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Ââåäåíèå
Èííîâàöèîííàÿ òðàíñôîðìàöèÿ áèçíåñ�ïðîöåññîâ ïðîèçâîäñòâåííûõ ïðåäïðèÿòèé ïðåä-

ñòàâëÿåò ñîáîé àêòóàëüíîå è ïðèîðèòåòíîå íàïðàâëåíèå ðàçâèòèÿ íàöèîíàëüíîé ýêîíîìè-
êè.

Îáùàÿ äèíàìèêà ðàçâèòèÿ ëþáîãî ïðåäïðèÿòèÿ îïðåäåëÿåòñÿ äèíàìèêîé ðîñòà îáúå-
ìîâ êàæäîãî ïðîèçâîäñòâåííîãî ôàêòîðà, ó÷àñòâóþùåãî â åãî áèçíåñ�ïðîöåññàõ.

Íà îñîáåííîñòè èçìåíåíèé îáúåìîâ ïðîèçâîäñòâåííûõ ôàêòîðîâ ñóùåñòâåííî âëèÿ-
þò âíåäðÿåìûå â ïðîèçâîäñòâî òåõíîëîãè÷åñêèå èííîâàöèè. Ðåñóðñíûå, öèôðîâûå, ôè-
íàíñîâûå, êàäðîâûå, íàó÷íûå, ïàòåíòíûå è ëèöåíçèîííûå êîìïîíåíòû òåõíîëîãè÷åñêèõ
èííîâàöèé îáðàçóþò èííîâàöèîííûå ïîòåíöèàëû ïðåäïðèÿòèÿ.

Îíè ñîçäàþò òåõíîëîãè÷åñêóþ îñíîâó èííîâàöèîííîé äåÿòåëüíîñòè ïðåäïðèÿòèÿ, âû-
ïóñêàþùåãî íîâûå âèäû ïðîäóêöèè è îñâàèâàþùèå íîâûå ìåòîäû èõ ïðîèçâîäñòâà, è ñó-
ùåñòâåííî âëèÿþò íà ñöåíàðèè åãî äèíàìè÷åñêîãî ðàçâèòèÿ [1�7].

Íà ïðàêòèêå òåõíîëîãè÷åñêèå èííîâàöèè ïðåäïðèÿòèÿ îáåñïå÷èâàþò âíåäðåíèå â ïðî-
èçâîäñòâî êîìïëåêñíîé àâòîìàòèçàöèè òåõíîëîãè÷åñêèõ ïðîöåññîâ ïðîèçâîäñòâà, íîâûõ
ìàòåðèàëîâ, âûñîêîêâàëèôèöèðîâàííîãî ïåðñîíàëà, ðîáîòîòåõíèêè, ìàíèïóëÿòîðîâ, ãèá-
êèõ ïðîèçâîäñòâåííûõ ñèñòåì, ýëåìåíòîâ èñêóññòâåííîãî èíòåëëåêòà, ïðîìûøëåííîãî èí-
òåðíåòà âåùåé, öèôðîâûõ òåõíîëîãèé è ò.ä. [8�18].

Èííîâàöèîííûå ïîòåíöèàëû ïðåäïðèÿòèÿ ìîãóò áûòü ðåàëèçîâàíû ëèáî â âèäå ïðèí-
öèïèàëüíî íîâûõ âûïóñêàåìûõ ïðîäóêòîâ, ëèáî â âèäå íîâîãî áèçíåñ�ïðîöåññà èëè ñïî-
ñîáà ïðîèçâîäñòâà.

Â ïåðâîì ñëó÷àå òåõíîëîãè÷åñêèå èííîâàöèè ÿâëÿþòñÿ ïðîöåññíûìè èííîâàöèÿìè,
âûâîäÿùèìè íà ðûíîê íîâûå òîâàðû.

Âî âòîðîì ñëó÷àå òåõíîëîãè÷åñêèå èííîâàöèè ïðåäñòàâëÿþò ñîáîé ïðîäóêòîâûå èííî-
âàöèè, âíåäðÿþùèå íîâûå èëè çíà÷èòåëüíî óëó÷øåííûå ñïîñîáû ïðîèçâîäñòâà ïðîäóêöèè.

Î÷åâèäíî, ÷òî íà ïðàêòèêå âîçìîæíî ñî÷åòàíèå òàêèõ âàðèàíòîâ ïðèìåíåíèÿ èííî-
âàöèîííîãî ïîòåíöèàëà, ïðè êîòîðûõ ïðîäóêòîâûå èííîâàöèè è ïðîöåññíûå èííîâàöèè
ðåàëèçóþòñÿ îäíîâðåìåííî, ãåíåðèðóÿ è íîâûé ïðîäóêò, è íîâûé ïðîöåññ ïðîèçâîäñòâà.
[19�24].

Ðàçëè÷íûå ñïîñîáû ïðèìåíåíèÿ èííîâàöèîííîãî ïîòåíöèàëà ìîãóò ôîðìèðîâàòü ðàç-
ëè÷íûå ñöåíàðèè ðàçâèòèÿ ïðåäïðèÿòèÿ.

Ïðèìåíåíèå îïðåäåëåííûõ èííîâàöèîííûõ òåõíîëîãèé â ïðîèçâîäñòâå ñïîñîáíî ñóùå-
ñòâåííî ïîâûñèòü âûðó÷êó ïðåäïðèÿòèÿ, âûïóñêàÿ áîëüøåå êîëè÷åñòâî èçäåëèé òîé æå
íîìåíêëàòóðû.

Èñïîëüçóÿ äðóãèå èííîâàöèîííûå òåõíîëîãèè ïðåäïðèÿòèå ìîæåò óâåëè÷èòü ñâîþ âû-
ðó÷êó, âûïóñêàÿ òî æå ÷èñëî èçäåëèé, íî áîëåå âûñîêîãî êà÷åñòâà è áîëåå âûñîêîé öåíå.
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Ìîäåëü âçàèìîäåéñòâèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèîííûõ ïîòåíöèàëîâ . . .

Íàêîíåö, ïðîäâèíóòûå èííîâàöèîííûå òåõíîëîãèè ìîãóò ïîìî÷ü ïðåäïðèÿòèþ ðåøèòü
îäíîâðåìåííî îáå âûøåóêàçàííûå çàäà÷è, è âûïóñêàòü áîëüøåå ÷èñëî íîâûõ êà÷åñòâåííûõ
è áîëåå äîðîãèõ èçäåëèé [25�28].

Òàêèì îáðàçîì, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïîäîáíûõ ñöåíàðèåâ ÿâëÿåòñÿ àêòó-
àëüíîé çàäà÷åé ñîâðåìåííîé ýêîíîìè÷åñêîé òåîðèè, óñïåøíîå ðåøåíèå êîòîðîé ìîæåò ïî-
ìî÷ü ýêîíîìè÷åñêèì ñèñòåìàì è ïðåäïðèÿòèÿì ïðàâèëüíî âûáèðàòü ñâîé èííîâàöèîííûé
âåêòîð ðàçâèòèÿ, ýôôåêòèâíî óïðàâëÿÿ èííîâàöèîííûìè ïðîöåññàìè è èííîâàöèîííûì
ïîòåíöèàëîì.

Öåëüþ ïðåäëàãàåìîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ôîðìèðî-
âàíèÿ è ôóíêöèîíèðîâàíèÿ èííîâàöèîííûõ ïîòåíöèàëîâ è åå ïðèìåíåíèÿ äëÿ ðàçðàáîòêè
ñöåíàðèåâ ðàçâèòèÿ ìíîãîôàêòîðíûõ ïðåäïðèÿòèé.

1. Ïîñòàíîâêà çàäà÷è
Ïóñòü äèíàìèêà âûïóñêà ïðîäóêöèè ïðåäïðèÿòèÿ îáåñïå÷èâàåòñÿ ïðîèçâîëüíûì ÷èñ-

ëîì ïðîèçâîäñòâåííûõ ôàêòîðîâ
(
Q1, Q2, . . . , Qn

)
, ïðåäñòàâëÿþùèèå ñîáîé ôèíàíñîâûå

îáúåìû îñíîâíîãî êàïèòàëà, îáîðîòíîãî êàïèòàëà, îáúåìû òðóäîâûõ ðåñóðñîâ, ìàòåðèà-
ëû, òåõíîëîãèè è ò.ä.

Ïåðåìåííûå âåëè÷èíû ýòèõ îáúåìîâQi = Qi(t), ïðåäïîëàãàþòñÿ íåïðåðûâíûìè, íåïðå-
ðûâíî � äèôôåðåíöèðóåìûìè è îãðàíè÷åííûìè íà èíòåðâàëå (0 ⩽ t < ∞) ôóíêöèÿìè
âðåìåíè t

Q0
i ⩽ Q(t) < Q∞

i , (i = 1, 2, . . . , n) .

Çäåñü Q0
i � çàäàííûå íà÷àëüíûå çíà÷åíèÿ ðåñóðñîâ Qi = Qi(t), Q∞

i = lim
t→∞

Qi(t) � åãî

ïðåäåëüíûå çíà÷åíèÿ, êîòîðûå ïîäëåæàò âû÷èñëåíèþ, åäèíèöåé èçìåðåíèÿ íåïðåðûâíîãî
àðãóìåíòà âðåìåíè t ñëóæèò ñîîòâåòñòâóþùèé îáñòîÿòåëüñòâàì ðûíî÷íûé ïåðèîä (ìåñÿö,
êâàðòàë, ãîä).

Äëÿ óâåëè÷åíèÿ îáúåìîâ âûðó÷êè ïðåäïðèÿòèÿ è äëÿ ïîâûøåíèÿ êà÷åñòâà âûïóñêà-
åìîé èì ïðîäóêöèè íåîáõîäèìî âíåäðåíèå ñîîòâåòñòâóþùèõ èííîâàöèîííûõ òåõíîëîãèé.

Òåõíîëîãèè ñïîñîáñòâóþùèå óâåëè÷åíèþ âûïóñêà ïðåäïðèÿòèåì ïðîäóêöèè è ñîîòâåò-
ñòâóþùèå êàæäîìó îáúåìó ðåñóðñà Qi îáðàçóþò ïðîäóêòîâûå èííîâàöèîííûå ïîòåíöèàëû
Ui.

Òåõíîëîãèè ñïîñîáñòâóþùèå ïîâûøåíèþ êà÷åñòâà âûïóñêàåìîé ïðîäóêöèè V è åãî
öåíû îáðàçóþò ïðîöåññíûé èííîâàöèîííûé ïîòåíöèàë ïðåäïðèÿòèÿ W .

Ôóíêöèè ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèîííûõ ïîòåíöèàëîâ Ui(t) è W (t) ïðåä-
ñòàâëÿþò ñîáîé ñïåöèàëüíûå èíäèêàòîðíûå ôóíêöèè, êîòîðûå ïðèíèìàþò çíà÷åíèÿ îò
íóëÿ äî åäèíèöû, è çàäàþò îñîáåííîñòè âíåäðåíèÿ òåõíîëîãè÷åñêèõ èííîâàöèé â ïðîèç-
âîäñòâî.

Åñëè íà íåêîòîðîì âðåìåííîì èíòåðâàëå ôóíêöèè Ui(t) è W (t) ïðèíèìàþò çíà÷åíèÿ
áëèçêèå ê íóëþ, òî íà ýòîì èíòåðâàëå âíåäðåíèå èííîâàöèîííûõ ïîòåíöèàëîâ U = U(t) è
W = W (t) â ïðîèçâîäñòâåííóþ äåÿòåëüíîñòü ïðåäïðèÿòèÿ ïðàêòè÷åñêè îòñóòñòâóåò.

Åñëè æå íà íåêîòîðîì èíòåðâàëå ôóíêöèè Ui(t) è W (t) ïðèíèìàþò çíà÷åíèÿ áëèç-
êèå ê åäèíèöå, òî íà ýòîì âðåìåííîì èíòåðâàëå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ
òåõíîëîãè÷åñêèõ èííîâàöèé â ïðîèçâîäñòâåííóþ äåÿòåëüíîñòü ïðåäïðèÿòèÿ ïðàêòè÷åñêè
ïîëíîñòüþ çàâåðøåíî.

Âî âðåìåííûõ èíòåðâàëàõ, íà êîòîðûõ ïðîèñõîäèò ñðàâíèòåëüíî èíòåíñèâíîå èçìåíå-
íèå ôóíêöèé Ui(t) è W (t) îò íóëÿ äî åäèíèöû, íàáëþäàåòñÿ ñîîòâåòñòâóþùåå âíåäðåíèå
òåõíîëîãè÷åñêèõ èííîâàöèé â ïðîèçâîäñòâåííóþ äåÿòåëüíîñòü ïðåäïðèÿòèÿ.
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Íà÷àëî, êîíåö è âðåìåííóþ äëèòåëüíîñòü âðåìåííûõ èíòåðâàëîâ ïðîöåññîâ âíåäðåíèÿ
èííîâàöèé îïðåäåëÿþòñÿ ðóêîâîäñòâîì ïðåäïðèÿòèÿ.

Åñëè ïðîöåññû âíåäðåíèÿ òåõíîëîãè÷åñêèõ èííîâàöèé âûïîëíÿþòñÿ ñòðîãî íà çàäàí-
íîì îòðåçêå âðåìåíè, òî â êà÷åñòâå èíäèêàòîðíûõ ôóíêöèé ñëåäóåò âûáðàòü êóñî÷íî-
ëèíåéíûå ôóíêöèè

Ui(t) =



0 ; t < ti − σi

t− ti + σi

2σi

; ti − σi ⩽ t ⩽ ti + σi;

1 ; t > ti + σi,

(1)

è êóñî÷íî-ëèíåéíóþ ôóíêöèþ

W (t) =



0 ; t < tW − σW

t− tW + σW

2σW

; tW − σW ⩽ t ⩽ tW + σW ;

1 ; t > tW + σW .

(2)

Ñëåäóåò îòìåòèòü, ÷òî â öåíòðàõ èíòåðâàëîâ (ti − σi, ti + σi) è (tW − σW , tW + σW )

ôóíêöèè (1) è (2) ïðèíèìàþò çíà÷åíèÿ Ui(ti) = W (tW ) =
1

2
.

Åñëè íà ïðåäïðèÿòèè äî ìîìåíòîâ âðåìåíè ti−σi è tW−σW óæå èìåëè ìåñòî ýëåìåíòû
âíåäðåíèÿ èííîâàöèé, à ïîñëå ìîìåíòîâ âðåìåíè ti + σi è tW + σW åùå îñòàâàëèñü ôðàã-
ìåíòû ïðîèçâîäñòâà íå ïîäâåðæåííûå èííîâàöèÿì, òî â ýòîì ñëó÷àå êà÷åñòâå ôóíêöèé
Ui(t),W (t) öåëåñîîáðàçíî âûáðàòü ëîãèñòè÷åñêèå ôóíêöèè

Ui(t) =

exp

(
2 · t− ti

σi

)
exp

(
2 · t− ti

σi

)
+ 1

, W (t) =

exp

(
2 · t− tW

σW

)
exp

(
2 · t− tW

σW

)
+ 1

, (3)

ÿâëÿþùèåñÿ ðåøåíèÿìè çàäà÷ Êîøè

dUi(t)

dt
=

2

σi

· Ui(t) ·
(
1− Ui(t)

)
,

Ui(ti) =
1

2
,

(i = 1, 2, . . . , n) ,

(4)

è çàäà÷è Êîøè 
dW (t)

dt
=

2

σW

·W (t) ·
(
1−W (t)

)
,

W (tW ) =
1

2
.

(5)
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Íà Ðèñ.1 ïðåäñòàâëåíû ãðàôèêè ôóíêöèé Ui(t) è W (t), ïîñòðîåííûå ïî ôîðìóëàì (3)

Ðèñ. 1: Ãðàôèêè ôóíêöèé Ui(t) è W (t),
ïîñòðîåííûå ïî ôîðìóëàì (3). Ðàñ÷åòíûå
çíà÷åíèÿ: ti = 4; σi = 0, 75; tW = 8; σW =
0, 75.

Fig. 1: Graphs of the functions Ui(t) and
W (t), constructed using the formulas (3).
Calculated values: ti = 4; σi = 0.75; tW = 8;
σW = 0.75.

( )i
UP t ( )UW t

1260
0

0,5

1,0

t

Ïðîèçâîäñòâåííàÿ ôóíêöèÿ îáúåìà âûðó÷êè ïðåäïðèÿòèÿ ìîæåò áûòü îïèñàíà ìëüòè-
ïëèêàòèâíîé ìíîãîôàêòîðíîé ôóíêöèåé Êîááà-Äóãëàñà ñ ïåðåìåííûìè êîýôôèöèåíòàìè

V (t) = P (t) ·
n∏

s=1

Qs(t)
as(t). (6)

Çäåñü 
P (t) = P 0 ·

(
1−W (t)

)
+ P∞ ·W (t),

as(t) = a0s ·
(
1− Ui(t)

)
+ a∞s · Ui(t),

(7)

êîýôôèöèåíòû P0, P∞ � ïðåäñòàâëÿþò ñîáîé íà÷àëüíóþ è ïðåäåëüíóþ ñòîèìîñòè ïðîäóê-
öèè ïðîèçâåäåííîé íà åäèíè÷íûé îáúåì ðåñóðñîâ Qs(t), ïîêàçàòåëè ñòåïåíè a0s, a

∞
s � ïðåä-

ñòàâëÿþò ñîáîé íà÷àëüíûå è ïðåäåëüíûå ýëàñòè÷íîñòè âûïóñêîâ ïðîäóêöèè ïî ðåñóðñàì
Qs(t). Îòíîñèòåëüíî ýòèõ ïàðàìåòðîâ âûïîëíÿþòñÿ î÷åâèäíûå íåðàâåíñòâà

P0 ⩽ P∞,

0 ⩽ a0s ⩽ a∞s ⩽ 1.

2. Ìîäåëü ìíîãîôàêòîðíîãî ïðåäïðèÿòèÿ
Äèíàìèêà ðàçâèòèÿ ðàññìàòðèâàåìîãî ïðåäïðèÿòèÿ îïðåäåëÿåòñÿ ñèñòåìîé óðàâíåíèé

áàëàíñîâ îòíîñèòåëüíî îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà Qi(t).
Ðàññìîòðèì ïðèðàùåíèÿ îáúåìîâ ðåñóðñîâQi(t) íà íåêîòîðîì ìàëîì îòðåçîêå âðåìåíè

[t, t+∆t]
∆Qi = Qi(t+∆t)−Qi(t), (i = 1, 2, . . . , n)

Êàæäîå èç ýòèõ ïðèðàùåíèé ìîæåò áûòü ïðåäñòàâëåíî â âèäå äâóõ ñëàãàåìûõ

∆Qi = ∆QA
i +∆QI

i , (8)
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Çäåñü ∆QA
i � ÷àñòè÷íûå àìîðòèçàöèè îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà Qi(t) çà âðåìÿ

∆t; ∆QI
i � ÷àñòè÷íûå âîññòàíîâëåíèÿ îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà Qi(t) ñ÷åò âíóòðåí-

íèõ èíâåñòèöèé çà âðåìÿ ∆t.
Ïðèðàùåíèÿ ÷àñòè÷íûõ àìîðòèçàöèé îáúåìîâ ∆QA

i çà âðåìÿ ∆t èìåþò âèä

∆QA
i (t) = −λ · Ai ·Qi(t) ·∆t, (9)

Ïðèðàùåíèÿ ÷àñòè÷íûõ âîññòàíîâëåíèé îáúåìîâ ∆QI
i çà âðåìÿ ∆t ìîæíî çàïèñàòü â

âèäå
∆QI

i (t) = λ · Ii(t) ·∆t, (10)

Çäåñü Ai � êîýôôèöèåíòû àìîðòèçàöèè, äîëè âûáûâøèõ çà åäèíèöó âðåìåíè îáúåìîâ
ôàêòîðîâ ïðîèçâîäñòâà Qi(t); Ii(t) � èíâåñòèöèè, âîññòàíàâëèâàþùèå îáúåìû ðåñóðñîâ
Qi(t)

Is(t) = Bi · V (t),

èëè, ñ ó÷åòîì ôîðìóëû (6) äëÿ ïðîèçâîäñòâåííîé ôóíêöèè

Ii(t) = Bi · P (t) ·
n∏

s=1

Qs(t)
as(t), (11)

Çäåñü Bi � íîðìû íàêîïëåíèÿ âíóòðåííèõ èíâåñòèöèé äëÿ ôàêòîðîâ ïðîèçâîäñòâà
Qi(t), λ � ñêîðîñòü ðîñòà îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà Qi(t), çàäàâàåìàÿ â íà÷àëå ïðî-
öåññà ðàçâèòèÿ ïðåäïðèÿòèÿ åãî ðóêîâîäñòâîì.

Ïîäñòàíîâêà ôîðìóë (9) � (11) â óðàâíåíèÿ (8) äàåò

∆Qi = λ ·
(
−Ai Qi(t) +Bi · P (t) ·

n∏
s=1

Qs(t)
as(t)

)
·∆t. (12)

Ïðåäåëüíûé ïåðåõîä â ñîîòíîøåíèÿõ (12) ïðè óñëîâèè ∆t → 0, ïðèâîäèò ê ñèñòåìå
ñâÿçàííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dQi(t)

dt
= λ ·

(
−Ai ·Qi(t) +Bi · P (t) ·

n∏
s=1

Qs(t)
as(t)

)
. (13)

Íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû óðàâíåíèé (13) èìåþò âèä

Qi

∣∣
t=0

= Qi(0) = Q0
i . (14)

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (14) ïîêàçûâàåò, ÷òî ðàññìàòðèâàåìîå ïðîèç-
âîäñòâåííîå ïðåäïðèÿòèå áóäåò èìåòü ïîñòóïàòåëüíîå ðàçâèòèå, äî òåõ ïîð ïîêà îáúåìû
âíóòðåííèõ èíâåñòèöèé â áèçíåñ�ïðîöåññû áóäåò ÷èñëåííî ïðåâîñõîäèòü îáúåìû àìîðòè-
çàöèîííûõ îò÷èñëåíèé. Î÷åâèäíî, ÷òî ïðè ýòîì ïðîèçâîäíûå ôóíêöèé ýòèõ îáúåìîâ áóäóò
ïðèíèìàòü ïîëîæèòåëüíûå çíà÷åíèÿ.

Åñëè ÷èñëåííûå çíà÷åíèÿ îáúåìîâ âíóòðåííèõ èíâåñòèöèé è îáúåìîâ àìîðòèçàöèîí-
íûõ îò÷èñëåíèé ñðàâíÿþòñÿ, òî ïðîèçâîäíûå ôóíêöèé ýòèõ îáúåìîâ áóäóò îáðàùàòüñÿ â
íóëü, è ïðîöåññ ðàçâèòèÿ ïðåäïðèÿòèÿ âûéäåò íà ñâîþ ïðåäåëüíóþ ìîùíîñòü.

Òàêèì îáðàçîì, çíà÷åíèÿ ïðåäåëüíûõ îáúåìîâ ïðîèçâîäñòâåííûõ ôàêòîðîâ Qi(t) è
çíà÷åíèÿ ïðåäåëüíûõ çíà÷åíèé îáúåìîâ èííîâàöèîííûõ ïîòåíöèàëîâ ìîãóò ïîëó÷åíû â
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êà÷åñòâå ðåøåíèé ñèñòåìû óðàâíåíèé

Ai ·Q∞
i = Bi · P∞ ·

n∏
s=1

(
Q∞

s

)a∞s

, ·(i = 1, 2, . . . , n). (15)

Äëÿ ðåøåíèÿ ñèñòåìû (15) ðàçäåëèì ïåðâûå åãî n óðàâíåíèé íà êîýôôèöèåíòû àìîð-
òèçàöèè Ai

Q∞
i =

Bi

Ai

· P ·
n∏

s=1

(
Q∞

s

)a∞s

.

Âîçâåäåì ëåâûå è ïðàâûå ÷àñòè âñåõ ðàâåíñòâ â ñòåïåíè ai(
Q∞

i

)ai

=

(
Bi

Ai

)ai

·
(
P

)ai

·
( n∏

s=1

(
Q∞

s

)a∞s
)ai

, (i = 1, 2, . . . , n).

Ïåðåìíîæèì ïîëó÷åííûå ðàâåíñòâà

n∏
s=1

(
Q∞

s

)as

=

(
P

) n∑
p=1

ap

·
n∏

s=1

(
Bs

As

)as

·
( n∏

s=1

(
Q∞

s

)a∞s
) n∑

p=1
ap

.

Âû÷èñëèì èç ïîëó÷åííîãî ðàâåíñòâà ïðîèçâåäåíèå ôàêòîðîâ ïðîèçâîäñòâà

n∏
s=1

(
Q∞

s

)as

=

((
P

) n∑
p=1

ap

·
n∏

s=1

(
Bs

As

)as
) 1

1−
n∑

p=1

ap
.

(16)

Ïîäñòàâëÿÿ ôîðìóëó (16) â ñèñòåìó óðàâíåíèé (15), îêîí÷àòåëüíî íàõîäèì

Q∞
i =

P∞ ·Bi

Ai

·

((
P∞
) n∑

p=1
ap

·
n∏

s=1

(
Bs

As

)as
) 1

1−
n∑

p=1

ap
.

(17)

Ðàññìîòðèì íåñêîëüêî ÷àñòíûõ âàðèàíòîâ äèíàìèêè ðàçâèòèÿ ïðåäïðèÿòèé.

3. Ìîäåëü îäíîôàêòîðíîãî ïðåäïðèÿòèÿ

Ïóñòü âûïóñê ïðîäóêöèè ïðåäïðèÿòèÿ îáåñïå÷èâàåòñÿ îäíèì ïðîèçâîäñòåííûì ôàê-
òîðîì Q(t) = Q1(t).

Ïðîèçâîäñòâåííàÿ ôóíêöèÿ (6) â òàêîì ñëó÷àå ïðèíèìàåò âèä

V (t) = P (t) ·Q(t)a(t). (18)
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Çäåñü

P (t) = P0 ·
(
1−W (t)

)
+ P∞ ·W (t), a(t) = a0 ·

(
1− U(t)

)
+ a∞ · U(t),

U(t) =

exp

(
2 · t− tU

σU

)
exp

(
2 · t− tU

σU

)
+ 1

, W (t) =

exp

(
2 · t− tW

σW

)
exp

(
2 · t− tW

σW

)
+ 1

,

(19)

êîýôôèöèåíòû P0, P∞ � ïðåäñòàâëÿþò ñîáîé íà÷àëüíóþ è ïðåäåëüíóþ ñòîèìîñòè ïðîäóê-
öèè ïðîèçâåäåííîé íà åäèíè÷íûé îáúåì ðåñóðñà Q(t), ïîêàçàòåëè ñòåïåíè a0 è a∞ � ïðåä-
ñòàâëÿþò ñîáîé íà÷àëüíûå è ïðåäåëüíûå ýëàñòè÷íîñòè âûïóñêîâ ïðîäóêöèè ïî ðåñóðñó
Q(t).

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé áàëàíñîâ (13) äëÿ îäíîôàêòîðíîãî ïðåäïðè-
ÿòèÿ ñâîäèòñÿ ê îäíîìó óðàâíåíèþ

dQ(t)

dt
= λ ·

(
−AQ ·Q(t) +BQ · P (t) ·Q(t)a(t)

)
. (20)

Çäåñü AQ � êîýôôèöèåíò àìîðòèçàöèè, BQ � íîðìà íàêîïëåíèÿ âíóòðåííèõ èíâåñòè-
öèé äëÿ ôàêòîðà ïðîèçâîäñòâà Q(t).

Íà÷àëüíîå óñëîâèå äëÿ óðàâíåíèÿ (20) èìååò âèä

Q
∣∣
t=0

= Q(0) = Q0. (21)

Ôîðìóëû (17) äëÿ çíà÷åíèÿ ïðåäåëüíîãî îáúåìà ïðîèçâîäñòâåííîãî ôàêòîðà Q(t) ïðè-
íèìàþò â äàííîì ñëó÷àå âèä

Q∞ =

(
P∞ ·BQ

AQ

) 1

1− a∞
.

(22)

Î÷åâèäíî, ÷òî çàäà÷ó Êîøè (20), (21) îòíîñèòåëüíî îáúåìà ôàêòîðà ïðîèçâîäñòâà
Q(t) ìîæíî ðåøàòü òîëüêî ÷èñëåííî.

Íà Ðèñ.2 ïðåäñòàâëåíû òðè âàðèàíòà ãðàôèêîâ ôóíêöèé îáúåìîâ ôàêòîðà ïðîèçâîä-
ñòâà Q(t), ïîñòðîåííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíèÿìè çàäà÷è Êîøè (20), (21).

Â ïåðâîì âàðèàíòå âíåäðåíèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà íå ïðîèñõîäèò íà âñåì âðåìåííîì èíòåðâàëå (0 ⩽ t < ∞), ïðè ýòîì ôóíêöèè
ïðîäóêòîâîãî è ïðîöåññíîãî èííîâàöèîííûõ ïîòåíöèàëîâ îáðàùàþòñÿ â íóëü U(t) = 0,
W (t) = 0.

Âî âòîðîì âàðèàíòå âñå ïðîäóêòîâûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóê-
òóðó ïðîèçâîäñòâà âî âðåìåííîì èíòåðâàëå (tU − σU , tU + σU), âñå ïðîöåññíûå òåõíî-
ëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóêòóðó ïðîèçâîäñòâà âî âðåìåííîì èíòåðâàëå
(tW − σW , tW + σW ), à ôóíêöèè U(t) è W (t) îïèñûâàþòñÿ ôîðìóëàìè (19).

Â òðåòüåì âàðèàíòå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó
ïðîèçâîäñòâà âûïîëíÿåòñÿ ñ ñàìîãî íà÷àëà, ïðè ýòîì ôóíêöèè ïðîäóêòîâîãî è ïðîöåññíîãî
èííîâàöèîííûõ ïîòåíöèàëîâ îáðàùàþòñÿ â åäèíèöó U(t) = 1, W (t) = 1.
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Ðèñ. 2: Âàðèàíòû ãðàôèêîâ ôóíêöèé îáú-
åìîâ ôàêòîðà ïðîèçâîäñòâà Q(t), ïîñòðî-
åííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøå-
íèÿìè çàäà÷è Êîøè (20), (21). Øòðèõî-
âàÿ ëèíèÿ ñîîòâåòñòâóåò ïåðâîìó âàðèàí-
òó, ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò âòîðîìó
âàðèàíòó, øòðèõ � ïóíêòèðíàÿ ëèíèÿ ñîîò-
âåòñòâóåò òðåòüåìó âàðèàíòó.

Fig. 2: Variants of graphs of functions of
production factor volumes Q(t), constructed
in accordance with numerical solutions of the
Cauchy problem (20), (21). The dashed line
corresponds to the �rst option, the solid line
corresponds to the second option, and the
dashed line corresponds to the third option.
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Íà Ðèñ.3 ïðåäñòàâëåíû òðè âàðèàíòà ãðàôèêîâ ôóíêöèé îáúåìîâ âûïóñêà ïðîäóêöèè
V (t), ïîñòðîåííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíèÿìè çàäà÷è Êîøè (20), (21) è
ôîðìóëîé (18).

Â ïåðâîì âàðèàíòå âíåäðåíèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà íå ïðîèñõîäèò íà âñåì âðåìåííîì èíòåðâàëå (0 ⩽ t < ∞), ïðè ýòîì ôóíêöèè
ïðîäóêòîâîãî è ïðîöåññíîãî èííîâàöèîííûõ ïîòåíöèàëîâ îáðàùàþòñÿ â íóëü U(t) = 0,
W (t) = 0.

Âî âòîðîì âàðèàíòå âñå ïðîäóêòîâûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóê-
òóðó ïðîèçâîäñòâà âî âðåìåííîì èíòåðâàëå (tU − σU , tU + σU), âñå ïðîöåññíûå òåõíî-
ëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóêòóðó ïðîèçâîäñòâà âî âðåìåííîì èíòåðâàëå
(tW − σW , tW + σW ), à ôóíêöèè U(t) è W (t) îïèñûâàþòñÿ ôîðìóëàìè (19).

Â òðåòüåì âàðèàíòå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó
ïðîèçâîäñòâà âûïîëíÿåòñÿ ñ ñàìîãî íà÷àëà, ïðè ýòîì ôóíêöèè ïðîäóêòîâîãî è ïðîöåññíîãî
èííîâàöèîííûõ ïîòåíöèàëîâ îáðàùàþòñÿ â åäèíèöó U(t) = 1, W (t) = 1.

Ïðè ïîñòðîåíèè ãðàôèêîâ ôóíêöèé íà Ðèñ.2 è Ðèñ.3 áûëè èñïîëüçîâàíû ñëåäóþùèå
ðàñ÷åòíûå çíà÷åíèÿ: 

tU = 4;σU = 1; tW = 8;σW = 1;

P0 = 10;P∞ = 12;

a0 = 0, 4; a∞ = 0, 45;

AQ = 0, 1;BQ = 0, 2;λ = 12.

4. Ìîäåëü äâóõôàêòîðíîãî ïðåäïðèÿòèÿ
Ðàññìîòðèì âàæíûé ÷àñòíûé ñëó÷àé, ïðè êîòîðîì âûïóñê ïðîäóêöèè ïðåäïðèÿòèÿ

îáåñïå÷èâàåòñÿ äâóìÿ ïðîèçâîäñòåííûìè ôàêòîðàìè � êàïèòàëîì K(t) = Q1(t) è òðóäî-
âûìè ðåñóðñàìè L(t) = Q2(t).
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Ðèñ. 3: Âàðèàíòû ãðàôèêîâ ôóíêöèé îáú-
åìîâ âûïóñêà ïðîäóêöèè V (t), ïîñòðîåí-
íûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíè-
ÿìè çàäà÷è Êîøè (20), (21) è ôîðìóëîé
(18). Øòðèõîâàÿ ëèíèÿ ñîîòâåòñòâóåò ïåð-
âîìó âàðèàíòó, ñïëîøíàÿ ëèíèÿ ñîîòâåò-
ñòâóåò âòîðîìó âàðèàíòó, øòðèõ � ïóíêòèð-
íàÿ ëèíèÿ ñîîòâåòñòâóåò òðåòüåìó âàðèàí-
òó.

Fig. 3: Variants of graphs of functions of
production volumes V (t), constructed in
accordance with numerical solutions of the
Cauchy problem (20), (21) and the formula
(18). The dashed line corresponds to the
�rst option, the solid line corresponds to
the second option, and the dashed line
corresponds to the third option.
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Ïðîèçâîäñòâåííàÿ ôóíêöèÿ (6) ïðèíèìàåò âèä

V (t) = P (t) K(t)a(t) L(t)b(t). (23)

Çäåñü

P (t) = P0 ·
(
1−W (t)

)
+ P∞ ·W (t), a(t) = a0 ·

(
1− UK(t)

)
+ a∞ · UK(t),

b(t) = b0 ·
(
1− UL(t)

)
+ b∞ · UL(t), UK(t) =

exp

(
2 · t− tK

σK

)
exp

(
2 · t− tK

σK

)
+ 1

,

UL(t) =

exp

(
2 · t− tL

σL

)
exp

(
2 · t− tL

σL

)
+ 1

, W (t) =

exp

(
2 · t− tW

σW

)
exp

(
2 · t− tW

σW

)
+ 1

,

(24)

êîýôôèöèåíòû P0, P∞ � ïî-ïðåæíåìó ïðåäñòàâëÿþò ñîáîé íà÷àëüíóþ è ïðåäåëüíóþ ñòî-
èìîñòè ïðîäóêöèè ïðîèçâåäåííîé íà åäèíè÷íûé îáúåì ðåñóðñîâ K(t) è L(t), ïîêàçàòåëè
ñòåïåíè a0, b0 è a∞, b∞ � ïðåäñòàâëÿþò ñîáîé íà÷àëüíûå è ïðåäåëüíûå ýëàñòè÷íîñòè âû-
ïóñêîâ ïðîäóêöèè ïî ðåñóðñàì K(t) è L(t).
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Îòíîñèòåëüíî ýòèõ ïàðàìåòðîâ âûïîëíÿþòñÿ î÷åâèäíûå íåðàâåíñòâà
P0 ⩽ P∞,

0 ⩽ a0 ⩽ a∞ ⩽ 1,

0 ⩽ b0 ⩽ b∞ ⩽ 1.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé áàëàíñîâ (13) äëÿ îáúåìîâ ôàêòîðîâ ïðîèç-
âîäñòâà, îïèñûâàþùàÿ äèíàìèêó ðàçâèòèÿ ðàññìàòðèâàåìîãî äâóõôàêòîðíîãî ïðåäïðèÿ-
òèÿ çàïèñûâàåòñÿ â âèäå

dK(t)

dt
= λ ·

(
−AK ·K(t) +BK · P (t) ·K(t)a(t) · L(t)b(t)

)
,

dL(t)

dt
= λ ·

(
−AL · L(t) +BL · P (t) ·K(t)a(t) · L(t)b(t)

)
.

(25)

Çäåñü âåëè÷èíû AK , AL � êîýôôèöèåíòû àìîðòèçàöèè, äîëè âûáûâøèõ çà åäèíèöó
âðåìåíè îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà K(t) è L(t); âåëè÷èíû BK , BL � íîðìû íàêîïëå-
íèÿ âíóòðåííèõ èíâåñòèöèé äëÿ ôàêòîðîâ ïðîèçâîäñòâà K(t) è L(t).

Íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû óðàâíåíèé (20) èìåþò âèä
K

∣∣∣∣
t=0

= K(0) = K0,

L

∣∣∣∣
t=0

= L(0) = L0.

(26)

Ôîðìóëû (17) äëÿ çíà÷åíèé ïðåäåëüíûõ îáúåìîâ ïðîèçâîäñòâåííûõ ôàêòîðîâ K(t) è
L(t) è ïðåäåëüíûõ çíà÷åíèé îáúåìîâ èííîâàöèîííûõ ïîòåíöèàëîâ U(t) èW (t) ïðèíèìàþò
â äàííîì ñëó÷àå âèä

K∞ =

(
P∞ ·

(
BK

AK

)1−b∞

·
(
BL

AL

)b∞
) 1

1− a∞ − b∞
,

L∞ =

(
P∞ ·

(
BK

AK

)a∞

·
(
BL

AL

)1−a∞
) 1

1− a∞ − b∞
.

(27)

Î÷åâèäíî, ÷òî çàäà÷ó Êîøè (25), (26) îòíîñèòåëüíî îáúåìîâ ôàêòîðîâ ïðîèçâîäñòâà
K(t) è L(t) ìîæíî ðåøàòü òîëüêî ÷èñëåííî.

Íà Ðèñ.4 ïðåäñòàâëåíû òðè âàðèàíòà ãðàôèêîâ ôóíêöèé îáúåìîâ ôàêòîðà ïðîèçâîä-
ñòâà K(t), ïîñòðîåííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíèÿìè çàäà÷è Êîøè (25), (26).

Â ïåðâîì âàðèàíòå âíåäðåíèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà íå ïðîèñõîäèò íà âñåì âðåìåííîì èíòåðâàëå (0 ⩽ t < ∞), ïðè ýòîì ôóíêöèè
ïðîäóêòîâûõ èííîâàöèîííûõ ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî ïîòåíöèàëà îá-
ðàùàþòñÿ â íóëü UK(t) = 0, UL(t) = 0, W (t) = 0.
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Âî âòîðîì âàðèàíòå âñå ïðîäóêòîâûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóê-
òóðó ïðîèçâîäñòâà âî âðåìåííûõ èíòåðâàëàõ (tK − σK , tK + σK) è (tL − σL, tL + σL), âñå
ïðîöåññíûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóêòóðó ïðîèçâîäñòâà âî âðåìåí-
íîì èíòåðâàëå (tW −σW , tW +σW ), à ôóíêöèè UK(t), UL(t) èW (t) îïèñûâàþòñÿ ôîðìóëàìè
(24).

Â òðåòüåì âàðèàíòå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà âûïîëíÿåòñÿ ñ ñàìîãî íà÷àëà, ïðè ýòîì ôóíêöèè ïðîäóêòîâûõ èííîâàöèîííûõ
ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî ïîòåíöèàëà îáðàùàþòñÿ â åäèíèöó UK(t) = 1,
UL(t) = 1, W (t) = 1.

Ðèñ. 4: Âàðèàíòû ãðàôèêîâ ôóíêöèé îáú-
åìîâ ôàêòîðà ïðîèçâîäñòâà K(t), ïîñòðî-
åííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøå-
íèÿìè çàäà÷è Êîøè (25), (26). Øòðèõî-
âàÿ ëèíèÿ ñîîòâåòñòâóåò ïåðâîìó âàðèàí-
òó, ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò âòîðîìó
âàðèàíòó, øòðèõ � ïóíêòèðíàÿ ëèíèÿ ñîîò-
âåòñòâóåò òðåòüåìó âàðèàíòó.

Fig. 4: Variants of graphs of functions of
production factor volumes K(t), constructed
in accordance with numerical solutions of the
Cauchy problem (25), (26). The dashed line
corresponds to the �rst option, the solid line
corresponds to the second option, and the
dashed line corresponds to the third option.
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Íà Ðèñ.5 ïðåäñòàâëåíû òðè âàðèàíòà ãðàôèêîâ ôóíêöèé îáúåìîâ ôàêòîðà ïðîèçâîä-
ñòâà L(t), ïîñòðîåííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíèÿìè çàäà÷è Êîøè (25), (26).

Â ïåðâîì âàðèàíòå âíåäðåíèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà íå ïðîèñõîäèò íà âñåì âðåìåííîì èíòåðâàëå (0 ⩽ t < ∞), ïðè ýòîì ôóíêöèè
ïðîäóêòîâûõ èííîâàöèîííûõ ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî ïîòåíöèàëà îá-
ðàùàþòñÿ â íóëü UK(t) = 0, UL(t) = 0, W (t) = 0.

Âî âòîðîì âàðèàíòå âñå ïðîäóêòîâûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóê-
òóðó ïðîèçâîäñòâà âî âðåìåííûõ èíòåðâàëàõ (tK − σK , tK + σK) è (tL − σL, tL + σL), âñå
ïðîöåññíûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóêòóðó ïðîèçâîäñòâà âî âðåìåí-
íîì èíòåðâàëå (tW −σW , tW +σW ), à ôóíêöèè UK(t), UL(t) èW (t) îïèñûâàþòñÿ ôîðìóëàìè
(24).

Â òðåòüåì âàðèàíòå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà âûïîëíÿåòñÿ ñ ñàìîãî íà÷àëà, ïðè ýòîì ôóíêöèè ïðîäóêòîâûõ èííîâàöèîííûõ
ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî ïîòåíöèàëà îáðàùàþòñÿ â åäèíèöó UK(t) = 1,
UL(t) = 1, W (t) = 1.

Íà Ðèñ.6 ïðåäñòàâëåíû òðè âàðèàíòà ãðàôèêîâ ôóíêöèé îáúåìîâ âûïóñêà ïðîäóêöèè
V (t), ïîñòðîåííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíèÿìè çàäà÷è Êîøè (25), (26) è
ôîðìóëîé (23).

Â ïåðâîì âàðèàíòå âíåäðåíèÿ ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà íå ïðîèñõîäèò íà âñåì âðåìåííîì èíòåðâàëå (0 ⩽ t < ∞), ïðè ýòîì ôóíêöèè
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ïðîäóêòîâîãî è ïðîöåññíîãî èííîâàöèîííûõ ïîòåíöèàëîâ îáðàùàþòñÿ â íóëü UK(t) = 0,
UL(t) = 0, W (t) = 0.

Âî âòîðîì âàðèàíòå âñå ïðîäóêòîâûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóê-
òóðó ïðîèçâîäñòâà âî âðåìåííûõ èíòåðâàëàõ (tK − σK , tK + σK) è (tL − σL, tL + σL), âñå
ïðîöåññíûå òåõíîëîãè÷åñêèå èííîâàöèè âíåäðÿþòñÿ â ñòðóêòóðó ïðîèçâîäñòâà âî âðåìåí-
íîì èíòåðâàëå (tW −σW , tW +σW ), à ôóíêöèè UK(t), UL(t) èW (t) îïèñûâàþòñÿ ôîðìóëàìè
(24).

Â òðåòüåì âàðèàíòå âíåäðåíèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèé â ñòðóêòóðó ïðî-
èçâîäñòâà âûïîëíÿåòñÿ ñ ñàìîãî íà÷àëà, ïðè ýòîì ôóíêöèè ïðîäóêòîâûõ èííîâàöèîííûõ
ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî ïîòåíöèàëà îáðàùàþòñÿ â åäèíèöó UK(t) = 1,
UL(t) = 1, W (t) = 1.

Ðèñ. 5: Âàðèàíòû ãðàôèêîâ ôóíêöèé îáú-
åìîâ ôàêòîðà ïðîèçâîäñòâà L(t), ïîñòðî-
åííûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøå-
íèÿìè çàäà÷è Êîøè (25), (26). Øòðèõî-
âàÿ ëèíèÿ ñîîòâåòñòâóåò ïåðâîìó âàðèàíòó,
ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò âòîðîìó âà-
ðèàíòó, øòðèõ-ïóíêòèðíàÿ ëèíèÿ ñîîòâåò-
ñòâóåò òðåòüåìó âàðèàíòó.

Fig. 5: Variants of graphs of functions of
production factor volumes L(t), constructed
in accordance with numerical solutions of the
Cauchy problem (25), (26). The dashed line
corresponds to the �rst option, the solid line
corresponds to the second option, and the
dashed line corresponds to the third option.
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Ðèñ. 6: Âàðèàíòû ãðàôèêîâ ôóíêöèé îáú-
åìîâ âûïóñêà ïðîäóêöèè V (t), ïîñòðîåí-
íûå â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåøåíè-
ÿìè çàäà÷è Êîøè (20), (21) è ôîðìóëîé
(18). Øòðèõîâàÿ ëèíèÿ ñîîòâåòñòâóåò ïåð-
âîìó âàðèàíòó, ñïëîøíàÿ ëèíèÿ ñîîòâåò-
ñòâóåò âòîðîìó âàðèàíòó, øòðèõ-ïóíêòèð-
íàÿ ëèíèÿ ñîîòâåòñòâóåò òðåòüåìó âàðèàí-
òó.

Fig. 6: Variants of graphs of functions of
production volumes V (t), constructed in
accordance with numerical solutions of the
Cauchy problem (20), (21) and the formula
(18). The dashed line corresponds to the
�rst option, the solid line corresponds to
the second option, and the dashed line
corresponds to the third option.
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Ïðè ïîñòðîåíèè ãðàôèêîâ ôóíêöèé íà Ðèñ.5 � Ðèñ.6 áûëè èñïîëüçîâàíû ñëåäóþùèå
ðàñ÷åòíûå çíà÷åíèÿ: 

tU = 3;σU = 0, 25; tW = 9;σW = 0, 25;

λ = 12;P0 = 10;P∞ = 12;

a0 = 0, 2; a∞ = 0, 25; b0 = 0, 15; b∞ = 0, 2;

AK = 0, 1;BK = 0, 2;AL = 0, 1;BL = 0, 15.

Çàêëþ÷åíèå

1. Â ïóáëèêóåìîé ñòàòüå ïðåäëàãàåòñÿ ýêîíîìèêî-ìàòåìàòè÷åñêàÿ ìîäåëü äèíàìèêè
ðàçâèòèÿ ìíîãîôàêòîðíîãî ïðîèçâîäñòâåííîãî ïðåäïðèÿòèÿ, ó÷èòûâàþùàÿ âçàè-
ìîäåéñòâèå ïðîäóêòîâûõ è ïðîöåññíûõ èííîâàöèîííûõ ïîòåíöèàëîâ.

2. Âûïóñê ïðîäóêöèè ðàññìàòðèâàåìîãî ïðåäïðèÿòèÿ îáåñïå÷èâàåòñÿ ïðîèçâîäñòâåí-
íîé ìóëüòèïëèêàòèâíîé ôóíêöèåé Êîááà�Äóãëàñà, ïàðàìåòðû êîòîðîé çàâèñÿò îò
óðîâíåé ïðîäóêòîâûõ èííîâàöèîííûõ ïîòåíöèàëîâ è ïðîöåññíîãî èííîâàöèîííîãî
ïîòåíöèàëà.

3. Óñòàíîâëåíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé áàëàíñà ïðåäïðèÿòèÿ îòíîñè-
òåëüíî îáúåìîâ âñåõ åãî ðåñóðñîâ. Âû÷èñëåíû ïðåäåëüíûå çíà÷åíèÿ îáúåìîâ ðå-
ñóðñîâ ïðåäïðèÿòèÿ è ïðåäåëüíîå çíà÷åíèå îáúåìà âûðó÷êè.

4. Ïîêàçàíî, ÷òî óïðàâëåíèå ïðîöåññàìè ïîýòàïíîãî âíåäðåíèÿ â ïðîèçâîäñòâî òåõíî-
ëîãè÷åñêèõ èííîâàöèé îñóùåñòâëÿåòñÿ ïàðàìåòðàìè ôóíêöèé èííîâàöèîííûõ ïî-
òåíöèàëîâ.

5. ×èñëåííîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçðàáîòàííîé ìîäåëè
ïîçâîëÿåò ïîëó÷èòü äèíàìè÷åñêèå òðàåêòîðèè ðàçâèòèÿ ïðåäïðèÿòèÿ, íà îñíîâå êî-
òîðûõ, óïðàâëÿÿ èíäèêàòîðíûìè ôóíêöèÿìè, ìîæíî ñòðîèòü ðàçëè÷íûå ñöåíàðèè
ðàáîòû ïðåäïðèÿòèÿ.

Êîíêóðèðóþùèå èíòåðåñû: Êîíêóðèðóþùèõ èíòåðåñîâ íåò.
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Abstract

The published article proposes an economic and mathematical model of the dynamics
of development of a multifactor production enterprise, taking into account the interaction
of product and process innovation potentials.

The output of the enterprise under consideration is ensured by the Cobb-Douglas pro-
duction multiplicative function, the parameters of which depend on the levels of product
innovation potential and process innovation potential.

A system of differential equations for the balance of an enterprise has been established
regarding the volumes of all its resources and the volumes of its product and process
innovation potentials.

To manage the processes of gradual introduction of innovative potentials into produc-
tion, special indicator functions are introduced into the system of differential equations of
the model, which determine the time intervals for the deployment of innovative potentials.

The maximum values of the volumes of enterprise resources, the maximum values of
the volumes of innovative potentials and the maximum value of the volume of revenue
have been calculated.

The numerical solution of the system of differential equations of the developed model
makes it possible to obtain dynamic trajectories of enterprise development, on the basis
of which, by controlling indicator functions, it is possible to construct various scenarios
for the operation of the enterprise.

Keywords: volume of output; innovative potential of the enterprise; industrial enterprise;
production function; production resources; mixed technological innovations; factors of
production; depreciation; product technological innovations; process technological inno-
vations; investments.
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