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Awnnoramus. B mannoit pabore MbI IpeCTaB/IsgEM TEOPEMY O TOYKE COBIIAIEHUS OTOOpaKe-
Huil, KoTopasi 0600maer Teopemy ApyrioHoBa. B mepBoHadaIbHOM BapuaHTe TeOpeMbl ApyTio-
HOB& TapaHTUPYETCs CYIIECTBOBAHME TOYKM COBIIAJIEHUSI JBYX OTOOPasKEHWil, JeHCTBYONUX B
METPUYECKUX MIPOCTPAHCTBAX, OJHO M3 KOTOPBIX SABJISIETCS (-HAKPBIBAIOIINM, a Ipyroe — [ -
JINTIIITATIEBBIM, TIpudeM « > (. 3arTeM 3Ta TeopeMa ObLIa PACIpPOCTPAHEHA Ha OTOOpa’KEHUS,
neicrBytormue B (g1, g2) -KBA3UMETPUIECKUX IPOCTPAHCTBAX. B JIAHHOM craThe 3aj@ada o Cy-
IIECTBOBAHUY TOYKH COBIIAJIEHUs DEIaeTcs Jist 0ToOparkeHuil, neiicrByionmx u3 (g1, ga) -KBa-
3UMETPUIECKOr0 ITPOCTPAHCTBA B MHOXKECTBO, CHAOXKEHHOE DPACCTOSTHUEM, YJIOBJIETBOPSIOIIIM
JIMIIb YCJIOBHIO TOXK/IECTBA (PacCTOsIHIE 00PAIAETCs B HOJIb TOTJIA M TOJILKO TOTJIA, KO/ TOUKU
conazaoT). IIpn ycIoBusxX, AaHAJOTUIHBIX TIPE/IIOIOKEHUIM TeOPEMbI APy TIOHOBA, JOKA3AHO
CyIIIeCTBOBAHUE TOYKH COBIaeHUs. KpoMme TOro, mcciiemoBaHbl BOIIPOCH CXOAUMOCTH ITOCJIEI0-
BATEJIBHOCTEN TOYEK COBIAJIEHUSI OTOOpaXKeHuit 1, ©, K TOUYKE COBHaJeHUs & OTOOpaskKeHuit

¥, ¢ npu cxogumoctu Y () = ¥(E), ©n(&) = ©(§).

KurroueBble CJIOBA: TOUKN COBIAJIEHUST, METPUIECKOE TIPOCTPAHCTBO, (g1, ¢2) -KBAa3UMeTpUIec-
KO€ IIPOCTPAHCTBO, HAKPBIBAIOIIEEe OTOOPaKeHNe, JIUIIIIUIEBO 0TOOPaKEeHIe

st uurupoBauusi: Benapab C., Mepueaa B., Xapybou M.A., Xusana H. O Todrax coBIaIeHUS
B (q1, g2) -KBa3uMeTpuIecKoM npocrpancrse // Becrnuk poceuiickux yausepcureros. Marema-
tuka. 2025. T. 30. Ne 152. C. 309-321. https://doi.org/10.20310/2686-9667-2025-30-152-309-321
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Introduction

The study of coincidence points for mappings defined on metric and generalized metric
structures has received increasing attention in recent years. The applications of this theory were
in many fields, for example, integral equations [1, 2], differential equations [1, 3], and control
problems [3-5]. In [6], the coincidence points of two mappings acting from one metric space to
another metric space are investigated, then in |7], the coincidence points of two mappings acting
from one (g1, ¢2) -quasimetric space to another (g1, g2)-quasimetric space are investigated, and
in [8], the coincidence points of two mappings acting from a b-metric space to a space equipped
with a distance satisfying only the identity condition are investigated. In all these researches, one
of the mappings is closed and «-covering and the other is /3 -Lipschitz. In [9], E. S. Zhukovskiy
formulated the notion of a geometric progression within the framework of generalized distance
spaces and utilized it to determine sufficient conditions for the existence of coincidence points
of mappings. Furthermore, works [10-12] address the problem of Lipschitz perturbations of
covering mappings acting from a metric space into a space equipped with a distance that
satisfies only the identity axiom.

In our study, we consider two mappings from a (g1, ¢2)-quasimetric space into a space
equipped with a distance satisfying only the identity condition. We obtain conditions for
the existence of coincidence points and their stability under changes in the mappings under
consideration. These results are an extension of [6-8,13].

1. Main concepts

Now, we introduce definitions of certain generalizations of the concepts of a distance and
a metric space, which are required for the purposes of the present study (for more details,
see [7-9]).

Definition 1.1. Let X be a nonempty set. A metric on X is any function px :
X x X — R, that satisfies the following properties:

px(z,y) =0 & =y Vr,y€ X (Identity relation), (1.1)
px(z,y) = px(y,z), Vr,y € X (Symmetry),
px(z,2) < px(x,y) + px(y,2), VYx,y,z € X (Triangle inequality). (1.3)

The pair (X, px) is called a metric space.

Definition 1.2. Let X be a nonempty set, px : X x X — R, be a function and
s> 1 be a number. If (1.1) and (1.2) hold and the following inequality satisfied:

,OX(ZL‘,Z) < S(px(x,y)—f-px(y,z)) \V/I',y,Z GX, (14>
then px is called a b-metric. The pair (X, px) is called a b-metric space.

Definition 1.3. Let X beanonempty set, px : X x X — R, be a function, ¢; > 1,
and ¢o > 1 be numbers. If (1.1) holds and the following inequality satisfied:

px(z,2) < qpx(z,y) + @px(y,2), Vr,y,z€ X, (1.5)

then pyx is called a (g1, g2) -quasimetric. The pair (X, px) is called a (q1, ¢2) -quasimetric space.
If additionally ¢; = ¢ = 1, then px is called a quasimetric, and (X, px) is a quasimetric
space.
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Remark 1.1. Ifin Definition 1.3 ¢ = g2 = 1 and (1.2) holds, then px is a metric, and
(X, px) is a metric space.

In the following definitions, we consider additional notions for a (g1, ¢2) -quasimetric space.

Definition 1.4. Let (X,px) bea (¢,q2)-quasimetric space and ¢qo > 1. If

px(x,y) < qpx(y,x)

for all z,y € X, then px is called a qq-symmetric (qi,q2)-quasimetric, and the pair (X, px)
is a qo -symmetric (q1,qo) -quasimetric space. If, in addition, gy = 1, then (X, px) is called a
symmetric (q1,qe) -quasimetric space.

Remark 1.2 Ifin Definition 1.4 g9 = ¢; = g2 = 1, then (X, px) is an ordinary metric
space.

Definition 1.5. Let (X,px) be a (q1,¢)-quasimetric space. It is called a weakly
symmetric (qi,qe) -quasimetric space if for any {z;} C X, x € X we have

lim px(z,2;) =0 = lim px(z;,2) =0.
1—00 100

Definition 1.6. A sequence of points {z,} ina (qi,¢)-quasimetric space (X, px) is
said to converge to a point x € X if px(x,x,) — 0, n — oo. In this case, z is called a limit of
this sequence. A sequence {z,} in a (q1,¢2)-quasimetric space (X, px) is called a fundamental
sequence or a Cauchy sequence if, for every € > 0 there is an N such that px(z,,z,) < €,
for all n >m > N. A (qi,¢)-quasimetric space (X, px) is said to be complete if each of its
fundamental sequences has a limit (possibly non-unique).

Definition 1.7. Let Y be a nonempty set. We define a function d: Y xY — R,
that satisfies only the identity axiom:

d(?/l,m) =0 & y1 =1y Yy,y €Y.

In this case, d is called a distance. A sequence {y;} in this space is said to converge to y if

Here we indicate that the distance d on the set Y satisfies only the first metric condition,
while the second (symmetry) and third (triangle inequality) conditions are not necessarily
satisfied.

Also note that for a sequence {y;} and an element y in Y, if d(y,y;) converges to 0, this
does not mean that d(y;,y) also converges to 0, and the limit may not be unique.

From [6], we provide extensions of the definitions of «-covering and f-Lipschitzness for
mappings defined from (¢, g2) -quasimetric space (X, px) to a space (Y,d) equipped with a
distance satisfying only the identity axiom.

Definition 18. Let @ > 0. A mapping ¥ : X — Y is called «-covering if the
following relation is satisfied:

Vepe X VyeY dJr e X : ¢(x) =y,

and
px (@, o) < éd(w(x),w(xo))-
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Definition 1.9 Let 8> 0. A mapping ¢ : X — Y is called f-Lipschitz if the
following relation is satisfied:

Va,xg € X d(p(), p(20)) < Bpx(,20).-

For mappings acting from a (g1, ¢2) -quasimetric space X to a space with distance Y, the
following standard definitions are used. A mapping f : X — Y is called continuous at a
point x € X if for any sequence {x,} C X converging to z (i. e., px(z,x,) — 0), we have
flzn) = f(z) (. e, d(f(z), f(z,)) — 0). A mapping f: X — Y is called closed at a point
x € X if the convergence of a sequence {z,} C X to x and the existence of y € Y such that
f(z,) — y imply the identity f(z) =y. A mapping continuous (closed) at all points is called
continuous (closed). We stress that in contrast to metric spaces, the continuity of a mapping
does not imply its closedness (see Example 1.1 from [14]). Also, we note that for the continuity
of the mapping f at a point x, the uniqueness of the limit f(x) of the sequence {f(x;)} is
not required (see Example 1.1 from [15]).

Definition 1.10. A point x € X is called a coincidence point of the mappings
Y: X =Y and ¢ : X — Y if the following relation is satisfied:

The following theorem is the principal theorem of coincidence point in a metric space.

Theorem 1.1 (see [6]). Let (X, px) be a complete metric space, (Y, py) be a metric space,
and the following conditions be satisfied: the mapping v : X — Y is «-covering and closed,
the mapping ¢ : X — Y is [ -Lipschitz, with o > B. Then, for every xo € X, there exists a
coincidence point & of ¢ and ¢ such that

Vg e X 3 e X 1 (€)= (&),

and

px (& x0) < py (¢(0), (o).

1
a—p
2. Main results

In this section, consider mappings 1, ¢ : X — Y, where X is a (q1,¢2)-quasimetric space
such that ¢ > 1 and ¢ > 1, and Y is a space equipped with a distance satisfying only the
identity axiom.

Let o > 3 > 0 be given real numbers.
For # € R and for n € N, we denote by S(6,n) the sum of the first n terms of a geometric

n—1
sequence Z 6', and thus,
i=0
1—0m
S(0,n) = g

Assume that S(0,0) =0 and 8° =1 when 8 = 0. For arbitrary values qo,q1,q > 1, we set
mo =min{j € N : g,/ < a’}.

Note that the existence of mq follows from the assumption § < a.
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Under the assumption that ¢28 < «, we set
no =min{j € N : ¢1(¢B)’ < a’}.

The following theorem is the main result of this paper. Before stating it, we note that
this theorem is practically identical to Theorem 4.5 in [7]. In Theorem 4.5, Y is a (qy, qy)-
quasimetric space (where qi > 1, q’2 > 1), but in the proposed theorem, Y is a space equipped
with a distance satisfying only the identity axiom. Moreover, since every (¢, go)-quasimetric
space is a b-metric space, the proposed theorem is a general case of the result obtained in [§].

Theorem 2.1. Let (X, px) be a complete (g1, qo) -quasimetric space and (Y, d) be a distance
space. Suppose that the mapping ¢ : X — Y is a-covering and closed, and the mapping
v X =Y s [-Lipschitz. Fix any point xo € X. Then the mappings v and ¢ have a
coincidence point € for which the following estimate holds:

. 2qmo—1g a,mg— 1)+ mo—1
limpy (20, 7) < i (Cl2ﬁ/m0 0 m) qi(q28)
n—¢€ Q™o — gy 3o

d((x0), ¢(70)). (2.1)

If the space (X, px) is weakly symmetric, then for & the following estimate is also verified:

@™ S(@f/o,mo — 1) + ¢3 (g8) ™"
Qmo — o310

px (o, §) < d(¥ (o), p(x0))- (2.2)

If the space (X, px) is qo-symmetric and ¢33 < «, then for & the following estimates are also
verified:

px(f,xo) < qog gcbano 1S(q QOf/f , o — ) + (qlq )”0*1
am — q1(g35)
)

. @™ S (qggB/ang — 1) + (ggh)"
lim px (7, 7o) < qog2 ( On/ n it
n—€ amo — q1(ggB)™

d(¢($0),¢($0)), (2?))

no

d(1(20), ¢(70)). (2.4)

Proof. Let xzy belong to X. If ¢(xg) = ¢(x¢), then the theorem is verified.
Now, if ¥(xg) # ¢(xg), we consider the sequence {z;} C X. Let

a= d(¢($o),é0(xo))~

Since v is «-covering, then there exists a point x; € X such that:

V(w1) = olme),  px(wo,) < édw(xo), (o)) = éa.

And as the mapping ¢ is [-Lipschitz, so
d(p(xo), p(x1)) < Bpx (2o, 1)
For the general case ¢ € N, we have:
V(i) = p(xi-1),

2.5
d((zi1), p(zi1)) < $d<80(xi2),80(xi 1)) < BPX(xz 9, Ti—1). (25)

Q|+

px(zi—1,x;) <
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Indeed, suppose that the terms of the sequence ¢, z1, ..., z; satisfy the relations (2.5) and are
constructed. Then there exists a point x;.1 € X such that:

V(ziv1) = ¢(x),

1 1 B (2.6)
px (@i, Tivr) < ad(wxi)’ (i) = ad@(fﬂi—l),%@(ﬂ?i)) < apx($i—1,$i)~
Thus, the construction of the sequence {z;} C X is completed. Using (2.6), we obtain:
2
pX(xia xi+1) S apX(xi_]_, xl) S EPX(xi—%-Ti—l) S e
= B—sz(f’fwl) S i—ild(w(xo)mo(:ro)) = 51 a. (2.7)
a Qi+ e

Now we show that the sequence {z;} is fundamental. For all integers 7, j > 0, by using the
relations (2.7) and (1.5), we obtain:

px (i, l’z‘+j) < qupx (T4, Ti41) + Q2PX($i+17Ii+j)
Bi
<q PV + G2 (Q1PX($i+1a Tit2) + Q2px (Tita, 5Ui+j))

%

< q it a+ 1px (Tiv1, Tita) + Gpx (Tiya, Tit;)

ﬁi i+1
<q i+l a+ CI2Q1 70+ Q3 (Q1PX(33Z+27 Tiy3) + qapx (Tiys, szrJ))

i i+1
<S¢ P + (2l a+ Gapx(Tivs, Tivs) + Gox (Tivs, Titj),

etc. As the result we get

5i i+1 61—1—2 9 ﬁz’-&-j 2 ﬂzﬂ 1
px (T, Tivj) < @1 Z+1G+Q2Q1 &‘1‘(]2(]1 el a+-+q v ICH‘CIQ it ¢

% 2 j—2 ) j—1
SQIOf (1+Q25 +q§6 +e g Ji +q1‘16é_1ﬂ- >

ol =2 i1
i ~

g .
= %Fas(ﬁy

where

- B . _ pit
S(]>:S<q257j_1>+ llq% laj_17

By using the latter, for all non-negative integers ¢+ and k, we obtain:

jE€N, S(0)=

Px (@i, Tivk) SQpx(Tis Tivmg) + @Px (Titme: Titk)
<q1px (T, Tivmg) + @ (QPX (Tismos Tivamo) T ©20X (Tisoms Tivr))
<qox (Ti, Titmy) T QO PX (Titmo, Titamy) T GOX (Tiyamo, Titvk)
<q1px (T, Tivmg) + ©@UPX (Titmos Tivamo) + @ (010x (Titamo Titsmo)
+ @20x (Tit3mo, $z+k))
<Qpx (Tis Titmo) + GG X (Titmos Tivamo) + G01PX (Titamo, Titsmy)

+ @3 x (Tis3mes Titk)-
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Continuing similar calculations, we obtain
2
px (@i, Tivk) < @1px (Tis Titmo) + ©OPX (Titmes Titam,) T GUPxX (Tit2mys Titsdme) + -
+qig5  px (Zit (r—1)mo» Titrmo) + G5Px (Titrme, Titk),

where r = [k/my].
From the obtained inequality, it directly follows that

, B gitmo giomo
px(Ti, Tivy) < @ i® aS(mo) + Q1Q2am5(mo) +qigia ms(mo) +-
y gitr=Dmo gitrmo

+ 414 ms(mo) taga g S(k —rm)

i 2mo r—1)mg

<q; aﬁﬂag(mo) (1 + QQﬁ s 52,”0 +. g 1%)
62+7‘m0 -

+ qlqgaWS(k — rmy)

] 5 mo ﬁz-H‘mo

< q%aiHaS(mo)S(QQa r)+ qi1g5a mg(k} — rmy),

where r = [k/my].
Therefore, by construction qg% < 1, we have:

B i+rmo
(e ties) < 622 aS(mo)Sar ) + qugga Sk~ rmo)
) mo Tmo _
< g~ 6 ( —r)+aqr 1q§ﬁ 5(k—7“mo))
5 5(7”0) 1
Sqfama(l o+ 41" Stk o)) (25)

But the term ¢;'S(k — rmyg) is uniformly bounded for all k, r = [k/mg], because 0 <
k —rmg < my.
Thus, the sequence {z;} is fundamental in complete space, so it has a limit ¢ satisfying
the following relation:
limz, =¢ < grglo px (& 2;) =0. (2.9)

11— 00

By taking the limit in equality (2.6) and using the continuity of the mapping ¢ and the
closedness of the mapping 1, we obtain the equality

p(&) = ¥(&).

If the number k = Img, | € N, then by construction,

S(k —rmg) = 0.
Thus, for any natural number & that is a multiple of mg, in equation (2.8) with ¢ =0, we
have: 25
a 1S (m
px (2o, 1) < — (%) (2.10)
1 —q

From this inequality, using (2.6) and (2.9), we obtain the corresponding estimate (2.1).
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Now, suppose that the space (X, px) is weakly symmetric.
Using (2.6), (2.9), and (2.10), we obtain:

px (20, €) <qupx (0, 71) + qapx (5, €) <
23 33

a ( ¢iS(mo) 1 ¢@S(my)

<g—| 2= 7 | < = .

~a (1 - qz%) < 01 g (W) olw))

a™0

Thus, (2.2) is proven.
Now, we will prove (2.3) and (2.4).
Suppose the space (X, px) is go-symmetric, q§§ < 1, and by using (2.7), we have

19 ($i+1, ﬂfz)

< px(miymip) < =px(xim1, ;) < —qopx(zi, xi-1).
qo a (8%

Thus,
o3
px (Tig1,75) < CIoaPX(%xi—l)- (2.11)
Let

~ 2ﬁ

a=px(z1,10), B= %

Then, we have 3 < 1. By inequality (2.11), we have:

px (Tiv1, x;) < BPX(%', Ti—1) < BQPX(fEi—la Tig) < ---
< Bdx(x1,x0) < fa. (2.12)

For all integers 4,j € N, using (2.11), (2.12), we obtain:

pX(xiJrja z;) < Q1PX(Ii+j7 Tiv1) + Qpx (Tiv1, x;)
< qpx (Tiyg, Ti) + @f'a
< @ (@px (Tisg, Tiva) + @px (Tiga, vis1)) + @2f'd
< @ipx (Tivj, Tiva) + Q@px (Tiva, Tis1) + @@
< G (qipx (Tig, Tiys) + @px (Tirs, Tit2)) + Q@B a+ gfa
< @ px(Tivj, Tivs) + Gdx (Tips, Tive) + geB T a + g5

Having carried out similar transformations a sufficient number of times, we obtain

px(Tivj, 1) < @Ba+ qgeb T a+ @i a4 -+ gl @B Pa 4 gl U g
<@fa(l+qf' + @B+ +a P+ gl T g t) = eBlaS (),

where

SG) = S(@fj—1)+q ' gt jEN, S0)=0.
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From the latter, for all non-negative integers ¢ and k, we obtain:

Px (Titk, i) < Q1PX (Titk, Titng) + @2Px (Tipng, Ti)
< @ (@dx (Tign, Titong) + G20x (Titang, Tivny)) + @2Px (Tipng, i)
< prx(%urka Titong) + 41920 (Titongs Titny) + Q2Px (Titngs Ti)
< G (@px (Titk, Titany) + X (Tisng, Tivany)) + 0162Px (Titang, Titno)
+ @px (Titng, Ti)
< @ px (Tiths Tivane) + G a2Px (Tig3n0> Tivane) T €1020x (Tit2ngs Titng)

+ q2Ppx (:Ei-i-nov sz)
We continue similar calculations, and as the result we get
px (Titk, 2;) < g3B'aS(no) + @B ™ aS (no) + g 0as (ng) + -+ -
+ qiilqgﬁwwil)no&g(n@ + 1 px (Tisgks Titrng)
< @BaS(no)(L+ @™ + @ + -+ ¢ B77™) + ¢l px (Tivk, Tivrng)

~

< e 0aS (k — rng) + 435S (no) (a1 50, ),

where r = [k/ng].
Thus, considering that by construction

Q1Bno < 17

we have:

px (i, 1) < @2Ba(qiqy 8™ S(k — rng) + S(no)S (1 6™, 7))

If £ € N is a multiple of ng, then by construction,
S(k —rng) = 0.

Thus, for k£ € N, a multiple of ny from (2.13), for i = 0, we have

04
px (2, xo) < Mpx(ﬂfl,xo)
1L —qpm
1 gog35(no)
< amdwwo)»%@(%))a (2.14)
since
0 < 2 d(w (o), plw0),

Now, using (2.6), and from inequality (2.14) as in the previous section, using (1.5) we obtain

g0 435(no)

< —
Px(faxo) = a1 — g

d(¥(z0), ¢(0))-

This proves (2.3).
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From (2.3) also, by using (2.14), we obtain:

>
lim px (1, zo) < G _65(n0)

n—E al— g pmo d(y(z0), p(o))-

This proves (2.4). O

We now study the stability of the coincidence point ¢ of the mappings ¢, p. We will
interpret stability as follows. Let 1,0, : X — Y be defined for all n € N. Assuming some
convergence of these mappings to the original mappings ¢, ¢, we will show that for any n, the
mappings v, ¢, have a coincidence point &,, and &, converges to &.

Recall that a coincidence point of the mappings ¢, ¢, : X — Y is the solution of the
equation

V() = Pu(T).

Theorem 2.2. Let (X, px) be a complete weakly symmetric (qi,qe) -quasimetric space,
and let € € X be a coincidence point of the mappings ¥, : X — Y. For each n € N, given
0 < B, < ay, we define:

. q%anmo_ls(qué_:? mo — 1) + q%(QZBn)mo_l

m m
ano - q2ﬁn 0

Sn

d(Pn(£), Pn(£))-

We assume that for each n € N, x € X, the mapping 1, is «, -covering and closed, the
mapping @, s By -Lipschitz. If S, — 0 as n — oo, then for all n € N, equation (2.3) has at
least one solution &, such that &, — & as n — oo.

Proof Forevery n € N, the conditions of Theorem 2.1 are satisfied for the mappings
Un,on =+ X — Y, with 2o = & So for each n, there exists a solution &, for the equation
n(x) = @p(x) such that px(§,&,) < S,. Due to the convergence S, — 0 as n — oo, we
obtain &, — & as n — oo. O]

We note that this theorem is an extension of the result obtained in [8].
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