbKY HUKeJeBbld craB J1742
(XH62BMKTIO) mupoko npuMeHsieTcsi B KOHCTPYKLHUSX Ta30TypPOHMHHBIX aBHALlUOHHBIX
JIBUraTeJseH.

3akJaoueHue

[IpennioxkeHa u peasnr3oBaHa MeTOAMKA pacyeTa pesaKCallMM OCTaTOYHbIX HanpsiKeHHH
BO BpallaolleMcsl OBEPXHOCTHO YIPOYHEHHOM IPU3MAaTHUECKOM 00pasle, 3aKpenJeH-
HOM Ha abCOJIIOTHO KECTKOM [IHCKE, B YCJOBUSX IOJ3y4YeCTH C HayaJbHbIM HaNps2KeHHO-
ne(popMHUPOBAHHBIM COCTOSIHMEM MOCJe NMPOLeAYypPbl YIbTPa3BYKOBOTO yrnpouHeHus. Kccae-
NIOBAHO BJIMSIHME CKOPOCTH BpallleHWs Ha KMHETHKY OCTAaTOYHBIX HaNpsKEHUH B MOAEJBHBIX
pacyeTax AJs OLHOCTOPOHHE YIPOUYHEHHOro Nnpuamathyeckoro odpasua 10x10x150 MM
u3 craBa JI1742 npu temnepatype 650°C U ueTblpex 3HAYEHUSIX YTJIOBOH CKOPOCTH
w = {1500; 2000; 2500; 3000} 06/MuH.

BeinosHeHHble MOZe/IbHBIE PACUEThl CKOPOCTH PEeJIaKCALMU OCTATOUHBIX HaNpPsKEeHHUH
npu w = {1500;2000;2500} 06/MHUH TO3BOJUJN YCTAHOBHUTb HETPUBHUAJbHBIH 3PPeEKT
3aMeJlJIeHUs] peslakCallMh OCTaTOYHBIX HANpsi)KeHHWH B OoJiee Harpy»KeHHbIX OCeBOH pacTsi-
THBaKoILlel HAarpy3Kol OT BpallleHHs CeUYeHHSX NPU3MaTHUYeCKOro oopasia Mo CPaBHEHHIO
C MeHee HarpyKeHHbIMH, [P 3TOM B «XBOCTOBOM» CEUYeHHH, Ile OceBasi Harpyska oT
MacCOBbIX CHJI paBHa HYJIO, pejakcalus Haubosee uHTeHcHBHasA. Ho npu w = 3000 06/muH
3TOT 3((eKT He HabMIofaeTCcd U B «KOPHEBOM» CEUEHHUH MPOMCXOAMT IOJIHASL peJlaKcalus
OCTAaTOYHBIX HAMpSIXKEHHWU, a B APYTUX CeueHUsAX HaOJ/IonaeTcss HEMOHOTOHHBIH Xapak-
Tep WHTEHCHBHOCTH peJlakCalUU OCTATOUYHBIX HANpPSXKEHHWH MO AJUHE MPU3MATHYECKOTro
obpasua.

[lony4yeHHble pe3y/abTaTbl MOT'YT OBITh M0JIE€3HBI IPH OLEHKe 3(h(PEKTUBHOCTHU MOBEPX-
HOCTHO-IIJIACTUYECKOr0 YIIPOUHEeHUs BpallaloIUXCsl AeTanel, HanpuMep ra3oTypOMHHOTO
ABUTATEJS, B YCJIOBHUAX BBICOKOTEMIIEPATYPHOH MOJI3YyUECTH.
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AnHoTamusa. B pa6Gore kpaTko onuchiBaeTcs pa3BUTHE UH(pOpMa-
LIUOHHO-TEXHUYECKHUX CPENCTB C NMpPUMeHEeHHeM OHOMETPUUeCKHUX

JAaHHBIX, B 4aCTHOCTH MapaMeTpOB IMOXOAKH 4eJIOBEKaA. OnuceiBa- O-I-|D|e‘}-I

I0TCSI MPOGJEMBI OIIEHKH MapaMeTPOB MOXOAKH C MOMOIIBIO aKce- |\ - )
JepoMeTpa MOOGHJBHOTO Tejed)oHa B peanbHBIX ycaoBusax. O6oc- I
HOBBIBA€TCA AKTYAaJIbHOCTb HACTOALLEro0 UCCJAENOBaHHUA B o6JiacTH

pa3paboTKH aJTOPUTMOB OLEHKH OMOMETPUYECKHX TOKa3aTeJsen U

MOXOAKH 10 JAHHBIM HOCHUMBIX yCTPOHCTB. PaccmatpuBaioTces oc-

HOBHble MMOAXOAbl K 00paboTKe NaHHBIX aKcesjepoMeTpa HOCHMBIX
YCTPOKCTB, YKa3blBAIOTCS OCHOBHbIE HEAOCTATKH M MPOOJEMBI MPU
MOBLILLIEHWH KayeCcTBa OLEHKH MapaMeTpoB noxogku. OnuceiBaeTcs
a/JropuT™ 06paboTKHU NaHHBIX aKcesaepoMeTpa MOOMJIBHOrO Tejedo-
Ha. B npensiaraemoM anroputme oT60p 111a6JOHOB ABHKEHUH MpH
NOXOJKe B PerHCTPUPYEMBIX AAHHBIX OCYILECTBJISETCSI HA OCHOBE
CTaTHUCTUYECKOH MH(OpPMAUMH B paMKax <«IJIaBaoLIEro» BPeMeH-
HOTO OKHa (4acTOTHasi KOMIIOHEHTA C MaKCHMaJIbHbIM BKJaJ0M
B CIIEKTpe CHUIHaJsa akceJjepoMeTpa, AJUTeNbHOCThIO OTOMpPaeMbIX
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BPEMEHHBIX CErMEHTOB), a TaK»Ke Ha OCHOBE 3HaueHHs KO3(p(ULHEHTa KOPPeJsiLHH, OTOUpaeMbIX
BPEMEHHBIX cerMeHTOB. Ha sTame cerMeHTauuy AaHHBIX BPEMEHHOE OKHO [JIsl TIOMCKA CErMEHTOB
IBUXXEHHH, a TaKxKe NOMYCTHMble MOPOTH OTOOpa ABHXKEHUH M0 UX IJUTENbHOCTH H3MEHSIOTCS
B 3aBUCHMOCTH OT WHIMBHAYaJbHBIX 0COOEHHOCTEH TMOXOAKH M aKTMBHOCTH uesoBeka. Kmaccu-
(uKauus oToOpaHHBIX CErMEHTOB MO XapaKTepy NBHKEHHH MOXOAKH OCYLIECTBJSIETCS HA OCHOBE
HEHPOHHOHU CeTH MPSIMOro pacnpocTpaHeHus. B KauecTBe (yHKIMM aKTHBALMHU /s CKPHITBIX CJI0€B
B paboTe NPUMEHSJCS CUIMOHUJ, a JJISl BBIXOAHOTO CJI0S1 — HOPMaJIM30BaHHAS KCIIOHEHLIHA/bHAS
¢yHkuusa. O6ydyeHHe HEHPOHHOH CETH MPOMCXOAUIO METOAOM I'PAJHEHTHOr0 0OPATHOTO CIycKa C
KPOCC-9HTPOMNHUeEH B KauecTBe KPUTEPHsl ONTHUMHU3ALMU. 3a cueT 0TOOpa CETMEHTOB C BBICOKHM KO-
3pPULHEHTOM KOpPeJsLUH KaacCu(DUKALHUS NTaHHBIX MOKA3blBA€T KAUueCTBO Pa3/UUeHHs IBHKEHHH
Bite 95%.

KiroueBble cioBa: aqroputM, Moxojaka, ABUKEHHS, BbIIEJNEHHe, KJIacCH(DUKALNS, aKCeaepoMeTp,
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Abstract. This paper briefly describes the development of information technology tools using
biometric data, in particular, human gait parameters. The problems of assessing gait parameters
using a mobile phone accelerometer in real conditions are briefly described. The relevance of
this research is substantiated in the field of developing algorithms for assessing biometric gait
indicators based on data from wearable devices. The main approaches to the processing of wearable
device accelerometer data are considered, the main shortcomings and problems in improving the
quality of gait parameter estimation are indicated. The algorithm for processing data from a mobile
phone accelerometer is described. In the proposed algorithm, the selection of movement patterns
during gait in the recorded data is carried out on the basis of statistical information within the
“floating” time window (frequency component with the maximum contribution to the spectrum of
the accelerometer signal, the duration of the selected time segments), as well as on the basis of
the value of the correlation coefficient, selected time segments. At the stage of data segmentation,
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the time window of searching of movement segments, as well as the allowable thresholds of
selecting movements by their duration, change depending on the individual characteristics of the
gait and human activity. The classification of the selected segments according to the nature of
gait movements is carried out on the basis of a feed-forward neural network. The sigmoid was
used as the activation function for the hidden layers, and the normalized exponential function was
used for the output layer. The neural network was trained using the gradient backdescent method
with cross entropy as an optimization criterion. Due to the selection of segments with a high
correlation coefficient, the classification of data shows the quality of distinguishing movements
above 95%.

Keywords: algorithm, gait, movements, selection, classification, accelerometer, mobile phone,
wearable device
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BBenenue

PasBuTHe MH(POPMALMOHHBIX TEXHOJNOTUH U 3JIeKTPOHUKH MO3BOJISIET [10-HOBOMY B3IJISi-
HYyTb Ha pelleHWe MHOTMX 3aJay, B 4acTHOCTH cHopa U 0OpabOTKU OHOMETpPHUYECKON
uHpopmauuu. OQHUM K3 THUMOB OHOMeTPUUYECKOH MH(OPMALKHU SIBJSETCS MOXOAKa YeJoBe-
ka. HecMoTpsi Ha To 4TO Ucc/enoBaHHe 0COOEHHOCTEH MOXONKH UesoBeKa U pa3padoTka
UH(POPMALHOHHO-TEXHUYECKHUX CPelCTB PerUCTPallMM U OLlEHUBAHHS MapaMeTPOB MOXOAKH
OCYLIECTBJISIIOTCS He IepBoe AeCATH/IeTHe, J1aHHOe HalpaBJ/eHHe MO-TIpeXKHEMY SBJseTCS
aKTyaslbHbIM. 3allMTa NaHHbIX U ayTeHTU(HUKALUs, NepcoHANU3UPOBAHHAS MeIULHHA,
UrpoBasl MHAYCTPUA U APyTHe HaNpaBJeHUs TPaxKAaHCKOH M BOEHHOH OTPACJ/M HCIONB3YIOT
NlaHHBlE O MapameTpax MoxonKu uejoBeka [1-3]. [Ipuuem Bce Gosibliiee BHUMaHUE yaeJsieT-
csl He TOJIbKO PACliO3HABAHUIO PA3JUUHBIX BHUOB JESITENBbHOCTH (COBeplLIaeMbIX IBHKEHHUH),
HO M MX LUMKJIWYHOCTH, 3aBUCUMOCTH Pe3yJbTaTOB OLEHKH [apaMeTpoB ABHKEHUH OT pas-
JIUUHBIX (PAaKTOPOB. YBEJUUUBAIOTCS TPeOOBAaHHUS K NOCTOBEPHOCTH olleHUBaHUs [1,4-6].

Cy11ecTBYIOT pasJiHuHble MOAXOAB K PErMCTPALMH MApAaMeTPOB MOXOAKH: BHIEOKAMEPDI,
CUCTeMa M3 HaTeJbHbIX JAaTUMKOB, B TOM YHCJe CTAalMOHApHble CUCTEMBI, JaTUHKH HOCUMbIX
yerpoiicTB [7-12]. Takue HocHMble YCTPOHCTBa, KaK MOOWJIBHBIN Tese()OH MK CMapT-
OpacJ/ieTbl, UMEIOT B CBOEM COCTaBe AATUMKHU aKceJepoMeTpa UJHM FHPOCKONa M HaXOAATCSH
B MOCTOSIHHOM KOHTAaKTe C 4eJIOBEKOM, YTO M03BOJSIET OCYLLEeCTBJAATb TOCTOSIHHBIA MOHHTO-
PUHT IBHXKEHHH uUeJioBeKa Ha OCHOBE BCTPOEHHBIX JATYMKOB B CKPHITOM («IIPO3pauHOM>»)
0751 yejoBeka pexume. OfHUMHU U3 OCOOEHHOCTEH HM3MepeHHUsl U HeJOCTaTKAMHU CHCTeM
KOHTPOJISl IBUKEHHUH YesloBeKa, NIOCTPOEHHBIX Ha OCHOBE HOCHMOIO YCTPOHCTBA, SIBJSIOTCS
HaJM4he ONHOTO U3MEpPUTEJbHOr0 NaTUYWKa (M3MepeHHe B OTHOH TOUKe MPOCTPAHCTBA B
OIMH MOMEHT BPeMeHH) U BJIUSIHUE Pa3jMuHbIX (DAKTOPOB Ha pe3ysbTaThl u3Mepenus [1,13].
K TakuM (hakTopam OTHOCSITCS: IPOU3BOJILHOE MeCTOPACIOJIOKEeHHe U CJydyalHas cMeHa
MECTOMOJIOXKEeHUST TeseoHa; OTCYTCTBUE XKEeCTKOH (UKcaluUh MOOUJIBHOTO TesnedoHa K
TeJy 4yesoBeKa (HMeroTcst paboThl C »KeCTKOH (pUKcalred MOOHIbHOTO TesedoHa, HO OHU
He MOJYYHJU JaJbHEHIIero NpakTUIeCcKOro BHeIPeHHs); KOHCTPYKTHUBHbIE 0COOEHHOCTH
TeseoHa (MECTO PACIOJIOKEHHS M OpHeHTallWsl NaTuhKa BHYTpU TesedOHa); MeTPOJIO-
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rMYecKre XapaKTePUCTHUKH NaTUMKa U perucTpalds U3MeHeHUs YCKOpeHHs CBOOOIHOTO
najneHusi (KOCBeHHble U3MepPeHHs MapaMeTpPoB NBHKeHHSs). [IoCKOMbKY MpH coBepliaeMbix
IBUXKEHHSAX (MOXOAKe) 3aaelcTByeTcss 0O0JblIOe KOJMUECTBO MBIMIL, CBS30K, CYyCTaBOB,
yUaCTKOB HEPBHOH CHCTEMbl U MPU MOJAEJUPOBAHHUH OMHUCHIBAETCS MHOTrOMapaMeTpUUecKoH
MOJIeJIbI0 IBU2KEHHS, TO 3ajlaya OLleHKH MapaMeTpoB MOXOAKH M BO3MOXKHBIX 0COOeHHOCTeH
(PYHKLIMOHUPOBAHHUSI KOCTHOH W HEPBHO-MbIIIEYHOH CHCTEMBI (B 4aCTHOCTH, MOCTAHOBKA
nMarto3a 3aboJieBaHus) MO OrpaHUYeHHOMY HabOpy NATUMKOB (/151 HOCHMBIX YCTPOHUCTB —
M0 OJHOMY NATYMKY) SIBJSETCS HEKOPPEKTHOH, UTO YCJOXKHSET MPOLeCC OLEHKH IBHKEHUH
U (PU3HOJIOTUUECKUX [TapaMeTpOB yeJioBeKa. TakuM o6pasoM, 3agada pa3pabOTKH HOBBIX
aJTOPUTMOB aBTOMAaTHU3UPOBAHHOTO cOopa W 00pabOTKH NAaHHBIX C NATYMKOB HOCHUMBIX
YCTPOUCTB M/ TIOBBILIEHUS] KAUeCTBA OLIEHKHU MapaMeTpPOB IBHUXKEHHUH U (PU3HOJOTMYECKHUX
0COOEHHOCTeH YeJsioBeKa MO-MPeKHEMY aKTyaJbHa.

[enbto naHHOH paboThl SABJSETCS TOBLILIEHHE KAaUeCTBA OLEHKH JBHXKEHHUH (TIOXOAKH)
N0 JaHHBIM akcejepoMeTpa MOOMJBHOrO TeseoHa 3a cyeT pa3pabOTKH a/IropuTMa Ha
OCHOBe HEHpPOCEeTEeBbIX TEXHOJOTUH.

1. Ilogxombl K 00pabOTKe HAHHBIX

B o6uewm Buze anropuTmbl 00pabOTKH JaHHBIX MOXOAKHM Ha OCHOBE akcejepoMmeTpa
MOOHUJBHOTO TeJsiepoHA CBOASATCH K CAeAYIOLIMM IlaraMm: NpeaBapuTesbHass o0paboTka,
BKJII0Yasi pacrno3HaBaHWe aKTHBHOCTH M (PUJABTPALIMIO CHTHAJa OT MOMeX, 3aTeM Bbl-
TIOJIHSIETCSl MIPOLIeAyPa BbleJI€HHUSI TPAHUIL TIOBTOPSIIOIIMXCS IBUKEHHH (CerMeHTalus) ¢
HOpMaJIM3alLuel, ocye Hee OCYLIECTBJSETCS aHaln3 OTOOPAHHBIX CETMEHTOB U CPaBHEHHE
C MepcoHaJNbHON Mopesblo. [IprMeHsieMble MOAXOABl XapaKTEePU3YIOTCS BBIYUCIUTENbHOH
CJIOXKHOCTBIO M, COOTBETCTBEHHO, CKOPOCTBIO PAaclo3HaBaHUsl (IOJyUeHHsl Pe3y/bTaToB).

[Tonyuaemble ¢ akcesepOMETPUYECKOTO JaTUHKA BPeMeHHbIE Psibl HECYT B cebe BbICOKO-
YaCTOTHBIE LIYMBI, KOTOPbIE TIOJNYUYAIOTCS B pe3y/bTaTe CJAYYaHHOrO MepeMelieHuss MOOUIIb-
HOro TeJse(poHa, OLIMOKH CMelleHUs U T.I., I09TOMY Ha 3Tale NnpeaBapuTe/bHOH 00paboTKH
MPUMEHSIIOT (PUIbTPALIMIO HA OCHOBE OKOHHOT'O yCPeIHEHUS UJW BeHBJeT-pa3JjoKeHUs U
pekoHcTpykiuu [14]. OnHako, kak oTmedaetcst B pabote [1], mosmoxurebHbIH 3h(eKT OT
NpenBapUTEebHON (PUABTPALMK HOCHT OTPAaHUYEHHBIH XapakTep W I/ YCTPAHEHHUS IIyMOB
TpeOyeTcs CUCTeMHBIH Moaxon 6oJiee BEICOKOTO YPOBHS.

PacrnosHaBaHWe akKTHBHOCTH 3aUacTyl0 COBMEIAeTCsl C MPOLEeNypPOH CerMeHTalHuu M
HaMpaBJIeHO Ha BbIeJIEHHE BO BPEMEHHBIX Pajfax ABHKEHHH, OTHOCSALIMXCS K TOXOIKe
yesioBeKa, WCKJ/IoYasi Ipyrue TUMbl IBHkKeHHs. PacrnosHaBaHHe aKTHBHOCTH OCYILECTB-
JISeTCSI M0 MOPOTOBBIM KPUTEPHSM B paMKaxX BPEMEHHOTO OKHa, HAa OCHOBE Pa3/JHUHBIX
KJ1accu(PUKaTOPOB Mo 6a30BBIM MPH3HAKAM PETHCTPUPYEMbBIX CHUTHAJIOB U aBTOKOPPEJSLHH.

CermeHTanus BBINOJHSETCS MO LUKJIWYECKH TMOSIBJASIOUIMMCS MaTTepHAM IMpPH MOBTO-
PEHUH OIHUX U TeX Ke IBHUKEeHHH (IPU LUUKJIUYHOCTH) HUJM HA OCHOBE BPEMEHHBIX OKOH
(dbpeiimoB). K mepBoMy THIy cerMeHTAalLlMHd OTHOCSAT aJTrOPUTMbl, OCHOBaHHBIE HA 06paboT-
Ke 9KCTPEMYMOB B paMKax BPEeMEHHOro OKHa, MepeceyeHUH HYJsl, BEKTOpa 3HAYMMOCTH,
(pasbl NBHUKEHUH, KOppeasIUU U AMHAMHUeCKUX Bapuauui. [locse BeigeseHUs: cerMeHTOB
YTOUHSIOT pasMep BPeMEHHOTO OKHA U HOPMaJsM3YIOT BbleJeHHble CerMEHTHI 110 BPEMEHU
(HanGoJsiee YacTO ¢ MPUMeHEeHHeM MPOLenyphl THHAMHYecKol nedopmaunu Bpemend DWT).
CermeHTalus Ha OCHOBe ()peHMOB MO3BOJISIET BHIAEIAT LUKJIHUECKHE JBHUKEHHUS Ha KO-
POTKHX BPEMEHHBIX MHTepBaJsaX (MajoM KOJHUeCTBe [UKJIHUUHBIX JBUKEHHH), OMHAKO Y
JIAaHHOTO MOAXO0Ma UMeeTCsl HeOCTATOK, CBS3AHHBIN C YeTKOH IrpaHUIeld BpeMeHHbIX OKOH, —
OHHM HEe YUUTBIBAIOT BPEMEHHble U3MEHEHHs MOXOAKH U (ha3y ABUKEHUH.

Ha ocHoBe Bblie/IeHHBIX 11a0J0OHOB JBHXKEHHWH Ha 3Tarne cerMeHTalud GpopMHUpyeTcs Mo-
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Jiesb MOXOAKH uejioBeKa. Haunyuiinm o6pasom 3apekoMeH10Banu cebst METObI TOCTPOEHHUS
Mojiesled Ha OCHOBE TMOJIyUeHHBIX MPU3HAKOB MOXOAKHU BO BpeMEHHOH, 4aCTOTHOH obJa-
CTH WJIM OMHCAHHble CTATUCTHUUECKUMHU MoKasaTesiMd. Ha ocHOBe moJiyueHHBIX Mopesel
OCyLUEeCTBJIsSIeTCS AaJjbHelllee pa3juueHue U KaacCU(PUKALUS PEerUCTPUPYyeMbIX IBUXKe-
HUH. s pasnuueHHss U KaacCU(UKALUKU ABHUKEHUH BBINOJNHSAT CPpaBHEHHWE BXOJAHBIX
MOCJIeI0BAaTENbHOCTEH ¢ UMeIUIUMUCS 1abJOHAMH HJIM NPUMEHSIOT METOAbl MALIMHHOTO
oOyuenus [15].

Oco6oe BHMMaHHe MPH OlLlEHKe MapaMeTpoB MOXOAKH MO NAaHHBIM aKcesJepoMeTpa Mo-
OUJBHOTO YCTPOMCTBA YAeNseTCs BJAUSHUIO Pa3UUHBIX (PAaKTOPOB HA pe3y/bTaThbl OLIEHKH.
S. Sprager u M. B. Juric [1] oTMeuatoT fBa acrekTa U3MeHeHHsI HHIUBUAYaJbHOH MOJENH
noxonku. [1epBbiii cBsi3aH ¢ (PU3NONOTHUECKUMH HU3MeHeHHUsIMU (6ecco3HaTesibHble HU3Me-
HEHHs) ¥ MCUXOJOTHUECKUMH (KOHTPOJUpyeMble U HeKOHTposupyemble [16-18]). Bropoii
ACMeKT CBsI3aH C BHEIIHUMH (aKTopaMH (0feX1a, MOBEPXHOCTh JOPOTH, IOTOJHUTENbHAS
Harpyska Ha KOCTHO-MBILIEYHYIO CHCTeMy opraHu3dma). [lo Hamemy MHeHHIO, ciaenyeT
pa3/JUUNTb (PaKTOPhl, IPUBOASAILNE K U3MEHEHUIO CaMOH MOXOAKH uesoBeKa, U (haKTophl,
CBSI3aHHble C MOTPELIHOCTSAMH H3MEPeHUH, KOTOpble HCKaXKalT MpeAcTaB/IeHHe O MOXO[-
ke [12]. B mepBom ciyuae u3MeHeHUsI MOXOAKH NOJXKHBI YUHUTHIBATHCS B MHAMBHIYaJbHOM
MOZIeJIM TOXOAKH, a BO BTOPOM cCJydae HeoOXOOMMa KOMIIeHCALWs BJMSHHUS BHELIHHUX
(hakTOpOB /151 MOBBILIEHUS TOUHOCTH OLEHKH MHAUBHUAYaJbHBIX MOKasaTeJsel MOXOAKH.
B cucremax 6e3onacHOCTH Ha 3Tane ayTeHTU(UKALWH MOJb30BATENS BJIUSHUE BHEIIHUX
(haKTOpOB MOKeT OBbITb yUTEHO B MHAUBUAYaJbHOH MOfiesU. B cucTeMax nepcoHa/n3upoBaH-
HOH MeIULMHBI, HA000POT, HEOOXOAUMO TOUHO OLEHUBAThb UHAMBHIYyaJbHble 0COOEHHOCTH
noxonku 6e3 MelIawmUX (HaKTOPoB. 3aaua KOMIIEHCAUMH MeIlalnuX (PaKTOPOB SBJASETCS
HenpocTo#. K mpumepy, Ha puc. | mokasaHo BJHsIHUE MepeMelleHUst MOOUIBbHOTO YCTPOH-
CTBa Ha pe3y/bTaThl U3MEPEHUS B 3aBUCHMOCTH OT THIA LITAHOB, 4 HA PUC. 2 — U3MeHeHHe
MOXOAKHU B 3aBUCHMOCTH OT TUna o0yBU. Kak BHIHO M3 MpenCTaBJ/JeHHBIX HA PUCYHKaX
JNAHHBIX, MTOTPELIHOCTH M3MEePeHUH CYLIeCTBEHHO BJHSAIOT Ha TOYHOCTb OLEHKH MapaMerT-
POB MOXONKH — MPH HEM3MEHHOH MOXOoAKe (M3MepeHHUsl MPOBOAMJUCH IPYT 3a APYTOM,
HaKOTJIeHHble JaHHble YCPeNHSIUCh) (hopMa PErHCTPUPYEMBIX CHUTHAJIOB C aKCeJepoMeTpa
MOOHJIbHOTO TesepoHa usMeHsietcss. Ha puc. 1 u 2 mpencraByeHbl faHHbIE OJ51 OXHOTO
UCIIBITYEMOTO, OCTaJIbHbIE UCIBITyeMble HMEIOT COOCTBEHHBIE KOI(PPULHEHTbl OTKJIOHEHHS,
HO OOLIMH TpPeHJ U3MeHEeHHH COOTBETCTBYET MPHUBENEHHBIM pe3yJbTaTaM.
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Puc. 1. BausiHue Tuna mITaHOB Ha Pe3y/bTaThl OLEHKH MOXOOKU

Fig. 1. Influence of pants type on gait scores
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Puc. 2. Bausuue Tumna O6yBI/I Ha pe3yJbTaTbl OLLEHKH MOXOOKH

Fig. 2. Effect of shoe sole type on gait scores

B GosblIHCTBE HCCeOBAHUN aHAJKM3 MOXOAKH MO AAHHBIM MOOHUJBHOrO TeJsedoHa
MPOXOAUJ B J1a00OPAaTOPHBIX YCJOBUSAX, MPU KOTOPBIX H3MEPEHHs OCYILECTBJSANUCh B KOHTPO-
JUPYEMBIX YCJOBUAX C MUHUMHU3ALHUEH BHELIHUX (PAKTOPOB, MPUCYTCTBYIOIMX MPH MOXOLKE
B MOBCeIHEBHOH xkU3HU. Ha nmpakTuke akcesepoMeTp MOOUJBHOrO TejiepoHA KPOMe MOXOJ-
KW 4eJsioBeKa OueHb 4acTo (PUKCHPYeT LIyMbl, KOTOPble CBSI3aHbl C IBHKEHUSIMU YeJsOBeKa,
He OTHOCSILIUMHCS K MOXONKe (rmepeMelleHue TejedoHa B MPOCTPAHCTBE, IBUKEHUS TPU
CTOSTHMM Ha MeCTe W APYyTHe JIBUTaTe/bHble NeHCTBUs). Ha puc. 3 3TH Meluamllle 1BHXKe-
HMS OTPaKeHhl CJeBa U CIpaBa, a caMa I0XOfKa (PUKcHpyeTcs B cepeluHe. B mpouenype
CerMeHTalll{ MOMafaloTCsl BpeMeHHble UHTepPBaJibl, KOTOpPblE MO JIOKaJbHBIM MUHUMYMaM H
IJIMTEJIbHOCTH MUHTEPIPETUPYIOTCS KaK MOJie3Hble NBHKeHHUs (puc. 4 — KpacHble OTMETKH
YKa3blBalOT Ha BpeMeHa OIpeleseHHs T0Ne3HbIX IBUXKEHUH).

Tak:xke Ha MpaKkTHKe BO3MOXHBI CUTyallld, KOTJIa BO BPEMEHHbBIX PsiiaX MOSIBJSIOTCS 1Ba
OJIM3KHX OTYeTa, OTHOCSIIMECS K ONHOMY JIBHKEHHIO, HO TPUHAMAJEXKALIHe IBYM COCEIHUM
BpeMeHHBIM OKHaM (¢peiiMam). B 3ToM ciydyae mosiBsisieTcsi BepOSATHOCTb BKJIIOUEHHS B
pe3yJsibTaT CerMeHTAlUH JBOWHBIX MIAa0JOHOB (pUC. b — cpelHee JBUXKEHHE OMPeNesUI0Ch
ABaXIbl, 9TO OTPAKEHO B IJIOCKOM MHKe KPaCHOH OTMETKH HauaJja CerMeHTa).
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Puc. 3. IlpumMep MCXOOHBIX MaHHBIX AJs1 00pabOTKH (LBET OHJANH)
Fig. 3. Example of initial data for processing (color online)

536 HayyHbiii otoen



H. B. [lopogpees, A. B. [ peyeHeBa. AnroputM BblaeneHns 4BUXEHWI 1 Knaccugomkaumm noxoaku @

S = D Wk W
T

1
[
T

1 1
[SSIN NS
T T

Free fall acceleration, m/sec’

1
N
T

1
W
T

2 4 6 8 10 12 14 16 18 20
Time, sec
Puc. 4. [IpumMep J0XKHOTO TIPUHATHS pelleHUH O MPUCYTCTBUU JBUKEHHUS UeJsio-
BeKa (/eBasti yacTh rpaduka) (1IBeT OHJIAUH)
Fig. 4. Example of false decision making about the presence of human
movement (left side of the graph) (color online)
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Puc. 5. [Ipumep nBo#iHOro 0TGOpa cerMeHTa NaHHBIX (CPeIHHH MUK KPacHOro lBera) (LBET OHJAMH)
Fig. 5. Example of double sampling of a data segment (middle peak in red) (color online)

2. AuaroputM 006pabOTKH

B kauecTBe anropuTma 006pabOTKMU HAHHBIX akceJjepoMeTpa MOOUJIBHOTO TesedoHa
IJI51 OLIEHKH TapaMeTpOB MOXOAKH IpelJiaraeTcsi ajropuTM, MpeacTaBaeHHbH Ha puc. 6.
[TockosnbKy BpeMmsi OLIeHKH OHOMETPHUYECKHX MoKa3aTesel MOXOAKH He CHJIbHO KPUTHUHO
3anepKkaM (Kak AJisi IPOLeNypPhl ayTeHTU(DUKALHH, TaK U AJIsT MEAULUHCKOH THAarHOCTHKH),
T.€. C Yy4eTOM OOJIbLIOr0 KOJIMYeCTBA HeraTUBHBIX (PAKTOPOB, OKAa3bIBAIOLIMX BJHUSHHE HA
pe3yJbTaThl OLEHKH, 3aep:KKa B IMOJyYeHUU OLEHOYHBIX JaHHBIX B HECKOJbKO MHHYT
HorycKaercsl (BaXKHO KauecTBO TOJydaeMblX OLEHOK), TO OCYILEeCTBJIsSIeTCsS HAaKOIJIeHHe
JaHHBIX B paMKax BpeMeHHOro okHa 7'. B kauecTBe KpUTepusi (PyHKLIMOHHPOBAHHUS aJl-
rOpUTMa BBICTYIIaeT KPUTepUil oTOOpa HauboJee «yoauHbIX» 111a0JIOHOB, KOTOPble UMEIT
HavMeHblINe MCKaxKeHHUs (pe3KHe BCIIJIeCKH, CMeHbl IBHXKEHHH U T.M.) OT KPaTKOBPeMeH-

UHgpopmaruka 537



@Ms& Capar. yH-1a. Hos. cep. Cep.: Matemarnka. Mexanvka. ViHgpopmarnka. 2023. T. 23, Bbin. 4

HbIX (hakTopoB. OTOOp 11a0JOHOB C HAWUMEHbIIMMHU HCKaXKEHHUSMH, KOTOpble HauboJjee
4YeTKO OTPakaroT MHAMBUIYaJbHble 0COOEHHOCTH MOXOAKH, a He LIYyMBbl, [T03BOJISIET Kaye-
CTBEHHEE OCYIIeCTBJ/ATh MPOLeNypPbl KOPPEKIIMK UHAMBUAYAJbHON MOJEJH, KIacTepUusaluu
U KJIaCCU(PUKALHH.
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Puc. 6. Anroputm o6padotku / Fig. 6. Processing algorithm

B pamkax BpemeHHOro okHa 7' ynansieTcsl MOCTOSIHHAsi COCTaBJsAIOLIAs U MO CIeK-
TPy CHUTHaJa ONpelesIoTCs YaCTOTHAsl COCTABJSAIONIAS ¢ MAKCUMaJbHBIM BKJaAOM F'sr,
COOTBETCTBYWOILLHUH el nepuon 7'sr, a Takxe Mo BPEMEHHOW MOC/e10BaTeJbHOCTH — CPeJl-
HeKBaJpaTH4yeckoe OTKJOHeHHe ST'D U JioKanbHOe BpeMeHHOe OKHO Temp .Js1 TMOUCKa
JIOKaJIbHBIX MUHMMYMOB TPU CerMeHTalHH NaHHbIX. BpemeHHoe okHO T'emp hopmupyeTcs
B 11Ba pasa 06oJibllle OCHOBHOI'O MepHoja KojeOaHUH (IBUKEHHH) C 1esblo ToNaJaHus B
Temp Bcero nBHKeHHUs. JIOKasbHOE BpeMEHHOE OKHO PacCUMTBIBAETCS M0 CJelylollel
(dhopmy.e:

Temp =]2 x T'sr x Fd|, (1)
roe F'd —u4acTota OIUCKpeTH3alluH.

[anee ckomb3siiiM OKHOM T'emp (C IAaroM, paBHBIM BeJHUHHe OKHA T'emp) 1o BpeMeH-
HOH MocJ/ieoBaTe/bHOCTH 1’ OCyIlleCTBSETCS Npollefypa CerMeHTalWHd Ha OCHOBe MOHCKA
JIOKAJIbHBIX 9KCTPEMYMOB (B 3aBUCHMOCTH OT BBHIODAHHBIX HACTPOEK 10 MHHHMYMaM HJIH
MaKCUMyMaM) BHYTpU OKHa T'emp. Monynb 3HaueHUs] HalI€HHOrO 3KCTpeMyMa CpaBHHBA-
eTCsl CO CpeHeKBaApaTUYeCKUM OTKJIOHeHUeM ST'D, 1 B ciydae NpeBbllLIEeHHSs] 3HAUeHUS
STD ¢ukcupyertcs BpeMsi MOSIBJEHHUS IKCTpeMyMa t;, AaOJOH NBUXKeHHs (KaK CerMeHT
IaHHBIX MeXKAy MPeNbloyLIUM U TeKYIIUM SKCTPEMYMOM) sh; U JJUTEIbHOCTD LIabJ0HA
ts;. CpaBHeHHe BeJUUHHBI 9KCTPEMyMa CO CpeJHEKBaApPaTUIECKUM OTKJIOHEHHEM I103BO-
JisleT OTOPOCHUTh CerMEeHTBI C MPUCYTCTBUEM CJy4YaHHBIX BCIJIECKOB U APYTHUX CJAy4YalHbIX
nBUXeHUH. Monynb 6epeTcst IJsl OTPULATENBHBIX 3HAUEHUH (MUHHUMYMOB). DTO T03BOJISIET
COXpaHSITh MHAMWBUYyaJbHble 0COOEHHOCTH CerMEHTOB ([IBHXKEHHH) U He HCKaXKaTb (opMy
CUTHaJa B OTJIMYME OT a/JTOPUTMOB C (DUJbTPAllMel HAa OCHOBE CKOJIb3SIILEr0 CPeiHero.
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[Tonyuennele Habopsl ¢;, sh;. ts; COPTUPYIOTCS MO BO3pacTaHHIO OTHOCHTEJBbHO Habopa
ts;, IO KOTOPOMY JaJjiee ONpeiessioT 3HaueHHe MeanaHbl SR. Mcnosnp3oBanne MenuaHbl
BMECTO CpPeIHEero 3HaueHus M03BOJISIET CHU3UTh KOJMUYECTBO BBIOPOCOB (CErMEHTOB, KOTOPBIE
1Mo IJUTEJbHOCTH He XapaKTepHbI JJUTENbHOCTSM OCHOBHOW MacChl OTOOPaHHBIX CErMEHTOB)
B 0TOOpaHHBIX cerMeHTaX. Ha ocHOBaHMM MeHaHbl PAaCCUUTBIBAETCS JOMYCTUMBIH UHTEPBAJ
OTKJIOHEHHS IJIUTEJbHOCTH CerMeHTOB A OT MeIHaHbl Kak

SRxImﬁ{

100 @)

+A=SR i}
roe Int — 0ONyCTUMBIA MPOLEHT OTKJIOHEHUS NJUTEJbHOCTH IBHXKEHHUH OT MeIUaHbl B
npoueHtax. KosappuuueHnt Int uHAUBUAYaJleH IJS KaxKAOTO 4esJOoBeKa, Ha HayajbHOM
yTane o6ydeHHsl aJTOPUTMa MOxKeT cocTaBasATb 10%.

OT160p cerMeHTOB MO AJIUTENbHOCTH OCYILECTBJSETCS Ha OCHOBe BhIpaxkeHHs SR — A <
< ts; < SR+ A. Cermentsl (M nH(poOpManUs O HUX), HE YAOBJETBOPSIOLIHE NaHHOMY
KpuTeputo, orbpaceiBaiotes. Cpeu 0TOOPAaHHBIX CErMEHTOB OIpelesisieTCsl CerMeHT sh;
C MUHUMAaJIbHOH IJIUTEIbHOCTBIO min(ts;), 10 KOTOPOH OCYIIEeCTBJsIETCs Mpolenypa je-
LIUMallU¥ OCTaJIbHBIX 0TOOpaHHBIX cerMeHTOB. [locjie neuumanuy BEIYMC/ISETCS 3HAYEHHUe
KOppeJIIiMM MeX1y IOJYYEeHHBIMU CerMeHTaMHM U OTOpachlBalOTCS CErMEHTbI, KOTOpPbIe
MMeIT KOppessiLHio ¢ GOJMBIIMHCTBOM CErMEHTOB MeHee yCTaHOBJIEHHOro mopora (B pabote
npumensics nopor 0.9).

3. Pesyabratbl U BBIBOIBI

[TpakTHueckasi mpoBepKa MpeaJoKeHHOr0 aJropuTMa rnokasaJa MoBblllIeHHe KayecTBa
ot6opa cerMeHTOB (pUC. 7), KOTOPble OTHOCSTCSI HEMOCPENCTBEHHO K JBHKEHUSIM uejioBeKa
(moxomke).

2
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Puc. 7. Ilpumep ot6opa MH(OPMATUBHBIX BPeMEHHbIX OTPE3KOB
MpeJIoKEHHBIM aJrOpUTMOM (LIBET OHJIaHH)
Fig. 7. An example of the selection of informative time intervals
by the proposed algorithm (color online)

B pesysbTaTe npuMeHeHHsI NPENJIOKEHHOIO aJrOPUTMa HUCKJIOYAKTCS CJydyau nepeny-
ThIBAHUS MeIlalLKX ABHXKEHUH C MOJIe3HbIMU IBUXKEHUSIMH, 1yOJUPOBAHUE CETMEHTOB.
3a cyeT otboOpa Mo 3HAUEeHUIO KO3(DPULHEHTa KOPPeasUH YAaaseTCs YaCcTh CEerMEeHTOB,
UMEIOLIUX CYyLIeCTBeHHble HCKaKeHHsl B IaHHBIX, — K HUM OTHOCSITCSl IBUXKEHHS, 3aperu-
CTPUPOBaHHbIE MPH PA3HBIX MECTOMOJOXKEHUSX MOOUJBHOrO TesjedoHa, UK «HEKOPPEKTHO»
BBITIOJIHEHHBIE IBHXKeHUs (CIOTBIKAHMS, pe3Kasi OCTaHOBKA MJIM CMeHa BHJA JBHUXKEHHs
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M T.I.), a TakXkKe cjyyaiiHble BCIJIECKH B JAHHBIX, BbI3BaHHble NEHCTBHEM CJydalHBIX
KpPaTKOBpPeMeHHBIX (DaKTOpPOB.

B xauecTBe HelipoceTeBoro kKjaaccudukaropa B paboTe NMpHUMeHs/1ach CeThb MPSIMOro
pacnpocTtpaHeHus. Ha Bxonbl KiaccupuKTOpa noparoTcsi 0ToOpaHHBIA cerMeHT, Koa(du-
LIUeHT KOppeJisiliuM, CpefiHee 3HAUEHHE U CPelHeKBaJpaTHUYecKoe OTKJOHEHHe 3HaYeHUH
yCKOpeHHs (IaHHBIX C JaTUHKa akcesepomeTpa) B cermeHTe. Kmaccudukartop oueHnBaer
NPUHA/JEKHOCTb CeTMEHTa K OJIHOMY M3 JBHXKEHHH W NPUHAMJEKHOCTb CAMOr0 JIBHXKe-
HHUSl K 4eJIOBEKY, Ha MOAeaH (HaHHBIX) KOTOporo obydaJjcs KJjaccudukatop. B cayudae
TIOJIO2KHUTEJIbHOTO pellieHUs KJIacCU(PUKATOpa aHAMU3HUPyeTCs TPeHJ U3MEeHEHHUs OLleHUBae-
MBIX MapaMeTpOB U MPH HEOOXOAUMOCTH OCYLIECTBJ/SETCS NepecTpoiiKa UHAMBUAYAIbHOH
MOJIeJId C TepeoOyueHHeM KJaccugpuKaropa.

OG6yueHue HelipoceTeBOro KJjaccupukaTtopa (puc. 8) BBIMOJHSIJIOCH METOAOM Tpajiu-
€HTHOT0 0OpaTHOro CIycKa ¢ KpPOCC-9HTPONHEH B KayecTBe KpuTepus onTuMu3aund. Ha
puc. 8 3ejieHble 6JOKH MOKA3bIBAIOT MPOLEHT MPABUIbHOIO Pa3/JUUeHUs COOBITHH (HOMep

CTPOKM O3HauaeT HOMep KJ/acca Ha BbIXO-

Matrix of errors of the neural network Jle HePOHHOHU CeTH U paBHSAETCS HOMepy

classifier at the testing stage crosiblla, O3HAYaKIIEMy OXKHAAeMbId HO-

| 27 [l 2 0 o0l s pewenas o npanasessocts

15.1% ] 0,0% | 0,1% | 0,0% {| 0,7%

5 K KJaccy), KpacHble OJIOKH — MPOLEHT Ie-

g 5 94 623 25 2 83705 PenyTHBaHUA CO6UbITI/IH (Homep KJacca Ha

2 7| 3.6% [23,7% | 1,0% | 0,1% || 16.3% BBIXO/le HEPOHHOU CeTH He COOTBETCTBYET
Z 0XXKHUJaeMOMY HOMepY KJjacca).

I 38 15 667 13 | 91,0% B kauecTBe (DyHKLUHMHM aKTHUBALUK HC-

‘23 1.4% || 0,6% | 25.4% | 0.5% || 9.0% [10/J1b30BAJIUCh CUTMOUJ [Jis1 CKPBITBIX CJIO-

g €B U HOpMaJ/IM30BaHHAsl KCIIOHEHIUaJ/bHas

4 145(()% 0?% 0‘2'% 2207‘3% 963§Z/‘;A) (GYHKIHS AJs BBIXOMHOTO cJiosi. Beposit-

: d 2 ’ ’ HOCTb MPaBUJIBHOIO Pa3JIMUeHUs] CUTHAJOB

69.8% | 97,0%| 95,6%| 97.9% KJaccudukaropoM coctassna 0.95 npu ko-

302% | 3.0% | 4.4% | 2.1% JINUEeCTBE CKPBITHIX cJioeB He MeHee 100.
: : : : [Ipy CHHXKEHHH KOJHMYECTBA CKPBITHIX CJ0EB
1 2 3 4 10 10 BEPOATHOCTb MPABUJIBHOTO Pas3iude-

Expected class number HUSl JAHHOTO KJAaCCH(HKATOpPa CHUXKAIACh

Puc. 8. Pesyabrarsl knaccudukauuy Ha 4 rpynner A0 0.9. Pas/uuenre TolbKo coGCTBEHHBIX

(1uBeT OHJMAIIH) IBHXXEHHUH HCIBITyeMoro coctasssiyio 100%.
Fig. 8. Classification results into 4 groups TaKHM 00pasoM, NPENJOKEHHbIH aJIrOPUTM
(color online) KpoMe 0TOOpa MH(OPMATHBHBIX BPeMEHHbIX

OTPEe3KOB (OTHOCSIIMXCS K ABHKEHHSM) C
JlaTYHKa aKkcejepoMeTpa OCYLIECTBJISIET OTOOP CETMEHTOB C HaMUJyUllled Koppensined B
paccMaTpHBaeMOM BpPeMEHHOM HHTepBaJe C LeJbi0 HaloJHeHHs 0asbl NaHHbIX 1a0J0HOB
NBUXKEHHS yesioBeKa. Djiarogapsi KOpPeKI|K TPaHHIl JOMyCKa Ha 3Tare CerMeHTalHH MOsiB-
JIIETCS1 BO3MOXKHOCTD OTCJIEXKHBATh H3MEHEHHsI B CKOPOCTH MOXOIKH ¥ KOPPEKTHPOBATh
MHTEpBaJibl BDEMEHHOTO OKHa B MpoLeaype cermeHTaiuu. Ha ocHoBe mpHMeHeHHsT HeHpo-
CeTeBOro Kjaccu(ukaTopa OCYIIECTBJSIETCS OLlEHKA THIMA JABHXKEHHS U yCTaHABJIUBAETCS
MPUHAMJIEXKHOCTD IBHXKEHHS OTPeIeeHHOMY YeJIOBEKY.
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AnHoranusa. B pabore npennaraercsi moaxon K ONTHMHU3ALHH pa3pabOTKH HEMTSHBIX MECTOPOXK-
nenuii. LleneBass pyHKLHMS BKJOUAET B3BellIeHHble KBAaAPaThl Lle/eBbIX M0Ka3aTesel pa3paboTKu
U perynasipusupyiouide n00aBKH, B KOTOPBIX KO3((ULUHUEHTBl HUILLYTCS afanTHBHO. Perynspusu-
pyolire n106aBKH 00ecrneyrBaiOT BBHITIOJHEHHE OrpPaHHUEHHH Ha ONTHUMHU3HPYeMble TapaMeTpsl U
OBICTPYIO CXOOUMOCTB TIpollecca onTUMHU3auuu. [Ipy MUHHMHU3ALUUK LeneBOH (DYHKIHUH BBIOJHSIETCS
JIMHeapu3alHus LeJeBbIX MOKa3aTesel, 1 3Ha4eHHs ONTHMHU3UPYyEeMbIX apaMeTPOB Ha O4YepeiHON
UTepalHd MULYTCS TMyTeM peLIeHUs] CHCTeMbl JHUHeHHBbIX anre6panueckux ypaBHeHuil (CJIAY),
noJlyyaeMoil U3 MUHHMH3aLWH KBaIpaTHUHOTO (PYHKLHOHAIA. 3HAUEHUS LieJIeBbIX ToKasaTesel u
MX YYBCTBUTEJNbHOCTH K ONTHMH3UPYEMBIM MapaMeTpaM BBIUUC/SIOTCS MyTeM I'MIPOAHHAMHUYECKOTO
3D-monenupoBaHus A/ MOLENH MeCTOPOXKIEHHUs, MOJyUeHHOH B pe3ysbTaTe aBTOAANTalUU 3a
Mepuol, TPeALIeCTBYIOLIHUN MePUONY ONTUMHU3aUWH. PacyeTbl BBINOJNHSAIOTCS B pacrpeneeHHOH
BBIYMC/UTENBHON CHCTEME, COCTOSILIEH U3 MHOTOSIIEPHBIX MePCOHANBHBIX KOMIbIOTepoB. [lisi mpose-
IeHHus anpobaluy MpeaaraeMoro noaxona Oblia HCIOAb30BaHA MOJE/b yUacTKa MECTOPOXKIEHHUS
BBICOKOBSA3KOH He(Tu Pecny6auku Tarapcran. OnTuMH3anus npoBegeHa ¢ pa3JUYHBIMH BECOBBIMH
KO3((HUIIMEHTAMH U KeJaTeJbHbIMH 3HaYeHUSMU NOOBIUHM He(TH B COOTBETCTBYIOIIEM LIEJEBOM
nokasareJsie. [lokazaHo, 4To ONTUMU3UPOBAHHbIE MJAHBI 00ecrneynBaT 6osee 3hhHeKTUBHYIO paspa-
60TKy He()TSIHOrO MeCTOPOXKAEHHS M0 CPAaBHEHMIO C MJIAHOM, UCIOJIb30BAHHBIM Ha MpakTHKe. Bmecre
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C 9THUM ONTHMAJIbHBIN MJ1aH, MOCTPOEHHBIH MO aJanTHPOBAHHOH MOJENH MECTOPOXKIEHHs HA paHHeH
CTaluu pa3pabOoTKH, ONTHMU3UPYET Pa3pabOTKy U IJIsi MOAEJH, aialTHPOBAHHOH HA OCHOBE JAHHBIX,
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TJIaHbl Pa3paboOTKH, MOCTPOEHHbIE 110 MOJEJH, aalTHPOBAaHHOH Ha OCHOBE AAHHBIX, MOJYUYEHHBIX 32
KOPOTKHH CPOK, OyIyT MPUMEPHO B TOH K€ CTENMeHH ONTHUMH3HUPOBATh U XapaKTEPUCTHKU H0OBIUN
IJisl peajibHOTO0 MeCTOPOXKIeHHUsl. BpeMs pellleHHs1 ONTUMHU3ALUOHHBIX 3a/au, COMEPKAIIUX OKOJIO
500 mapameTpoB, B pacnpeieseHHOH BBIUMCAUTEbHOH CHCTEME COCTABHJIO OKOJIO CYTOK.
KatoueBbie cioBa: onTUMH3aLUs pa3paboTKy He(DTAHBIX MECTOPOXKIEHUH, rApoAMHaMuYecKoe 3D-
MOJeJIUPOBAHHUE, aBTOANANTALUS MOJENH MECTOPOXKIEHHS, IPOTHO3 XapaKTEPUCTUK He(pTen00bIYH,
uudpoBas Moaeb HePTAHBIX MECTOPOXKIAEHUN

BaaromapHoctu: Pa6ora Beinmo/siHeHa npu (DUHAHCOBOH Mopaep:Kke MUHHUCTEPCTBA HAYKH U BBIC-
wero o6pazoBanus PP (nmpoekt Ne FSUN-2020-0012).
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Abstract. The paper proposes an approach to optimizing the development of oil fields. The
objective function includes weighted squares of development target indicators and regularizing
terms, in which the coefficients are searched adaptively. Regularizing terms ensure the fulfillment
of restrictions on the optimized parameters and the rapid convergence of the optimization process.
When minimizing the objective function, linearization of the target indicators is performed, and
the values of the optimized parameters at the next iteration are sought by solving the system
of linear algebraic equations obtained from minimizing the quadratic functional. The values of
the target indicators and their sensitivity to the parameters being optimized are calculated by
fluid dynamic 3D modeling for the oil reservoir model obtained as a result of history matching
for the period preceding the optimization period. Calculations are performed in a distributed
computing system consisting of multi-core personal computers. To test the proposed approach, a
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model of a high-viscosity oil field in Tatarstan was used. The optimization was carried out with
various weighting factors and desired oil recovery values in the corresponding target indicator. It
is shown that the optimized plans provide more efficient development of the oil field compared to
the plan used in practice. At the same time, the optimal plan, built on the basis of a reservoir
model history-matched at an early stage of development, optimizes development for a model
history-matched throughout the entire period of field development. This allows us to conclude
that development plans obtained from a model history-matched using a short time period will
optimize production characteristics for a real field to about the same extent. The time for solving
optimization problems containing about 500 parameters in a distributed computing system was
about a day.
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Beenenue

OnTuma/nbHOe yrpaBJ/eHHe U TOUHOCTb MPOTHO30B SIBJSIOTCS BaXKHBIMH (DaKTOpaMH,
onpenestollUMU 3(pPEeKTUBHOCTb pa3paboTKU HePTSAHBIX MecTopoxaeHud. [leneBas QpyHk-
IUS U XapaKTepUCTHKH HCIOJNb3YyeMOTr0 MeTOo/a ONTUMHU3ALMH, BKJ/IOYaOll1e BhITOJHEHHE
TEXHOJOTHYECKUX OTpaHHUYeHHH, BJUSIOT HAa KOPPEKTHOCTb ONpe/eseHHs] ONTHMaJbHbIX
NapamMeTpoB, a aleKBATHOCTb HCII0JIb3yeMbIX LU(PPOBLIX MOJAeJJeHd MeCTOPOXKIAEHUN — Ha
TOYHOCTb TPOTHO30B He(TenoOblYr. 3agauu ONTUMHU3ALUH pas3paboTKH HePTAHBIX Me-
CTOPOXKIEHHH H3Yy4yalTcs MHOTMMH aBTOpamu (cM., Hanpuwmep, [1-16]). Yame Bcero
UCCJ/IeAYIOTCS 3aa4l ONTUMH3ALMKU U PeKUMOB J0ObIYM, HO YaCTb aBTOPOB pacCMaTpUBAIOT
¥ 1po6JieMy ONTUMH3AIUKU PACTIONOKEHHUST CKBaXKHH (cM., Harpumep, [1,2]).

Jlns movcka MUHHMMYyMa LieJieBoH (DYHKLHMU MPUMEHSIIOTCS pa3inyHble METOIbI, B TOM
YhCsie CTaTUCTHYECKHE, METOM posi yacTull (Hampumep, [3,4]) U reHeTHUECKHEe AJTOPUTMBI
(Hampumep, [5]). DTH MeTOAbl, KaK MPaBUJIO, TPEOYIOT OOJIBILIOrO KOJUUECTBA UTepaLHi.
Jlnst cokpallleHHs1 BBIYHUCJUTENbHBIX 3aTPAT BMECTO TOJHOTO THAPOAMHAMUYECKOTO Moje-
JIUPOBAHUS TpelJiaraeTcsl TakxKe BbIOMPATh CypporaTHble MOIEH («IPOKCH-MOIEH»), B
KayecTBe KOTOPbIX MOT'YT HCIOJIb30BAaThCsl IMIUPHUECKUE 3aBUCHMOCTH (Hampumep, [6])
UK 00yueHHble HeHpOHHBIe ceTH (cM., Hampumep, [7,8]). OueBHIHO, UTO MPUMEHEHHE Cyp-
pOraTHBIX MOJieJIed MPUBOIHUT K CHUKEHHMIO KayeCcTBa MPOrHO3a, MO3TOMY HEKOTOPbIE aBTOPbI
(cM., HampuMep, [2]) nmpeasararoT HUCMOJMB30BATh CyppOTaTHbIE MOIEJNH Ha MEPBOM 3Tare
ONTUMH3AIMH, & HA BTOPOM — BHITIOJIHSITh MOJHOE THAPOAHHAMHUECKOE MOJENHUPOBaHHUE.

ABTopel pa6oThl [9] mpensaraloT UCMONB30BaTh HEHPOHHBIE CETH [Jisl TIOUCKA ONTHMaJlb-
HOTo MJiaHa pa3paboTkd. HemoctaTkoM Takoro mnoaxona fiBasieTCsl TO, YTO aHAJIU3UPYIOTCS
JMIIb CAMU MPAKTHYECKHE NaHHBble PAa0OTHI U3 UCTOPHU IKCIyaTallMH CKBAaXKWH U HUKAK HE
UCIIONIb3YIOTCS MaTeMaTHYecKHhe MO/ CJIOXKHBIX (DU3UYECKHUX TPOLECCOB, MPOTEKAIOLINX
B KOJIJIEKTOpe.

JloBOJIBHO YacTo B 3afayax ONTHMHU3aLUUKU HeTenoObUr B KayecTBe LleJeBoH (DyHKIUU
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MCIIOJIb3YeTCs] YHCTBIE NUCKOHTHpoBaHHbIH noxon (YAM) (cm., Hanpumep, [7,10-13]).
C yuyeToM TOro, UTO ONTHUMH3ALUS MOXKET BBIMOJHATHCS HA JOCTATOUHO IJIHTENbHBIN
Mepuojl, HeOCTaTKOM 3TOTO MOAXOAA SBJSETCS MPUBS3KA K KOHKPETHBIM LieHaM Ha He(Tb
U COMYTCTBYIOLIMUM 3aTpataM. Kpome Toro, npu ucnosnbzoBanuu YJ[J[ B KauecTBe liesieBOH
(hYHKLHH ee 3aBUCUMOCTb OT HCKOMBIX MapaMeTPOB yIpaBJeHUs pPa3pabOTKON BbIUUC/ISA-
eTcsd yepes MokasaTesNu paspadOTKU MeCTOPOXKIEHHS, TaKhe KaK 00beM N0ObITOM HedTH,
00BOJIHEHHOCTh, 00bEM 3aKaUMBAaEMbIX areHTOB, HAa KOTOPble HCKOMble MapaMeTpbl BJAUSIOT
B MPOTHBOINOJOXKHBIX HaNpaBJAeHUsIX. DTO CYLIECTBEHHO yXYALIAeT CXOAUMOCTb IpoLecca
MUHUMH3ALKHU U ellle OoJiee ycyrybssieT npobjeMy HecTaOUIbHOCTH LIEHOBOH KOHBIOHKTY-
pbl Ha AJMTEJNbHBIX MMEPUOJAX MJIAaHUPOBAHHUS. B CBA3M ¢ 3TUM HEKOTOpBIE aBTOPHI (CM.,
HampuMmep, [12]) npensaraiT UCMoab30BaTh OGUKPUTEpPHAbHBIE MeTOAbl onTuMu3anuu Y[ J1
U 00beMOB He(pTH B COUETAHUHM CO CTATHUCTUYECKUMH METOAAMH MOWUCKA ONTHUMAaJbHBIX
napaMeTpoB.

Mu npenJiaraeMm noaxon, OTJUYHUTEJ/JbHbIMU 0COOEHHOCTSIMHU KOTOPOTO ABJIAETCA CJEeNY-
oniee.

1. LeneBas pyHKUMS BKJIOUaeT B ce0s cjaraeMele, OTBeYalOLIHe 32 pa3UyHble XapakK-
TEPUCTUKU N0OBIYH, C BECOBBIMU KO3(P(HULHEHTAMU. DTO MO3BOJUT aHANIU3UPOBATD
pasJ/JMuHble CTpPATeruy ONTHMAaJbHOIO MJAHUPOBAHUS MPHU Pa3HbIX SKOHOMHUYECKHX
yCJ0BUAX ¢ nocenyomum adanuzom YJLJL.

2. Mopnesnb MeCcTOpOXKIeHHsI CTPOUTCS B pe3ysbTaTe aBTOMAaTHUECKOH afanTaluu C
UCrosib3oBaHueM mnoaxona [17]. DTo MO3BOJsieT MOBLICHTH KayeCTBO MPOTHO30B
JNOOBIYH.

3. B ueneByo (yHKUHIO BKJIOUEHBl PEry/IsipU3Upylomine 106aBKH, KOTOpPble 0becrnedn-
BAIOT BBIMOJHEHHE OrpaHWUeHHUH Ha nmapaMeTpbl. OTpaHHUYeHUs yCTaHABJIHUBAIOTCS
KaK C y4eTOM TeXHOJIOTHYeCKUX TpeOOBaHHUH, TaK U [Jis TOro, 4TOOBl 32 OfHY HTe-
pauuio mpoliecca MUHUMU3AlMK 3HAYeHHUs MapaMeTPOB U3MEHSJIUCh He CJUIIKOM
cuJbHO. MUHMMH3alUs LesneBOH (PYHKIMH BBINOJHSETCS C UCIO/JAb30BAHUEM METO-
na l'aycca — HploToHa, B KOTOPOM MPOTHO3bI [Jisl MJAHOB pas3paboTKH U (PYHKILIUH
YyBCTBUTEJBHOCTH K MX MapaMeTpaM pacCYUThiBaOTCs nyTeM 3D-monennpoBanus
MHOro(ha3HOro MoTokKa, npeacraBjeHHoro B padote [18]. Koadduunents perynspu-
3aluM NMoAOUPAIOTCS aJaNTUBHO HAa KaXKAOH HUTepalru. DTO MO3BOJSET 00EeCIeYuTh
MoJlydeHHe TeXHOJIOTHUECKH ONpaBIaHHBIX (peasin3yeMbIX) IJIAaHOB pa3paboTKH, a
TakxKe OBICTPYI CXOAMMOCTb UTEPALMOHHOIO Mpoliecca pelleHUsl ONTHMHU3aLUOHHOH
3ala4yu.

4. Jlna obecreyeHUs1 BBIUUCJAUTENBHOH 3((EKTUBHOCTH HUCIOJb3yeTCs] MHOTOYPOBHEBOE
pacnapaJiyieJMBaHue B pacrnpefie/IeHHOW BBIUMCJAUTENbHOU CHUCTEMe, COCTOSLIEeH U3
CTaHJAPTHBIX MHOTOSIIEPHBIX KOMIIBIOTEPOB (CHCTEMa pacrapaliie/iiBaHus ONMHUCaHa B
paborax [17,19]).

1. HapaMeTpnsaunﬂ, neJeBas (l)yHKIlI/IH n MEeToa €€ MUMHMMHN3AllUHUu

Mbl ucnonibayeM CJEAYIONLYIO TTapaMeTpU3aluio MmjaaHa pa3paboTKu HePTSHOIO MeCTo-
poxneHus. g Ka)KI0H CKBaXKWHBI BPEMEHHOH HWHTepBaJ MJAaHWPOBAHHS pa3dUBaeTcs
Ha TOIHUHTEPBaJbI ( }j_l,t}j) (w — HOMep CKBaXKHHBI, k — HOMep MHTepBaJsa), Ha KaxKIA0M
M3 KOTOPBIX NapaMeTpoM siBisieTcsl 06beM no6bur/3akauku ((Q))) (puc. 1). Bmecto o6be-
MOB J00bIYM/3aKauKu ()}’ Ha HEKOTOPHIX (MJIM BCeX) CKBaXKMHAX B KaueCTBe MapaMeTpa
MOXKeT HCII0JIb30BaThCsl 3a00iHOe naB/eHUe pi’. ['paHuULbl BpeMeHHbIX UHTEPBAJOB MOTYT
ObITb Pa3HBIMHM /51 Pa3HbIX CKBaXKHH U TaKKe MOTYT ObITb HCKOMBIMM MapameTpamu
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or o B MJaHe pa3paboTKH MeCTOpOxKje-

| | | | | | HUsl. OCHOBHBIM TeXHOJIOTHYECKHUM

, . . , 4 OorpaHUYeHHeM $SIBJISeTCS YPOBEHb

0 i s ... g t" L 65b1-

JOMYCTUMOr0 IaBJeHUs Js1 100kl

BaIOLIMX M HarHeTaTeJbHbIX CKBa-

»kUH. Kpowme Toro, n/s no6biBato-

[IUX CKBaXKUH MOTYT OBbITh 3aJaHbl

3HaYeHUs1 0OBOJHEHHOCTH, MPHU KOTOPBIX CKBaXKHHA MepecTaeT UCIO0JAb30BATbCS U BBIKJIO-
yaeTcs.

[leneBast GyHKUUS UMeET CAEAYIOLIUH BUL:

Puc. 1. [Tapamerpusanusi pexkuMOB paboThl CKBaXKHH
Fig. 1. Parameterization of well operation modes

NW tn NW tn 2
2 (O) = / a Ve rred @ tydt | 4+ / agVwetering (@ t)dt | +
w=1 to w=1 to
tn 2 Np 2
sum,oil o sum,oil,* ) .
+ /ag\v (©,1) =V (t)| dt +;7p (6, —6,) — min, (1)

to

rae (tg,t,) — MHTepBas MOCTpoeHUs miaHa (top = t§ u t, = t¥ nas Bcex w), NW —
KOJIYECTBO CKBaXHH, VXrProd — ofpeM HoGBITOH BOLBI M3 w-H CKBAXKHHBI, V,WHerini —
00beM 3aKa4eHHOH B W-K0 CKBaXKMHY XHUAKOCTH, V5“2l — cymMapHbIi 06beM 106bIBa€MON
HebTH, Voumoil* _ xenaeMblii CyMMapHbIE 06beM n00biBaeMoi HedTH, N P — KOJHYECTBO
napametpos, © — BekTop napamerpos , (0, — 3HaueHus mapameTpoB 0, Ha TPebILY-
el UTepalun), v, — MapaMeTphl Perynspusaluy, o; = «; (t) — BecoBble KOI(PPUIHEHTHI,
onpefe/slOlAe CTPATernio ONTHMH3ALHUH.

3aMeTHM, 4TO 3HaYeHHs] BECOBBIX KOI(P(PHUIHUEHTOB U KeJaeMbli 00beM 106bIBAEMOH
He()TH MOTYT ObITb 3a/laHbl Pa3HBIMH B pPa3/JW4yHble BpeMeHHble HHTEPBAJIbI.

Beenem caenytoiire 0603HaueHUS:

tn tn
F,(0)= / oy Veetervrod (@ t) dt, [y, (©) = / Ve g (@ 1) dt,

to to
tn

FS,w (@) — /Oég |Vsum,oil (@7 t) o Vsum,oil,* (t){ dt. (2)
to
Hepen HadaJioOM OINTUMH3alHH 3a0dl0TCA HEKOTOpPbIE CTAPTOBLIE 3HAYEHHUS IMMapaMeTPOB ép,

YIOBJIETBOPSIIOIINE TEXHOJOTMUECKHM OrPaHHUYEHHsIM. B OKPeCTHOCTH 3THX MapaMeTpOB
BBIIIOJIHUM JIMHeapu3auuio GyHKuui £, (©):

NP aﬂw
: Ab,, 1=1,2,3, (3)
a0, B
p=1 e=6

F,,(®)~F,(©)+

dF,
Te NPOU3BOAHbIE # OTPaXKaloT YyBCTBUTEJBHOCTb F) K H3MEHEHHIO mapamerpa 0, a

NG, =0, — 0,
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[Tocsie mopctanoBku cooTHomeHud (3) B (1) monyyaem (pyHKLIMOHAN C JMHEApPHU30BaH-
HBIMH B OKPECTHOCTH MapaMeTpoB © IesleBbIMU MOKA3aTeNsSIMH:

3 NW NP op
ZZ ., (©)+ Z 891 AG, | + va (AG,)° — mln (4)
=1 w=1 p=1 p ®-0

Munumusauus (4) no Af, npusogut Kk CJIAY caenyrouero Buza:

3NW8F a 3NW

(B+T)A®=d,B;; =Y aé;w ae __y

=1 w=1 =1 w=1

Fz,w (©).

Z

Jlns pacuera sHadeHui Vweterprod (@ t), Vwatering (@ t), Vsumoil (@ t), BXOAALMX B
(GyHKUMH (2), ucnosnb3yeTcss METO THAPOAMHAMHUUYECKOT0 3D-MonenupoBaHUsi MHOTO(asHO-
ro MHOTOKOMIIOHEHTHOT'O TOTOKA, MpeaJoKeHHbIH B pabore [18]. dakTuyecku peruaercs
npsiMasi 3afaya MHoroasHo#l (UIbTpaUMH Ha mepuon (to,t,) AJas PeKUMOB PaGOThI
CKBa)XMH, OTHChIBA€MBIX BEKTOPOM MapamMeTpoB ©, U Mojesu pesepByapa, MOJyuyeHHOH
B pe3ysibTaTe aBToaganTauud [17] mo mMomeHTa BpemeHH t, (T.e. 10 Hauajga Mepuoia
ONTHMH3aLUUH U (POPMHUPOBAHHS TPOTHO3A).

lw

Jlna pacyera npor3BOAHBIX pewaercss NP npsMbIX 3a1aud [1Js1 pexKHMOB paboThl

CKBaKMH, ONHCBbIBaeMbIX BeKTopaMI/I napametpoB @F. Kaxnbiii BekTop ©P mnoayuaercs

yTeM M3MEHEHWs KOMIOHeHTH 0, Ha df,, T.e. OF = (0y1,....0,+db,,...,0np), 3Haue-
Hue df, Bbibupaetcs nopsinka 10-20% oT Tekyliero 3HaueHus napamerpa f,. 3HaueHUs
aFl w Fl w(ép)iFl w(é)
TPOU3BOMHBIX —g BBIYUCIAIOTCH KaK —*——r— :
p p

Martpuna I' B CJIAY (5) siBasieTcsi QMaroHaJbHOH C 3/€MEHTAMH <, Ha IJIaBHOH
JUaroHa/ad, KOTopble MoAOUpPalOTCa afalTUBHO HA KaxKAOW MTepalUy Tak, 4TOObl yAOBJe-
TBOPSIINCh OTPaHUUYEHHs] HA NapaMeTphl, yCTAHOBJIEHHbIE CJIEAYIOLIUM 00pa3oM.

Ha kaxxno#i nrtepauuu BHauaJje [/ Ka)KA0r0 U3 NapaMeTPOB BBIUMCJAIOTCH 3HAYEHUS
0;“1“ U 0,, KoTopble SIBJSIOTCS HUXKHEH M BepXHEH rpaHHLaMH JOMYCTHUMbIX 3HaUeHUH
0, Ha Texkyuled urepauuu. 3HaueHus )" W 0% BBIYUCIAIOTCA U3 YCJIOBHUSI TOTO, UTO
npupaueHde Af, He MoxeT ObITb GoJblle, 4eM k - df,, TAe Kk — HEeKOTOPbIH KO3(pQpULHU-
eHT (MCC/IeOBaHUS MOKA3aJ/H, YTO ITOT KOI(D(ULUEHT CefyeT BBIOUPATh B AHANa30oHe
2 < kK < 5). DTU orpaHUYeHHUs] MO3BOJSIOT 00eCHNeUnTbh MOHOTOHHYIO M IOCTATOYHO
OBICTPYIO0 CXOAUMOCTb. Kpome TOro, HOJI?KHBI BBIOJIHATBCS YCJIOBHS ijech’mm < er)nin 1%
oy < 9;6‘3’““&" — TeXHOJIOTMYeCKHe OrDaHHYeHMs Ha mapameTp 0.

b

rie Q;ech,mm u Q;Jech,max

2. IIpumep onTMMHU3aLUU Pa3pabdOTKH HA NJUTEJbHBINA MEePUOL
U aHAJM3 TOYHOCTHU MOJy4aeMbIX MPOTrHO30B

151 mpoBeneHUsl UCCae0OBaHUM Oblla UCIIONb30BaHA MOJEJb y4acTKa bypelikuHcKoro
MeCTOpOXKIeHHs1, onucanHoro B pabore [20].

Ata Mozesb Oblja ToJyyeHa B pesyabTate aBroagantaund 3a nepuon 1980-2020 rr. ¢
TIOMOIIIbIO MOJX0/a, TPeJIoKeHHoro B padote [17]. Bricokoe KauecTBO MoJNyueHHOH MOIENH
TIOATBEPKIAETCST XOPOIIUM COBIaJeHHeM PAaCUeTHBIX U HabJIofeHHBIX NaHHBIX (cM. [20]
u puc. 2). Takum o6paszom, 3Ta MoIe/b pe3epByapa ¢ BHICOKOH CTeNeHblo aieKBAaTHOCTH
COOTBETCTBYET peaJsibHbIM YCJOBHSIM.
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Puc. 2. PesynbTaThl aganTauuy MO0 y4acTKy DypeHKHHCKOrO0 MecTOpOXKIeHHs (MCTHHHAsi MO-
NeJb): a— pacrpefiesieHre MPOHUIIAaeMOCTH; 6 — pacrpefieieHde HeTeHACHIIEHHOCTH Ha KOHEIL
2020 r. (cepbIM IIBETOM MOKa3aHbl CJa0OMPOHHLAeMble W HENPOHHUIAeMble 30HBI); 8 — pacyer-
Hble U HaOJIOfleHHble 3HAUEHHS HAKOMJIEeHHOHW He(TU IJif OTAEJNbHbIX CKBaXKHH MECTOPOXKIEHHS;
2 — 00BOJHEHHOCTb CMeCH, N0ObIBA€MOH M3 BCeX CKBaXKMH MeCTOPOXKIeHHs (KpUBble ¢ METKaMu
COOTBETCTBYIOT HaO/MIOIEHHBIM IaHHBIM, KDHBble 6€3 METOK — pacueTHbIM JaHHbIM) (IIBET OHJIaHH)

Fig. 2. History matching results for the Bureikinskoye field block (true model): a is permeability

distribution; & is distribution of oil saturation at the end of 2020 (weakly permeable and

impermeable zones are shown in gray); c is calculated and observed values of cumulative oil for

individual wells in the field; d is water cut of the mixture produced from all wells of the field

block (curves with labels correspond to the observed data, curves without labels correspond to
the calculated data) (color online)

Uuc/eHHble KCIIEPUMEHTB! 111 000CHOBAHHS BAaJUAHOCTH NPEIJIOKEHHOTo crocoba
ONTHMH3ALHH MTPOBOIUIUCH CJAEAYIOUIUM 00PA30OM.

JlaTepasbHO ¥ BepTHKA/JIbHO HEONHOPOAHAS MOJEJb KOJIJIEKTOpa, MpeiCcTaBAeHHas Ha
puc. 2, a, 6plya B3siTa B KayecTBe UCTHHHOU MOJEJH, a pacCUYUTAHHbIe 151 Hee NaHHbBIE
noObIUM 10 CKBaXKMHAM B3SIThl B KaueCTBe MPaKTHUECKUX AaHHBIX. M3 puc. 2, ¢ BUIHO,
gyTO mpuMepHo B 1995 r. HaunHaeTcs pocT 0OBOAHEHHOCTH, MO3TOMY MPEANONOXKHUM, YTO
Mbl HaxonguMmcst (ycaoBHO) B 1995 r. u mompobyeM CIIaHHPOBATh AaJbHEHLIYI0 pa3paboTKy
C WUCMOJIb30BaHHEM Pa3JIMUHbIX 3HAUEHHH BeCOBBIX K03(hdUIHeHTOB (cM. dhopmyay (1)).

[TockosbKYy B peasibHOCTH MBI He 3HAaeM HCTHHHYIO MOZeJb pe3epByapa, A/ MaKCHMaJ/b-
HOM OJIM30CTH K TMPAKTUYECKOH CHUTYalMH BBITIOJHUM aBTOAAANTALHMIO (C UCTOJb30BAHHEM
noaxoja, MpeaJjoxkeHHoOro B padote [17]) mo maHHbIM Ha mepuon BpemeHu ¢ 1980 mo
1995 r. Tem caMbIM MBI HMUTHPYEM XapaKTepHYIO AJsl MPAKTHKH CHUTYalHIO, KOTIa UMeeM
JMLIb NaHHble HedTenoObIYM, MO KOTOPHIM MOXKHO MOCTPOUTb MPUONHIKEHHYIO MOIE/b
pesepByapa, HO NPU 3TOM Yy HAac eCTb TOuHas (MCTHUHHAs) MOJIeJb, ¥ MOXHO OLIEHHUTb
KaueCTBO TOJY4YaeMbIX MO MPUOIMKEHHOH MOJE/H TJIaHOB pa3paboTKH U MPOBEPKOH Ha
UCTUHHOHU MOJIEJIH.

[Tpu apmantauuu onpenessiiock okoso 500 mapameTpoB, BKJIOUANIMIUX 3HaYeHUs ab-
COJIIOTHBIX MPOHULIAEMOCTEM, NNapaMeTpoB (Pa3oBbIX MPOHULIAEMOCTEN M CMELleHHUH KOH-
TPOJIHBIX TOUEK JiaTepaJsibHbIX TPaHMIl BOJOHE(PTSIHOTO KOHTaKTa. B mporecce agantauuu
OblI0 cnenaHo 4 utepauuu Ha 14 mectusaepHbIX KoMmmbloTepaX (84 BBIUHCIUTENBHBIX
snpa). Bpemsa apmantauuu coctaBusio 8 uacos. [lanee 3Ty Monesb Mbl OyleM Ha3blBaTh
aJalTUPOBAHHOM.
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Onrtumusanus 6yaet NPOBOAUTHCS AJs1 afalITUPOBAHHON MOJEJH, a 3aTeM MOCTPOEHHbIN
NporHo3 OyneT MpPOBEpSATbCS HAa MCTUHHOM Moneau. [lepuon onTUMU3auuu AJs1 BCex
cKBaxXUH Obla1 B3aT ¢ 1995 mo 2025 r. Ero pas6ueHue Ha MOAMHTEpBAJbl MOKA3aHO Ha
puc. 3.

1 l ] i ] Il
I T

1 [l 1 1 ]

| N E— 1

0 2 4 6 8 10 14 18 22 26 30 rox
1995 2025

Puc. 3. Ilepuon ontuMusanuu v ero pazbrueHue Ha MOIUHTEPBAJIbI
Fig. 3. Optimization period and its division into subintervals

[lnan pacrosioykeHUs1 HarHeTaTeJbHBIX W HOOBIBAIOIIMX CKBAXKMH IPeNCTaBJEH Ha
puc. 4. B KayecTBe mapameTpOB HCIOJb3YIOTCS 3HAUEHHUS CPEeIHEeCYTOUHBIX O0O0BEMOB
N0OBIUN/3aKaYKH XKUIKOCTH (IeOUThI) Ha KaXKAOM MOAHWHTepBaJe IJIsi KaXKJI0H CKBa’KUHBI.
Obee komnyecTBo napametpoB — 460. CtapToBble 3HaYeHHUS TapaMeTPoB (T.e. 3HAUYEHHUS
IJIsl peXKUMa, KOTOpbIH faJsiee Mbl OyleM Ha3blBaTb UCXOAHBIM) OBLIHM B3SITHI MOCTOSIHHBIMH
ISl BCeX BPEMEHHBIX TOJMHTEPBAJIOB U OJU3KUMHU K 3HAUEHUSIM 1eOGUTOB COOTBETCTBYIOIIUX
CKBaxKHH B KoHIe 1995 r.

>
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d 3
d* d
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Puc. 4. Tlnan pacro/sioxeHHs] CKBaXKHH M 3HaueHHsl 1IeOUTOB >KUAKOCTH B HCXOLHOM PEXHMe
(uBeT oHJalH)
Fig. 4. Well location plan and values of fluid flow rates in the initial mode (color online)

Bel10 npoBefeHO TpU BapuaHTa ONTHMHU3aLMH, OTJIHYAIOLIUXCS 3HAYEHUEM BECOBOTO
KO9((DUIHEHTA (v3 U YPOBHEM KeJ1aeMoro oobema 100biBaeMoi Hedtr Vumoil* (cooTBer-
CTBYIOLIME 3HAUEHHsl MPEACTaBJEHbl B TabJHLE).

3uauenus az U VEU™ol* nng Tpex BapHaHTOB ONTUMHU3ALMH
. g 0% vari
Table. Values of a3 and V¥l for three variants of
optimization

[Tapametp Bapuant 1 | Bapuanut 2 | Bapuaunt 3
as 0.01 0.1 0.1
ysum,oilx /103 3 /ron 90 65 90

3HayeHHUs] OCTaNbHBIX BECOBBIX KO3((HUIMEHTOB Obliu B3ATH: o = 0.1, ap = 0.01. Tlpu
TaKOM BblOOpe BeCOBBIX KO9(D(HULIMEHTOB B BapuaHTe 1 BKJaabl B (DyHKLHOHAJ, OTBeYalOLI1e
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3a MHHUMM3aLHI0 OOBOJHEHHOCTH H JOCTHIXKEHHE JKeJAaeMOro YpPOBHS He(TH, UMEIOT
MPUMEPHO OJMHAKOBHIH MOPSIIOK, a B BapHaHTaX 2 U 3 BKJAJA CJaraeMoro, OTBEYalollero
3a IOCTHIXKEHUE XKeJaeMOro YPOBHsS He(TH, Ha MOPSIOK MPEBBIIIAET OCTaJbHbIE BKJAJHI.

Ha napamerpbl Obl/M 3aaHbl CJAeYIONIHEe TeXHOJOTHYeCKHe orpaHuueHus. JlaBieHue
JOXKHO ObITb B guamnasoHe oT 10 mo 250 arm., a o6beM mH0ObBIBAEMOH »KHUIKOCTH HeE
nomxen mpesbimiath 60 M3/cyT. Kpome Toro, B ciyyae eciu Ha CKBa)kKHHEe OGBOIHEHHOCTb
cocraBJssieT 6osee 95% uau nebuT noObIBaeMoil HeTH cocTaB/sieT MeHee 1 T/CyT., TO
n00blUa Ha 9TOH CKBa)KHHe OCTAHABJIMBAETCS.

B paccmoTpeHHBIX BapuaHTax ONTHUMM3alUWU OblIO caenaHo 4-6 utepalui, nocsie yero
3HaueHHe (PYHKIMOHAJA MPAKTHYECKH TepecTaBaso MeHATbesA. LSl IpoBeqeHUs] BBIUKCIe-
HHH TaKKe MCIO0Jb30BaM0Ch 14 1IecTHsIepHBIX KOMIbIOTEPOB (84 BBHIYHUCIUTENBHBIX SApa),
BpeMsl ONTUMHU3alUKH COCTABUJIO 0KOJIO 20 Yacos.

Ha puc. 5 mpencraB/ieHbl cpeHETON0BbIE 0ObEeMbI TOObIBAEMOM U 3aKauWBaeMOH XKHUJI-
KOCTH (M0 y4acTKy B 11€JIOM) [Jisi TPeX BapHaHTOB ONTHUMH3ALHH.
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Puc. 5. CpenHeronoBbie 06bemMbl 106bIBaeMOH (a) ¥ 3aKaunBaeMod (6) XKHUAKOCTH [Jis1 PasJHUHbIX
PEXHMOB; BepTHUKaJbHas KpacHas JMHHS COOTBETCTBYeT BPEMEHH HauaJjia ONTHMH3AlUH (BT
OHJIaHH)

Fig. 5. Average annual volumes of produced (a) and injected () fluid for different modes; the
vertical red line corresponds to the optimization start time (color online)

Jlnst cpaBHeHMs Ha pHC. O MPUBeIeHb 06bEeMBI 1151 UCXOMHOTO PeXUMa U JJis pexuma,
MCIOJIb30BAHHOTO TIPH Pa3paboTKe 3TOr0 MECTOPOXKIEHHS Ha MPaKTHKe, IJie pelleHHs
MO0 M3MEHEHHI0 PEeXXKHMOB IMPUMEHSJIMCh MO XOMYy BBIMOJHEHUsT pa3paboTku. HecmoTps
Ha TO YTO ONTHMH3alus npoBoausack no 2025 r., 3mech ¥ najee rpa@uKU MPUBELEHbI
no 2020 r., 10 KOTOPOTO UMEITCs NaHHble, MOoJydyeHHble Ha npakThke. OTMETHM, 4TO
XOTS IIJIsT MUCXOMHOTO pexXHMa OB 3alaHbl OfMHAKOBble 3HAaueHWs NeOHUTOB Ha BCEX
BPEMEHHBIX MOAMHTEPBaIaX, 00beM N00BIYM B KOHIE MEPHOJA B MPOLECcCce MOAEeJHPOBAHHUS
OblJ1 YMeHbllleH K3-3a YCTAaHOBJIEHHBIX OTPAHUUYEHUN Ha 0OBONHEHHOCTb U NeOUT HepTH
(rony6asi KpuBasi Ha puc. 5, a).

Ha puc. 6 nprBeieHbl COOTBETCTBYIOIIHE PACCMOTPEHHBIM BbILlle peXKUMaM J00bIYM/3a-
KauKH XapaKTePUCTHUKH A0ObIUM: HaKOMJeHHAs He(Thb, 0OBOOHEHHOCTb U CPeIHEro0BbIe
o6bemMbl 106buM HeTH. Ha pucyHKax c/jeBa mpuBeneHbl XapaKTEPUCTHKH JJis alanTHpoO-
BAHHOW MOJeJH, M0 KOTOPOH BBIMOJIHSANACH ONITUMU3ALIMs, a HA PUCYHKAX CIpaBa — JJis
HCTHUHHOH MOJEeJIH.
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Puc. 6. XapakTepucTHKH NOOBIYH, MOJyUeHHbIE /51 PA3JHUHBIX PEXKHU-
MOB pa3paboTKH [J/s1 alalTHPOBAHHOH MOJEJIH, TI0 KOTOPOH BBIMOJIHSNACH
onTHMH3anus (KpuBble 6€3 METOK Ha PUCYHKaX CJeBa), U UCTHHHOH Mofe-
¥ (KpUBble ¢ METKAMH Ha PUCYHKaX ClpaBa) pe3epByapa; COOTBETCTBUE
[IBETOB PEXKHUMaM aHaJOTHYHbl PUC. O (LBET OHJIANH)

Fig. 6. Production characteristics obtained for various development modes
for the adapted reservoir model (unlabeled curves in the figures on the
left), which was used for optimization, and for the true reservoir model
(curves with marks in the figures on the right); the correspondence of

colors to modes are similar to Fig. 5 (color online)

M3 npencraB/ieHHBIX pe3y/abTaTOB BUIHO, UTO B BaphaHTe | CyllleCTBEHHO CHHU3UJCSH
o0beM 100bIYM, B BapHaHTe 2 cpeqHerofoBas 100biua 6JH3Ka K YPOBHIO HOOBIYM, UCIOJB30-
BAaHHOMY MpH pa3paGoTKe 3TOrO MECTOPOXKJEHHUsI Ha MPAKTHKe (32 UCKJ/IOUeHHeM MO3THEeH
CTa/llH), a B BapuaHTe 3 cpeaHerofoBas A00bYa CyIIECTBEHHO BbILIE HCIOJIb3yeMOH Ha
npakTuke. [Ipn 3TOM cpenHeronoBoll o6beM 3aKaukH, MOJYUEHHBbI B pe3ysbTaTe ONTH-
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MHU3alLHM1, BO BCeX BaphaHTax CYLLECTBEHHO HHUXKe, YeM B UCXOAHOM peXHUMe H pexHMe,
KOTOPBIH GBI UCIOJIb30BAH Ha MPAaKTHKE.

3 npencraBieHHbIX Ha pUC. 6 pe3yabTaTOB BUAHO, YTO XapaKTEPUCTHUKU HepTen00bIuH,
NoJIydyeHHBle /s afalTHUPOBAHHOH MOIEJH, IJis BCeX PEXKHMOB XOPOLIO COOTBETCTBYIOT
XapaKTepUCTUKaM, PACCYUTAHHBIM 110 UCTUHHOH MoAeJu. DTOT (PaKT CBUAETENbCTBYET O
TOM, 4TO MOJyuyaeMble 1Jis1 afalTHPOBAHHBIX MOJeJell MeCTOPOXKIEHUH ONTUMU3UPOBAHHbIE
(c yueToM BBIOpDAHHOH CTpPATErwH) MJaHbl OYIyT MPAKTHUECKH B TOU 2Ke CTEeNeHH ONTHUMH-
3UPOBAHHBIMHU U /I PeajibHOT'O MECTOPOXKAEeHUs, HECMOTPSl Ha TO, YTO, KOHEUHO, CaMH
TMPOTHO3HbIE XaPAKTEPUCTUKH MPH MPOTHO3UPOBAHUM HA OYeHb AJUTEJbHBIH TE€PHON MOTYT
HECKOJIbKO OTJIMYaThCSl.

B pesynbrare onTHMHM3aUUK C Pa3JUYHBIMH BECOBBIMH KO3((UIMEeHTaMH OBbLIO MoJyde-
HO cyenyolllee. B BapraHTe 1 KoJMuecTBO N0OBITOH HEPTH OBIIO HECKOJIbKO MeHbIlEe, UeM
IJs pexKUMa, UCIOJNb3yeMOro Ha NMpakTHKe, HO NPU 3TOM 3HaueHHe 0OBOAHEHHOCTH, MOJY-
UyeHHOe Ha KOHel[ MPOTHO3HOTr0 TEePUOa, CYIIeCTBEHHO HHxkKe nmpakThueckoro (0.6 mpoTus
0.8). B BapuaHTe 2 XapaKTepUCTUKH TNPUMEPHO COBMAJAIOT C XapaKTEPUCTHKAMH, TOJY-
yeHHBIMU Ha npakTuke 10 2010 r., HO B KOHIle MPOTHO3HOTO TEPHOAA ONTHMHU3UPOBAHHBIN
M0 BapHaHTy 2 MJaH M0Ka3blBaeT BO3MOXHOCTb YBeJHUYeHUs] NOObITOH HEe()TH U CHUXKEHHE
0OBOJHEHHOCTH 10 CPaBHEHMIO C PEXKUMOM, MCIOJb30BAHHBIM Ha MpakTHKe. B BapuaHTte 3
KOJIMYECTBO NOOBITOH HEe(PTH CYLIeCTBEHHO BBILIE [0 CPABHEHHUIO C PEXKHUMOM, HCIIO/b30-
BaHHBIM Ha TMPaKTHKe, MPH 3TOM B KOHIle MPOTHO3HOTO MepHojaa 3HaueHHe 0OBOJHEHHOCTH
Obl10 puMepHO TakuM ke. [Ipu atom npubmausutenbHo no 2008 r. ypoBeHb H0OBIYH B
BapuaHTe 3 OblJ CYLIECTBEHHO yBeJHMUEH MO CPaBHEHHIO C MPAKTHYECKUM peXUMOM, a
nocse 2008 r. octaBaJjcs PUMEPHO TAKUM XKe.

Taxkum o6pasom, B pe3ysnbTaTe ONTUMHU3ALKH [0 BAPHAHTY 3 CYLLECTBEHHOE yBeJUUeHHe
00beMOB 100bITOH He()TH B cepefrHe pPa3pabOTKH He YXYALIWJIO XapaKTEPUCTHUKH N0ObIUU
B MO3/IHEH CTaAHM, UYTO I03BOJSIET CHeaTh BBIBOL O BO3MOXKHOCTH OoJiee 3(h(PeKTHBHOU
pa3paboTKU MEeCTOPOXKAEHHUS.

3akJjroueHue

[Ipensioxken mopxon K ONTHMH3aUUU Pa3pabOTKU He(TAHBIX MecTopoxaeHHH. OH oc-
HOBaH Ha MMHUMM3aLHWHU Lie1eBOH (PYHKIIMH, BKJIOYAIOLUIeH cjaraeMele, oTBedarlliye 3a
ypoBeHb O0OBONHEHHOCTH, 00bEMbl 3aKaUWBAeMOH KHUIKOCTH U KeJaTeJbHOro obbema
nobeitoil He(ptu. CyiaraeMble BXOAST B LeseBYI0 (DYHKIHIO C BECOBBIMH KO3((ULIUEHTAMH,
KOTOpble MO3BOJIAIOT pacCMaTPUBATh pa3J/MuyHble CTpaTernu pa3paboTku. B MuHHMH3UpYye-
MBbIH (DYHKIMOHAJ BXOAUT TaKxKe Pery/sipU3UpYIOLIUH 4J/leH, KOTOpbli oOecrneuynBaeT Kak
MOTOHHYIO M OBICTPYIO CXOAMMOCTb MTEPALMOHHOIO Mpolecca, TaK U BbIIIOJHEHHEe TeXHOJO-
THUECKHUX OTPaHHYEHHH Ha MapaMeTpel. 3HaYeHHs 11eJeBOH (PYHKUHUH U 4yBCTBHUTENbHOCTH
K MapaMeTpaM BBIUMCJSIOTCS MyTeM TMApoAHHaMuyeckoro 3D-monenupoBaHus AJsi MOLEH
MeCTOPOXKeHHs, NI0JyYeHHOH B pe3yJbTaTe aBTOAAaNTaLUH.

PesysbTaTel ONTUMH3aLKH, BEIIOJTHEHHOH A/ MOZEIH MeCTOPOXKIEeHHUS BBICOKOKOBSI3KOH
He()TH Ha AJNHUTENbHBIH MepHol, NMokazanu cienytouee. [lonyyeHHble ONTUMHU3UPOBAHHBIE
nJaHbl o0ecrnieduBaloT Oosee 3(PPeKTUBHYIO pa3padOTKy He(TAHOTO MeCTOPOXKIAEHHS MO
CpPaBHEHMIO C IJIAHOM, HCIIOJb30BAaHHBIM Ha NpakThke. Kpome Toro, nokasaHo, 4To ONTH-
MaJIbHBIH IJIaH, NOCTPOEHHBIH MO0 MOJEJNHU MeCTOPOXKIEHUS, alalTUPOBAHHON 10 PaHHEeH
CTaauM pa3paboTKH, ONTUMHU3UPYeT pa3paboTKy U AJS MOLEJNH, aJalTHPOBAHHOH M0 BCeMy
nepuony pa3paboTKH MECTOPOXKAEHHS U MPUHSATOH 338 «UCTHHHYI0». A MOCKOJbKY «HCTHH-
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Hasi» MOJIeJib C BBICOKOHW TOYHOCTBIO ONHUCHIBAeT MPAaKTHYeCKHe NaHHble, TO MOXKHO OXHUIATh,
4TO MJaHbl pa3pabOTKH, MOJNyUYeHHble 110 MOJEJH, aJalTUPOBAHHOH 110 KOPOTKOMY CPOKY,
OyLyT NPUMEPHO B TOW XK€ CTeNeHHW ONTHMHU3UPOBAThb U XAPAKTEPUCTHUKHU NOOBIYM [IJIS
peasibHOro MeCTOPOXKAEeHHUS.

BpeMsi pelieHHsi ONTUMH3AMOHHBIX 3a1ad, copepxkamux okosao 500 mapameTpos, B
pacrnpesieJleHHOH BBIYUCIUTENbHOH CHCTEME COCTaBHJIO OKOJIO CYTOK. [Ipu 3TOM HCMoJb30-
BaJoCh 14 IiecTHsiIepHBIX KOMIbOTEpOB ¢ mpoieccopamu Intel 17-8700K (3.7 I'Tu, 32 I'6
aMsITH).
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