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Àííîòàöèÿ. Ðàäîí � èíåðòíûé ðàäèîàêòèâíûé ãàç, èññëåäîâàíèÿ âàðèàöèé êîòîðîãî â
ñîïîñòàâëåíèè ñ ñåéñìè÷íîñòüþ ñ÷èòàþòñÿ ïåðñïåêòèâíûìè äëÿ öåëåé ðàçðàáîòêè ìåòîäèê ïðîãíîçà
çåìëåòðÿñåíèé. Íà ïîëóîñòðîâå Êàì÷àòêà ðàçâåðíóòà ñåòü ïóíêòîâ íàáëþäåíèÿ, â êîòîðûõ ñ
ïîìîùüþ íàêîïèòåëüíûõ êàìåð ñ ãàçîðàçðÿäíûìè ñ÷åò÷èêàìè âåäåòñÿ ìîíèòîðèíã îáúåìíîé
àêòèâíîñòè ðàäîíà (RVA). Àíàëèç äàííûõ RVA â ðàìêàõ ðàäîíîâîãî ìîíèòîðèíãà ÿâëÿåòñÿ îäíèì
èç ìåòîäîâ ïîèñêà ïðåäâåñòíèêîâ ñåéñìè÷åñêèõ ñîáûòèé. Ýòî ñâÿçàíî ñ òåì, ÷òî èçìåíåíèÿ
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû, ÷åðåç êîòîðóþ ïðîòåêàåò ãàç, âëèÿþò íà RVA.
Èçìåíåíèå èíòåíñèâíîñòè ïåðåíîñà ðàäîíà âñëåäñòâèå èçìåíåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî
ñîñòîÿíèÿ ãåîñðåäû îïèñûâàåòñÿ ñ ïîìîùüþ îïåðàòîðà äðîáíîãî äèôôåðåíöèðîâàíèÿ ïîñòîÿííîãî
âåùåñòâåííîãî ïîðÿäêà α, êîòîðûé ñâÿçàí ñ ïðîíèöàåìîñòüþ ãåîñðåäû. Èçâåñòíî, ÷òî íà RVA â
íàêîïèòåëüíîé åìêîñòè ñ äàò÷èêàìè âëèÿåò òàêæå êðàòíîñòü âîçäóõîîáìåíà λ0, ýôôåêò êîòîðîãî
íåîáõîäèìî ó÷èòûâàòü â èçó÷åíèå ïðîöåññà ïåðåíîñà ðàäîíà. Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ èçó÷åíèå
íàêîïëåíèÿ ðàäîíà â êàìåðå, êîòîðîå çàêëþ÷àåòñÿ â èäåíòèôèêàöèè çíà÷åíèé ïàðàìåòðîâ λ0 è α ñ
ïîìîùüþ ðåøåíèÿ ñîîòâåòñòâóþùåé îáðàòíîé çàäà÷è. Â ðåçóëüòàòå èññëåäîâàíèé áûëî ïîêàçàíî,
÷òî äëÿ ýðåäèòàðíîé α-ìîäåëè ïåðåíîñà ðàäîíà ìåòîäîì Ëåâåíáåðãà-Ìàêâàðäòà ñ ïðèâëå÷åíèåì
ýêñïåðèìåíòàëüíûõ äàííûõ RVA ìîæíî îïðåäåëèòü îïòèìàëüíûå çíà÷åíèÿ åå ïàðàìåòðîâ λ0 è α.
Ïîëó÷åííûå ìîäåëüíûå êðèâûå õîðîøî ñîãëàñóþòñÿ ñ äàííûìè RVA, ïîëó÷åííûìè â ðàìêàõ õîðîøî
èçâåñòíîé êëàññè÷åñêîé ìîäåëè ïåðåíîñà ðàäîíà â íàêîïèòåëüíîé êàìåðå.
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Abstract. Radon is an inert radioactive gas, and studies of its variations in relation to seismicity are
considered promising for the development of earthquake prognosis methods. A network of observation points
has been deployed on the Kamchatka peninsula, where radon volumetric activity (RVA) is monitored using
accumulation chambers with gas-discharge counters. Analysis of RVA data within the framework of radon
monitoring is one of the methods of searching for precursors of seismic events. This is due to the fact that
changes in the stress-strain state of the geo-environment, through which the gas �ows, a�ect the RVA. The
change in radon transport intensity due to changes in the stress-strain state of the geosphere is described
by a fractional di�erentiation operator of constant real order α, which is related to the permeability of the
geosphere. It is known that the RVA in the storage tank with sensors is also a�ected by the air exchange rate
λ0, the e�ect of which should be taken into account in the study of the radon transport process. The aim
of the research is to study the accumulation of radon in the chamber, which consists in the identi�cation
of the values of the parameters λ0 and α by solving the corresponding inverse problem. As a result of the
research it was shown that for the hereditary α-model of radon transport by the Levenberg-Mackwardt
method with the involvement of experimental data of RVA it is possible to determine the optimal values
of its parameters λ0 and α. The obtained model curves agree well with the RVA data obtained within the
framework of the well-known classical model of radon transport in an accumulation chamber.

Key words: ìathematical modeling, dynamic processes, radon volume activity, Kamchatka, earthquake

precursors, fractional derivatives Gerasimov-Caputo, memory e�ect, nonlocality, nonlinear equations,
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Ââåäåíèå

Èçâåñòíî, ÷òî â çåìíîé êîðå ïîñòîÿííî ñîäåðæèòñÿ ðàäèîàêòèâíûé ýëåìåíò
226Ra, â õîäå ðàñïàäà êîòîðîãî îáðàçóåòñÿ 222Rn (ðàäîí) � èíåðòíûé ðàäèîàêòèâíûé

ãàç ñ ïåðèîäîì ïîëóðàñïàäà 3.85 ñóòîê. 222Rn ÿâëÿåòñÿ èíåðòíûì ãàçîì,

ñïîñîáíûì çà ñ÷åò îñíîâíûõ ìåõàíèçìîâ ìàññîïåðåíîñà äèôôóçèè è êîíâåêöèè

ðàñïðîñòðàíÿòüñÿ ïî ãðàäèåíòó êîíöåíòðàöèè. Çà ñ÷åò åãî ðàäèîàêòèâíîñòè

âîçìîæíà ðåãèñòðàöèÿ ðàäîíà ìåòðîëîãè÷åñêè ïðîñòûìè ìåòîäàìè, â òîì ÷èñëå

íåïðåðûâíî è àâòîìàòèçèðîâàíî â ðåæèìå ìîíèòîðèíãà [1, 2].

Íà ýòîé îñíîâå íà ïîëóîñòðîâå Êàì÷àòêà ðàçâåðíóòà ñåòü ïóíêòîâ

íàáëþäåíèÿ, ãäå ñ ïîìîùüþ íàêîïèòåëüíûõ êàìåð ñ ãàçîðàçðÿäíûìè ñ÷åò÷èêàìè

âåäåòñÿ ðàäîíîâûé ìîíèòîðèíã [3]. Ðàñïîëîæåíèå ïóíêòîâ ñåòè ìîíèòîðèíãà

ïîäïî÷âåííûõ ãàçîâ íà Êàì÷àòêå ïðèóðî÷åíî ê ðå÷íûì äîëèíàì, êîòîðûå

ñëåäóþò âäîëü ðàçëîìíûõ çîí. Çîíû äèíàìè÷åñêîãî âëèÿíèÿ ðàçëîìîâ îáëàäàþò

ïîâûøåííîé ïðîíèöàåìîñòüþ, ÷òî ñïîñîáñòâóåò âûõîäó ïîäïî÷âåííûõ ãàçîâ â

àòìîñôåðó [4]. Ãàçîðàçðÿäíûå ñ÷åò÷èêè, êàê ïðàâèëî, ñàìûå ðàñïðîñòðàíåííûå

äåòåêòîðû γ/β-èçëó÷åíèÿ. Ñ èõ ïîìîùüþ âîçìîæíà ðåàëèçàöèÿ ïðîñòîãî

è íàäåæíîãî ñïîñîáà ðåãèñòðàöèè 222Rn ïî èçëó÷åíèþ åãî êîðîòêîæèâóùèõ

ïðîäóêòîâ ðàñïàäà. Êîëè÷åñòâî çàðåãèñòðèðîâàííûõ èìïóëüñîâ β-èçëó÷åíèÿ â

ìèíóòó ïðîïîðöèîíàëüíî îáúåìíîé àêòèâíîñòè ðàäîíà (RVA), âû÷èñëÿåìîé ïî

ýìïèðè÷åñêîé ôîðìóëå: A(t) = 9 ·M (Áê/ì3), ãäå M � ÷èñëî çàðåãèñòðèðîâàííûõ

èìïóëüñîâ çà ìèíóòó [5].

Çàìå÷àíèå 1. Àíàëèç äàííûõ, ïîëó÷åííûõ â õîäå íåïðåðûâíîãî ìîíèòîðèíãà

RVA, ÿâëÿåòñÿ îäíèì èç ìåòîäîâ ïîèñêà ïðåäâåñòíèêîâ ñåéñìè÷åñêèõ ñîáûòèé.

Ýòî ñâÿçàíî ñ òåì, ÷òî íà âàðèàöèè RVA âëèÿþò èçìåíåíèÿ íàïðÿæåííî-

äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû, ÷åðåç êîòîðóþ ïðîòåêàåò ãàç. Òàêèì

îáðàçîì, ðàäîí ìîæíî ñ÷èòàòü èíäèêàòîðîì ðåàêöèè ãåîñðåäû íà âîçäåéñòâèå

òåêòîíè÷åñêèõ íàïðÿæåíèé, âîçíèêàþùèõ ïðè ïîäãîòîâêå î÷àãà çåìëåòðÿñåíèÿ [6,

7]. Ðàäîíîâûé (ýìàíàöèîííûé) ìåòîä ïîèñêà ïðåäâåñòíèêîâ ñåéñìè÷åñêèõ ñîáûòèé

âî âñ¼ì ìèðå õîðîøî ñåáÿ çàðåêîìåíäîâàë çà ïîñëåäíèå ãîäû [8,9], îñîáåííî ñ öåëüþ

âûÿâëåíèÿ êðàòêîñðî÷íûõ ïðåäâåñòíèêîâ (äî 15 ñóòîê) [10,11].

Çàìå÷àíèå 2. Ñòîèò îòìåòèòü òî, ÷òî âàðèàöèè RVA ñâÿçàíû ñ òàêèì

ïîêàçàòåëåì, êàê ïëîòíîñòü ïîòîêà ðàäîíà (RFD) ñ ïîâåðõíîñòè, ò. ê. íà îñíîâå

êðèâûõ íàêîïëåíèÿ ðàäîíà â íàêîïèòåëüíîé êàìåðå ìîæíî îöåíèòü RFD [12] ñ

ïîâåðõíîñòè ïîä íåé. Ïîýòîìó ìîäåëèðîâàíèå èçìåíåíèÿ RVA â êàìåðå èìååò

ïðèêëàäíîå çíà÷åíèå ïðè îðãàíèçàöèè ïóíêòîâ ìîíèòîðèíãà ïîäïî÷âåííîãî ðàäîíà

ñ öåëüþ ðàñøèðåíèÿ ñåòè ìîíèòîðèíãà, ò. ê. íåîáõîäèìî çíàòü âåëè÷èíó RFD â

âûáðàííîé òî÷êå, ãäå áóäåò óñòàíàâëèâàòüñÿ íàêîïèòåëüíàÿ êàìåðà ñî ñ÷¼ò÷èêàìè.

Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ èçó÷åíèå íàêîïëåíèÿ ðàäîíà â ïîäçåìíûõ

êàìåðàõ ñ èçáûòî÷íûì îáúåìîì ñ ïîìîùüþ ìåòîäîâ ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ.
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Çàìå÷àíèå 3. Ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ ìàòåìàòè÷åñêàÿ ìîäåëü èçìåíåíèÿ

RVA âî âðåìåíè A(t) â íàêîïèòåëüíîé êàìåðå íà îñíîâå óðàâíåíèÿ ñ îáûêíîâåííîé

ïðîèçâîäíîé 1-ãî ïîðÿäêà (ODE-ìîäåëü RVA), à òàêæå ïîíÿòèÿ è âåëè÷èíû,

ñâÿçàííûå ñ ýòèì ïðîöåññîì [12�14].

Îïåðàòîð îáûêíîâåííîé ïðîèçâîäíîé 1-ãî ïîðÿäêà îçíà÷àåò, ÷òî â êëàññè÷åñêîé

ìîäåëè èçìåíåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû íå

ó÷èòûâàþòñÿ, à ïðîöåññ ïåðåíîñà ðàäîíà ðàññìàòðèâàåòñÿ â îäíîðîäíîé ñðåäå.

Çàìå÷àíèå 4. ODE-ìîäåëü RVA â ïðîñòåéøåì ñëó÷àå ïðåäïîëàãàåò

ñòàöèîíàðíûé ðåæèì íàêîïëåíèÿ â êàìåðå, à çíà÷èò, ìîäåëü äîëæíà ó÷èòûâàòü

êàê ìèíèìóì λ0 � ïîñòîÿííûé êîýôôèöèåíò êðàòíîñòè âîçäóõîîáìåíà (AER) â

íåé.

×òîáû ó÷åñòü âëèÿíèå íà ïîòîê 222Rn èçìåíåíèé íàïðÿæåííî-

äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû, ââîäèòñÿ îáîáùåíèå ODE-ìîäåëè RVA

ñ ïîìîùüþ àïïàðàòà äðîáíûõ ïðîèçâîäíûõ (FD) [15�17]. Îñíîâàíèåì ê òàêîìó

îáîáùåíèþ ÿâëÿåòñÿ òî, ÷òî ïîä äåéñòâèåì òåêòîíè÷åñêèõ íàïðÿæåíèé ïðîèñõîäèò

èçìåíåíèå âåðòèêàëüíîé ñêîðîñòè ãàçîâîãî ïîòîêà ðàäîíà [18], âàðèàöèè

íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû ïðèâîäÿò ê èçìåíåíèÿì

òàêèõ åå õàðàêòåðèñòèê, êàê ïîðèñòîñòü, ïðîíèöàåìîñòü è òðåùèíîâàòîñòü [19], à

ïðîöåññ ïåðåíîñà ðàäîíà ïðîèñõîäèò â òàêîé ïðîíèöàåìîé ãåîñðåäå [20]. Ïîýòîìó

â èññëåäîâàíèè èñïîëüçóåòñÿ ýðåäèòàðíàÿ α-ìîäåëü RVA, ïîçâîëÿþùàÿ ó÷åñòü

èçìåíåíèå èíòåíñèâíîñòè ïåðåíîñà ðàäîíà â ïðîöåññå íàêîïëåíèÿ, ðàçðàáîòàííàÿ

â õîäå öèêëà èññëåäîâàíèé [19,21,22].

Çàìå÷àíèå 5. Îáîáùåíèå äî ýðåäèòàðíîé α-ìîäåëè RVA çàêëþ÷àåòñÿ â çàìåíå

îáûêíîâåííîé ïðîèçâîäíîé 1-ãî ïîðÿäêà íà FD Êàïóòî (Ãåðàñèìîâà-Êàïóòî) [23,24]

ïîñòîÿííîãî 0 < α < 1 ïîðÿäêà.

Äëÿ àïðîáèðîâàíèÿ ìîäåëè îïòèìàëüíî íà ïåðâîì ýòàïå èñïîëüçîâàòü äàííûå

î íàêîïëåíèè RVA â êàìåðå â óñëîâèÿõ, êîãäà îòñóòñòâóþò âîçäåéñòâóþùèå

ýêçîãåííûå ôàêòîðû (èçìåíåíèÿ àòìîñôåðíîãî äàâëåíèÿ, ñèëüíûé âåòåð,

óâëàæíåíèå ïî÷âû âñëåäñòâèå äîæäåé èëè òàÿíèÿ ñíåæíîãî ïîêðîâà). Êàê

èçâåñòíî èç ðàáîòû [12], ìàêñèìàëüíûå àíîìàëüíûå îòêëèêè â äàííûõ ðàäîíîâûõ

íàáëþäåíèé íà ìåòåîâîçäåéñòâèå ñâÿçàíû ñ ðåçêèì ïàäåíèåì àòìîñôåðíîãî

äàâëåíèÿ â ìîìåíò ïðèõîäà öèêëîíà.

Çàìå÷àíèå 6. Èñïîëüçîâàíèå äàííûõ, êîãäà êðèâàÿ íàêîïëåíèÿ 222Rn

÷åòêî âèçóàëüíî ïðîñìàòðèâàåòñÿ è íå çàøóìëåíà, ïîçâîëèò ñòðîèòü

ìîäåëüíûå êðèâûå, ìàêñèìàëüíî áëèçêèå ïî ôîðìå ê ðåàëüíûì äàííûì è ñ

ìàêñèìàëüíîé êîððåëÿöèåé. Ïîýòîìó äëÿ ðàáîòû îòáèðàëèñü äàííûå â ïåðèîäû,

êîãäà îòñóòñòâóþò ðåçêèå èçìåíåíèÿ àòìîñôåðíîãî äàâëåíèÿ, ñâÿçàííûå ñ

öèêëîíè÷åñêîé àêòèâíîñòüþ.

Çàìå÷àíèå 7. Íàó÷íàÿ íîâèçíà äàííîãî èññëåäîâàíèÿ çàêëþ÷àåòñÿ â

ïðèìåíåíèè ìåòîäîâ ðåøåíèÿ îáðàòíûõ çàäà÷ [25, 26] ïî íîâûì èçâåñòíûì

ýêñïåðèìåíòàëüíûì äàííûì RVA íàêîïèòåëüíîãî õàðàêòåðà ñ öåëüþ âîññòàíîâèòü

çíà÷åíèÿ ïîñòîÿííûõ ïàðàìåòðîâ λ0 è α â ýðåäèòàðíîé α-ìîäåëè RVA.
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Îáðàòíûå çàäà÷è � äîâîëüíî ìîëîäîé ðàçäåë ìàòåìàòèêè, íà÷àâøèé àêòèâíîå

ðàçâèòèå òîëüêî â XIX�XX âåêàõ â ñâÿçè ñ áóðíûì ðàçâèòèåì ìàòåìàòè÷åñêîãî

ìîäåëèðîâàíèÿ è âîçìîæíîñòåé âû÷èñëèòåëüíîé òåõíèêè. Ïîñëåäíèå îòêðûâàþò

ïåðåä èññëåäîâàòåëÿìè íîâûå, ðàíåå íå äîñòóïíûå, âîçìîæíîñòè äëÿ áîëåå

ãëóáîêîãî ïîíèìàíèÿ ÿâëåíèé ïðèðîäû. Íàïðèìåð, åñëè âçãëÿíóòü íà íåáî,

ïðåäñòàâëÿåòñÿ ìíîæåñòâî îáúåêòîâ äëÿ èññëåäîâàíèé â îáëàñòè àñòðîíîìèè

è àñòðîôèçèêè, ãäå ïðèìåíèìû îáðàòíûå çàäà÷è. Îò ìåòîäîâ âîññòàíîâëåíèÿ

èçîáðàæåíèé óäàëåííûõ îáúåêòîâ íà îñíîâå äàííûõ ðàäèîàñòðîíîìèè äî

ñîëíå÷íîé ñåéñìîëîãèè [27], ïîçâîëÿþùåé ïîëó÷èòü èíôîðìàöèþ î âíóòðåííåì

óñòðîéñòâå Ñîëíöà íà îñíîâå íàáëþäàåìûõ ñâîéñòâ ñîëíå÷íûõ êîëåáàíèé. Èäåÿ

ïîñëåäíåãî íå íîâà, òàê êàê òàêîé ïîäõîä ÷àñòî âîçíèêàåò çäåñü, íà Çåìëå, ïðè

ðàáîòå ñ ãåîëîãè÷åñêèìè äàííûìè [28]. Îñîáåííî îñòðî ýòîò âîïðîñ ñòîèò äëÿ

ãåîôèçèêè è ñåéñìîëîãèè [29],òàê êàê çäåñü òîæå íåâîçìîæíî ïðîâåñòè ïðÿìûå

èçìåðåíèÿ èçó÷àåìîãî îáúåêòà.

Ñòàòüÿ èìååò ñëåäóþùóþ ñòðóêòóðó: ðàçäåë 1 ïðåäñòàâëÿåò ñîáîé ââåäåíèå,

îïèñûâàÿ: îáëàñòü, îáúåêò, öåëü è ìåòîäû èññëåäîâàíèÿ; â ðàçäåëå 2 ïðåäñòàâëåíû

ýêñïåðèìåíòàëüíûå äàííûå ïî íàêîïëåíèþ RVA, íåêîòîðûå ñâåäåíèÿ î ïóíêòàõ

íàáëþäåíèÿ ãäå äàííûå áûëè ïîëó÷åíû è ïðåäïîñûëêè ê èñïîëüçîâàíèþ èìåííî

äàííûõ ïî íàêîïëåíèþ; â ðàçäåëå 3 ïðèâîäÿòñÿ êëàññè÷åñêàÿ ìàòåìàòè÷åñêàÿ

ìîäåëü RVA, à òàêæå ïîíÿòèÿ è âåëè÷èíû ñâÿçàííûå ñ ýòèì ïðîöåññîì; â ðàçäåëå

4 îïèñûâàåòñÿ ýðåäèòàðíàÿ α-ìîäåëü RVA êàê îáîáùåíèå êëàññè÷åñêîé ìîäåëè,

ôîðìóëèðóåòñÿ ïðÿìàÿ çàäà÷à è ìåòîä å¼ ðåøåíèÿ, ïðîâîäèòñÿ âåðèôèêàöèÿ

ìîäåëè íà ðàçëè÷íûõ ýêñïåðèìåíòàëüíûõ äàííûõ RVA; â ðàçäåëå 5 ôîðìóëèðóåòñÿ

îáðàòíàÿ çàäà÷à ïî âîññòàíîâëåíèþ çíà÷åíèé íåñêîëüêèõ ïàðàìåòðîâ λ0 è α,

îïèñûâàåòñÿ ìåòîä å¼ ðåøåíèÿ; â ðàçäåëå 6 ïðèâîäÿòñÿ ðåçóëüòàòû ðåøåíèÿ

îáðàòíûõ çàäà÷ äëÿ λ0 è α íà îñíîâå ðàçëè÷íûõ ýêñïåðèìåíòàëüíûõ äàííûõ RVA;

â ðàçäåëå 7 ïîäâîäÿòñÿ èòîãè èññëåäîâàíèÿ è óêàçûâàåòñÿ äàëüíåéøåå âîçìîæíîå

íàïðàâëåíèå èõ ðàçâèòèÿ.

Ýêñïåðèìåíòàëüíûå äàííûå RVA

Â ðàáîòå áûëè èñïîëüçîâàíû ýêñïåðèìåíòàëüíûå äàííûå, ïîëó÷åííûå íà

ïóíêòå KRMR â ðàçíûå ïåðèîäû âðåìåíè â òå÷åíèè 2020 ãîäà.

Ïóíêò KRMR îðãàíèçîâàí íà áàçå ïóíêòà êîìïëåêñíûõ ãåîôèçè÷åñêèõ

íàáëþäåíèé ¾Êàðûìøèíà¿ Êàì÷àòñêîãî ôèëèàëà ¾Åäèíîé ãåîôèçè÷åñêîé

ñëóæáû ÐÀÍ¿ è îäíîèìåííîé ñåéñìîñòàíöèè (ïîéìà ðåêè Êàðûìøèíà, ïðèòîêà

ðåêè Ïàðàòóíêà).

Ðåãèñòðàöèÿ RVA ñ ÷àñòîòîé 6 öèêë./÷àñ âûïîëíÿåòñÿ â âîçäóõå ñóõîé

ñêâàæèíû ãëóáèíîé 3 ì ñ ïîìîùüþ ñêâàæèííîãî ðàäèîìåòðà BMC2 (ALGADE

Barisol, Ôðàíöèÿ). Íà âñþ ãëóáèíó ñêâàæèíà îáñàæåíà òðóáîé èç íåðæàâåþùåé

ñòàëè ñ ïåðôîðàöèåé ïî âñåé äëèíå.

Íàä ñêâàæèíîé îðãàíèçîâàííî óêðûòèå è óñòàíîâëåíû ñîëíå÷íûå ïàíåëè äëÿ

îáåñïå÷åíèÿ ïèòàíèÿ ðàäèîìåòðà (ðèñ. 1).
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Ðèñ. 1. Ñõåìà ðàçìåùåíèÿ äàò÷èêà ÑÁÌ-19 è ðàäèîìåòðà BMC2 äëÿ íàáëþäåíèé

çà âàðèàöèÿìè ÎÀÐ íà ïóíêòå KRMR

[Figure 1. Scheme of placement of the SBM-19 sensor and BMC2 radiometer for

observations of OAR variations at the KRMR station]

Êðîìå ýòîãî â ñêâàæèíó ïîìåùåí ãàçîðàçðÿäíûé ñ÷åò÷èê ÑÁÌ-19, ñ êîòîðîãî

âåäåòñÿ ðåãèñòðàöèÿ êîíöåíòðàöèè ïîäïî÷âåííîãî ðàäîíà ñ ÷àñòîòîé 2 öèêë./÷àñ

ñ ïîìîùüþ ðàäèîìåòðà ÐÅÂÀÐ [12]. Îãîëîâîê ñêâàæèíû çàêðûò ïëîòíîé

íàáèâêîé äëÿ óìåíüøåíèÿ êîíâåêòèâíîé ñîñòàâëÿþùåé äâèæåíèÿ âîçäóõà â ñòâîëå

ñêâàæèíû. Ñ ïîìîùüþ ïðåîáðàçîâàòåëÿ èíòåðôåéñîâ MOXA (RS232-Ethernet)

ðàäèîìåòð BMC2, èìåþùèé âûõîäíîé ðàçúåì äëÿ ñâÿçè ñòàíäàðòà RS232 ñîåäèíåí

ñ ñåòüþ Ethernet Êàì÷àòñêîãî ôèëèàëà ¾Åäèíîé ãåîôèçè÷åñêîé ñëóæáû ÐÀÍ¿.

Ñ íåêîòîðûìè äîïóùåíèÿìè âíóòðåííèé îáúåì îáñàäíîé òðóáû ïðåäñòàâëÿåò

ñîáîé íàêîïèòåëüíóþ êàìåðó, à îòâåðñòèÿ ïåðôîðàöèè îáåñïå÷èâàþò ïîòîê è

íàêîïëåíèå ðàäîíà â íåé. Èçáûòî÷íûé îáúåì êàìåðû ñîñòàâëÿåò ∼0.02 [ì3].

Íà ðèñ.2-7 ïðèâåäåíû äàííûå RVA çà ðàçëè÷íûå ïåðèîäû 2020 ã.

Ðèñ. 2. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 24 àâãóñòà 2020 ã. (13:40) � 27 àâãóñòà 2020 ã. (03:30)

[Figure 2. Experimental RVA data from observation point KRMR obtained in the

period: August 24, 2020 (13:40) � August 27, 2020 (03:30) ]
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Ðèñ. 3. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 27 àâãóñòà 2020 ã. (15:40) � 29 àâãóñòà 2020 ã. (17:30)

[Figure 3. Experimental RVA data from observation point KRMR obtained in the

period: August 27, 2020 (15:40) � August 29, 2020 (17:30) ]

Ðèñ. 4. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 4 ñåíòÿáðÿ 2020 ã. (00:00) � 6 ñåíòÿáðÿ 2020 ã. (23:50)

[Figure 4. Experimental RVA data from observation point KRMR obtained in the

period: September 4, 2020 (00:00) � September 6, 2020 (23:50) ]

Ðèñ. 5. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 25 ñåíòÿáðÿ 2020 ã. (23:50) � 28 ñåíòÿáðÿ 2020 ã. (23:40)

[Figure 5. Experimental RVA data from observation point KRMR obtained in the

period: September 4, 2020 (23:50) � September 6, 2020 (23:40)]
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Ðèñ. 6. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 7 îêòÿáðÿ 2020 ã. (9:40) � 10 îêòÿáðÿ 2020 ã. (3:30)

[Figure 6. Experimental RVA data from observation point KRMR obtained in the

period: Oktober 7, 2020 (9:40) � Oktober 10, 2020 (3:30) ]

Ðèñ. 7. Ýêñïåðèìåíòàëüíûå äàííûå RVA ñ ïóíêòà íàáëþäåíèÿ KRMR ïîëó÷åííûå

â ïåðèîä: 6 íîÿáðÿ 2020 ã. (21:30) � 8 íîÿáðÿ 2020 ã. (15:20)

[Figure 7. Experimental RVA data from observation point KRMR obtained in the

period: November 6, 2020 (21:30) � November 8, 2020 (15:20) ]

Êëàññè÷åñêàÿ ìàòåìàòè÷åñêàÿ ìîäåëü íàêîïëåíèÿ ðàäîíà

Äëÿ îïèñàíèÿ ìåõàíèçìà ïåðåíîñà ðàäîíà â ãåîëîãè÷åñêèõ ñðåäàõ â ðàìêàõ

ýìàíàöèîííîãî ìåòîäà [31] ðàçðàáîòàíû ìíîãèå ìàòåìàòè÷åñêèå ìîäåëè ïðîöåññà:

ôèçèêî�õèìè÷åñêàÿ [32], ãèäðîòåðìàëüíîé ñèñòåìû [33], ìîäåëü ¾ãåîãàçà¿ â

ãðóíòå ñ ïîëíûì âëàãîíàñûùåíèåì [34, 35]. Íî â äàííîì èññëåäîâàíèè èíòåðåñ

ïðåäñòàâëÿþò ìåõàíè÷åñêèå ïðåäñòàâëåíèÿ è ìîäåëè, íà íèõ îñíîâàííûå.

Ìåõàíè÷åñêèå ïðåäñòàâëåíèÿ � ýòî âûäåëåíèå ðàäîíà èç êðèñòàëëè÷åñêèõ

ðåøåòîê ïîä äåéñòâèåì óëüòðàçâóêîâûõ êîëåáàíèé [36], äåñîðáöèè ðàäîíà ïîä

âîçäåéñòâèåì óïðóãèõ êîëåáàíèé [37], óâåëè÷åíèå êîýôôèöèåíòà ýìàíèðîâàíèÿ

ðàäîíà âñëåäñòâèå äåôîðìàöèé ãîðíûõ ïîðîä [13], ïîäìåøèâàíèå ðàäîíà â

ïîäçåìíûå âîäû â àêòèâíûõ çîíàõ [38] à òàêæå èçìåíåíèå ñêîðîñòè ãàçîâîãî

ïîòîêà ðàäîíà âñëåäñòâèå èçìåíåíèÿ ïîðèñòîñòè è òðåùèíîâàòîñòè ïîä äåéñòâèåì

òåêòîíè÷åñêèõ íàïðÿæåíèé [18]. Ïîñëåäíåå ïðåäñòàâëÿåò íàèáîëüøèé èíòåðåñ, òàê

êàê ìîæåò ïîìî÷ü ñ ââåäåíèåì â ìîäåëü ïàðàìåòðîâ, îòâå÷àþùèõ çà èçìåíåíèå

èíòåíñèâíîñòè ïðîöåññà ïåðåíîñà ðàäîíà.
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Â èññëåäîâàíèè áóäåì îòòàëêèâàòüñÿ îò õîðîøî èçó÷åííîé ìàòåìàòè÷åñêîé

ìîäåëè íàêîïëåíèÿ RVA â íàêîïèòåëüíîé êàìåðå [12�14], ò.ê. îíà äîñòàòî÷íî

íåïëîõî îïèñûâàåò íàêîïèòåëüíûå ðåæèìû RVA. Ìîäåëü â îñíîâå ñâîåé

ïðåäñòàâëÿåò ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå (ODE) âèäà:

dA(t)

dt
= S(t) −

(
A(t) −AatmRn

)
λv(t) −

(
A(t) −AatmRn

)
λRn, (1)

ãäå,

• A(t) ∈ C1[0, T ] � âðåìåííàÿ çàâèñèìîñòü RVA â êàìåðå, [Áê/ì3];

• C1[0, T ] � êëàññ íåïðåðûâíî-äèôôåðåíöèðóåìûõ ôóíêöèé;

• AatmRn � RVA â íàðóæíîì âîçäóõå, [Áê/ì3].

• t ∈ [0, T ] � òåêóùåå âðåìÿ ñèìóëÿöèè RVA, [ñ].

• T > 0 � îáùåå âðåìÿ ñèìóëÿöèè, [ñ].

• S(t) � íåêîòîðàÿ ôóíêöèÿ, êîòîðàÿ îïèñûâàåò ñêîðîñòü ïîñòóïëåíèÿ ðàäîíà,
ò.å. ñóììàðíîå óäåëüíîå ïîñòóïëåíèå íà åäèíèöó îáú¼ìà êàìåðû, [Áê/ì3ñ].

• λv(t) � ôóíêöèÿ, îïèñûâàþùàÿ çàâèñèìîñòü êðàòíîñòè âîçäóõîîáìåíà (AER)
â êàìåðå îò âðåìåíè, [ñ−1].

• λRn = 2.1 · 10−6 � ïîñòîÿííàÿ ðàñïàäà ðàäîíà, [ñ−1].

Ñîãëàñíî ðàáîòàì [12, 14], ìîäåëü (1) ìîæíî ñóùåñòâåííî óïðîñòèòü â ðÿäå

ñëó÷àåâ. Íàïðèìåð, ÷ëåíîì ïðè λRn óðàâíåíèÿ (1) ìîæíî ïðåíåáðå÷ü, ò. ê. äàæå

ïîëíîñòüþ çàêðûòîå ïîìåùåíèå ñ äàò÷èêàìè èìååò λv(t) ≥ 0.05 [÷] (ò.å. ≈ 1.3889 ·
10−5 [c]), ÷òî êàê ìèíèìóì ïîðÿäîê áîëüøå ÷åì λRn, à çíà÷èò, âëèÿíèå íà ðàñ÷åòû

ïî äàííîé ìîäåëè 3-ãî ÷ëåíà (1) íåâåëèêî.

Èçâåñòíî, ÷òî çà ïåðåíîñ ðàäîíà â âåðòèêàëüíîì íàïðàâëåíèè ìîãóò

îòâå÷àòü òåïëîæèäêîñòíàÿ êîíâåêöèÿ, òóðáóëåíòíûå ýôôåêòû ïðè èçìåíåíèè

ìåòåîðîëîãè÷åñêèõ ôàêòîðîâ, ýôôóçèÿ çà ñ÷åò ãðàäèåíòà äàâëåíèÿ â çåìíîé êîðå,

äèôôóçèÿ çà ñ÷åò ãðàäèåíòà êîíöåíòðàöèè ðàäîíà è äð. [39].

Îïðåäåëåíèå 1. Ìîäåëèðóåìûé ïðîöåññ íàêîïëåíèÿ ðàäîíà íàçûâàåòñÿ

ñòàöèîíàðíûì, êîãäà RFD ñ ïîâåðõíîñòè ïîä íàêîïèòåëüíîé êàìåðîé ïîñòîÿííà, à

òàêæå êîãäà íåò ðåçêèõ èçìåíåíèé AER, à çíà÷èò, λv(t) = λ0 è S(t) = S ÿâëÿþòñÿ

ïîñòîÿííûìè âåëè÷èíàìè. Òîãäà RVA áóäåò èìåòü íàêîïèòåëüíûé õàðàêòåð ñ

âûõîäîì íà íàñûùåíèå: Amax = S/λ0, [Áê/ì
3] [12]. Îòêóäà ïîëó÷àåì, ÷òî âåëè÷èíà

S = Amaxλ0.

Ó÷èòûâàÿ âûøåèçëîæåííîå, ìîäåëü (1) ìîæíî óïðîñòèòü äî ODE, çàäà÷à Êîøè

äëÿ êîòîðîãî ïðèìåò âèä:

dA(t)

dt
= −λ0A(t) +Amaxλ0, A(0) = A0,

ãäå, A0 � èçâåñòíàÿ êîíñòàíòà, çíà÷åíèå RVA â ìîìåíò âðåìåíè t = 0.
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Çàìå÷àíèå 8. Äàëåå, ïðè ðàáîòå ñ ýêñïåðèìåíòàëüíûìè äàííûìè, íåîáõîäèìî

áóäåò ñäåëàòü äëÿ âðåìåííûõ ðÿäîâ RVA íîðìèðîâêó íà ìàêñèìóì, ïåðåõîäÿ òàêèì

îáðàçîì äëÿ îáîçíà÷åíèÿ A(t) ê ¾îòíîñèòåëüíûì åäèíèöàì¿ [îòí.åä.].

Òîãäà, î÷åâèäíî Amax = 1, à çíà÷èò ODE-ìîäåëü ïðèìåò âèä:

dA(t)

dt
= −λ0A(t) + λ0, A(0) = A0, (2)

Çàìå÷àíèå 9. Äàëåå, ñòàöèîíàðíóþ ìîäåëü RVA (2) äëÿ êðàòêîñòè áóäåì

íàçûâàòü ODE-ìîäåëüþ RVA.

Äëÿ çàäà÷è Êîøè (2) ìîæíî ïîëó÷èòü àíàëèòè÷åñêîå ðåøåíèå:

A(t) = 1− e−λ0t (1−A0) , A(0) = A0, (3)

ïðè÷¼ì èç ðåøåíèÿ ìîäåëè ïðè t → ∞ âèäíî, ÷òî RVA A (t) → 1, ò. å.

A (t) = 1 � ãîðèçîíòàëüíàÿ àñèìïòîòèêà, êîòîðàÿ îïðåäåëÿåò óðîâåíü íàñûùåíèÿ

RVA.

Ýðåäèòàðíàÿ α-ìîäåëü íàêîïëåíèÿ ðàäîíà

Â ìîäåëüíûõ óðàâíåíèÿõ (1) è (2) îáûêíîâåííàÿ ïðîèçâîäíàÿ 1-ãî ïîðÿäêà

íå ïîçâîëÿåò ó÷åñòü èçìåíåíèå èíòåíñèâíîñòè ïåðåíîñà ðàäîíà â ïðîöåññå

íàêîïëåíèÿ, ò. å. íå ïîçâîëÿåò ó÷åñòü âëèÿíèå íà RVA èçìåíåíèé íàïðÿæåííî-

äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãåîñðåäû. ×òî ñèëüíî îãðàíè÷èâàåò ãèáêîñòü ODE-

ìîäåëè RVA.

Ïîýòîìó àâòîðàìè â ðàáîòàõ [19, 21] ïðåäëàãàåòñÿ ìîäèôèêàöèÿ ìîäåëè

(2), ñîñòîÿùàÿ â çàìåíå îáûêíîâåííîé ïðîèçâîäíîé 1-ãî ïîðÿäêà íà äðîáíóþ

ïðîèçâîäíóþ (FD) [15�17] ïîñòîÿííîãî èëè ïåðåìåííîãî âåùåñòâåííîãî

ïîðÿäêà. Îñíîâàíèåì ê òàêîìó îáîáùåíèþ ÿâëÿåòñÿ òî, ÷òî ïðîöåññ ïåðåíîñà

ðàäîíà ïðîèñõîäèò â ïðîíèöàåìîé ãåîñðåäå [20], à òàêæå óïîìÿíóòûì ðàíåå

ïðåäñòàâëåíèÿì îá èçìåíåíèè ñêîðîñòè ãàçîâîãî ïîòîêà [18] è èçìåíåíèè

èíòåíñèâíîñòè ýìàíàöèè [13].

Çàìå÷àíèå 10. Ïîëàãàåòñÿ, ÷òî ïîðèñòîñòü ñðåäû îáóñëîâëåíà íàëè÷èåì

èçîëèðîâàííûõ ïîð, à ïðîíèöàåìîñòü ñðåäû ïîíèìàåòñÿ êàê íàëè÷èå êàíàëîâ,

ïðîâîäÿùèõ ãàç ìåæäó ïîðàìè. Ïîðèñòîñòü ñðåäû ìîæåò ïðèâîäèòü ê çàìåäëåíèþ

ïðîöåññà ïåðåíîñà ãàçà, ò. å. ñóáäèôôóçèè, à ïðîíèöàåìîñòü ñðåäû, íàîáîðîò,

ïðèâîäèò ê óñêîðåíèþ, ò. å. ñóïåðäèôôóçèè [31]. Òàêèå ïðîöåññû îòíîñÿòñÿ ê

ÿâëåíèÿì àíîìàëüíîé äèôôóçèè [40].

Çàìå÷àíèå 11. Àíîìàëüíóþ äèôôóçèþ ìîæíî ñâÿçàòü ñî ñâîéñòâîì

ñèñòåìû èëè ñðåäû ïîìíèòü íåêîòîðîå âðåìÿ îêàçàííîå íà íåå âîçäåéñòâèå �

ýðåäèòàðíîñòüþ (ýôôåêòîì ïàìÿòè) [41].

Ñîáñòâåííî, äëÿ îïèñàíèÿ ýôôåêòà ïàìÿòè â ìàòåìàòè÷åñêîé ìîäåëè RVA è

ââîäÿòñÿ FD Êàïóòî (Ãåðàñèìîâà-Êàïóòî) [23,24] ïîñòîÿííîãî ïîðÿäêà:

∂α0,tA(t) =
1

Γ(1− α)

∫ t
0

dA(σ)

dt

1

(t− σ)α
dσ, 0 < α < 1, (4)
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ãäå, Γ(·) � èçâåñòíàÿ ãàììà-ôóíêöèÿ Ýéëåðà:

Γ(x) =

∫∞
0

e−tyx−1dy, x ∈ C : Re(x) > 0,

Çàìå÷àíèå 12. Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâóþò è äðóãèå îïðåäåëåíèÿ

ïðîèçâîäíîé äðîáíîãî ïîðÿäêà. Èõ ìîæíî íàéòè, íàïðèìåð, â íàó÷íûõ òðóäàõ

[42,43].

Öèêë ðàáîò àâòîðîâ [19, 21, 22] ïîñâÿùåí èññëåäîâàíèþ âîïðîñîâ, ñâÿçàííûõ

ñ ìàòåìàòè÷åñêèì ìîäåëèðîâàíèåì RVA, ãäå ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòð α

îïèñûâàåò ôðàêòàëüíîñòü [44] ãåîñðåäû è ñâÿçàí ñ òàêèìè å¼ õàðàêòåðèñòèêàìè,

êàê ïîðèñòîñòü, ïðîíèöàåìîñòü è òðåùèíîâàòîñòü. Ýðåäèòàðíàÿ α-ìîäåëü RVA

ïðåäñòàâëÿåòñÿ ñëåäóþùåé çàäà÷åé Êîøè:

∂α0,tA(σ) = −λ0A(t) + λ0, A(0) = A0, (5)

ãäå, îòëè÷èå îò (1) âàæíî îòìåòèòü:

• A(t) ∈ C2[0, T ] � ôóíêöèÿ ðåøåíèÿ, çàâèñèìîñòü RVA îò âðåìåíè â êàìåðå;

• α � êîíñòàíòà, ïîðÿäîê äðîáíîé ïðîèçâîäíîé (4);

• C2[0, T ] = A � êëàññ äâàæäû íåïðåðûâíî-äèôôåðåíöèðóåìûõ ôóíêöèé.

Îïðåäåëåíèå 2. Ïàðàìåòð α, ñîãëàñíî [19], äàåò âîçìîæíîñòü íàì

ñìîäåëèðîâàòü èçìåíåíèÿ ïðîíèöàåìîñòè ãåîñðåäû, ïðèâîäÿùåé ê èçìåíåíèþ

èíòåíñèâíîñòè ïðîöåññà ïåðåíîñà ðàäîíà. Ïðåäïîëàãàåòñÿ, ÷òî ïîñòîÿííàÿ 0 <

α < 1 â îòíîñèòåëüíûõ åäèíèöàõ îïèñûâàåò ñðåäíåå ïî íåêîòîðîìó îáú¼ìó

(è âî âðåìåíè) çíà÷åíèå ïðîíèöàåìîñòè ãåîñðåäû ïîä íàêîïèòåëüíîé êàìåðîé

ðåãèñòðèðóþùåé RVA. Ïðè÷¼ì, åñëè α → 0, ýòî õàðàêòåðèçóåò äîâîëüíî ñèëüíî

ïðîíèöàåìóþ äëÿ ðàäîíà ñðåäó, à åñëè α → 1, ýòî õàðàêòåðèçóåò íåêóþ

¾ñðåäíåñòàòèñòè÷åñêóþ¿ ïî ïðîíèöàåìîñòè ñðåäó.

Çàìå÷àíèå 13. Ýðåäèòàðíàÿ α-ìîäåëü RVA (5) òàêæå ÿâëÿåòñÿ ñòàöèîíàðíîé,

ñîãëàñíî îïðåäåëåíèþ 1.

Äëÿ çàäà÷è (5) âîñïîëüçóåìñÿ ðàíåå ðàçðàáîòàííîé íåëîêàëüíîé íåÿâíîé

êîíå÷íî-ðàçíîñòíîé ñõåìîé (IFDS) [45], çàäàííîé â ðàâíîìåðíîé ñåòî÷íîé îáëàñòè:

h = T/N, Ω̂ = {(ti = ih) : 0 ≤ i < N} , Â ∈ Ω̂,
A(t) = Ai, 0 < Ai < 1.

(6)

Îïðåäåëåíèå 3. Òîãäà ðàçíîñòíàÿ ïðÿìàÿ çàäà÷à:

Ai = 1−
∂̂α0,ihAi

λ0
, A0 − const, 1 ≤ i < N,

∂̂α0,ihAi =
h−α

Γ(2− α)

i−1∑
j=0

(
(j+ 1)1−α − j1−α

)
(Ai−j −Ai−j−1) .

(7)
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ïðåäñòàâëÿåò ñîáîé çàäà÷ó Êîøè, ñîñòîÿùóþ â ïîèñêå äèñêðåòíîé ôóíêöèè Ai,

ïðèíàäëåæàùåé èçâåñòíîìó êëàññó Â ∈ Ω̂, ïðè èçâåñòíîé ïîñòîÿííîé α.
IFDS ñõåìà (7) è å¼ îáîáùåííûå àíàëîãè áûëè àïðîáèðîâàíû â ðÿäå òåñòîâûõ

è ïðèêëàäíûõ çàäà÷ [45, 46]. Äàëåå (7) ðåøàåòñÿ ìîäèôèöèðîâàííûì ìåòîäîì

Íüþòîíà (MNM), ïðè÷¼ì òîãäà ðàçíîñòíàÿ ïðÿìàÿ çàäà÷à íà îñíîâå IFDS

áåçóñëîâíî óñòîé÷èâà.

Çàìå÷àíèå 14. Ýðåäèòàðíàÿ α-ìîäåëü RVA (5) ðåøàåìàÿ ïî ñõåìå (7) ïðè

çíà÷åíèè α = 1 ïåðåéäåò â ODE-ìîäåëü RVA (3), ýòî ïðîäåìîíñòðèðîâàíî â

ðàáîòàõ [22,46], ÷òî ãîâîðèò î òîì, ÷òî îáîáùåíèå (5) êîððåêòíî.

Îáðàòíàÿ çàäà÷à íà ïàðàìåòðû λ0 è α äëÿ ýðåäèòàðíîé

α-ìîäåëè RVA

Ðàíåå àâòîðàìè [19,21,22] ïàðàìåòðû ìîäåëåé λ0 è α áûëè íåèçâåñòíû è ïîòîìó

ïîäáèðàëèñü âðó÷íóþ ïî ìàêñèìóìó R2 � êîýôôèöèåíòà äåòåðìèíàöèè [47] è σ

� êîýôôèöèåíòà êîððåëÿöèè [48] ñ ýêñïåðèìåíòàëüíûìè äàííûìè RVA. Òàêîé

ïîäõîä ÿâëÿåòñÿ òðóäîåìêèì, ÷òî íåèçáåæíî ïðèâîäèò íàñ ê èäåÿì ðàçëè÷íûõ

ñïîñîáîâ àâòîìàòèçàöèè ïîäáîðà îïòèìàëüíûõ ïàðàìåòðîâ.

Ïóñòü Ai ∈ Â (è ñîîòâåòñòâåííî A(t) ∈ A) � ôóíêöèÿ çàâèñèò îò íàáîðà

ïàðàìåòðîâ
−→
X = [X0, ..., XK−1], ãäå K = 2, à X0 = α, X1 = λ0. Ïóñòü â îáëàñòè

Ω̂ = [0,N] çíà÷åíèÿ äèñêðåòíîé ôóíêöèè ðåøåíèÿ Ai ∈ Â íåèçâåñòíû, íî èçâåñòíà

äîïîëíèòåëüíàÿ èíôîðìàöèÿ � ýêñïåðèìåíòàëüíûå äàííûå RVA Ai = θi =
−→
θ î

ðåøåíèè ðàçíîñòíîé ïðÿìîé çàäà÷è Êîøè (7) äëÿ ýðåäèòàðíîé α-ìîäåëè RVA.

Îïðåäåëåíèå 4. Òîãäà ðàçíîñòíàÿ îáðàòíàÿ çàäà÷à äëÿ (7) � ýòî âîññòàíîâëåíèå

çíà÷åíèé
−→
X = [X0, X1] ïî èçâåñòíûì ýêñïåðèìåíòàëüíûì äàííûì RVA èìååò âèä:

Ai = 1−
∂̂X0

0,ihAi

X1
, Ai = θi, 1 ≤ i < N,

∂̂X0

0,ihAi =
h−X0

Γ(2− X0)

i−1∑
j=0

(
(j+ 1)1−X0 − j1−X0

)
(Ai−j −Ai−j−1) .

(8)

Äëÿ ðåøåíèÿ (8) îáðàòèìñÿ ê òåîðèè áåçóñëîâíîé îïòèìèçàöèè [49]. Äëÿ ýòîãî

íåîáõîäèìî ìèíèìèçèðîâàòü ôóíêöèîíàë íåâÿçêè:

−→η =
−→
θ −ω(

−→
X ), min

(
Ψ
(−→
X
))

=
1

2

N−1∑
i=0

η2i =
1

2

N−1∑
i=0

(θi −ωi)
2
, (9)

ãäå, −→η � âåêòîð íåâÿçêè ðàçìåðíîñòè N > K, à âåêòîð ω(
−→
X ) = [ω0, ...,ωN] � âåêòîð

ìîäåëüíûõ äàííûõ, ò. å. ðåøåíèå ðàçíîñòíîé ïðÿìîé çàäà÷è (7) îòíîñèòåëüíî

íåêîòîðîãî ïðèáëèæåíèÿ
−→
X , ïîëó÷àåìîãî â õîäå ðåøåíèÿ îáðàòíîé çàäà÷è.

Ðàçíîñòíàÿ îáðàòíàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì áåçóñëîâíîé îïòèìèçàöèè

íüþòîíîâñêîãî òèïà [50], à èìåííî èòåðàöèîííûì ìåòîäîì Ëåâåíáåðãà-Ìàðêâàðäòà

[51,52], ïðåäñòàâèìîãî â âèäå:

∆X =
(
−H−1

)
×
(
JT ×−→η ) , H = JT × J+ γE, (10)
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ãäå,

• ∆X � îïòèìàëüíîå ïðèðàùåíèå
−→
X äëÿ ñëåäóþùåé èòåðàöèè;

• E � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè K× K;

• J = J
(−→
X
)
� ìàòðèöà ßêîáè ðàçìåðíîñòè N× K ñ ýëåìåíòàìè âû÷èñëÿåìûìè

ïî ôîðìóëå: Ji,k =
∂ηi
∂Xk
, i = 0..N− 1, k = 0..K− 1;

• ïðîèçâîäíàÿ ∂ηi
∂Xk

àïïðîêñèìèðóåòñÿ ðàçíîñòíûì îïåðàòîðîì Ji,k =
ηδi−ηi
δXk

, ãäå

δX � çàäàííîå ìàëîå ïðèðàùåíèå
−→
X ;

• γ � ïàðàìåòð ðåãóëÿðèçàöèè ìåòîäà. Åñëè γ ∈ R>0, à òàêæå ìàòðèöà Ãåññå

H ïîëîæèòåëüíî îïðåäåëåíà, òî òîãäà ∆X ÿâëÿåòñÿ íàïðàâëåíèåì ñïóñêà äëÿ

îïòèìàëüíîãî øàãà ìåòîäà;

• Ñòàðòîâîå çíà÷åíèå: γ(0) = v·max
i

(
diag

(
J
(
X(0)
)T × J (X(0)

)))
, ãäå v � çàäàííàÿ

ñòàðòîâàÿ êîíñòàíòà.

Çàìå÷àíèå 15. Ðåøåíèå îáðàòíîé çàäà÷è (8) ìåòîäîì Ëåâåíáåðãà-Ìàðêâàðäòà

(10), äàëåå (IP-LB), ñâîäèòñÿ ê òîìó, ÷òîáû â õîäå öèêëà, íà÷èíàÿ ñ çàäàííûõ

ïîñòîÿííûõ X(0), δX, v à òàêæå c � êîíñòàíòû äëÿ ïåðåñ÷¼òà γ, ìíîãîêðàòíî

âû÷èñëÿÿ ðåøåíèå ðàçíîñòíîé ïðÿìîé çàäà÷è (7) ïðè ïðèáëèæåíèÿõ
−→
X ,

ïîëó÷àåìûõ â õîäå ðåøåíèÿ îáðàòíîé çàäà÷è, âû÷èñëèòü îïòèìàëüíûå çíà÷åíèÿ−→
X .

Çàìå÷àíèå 16. Êðèòåðèåì ïîëó÷åíèÿ îïòèìàëüíîãî çíà÷åíèÿ ÿâëÿåòñÿ ε ≤ Σ,

ãäå Σ � çàäàííàÿ òî÷íîñòü ðåøåíèÿ IP-LB, ε = 1
N

∑N−1
i=0

[
η∆i
]2
� ñðåäíåêâàäðàòè÷íàÿ

îøèáêà (MSE) ìåæäó ýêñïåðèìåíòàëüíûìè è ìîäåëüíûìè äàííûìè RVA.

Ðåçóëüòàòû ìîäåëèðîâàíèÿ

Äàëåå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû ðåøåíèÿ IP-LB ïî âîññòàíîâëåíèþ

îïòèìàëüíûõ çíà÷åíèé X0 = α, X1 = λ0 ñòàöèîíàðíîé ýðåäèòàðíîé α-ìîäåëè RVA

(5) ïî èçâåñòíûì ýêñïåðèìåíòàëüíûì äàííûì RVA.

Àëãîðèòìû, ðåàëèçóþùèå ðåøåíèÿ ïðÿìûõ çàäà÷ ïî ìîäåëÿì (2) è (5),

ëåæàùèõ â îñíîâå àëãîðèòìà IP-LB, ïðîèçâîäÿò âû÷èñëåíèÿ â âåëè÷èíàõ

¾ìåòð/÷àñ¿. Ýòî îáîñíîâàííî òåì, ÷òî ôàêòè÷åñêèé îáú¼ì íàêîïèòåëüíîé êàìåðû

(∼0.02 [ì3]) à ÷àñòîòà ðåãèñòðàöèè RVA (6 öèêë./÷àñ). Ïîýòîìó íà ðèñ. 8�13

çíà÷åíèÿ ïàðàìåòðîâ T, t, h â [÷], X1 = λ0 â [÷−1]. Îäíàêî, êëþ÷åâûå ïàðàìåòðû

õàðàêòåðèçóþùèå ïîëó÷åííûå ðåçóëüòàòû, ïðèâåäåíû ê ¾ìåòð/ñåêóíäà¿ ñîãëàñíî

ìåæäóíàðîäíîé ñèñòåìå åäèíèö ÑÈ è ñâåäåíû â òàáëèöó 1.

Çàìå÷àíèå 17. Íà âîññòàíîâëåíèå λ0 ñèëüíî âëèÿåò âûáîð åãî óïðàâëÿþùèõ

ïàðàìåòðîâ â àëãîðèòìå IP-LB, ò. å. X
(0)
1 � íà÷àëüíîå çàäàííîå ïðèáëèæåíèå è δ1 �

íà÷àëüíîå çàäàííîå ïðèðàùåíèå X
(0)
0 .
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Ðèñ. 8. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.76, λ0 = 0.072

[Figure 8.Result IP-LB for the KRMR data. Restored: α = 0.76, λ0 = 0.072]

Ðèñ. 9. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.857, λ0 = 0.095

[Figure 9.Result IP-LB for the KRMR data. Restored: α = 0.857, λ0 = 0.095]

Ðèñ. 10. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.834, λ0 = 0.064

[Figure 10.Result IP-LB for the KRMR data. Restored: α = 0.834, λ0 = 0.064]
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Ðèñ. 11. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.846, λ0 = 0.099

[Figure 11.Result IP-LB for the KRMR data. Restored: α = 0.846, λ0 = 0.099]

Ðèñ. 12. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.834, λ0 = 0.091

[Figure 12.Result IP-LB for the KRMR data. Restored: α = 0.834, λ0 = 0.091]

Ðèñ. 13. Ðåçóëüòàò IP-LB ïî äàííûì KRMR. Âîññòàíîâëåíû: α = 0.964, λ0 = 0.108

[Figure 13.Result IP-LB for the KRMR data. Restored: α = 0.964, λ0 = 0.108 ]
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Áûëî çàìå÷åíî, ÷òî åñëè íà÷àëüíîå ïðèáëèæåíèå è åãî ïðèðàùåíèå çàäàâàòü

±1% îò îöåíêè ìàêñèìàëüíîãî çíà÷åíèÿ âîññòàíàâëèâàåìîãî ïàðàìåòðà, òî

ýôôåêòèâíîñòü è òî÷íîñòü ðàáîòû IP-LB áóäåò íàèâûñøåé (èñõîäÿ èç îöåíîê R2 è

σ) äëÿ ïðåäñòàâëåííûõ äàííûõ KRMR.

Ðåçóëüòàòû íà ðèñ. 8�13 ïîëó÷åííûå ïðè ñëåäóþùèõ çíà÷åíèÿõ

óïðàâëÿþùèõ ïàðàìåòðîâ:
[
X
(0)
0 , δ0

]
= [0.05, 0.01] äëÿ ïîêàçàòåëÿ α; à òàêæå[

X
(0)
1 , δ1

]
= [0.0025, 0.0005] äëÿ êîýôôèöèåíòà λ0. Çíà÷åíèÿ óïðàâëÿþùèõ

ïàðàìåòðîâ c, v, Σ äëÿ àëãîðèòìà IP-LB, óêàçàíû íà ðèñóíêàõ.

Çàìå÷àíèå 18. Èç ðèñ. 8�13 çàìå÷åíî, ÷òî ÷åì áîëüøèé ïåðèîä ïî âðåìåíè

îõâàòûâàþò äàííûå RVA (ò.å. ÷åì áîëüøå T), òåì òî÷íåå îïèñàííûå ìåòîäû

ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷ âîññòàíàâëèâàþò ñâÿçêó èç äâóõ ïàðàìåòðîâ

α è λ0. Îñîáåííî ýòî ïðîÿâëÿåòñÿ ïðè âîññòàíîâëåíèè λ0, òîãäà çíà÷åíèÿ ýòîãî

ïàðàìåòðà áëèæå ê ïðèáëèçèòåëüíûì îöåíêàì λ0 êîòîðûå ìîæåò äàòü ýêñïåðò,

èçó÷èâ äàííûå è ó÷èòûâàÿ èíûå ôàêòîðû íà ïóíêòå íàáëþäåíèÿ.

Òàáëèöà 1

Ïàðàìåòðû ìàòåìàòè÷åñêèõ ìîäåëåé: êëàññè÷åñêîé ODE (2),

ýðåäèòàðíîé α-ìîäåëè RVA (5) ðåøàåìîé ìåòîäàìè îáðàòíûõ çàäà÷, à

òàêæå êîýôôèöèåíòû ïîäîáèÿ ìîäåëüíûõ êðèâûõ è äàííûõ. Çíà÷åíèÿ

ïðèâåäåíû ê ìåæäóíàðîäíîé ñèñòåìå åäèíèö ÑÈ. [Parameters of

mathematical models: classical ODE (2), hereditary α-model RVA (5) solved

by methods of inverse problems, as well as similarity coe�cients of model

curves and data. Values are given in the SI international system of units.]

Äàòû

âûáîðîê

äàííûõ

KRMR

çàäàííîå

λ0 äëÿ

êëàññè÷.

âîññòâ.

λ0 äëÿ

ýðåäèò.

âîññò.

α äëÿ

ýðåäèò.

R2 äëÿ

êëàññè÷.

R2 äëÿ

ýðåäèò.

24.08.20 -

- 27.08.20
1.66 · 10−5 2.0 · 10−5 0.76 59 % 77 %

27.08.20 -

- 29.08.20
1.66 · 10−5 2.638 · 10−5 0.857 93 % 89 %

4.09.20 -

- 6.09.20
1.66 · 10−5 1.77 · 10−5 0.834 49 % 77 %

25.09.20 -

- 28.09.20
1.66 · 10−5 2.75 · 10−5 0.846 60 % 72 %

7.10.20 -

- 10.10.20
1.66 · 10−5 2.527 · 10−5 0.834 74 % 85 %

6.11.20 -

- 8.11.20
1.66 · 10−5 3.0 · 10−5 0.964 11 % 78 %
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Ôèíàíñèðîâàíèå è âêëàä â èññëåäîâàíèÿ

Äàííûå ñ ïóíêòà KRMR ïðåäîñòàâëåíû Ìàêàðîâûì Å. Î. ñòàðøèì íàó÷íûì

ñîòðóäíèêîì ëàáîðàòîðèè àêóñòè÷åñêîãî è ðàäîíîâîãî ìîíèòîðèíãà Êàì÷àòñêîãî

ôèëèàëà ôåäåðàëüíîãî èññëåäîâàòåëüñêîãî öåíòðà ¾Åäèíàÿ ãåîôèçè÷åñêàÿ

ñëóæáà ÐÀÍ¿ ã. Ïåòðîïàâëîâñê-Êàì÷àòñêèé, Ðîññèÿ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (â ðàìêàõ

ãîñóäàðñòâåííîãî çàäàíèÿ � 075-00682-24) è ñ èñïîëüçîâàíèåì äàííûõ, ïîëó÷åííûõ

íà óíèêàëüíîé íàó÷íîé óñòàíîâêå ¾Ñåéñìîèíôðàçâóêîâîé êîìïëåêñ ìîíèòîðèíãà

àðêòè÷åñêîé êðèîëèòîçîíû è êîìïëåêñ íåïðåðûâíîãî ñåéñìè÷åñêîãî ìîíèòîðèíãà

Ðîññèéñêîé Ôåäåðàöèè, ñîïðåäåëüíûõ òåððèòîðèé è ìèðà¿.

Âñå ðàñ÷¼òû, ñâÿçàííûå ñ ðåøåíèåì ïðÿìûõ è îáðàòíûõ çàäà÷ ïî ìîäåëÿì

RVA, à òàêæå ðàñ÷¼òû ïî îáðàáîòêå äàííûõ, áûëè âûïîëíåíû â ïðîãðàììíîì

êîìïëåêñå PRPHMM 1.0 íà ÿçûêå MATLAB [53] âåðñèè R2023b äëÿ GNU/Linux

Ubuntu Desktop 22.04. Ïðîãðàììíîé êîìïëåêñ PRPHMM 1.0 ðàçðàáàòûâàåòñÿ â

ðàìêàõ ïðîåêòà "Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ïðîöåññîâ â ãåîñôåðàõ ñ ó÷åòîì

íàñëåäñòâåííîñòè"çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 22-11-00064 (ðóê.

Ïàðîâèê Ð.È.) èñïîëíÿåìîãî íà áàçå Èíñòèòóòà êîñìîôèçè÷åñêèõ èññëåäîâàíèé è

ðàñïðîñòðàíåíèÿ ðàäèîâîëí ÄÂÎ ÐÀÍ, ñ. Ïàðàòóíêà, Ðîññèÿ.

Âèçóàëèçàöèÿ â äàííîé ñòàòüå áûëà âûïîëíåíà Òâ¼ðäûì Ä.À. ñ ïîìîùüþ

ïðîãðàììíîãî êîìïëåêñà FEVO 1.0, ðàçðàáàòûâàåìîãî â òîì ÷èñëå íà ñêðèïòîâîì

ÿçûêå Gnuplot 6.0 [54] äëÿ GNU/Linux Ubuntu Desktop 22.04. Ïðîãðàììíîé

êîìïëåêñ FEVO 1.0 ðàçðàáàòûâàåòñÿ â ðàìêàõ ïðîåêòà "Ðàçðàáîòêà ïðîãðàììíîãî

êîìïëåêñà äëÿ ìîäåëèðîâàíèÿ è àíàëèçà îáúåìíîé àêòèâíîñòè ðàäîíà êàê

ïðåäâåñòíèêà ñèëüíûõ çåìëåòðÿñåíèé Êàì÷àòêè" çà ñ÷åò ãðàíòà Ðîññèéñêîãî

íàó÷íîãî ôîíäà � 23-71-01050 (ðóê. Òâ¼ðäûé Ä.À.) èñïîëíÿåìîãî íà áàçå

Èíñòèòóòà êîñìîôèçè÷åñêèõ èññëåäîâàíèé è ðàñïðîñòðàíåíèÿ ðàäèîâîëí ÄÂÎ

ÐÀÍ, ñ. Ïàðàòóíêà, Ðîññèÿ.

Çàêëþ÷åíèå

Â ðàáîòå ïðîäåìîíñòðèðîâàíî, ÷òî ñ ïîìîùüþ ìåòîäîâ ìàòåìàòè÷åñêîé

áåçóñëîâíîé îïòèìèçàöèè, â ÷àñòíîñòè èòåðàöèîííîãî ìåòîäà Ëåâåíáåðãà-

Ìàðêâàðäòà, ìîæíî ðåøàòü îáðàòíûå çàäà÷è ñ èñïîëüçîâàíèåì

ýêñïåðèìåíòàëüíûõ äàííûõ íàêîïëåíèÿ 222Rn â êàìåðå.

Íà ïðèìåðàõ ïîêàçàíî, ÷òî ìîæíî âîññòàíàâëèâàòü áëèçêèå ê îïòèìàëüíûì

çíà÷åíèÿ: α � ñòåïåíü äðîáíîé ïðîèçâîäíîé, õàðàêòåðèçóþùåé èíòåíñèâíîñòü

ïðîöåññà ïåðåíîñà ðàäîíà, λ0 � ïîñòîÿííàÿ êðàòíîñòü âîçäóõîîáìåíà äëÿ

ñòàöèîíàðíîé ýðåäèòàðíîé α-ìîäåëè RVA. Èç ðåçóëüòàòîâ ìîäåëèðîâàíèÿ âèäíî,

÷òî ýðåäèòàðíàÿ α-ìîäåëü RVA ñ ïàðàìåòðàìè, âîññòàíàâëèâàåìûìè ðåøåíèåì

îáðàòíîé çàäà÷è, â ñðàâíåíèè ñ ODE-ìîäåëüþ RVA ïðè λ0 = 1.66 · 10−5 äàåò áîëåå
òî÷íûé ðåçóëüòàò çà ñ÷åò îáîáùåíèÿ äî äðîáíîé ïðîèçâîäíîé, à ìîäåëüíûå êðèâûå

ëó÷øå ñîãëàñóþòñÿ ñ äàííûìè íàêîïëåíèÿ, î ÷åì ãîâîðÿò çíà÷åíèÿ êîýôôèöèåíòà

äåòåðìèíàöèè R2 c äàííûìè ïî RVA âûøå â ñðåäíåì íà 22%.
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Ïðîäîëæåíèå ðàáîòû ìîæåò áûòü ñâÿçàíî ñ ïðèìåíåíèåì áîëåå îáîáùåííîé

ýðåäèòàðíîé α(t)�ìîäåëè è ìåòîäîâ ìíîãîìåðíîé îïòèìèçàöèè äëÿ ìîäåëèðîâàíèÿ

ïðîöåññîâ íàêîïëåíèÿ ðàäîíà ïî îñëîæíåííûì ýêñïåðèìåíòàëüíûì äàííûì.

Óñëîæíåííîñòü äàííûõ íàêîïèòåëüíîãî ïðîöåññà ñîñòîèò â òîì, ÷òî äàííûå

èñêàæåíû ýôôåêòàìè äèíàìè÷åñêîãî âëèÿíèÿ àòìîñôåðíîãî äàâëåíèÿ è

ïåðåìåííîé ïðîíèöàåìîñòüþ ãåîñðåäû.

Àááðåâèàòóðû

RVA Radon Volumetric Activity

RFD Radon Flux Density

FD Fractional derivative

AER Air Exchange Rate

ODE Ordinary di�erential equation

MNM Modi�ed Newton's Nethod

IP-LB Inverse problem by method Levenberg-Marquardt

MSE Mean Squared Error
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