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For the Poisson problem

—Au+ p(x)u — /u(s) r(z,ds) = pf, u|F(Q) =0
Q
equivalence of positivity of the Green function and other classical properties is showed. Here
Q is an open set in R™ | and I'(2) is the boundary of the . For almost all z€Q, r(z,-) is

a measure satisfying certain symmetry condition. In particular this equation involves integral
differential equation and the equation

m

—Au+p@)u(a) = 3 pi(@)ulhi (@) = pf,

i=1

where h;: 2 — Q is a measurable mapping.
Keywords: Green function; Poisson problem; Vallee-Poussin theorem; Spectrum of selfadjoint
operator

1. The Poisson problem

1.1. The problem

Let © be an open set in R™, and I'(2) be the boundary of the Q. For a function u=u(z),

reQ,let Au=ul . +---+u, , ,where x=(x1,...,2,). In the Poisson problem
~dutplayu [ us)r(r.ds) = plo) (o) 1)
Q
u}F(Q) =0 (2)

for almost all = €Q, the function r(x,-) is a measure satisfying certain symmetry condition. For
example, if for each x the measure is concentrated at the points h;(x), i=1,...,m, the equation
(1) will have the form

m

—Au+ p@)u(e) — 3 pi@)ulha(@) = p@) f(2),

i=1

where h;: 2 — € is a measurable mapping. The function p is a positive weight.
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The functional differential equation (1) has certain mechanical interpretation if p(z)>r(z,).
For the case n=2 it describes the state of the loaded membrane with added special internal forces.
This fact allows predict positivity of the Green function [1|. Here the condition p(x)>r(x,Q) is
omitted. The boundary value problem (BVP) (1), (2) has the Fredholm property. In case of unique
solvability its solution can be represented by means of the Green’s function

u(m):/QG(x,s)f(s)ds.

1.2. Assumptions and notation

Let Q CR"™ be a nonempty bounded open set, I'(Q2) be the boundary of the Q, and X =0 be
the closure of €. For a real function u=wu(z) defined on € and having derivative of first order,’

! . !/ !/ _ 1
Uy 1= (ul,l, . ,uxn) , where x=(x1,...,2y). For two such functions v and v,
N A I
Up Uy 1= Uy Uy o0+ Uy Vg

Let’s consider the following two bilinear forms?

[, v] == / u vl do + / p(z)u(z)v(z) do — / v(@)u(s) &o(dz x ds), (3)

Q Q QxQ
(dr:=dxy---dx, ) and
(u,v) := [u,v] — / v(z)u(s)n(dx x ds). (4)

QxN

The domain Q is assumed to satisfy the cone condition |2].

1.2.1. The form (3) we use under following assumptions

Let M be the set of all Lebesgue measurable subsets in X = . Let the function 7: X x M —
— R satisfy two conditions: for almost all x € X, the function ro(z,-) is a measure on M, for
any e€ M, ro(-,e) is measurable on X . Let

p(x) == ro(x, Q).

The set function &y defined by the equality

SO(E) = / TO(vaz) dr, B, = {y: ($7y) € E}
X
is a measure. Assume that &y is symmetric, that is,
50(61 X 62) = 50(62 X 61), Vei,es € M.

The measure 7 has the same properties and is defined by

W(E) = [ ala.Fo)do, Be = {y: (0.9) € B}
where ¢ has properties analogous to 7. The measures £ and r(x,-) define by

§:=8 +n, ri=1r0+¢q

1= signifies ‘is equal by definition’

2the notation &(dx x dy) is equivalent to d&
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1.2.2. Two main spaces

We use the Sobolev spaces Wol’z(Q) and W02’2(Q) [2].

Definition 1.1. Let W be the vector subspace of all elements from W01’2(Q) satisfying
[u, u] < oo.

The bilinear form [u,v] is an inner product in the Hilbert space W .

Let p(z), € X , be a positive measurable and integrable in € function and pu(E):= [, p(x) dx .
Let

(f.9) = / f(@)g(x)plz) dz
Q

and Lo(X,p) (or Lo(€2, 1)) be the Hilbert space of all p-measurable functions on X with finite
integral [ f(z)%p(z)dx .
Q

Define the operator T: W — La(2, 1) by the equality Tu(z) =u(z), v €. The operator T
is continuous.

1.3. A variational form of the problem. Euler equation

The equation with relation to u in variational form

/ ul vl dz + / p(@)u(z)v(z) dz — / v(@)u(s) Eoldz x ds),

Q Q QxQ

can be represented in the short form
fu,v] = (£, Tv), (Y0 € W). (5)

The image T(W) is dense in Lo(X, i) . The operator T* has an inverse Lg 3. For any f € La(€2, 1)
the equation (5) has a unique solution u=T*fecW .

The set T*(La2(X, p)) is the domain of the operator Ly .

For any ue C§°(Q2) or ue WOZ’Q(Q) and v € W integrating by parts obtain the identity

/u;v;dxz—/Au-vda:.
Q Q

/u’xvgdx:—/gwdm, Yo e W. (6)
) Q

Hence, if Au=g, then

Since C{°(2) C D(Ly) the equation (6) can be used as definition of operator A on the space D(Ly)
in a weak sense.
Proposition 1.1. Operator £y has representation

Lou = /1) <—Au +p(z)u — /Q u(s) ro(x, ds)> . (7

Soperator Lo can be considered as extension of the operator defined by (7)
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2. Results

2.1. Eigenvalue problem and spectrum

T heorem 2.1. The eigenvalue problem

—Au+ pu — /u(s) ro(z,ds) = Apu, u’F(Q) =0 (8)
Q
has in W a system of nontrivial solutions u,(z) corresponding to positive eigenvalues A, . That

is, Ao < A1, .... This system forms an orthogonal basis in the space VVO1 2
Note that the minimal eigenvalue Ay satisfies the relation

. [u, u]
A= inf ————.
07 et (T, Tu)
2.2. Positivity of solutions
The problem
—Au +pu — /u(s) ro(z,ds) = pf, u’F(Q) =0 9)
Q

represents the equation Lou=f.

Theorem 2.2. Suppose f>#0 and u(z) is the solution of the problem (9). Then u(x)>0
in Q.

Corollary 21. The minimal eigenvalue )y of the problem (8) is positive and simple
(Ao < A1) . It associated with a positive in £ eigenfunction ug(z) .
2.3. General case

Here we consider the form (4). The equation in variational form
is equivalent to the boundary value problem

Lu:= Lou— Qu = f, u‘F(Q) =0, (10)

where the operator Q: W — Lo(), 1) has the representation

Qu(x) = (1/p) /Q u(s)q(z, ds).

We may to impose some conditions to ensure the action Q: W — Ly(€2, ) and continuity. In this
case the operator QT™ will be compact. It may be showed that this operator will be compact if

Q('>Q) € LQ(QHO)' (11)

Theorem 2.3. Suppose (11) is fulfilled. The eigenvalue problem

—Au+ pu — /u(s) r(z,ds) = \pu, U}F(Q) =0 (12)
Q
has in W a system of nontrivial solutions wu,(z) corresponding to eigenvalues Ao <A; <.... This

system forms an orthogonal basis in the spaces I/Vol’2 and in W, and in Lo(2, p) .
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Theorem 2.4. The following affirmations are equivalent:
. the quadratic functional (u,u) defined by (4) is positive definite,

. the problem (10) is uniquely resolvable, and its Green function is positive in 2 x Q,

1
2
3. the inequality —Av + pv —/ v(s)r(xz,ds) >#0 has positive in Q solution,
Q
4. the minimal eigenvalue of the problem (12) is positive,

5)

. spectral radius of the operator Q7™ is less than unit.
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Hna 3agaqan Ilyaccona

—Au + p(z)u — /u(s)r(m,ds) =rf, u|F(Q) =0
Q

[OKA3aHA YKBUBAJEHTHOCTD IOJIOKUTEJNbHOCTH (PYHKIMUA ['pUHA U JAPYIUX KJIACCHIECKUX
cBoiicTB. 31ech ) — oTkphIToe MHOXKecTBO B R™ |, u ['(Q) — rparuna Q. s mourn Beex
x €, r(x,-) — Mepa, yJOBJIETBOPSIONIAs HEKOTOPOMY yCJIOBUIO CUMMETpHH. B dacTHOCTH,
9TO ypaBHEHHE OXBATHIBAET WHTErPO-Iud depeHnuaibHoe yPpABHEHNE U YPABHEHUE

m

—Au+p@)u(z) =Y pile)ulhi(z) = pf,

i=1

rme h;: ) — Q — usmepumoe oTobparkeHue.
Kmouesnie caosa: dynknns ['pumna; 3agada [Iyaccona; Treopema Bame-Ilyccena; ciektp ca-
MOCOIIPSI?KEHHOT'O OTIepaTopa
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