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Abstract. At present, the results of the study of boundary value problems for the two-dimensional
Helmholtz equation with one and two singular coefficients are known. In the presence of two positive singular
coefficients in the two-dimensional Helmholtz equation, explicit solutions of the Dirichlet, Neumann and
Dirichlet-Neumann problems in a quarter plane are expressed through a confluent hypergeometric function
of two variables. The established properties of the confluent hypergeometric function of two variables allow
us to prove the theorem of uniqueness and existence of a solution to the problems posed.In this paper,
we study the Dirichlet, Neumann, and Dirichlet-Neumann problems for the three-dimensional Helmholtz
equation at zero values of singular coefficients in an octant, a quarter of space, and a half-space. Uniqueness
and existence theorems are proved under certain restrictions on the data. The uniqueness of solutions of
which is proved using the extremum principle for elliptic equations. Using the known fundamental (singular)
solution of the Helmholtz equation, solutions to the problems under study are written out in explicit forms.
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TToAHBIE TEKCT Ha aHTAMICKOM SI3BIKE
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KpaeBble 3asauu a1 TpexMepHOro ypaBHeHus l'eJbMroJibiia B
HEOTPAHNYEHHOM OKTaHTe, KBa/I[paTe U IMOJIyIIPOCTPAHCTBE

3. 0. Ap3uxynros*

®Depra"ckuil MOAUTeXHUYeCKUHE HHCTUTYT, 150107, yA. Pepranckas, 86, r. Peprana, Y3beKucTan

AnHOTanus. B HacTosIee BpeMsi M3BECTHBI PE3YABTATHI UCCAEAOBAHUSI KPAeBBIX 33pa4 AAST ABYMEPHOI'O
ypaBHeHUST [eABMrOABIla C OAHMM ¥ ABYMS CHUHTYASIDHEIME KodddunueHTamMu. [Ipm Hasrmguum
ABYX TIOAOKUTEABHBIX CHUHTYASIPHBIX KO3(M@UIIMEHTOB B ABYMEPHOM YpPaBHEHUN [€ABMIOABIIA SBHBIE
pemrenust 3apayd  Aupuxae, Helimana u Aupuxae-HefiMama B 4YeTBepTH IIAOCKOCTH BBIPa>kaloTCs
4epe3 BBIPOXKAEHHYIO TUIIEPI€OMETPUYECKYIO (YHKIWIO ABYX II€PEeMEHHBIX. YCTAaHOBAEHHBIE CBOMCTBa
BBIPOJKAEHHOM TI'UIIepreOMeTPUYecKOod (PYHKIMM ABYX IIepPeMEHHBIX IIO3BOASIIOT AOKa3aTh TeOpeMY
€AMHCTBEHHOCTY M CYILIECTBOBAHUS PEIIEHUSI IIOCTAaBACHHBIX 3aAad. B paHHOM paboTe mM3ydaroTcs 3apadu
Aupuxnre, Heilimana um Aupuxnre-HeliMana AAS TpeXMepHOTO YpPaBHEHUSI [eABMIOABIIA IIPU HYAEBBIX
3HAYEHUSX CUHTYASIPHBIX KO3(M(UIIMEHTOB B OKTAHTE, YETBEPTH IIPOCTPAHCTBA M IIOAYIIPOCTPAHCTBE.
A\ OKa3bIBAIOTCSI TEOPEMBl EAUHCTBEHHOCTH U CYIIECTBOBAaHUSI IIPU OIPEASACHHBIX OIDaHUYEHUSX Ha AAHHEBIE.
EAVHCTBEHHOCTD PEIIEHUH KOTOPBIX AOKA3BIBAETCSI C IIOMOIIBLIO IPUHITUANA SKCTPEMyMa AAS SAAUITUYIECKUX
ypaBHeHu#. VICIOAB3ys M3BeCTHOe (PyHAAMEHTAAbHOE (CHHIYASIPHOE) peIlleHNe YPaBHEHWsI ['eAbBMIOABIa,
PelLIeHNsT NCCACAYEMBIX 3aAa4 BBLIIKUCHIBAIOTCS B SIBHOM BHAE.

Knrovesvie €a068a: BbPONCOEHHAA 2UNEP2EOMEMPUMECKASL PYHKUUA MPET NMEPEMEHHBIT, CUCTEMA
YPABHEHUT 8 HACTVHBLL MPOUSBOOHBLT; ACUMNMMOMULECKAS GOPMYAQ;, mpeTmepHoe ypasrerue eavmezorvya
C Mpema CUHZYAAPHBIMU KosPpPuyuernmamu,; 3adavua Aupurae 8 nep8om 6ecKOHeUHOM OKMaHmMe
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Introduction

It’s known, that the Helmholtz equation has a variety of applications in physics and
other sciences, including the wave equation, the diffusion equation, and the Schrodinger
equation for a free particle.

The Helmholtz equation often arises in the study of physical problems involving
partial differential equations (PDEs) in both space and time. The Helmholtz equation,
which represents a time-independent form of the wave equation, results from applying
the technique of separation of variables to reduce the complexity of the analysis [15].

The two-dimensional analogue of the vibrating string is the vibrating membrane,
with the edges clamped to be motionless. The Helmholtz equation was solved for many
basic shapes in the 19th century: the rectangular membrane by Siméon Denis Poisson
in 1829, the equilateral triangle by Gabriel Lamé in 1852, and the circular membrane by
Alfred Clebsch in 1862. The elliptical drumhead was studied by Emile Mathieu, leading
to Mathieu’s differential equation.

Two- and more-dimensional Helmholtz equations

= d%u
ZW‘FHU:O
j=1 j

and their related boundary-value problems have been investigated in a large number of
papers [1-3,12-14].

On the other hand, the equation has important applications. In 1952 Kapilevich [18]
has solved Dirichlet and Neumann problems for multidimensional Helmholtz equation
with singular coefficient

— o’u  2xd
_12L+_oc_u+uu:0) 0<2a<1
i an X1 aX1
in the half-space. In 1978 Marichev [19] has investigated two-dimensional Helmholtz
equation with two singular coefficients
’u  ou  2adu 2B ou
—t =+t —+t—F =0, 0< 2, 2B < 1. 1
o Togr Tx ox Ty oy THHTO 0<20 28 (1)
There are many works [6-9,11] devoted to the Helmholtz equation (1). For instance, in
the work [10] the Dirichlet problem fot the singular Helmholtz equation (1) for u = —A?
is solved explicitly.
Generally speaking, our further goal is to pose and investigate boundary value

problems for Helmholtz equation with three singular coefficients

o’u  o’u  d’u  2xdu 2B0%u 2you
—_——t ——+ —— =0, 0 <2, 2f3,2 1 2
6x2+ay2+azz xax+yay+yaz+uu » 05 200 2B, 2y < (2)
in some infinite domains.

For beginning, in the present paper, we study the Dirichlet, Neumann and Dirichlet-
Neumann boundary value problems for equation (2) at x =3 =y =0 and p = —A’ in
the unbounded domains — in an octant, square of the space and half-space.

9



ISSN 2079-6641 Arzikulov Z. O.

The Dirichlet problem Dg for the Helmholtz equation in the first
octant

Let us consider the following Helmholtz equation
Uy + Uyy + U, — )\Zu = O) (3)

in the infinite domain Q3 = {(x,y,z) : x >0, y >0, z > 0}
The Dirichlet problem Dj3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the class of functions C (Q3) U C*(Q3), satisfying the conditions

LL(X,IJ,O) :T1(X>y)> OSX)H < 00, (4)
U(X, O>Z) = Tz(X>Z)> 0< Xy Z < 00, (5)
u(0)9>l) :TS(U> )) 0<y,Z<OO, (6)
Rlimu(x,y, ) =0, R=+/x*+y?+2% (7)

where T, (t, s) are given functions such that

o %1(X>y) ~

T](X>U)— (] +X2+y2)(]+€])/2) T](X>U) GC(OSX)U<OO)) €1 >O, (8)
- %Z(X)Z) ~

TZ(X) Z) - (1 +X2 —}—ZZ)HJFEZ)/Z) TZ(X» Z) S C(O < X,z < OO)) € > O» (9)
o %3(9)2) ~

Ta(yyl) - (1 +y2 +Zz)(1+53)/2) T3(1J,Z) S C(O <Y,z< OO), e3> 0. (10)

In addition, the functions Ti(x,y), T2(x,z) and T3(y,z) satisfy the concordance
conditions in origin t;(0,0) = 12(0,0) = 13(0,0), and in the lateral ribs of the domain
Qgi

T (X>O) — TZ(X) O)) T (O)y) - T3(y)0)) TZ(O>Z) - T3(O) Z) 0 S X, Y,Z < 0. (11)
Theorem. [4] The Dirichlet problem for equation (8) in an unbounded domain

Q3 can have at most one solution.

Existence of the solution to the Dirichlet problem D%

We will seek a solution to the Dirichlet problem (3) — (11) in the form

3

u(X,U,Z) = Zu’t(xayaz))

i=1

where w(x,y,2), u(x,y,2), us(x,y,z) are a solutions to the equation (3), satisfying
the boundary conditions

w (X>U)O) =T (X>U)) W (X)O)Z) = O) u1(0>y)l) = O> (12)

10



Boundary value problems for the three-dimensional Helmholtz . .. ISSN 2079-6641

uz(XJJ)O) - O, uZ(X> O>Z) — TZ(X>Z)> Uz(OJJ)Z) - Oa (13)
uz(x,y,0) =0, us(x,0,z) =0, u3(0,y,z) = 13(y,2), (14)

respectively.

Lemma 1. If a function ti(x,y) can be represented by the formula (8), then the
function

X yYy Z ]-Hu]) X yYr Z ) (15)

HI\/]-h

1s a regular solution of the equation ( 3) in the domain Qg3, satisfying the boundary
conditions (7) and (12), where

t
Uy (X,U,Z) = i J J i (3’3) (1 +)\p1i)e_)\p]jdtdsy ] = ])2)3)4; (16)
27 7;
00 )
P11 = \/(t—x)2+ (s—y)l+2%, pu= \/(t—x)z+ (s +y)* + 24 (17)
o2 = /(4% + (s —y)P + 2, prs = (t+ %)+ (s +y) + 2 (18)

Proof. Now we will show that function u(x,y,z) satisfies condition (4) of the
Dirichlet problem.
By setting t = x + zpu, s =y + zv, we transform formula (16) for j = 1 to the form

o 1 T T (X +zu,y + ZV) 2 2 2 f?\zz(1+u2+v2)
w (x,Y,2) = 7 lj 050" [1+22° (T4+ 12 +v7)]e dudv
(19)
On the right-hand side of (19) we pass to the limit as z — 0 and get
, 177 dudv
limun (x,y,2) = (x —WJJ NI,
00
Using consistently the well-known identity [5, Eq. 4.623]
J J @ (a*x* +by?) dxdy = % J o (x)dx, (20)
00 0

we obtain
limuyy (x,y,2) =711 (%, y) .
z—0

Likewise, everyone can easily get

ii_r%ulj (X>U)Z) =0, j=2,3,4

TThere is a typo in this formula, the correct formula is (20).

11
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So, the following equality is true for the function u;(x,y,z) defined in (15):

liném (x,y,2z) =11 (x,y) .

z—

Taking into account the obvious equalities

Prileo = Pr2lgy Puily—o = Pualyos Pr2lymg = P13y, P13l = Pralio

we establish that for there exist a following limits

limw (x,y,z) =0, limw (x,y,z) =0.
y—0

x—0

It is easy to see that as the point (x,y,z) tends to infinity, i.e. R — oo, function (16)
tends to zero. Then, by virtue of (8), we get

dtds
(1+ 8 +s2)1F12p2,

(21)

lw (x,4,2)] < Ciz

o3

At the right-hand side of inequality (21), change the variables as follows: t = Ry,
s = Rv. We obtain the inequalities

: ' EK(X)y>Z;R)

1
[un| < Re R

where

dudv
(12 +v2) 14 2 v — 2 (ux + vy)]

K(x,y,z;R) :J
0

0%8

Let us show that this proper double integral is bounded. Indeed, using the formula
(20) and passing to the limit as R — oo, we calculate

. . _1 ]+€1 2—|—£1
%LriloK(x,y,z,R)—Zr( > )F( 7 ), (22)

where I'(z) is a famous gamma function.

Using (22), we obtain
C

Re

|LL]] (X>U>Z)| § y €1 > O> (23)

where C is a positive constant.

Now, it intermediately follows from estimate (23) that the function (16) vanishes at
infinity. [J

Similar statements are also true for functions u,(x,y,z) and usz(x,y,z) that satisfy
the conditions (13) and (14), respectively, and vanish at infinity, where

-I)j+1

LL'L(X>1J)Z): Ui (X,%Z), i:2)3)

.I\j“
|

=1

12
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OOOOT t, s _
uzﬂ&l.;»l)z%t“ F() )(1—|—7\p2) M2 dtds, (24)
00 )
prr = (=X 92+ (s =2, pu=1/(t—xP+y2+(s+27  (25)
_ 2 2 2 _ 2 2 2
o = ([ (E+X) + 2 + (s — 2)}, ng—wtm sz (26)
X T3 )
U3; (XﬂJ» = Z_[ J J p 1+ Ap?)j)e_)\pg’J dtdS, (27)
00 )
o5t = X+ =yt (s— 2P =+ -y +(s+2  (28)
] 2 2 ] 2 2
o2 = X2 (LY + (s — 2P pss= X2+ Ly +(s+2%  (29)

Thus, we have proved the following

Theorem 2. If a given functions Ty, T, and T3 satisfy the conditions (8) — (11),

then a function u(x,y,z ZZ ’HLLL] (x,Y,z), where the functions wy are
i=1j=

defined in (16), (24) and (27) 1 a regular solution of equation (3) in the domain
Q3, satisfying the conditions (4) to (7).

Other problems for the Helmholtz equation in the first infinite
octant

Let us consider the Helmholtz equation (3) in the infinite domain Qj.
The Neumann problem N3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q3, satisfying the conditions

limw =vi(x,y), 0<x,y < oo, (30)
20 0z
0

limM =vy(x,z), 0<x,z< 00, (31)
y—0 0y

. ou(x,y,z)
lim——— =v;(y,z), 0<y,z< o0, (32)
x—0 0x

llmu(x y,z) =0, R=+/x2+y?+ 22, (33)

where v (t,s) are given functions such that

Vi(x, .
V](X>y) = (1 —1—7!2(4-31)&]/2, Vi (X>y) € C(O <xy< OO)) € > O> (34)
vi(x,z) = i +sz(7: Zi)sz/z, Va(x,z) € C(0 < x,z < 00), €7 > 0, (35)
X2+ z
V3(y,z .
) = +in 21)53/2» U(y,z) €CO<y,z<00), e5>0.  (36)

13
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Theorem 3. If a gwen functions vy, v, and vs; satisfy the conditions (34) —
(36), then a function

3 [eole ]
] A ey
u(x,y,z) ZZJJV Jdtds, i=1,2,3; j=1,2,3,4
= 00

i=1 j=I1

1s a regular solution of equation (3) in the domain Qj, satisfying the boundary
conditions (30) to (33), where pi; are defined in (17), (18), (25), (26), (28), (29).

The Dirichlet-Neuman problem D3N]. Find a regular solution u(x,y,z) to
the Helmholtz equation (3) in the class of functions C (Q3) U C*(Q;3), satisfying the
conditions

u(x,y,0) =ti1(x,y), 0<x,y < oo, (37)
u(x, O>Z) = Tz(X>Z)> 0<xz<o0, (38)
0
limM =vi(y,z), 0<y,z< oo, (39)
x—0 0x
R11mu(x Y,z) =0, R=+x?+y?+ 27 (40)

where T (t,s),T2(t, s),v3(t,s) are given functions such that

%1 (X)y)

T](X>y) = (1 1 X2 +y2)(1+e])/2) %1(7()9) € C(O < Xy < OO)) €1 > O) (41)
(%, z) .

T(x,z) = i +X22+ ;2)(]+EZ)/2, T(x,z) € C(0 < x,z < ), €2 > 0, (42)

iy, 2 = — 2B g e o<y z<o0) >0 (43)

(1 +y2+22)%/%
In addition, the functions T;(x,y), T2(x,z) satisfy the concordance conditions in origin
and in the lateral ribs of the domain Qj:

T1(%,0) = T2(x,0), 0 <x < o0. (44)

Theorem 4. If a given functions t;, T, and v; satisfy the conditions (41) —
(44), then a function

4 (0.0
Xya :%Z ] J
0

j=1

T

1+ 7\p1j ) e i dtds

o3

4
+%Z(— i

j=1 pz)

0%8

J o 1+ ?\pzj)e’}“’zi dtds
0

1 4 o0 00
__Z 1)+ J J Vs ( e dtds,
2n _ p3]
00

14
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15 a regular solution of equation (3) in the domain Qj, satisfying the boundary
conditions (87) to (40), where p;; are defined in (17),(18),(25),(26),(28),(29).
Hereinafter, (] denotes an integer part of the number «.
The Dirichlet-Neumann problem DIN3. Find a regular solution u(x,y,z) to the
Helmholtz equation (3) in the domain Qj, satisfying the conditions

ou(x,y,z)

£1_I)% 3z =vi(xy), 0<xy < oo, (45)
0
limM =vy(x,z), 0<x,z< 00, (46)
y—0 ’c)y
U(O,U,Z) :T.’)(y» )) O<U>Z<OO» (47)

Rlimu(x,y, ) =0, R=+x*+y?+2? (48)

where vq(t,s),v2(t,s),t3(t, s) are given functions such that

Y1(x .
V](X>y) = (.l +7<]2(_i_’31)g]/2’ Vi (va) € C(O < X)y < OO)) € > O) (49)
vy(x,z) = ; +V;2(7: 2){2/2, $(x,2) € C(0 < x,2 < 00), €2 > 0, (50)
t(y, z) .
3(y,z) = i +y23+yz)2)(1+53)/2) %(y,z) € C(0 <y,z < o0), €5 > 0. (51)

Theorem 5. If a gwen functions vi, v, and T3 satisfy the conditions (49) —
(51), then a function

4 ) o0 o0
U(X,y,l) = _l Z (_1)[%] J J M (t S) Aphdtds
00

1 ) oo oo t 4 o0 00 t
)
00 00

1s a regular solution of equation (3) in the domain Qj, satisfying the conditions
(45) to (48), where p;; are defined in (17),(18),(25),(26),(28),(29).

Boundary value problems for the Helmholtz equation in the first
infinite square

Let us consider the Helmholtz equation (3) in the infinite domain
O, ={(x,y,z) : —c0o < x < 00, y >0, z>0}.

The Dirichlet problem D3. Find a regular solution u(x,y,z) to the Helmholtz
equation (8) in the domain Q,, satisfying the conditions

u(XJJ)O) :T1(X>U), _OO<X<OO>OSU<OO, (52)

15
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u(x,0,z) = 12(x,2), —o0o<x<00,0<2z<00 (53)
Rlim u(x,y,z) =0, R=+/x2+y?+ 22 (54)
—00

where T1(t,s) and T,(t,s) are a given functions such that

T1(x .
T1(x,y) = i +;2(_;3)2)€]/2, F(x,y) € C(—o0o < x < 00,0 <y < 0), &1 >0, (55)
T(x,z) = i +F::z(j_)zz)z)€z/2’ T(x,z) € C(—o0 < x < 00,0 <z < ), &3 >0, (56)

Theorem 6. If a given functions Ty and T, satisfy the conditions (55) and (56),
then a function

U(X,y’z) -
_ £ st J T (t,8) (1 txp”)e_}\p”d’c—JdS J T (t,8) (1 4-3}\p14)e—?\p14dt
fer P11 =)
— )
| | 1 s i i 1 —Ap24
- st J T (t,s) ( 4—37\021)6 dt—st J T (t,8) ( _27\‘)24)6 i
lém b ol e :

1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(52) to (54), where p;; are defined in (17) and (25).

The Dirichlet-Neuman problem DIN!. Find a regular solution u(x,y,z) to the
Helmholtz equation (3) in the domain Q, , satisfying the conditions

u(x,y,0) =ti(x,y), —o0o<x<00,0<Yy< 00, (57)
. ou(x,y,z)
lim——————= =v;(x,z), —oo0<x<00,0<2z< 00, (58)
y—0 ay
Rlim u(x,y,z) =0, R=+/x2+y2+ 22, (59)

where T1(t,s), v,(t,s) are giwen functions such that

%1 (X>y)

T(x,y) = TR T (x,y) € C(—o0 < x < 400,y < 00), &1 >0, (60)
Ty
valx,z) = — 2% 95(x,2) € Cl—00 < x < +00,0 < z < o), €2 > 0,  (61)

(142 +22)2%

Theorem 7. If a given functions T; and v, satisfy the conditions (60) and (61),
then a function

U(X,y,z) =
-z st J T (t,s) (1 —:7\011)6—?\911 dt J ds J T (t,s) (1 4—3}\p14)e—>\p]4 "
lem ) o | :

16
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o0 o0 o0 o0

_ st J Valtys) et dt—st J va(ts) e
T6m P21 P24

0 —o0 0 —o0
1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(57) — (59), where py are defined in (17) and (25).

Let us consider the following Helmholtz equation (8) in the infinite domain
Q) ={(xyy,z): —c0 < x <00, y >0, z>0}.

The Neumann problem N3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q, , satisfying the conditions

0
limM:w(x,y), —00 < X < 400,00 <y < o0, (62)
z—0 0z
0
limM =v(x,2), —00<x<+00,0<z< 00, (63)
y—0  dy
Rllmu(x y,z) =0, R=+/x2+y?+ 2% (64)

where v (t,s) are giwen functions such that

Y1(x .

vi(x,y) = T 12(;‘;1)51/2, Y1(x,y) € C(—o0 < x < +00,0 <y < o0), &1 >0, (65)
X

Va(x,z) = q +V22(1’Zi)52/2, V2(x,2) € C(—00 < x < +00,0 < z < 00), €3 >0, (66)
X2 +z

Theorem 8. If a given functions v; and v, satisfy the conditions (65) and (66),
then a function

o) o0 o o)

1 t —Ap11 t —Apia
WXy, z) = —— st J MLMJC“ J viltys)e e o
167 P11 P14
0 —0o0 0 —00
1 T T t —Ap21 T T t —AP24
_ st J Mdt—l—l[ds J wdt
lTerm : P21 , P24

1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(62) — (64), where py are defined in (17) and (25).

Boundary value problems for the Helmholtz equation in the
half-space

Let us consider the following Helmholtz equation (3) in the infinite domain Q; =
{(xyy,2) : —00 < X,y < 00, z >0}

The Dirichlet problem D). Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q) , satisfying the conditions

u(X>U>O) =T (X)y)) —00 <X,y < 00, (67)

17
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limu(x,y,z) =0, R=+/x%+y?+ 22 (68)

R—o0

where T (t,s) are given functions such that

%1(7()9)
(1+x2+y2)"/%

T (X>y) = %1 (X)y) € C(—OO < XY < +OO’)) & > O) (69)

Note, that the Dirichlet problem for Helmholtz equation (3) in case of half-space is
found in the books for students [16,17].

Theorem 9. If a given function Ty satisfies the condition (69), then a function

z T i T1 (t,8) (14 Apyy)e e
N ] dt 70
u(x,y,z) ZWL SL ) (70)

15 a regular solution of equation (3) in the domain Q,, satisfying the conditions
(67) and (68), where p11 is defined in (17).

The Neumann problem N!. Find a regular solution 1u(x,y,z) to the Helmholtz
equation (3) in the domain ), , satisfying the conditions

0
limM =vi(x,y), —oo<x < 400,—00 <Y < 400, (71)
z—0 0z
llmu(x y,z) =0, R=+/x24+y?+ 2% (72)

where v;(t,s) is a given function such that

{’1(7()9)
(T+x2+1y2)

vi(x,y) = il Y1(x,y) € C(—o0 < x < +00,—00 < Yy < +0), &1 > 0,

(73)

Note, that the Neumann problem for Helmholtz equation (3) in case of half-space is
found in [16,17].

Theorem 10. If a given function vy satisfies the condition (73), then a function

o0 o0

1 t —Apn
u(x,y,z) = 7 J ds J %d’c (74)

1s a regular solution of equation (8) in the domain Q,, satisfying the boundary
conditions (71) and (72), where p1; is defined in (17).

Remark 1. The solutions (70) and (74) of the Dirichlet and Neumann problems are
found in [17].

Remark 2. Uniqueness of solutions of the problems posed is proved using the
extremum principle for elliptic equations.

Conclusion

In this paper we presented solutions of 9 boundary value problems for the three-
dimensional Helmholtz equation in infinite domains in explicit and convenient forms for

18
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further research. The results of this paper can be useful in the study of boundary value
problems for a three-dimensional equation of mixed type, because from the explicit
solutions of the posed problems it is easy to derive functional relationships between the
traces of the desired solution and its derivative along the normal, brought to the plane
of change of the equation type.
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