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1. Introduction

The problem of finding solution of nonlinear system
F(x)=0, x=(x},%,x,)T €R", Q)

is often appeared in different fields of science and engineering (see [1-13] and references therein). In
general, the solutions of systems cannot be obtained exactly; therefore, numerous iterative methods
have been developed and are widely used to solve Equation (1). Quite recently, several methods with
vector or scalar coefficients have appeared in the literature [4, 5, 7, 11]. They are distinguished by the
simplicity of the algorithm compared to other well-known methods with matrix coefficients. Methods
with vector coefficients constructed in R" with point-wise multiplication and division of vectors [5,
12]. Let x = (X1, X3, ..., X)L € R™, y = (31, V25 ... » V)T € R™. Then

Xy = (X1Y1, X2Y2, o0 » XnYn)T € RY, (2)
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T
x_ (ﬂﬁi) e R, 3)
y DA ) Yn
A direct consequence of (2), (3) is
X-y=y-Xx, (4)
x2=x-x=3x%...,x3)T, (5)
1=0,1,..., DT (6)

Using (2), (3), (4), (5) and (6) it is easy to show that the following vector expansion holds true

1
1— =1+x+x*+x%..., for|x| =max|x]| <1. (7)
- L

We consider three-step iterations

Vi = X — F' ()" F(xg0)s
Z = $p(Xis Vi) (2ic = Yk — TWF' (i) F () (8)
Xier1 = 2k — cF () T F (2.

Here zj = ¢p,(x, yx) is an iteration of order p > 2 i.e., F(zx) = O(F(x;)P). The following Theorem 1
was proved in [8, 9].

Theorem 1. Suppose that F(x) is sufficiently differentiable in the open convex domain D € R containing
the simple zero x* of (1) and F(x) is continuous and non-singular at x*. Let x, € D be an initial approxi-
mation sufficiently close to x*. Then the local order of convergence of iteration (8) equal to p + 4 if and only
if ay satisfies

ay =1+ 2n + 67, + 3dy + 2073, + 20d 7 + ¢ + O(h*), ©)
where
1 , 1 1 ’ —1m 2
M= SF ()~ F (s, die = —gF'Ca)”F ()
1., ")
Ck = gF () TTFD )&, &= F'Ga) ().

It should be pointed out that in the construction of high-order iterations, in particular, in the proof of
the above mentioned theorem, the following Taylor expansion lemma and permutation properties
[4] of g-derivative of the vector function F(x) were used.

Lemmal. Let F : D C R" — R" be p—times Fréchet differentiable in a open convex set D C R", then for
any x, h € D the following expression holds:

F(x+ k) = F() + F'(0h + %F”(x)fzz + %F”’(x)fﬁ P %F@(x)ﬁp +R,,

where »
—

1 A - — ,
IRpll < = sup [F®(x+ th)||AIP and hP = (h,h, -, h),
P’ o<1
and || - || denotes any norm in R", or a corresponding operator norm.

The g-th derivative of Fatu € R", q¢ > 1, is the g-linear function F¥(u) : R" X ... Xx R* = R" such
that FO(u) (vy, ... ,Ug) ER"
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() FOw) (v, ..., Ug-1-*) € L(R"),

(i) FD(w) (Vo(1ys > Vo(q)) = F@(w) (1, ..., vg), for all permutations o of {1,2, ..., q}.
From the above properties, we can use the following notation:

@@ FOw) (v, ..., Ug) = FDw)uv, ... Ugs

(b) FOwvI—tF® (u)vP = FOu)F® (u)vi+P-1,
For convenience, we also recall the conjecture given by [4].

Conjecture. The order of convergence of any iterative method without memory for solving
nonlinear systems cannot exceed 2K1+%2~1 where k, is the number of evaluation of the Jacobian
matrix and k, is the number of evaluations of the nonlinear function per iteration, and k; < k,. When
the scheme reach this upper bound, we say that it is optimal.

In the second step of iteration (8) we use

2Zi = Vi — &F (1) F (),
with vector parameter

1+ a0y + bo;,

T = =1420; + O(F(x)?), a,b,dER, 10

= @201 O i + O(F(x,)?) (10)
where Fn)
Yk

O = . 11

k= Fo) (11)

In [12], it was proven that p = 4 under choice (10). Using @, = O(F(xy)) and the expansion (7), we
rewrite (10) as

T =14+20;+(22-a)+b—d)60; + (22— a)?

+Q2-a)b-2d)— ad)@i + ... (12)

The optimal fourth-order two-step methods were first proposed in [4, 12]. The purpose of this paper
is to develop families of optimal eighth-order methods based on the optimal fourth-order methods
introduced in [12].

2. Extensions of several iterations to multidimensional case

First, we consider three-step iteration

_ S (xk)
Te= BT P
ZKk =Yk — fk%, (13)
f(zx)

Xk+1 = 2k — “km,

for solving nonlinear scalar equation f(x) = 0. Let the iteration parameter 7 satisfies

O = f)

T = 1420, + O +v63 + O(fH), = )
k k 5k Yk (fk) 00

(14)
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In [8], it was proven that the local order of the iteration (13) is eight if and only if «; satisfies the
condition
f(zx)

FOw)
We now consider a formal extension of the iteration (13) to R” with point-wise multiplication and
division of vectors replacing f(x) by F(x). Then (13) leads to (8). The parameter choices (14) and (15)
lead to

e =1+20+(B+1)02+ (2B +y— 40 + (1 +46;)

+O(fH. (15)

T = 1+2@k+/3@,2{+y@,3{+..., (16)
and
F(zy)
F(y)’

respectively, where Oy, is defined by formula (11). In this connection, the question arises: how is
the local order of iteration (8) preserved or reduced when vector parameters satisfy conditions (16)
and (17)? The formal extension with parameters satisfying (16) and (17) seems to be actual extension
with good convergence properties. Namely, we can state and prove the following result:

e =1420;+(B+1)0; + 2B +7 —4)0; + (1 +46y)

17)

Theorem 2. Suppose that the assumptions of Theorem 1 are satisfied. Then the iterative method (8) has
a eight-order of convergence if and only if the parameters 7, and ay. satisfy (16) and (17), respectively.

Proof. From (10), (12) and (16) it is clear that p = 4 maintained under (16). To prove the theorem
it suffices to show what the conditions (9) and (17) are equivalent. Using Lemma 1 and permutations
properties (i), (ii) one can easily obtain

Fy) c
O = F(x’;) =N +dy + Zk + O(F(x)%), (18)
F(zy) . _
Sk = F(y]t) =1- T + Tz%’?k(ﬂk + 4dk) + O(F(xk)4), (19)
where
ik = F'(xi) ' F' (i) = I — 2 — 3dyc — ¢ + O(F (x,0)*). (20)
Substituting (16), (20) into (19) we obtain
sp=dp+(5—PmE + %" + (14 — 2B)midy + (4 4 28 — ¥)n; + O(F(xp)*). (21)

Further using (18), (21) in (17) we obtain (9) i.e., from (17) we get (9). Analogously, if we take into
account formulas (18) and (21), then (9) immediately leads to (17). O

Remark 1. If we ignore terms with order O(F(x))?) in (17) then the order of convergence of
iteration (8) decreased by unit i.e., the iteration (8) has p + 3 order of convergence if and only
if 7, and ay, satisfy (16) and

o =1+20;+(B+1)0% + Bz + O(F(xy)?),

F)

respectively.
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Since p = 4 under choice (16), the condition (17) guarantees eight-order convergence of iteration
(8). This extension (8) with (16), (17) is scheme with vector coefficients and optimal according to the
conjecture, because of k; = 1, k, = 3. In [2] the authors found that it is better not to use polynomials
as weight functions. Following this idea, we use (10) and rewrite formula (17) in rational function
form as

1-0 )2 no;
o = | —= -k 22
k (1—2@k A CEPACH @2)
where
Ik
1+ —5—
_ F(z) _ F(zy) (1 +aty)

T Fxo T Fo T U tod-so’
8424 —22—a)* - (2—a)b—-2d)+ad

n=2a+d->b, p=
n

So, we obtain a family of optimal eight-order iterations

Yk = X — F'(x) 7 F(xp),
Zk = Yk — TF' () T'F (), (23)
Xiey1 = 2k — aF () T F (),

where 7, and oy are given by (10) and (22) respectively. We consider a simpler case of (23). Let
b = d = 0. Then, equation (23) simplifies to:

Yie = X — F' ()7 F (),

1+ a0,
= Y — — 2k p(x) I
%=V~ T4 (a=2)0; ()™ F(e), (24)
_ 1-— @k 2 zaelzc ’ -1
Xk+1 = 2k ((1 — 2@k> Hy 1+a- 6)@k) F (xk) F(Zk), aeR.

In particular, when a = 0 the iteration (24) leads to one, which are called the extension of Sharma’s
method [6]. In [2], Chun and Neta conducted a comparative analysis of well-known eighth-order
optimal methods based on the average number of iterations and CPU time. They found that WL
[13], Sharma [6] and CL [3] methods are best one. In principle, one can formulate the extension of
any eight-order method to a multidimensional case replacing f(x), f(3), f(2), fluk, vx] by F(x), F(y),
F(z), Fluy, vy ] respectively.

In construction of extension often used formulas

_ Fu) = Fw)

Pl = == (25)
and
F[xy, yr] = F'(x)A — Oy), (26)
Flye s = F (50 %, @)
Flxezd = Fo) =t 4= 1@ _g g (28)

1+fk@k’ L F(xy)
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that followed by (8). So, we restrict here only extensions of the WL [13], SS [6], CL [3], BRW [13]
methods. First we note that when a = b = d = 0 the iteration (23) includes an extension of Sharma et
al. [6] to multidimensional case as a particular case.

1. Now we consider the iteration (8) with parameters %, a; given by (10) and

= F(x) S ) (29)
Fyi zie] + 2 (Flxp, 2] = Flye xi]) + e (Flyi xi] = F'(x1)
Using formulas (25), (26), (27) and (28) and expansion (7) one can rewrite (29) as
ar =T (1 + O + (2B — 6)O3 + (1 + 20))sk) + O(F (xx)*). (30)

If we take into account (16), then (30) leads to (17). Then by Theorem 2 the iteration (8) with
parameter 7, a; given by (10) and (29) is optimal eight-order convergence. Thus, we obtain a wide
class of optimal eight-order methods.

Note that the formula (29) is the extension formula (3.63) given by [9, 10] to multidimensional case.
When a =b =d = 0in (10), 7, becomes as

B = 1—;2@ (31)
The iteration (8) with 7, and oy given by (31) and (29) is extension of WL method [13]. In [10] was
given extension of some classes of optimal three-point iterations for solving nonlinear equations,
that works well for any choice of parameter 7 satisfying the condition (14). According to Theorem 2,
these extensions suggested in [10] are immediately extended to multidimensional case.
2. For example, we consider the iteration (8) parameters 7 satisfying (10) and a; given by

F'(xx)

Zx — Yk , ’
k= xp (Flz» xk) — F'(xy))

ar = (1+ 2t —2(2a + 1)63) (32)

Flz, y] +

As before, it is easy to show that «; given by (32) satisfies the condition (17). So by Theorem
2 the iteration (8) with parameters given by (10), (32) has a eight-order convergence. Note that
a formula (32) is a multidimensional extension of optimal modification (23) in [10]. When a = —% the
iteration(8) with parameters %, a; given by (10), (32) is considered as multidimensional extension of
BRW method [1]. Our finding and generalization show that, in particular, BRW [1] is optimal not only
fora = —%, but also it is optimal for any a. So we call the methods (8) with (10), (32) multidimensional
extension of the optimal modification of BRW methods.
3. Now we consider the iteration (8) with parameters 7, satisfying the condition (16) and «; given by

. F'(x) [1+AOy + BOE + CO} + (8 + A0y )s |
k w Fxy, zi] + woF [z, yic] + wsFxp, yi ]

(33)

where w; +w, +w; = 1and A, B, C, &, A are free parameters to be determined properly. As before, it is
easy to show that the iteration (8) with 7, a given by (10) and (33) is optimal eight-order convergence
when

A=8=1-w,, B=F-2)0-wy)+1-w, A=3—w —w,
C=7(1_C02)+B~(1+C02—CU1)+C01—CUZ—S.
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Table 1
Class of optimal eight-order iterations (33)

0 1 0
1 0 0
0 0 1
-1 2 0
1 1 -1
-1 1 1

Thus, we have a wide class of optimal eight-order iterations (8), (10) and (33) containing five free
parameters a, b, d and w;, w,. The formula (33) is an extension of formula (11) in the paper [10] to
the multidimensional case. The interesting and easy cases of (33) are in Table 1.

This family of methods (8), (10), (33) contains many multidimensional extensions of well-known
eight-order methods for solving nonlinear equations (See [9, 10] and references therein).

4. Now we will derive an extension of CL method [3]. To do this we consider the weight function a;, as

1

ay = > (34)
(1= H(0y) — J(tx) — P(sy))
where the weight functions should satisfy the following conditions to guarantee eight order:
H(O0)=0, H'(0)=1, H'(0)=f-2 H"(0)=3y—-p-2), (35)
JO)=0, J(O)=1/2, P(0)=0, P'(0)=1/2, (36)

where 8 and y are constants in (16). These functions satisfying the conditions (35), (36) are given by

1 7% 1 Sk @k 2+ (3 - 453)@k
JG) =7 PGp)=s7—c—, HO)=—= )
(%) 21+ 8,1 (%) 21+ 6,5 ©1) =3 1+ (1—28,)0 + 8,02
Where 61, 52, 53 € R.
If we choose 7 as
. 1 _ —4;
=Ty (B =3, y=4in(16)), (37)

then the iteration (8) with %, ay given by (37) and (34) is extension of CL methods [3].

3. Transition to schemes with scalar coefficients

The eighth-order family of iterations (8) with parameters 7, and «. satisfying condition (16) and (17)
is scheme with vector coefficients. Now we will show that it is possible transition from scheme with
vector coefficients to scheme with scalar coefficients. Indeed, using (16) one can obtain

BF () = (1 + BODF() + (26§ + yOR)F (x). (38)
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Analogously, using (17) and the following

_F@w o _Fle) o Fzd)
KT F(x) KT FOo)T KR T Flxg)

we get
aiF(zy) = F(zi) + (s; + (B + DOkt )F (i) + (204t + (2B + v — )0ty + 45307 )F (xp). (39)

Using transition rules [11] (replacing the pointwise multiplication by dotted product)

_ F(zi)F(yr) _ (F(z), F(y))
Ot = "Faor T TFGR
> (Fzp)\ CIF@R _FOOIP
2= (Fg) == frgp O = %= frogp (40)
IF@P

5202 < &, = ufr 1=1,

PGP’
in (38) and (39) the iterations (8) can be rewritten as follows:
Vi = X = F' ()7 F (),
2 = Y — F'(0) (1 + Bud Fri) + (2o + yup)F (i), (41)
Xip1 = 2k = F' ()7 (F(21) + (B + (B + D) F(yie) + Qatye + (2B + ¥ — Hugay + 46,)F (xy.)).-

Thus, we obtain first a family of optimal eighth-order iterations (41) with scalar coefficients. The
conversation of iterations (41) to (8) with vector coefficients (38) and (39) is obvious by virtue of rules
(40). When 8 = 1 and y = 0, the iteration (41) reduces to the method obtained by Cordero et al. in [14]
as a particular case.

4. Computational efficiency

The computational efficiency index of an iterative method for solving a nonlinear system is defined
1

by CI = pc, where p is the order of convergence and C is the computational cost of each method.
We will examine the computational efficiency of the proposed methods and compare it with that of
the methods introduced in [14-16]. To compute the function F and its derivative F’ in any iterative
method, we evaluate n and n? scalar functions, respectively. In addition, we must account for the
number of operations shown in Table 2.

Asshownin Fig. 1 and Table 3, the method ESS8 and method (41) demonstrate higher computational
efficiency than the other methods considered.

5. Numerical Experiments

To validate the theoretical results concerning the convergence behavior and computational efficiency
of the proposed methods, we present several numerical experiments and compare their performance
with existing methods of the same order. The experiments were made with an Intel Core processor
15-4590, with a CPU of 3.30 GHz and 4096 MB of RAM memory. All computations are performed
in the programming package Mathematica 14 using multiple-precision arithmetics. We have used
1000-digit floating-point arithmetic to minimize round-off errors as much as possible. The iterative
process is terminated when the following stopping criterion is satisfied:

Ixie41 = xicll + IFGeey Il < 2070
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Table 2
Computational cost of different operations
Computational cost
" 1
LU decomposition g(n3 —n)
Solution of two triangular systems n?
Matrix-matrix multiplication n’
Scalar-vector multiplication n
Component-wise multiplication (division) of vectors n
Table 3

Comparison of computational efficiency

Neo methods 0 C; cI
1 (8),(10),(22) 8 (= §n3 +4n2 + ?n gl/C
2 (8),(10),(29) 8 GC= §n3 +4n? + %n gl/Cs
3 (8),(10),(32) 8 Cy=-md+4n’+ ?n gl/Cs
4 (8),(10),(33) 8 (4= %ns +an? 4+ %n g1/Cs
5 (8),(10),(34) 8 Cy=-md+4n’+ %n g1/Cs
6 (41) 8 Co=-:nd+4n’+ ?n g1/Cs
7 NLM8 8 Cr= n+13n2+3n  8VC
8 ZCos 8 G= §n3 +11n% + ?n 81/Cs

The results of the numerical experiments are presented in Tables 4-7. These tables include the
number of iterations k, the elapsed CPU time, the absolute error between consecutive iterates
|k 1—xk]l, the absolute residual error || f (xx,,)| of the corresponding function, and the computational
order of convergence p.,. Here, the computational order of convergence p,, is calculated using the

formula
oo = In(IFGac DIVIFGID
In(JIF G I/IF Gere—1)ID
For the purpose of comparison, our analysis includes the methods proposed in [14-16]. For
convenience, we will use the following abbreviations for the methods throughout the remainder of
this paper.
ESS8: Method (8) with (10) and (22),a=0,b=d =0,a =
EWLS: Method (8) with (10) and (29),a =0,b =d = 0.
- EBRWS8: Method (8) with (10) and (32), =0,b=d
EZO08: Method (8) with (10) and (33),a =0, b
ECLS8: Method (8) with (10) and (34),a =d =

e

= = 0.
=d=0,w w3=0,w2
0,d=1,6, =
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Computational Efficiency Index

T IEanas

ESS8
Method(44)

1002 - NLM8 ]
00 ZCOo8

1.0015 - 1

1.001 [ J

1.0005 J

L L !

20 30 40 50 60 70 80 90

Figure 1. Computational Efficiency Index for n = 10 to 100 (logarithmic scale)

- NOMS: Method (41) withf =y = 0.

- CTTS: Cordero et al. method (2025).
- NLMS8: Sharma et al. method (2017).
- ZCO08: Zhanlav et al. method (2020).

Example 1. We begin with the following system of n equations:

n

with n = 50. The initial approximation is chosen as x, = (0.5,0.5, ...,0.5)7.
Example 2. Our second example is given by the following system of nonlinear equations:
XiXjyp —e ¥ —eNi+1 =0, 1<i<n-1,
XpXy —eXn —e™¥1 =0,
where n = 75. The initial approximation used in all the methods is x5 = (1.2,1.2,1.2,1.2,...,1.2,1.2)".

Example 3. We consider the system of trigonometric equations:
n
X; — cos(le- - Z xj) =0, i=12,..,n,
=1

with n = 100. The exact solution is x* = {0.2062,0.2062 ..., 0.2062}T. To approximate this solution, we
choose the initial vector x, = {0.3,0.3, ...,0.3}T.
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Table 4
Results Example 1
Method CPUTime Iterations %41 — Xkl 1E )l ACOC
ESS8 0.312 3 8.3528 x 10711 2.8275 x 1078% 8.00
EWLS 0.344 3 2.0945 x 10710 5,0227 x 10782 8.00
EBRWS  0.329 3 1.4007 x 107110 3,5560 x 10789 8.00
EZ08 0.328 3 8.5898 x 10711 1.9078 x 107893 8.00
ECLS8 0.312 3 9.2848 x 107197 1.8216 x 107862 8.00
NOMS  0.329 3 2.7848 x 107198 7.3470 x 10787 8.00
CTTS 0.328 3 3.7717 x 107108 1.0796 x 107873 8.00
NLMS8 1.625 3 1.4001 x 10712*  6.9822 x 10722 8.00
ZCO08 1.812 3 4.7542 x 107125 7.1425 x 1079%° 8.00
Table 5
Results Example 2
Method CPUTime Iterations 1xrs1 — Xkl IE (Dl ACOC
ESS8 0.93 3 7.1752 x 10781 1.1021 x 107654 8.00
EWLS 0.109 3 1.4674 x 10782 1.7636 x 107068 8.00
EBRWS  0.94 3 4.6937 x 1077 1.7645 x 107>% 8.00
EZ08 0.95 3 1.4790 x 10~78  3.1931 x 107636 8.00
ECLS 0.94 3 9.3866 X 107%°  6.8655 x 107°°° 8.00
NOMS8  0.78 3 7.8886 X 10757 3.4590 x 10748 8.00
CTTS 0.94 3 7.7321 X 107°  1.5257 x 107474 8.00
NLMS8 1.375 3 1.4355 x 107%*  9.4181 x 10740 8.00
ZCO08 1.102 3 2312 x107°0  1.7645 x 107>38 8.00

Example 4. Finally, we analyze the performance of the methods on a large-scale nonlinear system:

2 -
XX —1=0,

x2x; —1=0,

1<i<n-1,

with n = 1000. The exact solutionis x* = (1,1, ...,1)T and x, = (1.25,1.25, ..., 1.25)! is the initial vector

used.

The results obtained from our experiments provide complete support for the convergence theory
presented in Sections 2 and 3. Additionally, the methods listed above were compared in terms of CPU
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Results Example 3

Method CPUTime Iterations 1xks1 — Xkl 1ECerepn)ll ACOC
ESS8 6.594 3 1.2652 x 10747 3.0069 x 10~37° 8.00
EWLS 6.688 3 7.9068 x 107*  1.1668 x 10737° 8.00
EBRWS  6.672 3 1.8246 X 1074 5.5836 x 1073 8.00
EZ08 6.657 3 2.3788 X 107%%  5.4431 x 107376 8.00
ECL8 6.594 3 6.3970 X 107% 51656 x 107368 8.00
NOMS8  6.687 3 1.1417 x 10738 1.6423 x 107273 8.00
CTTS 6.634 3 3.9494 x 1073 2.8353 x 107277 8.00
NLMS 21.092 3 1.0486 x 10742 2.4170 x 107330 8.00
ZCO08 19.304 3 4.5715x 10740 3.1475 x 107328 8.00
Results Example 4
Method CPUTime Iterations 1%ks1 — Xkl 1EGerepn)ll ACOC
ESS8 27.969 3 1.1391 x 10741 2.9879 x 107338 8.00
EWLS 28.453 3 7.4365 X 107+ 3.9437 x 107364 8.00
EBRWS  37.765 3 3.4087 x 10738 8.8383 x 107310 8.00
EZ08 28.375 3 1.1741 x 10738 1.2945 x 107313 8.00
ECLS8 28.625 3 2.1198 x 1073 5.0136 x 107320 8.00
NOMS8  28.766 3 3.6141 x 10731 4.9968 x 107271 8.00
CTTS 28.984 3 2.8237 x 10732 4.2326 x 107272 8.00
NLM8  633.995 3 1.1622 x 10733 2.3326 x 107277 7.99
ZCO08 629.449 3 7.2358 x 10732 1.5687 x 107272 7.99

Table 6

Table 7

time. As shown in Tables 4-7, the proposed method ESS8 demonstrates superior speed compared to
the other methods. It is worth noting that iteration (8) with a = 2, b = d = 0 yields similar results in
the same experiments. Finally, based on our experimental results, we conclude that methods with
vector and scalar coefficients require less CPU time than other well-known methods with matrix

coefficients.

Conclusions

The main contributions of this paper are as follows:
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- Investigation in R" with point-wise multiplication and division not only allows us to derive simple
schemes but also to design extensions of many eighth-order iterations to multidimensional
case.

- These extensions maintained the optimality properties of the original methods.

- We propose first wide class of optimal eighth-order iterative methods with vector and scalar
coefficients for solving systems of nonlinear equations.

- Asawhole, the results obtained in this paper, can be considered as new achievement in iteration
theory.

In conclusion, the proposed methods fulfill the fundamental criteria of high-quality algorithms: low
computational cost, minimal execution time, and a simple structure.
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OnTuManbHble TPEXLWIAroBble UTepaLMOHHbIE MeTopAbl
BOCbMOTrO NopsigKa A1 peLleHus CUCTEM HeJIMHEUHbIX
ypaBHeHUMn

T. XKaHnas2, X. OTroHgopx>

L NHcTTYT MaTeMaTuKM 1 nHBOPMaLMOHHBIX TeXHONOrMiA, MoHronbckas Akagemus Hayk, YnaH-batop, 13330,
MoHronus

2 dakynbTeT MpuknaaHbix Hayk, MOHronbcknii focyaapcTBeHHbIN YansepcuteT Haykm n TexHonoruu,
Ynan-batop, 14191, MoHronus

AHHOTaums. B JaHHOI cTaThe MBI BIIEPBBIE IIpe/iylaraeM paclIiipeHre ONTHMAIbHBIX METOJ0B BOCBMOTO II0-
PAOKa Ha MHOTOMEPHBIH ciydaii. IIokazaHO, YTO 3TU paCIIUPEeHUS COXPAaHUIN CBOMCTBA ONTUMAIbHOCTH
HICXO/JJHBIX METOZ0B. BrruncauTenbHas 3bdeKTUBHOCTD Ipe/TaraeMbIx MeTOJ,0B CDAaBHIBAETCA C U3BECTHBIMU
MeTtogamu. IIpoBoguTCsl cCpaBHEHUE C APYTUMU MeToAaMHu. JIJ19 MOoATBEPXK/IeHUS TeOPeTUYeCKUX Pe3yIbTaToB
1 3 PeKTUBHOCTU METOAOB BKIIOUEHBI YUCTI€HHbIe 3KCIIEPUMEHTHI.

KnioueBble cnoBa: MeTObI HBIOTOHOBCKOI'O THUIIA, CUCTEMbL HeJTUHEeNHBIX ypaBHeHHﬁ, IIOPAAOK CXOAUMOCTH,
OIITHMAJIbHOCTD 1 PaCIIMpEeHNe METOA0B, UHIEKC 3¢)¢)6KTI/IBHOCTI/I



