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Dedepayun)

Annoranusi. Pabora mampabjieHa Ha CO3[aHNME AJIreOpaMIecKUX CHUCTEM, OIMUCBIBAIOIINX
KOMITO3UIINIO HEMPOHHBIX CeTel, U U3yvYeHue ajaredbpandecKux cBONCTB Janubix cucreM. CTpo-
HUTCsI TPYIIION, 3JIeMEeHTbl KOTOPOI'0 aCCOIMUPOBAHBI C MHOT'OCJIOMHBIMUA HEHPOHHBIMU CETSI-
MU IIPSIMOT'O PACIIPOCTPaHEHUs CUTHAJIA. [loCTpOeHHBIN TPYIIION T TOTyYaeT Ha3BAHUE «IIOJI-
HBIN TPYIIION I, KOMIIO3UIINY HEHPOHHBIX ceTeity. MomenmmpoBanre MHOTOCTOWHON HEHPOHHOMN
CeTH IPSIMOTO PACIpPOCTPAHEHUsI CHTHaJa (Jjajlee — HEHPOHHBIE CETH) MPOMCXOJUT C HOMO-
IO OIIPEJIeJICHUsT KOPTEXKa CIeUAJIbHOrO Brua. KOMIIOHEHTBI JAHHOTO KOPTEeXKa, OIpese-
JISTIOT CJIOM HEMPOHOB M CTPYKTYPHBbIE OTOOPAXKeHUs, KOTOPhIE 33JaI0T BECA CHHAITUIECKIX
cBsi3el, (PYHKIIMU aKTUBAIMA U TMOPOTroBble 3Ha4YeHUsi. C MOMOIIBI0 MOJETN UCKYCCTBEHHO-
ro nefipona (Mak-Kasoka — ITurrca) st KaXK/10ro Takoro KOPTe:Ka MOXKHO OIIPEIesIUTh
oTobOpaxkeHne, KOTOPOE MOJEJIUPYET PAOOTY HEHPOHHONW CETH KaK BBIYUCIUTETLHON CXEMBI.
JIaHHBIH TOIXOJ OTJINYIAETCS OT ONPEIEIEHNsT HEHPOHHOM CEeTH € MTOMOIIBI0 a0CTPAKTHBIX aB-
TOMATOB M OJU3KUX KOHCTPYKIWit. MomaenpoBaHe HEMPOHHBIX CeTell TMPeTIOXKEHHBIM CITO-
cobOM JIaeT BO3MOXKHOCTH ONUCHIBATH apXUTEKTYPy HEAPOHHO# certn (T. e. rpad HEAPOHHOM
CeTH, Beca CUHAITHYECKUX CBsi3eil u T. n.). Omnepanusi B IOJHOM TI'DYIIIONE KOMIO3UIIUN
HEMPOHHBIX ceTell MOJeIUpyeT KOMIIO3UIIMIO NBYX HEHpOHHBIX ceTeil. Heiiponnast cers, 1mo-
Jy4deHHad B BUJe IIPOU3BEJICHUSA Napbl HEPOHHBIX ceTel, JeficTByeT Ha BXOJHBIX CUTHAJIaX
IIyTeM II0CJIEIOBATEIBHOIO MIPUMEHEHUsI MCXOIHBIX CETEN, M COAEPXKUT WHMOPMAIINIO 00 UX
crpykType. JlokazaHo, 9TO MOCTPOEHHBIN TPYIIIONT STBJISIETCST CBOOOIHBIM.

KuroueBsbie ciioBa: rpymmnon i, CBOOOIHBIN IPYIIION ], MHOTOCIOHAsT HEPOHHAS CeTh MPsi-
MOTO PacpOCTPaHEeHNUs CUTHAJIA, ITOJIHBII IPYHIION ] KOMIIO3UIIMN MHOT'OCJIOMHBIX HEMPOHHBIX
ceTen
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Abstract. The authors construct a groupoid whose elements are associated with multilayer
feedforward neural networks. This groupoid is called the complete groupoid of the
composition of neural networks. Multilayer feedforward neural networks (hereinafter referred
to as neural networks) are modelled by defining a special type of tuple. Its components define
layers of neurons and structural mappings that specify weights of synaptic connections,
activation functions and threshold values. Using the artificial neuron model (that of
McCulloch-Pitts) for each such tuple it is possible to define a mapping that models the
operation of a neural network as a computational circuit. This approach differs from defining
a neural network using abstract automata and related constructions. Modeling neural
networks using the proposed method makes it possible to describe the architecture of the
network (that is, the network graph, the synaptic weights, etc.). The operation in the full
neural network composition groupoid models the composition of two neural networks. A
network, obtained as the product of a pair of neural networks, operates on input signals by
sequentially applying original networks and contains information about their structure. It is
proved that the constructed groupoid is a free.
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1. Bseaenue

B mamnoit pabore paccMaTpUBAIOTCH TOJIBKO MHOTOCIOMHBIE HEPOHHBIE CETH C IIPSIMBIM
pacipejieJieHueM CUrHaJIa (Jaee, IPOCTO ceTH, HeifpoceTn wiu Heifiponuble cern). Nudop-
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MAIHIO O HEPOHHBIX CETsIX U UX CTPYKTYpax (apxuTekTypax) MOxKHO Haiitu B [1-4]. PaGora
HAIPABJIEHA HA [TOCTPOEHUE I'PYIIIONIOB, TO3BOJISIIONINX MOJIEIUPOBATH KOMIIO3UIIMIO MHO-
rOCJIOMHBIX HEMPOHHBIX CETeH.

B pa6orax [5-6] n3ydasuch KOMMyTaTHBHBIE (HO B OOINEM cilydae He acCOIMATHBHBIC)
rpymmonbl AGS(A), 3/1eMeHTBI KOTOPBIX TECHO CBSI3aHBI C TOJCETsIMA Helfiporuoit cetn N .
Usyyasnucs sugomopdusmbl (cM. Teopema 2 u3 [5] u reopema 1 u3z [6]) arux rpymnmnoungos
u ux noarpymmonspsl (cMm. teopema 1 u3 [5]). Onpenenenne 2.1, kotopoe dbopmManu3yer mo-
HsITHe HEeAPOHHOI ceTu B JaHHON paboTe, CTPOUTCsI Ha, OCHOBAHUU OIpeJesIeHus] HEPOHHO
cern u3 pabor [5—6]. HelfpoHHasi ceTh B CMBICJIE JAHHOTO OIPEJEJIEHNs] SBJSETCS MaTeMa-
TUYECKUM OO'BEKTOM: KOPTEXKEM, 3JIEMEHTHI KOTOPOI'O OIPEJIEIISIOT CTPYKTYPY (110 Apyromy
APXUTEKTYDY WM BHYTPEHHee YCTPOHCTBO) HEHPOHHON ceTu.

JIpyrum moaxo10M K MaTeMaTuIecKoi (hopMaJIn3aIii TOHSITUsI HEPOHHOI CEeTU SIBJISIET-
Csl IOHSITHE abempakmmot hedpornol cemu, mocTpoeHHoe B padote [7]. Takoit mogxos nveer
CBOM JIOCTOMHCTBA U OJIM30K K IIOJIXOJLY, UCIHOJIB3YIOMEMYCsl B TEOPUU aOCTPAKTHBIX aBTO-
maros ([8]). IlpencraBienue HefipoHHOl ceTH B BUJIE KOHKPETHOIO abCTPAKTHOIO aBTOMATA,
KOTODBII IIPU ITOM He sABJISETCH KOHCTPYKIINEH, TOCTPOEHHOI € TIOMOIIBIO IPYTUX a0CTPAKT-
HBIX aBTOMATOB, HE JA€T BO3MOXKHOCTH M3yYaTh WU IPUHIMATH BO BHIMAHUE APXUTEKTY-
py HeitpouHoi ceru. JlaHHOE 0OCTOSTEIHCTBO SABJISIETCS XOPOIIO U3BECTHBIM M OTMEYAJIOChH
B. M. T'mymkoseiM B 0630pe [8] st JIEOGBIX KOHKPETHBIX aBTOMATOB, NPEJICTABISEMbBIX B
BHUzEe aOCTPAKTHBIX aBTOMATOB.

OcHoBHbBIE pe3yJibTaTbl. B pabore cTpOUTCS noaxwvill 2pynnoud KoMno3uyul, MHo20-
caolinoir wetponnux cemet (cM. oupeiesenue 2.2). OCHOBHBIM Pe3yJIbTaTOM PAOOTHI sIBJIs-
ercst Teopema 5.1, KoTOpasi MOKA3BIBAET, YTO MOJIHBINA I'PYIITON] KOMIIO3UIIUHU SIBJISIETCSI CBO-
601abIM TpyIonoM. Haliiena cucrema cBOOGOTHBIX 00PA3YIONINX I'PYIIIION 1A IIOCTPOSHHOTO
rpynmonga (cM. Teopema 5.1, memmy 5.2 u npemiaoxkerne 5.3). CpoiicTso rpymnmonia 6bTh
CBODOHBIM JIOCTATOYHO TOJTHO XapaKTEePU3yeT ero ajredpanmdeckue cBoiicrsa. B gactrocTn,
MOXKHO CYMTATH M3BECTHBIM MOHOWJ, BCEX SHIOMOPMOU3IMOB TAKOIO T'PYIIIOUIA.

PesynbraTer paboThl OYIyT MOJIE3HBI I Pa3pabOTKH METOJIOB UCCJIEIOBaHUS HEHPOH-
HBIX CeTell C IOMOIIBIO AJIredpandecKux 00beKTOB. IpyruM Mmoaxo1oM UCCIeIOBAHNI B 9TOM
HaIpPaBJIEHUH SIBJISIETCSI MOJIEJIUPOBAHNE KOMIIO3UIIUU C IIOMOIINBIO0 YACTUYHBIX I'DYIIIOUIOB
(pe3ysbTaThl ABTOPOB [0 TOMY HAIIPABJIEHHUIO B HACTOSIIEE BPEMs [OTOBATCH K OTIPABKE B
JKyPHAJI).

2. OcHoBHEBIE oripeaeJieHud mn obo3HaYeHUSA

Berogy nasee R — MHOXKeCTBO JIeHICTBATEJBHBIX Uuces; N — MHOXKECTBO HATYPAJbHBIX
qucen u F(R) := Hom(R,R) — MHOXKecTBO Bcex oToOpazkeHHUit MHOXKecTBa R B MHOXKeCTBO
R. Cdopmysnupyem orpeesieHrne MHOTOCJIONHON HefiponHO# ceTtn. Kak 00BIYHO, MOIITHOCTH
muOkecTBa X 0603HadnM uepes | X|.

Onpemeaenmune 2.1. [lycmv 3adanv, caedyrowgue 06sexmoL:

1) xopmeoic (Mq, ..., My,) daunoe n > 1 Konewnux nenycmux mmodicecms, 20€ npu i 7 j
enpasedauso yeaosue M; N M, = &;

2) mmoorceemso S = (M7 X Ma) U (Ma x M3)U ..U (My—1 X My);

3) omobpasicenue f: S — R;

4) mmooicecmneo A = My U ..U M,;

5) omobpasicenue g : A — F(R);

6) omobpasicernue l : A — R;
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7) buexmusnoe omobpasicenue i : My — {1,2, ..., |Mi|};

8) buexmusnoe omobpasicenue o : My, — {1,2, ..., |M,|}.

Tozda xopmesic N = (My, ..., My, i, 0, f, g,1) 6ydem nasvisamsv mmozocaotinot nelpornot
CEMDBIO NPAMO20 PACTPEOEACHUS.

Orobpazkenue f 3a7aeT 6eca CUHANMUUECKUL c8A3el, OTODPaKEHUE ¢ OTPEIETAET (hyHK-
YUY GKMUBAUUL Y KaZKIO0T0 HEIPOHA, | OlIpeJIesIsieT nopo20sbie 3Ha%eH s HelipOHOB (1101po6-
HYI0 HH(MOPMAIMIO O MEPEYUCIEHHBIX CTPYKTYPHBIX €IMHUIAX MOXKHO HANTH, HAIIPpUMED,
B [5]). CoBokymHOCTH HelipoHoB M7 OyieM Ha3bIBATH BXOJHBIM CJI0eM, a M, — BBIXOIHBIM
cinoeM. OTobparKeHus i U 0 3aJaI0T YHOPSJIOYEHNe BXOJHOIO U BBIXOJTHOrO cjos. OTob-
pazkenust i, 0, f,g,l OymeM Ha3BIBATH CMPYKMYPHOLLMU OMOOPANCEHUAMU HETPOHMHOT cemu
N = (M, ..., My,i,0, f,g,1), TOCKOTBbKY OHE onpenensioT cTpykTypy cern N . Komaectso
cioes B ceru N Gysem ob6osHadars yepes n(N).

ITpuseieHHOE ONPEIEsIEHNE TOCTPOEHO HA OCHOBE Olpeesienust 1 u3 [5], B KoTopoM oTcyT-
cTBOBasM NyHKTHL 7) U 8). [TocsenHee 06bsICHsIETCs TEM, 9TO B paboTe [5] n3ydasmch mnojaceTn
HEeHPOHHON ceTu U He ObLIO HeOOXOAUMOCTH PACCMATPUBATH IYHKTHI 7) U 8), KOTOpPBIE OT-
BEYAIOT 33 YIIOPHAI0YeHNe BXOIHOTO M BBIXOJIHOTO Cjios HeiipoHoB. Ilocsennee HeoOxommmMo
B KOHTEKCTE IIepeIadr BBIXOHOI'O CUI'HAJIA [IEPBOi ceTH Ha BXOJ, BTOpoii cetu. Kpome Toro,
onpesiesierne 2.1 paspermaer oJHOCJIONHBIE HEHPOHHBIE ceTH (B OTJIMYUU OT ONpejeeHns 1
u3 [5]).

s kaxkaoro mesgoro n > 0 1 HEITyCTOTo MHOXKeCTBa P BBeJeM CJIeayIonne 0003HATEHUST:
Do(P) :=P, D,(P):={(d,i)|d€ Dn_1(P), i € {1,2}} (n>0).
B gacTHOCTH, BBIIOJIHAIOTCS PABEHCTBA
Di(P) ={(p,i) | pe P, i € {1,2}},
D, (P)={(((...((p,11),92), )y in—1)sin) | D € P; 1,82, ....,in € {1,2}}.

Ounpenemenue 2.2. s w6020 muorcecmea Q # @ wepes SN(k, Q) obo-
BHAMUM MHONHCECTNBO BCEGOZMONCHDIT HEUPOHHDIT CEME, MAKUT 4IM0 HEeUPOHHAA CEMD U3
SN(k, Q) umeem posno k 610006 u posho k 66ix0008, a ee HEUPOHDL AGAAIOMCSA IACMEHMA-

Mmu mmoocecmsa Q. ITyecmo P # & — muooicecmao c60600noe om cneyuasbHulr Kopmeotced.
Tozda 66edem MHO2HCECMBO HETPOHHDIL cemetl

SAN(k,P):=SN [k, PU | | JDs(P) ] |,
seN

2de obsedurenue bepemcs no 6Cem HAMYPLALHIM S.

Bcerony manee P — 910 MHOXKECTBO CBODOIIHOE OT KOPTEXKEi, COMEPIKAIIINKX KOMIIOHEHTHI,
paBHble ynciaaM 1 wim 2 (MM TIPOCTO MHOMCECTNEO, C80600H0E OM CNEUUGALHHIT KOPME-
orcet?). O6osnauenne SAN BosHuKaer kak abbpesuarypa Set of All Networks. B cienyromem
pasueste na maoxkecrse SAN(k, P) Gyaer BBesena OunapHas ajrebpandeckas onepanus (CM.
omnpenenenue 4.1).

Hse cetu Ny = (M, ..., My, 0,0, f,g,1) u No = (M7, ..., M}, 7,0, f',¢',l') us SAN(k, P)
cunTaeM paBHBIMH, KOTJIa OHH PaBHBI KaK KopTexku. flcHo, uto A7 = N5 Torma u TOJILKO
TOIJIa, KOIJIa BBIIOJIHSIOTCA PABEHCTBA

n:da MIZM{7 MQZMéa-"aM :Mc/la i:i/a 0:0/7 f:fla g:gla l:l/a

rae 11oJ; paBeHCTBOM OTO6pa)K€HHI7I IIOHUMaETCsd IIOTOYECYIHOE PaBEHCTBO.
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3. OmnmcaHue OCHOBHBIX Pe3yJbTaTOB

Kaxxmoit nmeiiponnoit ceru ' € SAN(k, P) Gyuer coorBeTcTBOBATH OTOOpaXKeHHe Fis :
R* — R*, koropoe peammsyer meiicTBue mneiiponmoii cerum N Ha BXOHBIX CHIHAJIAX
T = (21,...,o)) U3 R¥. Orobpaxenne Fjs OIpeeIsercs CTAHAAPTHBIM CIOCOGOM C IOMO-
HIbI0 MOJIEIN UCKycceTBeHHOrO Hefipona Mak-Kasuioka — I[Turrca, (noapobuyio undopmanuio
006 9TOM MOXKHO HafiTh, Hanpumep, B [1] win [2]).

Ha muozkectse SAN(k, P) BBomuTCst GuHapHas ajgrebpandeckas onepanust (©) (cMm. onpe-
nenenne 4.1), koropast m066M JAByM cetam N7 1 N3 CTaBUT B COOTBETCTBHE HEHPOHHYIO CETh
N1 ® N, Takyio 4ro Ha J1060M BXOAHOM curnaje T € RF umeer mecto pasencrso

Fnyon, (T) = Fa, (Ey, (T)) (3.1)

(cm. yTeepkmenne 4.1). IlosTomy mefiponnas cetb N © Ny neficTByeT Ha MHOKECTBE BXOJI-
HBIX curaasoB R* kak mocsiemoBaTesnbroe mpuMererne cereit N7 i morom Na. Takoit mogxon,
C TOYKM 3PEHHs] TEOPUU aOCTPAKTHBIX ABTOMATOB, MOYKHO MHTEPIPETUPOBATH, KAk MOIATY
BBIXOJIHBIX CHUI'HAJIOB IEPBOIO ABTOMATA Ha BXOJ] BTOPOT0 aBroMaTa (CM., HAIIPIMED, OlIpejie-
nenue 25 [8, c¢. 54]). Oneparust (©) HEKOMMYTATUBHA U HEACCOIUATUBHA (CJIEIyeT U3 TeopeMbl
5.1).

Heitponnas cerb T := N7 © Ns comep:xur B cebe uHMOPMAIHIO 0 CTPYKTYpe HeHPOHHLIX
cereit N1 u NMy. OnHako npu 3ToM ceTh 7 He COJEP:KUT HeHPOHOB, BXOAANMX B cetn N 1
N,. Bmecro Hux Heliponamu cetu 7 BbICTyHAIOT Koprexu (n1, 1) u (ng,2), rie ny — neiipon
ceru N7 u no — Heitpon cetu N3. JJaHHbBIH IpreM HEOOXOAUM Il KOPPEKTHOT'O OIIpe/ie/IeHusT
cern 7 Kak MaTeMaTUYecKoro o0bekTa, BBeJAeHHOro onpejesenneM 2.1 (moxpobaee cm. 3a-
meuanne 4.1). T'pymmonn SAN(k, P) crpomsics Tak, 9To6bI A1 006X aByx ceteit N1 n N,
[IPUHAJIEXKAIIUX €My, BBIIOJHAIOCH cooTHomenue (3.1) (310 no3Bosisier uCnoIb30BaTh €ro
JUTsl MoZiesIupoBaHus KoMmnosunuii cereit). Coiicrso rpynnonga SAN(k, P) 66ITh CBOGOIHBIM
He 06€eCIIeYnBAJIOChH CHENUAJIBHO.

4. ITocrpoenme rpynmounga SAN(k, P)

B mammowm pasznene crpoures rpynmont SAN(k, P) = (SAN(k, P), ®), B koropom N1 O N
Oyaer aBisaThes cerbio u3 SAN(k, P), 1mosiydeHHON B COOTBETCTBUE C IIPUHIUIIOM KOMIIO3U-
U HEHPOHHBIX cereiil. BBeseM 00beKThI, KOTOPbIE HEOOXOMMMBI JJIsi (DOPMYIUPOBKYU IPYII-
nouga SAN(k, P). Kak npasuio, X X Y — 1eKapTOBO IPOU3BEIeHIe MHOXKECTB. J1JIst BCSIKOTO
MmHO)ecTBa X 1 Kaxkaoro ¢ € {1,2} onpegernm muoxkecTBO Li(X) := X x {i}.

Kaxxkmoit mape cereit

Nl = (Mh ---7Mnai17017flaglal1)7 N2 = (M{a "'aM(/jai27027f25927l2)
u3 SAN(k, P) conocraBuM MHOMKECTBA

n d
AMN) = U(L1(Mi71) x Li(M;));  B(N2) := U(L2(M{71) x La(M;);

S[Nl,NQ] = A(Nl) U (Ll(Mn) X LQ(M{)) U B(NQ)

Mycrs hy : X1 = Y7 u ho : Xy — Yy — aBa orobpaxkenus. Torma uepes [hi, ho] Gyaem
obozHavtaTh 0TObpakeHne MuoxkecTsa L1 (X1) U Lo(X3) B MHOKecTBO Y] U Ya, KOTOpOE 17151
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qaoboro x1 € X1 u r9 € Xo IeliCTByeT IO MPaBUIY:

[h1, ho]((w1,1)) = ha(1); [k, ho]((22,2)) = ha(x2).

IIyctb h : X — Y u i € {1,2}. Torga 1epe3 [h]; 0603HAINM OTOOpaAKEHHE MHOXKE-
crBa L;(X) B MuOXKecTBO Y, KOTOpOE 1151 jiioboro © € X zeficTByer CiielyiomuM 06pasoM:

[h]i((x,4)) = h(z).

Onpemeaenune 4.1. s a066x netiponnoir cemed
Ny = (My, ..., My, iy, 01, f1,91,10), No = (Mq, ..., My, ia, 02, f2, 92, 12)
uz muooicecmea SAN(k, P) onpedeasiem omobpasicenus

iz := [i1]1, 03 := [o2]2, g3 :=[g1,92], I3 := [l1,l2]

u omobpasicerue f3 : SIN1, Na] = R, xomopoe 00ro3nauno onpedeasemces coomHoOueHUAMU:
fs((a,1),(b,1)) = fi((a,0))  ((a,1),(b,1) € A(N1));

f3((alv2)a (b,a 2)) = fQ((alvbl)) ((alv2)a (b,72) € B(NQ))§
f3((m7 1); (m/72)) =1 < Ol(m) = iQ(m/) (m S Mn,m’ € M{),
f3((m,1),(m',2)) =0 < o1(m) #izx(m') (m € M,,m’ € Mj).

Onepayuro (©) onpedesum pasercmeom
Nl ®N2 == (LI(M1)7 ceey Ll(Mn); LQ(M{)7 sy LQ(ML/i)a i37 03, f3a g3, l3) (41)

Bameuvanue 4.1. Ommemum, umo omobpasicenus L1 u Lo evinoansiom @ynryuro
NOKPACKU IAEMEHMOE MHONCECTNEA 8 064 PA3AUYHBIT ysema (nepsoill ysem u 6mopol ysem,).
Hoxpacka ssasemces HEOOTOOUMBIM YCAOBUEM KOppekmuocmuy onpedeaenus 4.1. B camom
dene, ONA NOKPAULEHHDBIT MHONHCECTNG BVINOAHACINCSA PABEHCNGO

(L1(M1)U...U Ly (My,)) N (Lo(M]) U...U Lo (M})) = 2,

Komopoe  obecnenusaem — KOppeKmHocms  66edeHuUA  CMPYKMYPHLLL — 0Mobpascenul
i3, 03, f3,93,l3. IIpu omcymcmeuu nNOKPacky U HAGAUYUA 6 06YT CeMAT O00UHAKOBHLT
HEUPOHO8 darnbit cnocob 3a0anus CMPYKMYPHHLL 0MOOPaAtcenUl Pe3YALLMUPYOWed cemu
npusodus 6v, K MOMY, WMO HA 00HOM HEUPOHE 00HO U MO HCE O0MOOPANCEHUE UMEEM,
pasauvrvie 3navenua. Iocaeduee ne xoppexmmo.

Cmpyxmyproie omobpasicenus i3, 03, f3, g3, l3 us onpedeserus 4.1 nodobparv, mak, “mo-
6w, cemv N1 © No deticmeosana na 11060m 6ToOMOM cuzHane, KK NOCACO0GAMEALHOE NPU-
menenue cemeti N1 u Na.

Onpepgemenune 4.2. I'pynnoud SAN(k, P) = (SAN(k, P),®) nasosem nosnvim
2DYNNOUCOM KOMNOZUUUY MHO20CAOTHDIT HETUPOHHBIT cemel.

PaGora ceru. Patory neiiponnoii ceru N' = (M, ..., My, 4,0, f,g,1) n3 SAN(k, P) kak
BBIUUC/IATEILHON CXEMBbI OYIET Peau30BbIBATDL (DYHKIMS Far : RF — RF. Ieiicrsue sroit
GbYHKIMM ommImeM TOMOIIBIO MOJEINn ucKyccrBenHoro ueiipona Maxk-Kasutoka — Ilurrca
([1]). IIycts n — meitpon crog M; npu j > 1. Heitpon n momywaer curaas (B Bume 9HCIA) OT
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KazKJI0T0 HelfpoHa npeptyero ciosd. ObozHaumM 9T HefiPOHbI CHMBOJIAMH N1, ..., 1| M;_1|s
a curHaJsbl (YUCsIa), KOTOPble OHU MOCBUIAIOT, 0003HAYNM CHMBOJAMHA A1, ..., ain,_,|- Torna
n reHepupyer cBoil curnas G, 10 IpaBUILy

[Mj—1]

Gn = Yn Z f((nsan))a5+l(n) )

rae yn, = g(n) — dyHKIMs akTHBaUK HeHpoHA N (JUIS KAXKIOro HeipoHa n (QYHKIO
AKTUBAIINU OLPEIEILET CTPYKTYPHOE 0TOOpazkeHue g; 311ech g(n) — 3HadeHue 0ToOpazKeHus g
Ha Hefipone n). Jajblie curua nepejaercs 4epe3 COOTBETCTBYIONINE CHHAIITUIECKUE CBA3H.
Jeitcteue dynkmum Fyr COCTOMT B TOM, 9TO cHTHAT (T1,...,7%) € RF mepemaerca ma
BXOJIHOM ci1oit M Tak, uro HelpoH n € M, nosydaer curHau &g, korga i(n) = s. Heltpons
BXOJIHOTO CJIOSI TIEPEJIA0T CBOM CUTHAJBI Yy (zs + 1(n)) (yn = g(n), i(n) = $) no cunanru-
YeCKUM CBSI35IM Ha, BTOPOil ciioii. [ajee curuas pacipocTpaHseTcs 10 CeTH B COOTBETCTBUU
C MOJIEJIbI0 MCKYCCTBEHHOTO HEWPOHA, ONMMCAHHOW BbImie. BeixomHoit ciaoit My remepupyer
BEKTOD (U1, ..., Uk ), [JI€ YUCIO Us CLEHEPUPOBAHO HeiipoHoM n € My Takum, 4ro o(n) = s.

Vreepxgeunue 4.1. Jas mobux dsyr cemeti N1 u Ny us SAN(k, P) u ecaxozo
cuenana T € RF evnoanaemes pasencmeo Fn,on, (T) = Fy, (En, (T)).

HoxkazarTenasbcTso. Paccmorpum cetu
Nl = (Mla "'7Mna7:17017f1aglall)a NQ == (M{5 -"5M(/j;i27027f25g2712)

u3 mHOXKecTBa SAN(k, P).

U3 nocrpoenmst cetm N7 ® Ny BHIHO, WTO CHTHAA T PACHPOCTPAHSETCS TIO CJIOSIM
Li(My), Ly(Ms), ..., L1(M,) Tak ke, kak oH pacmpocTpansics 6er mo cetn N (neficteu-
TEJIbHO, 3TO TAPAHTHUPYETCsI CIIOCOOOM 3a[aHUs CTPYKTYPHBIX oTobpaskennit cetn N @ N3).
Tosromy cioit Ly (M,,) crenepupyer curtas Fiy, (). Hefiposn (a, 1) us Ly (M,,) G6yzer coenn-
HATBCsI ¢ HefipoHoM (b, 2) € Lo(M]) curanTudeckoii cBsi3bi0, nMeroieil Bec 1, Toria u ToJabKo
rorma, Korga o1 (a) = i2(b). C apyrumu Heiipornamu ciost Lo (M) HelfipoH a coequHsieTcs cu-
HAITHYIECKUMHE cBsizsamu, nMmetonmu Bec 0. CrreroBaresnbHo, cioit Lo (M{) monaydaer curuas
Fy, (T), xoropslit pacnpocrpansiercs 00 ciaoaM Lo(M7), La(M3), ..., Lo(M)) Tax ke, Kak oH
pacupocrpansics 6u o cetu Na. Tlosromy cerb N1 ® N Bosepamaer curnan Fi, (Fp, (T)),
KOIJIa Ha €e BXOJ I0JIaeTCsl CUTHAJ T. Y TBEPXKJIEHHE JIOKA3AHO.

5. Crpykrypa rpymmouga SAN(k, P)

[IaBHBIM DE3yJIbTATOM JAHHOTO Pasfena OylIeT sBIAThCA TeopeMma 5.1, KoTopas moka-
sbiBaet, uto rpynmous, SAN(k, P) sBigercss cBOGOJHBIM T'DYIIIONIOM. BernoMoraTeabHbIE
YTBEpPKJIeHUs JiajlyT apudbMeTHIeCKre CBOHCTBA JIAHHOTO I'PYIIIONJIA B TEPMUHAX HEHPOH-
HBIX ceTeil.

Ecsin s;memenT rpynmnonsia HeIb3si Pa3/IOKATh B IPOU3BEIEHHE JIBYX JIEMEHTOB JIAHHOTO
IpyNIONA, TO OyIeM HA3BIBATH TAKOH JIEMEHT NpoCmbiM dAeMenmom. s kaxmoit cern
N u3 SAN(k, P) onpemesam MHOZKECTBO

OW) :={(N1,N2) € SAN(k, P) x SAN(k,P) | N1 O Ny =N}

A. B. JlutaBpun, T. B. MouceenkoBa. O6 oaHOM IrpymnIonje, acCOUUPOBAHHOM C KOMIIO3HUIIHEHT . . .



118 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2024. Vol. 26, No. 2.

Bynem ucnionpzoBaTh 0603HaIEHIE

K(P):=PU (| Di(P)).
seN

ScHo, uro K (P) — 970 MHOXKECTBO BCEX BO3MOXKHBIX HEHPOHOB, 13 KOTOPBIX (hOPMUPYIOTCSI
ueiiponnsie ceru rpynmnounia SAN(k, P).

Onpenmemenune 5.1. Jas xaocdotd nedponnoti cemu N us SAN(k, P) ssedem
namypasvhoe wucao Dely (N) makoe, wmo 6binoanaomes ycaosus:
1) ecau cemv N umeem eud

N = (Ll(M1)7 vy Ll(Mn); LQ(M7L+1)7 ceey LQ(Md)a ia o, f7g7 l)

s no0xodsuwuxr nodmrootceems My, ..., My, My i1, ..., Mg mnoocecmea K(P) u evinoats-
1omea nepasencmea n > 1, d > n+ 1, mo noaazaem no onpedeaenuro Dely (N) := n;
2) ecau He CYwEeCmeyem HAMYPasbHO20 YUCAG T TAK020, 4MO BHINOAHAIOMCA YCAOBUSA NEP-
6020 nynxma, mo Dely (N) := 0.

Qucao Dely (N) nasosem pazdeaumenem nepeozo muna cemu N

W3 onpenenenns 4.1 oneparun (©) BbITEKaET

IIpenanoxenune 5.1. EcauDely(N) =0, moN - npocmoti anemernm epynnouda
SAN(k, P).

Eciu pasmennrens nepsoro tuna cetu N pasen n = 0, TO 9TO 03HAYAET, YTO OCHOBHOI
KOPTEXK HeltpoHoB cetu N HMeeT CTpYKTypy HENPUIOAHYIO JJIs TOrO, YTOOBI IIPEICTABUTD
JIAHHYIO CeTh B BUJIE NIPOM3BEJICHNs HEKOTOPBIX JBYX cereil u3 rpymnmonna SAN(k, P) (cm.
pasencTso (4.1)).

ITpu n # 0 BeiIOJIHAETCsT HEOOXOAUMOE (HO HE JOCTATOYHOE) YCJIOBHE TOIO, YTO HEHPOH-
Hyto ceTh N MOXKHO IIpeJICTaBUTh B Bujle tpoussejenust N = Nj O N, tae n(N) = n.

He cioxkno yBuzersb, 9To Bee oxHocsoiubie Hefiponunie cetu u3 SAN(k, P) aisiorcs
npocThiMu sieMenTamu rpyrmonna SAN(k, P) (o6patHoe He BepHO). Ilocie/Hee BhITEKAET
u3 toro, uro rpymnouy, s jgwodoro N uz SAN(k, P) semonnsercs nepasenctso n(N) > 1
u pasenctso n(N; ® N2) = n(Ny) + n(Na).

Iajiee BBesieM 0O'bEKT, KOTOPBII IIO3BOJIUT CHOPMYIUPOBATH HEOOXOIIMMOE U JJOCTATOTHOE
YCJIOBHE TOTO, 9TO HEHPOHHYIO C€Th MOXKHO IIPEJICTABATH B BUJE KOMIIO3UIIUU JIBYX CeTeil
(cM. HEKe TpeIoKeHue 5.2 MyHKT 3).

Ounpemenenue 5.2. [Tycmv netiponnas cemv N npunadaescum SAN(k, P). To-
20a onpedeaum muootcecmeo Dela(N), cocmoauiee us 6ce603MONCHVLT HAMYPAADLHBIT YUCEA
n (U MOALKO U3 HUT), MAKUT YMO 0OHOBPDEMEHHO BINOAHAIONCA YCAOBUS:

1) cemo N umeem sud N = (My, ..., My, M1, ..., My, i,0, f,9,1);

2) swnosnsromesn pasencmea | My, | = |Muy1| = k;

3) evnoansomes nepasencmean > 1 ud>n+1;

4) 6 Kaovicdwul netipor u, exodsuwuli 6 M, 11, 6x00um moavko 00na CUNANMUYECKAL CEA3D
¢ secom 1, a 6ce ocmaavrvle CURANMUYECKUE C8A3U, BLOOAUWUE 8 HEUPOH U, UMEIOM HYAEBOT
sec;

5) w3 xavicdozo netpona v, npunadaesicausezo My, 6virodum moavko 00na cunanmuye-
CKAA CBA3b € BECOM 1, a4 8CE OCNANDHDBIE CUHANMUNECKUE CBA3U, BLITO0AUUE U3 HETUPOHA VU,
umerom Hyaeeol eec.

Mnooicecmeo Dely(N) 6ydem nasvisams pazdeaumenem emopozo muna cemu N .
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PaccmorpuM yeiioBusg Ha 9UCI0 n U3 oupejenenus 5.2. Yciosue 2) IPOAMKTOBAHO TeM,
qto B MEOKecTBO SAN (K, P) BXOJSIT TOJIBKO HEHPOHHBIE CETH, Y KOTOPBIX BO BXOJHOM CJI0€ K
HeHPOHOB U B BBIXOJIHOM cJioe k HeHpOHOB. YcsioBue 3) MPOJUKTOBAHO TEM, UTO B MHOYKECTBO
SAN(k, P) Bxoudr HeAPOHHBIE CETHU, Y KOTOPBIX YUCJIO CJIOEB cTporo Gosbiie 1. Yejiosus 4)
U 5) 06bsICHSIOTCH OIIPEJIeJIEHIEM CTPYKTYPHOIO 0TOOpaKeHusl f3 pe3yJbTUpPYIOlIeil ceru u3
ompenestenns 4.1.

Bxo2K/IeH1e HEKOTOPOT0 HATYPAJILHOTO YHCJIa Tt B Pa3IeuTe/] b BToporo Tuma cetu N sB-
JIeTcsl HeoOXOAUMBIM YCJIOBUEM JJIsl TOrO, YTOObI HeHpOHHYO ceTh N MOKHO OLLIO pa3buTh
B npoussegenne N = N7 © N, tie n(N7) = n. U3 onpenenennii 4.1, 5.1 u 5.2 BbiTexkaer

Ilpennoxeunmune B5.2. Bunosnsomes caedyrouue ymeeprcoenus:

1) Ecau Dely(N) = &, mo N — npocmoti anemenm epynnouda SAN(k, P).

2) Ecau Dely (N) ¢ Delay(N), mo N — npocmoti anemernm epynnouda SAN(k, P).

3) Cemv N ne asasemca npocmvim aaemernmom epynnouda SAN(k, P) mozda u moav-
K0 moeda, Ko2da pazdesumens Nepeo2o MUNG ABALKELMCA INEMEHMOM PA3OEAUMENS BMOPO2O
muna.

ITycrs II(SAN(k, P)) — MHOXKeCTBO BCeX IIPOCTHIX 3eMeHToB rpynnonga SAN(k, P). To-
[/ U3 [MYHKTa 3) UPEJJIOKEHUst 5.2 BHITEKAET

Ilpennoxeunune 5.3. Cnpasedauso paserncmeo
II(SAN(k, P)) = {N € SAN(k, P) | Del;(N) ¢ Dely(N)}.

Jlewm ™ a 5.1. Jaa xascdozo ssemenma N epynnouda SAN(k, P) evinoanaemcsa
yeaosue |O(N)] < 1.

HdokasareannbctTso BEcm N — npocroit snement rpymmnonga SAN(k, P), o
|©(N)| = 0. B 3TOM Cily4ae HEPABEHCTBO U3 yTBEPZKIECHUs BBIIOJHIETCS.
IIycrs |©(N)| > 0. Torga cymecTByoT ceTr

Nl = (M17"'7Mnai17017flaglall)7 N2 - (M{a"'aMgll;i27027f25927l2)

n3 muOkecTBa SAN(k, P) Takue, aro N' = N7 ® Ns. IIpeanonoxnm, 9To CyIMECTBYIOT CETH
N| u Nj rakue, ato N' = N{ © N3 u (N1,N2) # (N],N3) B aTom cirydae BBIIOJHAIOTCSE
paBEHCTBA

N =N ©No = (Ly(My), ..., Li(My,), Lay(My), ..., Ly (M}), i3, 03, f3, g3, 13) = N © Ny,
KOTOpre BMeCTE C OHpeAeJIeHI/IeM OHpeaLLI/II/I (@) HOKaSI)IBaIOT, 9gTo
N{ - (M1) "',M7L,ii7oi,f{,gll,li)7 N2I = (M{, "',Mé, il27ol27fé,gé,ll2).

U3 onpenenenns onepanun () Ceyer, 9T0 CTPyKTypHBIE oToOpaskenus cetn N cos-
NaJaloT CO CTPYKTYpHbIMU oToOpakenusamu cetu N; mpu i = 1,2. Tlosromy (Np,Na) =
= (N}, NV}), cienoBarenbio, mmeeM mpoTuBopedne, Kotopoe jgaer yciaosue |O(N)| = 1. Jlem-
Ma J0Ka3aHa.

Hasee oy cumposioM (\) OyzeM IIOHUMATH PA3HOCTD JIBYX MHOXKECTB.

Jlemma 5.2. I'pynnoud SAN(k, P) nopootcdaemes c60um MHOHACECTNEOM NPOCTBIL
2NEMEHMOG.
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HokazaTeabcTBo. VCTHHHOCTD 3TOr0 yTBEPKICHUST BHITEKAET U3 CYIECTBOBA~
HUSI TPOIE/LyPhI, KOTOpas 33 KOHEYHOE YUCJIO IIAroB MO3BOJISIET MPEJCTABUTH JIIOOYIO CETh
u3 rpynnonga SAN(k, P) B Buze anrebpandeckoro BbIparKeHUsl, 3aIIUCAHHOTO C MOMOIIBIO
CKOGOK, onepanuu (@) u npocTbix jeMenton rpymunouga SAN(k, P) (nanee sto anrebpaun-
YeCcKoe BbIpazkeHue OyJieM HA3BIBATD PA3Aodicenuem weped npocmoie saemenmat). Ouuiem
YKa3aHHYIO TIPOTIELyPY.

Sran 1. Iycrs N — npoussosbhas cerb u3 SAN(k, P). Ecoim A — npocroit ssiement
IpyNIONia, TO ocTaBJseM ero 6e3 usmenenuil. Eciu N — cerb u3 muoxkecrsa SAN(k, P) \
TI(SAN(k, P)), To njaHHAs CETh PACKJIAJBIBAETCS B IPOU3BE/ICHIE N = N1ONa, e N1, Ny —
noaxosnye ceru (eMHCTBEHHbIE B CUILY JIEMMBbI 5.1) Takue, YT0 BBIIOJIHSIIOTCH HEPABEHCTBA

Oran 2. Eciu obe cern N1, N5 sBISIOTCS TPOCTBIME 3JIeMEHTAMU TPYHIIONIA, TO (BUK-
cupyeM 3710 (T. €. 3aIMCHIBAEM II0JIyY€HHOE BBIpayKeHne). B 9TOM ciiyuae Mbl [OJIy YUIId, 9TO
cerb N mpunayexxur < II(SAN(k, P)) >, cie0BaTebHO, HOJIYIAM DA3JI0KEHHE STOH CeTH
Jepes3 IMPOCThIE JIEMEHTHI.

Oran 3. Ecim omna mimm obe us cereit N1, Na 0KazKyTcs He IPOCTHLIMHU 3JIEMEHTAMH TPyTI-
nouga SAN(k, P), To 6yiem packjaJblBaTh UX B POU3BEIEHUs IOAXOJANIUX cereil (1pu-
MeHsIeM K STHM CEeTsIM IEPBBIi 9Tan mporeypsl). JJaHHBIH IPOLECC MPOIOIKAEM, TOKA He
noJtyuuM pazJozxkenue cetd N tepe3 MpocTble 3JeMeHTHI.

ITocTpoeHHbIH TpoIece 063aTeIBHO IPUBEAET K IOJIyYeHNIO pasiokenusa cern N depes
npocTbie 3eMeHThl. KaxXapiit pa3, Korja Mbl pacKjaaJblBaeM HEKOTOpYIO ceTh A B mpous-
Bezienue noaxonsnmx cereit A}, A4, To qucso cioes B cersx A}, A Gymer cTporo MeHbiie,
4eM uucio cioes B cetu A. ITockonbky st kaxknoii ceru A uz SAN(k, P) uucio cioes n(A)
— koneuHoe uncyo u see cetn T u3 SAN(k, P) ¢ ycaosuem n(7) < 1 ABAAIOTCA IPOCTHIME
3JIEMEHTAMHU, TO 38 KOHEYHOE YHCJIO MAr0B MOXKHO ITOJIYYUTh PA3JIOXKEHHe JI000ii ceTu depes
npocThie 3jeMenTh. Jlemma jokasana.

CBobOozublii rpynnou cJOB B 3aJlaHHOM ajidpaBure. Byaem rosoputs, uro G —
€606001bili 2pyYnNoud €108 cO CBOOOTHON crcTeMoil 06pasytomux X , eCIu JIeMEeHTaMU IPYII-
nouya G ABISIOTCS cjIoBa B asipaBure X, TJE MO CJIOBOM MOHUMAIOT JIOOYI0 KOHEIHYIO
YHOPSIJIOYEHHY IO CUCTEMY JIEMEHTOB 13 X C JIIOOBIMH ITIOBTOPEHUSIMU, IIPUYIEM B 9TO cucTe-
Me 3aJ[aH0 pacipe/iesieHne CKOOOK (KarK/Iblil CAMBOJI CUUTACTCS B3ATHIM B CKOOKH, a 3aTeM
CKOOKH PaCCTaBJIEHbl TAK, YTO KAXKJbIil pa3 IEePEMHOKAIOTCS TOJIBKO J[BE CKOOKH).

B cBoGoiHOM IpyIIIIONIE CI0B JII00ast apa Pa3IMIHbIX CJIOB JAET Iapy Pa3JIMIHbIX dJie-
MEHTOB, & MHOXKECTBO CBOOOJHBIX 00OPA3YIOIINX SIBJISIETCSI MHOYKECTBOM BCEX ITPOCTBIX JJIe-
MEHTOB JIAHHOTO cBOoGoHOrO rpynnona. Hanpumep, ecoim X = {a, b} — cucrema cBoGOAHBIX
00pa3yonux, TO CJI0BA a * b * a,b % b * b He SABIAIOTCH FJIEMEHTAMEI CBOOOIHOTO I'DYIION A
(T. K. HET KOPPEKTHOI paccTaHOBKH CKOOOK), a cioBa (a) * (b * a), (a * b) * (a) sABnsroTCs
aJ1eMeHTaMK CBODOIHOrO rpynionia (KpoMe TOro, JaHHbIEe CJI0Ba PA3JIMIHBL).

Besikuit rpynmon G, KoTopblit n130MOpdeH cBOOOIHOMY I'PYIIOUIY CJIOB, OyIeM HA3bI-
BaThb €60600HbIM 2pynnoudom. Ecim rpynmoms G HOPOXKIAETCS MHOYKECTBOM BCEX CBOUX
IIPOCTBIX JIEMEHTOB M KAaKIbIIl HEIIPOCTOMN JIEMEHT ITOr0 IPYIIION I8 MOKHO TOJIBKO OHIM
c1rrocobOM TIPEJICTABUTh B BHUJE NMPOU3BEIEHUS ABYX JEMEHTOB 3TOrO rpymmonia, to G —
cBoBOAHbII rpynon (B 9TOM cirydae Jioboe 0ToOpayKeHre MHOYKECTBA IIPOCTHIX JJIEMEHTOB
rpynnonga G B rpynnony G npojoszKaeTcs 10 sHgoMopdusMa rpynnonaa G).

Teopewma 5.1. I'pynnoud SAN(k, P) asasemcs c680600HbM 2pynnoudom co
60600101 cucmemot; obpasyrowux II(SAN(k, P)).
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HJoxkasarenbctTso. Bcury emmsl 5.2 Mbl MOKeM cuurarh, uro [I(SAN(k, P)) —
cucrema obpasyronmx rpymmnonna SAN(k, P). Jlemma 5.1 nokasbIBaeT, 9T0 BCSIKHN SJIEMEHT
rpynnonga SAN(k, P) au6o mpocroii sseMeHT, u60 eIMHCTBEHHBIM 00Pa30M PaCKIIabIBa-
€TCS B MIPOU3BEJICHNE 3JIEMEHTOB 9Toro rpynmnonga. CieoBaTelbHo, ABa PA3IUIHBIX CJIOBA
B andasure II(SAN(k, P)) sBisiiorcst pasanaHbIME djeMeHTaMn B rpynnonge SAN(k, P).
Tosromy muoxkecrso II(SAN(k, P)) aBisiercsa ¢cBobGOIHO cucreMoil 06pa3yonmx rpynou-
na SAN(k, P). Teopema nokasaHa.

Buaaromapuoctu. Pabora nomuep:kana KpacHospckuM MaTeMaTHIeCKUM IEHTPOM, (bu-
nancupyembiM Munobpuayku Poccun (Corvamenne 075-02-2024-1429).
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