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B paboTte u3yuaioTcs Moayrnpou3BeaeHUs U MPOU3BENeHUS MTPOMO3UIIMOHAIbHBIX MOAAJIBHBIX JIOTHK C S5
U MIX CBSI3b C MPEANKATHBIMU MOAQIBHBIMHM JIOTUKaMHU. [IpUBOASTCS TTPUMEPHI MPOTO3UITMOHATBLHBIX MO-
NAJIbHBIX JIOTUK, TTOJYTTPOM3BEIeHUsI Y TPOU3BEIEHUS KOTOPBIX C S5 aKCHMOMaTU3UPYIOTCSI MUHUMATbHBIM
06pa3oM (T.e. 3T JIOTMKHU COMIACOBAHBI C S5 MO MOJYNPOU3BEACHHIO U TI0 ITPOU3BEICHUIO), a TAKXKe TIPU-
MepBbI JIOTUK, He 00J1afalolnX 9TUMU cBoiicTBaMu. OUHUTHASI alllIPOKCUMUPYEMOCTh U COIIAaCOBAHHOCTh
I10 TIOJIYTIPOM3BEIEHUIO C S5 006€CITeYnBalOT pa3pelIMMOCTh COOTBETCTBYIOIIMX IMPEeIUKATHBIX MOIATbHBIX

JIOT'MK.
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1. BBEAEHHE

B pabote paccMaTpuBaloTcs IBa TUIIA TTOJIUMO-
JaJIbHBIX JIOTHK: MOJYIPOU3BEACHUS U IIPOU3BEIE-
Hus. [1pousBenenust Bo3HUKIM B 1970-x rT. [1, 2] ms
dopmanuzaluu paccyXaeHui ¢ HeCKOJbKMMU He3a-
BUCUMBIMU MOIalIbHOCTSIMU. BcecTopoHHee mccie-
JIOBaHUE MOJYITPOU3BEACHWI M TPOU3BEACHUIT OBLIO
MPEaNpUHATO B [3]; naibHelIne pe3yabTaThl TpUBe-
JIeHEI B [4].

o cux rop usydyeHue MoJiylpous3BecHUI oTCTa-
BaJio OT U3y4deHUsl NpousBeaecHUit. Hanmpumep, 06-
1ast reopemMa 006 aKCMoMaTU3alluK MOJIYIIPOU3Bee-
Huii [3, Teopema 9.10] HamHoOTO c1abee aHATOTUYHO
TeopeMbl O mpousBeleHudx [3, Teopema 5.9]. Bo
MHOTHX CJIydyasiX CBOMCTBA IOJYNPOU3BEACHUN HE-
WU3BECTHBI.

B Hacrosiieit paboTe u3ydyaroTcsl MOJYIpor3Be-
JIEeHUsI U IpousBedeHus ¢ JioTukoil S5. MHTepec K
HUM OOBSICHSIETCSI aHAJIOTHEN C MOJAJIbHBIMU TP -
KaTHBLIMU JiorukaMmu, 3aMedeHHoi K. @uirep-Cep-
BU [5]. OHa 00600I111aeT MHTEpIpeTaluio S5 B Buie
KJIaCCUYECKOM JIOTUKM MPEIruKaTOB C OJHOM mepe-
MEHHOI, IpemioxeHHylo M. Baiicoeprom (cM. [3,
pazaen 1.3]).

' Mamemamuueckuii uncmumym um. B.A. Cmexaosa
Poccuiickoii akademuu nayx, Mockea, Poccus

28chool of Computer Science and Applied Mathematics,
University of the Witwatersrand, Johannesburg, South Africa

*E-mail: vshehtman@gmail.com

Jl1s1 ucciienoBaHuUS MOJIYIIPOU3BEICHUIA U IIPOU3-
BEICHUII M COOTBETCTBYIOIIMX ITPEIUKATHBIX MO-
JaJbHBIX JIOTUK IIpeajaraeTcs Kiaccudukarlus mpo-
MO3UILIMOHAJILHBIX MONAJbHBIX JIOTMK II0 4 THUIIaM;
MPUBOIATCS IIPUMEPDI JIOTUK PA3JIAYHbBIX TUIIOB.

B yacTHOCTM, M3y4YarOTCs TOTMKM KOHEYHOM IIy-
OuHbI (B TepMHHOJIOTUU [6]), C HOOIOJHUTEILHON
“aKCMoOMOll TYyCTOTBI”, COOTBETCTBYIOIIECH XOPHOBY
YCJIOBUIO

Vx,y,2,t(xRy A xRz A yRt — ZRY).

Joxa3bIBaeTcsl, UTO MOJTYIPOU3BEIECHUS U TIPOU3-
BEJICHUSI 3TUX JIOTUK C S5 aKCMOMaTHU3UPYIOTCS MU-
HUMaJIbHBIM 00pa3oM M paspeliumbl. bosee Toro,
OHM (PMHUTHO aIMNpPOKCUMUPYEMEBI (IIOJIY)IIpOU3BE-
neHnsMu. OTcroga CiIenyoT pa3pelinMOCTh U Pu-
HUTHasl aNImpoOKCUMUPYEMOCTh COOTBETCTBYIOIINX
MpPeAUKATHBIX MOAATbHBIX JTOTUK.

2. TIPEABAPUTEJIILHBIE CBEJEHW
2.1. Ilpono3uyuonanvHble MoOanbHblE N0SUKU
N-MopajibHbIe IIPONO3ULIMOHAJIbHEIE (OPMYIIbI
CTPOSITCSI M3 CYETHOTO MHOXECTBA IIPOMNO3UIINO-
HaJIBHBIX OykB PL = {p, p,, p3,...}, KOHCTaHTBI L,
CBSI3KM —>, U YHAPHBIX MoajibHOCTel [, ..., [ly; B
naHHoI pabote N € {1,2}.
M&br ucnonb3dyeM p,q,r,... KAk UMEeHa MPOTIO3U-

LUOHABHBIX OYKB U A, B,C,... KaKk uMeHa hopMmyi;
TaKKe WCIOIb3yeM CTAaHIAPTHBIE COKpalleHus 1,



100 HTEXTMAH, IIKATOB

—A, ANB, Av B, A < B, 0,A u utepupoBaHHbIe

MopanbHocTh [, O7. MoaaibHOCTh 1-MOIAIBHOIO
s13pIKa 0003HavaeTcs [.

®dopmyrna, copepxalias MPOITO3UITMOHATbHbBIC
OyKBbI M3 MHOXeECTBa {p,, p,..., Py}, Ha3bIBAETCS
k-ghopmynoii. 0-cdopmyrbl (T.e. GOpMyJibl 6€3 MPOIIO-
3ULIMOHAIbHBIX OYKB) HAa3bIBAIOTCS 3AMKHYMbIMU.

N-M00anbHOU NPONO3UUUOHANBHOU N0SUKOL HA3bI-
BaeTcsl MHOXECTBO N-MoaaibHbIX (OpMys, coaep-
Kaiiee OyyleBbl  TaBTOJOTMM, (OpMyJibl  BUIA
U(p = q) = (d;p —U;q) u 3aMKHYTO€ OTHOCUTEb-
HO NpaBWJI NoACTaHOBKU, Modus ponens, u jo6aBJie-
Hus [, HaumeHnbmas takast joruka o0603HadaeTcst
Ky K:=K,.

st MomanbHOM 10Tk A 1 ¢opMyabl A, A - A
o3HauaeT A€ A. HaumeHsbliasi joruka, comuepxka-
111251 JIOTUKY A U MHOXeCTBO (hopmyJ I, o603HayaeT-
ca A+T; noa dopmynsl A nuiieM A + A BMECTO
A+ {A}.

Coedunenuem A, * A, 1-MOJANBHBIX JIOTUK A, U

1 1
A, naspiBaercs joruka K, + A, U A5, rie A5 moty-

yaeTcs U3 A, 3ameHoi BxoxneHui [, Ha [,.

\% 08¢ HCITOJIB3YEM CTaHOApPTHBLIC OIIPEACICHUA U3
CCMAaHTUKHN KpI/IHKC. N-wrxasra — 310 KOPTEXK BHIA

F=W,R,..,Ry), ne W3, u R,....Ry cW"
(anneMeHTH W HasbIBawoTcst moukamu). Modeav Kpun-
ke Had F — 510 mapa Buma M = (F,0), rne

w
0: PL — 2" . OTHOLIIEHUE UCTUHHOCTU MEXIY TOU-
KamMu mopenn M wu N-mopadbHbIMU (opmMmyiaamMu
OIpeAesieTCs M0 PEKYPCUM; B YACTHOCTH,

o M,wk p,ecniuwe 6(p,);

e M, wELA,
w'e R(w).

Dopmyna A (tnodbanbHO) ucmunua 6 M (M E A)
eciu M,w E A, nns1 Kaxnou we W . A obuesnauuma
6 F (FF A)ecim M F A nnsa kaxmoiit Monenu M Han,
F.

Ecnu I' — MmHOXecTBO hopmyi, To V(I') ob603Ha-
YaeT KJIacc IIKaj, Te o0IIe3HaYnMBI Bce (hOPMYITBI
u3 I'; nnsg dopmynsl A nonaraeM V(A) := V({4}).
Eciu A—inoruka, To mkaiasl 13 V(A) Ha3bIBaloTCH
A-wkanramu.

eciu M,w'E A nmisg Bcex

ITo Teopeme koppektHoctu V(I') = V(K, +1).
Takxke, ecnmu F — mikana, 1o L(F) := {A|F F A} —
MofanbHas Joruka. s kimacca N -mkan € nmeem
noruky L(€) := ﬂ{L(F )|F € 6}, xoTopast 3adaemcs
Kaaccom 6.

Jloruka noana no Kpunke, eciiv oHa 3amaeTcs Ka-
KUM-HUOyIb KiaaccoM Iukan. Jloruka ¢gunumuo an-
npokcumupyema, €CIM OHa 3adaeTcsl HEKOTOPBhIM
KJIACCOM KOHEYHBIX LIIKAJI.

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

Jlemma 2.1. Ecau A, A, — 1-modanvhbie nocuxu u

F =W, ,R,R)—wxanra Kpunke, mo
FEA*A W, R)EA &W,R)FE A,

Mxany (W, R,,..., Ry) MOXHO TakxXe pacCMaTpu-
BaThb KakK KJaCCUYECKYI0 MOJedb B CUTHAType
{R,...,Ry, =}

Omnpenenenne 2.2. Moodaavhas noeuka A snemer-
mapHa ecau kaacc wkanr V(A) onpedeaum kaaccuue-
CKUM npeonodiceHuem nepeoeo nopsaoka. N -modanvHas
gopmysa A u kaaccuueckoe npednodcenue O 6 cuena-
mype {R,,..., Ry,=} coomeemcmeayrom dpye dpyey, ecau
xaacc wxan V(A) onpedeaum npednroxceruem .

Onpenenenue 2.3. Yuusepcarvrnoe XopHoso npeono-
acenue ¢ cuenamype {R,,..., Ry, =} numeer Bu

VxVyVZ(P(x,y,2) = R(x,y)),

rne P(x, y,Z) — KOHbIOHKIIMS aTOMapHBIX GOpMyII.

N-MmopanbHast (opmyjsia Ha3bIBAETCS XOPHOBOI,
€CJI1 OHa COOTBETCTBYET YHUBEPCATbHOMY XOPHOBY
MPEMIOXEHUIO.

Onpenenenne 2.4. 1-modanvHas noeuka A Has3vléa-
emcst XOpHOBCKU AKCUOMAMU3UPYEeMOU, ecau OHA UMe-
emeud A = K + T, ede kaxcoas gpopmyaa uz I" xopnosa
UaU 3amMKHyma.

Onpenenenne 2.5. Konycom wkanot F=(W, R,,...,Ry)
¢ koprem w (o6osnauenue: F T w) nazvieaemes oepanu-
yenue F Ha mHoxcecmeo (R U ... U Ry)*(u), ede S§* —
pedhaexcugHoe mpan3umuHoe 3amblKanue OUHAPHO2O
omHouteHus S.

Touka w Ha3bIBaeTcst koprem F, ecnu F = F Tw.

Jlemma 2.6. Ilycmo F — wkana Kpunke na mnoonce-
cmee W. Toeoa

L(F) = [(L(F T w).
weW
Onpenenenue 2.7. I-wxara (W, R) n-mpanzumug-

+1
Ha, ecau R"" < R".

msn
N-wmkana (W,R,...,Ry) n-mpanzumuena ecnu
wkana (W,R U...U Ry) n-TpaH3UTUBHA.
OTMETUM, UTO TOYKM M3 MHOXecTBa R* (w) (rme

R = R U...U Ry) IOCTVXUMBI I10 MyTIM U3 w. B n-
TPAH3UTUBHOI IlIKaJle OHU JOCTHXUMBI U3 W He 6O-

Jiee, 4YeEM 3a # 11aros, T.e. R* (w) = U R"(w).

msn
W,
R,...,Ry) Ha wxany (W' R,...,Ry) Ha3vieaemcs

cropsekmugHoe omoopadcenue f W — W' makoe,
umo

* xRy = f(ORf());
* f(X)Rz = Jy(f(y) = 2 & xRy).

Omnpenenenne 2.8. p-mopguzmom wiKaavi
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Bynmem paccMaTtpuBath clieayiomue 1-MmonaabHbIE
¢dhopMyJIbl U JIOTUKHU (31eCh 1 = 1):

det := Op <p;  ref :=Lp — p;
sym:=00p — p; 4 :=0p —0OUp;
5:=00p —»0p; alt, ;== A O(p; A AP

0<i<n J#i
Ath := 00p —0p.
T:=K+vref; Kd4:=K+4;
U-T:=K+Uref; SL4:= K4+ det,

K5:=K+5;, K45:=K4+5;
S5 := K4 +ref +sym; Alt, :=K+alt,;
K05 := K + Ath.

Kpatko ommmmem cemanTuky Kpurke njis meHee
U3BECTHBIX U3 3TUX jJoruk. Jloruka [1-T 3amaercs

mkajiamMu ¢ yciaosuem VxVy(xRy — yRy). Jloruka
SL4 3amaercsl KIaccoM TPaH3UTUBHBIX (PYHKIIMO-
HaJbHBIX LIIKAJ; cliegoBaTteabHO, SL4 3agaeTcs 1ika-
JIOi, B KOTOpoit uppedaeKcuBHasl TOUKa BUIUT pe-

(¢nexcusHy10 TOuKy (puc. 1). Jloruxka Alt, 3anaercs
mikanamu (W, R), tne |R(w)| < n, st Bcex we W,
Onpenenenue 2.9. [-wkasa (W, R) Hazvieaemces ey-

cmoii ecau R o R C R uau, umo sxeusanrenmro,
Vx,y,z,ue W (xRy&xRz& yRu = zRu).

Jlemma 2.10. V(Ath) = V(K05) cocmoum u3 écex
eycmoix wikan. Jloeuxa K05 noana no Kpunke, u nomo-
MY 3a0aemcst KAaccom 2yCmulX WKa.

2.2. Ilpouseedenus u norynpoussederus
Onpenenenne 2.11. [llpouzsedenuem 1-wkan
F=W,R) u F,=W,,R) Hnazvieaemca 2-wxanra
FXE =W, xW,R,R,), e0e
(L PR(X,Y) & xRx" & y = ¥,
(L VR(x,Y) & x = x" & yRyy'.
Toaynpoussedenuem F, v F, Ha3bIBaeTCs OrpaHU-

yeHue F; X F, Ha MHoXecTBO W C W) X W, Takoe,
yto R,(W) W (1.e. W copusonmanbro 3aMKHYmo).

Jlemma 2.12. Ecau F — noaynpoussedenue F u F,, a
x; —moukaus F, (i =1,2),mo F T (x, x,) — noaynpo-
useedenue T x u F, T x,.
Ecnu €, u €, — xiaccsl 1-11Kas, To OJI0XKUM
€, X6, ={FxK|Fe € nke®%,,
€, K6, :={F|F — nonynpousBeaecH1e
HEKOTOpPHIX KAl F € €, u F, € €,}.

Onpenenenue 2.13. /[nsa 1-modanvhbix npono3uyiuo-
Haavhbix aoeux A, A, onpedeaum npouseedenue
A, X A u noaynpouseedenue A; < A,:

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

R,
= O

u¥p vEp

Puc. 1. Monens M\ Han mkanoit Ky (c yHUBepCaJlbHBIM
R).

A XA, = LV(A) X V(A,)),
A KA, = L(V(A) A V(A)).
B nanpHeiiemM moHagoOsITCS Claeaylolide 2-Mo-

JaJIbHbIC Q)OPMYHLI 1 COOTBETCTBYIOIIIMEC YCIIOBHA HA
HIKaJJIbI:

(chr)  0,0p —>040p R oR S Ro R
(lcom) Ulhp ->0LhUp ReR CRoRy;
(reom) O,UOp—->0O0,p RoR CR-oR.

Onpenenenne 2.14. Onpedeaum noayKommymamop
A, 1 A, u kommymamop [A,, A,] 1-modassrvix aoeux
A u Ay

A A, = A * A, +chr + Icom,
[ALA)] = A ] A, + rcom.

Jdemma 2.15. (1) A, J A, C[A,A)] C A XA,
Q) A KA, C A XA,.

(B)A 1S5 A £S5.

(4) A 1S5=A*S5+Icom= A*S5+chr.

Onpenenenue 2.16. Jloeuxa A, < A, punumno an-
npoxcumMupyema noAynpou3gedeHusImMu, ecau oHa 3a0a-
emcsi KAaccoM HNOAYNPOU3BEOeHUll KOHEeHHbIX WIKA.
AHanoeuuno onpedensiemcs UHUMHAS ANNPOKCUMUPY -

emocmo npoussedenusmu 0 102uk euoa A; X A,.

3ameuanme 2.17. VI3 duHMTHOIT anmpoKcuMupye-
MOCTH TIOJIYIIPOU3BEACHUSIMM cJienyeT (UHUTHAasI
anmpoKCUMUPYEMOCTh, HO He HA00OPOT.

Onpenenenne 2.18. /-modanenvie aoeuxu A, u A, co-
enacoeamsi no npouseedenuro, ecau Ay X A, =[A,, A,], u co-
21aco8aHbl no noaynpoussederuro, ecau Ay A A, =A, | A,.

Teopema 2.19. ([3], Teopema 5.9). Ecau aoeuxka A
noana no Kpunke u xoprogcku axcuomamusupyema, mo
A u S5 coenacosamnst no npouszeedeHuro.

Teopema 2.20. ([3], Teopema 9.10). FEcau
A e K, T,K4,S4}, mo A u S5 coeracosarnvt no noay-
npouseedenro.

OtMeTuM, 4yTOo Teopema 2.19 maer GECKOHEYHO
MHOTO ITPUMEPOB COTJIACOBAHHBIX MO MPOU3BEAEHUIO
JIOTHK, a Teopema 2.20 — Bcero 4eTrhIpe IpruMepa co-
IJIACOBAaHHOCTH IT0 TTOJTYTIIPOM3BENCHUIO.
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2.3. Monaduueckue modansvHole npeduKammble 102UKU

Monagnyeckue (parMeHThl 1-MOTaNbHBIX IIpe-
JIUKATHBIX JIOTUK OyaeM Ha3bIBaTh MOHAOU4eCKUMU
MOOANbHBIMU NPEOUKAMHBIMU A02UKAMU. DTO JIOTUKU B
SI3BIKE CO CYETHBIMU MHOXKECTBAMM MHINBUIHBIX ITE-

PEMEHHBIX {X|, X, X3,...}, OOHOMECTHBIX IpPEINKaT-
1 1 1
HbIX OykB{P , P, P;,...}, HYJIbMECTHBIX IPEANKATHBIX

(T.e. IPOTIO3UILIMOHAILHBIX) OYKB {PO,PzO,P30,...}, J0-
rudeckumMu cumBojiamMu L, —, [0, u V. ®@opmMyibl
OTTIPEIEIITIOTCS OOBITHBIM 00pa30M.

Monaduueckoii M00anbHOU NPeOUKAMHOU N02UKOLL
Ha3bIBaeTCSI MHOXKECTBO MOHATUIECKUX MOTATBHBIX
npennkaTHBIX GopMyi, comepxamiee K, Kinaccmae-
CKU 0OI1Ie3HaYMMble TIpearKaTHbie (DOPMYJIbI, 1 3a-
MKHYTOE TT0 IIpaBWjIaM MPeIUKaTHON MOICTaHOBKM,
Modus ponens, 0600meHus1, u nodasieHus (1. Mu-
HUMaJibHas Takas joruka oboszHavaetcsd QK. Eciu
A —TIpOoIo3ulIMOHalibHasl 1-ModajabHasi JOrukKa, TO
QA =QK+ A u QAC:= QA+ Ba, tne Ba =
= VxOP(x) — O Vx P(x) — popmyna bapkan.!

Ilpeduxamuoit wkanoii Kpunke Hanm KON
Kpunke F = (W,R) HasbiBaeTcsa mapa F = (F,D),
tne D = (D,) e, D, # D nnascexw,u D, c D,, ec-
J wRy .

Ouenkoui B F HaszbiBaetcst cemeiictBo & = (§,),cp

noKanbHBIX oueHok: & (P) c D, u E,(P)) e {0,1}.
Ilpeduxamnas modeav Kpunxke nHanm F — 310 mapa
M = (F,§), tne & — ouenka B F.

Jns monenn M oTHOIIEHUE NCTUHHOCTU F MEXIy
TOYKaMU w U D, -TIpENJIOXKEHUSIMU (ITOJyYEHHBIMU

13 GOpMyJI 3aMEHOI TTapamMeTpoB Ha BJIEMEHTHI D,)
OIpeAesieTCs O PEKYPCUM:

o M,wE P, ecnu &, (P)) =1;

e M,wE Pl(a),ecnnac QW(P,{I);

o M,wkE VxA(x), ectu M,w E A(a) 011 KaXXa0To
ae D,;

e onpenenaeHus o |, —, [ coBnagaroT ¢ MpoIro-
3ULIOHAILHBIMU.

MopanbHas npeaukaTtHas ¢opmyna A obuesna-
yyma B TpeaukaTHoit 1miKane F (obGo3HauyeHue:
F E A), ecnu ee yHuUBepcalbHOE 3aMbIKaHIE MCTUH-
HO BO Bcex ToukKax Kaxmoil momenu Kpunke Han F.
Ecnu L — npenukatHasi 10TUKa, TO L -wKanoil Ha3bl-
BaeTcs mpenukaTHas mkana F, B KoTopoii Bce pop-
MyJIbl M3 L oO1e3HauynMbl; ooo3HayeHue: F F L.

ITo TeopeMe KoppekTHOCTH |14, TeopeMa 3.2.29],
ML(F) := {A|F E A} — 370 MOfanbHasl peauKaTHas
Jioruka (noeuxa wxanvt F). ModaavHoil npeduxamuoii

! O6bmHO QK, QA, QAC 0003HayaIOT JIOTUKHU C MTPEAUKATHBI-
MM OyKBaMU BCeX BAJICHTHOCTEM, HO MbI MCITOJIb3yeM 3TH 000-
3HAYCHMS IJISI MOHAIMIECKNX (hparMeHTOB.

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA
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A0eukoil kaacca wikanr € (MM JIOTMKOM, 3adaHHOU
KJ1accoM €) Ha3bIBaeTCsI

ML(6) := (\ML(F)|F e €};

TakWe JIOTMKM Ha3bIBAIOTCS noaHbiMu no Kpunke.
V Kkaxnoil TnpeaukKaTHON JIOTMKU [ MMeeTcs Hau-
MeHbIIee monHoe 1o Kpurnke pacumpenne (Kpunke-

nonoaHerue): J1oruka L Knacca Bcex L -IIKail.

3. NPEANUKATHBIE MOJAJIbHBIE JIOTUKW
C 1 IEPEMEHHOMU, INTOJYITPOU3BEJEHWA,
N IMMPOU3BEAEHHNA

HanoMHuM orpeneneHust HEKOTOPBIX BUIOB Mpe-
JUKATHBIX MOJIATbHBIX (DOPMYIL:

o [-napamempuueckue hopMyIbl cogepxaT He 00-
Jiee OMHOTO TTapamMeTpa;

o dopmynnl ¢ I nepemenHoil — MOHAIUYECKUE
¢dopMyIIbl ¢ He OoJiee yeM OaHOM ((hUKCUPOBAHHOM)
NEPEMEHHOM X;

e yucmote gopmyant ¢ 1 nepemennoit — GOPMYIBI C
1 mepeMeHHOII 6€3 TTPONO3UITUOHATBLHBIX OYKB;

® B MoHoduueckux popmynax [3, 7] Bce mompopmy-
b1 BUaa [JA4 — 1-mapameTpudeckue.

MoHanuuyeckue MoHoauuyeckue (mm-)dpparmeH-
ol ToTUK QK, QT, QK4 , u QS4 paspeiiumsl [7, Teo-

peMma 5.1].2 HecMOTpsl Ha CUHTAKCUYECKYIO OTPAHU-
YEHHOCTh, ()parMeHTHI ¢ 1 ImepeMeHHOI He MeHee
BBIPA3UTEIILHEL, YeM mm-(parMeHTHI:

Jlemma 3.1. (1) Kaxcoas mm-popmysa QK-sxeusa-
JAeHmHa 0ynegoll komounayuu gpopmyn ¢ 1 nepemennoi,;

(2) Kasxcdas 1-napamempuueckas mm-ghopmyna
QK-sxeusasenmna gpopmyne c 1 nepemenHoil.

Hamee, kaxmass dopmyna A ¢ 1 mepeMeHHOM C

IPONO3ULMOHAJIBHBIMUA OyKBaMu ¢, q,,...,q, Nepe-
BOOUTCS B 4YMUCTYIO (opmyny c¢ 1 mnepeMeHHON

AO = [val(x)! LRRE] van('x)/qla ey Qn]Aa roe Q[ — Oll-
HOMCECTHDLIC 6YKBBI, HEC BXOOAIIINE B A. 33.M€TI/IM, 4To

L+ A S LE Ay, s m060ii MOTATbHOM MPeInuKaT-
HOM JIOTUKU L, MO3TOMY MOXHO CUMTaTh, YTO BCE
¢dopMyIbl ¢ 1 mepeMeHHOM — YUCTHIE.

Kpome Toro, cyiiectsyer coxpassitomias o06-
1I€3HAYMMOCTb OMeKUUsd A > Ay MEeXAy YUCThIMU
dopmynamu ¢ 1 iepeMeHHOM 1 2-MOITaTbHBIMHU PO -
MO3ULIMOHAIbHBIMU (POpPMYJIaMU:

P(x)«:=p; L« =1
A)s:= 0 As;  (VxA)s:= [, Ax.

291n ¢dparMeHThI, B U3BECTHOI Mepe, — MaKCUMaJIbHbIE pa3pe-
LIMMBbIE U1 MOJATBHBIX MPEAUKATHBIX JIOTUK: IJIs1 OOJIBIINH-
CTBa JIOTUK (hparMeHTHI ¢ 2 TIepEeMEHHBIMU, 1aKe B CUTHATYPE C
OIHOII OMHOMECTHOI IpenuKaTHO OyKBOIi, Hepa3pelIMMbI

[8].
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Dpaemenmom modanvHoll npeduxamuoii noeuxu L ¢
1 nepemenroil Ha3bIBaeTCs
(L-1)*:={A e L|A — aucrasa popmyia
c 1 mepeMeHHOI1}.
Ero nponosuyuonarbubim Hanaprukom Ha3bIBaeTCs
L—-1:={A«|A€ L, A—uucras ¢popmyia
¢ 1 mepeMeHHOIA}.
Muorna HazeiBaeM u L — 1 pparmMeHTOM JOTUMKU L

¢ 1 nepeMeHHOIA.

3ameuanmne 3.2. I[TonsTue momHOTHI Mo Kpumke
NpUMEHMMO K d@parMeHTaM ¢ 1 TepeMeHHOM:
(L —1)* monHa mo Kpurke, ecjiu cyIecTByeT Kiaacc
% mkaus Takoit, uto (ML(€) — 1)* = (L — 1)* unu, 94ro
sKkBUBaJeHTHO, ML(6) —1= L —1. O4eBUIHO, YTO
noyiHota L Biiedet nonHoty (L —1)*.

Jlemma 3.3. Ilycmbs L — modanvraa npeduxamuas
aoeuka. Toeoa

(1) L —1— 2-modanvnas npono3auyyoHaibHas A02u-
Ka, cooepacaumas K | S5.

(2) Ecau L+ Ba, 10[K,S5] c L —1.

IIpenaoxenune 3.4. [lycmv A — npono3uyuonans-
Hasa 1-modanvhas noeuka. Toeda

(DA JS5CcQA-1cQA-1=A <S5.

Credosamenvro, A 1S5 QA —-1= A £S5 oas
noansix no Kpunke noeux QA.

(2)[A,S5] c QAC—1c QAC—1= AXS5.

Credosamenvro, [A,S5] < QAC —1= A XS5 daa
noansix no Kpunke noeux QAC.

Omnpenenenne 3.5. I-modaavuas npono3uyuoHanb-
Has noeuxa A coeaacoeana c keaumopamu, ecau QA —
— 1 =A S5 ucoenacosana c popmynoii Bapkan, ecau
QAC- =[A,S5].

IIpennoxenue 3.4 (1) o3HayaeT, YTO TUIIOTETUYC-
CKM BO3MOXHBI CIEAYIOIINE COOTHOIIIEHUS:

(1S)A ]S5=QA-1= A £S5,

(2S) A /S5=QA-1=A £S5,

(3S) A ] S5 c QA —1A £ S5.

(4S) A ] S5c QA-1 c A £85.

B ciyuae (1S) A 1 S5 cormnacoBaHbI IO MOJYIIPO-
u3BeaeHnI0. HekoTophbie IOTMK A 3TOTO TUIA OIMU-
caHbl B Teopeme 2.19. [Ipyrue nmpuMepbl HOCTPOSHBI B
paszaeie 6.

B cnydae (2S) A 1 S5 He cornacoBaHBbI 1O TIOJTY-
MPOM3BEJAEeHNI0, HO A corjacoBaHa ¢ KBaHTOpaMM.
I1puMmeps! mpuBeacHBI B pa3aeie 4.

ITpumepamu ciyuasi (3S) cayxat goruku Alt, (cM.
pasnen 4). [Tpumepsl (4S) HEU3BECTHHI.

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

[Ipemnoxenue 3.4 (2) o3Ha4YaeT, YTO TUIIOTETUYE-
CKM BO3MOXHBI CIEAYIOIINE COOTHOIIIEHUSI:

(IP) [A,S5]= QAC-1= A XSS5,

(2P) [A,S5]= QAC -1 c A XS5,

(BP)[A,S5] <« QAC-1= AXSS5.

(4P) [A,S5] c QAC -1 c A xS5.

B ciiyuae (1P) A u S5 comtacoBaHbl 11O MPOU3Be-
neHuto. ITpruMepbl Xopollio u3BeCTHHI (Teopema 2.19).
(3P) BeInosHsieTCS LI JIoruK Alt, (pasnen 4).

B ciyyae (2P) A u S5 He comtacoBaHBbI 11O MPOU3-
BeleHUI0, HO A comlacoBaHa ¢ ¢opmynoil bapkaH;

MPUMEPHI TaKUX JIOTUK HeusdBecTHbI. [Ipumepsl J10-
ruk tuna (4P) Toxke HeM3BECTHHI.

4. JIOTUKH, HE COITTACOBAHHDbIE
1O MMOJIYITPOU3BEAEHUIO C S5

Cregyroninii pe3ynbTaT OB BIIEPBBIE C(POPMYITH-
poBaH B pabote [9] (6e3 noka3zaTeabCTBa).

Teopema 4.1. Ilycmbv A — nponosuyuonanvhas 1-mo-
danvHas noeuxa makas, ymo 1 - T < A < SL4. Toeda

A 1S5 c A lS5+0O0,ref, € A LS5

(ede ref, = L p — p). Caedosamenvro, A u S5 He co-
21ac08aHbl NO NOAYNPOU3BEOCHUIO.

Joka3zarenbcTBo. [lepBoe BKIIIOUEHNE — CTPOToOE,
nockonbky [, ref, ¢ SL4 | S5. D10 BUIHO U3 MO-
nenu M, Ha puc. 1; 3necb M,u E 0,0,—ref;, 1 Tipu
stoMm F, = SL4 | S5.

Hnsi o6bocHOBaHUSI BTOPOrO BKIIIOUEHUSI, BBUIY
JemMmbl 2.15 (2), mgocTraToyHO TIoKa3zaTb, 4TO
0,0, ref, € (O - T) £ S5. D10 cnenyet u3 oOLLIE3HAYM -
Moctu opmyisl [}, ref; B KaxXa0M NOIYNPOU3BE-
penuu ([ - T)-mkansl ¢ S5-mkanoii. W

W3 teopemnl 4.1 ciienyet, uyTo TeopeMa 2.19 He nie-
PEHOCHUTCS Ha TTOJTYTIPOU3BeIeHUS (CM. TaKXKe Teope-
My 2.20):

CnencrBue 4.2. XopHogcku axcuomamusupyemobie
aoeuxu - T, K5, u K45 He coenacosanst no noaynpo-
uzeedenuto ¢ S5.

Bonee Toro, mMeeT MeCTO CIETYIOIINI HETPUBU-

aJIbHBIN (pakT (aHOHCUpoBaH B [10]; momHOE moKa3a-
TEJILCTBO TOTOBUTCS K ITyOIUKALIVN )

Teopema 4.3. Kaoxcdas noanas no Kpunke xoproe-
CKU aKCUOMAMU3UPYeMasi A02UKA CO2AACO8AHA C KBAH-
mopamu.

Caencreue 4.4. Jloeuku OO -T, K5, u K45 —
muna (25).

3ameuanne 4.5. CTaHgapTHOE pacCyKAeHME MOKa-
3BIBAET, UYTO CYIIECTBYET KOHTUHYYM JIOTUK MEXIY
- T u SL4, uyro naer, o teopeme 2.20, KOHTUHYYM
JIOTUK, He ynoBJjieTBopsitoiux (1S).
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Puc. 2. lllkana G He sBasieTcst p-MOpGhHBIM 00pa3oM I10-
nynpousseneHus Alty-KoHyca 1 crycrTka.

3ameuyanme 4.6. Ecim A — JlorMKa U3 yTBEpXKIe-
Hus1 Teopemsl 4.1, To QA HenonHa 1o Kpumnke [11],
Teopema 5.11.

HanmoMHMM XOpoIIO M3BECTHOE CBOMCTBO (hOp-

myn AAHkoBa—®PaitHa X ;. B Heckonbko apyroit dhop-
M€ 3TO CBOICTBO IIpuBeacHO B [12].

IIpennoxenne 4.7. I[lycmov G — n-mpaH3umuenas
N -wkana ¢ kopHem. Toeda cywecmgyem N -modans-
Haa gopmysra X; maxas, 4mo 04a 6CAKOU N-MPAH3U-
muenoti N -wkanv F
F ¥ X; & cywecmeyem p-moppusm
Hexomopoeo Konyca wkansl F na G.

2
Teopema 4.8. Ecau Alt, c A C Alt,+ "L, ede
n=3,mo A uS5 He coeracosanvl HU NO NOAYNPOU3EE-
deHuro, Hu no npou3eedeHuro.

Jloka3zarenbcTBo. IlpuBenemM HaOpoOCOK moKa3sa-
TeJIbCTBA TSI 1 = 4; paccyXIeHUe B OOIleM ciydyae
aHajmornyHo. I1ycte G = (W, R, S) — 11Kkana Ha puc. 2
crpasa (MeT/u 1Mo S He n300paxkeHbl).

HetpynHo Bunets, uto G F [Alt, + Dzj_,SS]. Cneno-
BaTesibHO, G 3-TpansurtuBHa.® [Tyctb X ; — dopmyoa STH-
kopa—®aiina wkansl G u A = [} L — X,;. OueBuHo,
yto G E Dlz 1 u, monpemnoxenno 4.7,G # X - I1oaTo-

My G £ A, n3Haunt, A¢ [Alt, + (°L,S5].

3 D10 TaKKe BULHO Ha puc. 2.

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

C npyroii cropoHsl, A € Alt, £S5, ubo B npo-
THUBHOM CJIy4ae, 110 Ipemioxenuio 4.7, G — p-mop@-
HBI 06pa3 koHyca F T (x,,x,), toe F — noyiyrnpous-
BeneHue wkan F E Alt, u F, = SS. Tlo nremwme 2.12,
3TOT KOHYC SBJSIETCS TOJYNPOU3BEIECHUEM IIKaJ

FTxuF T x, o nemme 2.6, neppas Hux — Alt, -
mKana. Bropass — koHyc B S5-111Kajie, 1 3Ha4YMT, 3TO —
ceycmok (IIIKaJIa ¢ YHUBEPCAJIbHBIM OTHOIIICHUEM ).

OpHako mokaxkeM, 9To G He MOXKeT OBITb p-Mopd-
HBIM 00pa30M TaKoro ToyrnpousseacHus. [Ipeanono-
KUM, 4YTO TpeOyeMblii p-MopduaM f CyIecTByeT M
f(xy,¥) =(0,1). Torma cywecTByIoT TOYKU (X;,))
(i=1,...,4) u (x,,y") Takue, uyto f(x;,y) = (i, 1) u
f(x0,¥") = (0,2) (puc. 2). Torma f(xo, y)Rf (x,,y") 1
S (e, )Sf(x,, "), oTKyna momydaem f(x,, y') = (1, 2).
AHanoruuyHo umeeM f(x;,y") = (1,2) u f(x,,y") =
= (4, 2). CnenoBaTenbHo, (X;,y') oToOpaxaercs B Of-
Hy 13 ToYeK (2,2), (3,2), a apyrasi U3 HUX HE SIBISIET-
cs 3HaueHueM /. A

HamoMHuM, yTO MOfajibHas MpeauKaTHasl JOruKa
L cunvno noana no Kpunke, ecnv xaxnasi L-HeTpoTH-
BOpEYMBAsI TEOPUsI BHIIIOJIHMMA B TOUYKE MOJIEIM HA
L-mkanoii. MeTomoM CeJIeKTUBHBIX HOAMOIEIE
KaHOHUYecKoi moaesu (onucaH B [11]) noka3biBaeT-
cs (mogpoOHOe JOKa3aTebCTBO CM. B [13]).

Teopema 4.9. Kaoscodaa aoeuxa QAIlt, cuavHo noana
no Kpunke.

IMTockonbKy mobaBneHNE 3aMKHYTHIX IIPOMO3UIIN -
OHAJILHBIX aKCHOM COXPaHsIeT CUJIbHYIO TIOJIHOTY T10
Kpurnke, moigydaem:

Cnencreue 4.10. Kaocoaa aoeuxa QAIlt, + a”L,
ede m = 2, cunbHo noana no Kpunke.

ITponosunmonaneHast popmyina alt, COOTBETCTBY-
eT TIEPBOIOPSIAKOBOI yHUBEpCalbHOU (dopMye.
CrnenmoBatenbHo, 110 Teopeme TanHaku—OHo |14, Teo-
pema 7.4.7], momy4gaeM:

Teopema 4.11. ITycmp
Aeci{Alt, |n=1}U{Alt, + " Lin=1,m=2}.

Toeda aoeuxa QAC cuavho noana no Kpunke.
Orciona umeeM:
4.12. A = Alt,
A=Alt,+0"L, ede n=3 u m=2, mo aoeuxa
A 1S5 yoosaemeopsiem (3S), a A x S5 ydoeremeops-
em (3P).

Jloka3aTeybCTBO. ITo TeopeMe 4.8,
A AS5#A 1S5 u [A,S5]# AxS5. Ilo Teopeme
4.9, cnenctBuio 4.10 um npemmoxenuro 3.4(1)

QA-1=A |S5. Cnenosatenbho, A; XS52QA — 1.
AnajornydHo, mno Teopeme 4.11 m TpemIoOKeHUIO

Teopema Ecau unu
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3.42), QAC -1 = A xS5. CnenoBarenbHo, QAC —
—1#[A,S5]. 1

IIpo6nema 4.13. Haiimu akxcuomamuky a0euk euoa
QA-1(=A KS5) u QAC—-1(= AXS5), ecde A —
aoeuka u3 meopemol 4.11.

5. JOKAJIbHAA TABJIMYHOCTD
1N MOJIAJIBHAA TJIIYBUHA

CHayana HallOMHUM HEKOTOPBIE OIpeesieHUs 1
daktel 3 [15]. PaccmatpuBaem N-MopanbHbIE TPO-
MO3ULIMOHAJIbHbIE (hOPMYJIbI 1 JIOTUKH.

Omnpenenenne 5.1. /s gpopmyast A modanvuoil eay-
ounoti md(A) Ha3zvleaemca MAKCUMANbHOE YUCAO 810~
HCEHHBIX 8XONUCOCHUI MOOANbHOCMEI:

md(L) = md(p;) = 0;
md(A — B) = max(md(A),md(B));
md(J;A) = md(A) +1.
Omnpenenenue 5.2. Mooanrvnasa eayouna md,(A)

dopmynvt A 6 modanvHoll noeuke A onpedeasiemcs cie-
dyrouum 06pazom:

md,(A) := min{md(B)|A + A <> B}.
Onpenenum modarvuyro enyoury md(A) noeuxu A:

max{md,(B)|B — mpono3unoHantbHas
md(A) = 4 bopmyna},
oo B IIPOTUBHOM CJIydJae.

€CJIM CYLICCTBYCT,

Onpenenenne 5.3. Jlocuka A aoxkanvHo mabauuua,
ecau 0ns 1106020 KoHeuHo2o k cyuecmeyem aulub KoHey-
Hoe uucao k-gpopmyn, nonapHo He 3K6UBANEHMHBIX 8 A.

IIpennoxenue 5.4.

(1) Kaxcoas aokaavio mabauuHas A02uKa QUHUMHO
annpoxKcumupyema.

(2) Kascdas noeuka kKoneuHoi MoOaAbHOU ayOuHbl
JN0KAAbHO MabAuuHa.

6. TOTMKH, COTTTACOBAHHBIE
1O MOJIYITPOU3BEAEHHAIO C S5

B stom pa3ancii€ Mbl IMOKaXEM, YTO JIOTUKH

K05 + O"L comiacoBaHBbI IO MOJIYIIPOU3BEACHUIO C

S5 11 UTO COOTBETCTBYIOIIME MOIYIIPOU3BEICHUS JIO-
MK (PMHUTHO alIIpOKCUMUPYEMbI ITOIYIIPOU3BEIC-
HUsaMU. BBeneM o0603Ha4YeHUA:

A, =K05+0'L A,:=A,, |S5,
A, = [A,,,S5].

Teopema 6.1. md(A,) < 2n—1.

Joxa3zaTeabCTBO UCITOIb3yeT OUCUMYIISILIMOHHBIE
urpsl (cMm. [15, 16]).
OrTciona, 1o MpemIoKeHUIO 5.4, TToayJdaem:

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

CaencrBue 6.2. Jlocuxu A,, A, punumno annpok-
cuMupyemot.

st mokazaTelIibCTBa COIJIACOBAHHOCTH IO IIOJIY-
MPOU3BEAEHUIO C S5 M GUHUTHOI arIpOKCUMUPYe-
MOCTU MOJYIIPOU3BEICHUSIMU JOCTATOYHO IOCTOUTh

p-MopdU3M MNONYINPOU3BEACHUSI KOHEYHON Ag,-
LIKAJIBl U KOHEYHOTO CTYCTKa Ha KOHEYHBIA A ,-KO-
Hyc. MBI CTPOMM €T0 32 HECKOJIBKO I1aroB (JIeMMBI 6.6—
6.10).

Onpenenenue 6.3. Ilycmoe F = (W,R,...,Ry) u
F'=W"R,...,Ry) — wkan. Omobpasicerue
g W — W' Haswieaemcs CUAbHbIM 20MOMOPPUIMOM
F 6 F' ecau 0as 6cex w,v € W u kaxcdoeo i,

wRv & g(w)R g(v).

Jlemma 6.4. Bcakuil cropseKmueHbLil CUAbHBLI 20MO-
Moppusm a64semces p-MOpPHUIMOM U INeMEHMAPHOU
9KBUBANEHMHOCMbIO 045 (hopmyn be3 paseHcmaa.

Takum o6paszom, eciau A aneMeHTapHa (B CUTHA-
Type 6e3 paBeHCTBa), TO Kjacc 1mKail V(A) ycToiiuuB
OTHOCHUTENILHO CUWJILHBIX TOMOMOpPGHBIX TMpoobdpa-
30B.

Onpenenenne 6.5. [Ilycmob
K | S5-wxana.

L4 Cmpoxoﬁ B F' Ha3bIBaeTCs KJIaCC SKBUBAJIEHTHO-

F = (W9R13R2) -

—1
CTU TIO OTHOLIEHMIO (R, U R )*.

e Cmoabyom B F Ha3bpIBaeTCs KJIacC SKBUBAJIEHT-
HOCTH T10 OTHOILLIEHUIO R,.

e baokom B F Ha3zbIBaeTcs HEIMYCTOE MepeceyeHue
CTPOKH U CTOJIOIIA.

o F opeanusosana, ecnu mis mo0oit ee ctpoku U
mkana (W,R) [ U — c kopHeM.

o F — poeHas, €CIIn KaXXIbIi €€ CTOJIOEL] COCTOUT
13 0JIOKOB OJHOTO pa3Mmepa.

e F — mpsamasa, ecin Bce ee OJOKU OOHO3JE-
MEHTHBIL.

Jlemma 6.6 (00 opranmsanum). Kajxcoas kouneunas
A, -WKana c KopHem — CUAbHDBLIL 2OMOMOPHbIT 00pa3
KOHEUYHOU 0pearHu308anHOU A, -wKanbl ¢ KOPHEM; aHA-
Aoeuuno oas A, -wkan.

HJokasaremnctBo. Ilycte F = (W, R,R) — A,-
mkajga ¢ KopHeM. Touka a € W HasbiBaercs R, -mu-

Humanshoii, eciv R, '(a) = &. TTonoxum
V :={(a,x)|aR — munumanbHa, aR'x}
Y OIIPELIEJIUM OTHOLLIEHUS Ha V :
(a,x)S,(b,y) & a=b& xRy,
(a,X)Sy(b, y) & xRy y.
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Torna (V, S),.5,) — opraHn3oBaHHas LIKaJIa C KOP-
HEM, a oToOpaxeHue (a,x) — X — UCKOMBIA CUJIb-
HBII romomopdusm Ha F. A

Jlemma 6.7 (o BeipaBHHBaHHHM). Kajcdas kKoHeuHas
Op2aHU308aHHAA A ,-UWKAAA C KODHEM — CUABHBII 20MO-
MOp@HbLTL 00pa3 KOHEUHOT POGHOU A, -UKAABL C KODHEM,
ananoeu4no 0aa A, -wKan.

JlokazarenbcTBo. /JIsi BBIpaBHUBAHMS IIIKAJIBI

F = (W,R, R)) nobasisieM TOUKU K 6JIOKAM TakK, YTO-
ObI BCce 0JI0KM OTHOIO CTOJ01Aa ObLJIM OMHOIO pa3Me-
pa. I1pu aTOM mosib3yeMcs TeM, UTO, JIJIST TFOOBIX 0J10-
koBBuysF uke{l,2},

dxePdye yxRy & Vxe BVye wRy. (1)

[Mostomy numem BR,y, ecnmu Ix € BIy € YxR,y.

3aMeHsieM Kaxnblit 610k 3 B F 61okoMm (', pazmep
KOTOPOIO0 — MaKCMMaJbHBIA B CTOJIOIE, ColepKa-

mweM B. Iycte W' := {§’|p — 610K B F}. B cuny (1),
MOXEM KOPPEKTHO OMNpeNeNuTh it x € ', y€ ¥ u
ke {1,2},

xR,y < BRY.

Torma mkana F':= (W', R/, R;) — poBHas. Copb-
€KTUBHOE OTOOpakeHue, mepeBoasIee KaXaylo ToU-
Ky Kaxnoro 6;10ka 3' u3 F' B Touky 6ioka 3 us F —
cusibHbII roMmoMopduzM. ll

Jlemma 6.8 (o Bompsamuenum). Kaowcdas koneunas
poeHasa A,-wKana ¢ KOpHem — CUAbHbIL 20MOMOPPHbLIL
00pa3 KoHeuHoll npamoil A, -wKanvl ¢ KOpHeM; aHan0-
euuHo dna A, -uwkan.

Joka3zarenbcTBo. I  BBIIPSIMICHUST  IIKAJIBI
F=0,R,R) cHayajna cTpouM LKy, IIe BCE
CTOJIOLIBI MMEIOT pa3Mep 4, paBHBIM pa3Mepy Hau-
oompmoiero croyioma B F. Jag 3TOTO IOJIOXKUM
W'=W Xxn,

DRy, ) & xRy &i = j,

v ornpeneauM R, Tak, 4To eciiu J U Y — GJIOKH U3 Ofl-
Horo cTondua B F, x € B, u y € ¥, T0, U1 hUKCUPO-
BaHHbIX Hymepauuii Ny 61oka 3 u N, 610ka v,

DRy, J) & Ng(x)+i= Ny(y)+ j(mod |B]). (2)

Torna orodpaxeHue (x,i) — x — CUJIbHBII TOMO-
Mopdusm wkanel F'= (W', R,R)Ha F. 1

M3 ntemm 6.6, 6.7, 6.8 u 6.4 HemoCcpPeACTBEHHO MO-
JIyJaem:

Jlemma 6.9. Kaowcoas koneunas A,-uwikana ¢ koprem —
D-MOpP@HbLIL 00pa3 KOHEHHOU nPAMOU A ,,-WKabl ¢ Kop-
HeM; aHanoeuuno 0aa N, -wkani.
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Jlemma 6.10. Kascoas koneunas npamas A, -wkana
¢ KOpHeM U30MOPPHA NOAYNPOU3BEOeHUI0 A y,-WKAAbL U
ceycmKa; aHanocudto oasa A',-uwKan u npouseeoeHuil.

Hoka3ateanctBo. Eciin F = (W, R, R,) — KOHeu-
Hasl TIpsiMasi 1IKajia ¢ KOPHEM X,, TO OHa u3oMopdHa
(mony)npousBeneHuto wkansl (R (xy), R | Rf(xy)) n
CIYCTKA, TOYKKM KOTOPOro — 310 ctpoku F . Ml

Teopema 6.11.

(1) JTozuxu K05 + (0" L u S5 coanacosanvt no noay-
Npou3eedeHUr0 U N0 NPOU3BEOeHUIO.

(2) Jloeuxu (K05 + (1" 1) XS5 ¢unummo annporcu-

mupyembt noaynpouseedenusmu, a (K05 + [1"1)xS5 —
npousgedeHuUAMU.

Joka3areasctBo. [Tycts onsite A, :=K05+ (1" L,
A=A, 1S5, A, :=A,, xS5.

(1) Mycts A ¢ A,,. Ilo cnenctBuio 6.2, A, puHUT-
Ho armmpokcuMupyema. CiremoBatebHO, A OTIpOBEp-
raeTcsl B KOHeUHOU A ,-1ikaie F' ¢ kopHeMm. [1o tem-
MaM 6.9 1 6.10, F — p-MopdHBIiT 06pa3 NOIYyIIPOn3-

BeleHUsA G KOHEYHON A,-IIKAJIBI U KOHEYHOTO
cryctka. ITockonbKy p-MopdU3Mbl COXpaHSIOT 00-

E3HAYMMOCTb MOJAIbHBIX hopmyr, A ¢ A, £ S5.

CrnenoBarenbHo, A, £S5 < A,. ObpaTHoe yTBep-
XKIeHUE ceayeT u3 JjeMMbl 2.15(3).

ﬂOKa3aTCJ'IBCTBO JJIL An AHaJIOTN4YHO.

(2) Tak kak G KoHeuHa, A,, XS5 GUHUTHO arm-
IIPOKCUMUpPYeMa MOJTYIIPOU3BENEHUSIMU, a A, X S5 —
npousBeaecHusiMuy. l

Pesynbrarsl pasnenos 2, 4, 6 monydensl B.b. Ilext-
MaHOM, pasnenos 1, 3, 5 — JI.I1. IlIkaToBEIM.

NCTOYHUK OPMHAHCUPOBAHUA

Pa6orta 1epBoro aBTOpa BBIMOJIHEHA B MaTemaTuue-
ckoM uHcTutyTe uM. B.A. CrexiioBa PAH nipu monaepxke
Poccuiickoro HayuHoro ¢oHaa B pamMkax mmpoekra 21-11-
00318.
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SEMIPRODUCTS, PRODUCTS, AND MODAL PREDICATE LOGICS:
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We study two kinds of combined modal logics, semiproducts and products with S5, and their correlation with
modal predicate logics. We obtain examples of propositional modal logics when these semiproducts or prod-
ucts are axiomatized in the minimal way (semiproduct- or product-matching with S5), as well as counterex-
amples for these properties. The fmp for (semi)products together with (semi)product-matching allow us to
show decidability of corresponding 1-variable modal predicate logics.
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