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A B S T R A C T

Introduction. The quality parameters of products, which determine its performance and functionality, are 
fi nally formed in the fi nishing operations, which include the internal grinding process. In this case, the removal 
of material from the rough surface of the workpiece occurs due to the presence of several simultaneously running 
random processes of shaping, occurring during the contact of the grinding wheel and the workpiece. A probabilistic 
theoretical approach is used to simulate grinding operations. However, for determination of radial material removal 
and thickness of layer with current roughness, the known models cannot be used, as it does not allow taking into 
account specifi c features of machining products made of brittle non-metallic materials. Purpose of the work. Creation 
of a new theoretical and probabilistic model allowing to calculate radial material removal and layer thickness, in 
which current roughness is distributed during grinding of brittle non-metallic materials. The aim is to investigate 
the regularities of brittle non-metallic material particles removal by radial removal and study the current (for the 
moment) roughness formed after every radial removal in the contact area. In the work, radial material removal and 
the layer with current roughness are determined by grinding modes, tool surface condition, workpiece and wheel 
dimensions, and the initial condition of the machined surface after the previous contact. The research methods are 
mathematical and physical simulation using basic probability theory, distribution laws of random variables, as well 
as the theory of cutting and the theory of deformable solids. Results and discussion. The developed mathematical 
models make it possible to trace the dimensions and shape of the contact zone when grinding holes in billets made 
of silicon, which are somewhat different from those known when machining billets made of metal. The proposed 
dependencies show that with an increase in the depth of micro-cutting, the radial material removal and the thickness 
of the layer with the current surface roughness increase for all values of wheel speed and workpiece speed. From the 
experimental values obtained, the maximum micro-cutting depth and the thickness of the layer with current surface 
roughness are calculated. The thickness of the said layer is compared with the experimental values obtained from 
the ground surface profi lographs. A comparison of the calculated and experimental data indicates its compliance 
with almost all feed values, which confi rms the adequacy of the obtained equations, which model the real process of 
grinding holes made of brittle non-metallic materials quite well.

For citation: Bratan S.M., Roshchupkin S.I., Kharchenko A.O., Chasovitina A.S. Calculation of radial material removal and the thickness of the 
layer with the current roughness when grinding brittle non-metallic materials. Obrabotka metallov (tekhnologiya, oborudovanie, instrumenty) 
= Metal Working and Material Science, 2021, vol. 23, no. 3, pp. 31–44. DOI: 10.17212/1994-6309-2021-23.3-31-44. (In Russian).
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Introduction

Modern machines are designed to perform numerous functions in various fi elds of human activity and 
are characterized by continuously increasing indicators of versatility and productivity, speed and continuity 
of the working cycle, a high degree of automation and reliability. These features led to the corresponding 
requirements for the properties of individual parts, as well as problems associated with its processing. Well-
known general processing problems are signifi cantly aggravated in the process of obtaining precise holes 
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in parts made of brittle non-metallic materials. Such a technological operation is one of the most common 
and in terms of volume is not inferior to the processing of external surfaces. In addition, the processing 
of precise holes is among the most labor-intensive and is more complex than the processing of external 
surfaces, which is due to more severe process conditions and less rigidity of processing tools. The quality 
parameters of the products that determine its operational properties and functional features are finally 
formed at the finishing operations, which include the internal grinding process. In this case, the removal of 
material from the rough surface of the workpiece is carried out due to the presence of several simultaneously 
running random processes of shaping that occur when the grinding wheel and the workpiece are in contact. 
To simulate grinding operations, a probabilistic-theoretical approach is used. [1]. The idea of using such 
an approach in the study of surface roughness was first expressed by the American mathematician J. Rice 
(1937) and the famous Russian scientist-academician Yu. V. Linnik (1954). Later there were studies by  
A. P. Husu, Yu. R. Witenberg, I. V. Dunin-Barkovsky, which were paid attention to by domestic and 
foreign scientists. However, these studies were aimed only at studying the characteristics of rough 
surfaces, without taking into account the conditions of its formation [2]. The probabilistic-theoretical 
approach was further developed in the works of A. N. Reznikov, O. B. Fedoseev, N. I. Bogomolov, 
L. A. Glazer, P. I. Lizarditsyn, Yu. D. Avrutin, D. G. Evseev, A.V. Korolev, Yu.K. Novoselov and other 
authors who use various statistical-probabilistic methods to obtain calculated dependencies for specific 
schemes and grinding conditions. The authors show that any conclusions about the number of working 
grains, its percentage ratio with grains on the surface of the grinding wheel can have real meaning only 
in relation to specific conditions inherent in this process, which is associated with the non-stationary 
grinding operations. These works of domestic and foreign authors make a significant contribution to the 
development of the theory of polished surfaces shaping, but it does not allow taking into account the 
specifics of processing products made of brittle non-metallic materials, and therefore the scope of its 
application is limited [3-17].

Taking into account the above, the purpose of this work is to create a new probabilistic-theoretical 
model that allows calculating the radial removal of the material and the thickness of the layer in which 
the current roughness is distributed when grinding brittle non-metallic materials. The task is to study 
the regularities of removing particles of brittle non-metallic material by radial removal and to study the 
current (at this point in time) roughness formed after each radial removal in the contact zone.

Simulation of the process

The probability of removing the material for processing workpieces made of brittle non-metallic 
materials by abrasive tools is calculated according to the dependence [1]:

 ( )= − − − τ − τ − − τ0 1 2( ) 1 exp ( , ) ( , ) ... ( , ) ,nP M b b y b y b y  (1)

where nb  – a parameter that characterizes the change in the area of depressions due to the processes of 
mechanical cutting and brittle chipping, respectively; += + 1n n nb a a .

In works [18, 19], dependencies were obtained that simulate indicators:
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where 1( , )a y z  – an indicator that characterizes the change in the area of depressions formed due to the 
process of mechanical cutting; 2( , )a y z  – an indicator that characterizes the change in the area of depressions 
formed due to the brittle chipping process; D xr  – the value of the increment of material removal in the 
process of brittle chipping of brittle non-metallic material; 3n  – the number of grains per unit area of the 
working layer of the tool; kV  – peripheral speed of the tool (wheel); uV – peripheral speed of the bar;  

uH  – the thickness of the working surface layer of the tool in contact with the workpiece; ft  – actual 
cutting depth; yL  – the length of the contact zone from the nominal external surface of the tool to the main 

plane; 0P  – probabilistic characteristic of a brittle non-metallic material chipping; cK  – chip formation 
coefficient; z – the coordinate directed along the contact zone; ρ3  –  the radius of rounding the grain top.

Dependencies (1), (2), (3) allow considering the method of analytical calculation of the radial material 
removal and surface roughness according to the input technological variables of the grinding process. As 
noted in [18], the “material – medium” boundary region can be specified by levels of equal probability of 
material removal.

Figures 1 and 2 shows illustrations of material removal during grinding holes in sitall blanks (AS-370) 
by a tool AW 60×25×13 63C F90 M 7 B A 50 m/s (at the speeds of the grinding head – 35 and 50 m/s, 
the workpiece speed – 0.25 m/s, longitudinal feed – 33 mm/s, transverse feed – 0.008 mm/stroke). When 
passing the surface of the contact zone, the levels are shifted to the center of the workpiece (Fig. 1).

By observing the change in the position of the level = β( ) mP M  limiting the transition area “material-
medium” from the medium side, it is possible to follow the dynamics of the removal of the allowance in the 
contact zone of the workpiece with the tool. The distance between the radius vectors of the initial surface 
and the surface after contact will determine the radial removal of the material Dr  per touch, and the position 

Fig. 1. Changing the radius vectors of equal probability levels
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Fig. 2. Influence of the micro-cutting depth on the radial mate-
rial removal when grinding holes in silicon workpieces (hole  
diameter – 150 mm, tool AW 60×25×13 63C F90 M 7 B A 50 m/s 

1 – = 0, 010ft  mm; 2 – = 0, 020ft  mm; 3 – = 0, 050ft  mm)

of the line with probability = β( ) mP M  during the contact is the current value of the radial removal and the 
shape of the curve that limits the contact zone from the tool side (Fig. 2).

The most intense decrease in the radius vector of the workpiece is observed near the plane passing 
through the center of the wheel and the center of the workpiece when the depth of micro-cutting ( )t z  is 
maximum and the largest number of cutting edges of the tool passes through the section. The equation of 
the line bounding the contact zone of the workpiece with the grinding head on the tool side (Fig. 3) is 
written as follows, if in equation (1) the probability of material removal is given the value βm : 

 ( )= β = − − − τ − τ − − τ0 1 2( ) 1 exp ( , ) ( , ) ... ( , )m nP M b b y b y b y . (4)

Let us denote:
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The amount of material removed for the j-th contact of the surface with the wheel is numerically equal 
to the displacement to the center of the workpiece with the accepted probability of material removal and is 
calculated from equation (4), which at can be written as:
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Let’s replace the variables:

−= +1j jy y H ;      = + Df jt H r ;      D = ζ ⋅x fr t ,
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Fig. 3. Hole grinding diagram

where D xr – increment of the amount of material removal due to brittle fracture; ζ  – the parameter depending 
on the shape of the abrasive grains, the properties of the processed material and the law of grain distribution 
over the depth of the working layer of the tool is calculated according to formula [19]:
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Then the dependency (5) will take the form:
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After arithmetic operations:
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The numerical solution of equation (6) is performed for the conditions of grinding holes in bars made 
of sitall (AS-370) with a tool AW 60×25×13 63C F90 M 7 B A 50 m/s (the speed of the grinding head –  
35 and 50 m/s, the speed of the bar – 0.25 m/s, the axial feed – 33 mm/s, the cross feed – 0.008 mm/stroke). 
The results are presented in graphs in figures 4 and 5.

Fig. 4. Width of the contact area of the workpiece with the grinding 
wheel without (–––––) and with  (– – –) radial material removal: 

1– = 9, 22ft  µm, 2 – = 14, 65ft µm; 3 – = 23, 76ft µm,  

4 – = 30,58ft µm

Fig. 5. Influence of wheel speed on radial metal removal and thickness of layer with current 
roughness when grinding sitall workpieces (AS-370)
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In comparison with the process of metals grinding, the size and shape of the contact zone when grinding 
holes of bars made of sitall (Fig. 4) vary from those known from literary sources [17–19]. The actual size 
of the zone by coordinate z   75...80 % larger than the one accepted for comma-shaped slices and 10...15 % 
smaller than the one accepted for segment-shaped slices. The width of the zone differs from the maximum 
possible by the amount of the current radial removal of the material (Fig. 4).

The radial removal of the material and the layer with the current roughness are determined by the 
grinding modes, the state of the tool surface, the dimensions of the workpiece and the wheel, the initial state 
of the processed surface after the previous contact. 

With a steady grinding process, to deduce the dependence of the radial removal on the elements of the 
grinding mode in an explicit form, taking into account the multi-pass process, we combine the origin of the 
coordinates with the level of the maximum vertices of the profile on ( −j n )-th touch, where n  – the 
number of touches of the surface with the wheel required for a complete update. Then at −≤ ≤ D10 j py r  we 

will receive:

 −= + D − 1( 1)f p jt n r y . (7)

It is known that with a sufficiently wide change in the elements of the cutting mode, the number of 
touches n , that are necessary to completely remove the initial surface roughness varies from 2 to 12 [18].

Taking into account the above, under the assumption, that n  is a continuous value, based on the depen-
dencies (6) and (7) after expansion into a series and convolution of the first 12 terms at the selected proba-
bility value βm  , we obtain an approximate solution for calculating the radial removal of the material ob-
tained by mechanical cutting for the conditions of grinding workpieces made of brittle non-metallic 
materials (Fig. 7):

 
( )+ ± ρ

D =
2

ç ç0.677 0.073 ( )
,

f u f c k u e
p

u

t V t K V V n D
r

V
  (8)

where eD  – equivalent diameter. 
The thickness of the layer with the current roughness (Fig. 6), based on geometric considerations, can 

be calculated according to the dependence:

 = − D + Df p xH t r r .                   (9)

After substituting the parameter values in expression (9), a mathematical model of the formation of a 
layer with the current roughness after grinding workpieces made of brittle non-metallic materials is obtained:

Fig. 6. Pattern of abrasive grain contact with brittle workpiece 
material
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Example. Calculate the thickness of the layer with the current surface roughness during internal grind-
ing of the hole −= ⋅ 3150 10d m the workpiece АS-370. At the same time, the grinding head is selected as 
the tool AW 60×25×13 63C F90 M 7 B A 35 m/s with the value of the transverse feed D = 5siA  μm per 
revolution of the workpiece and the speed of rotation of the workpiece Vu = 0.25 m/s. Increments of elastic 
deformation of the tool and the workpiece, as well as temperature deformations of the system elements, are 
not taken into account. Current system status is tf = 14.65 μm. For the specified conditions = 1cK ,  
n3 = 15.866·106 m, ρ3 = 7.31 ·10–6 m, θ = 0.5, β = 2 , mx = 0.7 and χ = 1.3. 

We determine the value of the radial removal of the material obtained by mechanical cutting, m:

( − −D = ⋅ ⋅ ⋅ + ⋅ ⋅ ± ×6 6 21
(0.677 14.65 10 0.25 0.073 (14.65 10 ) 1(35 0.25)

0.25pr

)− −× ⋅ ⋅ ⋅ = ⋅6 6 615.866 10 0.1 7.31 10 ) 7.458 10 .

Then calculate the amount of removal due to the brittle destruction of grains, m:

( − −D = ⋅ ⋅ ⋅ + ⋅ ± ×6 6 21
(0.677 14.65 10 0.25 0.073(14.65 10 ) 1(35 0.25)

0.25xr

) (− −

+ +

 × ⋅ ⋅ ⋅ − − ⋅ ⋅ ⋅ + 
 ⋅

2
6 6 6

(0.7 1.3 2)

1
15.866 10 0.1 7.31 10 ) 1 exp 00.677 14.65 10 0.25

0.25 0.5

))− − −
+ ⋅ ± ⋅ ⋅ ⋅ ⋅ = ⋅

6 2 6 6 60.073(14.65 10 ) 1(35 0.25) 15, 866 10 0.1 7.31 10 4.603 10 .

So the thickness of the layer with the current roughness will be equal to, m:

− − − −= − D + D = ⋅ − ⋅ + ⋅ = ⋅6 6 6 614.65 10 7.458 10 4.603 10 11.795 10 .f p xH t r r

A comparison of the values of the radial removal of the material and the layer with the current roughness, 
calculated from the dependencies (8) and (9) for the case of internal grinding of the hole d = 150·10–3m of 
the workpiece made of AC-370 is given in Table 1. At the same time, the conditions of the above example 
with the initial state of the system are preserved; tf0 = 0; Vk = 35 m/s; Vu = 0.25 m/s.

For most grinding modes, the deviation of the values of the radial removal and the layer with the current 
roughness of the material, calculated according to simplified models, does not exceed 1 %. Only for modes 
4 and 6, these deviations are 1.17 and 1.19 % respectively. Thus, the accepted approximations provide a 
sufficiently high accuracy of calculations and allow to evaluate analytically the impact on the radial removal 
of the material and the layer with the current surface roughness of the elements of the grinding mode and 
the characteristics of the abrasive tool. The radial removal and the layer with the current surface roughness 
depend on the actual depth of micro-cutting, the speed of the workpiece, the dimensions of the workpiece 
and the wheel, the geometry of the abrasive grain, the number of cutting edges on the surface of the wheel.

With an increase in the depth of micro-cutting, the radial removal of the material and the thickness of 
the layer with the current surface roughness increase for all values of the wheel speed and the workpiece 
speed (Fig. 5 and 7).
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T a b l e  1 

Comparison of numerical results with those based on simplified dependencies

№
Actual 

depth tf, 
µm

Number 
of con-
tacts, n

Radial material 
removal, µm

Layer thickness with current roughness H , 
μm

Contact 
area 

length, 
mmDrp D xr dependency (6) simplified 

model (10)
deviation, 

%

1 9.22 5 4.096 1.857 6.998 6.982 0.23 0.0008
2 14.65 2 7.458 4.603 11.849 11.795 0.46 0.0011
3 16.04 3 8.345 5.428 13.161 13.12 0.31 0.0011
4 23.76 7 13.37 10.55 21.19 20.94 1.17 0.0014
5 27.92 6 16.11 13.53 25.49 25.33 0.63 0.0016
6 29.77 12 17.34 14.89 27.64 27.31 1.19 0.0017
7 30.58 9 17.88 15.47 28.369 28.17 0.71 0.0017

Fig. 7. Effect of wheel speed on material removal (– – –), caused by brittle fracture  
and on layer thickness with current surface roughness (–––): 

1 – tf = 9.22 μm, 2 – tf = 14.65 μm; 3 – tf = 23.76 μm, 4 – tf = 30.58 μm

In the studied range, the thickness of the layer with the current surface roughness changes almost 
proportionally to tf. So, for wheels with a grain size of F90, with an increase of tf by almost 2 times (from 
9.22 μm to 14.65 μm at Vk = 35 m/s) the thickness of the layer with the current roughness increases by 1.92 
times (from 5.2 μm to 10.01 μm). The radial removal of the material increases more significantly with an 
increase in the depth of micro-cutting than the thickness of the layer with the current surface roughness. 
Thus, with an increase of tf by 1.59 times (from 9.22 μm to 14.65 μm) (Fig. 5), the radial removal increases 
by 3.1 times (from 2.38 μm to 7.34 μm). This effect of the depth of micro-cutting on the radial removal is 
explained by the fact that with increasing tf not only the thickness increases, but also the length of individual 
sections, the brittle component of the removal increases. 

With an increase in the speed of the wheel, the radial removal increases, the thickness of the layer with the 
current surface roughness decreases. With an increase in the speed of the workpiece at tf = const, the radial 
removal of the material decreases, the thickness of the layer with the current surface roughness increases.
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Results and discussion

For the purpose of experimental verification of the obtained dependencies, experiments were conducted 
on grinding samples during internal grinding of the hole. Samples (hole diameter – 150 mm, length –  
250 mm) were ground on a machine RSM M 500 CNC by the tool AW 60×25×13 63C F90 M 7 B A 35 m/s 
(the grinding head speed – 35 m/s, the workpiece speed – 0.262 m/s). In order for each point of the surface 
to meet the wheel once in one pass, the longitudinal feed per revolution of the workpiece was chosen equal 
to the width of the grinding head bs (Fig. 8).

According to the obtained experimental results, the 
maximum depth of micro-cutting and the thickness of the 
layer with the current surface roughness were calculated. 
The thickness of the specified layer was compared with 
the experimental data obtained using a profilogram of the 
polished surface.

The obtained dependences of the removal of the material 
and the thickness of the layer with the current surface 
roughness on the transverse feed are similar to those 
available in the literature. If we approximate it with equations 

of the form = D n
í yH S , then the exponent for yS  will be 

equal to 0.44, which is in good agreement with the experimental data of other authors [17].
A comparison of the calculated and experimental data indicates its compliance with almost all feed 

values. The slope of the calculated curve is slightly different (the largest deviation is 21.34 % of the 
calculated values from the experimental ones) with a transverse feed of 0.5 µm/stroke. With an increase 
in the transverse feed, the differences in the calculated and experimental values of the surface roughness 
decrease. Minor differences between experimental and theoretical values in the feed range of 1 ... 2 µm/stroke 
can be explained by the fact that the number of vertices on the surface of the wheel is assumed to be constant 
during calculations, while according to research data [17–20] it increases with a decrease in the intensity of 
metal removal and transverse feed. But even if the number of abrasive grains remains constant, equations (8) 
and (10) model the real process of grinding holes made of brittle non-metallic materials quite well.

Conclusions

The developed mathematical models allow us to calculate the radial removal of the material and the 
thickness of the layer in which the current roughness is distributed when grinding brittle non-metallic 
materials. The proposed dependencies show the regularity of the removal of particles of brittle non-metallic 

T a b l e  2

Influence of cross feed on micro-cutting depth, radial material removal and surface roughness

№ Cross feed rate Sy, 
µm/stroke

Actual 
depth tf, 

µm

Radial material 
removal, µm Layer thickness with current roughness H, μm

Drp Drx experimental accounting deviation, %

1 0.5 10.47 4.68 2.324 6.382 8.114 21.34
2 1.0 17.83 9.27 6.389 12.451 14.95 16.71
3 2.0 22.34 12.18 9.363 16.872 19.52 13.57
4 4.0 26.38 14.83 12.2 26.01 23.75 8.69
5 8.0 32.16 18.65 16.38 27.904 29.89 6.64

Fig. 8. Diagram of the internal grinding  
process
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material by radial removal and the distribution of the current roughness formed after each radial removal 
in the contact zone.

The proposed analytical dependences are valid for a wide range of grinding modes of holes in sitall 
blanks, the characteristics of wheels and a number of other technological factors [18, 19, 20].

The obtained expressions allow us to find the maximum depth of micro-cutting and the thickness of the 
layer with the current surface roughness when grinding brittle non-metallic materials. A comparison of the 
calculated and experimental data indicates its compliance with almost all feed values, which confirms the 
adequacy of the obtained equations, which model the real process of grinding holes made of brittle non-
metallic materials quite well.
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