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O Teopeme HaruibirmHa
A HegBHOTO JuddepeHnnaIbHOTO YPAaBHEHUS 7 -TO IIOPSIKA

Cappa BEHAPAB
JlabopaTopust IPUKJIAIHON MaTEMATHKH ¥ MOJETUPOBAHMS,
Yuusepcurer 8 Mas 1945 r. — T'esibma
24000, Amxup, 1. lenbma, m.s. 401

Annortarus. Paccmarpusaercs 3ajada Kormm jyist HestBHOTO i hepeHInaaIbHOr0 ypaBHEHU S
7 -I'O IOPSIJIKA

g(t,x,i,...,x("))zo, te[0,T], z(0)=A.

[pemnonaraercs, uto A = (Ag,..., A,—1) € R", dynxuus g : [0,7] x R"™ — R uzmepuma
no mepsomy aprymenty t € [0,7], a npu dbuxcupopannom t dynxuus g(t,-) : R*H — R
HEeIPEPBIBHA CIIPABa W MOHOTOHHA I10 KAaYKJIOMY W3 IIEPBBIX 71 APryMEHTOB, a IO MOCJEIHEMY
n + 1-My aprymeHTy HempepbIiBHA. TaKKe IIPeIoJIaraeTcsi, 9To JJjis HEKOTOPBIX JOCTATOTHO
raakux QYHKIWA 1),V CIpPaBeJINBbl HEPABEHCTBA

vD0) > 4; > nD(0), i=0,n—1, ™) > ), telo,T];
g(t,v(t),o(t),...,v™ (@) >0, g(t.n),n®),....,n"™ () <0, te0,T]

[Tonydens! 1o0CcTATOYHBIE YCIOBUS PA3PENINMOCTHU U OIEHKHU PEIIeHN PACCMATPUBAEMOIT 381841
Kormmmm, kpome TOro, mpu BBIMOTHEHUHN STUX YCIOBHII MHOYKECTBO DENIEHUI, YIOBIECTBOPSIONIAX
nepasencream 7™ (1) < z(M () < v(™)(t), me mycTO, M B ITOM MHOKECTBE COIEPKATCS PEIICHAS
¢ HanOOJIbIIIEll U HAWMEHbIIeH 7 -l TPOU3BOIHON. DTO yTBEPXKIEHNE AHAJIOIUYIHO KJIACCUIECKON
Teopeme Hamibiruaa o guddepeHnmagapbHoM HepaBeHcTBe. MeTosr moKa3aTeabCTBa UCIOIb3YeT
Pe3yIbTATHI O PA3PENINMOCTH YPABHEHUI B YACTUYIHO YIOPSIOYEHHBIX IIpocTpaHcTBax. [Ipuse-
JIEHBI TIPUMEPBI IPUMEHEHNUs TIOJIYY€HHBIX PE3YIbTATOB K MCCJIEIOBAHUIO HESIBHBIX JTuddepen-
[UAJIBHBIX YPABHEHUII BTOPOrO HMOPSIKA.

KuaroueBble ciioBa: HesiBHOE JauddepeHImaIbHoe YpaBHEHHEe N -TO TOPSIIKa, HanOOJIbIee 1
HanMMEHbBIIIEe PEIeHNs, OIeHKN penreHnil, reopema Jammsiruaa o auddepeHnnasHoM Hepa-
BEHCTBE

Jnsa mutupoBanusi: Benapab C. O teopeme Hambiruna [1yisi HessBHOrO AudHepeHnnaIbHOr0
ypaBHEHus N -ro nopsiaka // Becrauk poccuiickux yuusepcureroB. Maremaruka. 2021. T. 26.

Ne 135. C. 225-233. DOI 10.20310/2686-9667-2021-26-135-225-233.
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On Chaplygin’s theorem
for an implicit differential equation of order n

Sarra BENARAB
Applied Mathematics and Modeling Laboratory,
University 8 May 1945 — Guelma
B.P. 401, Guelma 24000, Algeria

Abstract. We consider the Cauchy problem for the implicit differential equation of order n
g(t,z,i,....2™)=0, te0,T], z(0)=A.

It is assumed that A = (Ao, ..., A,—1) € R", the function g :[0,7] x R"*! — R is measurable
with respect to the first argument ¢ € [0,7], and for a fixed ¢, the function g¢(¢,-) : R*™t — R
is right continuous and monotone in each of the first n arguments, and is continuous in the
last n 4+ 1-th argument. It is also assumed that for some sufficiently smooth functions 7, v,
there hold the inequalities

vD0) > A; > 90, i=0,n—1, v ) >n"™ (), tel0,T);
g(t.v(t),v(t),...,v™ @) >0, g(t,n(t),9(t),....n"™M () <0, tel0,T).

Sufficient conditions for the solvability of the Cauchy problem are derived as well as estimates
of its solutions. Moreover, it is shown that under the listed conditions, the set of solutions
satisfying the inequalities v(™(t) < z(™(t) < v(™(t) is not empty and contains solutions
with the largest and the smallest n-th derivative. This statement is similar to the classical
Chaplygin theorem on differential inequality. The proof method uses results on the solvability
of equations in partially ordered spaces. Examples of applying the results obtained to the study
of second-order implicit differential equations are given.

Keywords: implicit differential equation of order n, largest and smallest solutions, estimates
of solutions, Chaplygin’s theorem on differential inequality

Mathematics Subject Classification: 34A09, 34A40, 34B10.

For citation: Benarab S. O teoreme Chaplygina dlya neyavnogo differentsial’nogo uravneniya
n-go poryadka [On Chaplygin’s theorem for an implicit differential equation of order n].
Vestnik rossiyskikh universitetov. Matematika — Russian Universities Reports. Mathematics,
2021, vol. 26, no. 135, pp. 225-233. DOI 10.20310,/2686-9667-2021-26-135-225-233. (In Russian,
Abstr. in Engl.)



O TEOPEME YHAIIJIBIT'MHA JJ1d HEABHOI'O JMOOEPEHIINAJIBHOI'O YPABHEHUW A 227

Bsenenue

B reopeme Hambiruna (cm. [1], a rakke [2]) yrBepxKaercs, aro ecin Gyuxims f : [0, 00) X
R — R HempepbiBHA 1 I HeKOTOpoi dyukmuu ¢ Bemoamero U(t) > f(t,9(t)), t > 0,
To Joboe pemenne ypasuenus © = f(t,x), t > 0, ¢ nagagbueim yeaoBueMm x(0) < 9(0)
yaosseTBopsieT HepaBencTBy x(t) < 9¥(t), t > 0. Pacmnpocrpanenuio teopembl Harubiruna
Ha 3aja4dy Komm u KpaeBble 3aja4un Jjisd cucTeM JTud@epeHuaj bHbIX 1 (DYHKIINOHATHHO-
nuddepeHImabHbIX YPABHEHUH, UCIOJIB30BAHUIO MTOJIYIEHHBIX HEPABEHCTB B TEOPUH TAKUX
yPaBHEHMIT MTOCBAIIEHBI MHOTOYNC/IEHHBIE PAOOThI. SHAYUMBbIE pe3y/abTaThl moaydensl H.B. As-
Gesresbim, M.A. Kpacuocenbckum, f./1. Mamenoseim, A.U. Tlepossim, 3.5. Tamokom (cM. cra-
Thu 13 cobpanus counnennit H.B. Asz6eneBa |3, pazmen 1| u mmeroryrocst Tam 6ubmorpaduro).
Jlo He/laBHETO BpEMEHN HEIOCTATOYHO M3YUEeHHBIMI OCTaBAJINCh BOIIPOCHI O HEPABEHCTBAX THUIIA
YHarutbIruHa, /71 HeSIBHBIX (HE pa3pelieHHbIX OTHOCUTEIHLHO TPOU3BOIHOMN ) muddepeHInabHbIX
ypasaenuit. HoBble BO3MOXKHOCTHU B MCCJI€IOBAaHUU HESBHBIX (b hepeHInabHbIX ypaBHEHU
nosiBIIMCH OJstaromapst padboram A.B. Apyrionosa, E.C. 2Kykosckoro, C. E. 2Kykosckoro n
Jp. aBTOpoB (cM. [4-9]) 06 ypaBHEHHSIX ¢ HAKPBIBAIOIMMHI OTOOPAZKEHUAMHU, JTEHCTBYIOMIUME
B YACTHYHO YIOPSIOUCHHBIX IpocTpancTBaxX. C UCIOIH30BAHIEM STUX PE3YJIbTATOB B pabo-
tax [10-12] 6bL1K moJTy YeHbl yTBEPZK IeH ] TUTIA TeopeMbl aIlIbIriHa JJIs CKAJIAPHBIX HEsIBHBIX
b depeHImatbHbIX YPaBHEHNU{T TepBOro MOPsJIKa U HHTErPaIbHbIX ypaBHeHuil. B pabore [13]
ObLIN TIOJTyU€eHBbI Pe3yJIbTaThl 00 aOCTPAKTHBIX HEPABEHCTBAX, MOPOYKIEHHBIX OTOOPAYKEHUSIMH,
JIERCTBYIOMUME U3 YACTUYHO YIOPSIOUYEHHOTO MMPOCTPAHCTBA B MPOM3BOJILHOE MHOYXKECTBO, U
Ha 3TOIl OCHOBe JIOKa3aHbl TEOPEMbI THITa JalIbTMHA O PENIeHNAX KPaeBBbIX 3ajad JJIs CU-
creM HesiBHBIX (D depeHInaIbHbIX yPABHEHUI IEPBOro TOpsijika (IpUYeM, B IPEII0I0Ke-
HUSIX, OCJTA0JISIIONINX «CTaHIAPTHBIE» YCJIOBUS HEIPEPBIBHOCTH U MOHOTOHHOCTH TI0 (DA30BBIM
[epeMeHHbIM Ha QYHKIN, TOPOXKIAIONINX YPABHEHNS ). DTO UCCIE0BAHIE OBLIO TPOJIOIKEHO
B [14], tae I meprouecKoil 3a1a4n ObLIO MOKA3aHO CYIECTBOBAHUE HAUOOJBIIEIO M HAU-
MEHBIIIEr0 OTHOCUTEJILHO CIEIUATBLHOrO Mopsijika pernennii. B nanuoit pabore pesyibrars [13]
UCIIOJIB3YIOTCH JIJIsl UCCIEJIOBAHUS HEsABHOTO JudDepeHIinaaIbHOr0 YpaBHEHUS N -TO MOPSJIKA.

Crarbs pazjiesieHa Ha TPHU ceKiuu. B cexnum 1. mpuBe/ieHbl HEOOXOIUMBbIE 0DO3HAUCHUSI.
B ceknum 2. chopmyaInpoBaHO yTBep:KIeHNE O PA3PEINIIMOCTA W OIEHKE DEeNIeHUs CUCTEMBI
HedBHLIX b depeHImaibHbIX YpaBHEHUN TePBOr0 MOPsJIKa, PACIPOCTPAHSIONIEEe Pe3y/IbTa-
ThI |13, Teopema 2| Ha cirydait 6oJiee 0OIEro OTHOIIEHMST TOPsiIKa B IIPOCTPAHCTBE BEKTOPHBIX
n3MepuMbIx pyHkIuit. Ha ocHOBaHUM 3TOT0 YTBEPKIEHUS B CEKITUU 3. TIOJIYUE€HO YTBEPXK IEHIE
THia TeopeMbl JaribiruHa o jiuddepeHmajibHOM HePaBeHCTBe s HesiBHOTO aud depentiu-
AJIBHOTO yPABHEHUS N -TO MOPSIKA U MPUBE/IEHBI HILTIOCTPATHBHBIE IPUMEDHL.

1. OcHoBHBIe 0003HAUYEHUHA

O6oznaunm [epes M mpocrpancTtBo mamepuMbix (o Jlebery) ma [0,7] BemecTBeHHBIX
dbyukIwit, u vepes L ero mojmpocrpascTBo cymmupyeMbix Ha [0, 7] BerecTBeHHBIX ByHKIHIA.
Omupenesmum B M (1 cOOTBETCTBEHHO, B L) «€CTECTBEHHBIN» MOPSIIOK:

Vu,v e M w<v & u(t)<wv(t) mpums. te[0,T].

O6o3naunm yepes AC mpocrpancTBo onpejeneHubix Ha [0, 7] abCoOTHO HENPEPBIBHBIX Be-
mecTBeHHbIX (yHKIWii, a yepes AC,, — npocrpancrBo m — 1 pas jguddepeHnupyeMbIx Ha
[0, 7] dyuknuii, mmerormux abCOTIOTHO HEIPEPBIBHYIO M — 1 -10 TIPOU3BOJIHYIO, TAKUM 00PA30M,



228 C. Benapab

g x € AC,, BBIIIOJTHEHO

2™ e L u x(t)=2z0)+z0)t+... + ﬁx(m_l)(()) + ﬁ/o (t — 5)x™(s)ds.

st obo3HaYEHNS JeKapTOBa IPOU3BEIEHHSI 77 MHOXKECTB CTaHIAPTHO MCIIOIb3YeM BEPXHUIA
unjekc n (manpumep, M"™ AC™). B npoussenennu M™ nopsijiok Oyjiem 3a/1aBaTh CJIeLy IOIIIM
obpaszom. Ilycrs mHOXKeCTBa [ m [ ocymiecTBisiior pasouenne muokecrBa [:= {1,2,... n}.
Hnga y=(y1,...,yn) € M, z=(21,...,2,) € M"™ nonaraem

y<z e (yy<zmupmicl, nwy >z npuicl ). (1.1)

2. Cucrema auddepeHIIaIbHbIX YPaBHEHUI IIEPBOTO MOPSIKA

Pacemorpum cucremy muddepeHimaabHbIX ypaBHEHNN BHIA

filt,z,d,3) =0, t€[0,T], i=Tn, (2.1)

rie f; [0, T]xR*"xR"xR =R, i=1,n,
cucrempr (2.1) nonmmaem dbyukmuio r € AC™, yIOBIETBOPAIONLYIO BCEM YDPABHEHUSAM 3TOM
cucrembl ipu 1.B. ¢ € [0, T].

HEeKOTOpBIe 3ajanabie pynknuu. [log permennem

CdopmyupyeM JI0CTATOUHO OUEBH/IHOE PACIPOCTPaHeHne pe3ybraros |13, reopema 2| Ha
cirydait 6ostee obrero orHomenust opsijika (1.1) B mpocrpancree M™ BEKTOPHBIX M3MEPUMbBIX
dyHKIHiI.

Teopema 2.1. [Tycmv npu 6écex ¢ = 1,n 6uN0AHEHO YCAOBUE

(Fl) npu n.e. t € [0,T), mobwxr x,v € R" u y; € R dynxyusa fi(-,z,v,y;) : [0,T] = R
usmepuma, gynryus fi(t, - - ;) R" x R" — R nenpepwsna cnpasa no xasxrcdomy ap-
RQYMEHMY T, ..., Tp U Vi, ...,Up, G Mmakrdce yovsaem 6 cayyae i € I, u sozpacmaem 6
cayuae 1 € I, dynxyua fi(t,z,v,-) : R = R nenpepusna.

ITyemov das wexomopwix pynryut v,n € AC™ maxuzx, wmo v(0) > n(0) u v >, svinoinerv
HEPaseHcmsa

filts v (), v(t), vi(t)) = 0, filt,n(t),7(t),7:(t)) <0, t€[0,T], i=1I;

Bt (), 200, 54(0) < 0, fitn(®). 00 in(®) > 0, te0.T), i=L.

Tozda ons mobozo A = (Ay,...,A,) € R" maxoeo, wmo n;(0) < A; < 14(0), i = 1,n,
cywecmeyem pewenue x € AC™ zadavu Koww das cucmemv, (2.1) ¢ nauasvmvim yeiosuem

z(0) = A, (2.3)

YI0BAEMBOPAIOWEE HEPABEHCTNEAM

ni(t) < @;(t) < wv(t), te€[0,T], i=1n. (2.4)
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JokazaresbeTBO TeopeMbl 2.1 MOJHOCTHIO MOBTOPSIET J0KA3aTeIbCTBO aHAJOINTHON Teope-
Mol 2 n3 pabots! [13], ecom ma muoxecrBe M™ 3amarh ornomenue nopsaka (1.1). Takxke reo-
pema 2.1 mMoxker ObITh BbIBeIeHa 13 |13, Teopema 2|, jijist 9TOr0 J0CTATOYHO IPUMEHUTS |13, Teo-
pema 2| K creyromieil cucreMe, KOTOpas paBHOCHIIbHA UCXOHOMN cucTeme (2.1):

filt,w, i, i) =0, te[0,T), i€ly; —filt,z,@,4)=0, t[0,T], i€l

SBameuanue 2.1. B owmuane or OosbIMHCTBA HCC/IEI0BaHn TuddepeHInabHbIX
ypashenuit B reopeme 2.1 u B [13, Teopema 2| dyukmun f;, i = 1,n, 10 BTOPOMY U TpeThe-
My apryMeHTaM He IIPeJIIOJIAraloTCs HEIPEPBIBHBIMU, T. €. 9TH (DYHKIUHA HE YIOBIETBOPSIOT
yeanosusim Kapareonopu. Ho tak kak Boimostaeno yeiosue (F|), xommosurus fi(-, z(+), u(-), y;)
SIBJII€TCS U3MEPUMOit 1pu JTII0ObIX 2, u € M™. DTO CBONCTBO CyNePHO3UITMOHHON U3MEPUMOCTHI
ciestyeT u3 pe3ynbraton [15].

IMIpennoxenne 2.1. IIpu evnoanenuu yeaosuti meopemvt 2.1 60 mmozicecmee pe-
wenutd 3adavu (2.1),(2.3), ydosaemsopsmowur nepasencmeam (2.4), cywecmeyrom pewenus
¢ Haumenvwet u HauboALwWel NPoudeodHot (U NOIMOMY COOTNEEMCMEYIOULUE PEUECHUSL ACAA-
H0MCA HAUMEHDUWUM U HAUOOALUUM 6 ITOM MHONHCECTNGE).

JlokazaTebCTBO 9TOIO YTBEPXKIECHUST TTPOBOJUTCA AHAJIOTUIHO JIOKA3ATEILCTBY COOTBET-
CTBYIOIIErO yTBEPIKIEHUsI O PEIIEHUSX IEPUOINIECKOl KpaeBoii 3ajauu B padore [14] u ocroBa-
HO Ha pe3ysbratax [13] 0 MEHUMAJBHOM / MaKCHMAJbHOM DEIIeHHUsIX OlEPATOPHBIX ypPABHEHH
u cBoiicTBax orneparopa HeMmbInkoro.

3. JInddepennuaibHoe ypaBHEHUE 7 -TO HMOPSIKA
[Tycts 3amana dynkmua g : [0,7] x R"™ — R. Paccmorpum HesiBHOE jtudbdepeHImanibHoe
ypaBHEHUE N -TO MOPSAIKA

glt,x, @, ..., ™)y =0, tel0,T]. (3.1)

«CraHmapTHON TOJCTAHOBKOY» =7 = T, X = &;, @ = 1,n — 1, ypasrenne (3.1) 3anmcsiBa-
eTcs B BUJIE CUCTEMBI

SERRRRS ) (32)

g(t,x1, 29, ... Ty, dy) =0,
K KOTOPOil MO¥KHO IPUMEHHUTD BBIIIEN3JI0:KeHHbBIC PEe3YILTATEL. B ollpe e/ IeHin Mopsiika Ha MHO-

kecre M™ monoxkum [, = I, I_ = (). Takum obpasom, u3 TeopeMbl 2.1 u npeoxkenns 2.1
HOJTydaeM CJIeIyIolee yTBep:KIeHre TUIIa TeopeMbl JaribiruHa Jyisi ypaBHenus (3.1).

Teopema 3.1. ITycmw npu mobom (T1,...,7,,v) € R dymwyua g(-, 21, ..., 2T,,0) :
[0, 7] - R usmepuma, a npu n.e. t € [0,T] dynxuus g(t,-) : R*™ — R no xascdomy us nep-
GOIT T AP2YMENHMOG T, ..., T, YOLIEACT U HENPEPLIGHA CNPAGA, 4 MO NOCACOHEMY AP2YMEHMY
v asasemes nenpepuieroti. Ilycmo das pynkuut v,n € AC, svinoanens, Hepasencmea

v9(0) > n(0), i=0n—1, v"M(t) >y (), t€[0,T];
A0 > 000, =TT, (6020, A0) 20, 1€ 0T
N ) <00, i =0,n=2, g(t.n(t),n(),....n" ) <0, tel0,T].

I\/
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Toeda dan mobozo A = (Ag,..., A,_1) € R* maxozo, wmo n(0) < A; < v (0) npu ecex
i =0,n—1, cywecmsyem pewenue v € AC, 3adauu Kowu dan ypasuenua (3.1) ¢ navaroroim
YCA0BUEM

2(0) = Ag, ..., 27V(0) = Ay, (3.3)

ydoe,/temeopﬂmuee HepaseHCcMEAM
() < 2(8) < V() ¢ e [0,T]. (3.4)

Kpome moeo, 60 mrnoorcecmse pewenuti 3adavwu (3.1), (3.3), ydosaemsoparowur nepasencmsam
(3.4), cywecmeyrom pewenus ¢ naumenvwed u Haubosvwel nPoudsodHot n -20 NOPAIKG.

CdopmymupyeM 9acTHBIN cirydail TeopeMbl 3.1 — yTBepKIeHNE O Pa3PeInMOCT HESBHOTO
ypaBHEHUs BTOPOI'O MOPSJIKA

gt z,@,%) =0, te[0,T]. (3.5)

CnencrBue 3.1. ITycmv npu ecex (xq1,T2,v) € R® dynxyua g(-,x1,12,v) : [0,T] - R
usmepuma, npu n.6. t € [0,T] dynrxuyua g(t,-) : R* — R no nepsomy u emopomy apaymernmam
X1, Ty YOLIBAEM U HENPEPBIEHA CNPABA, G NO MPEMBEMY APLYMEHMY U ACAACMCA HENPEPLIEHOTL.
Hycmov das pynxyut v,m € ACy 6binosnenv, HEPABEHCMEa

v(0) = n(0), ©(0) = n(0), ¥(t) =7jt), t<0,T];
v(t) > v(t), g(tv(t),v(t),v(t) >0, tel0,T];
() <n(t),  g(t,n(6),7(t),i(t)) <0, tel0,T]

Tozda dasn aobwx Ag, A1 € R maxuzx, wmo n(0) < Ay < v(0), n(0) < A; <(0), cywecmsy-
em pewenue x € ACy 3adavwu Kowu das ypasrernus (3.5) ¢ Hauaivnom ycaosuem

2(0) = Ay, #(0) = A, (3.6)
y(?oe,/temeopﬂmugee HepaseHCcMEAM

i(t) < i(t) < i(t), teloT. (3.7)

Kpome mozo, 60 mmnoorcecmse pewenuti 3adavwu (3.5), (3.6), ydosaemsoparowur nepasencmsam
(3.7), cywecmeyrom pewenus ¢ naumeHvweld U Haubosvwet 6Mmopotl NPou3eooHo1l.

[IpontrocTpupyeM HOJIyIeHHbIE YTBEPXKICHUS UCCJIe/IOBAaHUEM KOHKPETHBIX JnddepeHIu-
aJbHBIX YPaBHEHUI.

IIpumep 3.1. Ilycrs 3a1anbl HEOTPHUIIATENBHBIE YHCIA @, b, €. PaccMOTPUM HA IOIYOCH
t > 0 zagauy Ko my1s ypaBHeHU

i =ai+br+e (3.8)

C Ha4daJIbHBIM YCJIOBUEM

2(0) =1, (0) =1 (3.9)

(qacTHbIii coyvaii ypasaerus (3.8) em. [17, c. 521, ypasuenue 6.236]). ITokaxkem, 4o jyist 910ii
3a/1a4U BBITIOJIHEHBI YCJIOBUSA CJleJicTBUd 3.1.
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Boeibepem npoussosibroe 1 > 0. OmpejiesiuM GyHKIINIO
g:[0,T] xR®> =R, g(t,a1,29,0):= 0> — axy — by — C.

Ota QYHKINA U3MEPUMa, 10 IIEPBOMY apryMeHTY, HEeIPepPbIBHA 10 OCTAJbHBIM TPEM apryMeH-
TaM, yObIBaeT 10 BTOPOMY U TpeTbemy aprymentam. Orpegennm takxke dyanun v, 7 € ACy
dopmynamu

n(t):=1, v(t):=Aexp(t), rme A—max{l,%((_z—i-l_?—l— (C_L+Z_))2—|—4E)}.

HermocpeicTBEHHBIME BBIYUC/IEHUSIME JIETKO TPOBEPSAETCH, YTO 3TU (PYHKIMHU YIOBJIETBOPAIOT
TpeboBaHusaM cjegactBusd 3.1. Takum obpazom, B cuty cejcTBus 3.1, MOXKHO yTBEPK/IATh, 9TO
cymectByer perenne x € ACy 3amaqn (3.8), (3.9), yroBiaeTBopsioniee HepaBEHCTBAM

0 <i(t) < Aexp(t), te[0,T],

U BO MHOXKecTBe perrennii 3agadn (3.8), (3.9), yZ0OB/IETBOPAIOIINX STHM HEPABEHCTBAM, €CTh
pellleHns ¢ HaMMeHbIIeil 1 HanboIbINeil BTopoil mpousBojiHoi. A Tak Kak dnciao 1T > 0 Moxer
ObITH JIIOOBIM, TO COOTBETCTBYIOIIEE YTBEPKIEHIE CIpaBeinBo tpu t € [0, 00).

OTrmeTnM, 9TO MOYIEeHHOE yTBEP:K/IeHNE CIIPABEJJINBO U JIJisi OoJiee ODIIEero ypaBHEHNUsI

i* = a(t)i +b(t)x + c(t)

¢ TIepeMEeHHBIME K0P DUIMEHTAMI — U3MEPUMbIMEA HEOTPHUIATEIbHBIMU (PYHKITUAMU, YJIOBJIC-
TBOPAIOIIMMHA HEPaBEHCTBAM

a(t) <a, b(t)<b, c(t)<eé (3.10)

IIpumep 3.2. PaccMmorpum ypaBHeHUE

i* =ax(i) +by(z) +¢ t>0, (3.11)
¢ HAYAJIbHBIM YCJIOBUEM
z(0) =0, %(0)=0. (3.12)
1 mpm x > 0,
Baecy x(z) = st wcesieioBaHus TOTO HEABHOTO JibdepeHInaIbHOro
0 mpumx <O0.

YpaBHEHUA MHOT'€ M3BECTHbBIE MCETO/bl HEC IIPUMCECHUMBI €1Il€¢ U IIOTOMY, YTO IIpaBasd 9aCTb ABJIA-
€TCsl PAa3pbIBHOM 10 © U T (YHKIUEN.
JLnst mpousBosibHOro 1' > 0 ompemeaum GyHKITIO

g: [O7T] X R?) — Ra g(taxlua;%,v) = U2 - aX('Il) - EX($2) —cC

Dta QYHKINI U3MEePUMa II0 IIEPBOMY apryMeHTY, HeIIpepbIBHA CIIpaBa U yObIBAET 110 BTOPOMY U
TpeTheMy apryMeHTaM, HelpephIBHA 0 TpeTheMy aprymenTy. Oupegennm dyakmun v, 7 € ACy
dopmynamu

n(t):=0, v(t):=exp(At), toe A=max{l, Va+b+c}.

OmnpejiesieHnbIe 371eCh (DYHKITUHT YIOBIETBOPIOT TpeboBanusaM ciegactsus 3.1. [TosTomy, cormac-
HO ciencTuio 3.1, cymecrByer pemenne x € ACy 3agaqan (3.11), (3.12), yaosierBopsioriee
HepaBeHCTBAM

0 < #(t) < Mexp(\t),
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BO MHOXKeCTBe periennii 3aga4an (3.8), (3.9), yI0BIeTBOPSIONINX STUM HEPABEHCTBAM, €CTh Pe-

IIeHHsI ¢ HAUMEHbIIel 1 HauboJIbIIel BTOPOii TPou3BoIHOI. JlaHHOe yTBEp K IeHNEe TaK¥Ke CIIpa-

BeJIJTUBO | JIjId OoJiee OOIIEero ypaBHEHUs

i = a(t)x(®) + b(t)x (@) + c(t),

rJie ©3MepUMbIe HEOTPUIATEIbHbIE (DYHKIUSMU «, b, ¢ yrnoBjieTBopsaioT HepasencTsam (3.10).
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Bsenenue

[Iycts R =RU {+o0}, (X, p) — nonnoe merpudeckoe npocrpancrso, U : X — R — cob-
creennblii byuknnonan (1. e. {x € X : U(x) # 400} # (), KoTOpbIii HOTyHEIIPEPBIBEH CHU3Y
u orpannden cansy. ChopMympyemM HeOOXOIUMbIe B JJAHHON paboTe BaApUaIMOHHBIE TPUHITAIIBI
HeJIMHEHHOTro aHaIn3a.

Crenyroree yTBepzKIeHIE HA3BIBAIOT BapUAIMOHHBIM IPUHIIUIIOM DKJIAH/IA.

Teopema 0.1 (cm. [1]). Jas mobvix € >0, A >0 u daa aobozo xy € X makoeo, wmo

U(xg) < e+ inf U(x),

zeX

cywecmeyem T € X, ydosaemsopA0UUT HEPABEHCNEAM

U@) < U(xo), p(T,z0) < A, (0.1)
Vo #7 Ulz)+ ;,o(x,f) > U(7). (0.2)

Tenepp npuBeseMm BapualoHHbIi npuHIMI Bumorna—®Penrca.

Teopema 0.2 (cwm., nanpumep, teopemy 2.1 B [2]|). Jas npoussoavrozo ¢ > 0 u arw0boeo
xg € X makoeo, wmo U(zg) < +00, cywecmeyem T € X, ydosaemsopaousuil HEPaGeHCMEaM

U(Z) + ep(xo,T) < Ulxy),
Ve £ T Ux) +cp(T,x) > U(T).

B [3]| 6but0 moKazaHo, UTO BapuAIMOHHBIE MPUHIMIL DKIaHga u burmona—Pesrica sKBU-
BaJIGHTHBI TI0JIy4eHHOl B [4] Teopeme o mocTmzkeHun MuHUMyMa (GyHKIUOHAAA U, €cjin 3ToT
GyHKIIMOHATT YIOBIETBOPSIET CJIEAYIOMEMY YCIOBUIO

Jk>0 Ve e X Ux)# inf U(z) = F' € X\{z} U@)+kp(a',x) <U(x). (0.5)

zeX

Yeqosue (0.5) HazbiBaoT yeioBueM tuiia Kapuceru, OHO aHAJIOTMIHO HEPABEHCTBY, BBEJIEHHOMY
k. KapucTu B KadecTBe yCIoBUsl CYIIECTBOBaHUS HEMOABIAKHBIX Touek (cM. [5]). C ucmomnbzo-
BanueM [4, reopema 3| B pabore [6| GbLIHM ONpeIeIeHbl KIacChl HEOrPAHUIEHHBIX CHU3Y (hYHK-
Wi, I KOTOPBIX OKA3bIBAIOTCA CIIPABEIJIMBLIMU YTBEPXKICHUSA BAPUAIMOHHBIX HPUHIMIIOB
Sknanga n Bumona—Pesnnca, 1 9TH pe3yIbTATHl ObLLIN TPUMEHEHBI K UCCICIOBAHUIO JIUIIIIH-
neBbIx 0ToOpaskenuil. Pesynbrarsl [4] 6bumu pazBuTel B [7| npuMeHUTENLHO K (DYHKITMOHATIAM,
3aBUCALIMM OT I1aPAMETPOB.

B pabore [8] pesyabrars [4] 6bLIM pacnpocTpaHeHbl Ha OTOODAKEHUs, JIEHCTBYIONINE W3
OJIHOTO YaCTUIHO YHNOPSAJOYEHHOTO IMPOCTPAHCTBA B JAPYToe, W JIJIs TaKUX OTOOparKeHuil Obl-
JI TOJIy9eHbl YCJIOBUS JOCTHXKCHUS MUHUMAJLHBIX 3HaUeHMi. ECTeCTBEHHO, BOZHUK BOIPOC:
MOXKHO JIM M3 TeopeMbl [8| mosyduTh yrBep:KjieHne, KOTopoe UrpaJjo Obl B aHAIM3e 0TOOpazKe-
HUIl 9aCTUYIHO YIOPAJOYEHHBIX IIPOCTPAHCTB POJIb, AHAJOTUIHYIO POJIM IIPUHIAIIA DKJIAHJIA.
B mannoii craThe mpejiaraeTcsa TakKoe yTBepzKIeHNe.
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1. OcHOBHOII pe3yJibTaT
1.1. BapwmanuoHHbIE IPUHIIUNBI B YACTUYHO YIIOPSJIOYEHHOM IMPOCTPAHCTBE
[Iycrs 3asanbl gacTuaHO yropsagodenubie npocrpadctBa X = (X, X) u Y = (V,=X) u
orobpazkenue U : X — Y. Hanomunm, uro orobpaxkenne U HA3BIBAIOT CTPOTO U30TOHHBIM HA
mHO)ecTBe Xo C X, ecom st sobbix x,2' € Xy rmakux, 9ro 2’ < = Bbmosareno U(z') <
U(z). Byaem obosnauars yepes MinY — MHOKECTBO MUHUMAJILHBIX 3JIEMEHTOB [TPOCTPAHCTBA,

Y, To ecth

Vye MinY YyeVY yA7.

B [8] onpesiesnieno caenmytoree yeaoBue, HazBaHHOE Yyeaosuem muna Kapucmu (das wacmuano
YNOPAOOUEHHVLT NPOCTNPAHCNE )

(X)  das mobozo v € X, ecau U(x) ¢ MinY, mo cywecmsyem maxot x' € X, wmo
¥ <z, U(x)<U(x). (1.1)

Cdopmynupyem mosydenHoe B pabore [8] yrBepiKjeHnme 0 JOCTUXKEHHH OTOOparKeHHeM
U: X — Y MUHUMaJIbHOI TOYKM IIPOCTPAHCTBA Y.

Teopema 1.1 (cm. [8]). Hycmov evinoanenv yeaosue (K) u yeaosue

(8) npoussosvhas beckonewnas uenv S C X, cyoscenue nwa xomopyro omobpasrcenus U sa6-
AAEMCA CMPO20 U3OMOHHDIM, UMEEM HUNCHIONW 2paruyy w € X, ydosaemeopaouyo
nepasencmey U(w) < U(x) npu ecex x € S, x # w.

Toz0a
U(X)NMinY # 0,

u boaee mozo, das a0bozo xo € X cywecmeyem maxot T € X, T = Ty, wmo

U(z) € MinY,
U@ < Ulzo). (13)

Tenepb npuBesieM OCHOBHOI pe3yJIbTAT JIAHHON pabOThI, KOTOPBI MOXKHO CYUTATL AHAJIO-
rOM BapHalMOHHBIX NPUHIMIIOB DKjIaHaa u bummona-Destnica st 9acTUIHO YIIOPSAI0YEHHBIX
ITPOCTPAHCTB, M KOTOPBII TECHO CBsI3aH ¢ TeopeMoii 1.1.

Onpenemnym na rpadguke gphU = {(z,U(z))} € X x Y orobpaxkenns U : X — Y
OTHOIIIEHKE TIOpsiJiKa, mojaras jyist Jobeix (r,y) € gphU, (2/,y') € gphU sBbinOIHEHHBIM
crporoe HepasencTBo (z',%y') < (z,y) Torma u TobKO Torma, Kora ' <z u Yy < y.

Teopema 1.2. [Iycmv evinoanero ycaosue (S). Tozda das awbozo xg € X cywecmeyem
T € X maxot, umo T X xy U

(z,U(z)) € Mingph U. (1.4)

HoxkaszatTesubcrso. Brmodenne (1.4) osnauaer, uro npu ji060M x € X BBIIOJIHEHO
(z,U(z)) # (z,U(z)). Takum obpasom, sriodenue (1.4) OyaeT BBHIIOIHEHO TOI/A H TOJIBKO
TOIJIA, KOIJa

VreX 4T wm U(x) £ U(T). (1.5)
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Onpezemmy nogpocrpancteo Xo = {# € X : # < 1y} YaCTHIHO YIOP:IOTEHHOIO IIPO-
crparctBa X. Cyxenune orobpaxkenuss U : X — Y na nomnpocrpancteo X, Oyiaem 0003HaA-
JaTh cuMBoJIoM Uy. 3aMeTuM, 9TO U3 BBINOJHEHUs yeaoBud (S) Ji/isi UCXOIHOI'O OTODParKeHUs
U:X —Y crenyer, aro ero cyxenune Uy : Xg — Y Takxke yjoierBopsieT ycaoBuio (S).

PacemorpuM J1Be B3auMoucKIrOgaromnye curyanun: orobpaykerne Uy yJIOBJIETBOPSIET YCJIO-
Buto (K) u ne ynosjeTBopsier 3roMy ke ycjioBuio (K). Buagasie, nmycts yeinosue (K) BBIIOTHEHO.
Torma, coriacHo Teopeme 1.1, cymecrByer T =< xg Takoii, uro cupaseymso (1.2), To ecThb jis
moboro = € Xy umeem Up(x) A Up(T). DTu COOTHOIIEHNS O3HAYAIOT, YTO €CAU T = T,
TO U Jy1st ucxonHoro orobpazkernss U weimosnneno U(z) A U(T). Iosromy B gaHHOM Ciiydae
CyIecTByer T, JJisi KOTOporo cootrorerue (1.5) BBIIOIHEHO.

[TycTpb Tenepn orobpazkenune Uy He yuosiersopsier yeaosuio (K). DTo 03HAYAET, 4TO CyIile-
creyer T € Xy rakoit, uro Uy(Z) ¢ MinY wu gy moboro © € X BBIIOIHEHO T A T WK
Uo(z) £ Up(T). Takum obpasom, omnpejesien sjiemenr T € X, T < g, st KOTOPOro = A T
wm U(x) A U(T) upu Becex = € Xy. Ecan ke x ¢ X, 1o oueBunno x A . Urak, u B 9T0M
cllydae CyIecTByer T, JJist KOTOporo cootHorerue (1.5) BBIIOJIHEHO. O

1.2. CB#3b C NPUHIHUIOM JDKJAHJA B METPUIECKOM IPOCTPAHCTBE

Ucnosnb3oBanue nopsika, npeioxensoro bummonom u @enncom (em. |9, Teopema 7.5.1)),
[IO3BOJISIET yCTAHAB/IMBATDH B3AMMOCBSI3b MEXKIY Ha IMEPBBIH B3IV JAJEKHMU pe3yJbTaTaMn
aHaJIn3a B METPUYCCKUX U YaCTUYIHO YIHOPATOYEHHBIX IIPOCTPaHCTBaX. 3/16(3[) MbI IIPpUMEHUM
9TY U110, 9TOOBI ITOKA3aTh KaK U3 TeOPeMbl 1.2 BBIBOJIUTCSA «KJIACCUIECKUy IPUHITAI DKIAHIA
(1t oTOOpaKeH! T METPUIECKUX TIPOCTPAHCTB).

Urak, mycte X = (X,p) — mojHOE METPHUYECKOE MPOCTPAHCTBO U 3aJaH COOCTBEHHBIN
dyuknumonan U : X — R, ABJIAIOMNUNACA OIPAaHUYCHHBIM CHU3Y W IOJYHEIIPEPBIBHBIM CHU3Y.
[IycTh Takxke 3aanbl ynciaa € > 0, A > 0 u sjemenT xy € X Takoii, 94TO

U(zg) <e—+ in)f( U(zx). (1.6)
xre
BajgaguMm Ha X IIOPAJ0K COOTHONICHUEM
€
To X1 & Xp(xl,xg) < U(xy) — Ulxg). (1.7)

B pa6ore (8| nokazano, 4to mpu Takom orpejesennn nopsiika 8 X orobpaxkenue U, JeicTBy-
formee u3 (X, =) B R, ymosaersopser yciosuio (S) .
N3 Teopemnr 1.2 ciemyet, 9To cymecTtByeT T € X, T = Xg, YJIOBJIETBOPAIONINAI COOTHOIIIE-

unio (1.5). Hepasencrso T < p o3mHadaer, 4T0 ; (T, x0) < U(xg) —U(T). Orcrona, yauTbiast

(1.6), moyaaem ip(f, x9) < e+ in}f( U(z)—U(Z) < e. CrenoBaresbHO, BBIIOJHEHO p(T, o) < A
faS

u U(Z) < U(xp), To ectb 06a Hepasencrsa (0.1) cripaBeyiuBhL.
B paccMaTpuBaeMbIX YIOPSAIOUEHHBIX IPOCTPAHCTBAX Jist J0ObIX © € X, = # T, COOTHO-
menne (1.5) 3amuceiBaeTCst B BUje

£
X,O(f, ) £ U@) - U(z) wm U(x) £ U(T).
[TosyueHHbIE COOTHOIIEHHsI PABHOCUIILHBI COBOKYITHOCTU HEPABEHCTB

p(@.2) > U@) = Ulx) wm Ulx) > U(@).
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B sroit COBOKYIIHOCTH M3 BTOPOI'O HEpaBEHCTBa, OY€BU/HO, CJCAYET IIEPBOE. ,Z[eﬁCTBI/ITeJIbHO,

U(z) > U@ = U@) - Ulx) <0< ip(f, ) mpn x #T.

_ € _
Takum o6paszoM, JOKa3aHO, YTO [IPU BCEX I # T BBIIOJHEHO X p(,x) > U(x) —U(x), To ecTb

YCTAHOBJICHA CIIPaBeIMBOCTH Hepasencrsa (0.2).
Nrak, Teopema 0.1 — BapualmoHHBIN TPUHIIAI JKJIAH/IA JOKA3AHA.

1.3. CBas3b ¢ npuanunom Bumniona—®Pesnrnca B MeTpuIeCcKOM IMPOCTPAHCTBE

B zaksiodenue mpojeMoHCTpUPYEM, KaK U3 TeopeMbl 1.2 BeiBojmTCA Teopema (.2 — Bapua-
IUOHHBIA npuHIun Bumona—Peitnca.

Kak u B npeapiymeM nyHkre, 3jecb X = (X, p) — HOJHOE METPUIECKOE IIPOCTPAHCTBO,
U:X — R — coberBennblii byHKIHOHAT, SBISIONINNACS OIPAHIYEHHBIM CHU3Y U IOJIyHeIpe-
peIBHBIM cHE3Y. [lycTh 3amansl unciao ¢ > 0 u amement xg € X, rtakoii, uro U(xg) < +00.
Baganaum Ha X TOPSIOK COOTHOIIEHHEM

ro 21 & cp(xy,xa) < U(xy) — U(xg). (1.8)

I[Ipu Taxom onpenenennn nopsaaka B X orobpazxenue U, neiicrsyiomee uz (X, <) B R, ymo-
BaeTBopsier yeaosuio (S) (em. [8]).

N3 Teopemnl 1.2 ciemyet, 9To cymecTtByeT T € X, T = Xg, YJIOBJIETBOPHAIONINAI COOTHOIIIE-
uuio (1.5). HepaBencrso T < xy oznavaer, uro cp(T,zq) < U(zg) — U(T), u takum obpazom,
cripaBe ynBo HepaseHcTBO (0.3) B yTBepK1eHnn TeopeMbl 0.2.

Coornormiennie (1.5) st paccMaTprBaeMbIX YIOPSAIOYEHHBIX MPOCTPAHCTB O3HAYAECT, UTO
npu jrobom = € X, x # T, BBIINOJTHEHO

p(T,7) £ UE) — Ulx) nwn U(z) £ U(),
TO ecThb Ji06oil = € X, = # T, yIOBJIETBOPSET COBOKYIIHOCTU HEPABEHCTB
cp(@,x) > U(T) — U(x) wm U(x) > U(T).

B sr10ii coBOKyIMHOCTH W3 BTOPOTO HEPaBEHCTBA, OYEBHJIHO, ciieiyeT mepioe. Takum obpazom
JIOKA3aHO, uTo 1pH JiioboM x € X, = # T, HepaseHcTBo (0.4) BBIIOJHEHO.
WNrak, npuHIUI DKIAHIA JOKA3AH.
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Bsenenue

[Iycts X — GanaxoBo mpoctpancTBo, B C X — 3aMKHYTO€ BBIITYKJI0€ OTPAHUIECHHOE MHO-
JKEeCTBO, 3a/1aHbl oTobpaxkenus Fy, Fy : B x B — B. PaccmorpuMm cucreMmy ypaBHeHuit

x1 = Fi(x),
{ To = F2($1). (01)

Pertienne 370it cucteMbl IPUHATO HA3BIBATDH JIBOMHON HEIIOIBUKHOM TOUKOM oTOOparkeHuit [, Fy.
3Bajiata 0 JBOMHBIX HEMOIBUZKHBIX TOYKAX BOZHUKAET €CTECTBEHHBIM OOPAa30M IIPU MUCCIEI0Ba-
HUU HEKOTOPBIX BOIIPOCOB TeOPUU (DYHKITMOHATHHBIX YPABHEHWUI 1 TEOPUH UTD.

OJ1HO M3 BO3MOXKHBIX JOCTATOYHBIX yCI0BHUil paspemumoctu cucreMbl (0.1) cocrout B ciie-
nytomeM. Ecam onno n3 orobpaxkennit [y wiam £, HempepbIBHO, a BTOpPOe — BIIOJIHE HETpe-
PBIBHO (T. €. OHO HEIPEPBIBHO 1 ero 00pa3 npejakoMiakTen), o cucrema (0.1) umeer perenue.
DTO yTBEPXKJIEHUE SIBJISETCsT TPOCTHIM cjiejcTBreM Teopembl [llaymspa o HemoaBmKHON TOUKe
(eMm., nanpumep, |1, rnasa 11, §6.3]). Ormernm, 9To UMEIOTCS U JIPYTUE TIOIXOJbI K Oy YeHUTO
YCJIOBUiT CyTIECTBOBAHUSI JBOWHBIX HEIIOBIKHBIX TOUCK (CM., Hampumep, [2]).

Henb macTosmeil paboThl COCTOUT B TOM, YTOOBI B YKa3aHHBIX ITPE/IITOIOKEHNAX TTOKA3aTh
ycToitanBocTh paspermumoctu cucteMbl (0.1) K MaIbiM CKUMAOIIUM BO3MYIIEHUIM. A UMEHHO,
paccMaTpuBaeTCs cieayoomas 3aaa4da. [lycts 3amansl HenpepbiBHBIE 0OTOOparKeHus fi1, fo 1 B X
B — B. PaccmoTpuM cucteMy ypaBHEHU

{ r1 = fi(71, 22), (0.2)

T2 = f2($1>$2)-

[Ipeamonoxkum, ato f; siBjisiercss [3-CKUMAIOIIMM 10 T7 W BIIOJIHE HEIPEPBIBHBIM 10 T, &
fo aBasieTca [ -cxxuMatonM 1o . Cucrema (0.2) MOXKeT paccMaTpUBATHCS KaK BO3MYIIEHHE
cucremsr (0.1). B cayuae, korga fi(x1, 22) = Fi(xg), folx1,22) = Fo(x1), BO3MYyIIEHUE OTCYT-
crByert, a cucreMbl (0.2) u (0.1) copnagator. B nacrosimeii pabore mokasaHo, 9TO B IPUBEEHHBIX
npesnosokenusx cucrema (0.2) umeer perienue.

1. OcHOBHOII pe3yJibTaT

Beroy masiee cumposiom || - || 6yaem obosHadarh HOpMY B mpocTpaHcTBe X. SaMKHYTHI
map ¢ MeHTPOM B ToUKe Z pajmyca d > 0 Oyiaem obosnadath depe3 B(x, ).

[Iycrs 5 € [0,1) 3amano. Bygem rosopurb, uro orobpaxkenue f : B — B HasbiBaeTCs
B -cxxumatormnm, ecan || f(x) — f(2')]] < Bz — || mas mobeix x, 2" € B.

Teopema 1.1. Ilpednonootcum, wmo

e omobpasicenue f1 menpepvisho; npu a0bom To € B omobpasicenue fi(-, xs) sAsasemcs
B -cotcumarougum; npu aobom 1 € B omobpasicenue fi(x1,:) Asasemcs enoane nenpe-
DOLEHBLM;

e omobpasicenue fo Henpepuiero; npu awbom x1 € B omobpascenue fy(xy,-) asasemcs
B -cotcumarousum.

Tozda cywecmsyem mouxa (T1,%T2) € B X B makas, wmo

Ty = f1(Z1,T2), Ta = fo(T1,T2),



244 3. T. 2Kyxkosckas, E. C. 2KykoBckuii

|21 — fi(z1, To)||

T — < v B
171 — 2| < 1-3 T €0,
2 — aal) < 122 _1’02(9”51’“)” Vi, € B

[Ipexke gem nepeiiTé K JIOKa3aTe/bCTBY TeopeMbl 1.1, HAIOMHUM HEKOTOPBIE PACCyK/Ie-
HUsI, UCHOJIb3YeMble B JIOKA3aTeIbCTBE PUHIIUIIA CKUMAIONMX 0TOOparkeHuii (CM., HAIpUMeD,
[1, rmaa I, §1.1]).

[Iycts f: B — B — [-cxkumaroriiee orobpakenne, r € I3 — mnpousBosibHas TouKa. Pac-
CMOTPHUM TIOCJIE/IOBATETHHOCTh MTepAaIiii

@ =z, ¢ =f(¢"), n=012....

B nokazaresbcTBe MPUHITUIIA, C2KUMAIOIIUX OTOOpaXKEHH ITOKA3bIBAETCsI, UTO MMEIOT MECTO CJIe-
JIyIOIe HepPaBEeHCTBA

n n /Bn
lg" — g <~

—-f

[TocaemoBarensnocts {¢g"} cxomures K HEKOTOpOit Touke & € B, 9Ta TOUKa ABIACTCS €UH-

HiL’-f(.I')H vn?k:071727"-7

CTBEHHON HeNOBUKHOM TOUKOI oToOpaxkenusi f. V3 mpuBeeHHBIX pacCyKIeHU CIe/IyeT, ITO

o — €l < 2 fle — f@)| Yn=0.12.....
5
U, B YaCTHOCTH,
e — /)
_f < 2 S
o - gl < TS

[Tocnennue 1Ba HEpaBeHCTBA OY/IyT UCIOJIB30BATHCS B IPUBOIMMOM Jlajiee JT0KA3aTeILCTBE TeO-
pewmbr 1.1.

JJoka3zaTeabCTBO.
I. B cuty npuHDmma c:KUMAOIIX O0TOOparkKeHuil [yt JIF060ro o € B cylmecTByeT eanH-
crBenHas Touka &1(xg) € B Takas, 9TO

§1(m2) = f1(&1(m2), 2).

[Tokarkem, aro orobpaxkenne &; : B — B BIOHE HENPEPHIBHO.
Badurcupyem 0 € B. Ilpu kaxxaom o € B paccMOTPHUM IOC/I€I0BATEIBHOCTD NTEPAITHi

0 . n+1 L n _
gl(x2) T 97 91 ($2) = fl(g1<l'2),$2>, n_071727"' .
Z[.HH ITON mocJjae 10BaTeJIbHOCTH, KaK 6BI.HO OTMEYCHO BbIIIE€, UMeCT MEeCTO COOTHOIIIECHUE

10 — f1(6, 22) ||
1-p5

[TockobKy oTOOpazkenwe f; NpUHHMaeT 3HAUEHUS] TOJHKO B OIPAHMIEHHOM MHOXKeCTBe I3,

g7 (x2) — & (x2)]] < B Vn=012,....

TO W3 HOCJEHEr0 HePaBEeHCTBA CJIe/lyeT, ITO mHocjenoBaresbHoctb {g7(-)} cxomurea x & (-)
PaBHOMEPHO IIPA N — OQ.
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[TockoIbKy 1O TIPEJIIOJIOKEHUIO TEOPEMbI OTOOpazKeHue fi HEMpPepbIBHO, TO HEIMPEPBLIBHBI
u orobpaxkenust ¢7'(-), n = 0,1,2 ... . [losromy u3 paBHOMepHO# cxomumoctu g7 (-) K & (+)
ciejtyetr, 9to orobpazkenue ;(+) HENPepPbIBHO.

[Mokaxkem, uro &1(B) npeakoMnakTHO. [T0CKOIBKY IO MPEJIIOIOKEHUIO TEOPEMBI MHOZKe-
cteo ¢¢(B) mpeIKoMIIaKTHO, a 0TOOpazkKeHue fi HelpepbiBHO, TO Kazkjoe u3 Muoxects g7 (B),
n=0,1,2,..., upeakommnakTao. BosbMmem npoussosibaoe € > 0. ITockonbky {g}(-)} cxomurcs
K &1(+) paBHOMEpPHO IpU T — 0O, TO CYIIECTBYET HOMED 7 TAKOM, ITO

13
&1 (z2) — g7 (x2)]| < 5 VmeB.

Kpome Toro, mocko/ibKy MHOKeCTBO g7 (/) MpeaKOMIIAKTHO, TO OHO UMeeT KOHEYHYIO &/2-CeTh,
T. €.

I{ug,...,u} CB: VeoeB Fje{l,....k}: |lgt(z2) — g7 (u)] <

N ™

MuoxkectBo {g7(u1), ..., g7 (ug)} aBAsIeTcs € -cerbio MHOKecTBa &1 (B), TOCKOIBKY st 06010
xy € B, cymecrByer HoMep j € {1,...,k} Takoii, uto ||¢7(z2) — ¢7(u,)| < €/2, u, 3Haunr,

J€(e2) — 67 ()| < la(w2) = g @)l + g7 (e2) — ()| < 5 4 5 =

Taxkum o6pazom, MHOKecTBO &1 () MMeeT KOHEUHYIO €-CeTh U, 3HAUNT, IPETKOMITAKTHO.
Wrak, jmokazano, 9ro orobpaxenne & : B — B BIIOIHe HENMPEPBIBHO.
II. B cwiy npuHnnma C:KUMaOMUX 0TOOpaskeHuil jijist jJoboro x, € B cyliecTByer eauH-
crBeHHas ToUKa &(71) € B Takas, 110

Ea(m1) = folwy, La(21)).

[Tokazkem, aro orobpaxkenne & : B — B BIOJIHE HENIPEPBIBHO.
Sadukcupyem 0 € B. Ilpu kaxjaom x; € B paccMOTPUM TOC/IEI0BATE/ILHOCTD UTEPaIHil

0 o n+1 . n —
92(1:1) = 87 D) (Il) T f2(xlag2(x1>>7 n_071727"' :
st 9TOM OC/Ie0BATEILHOCTH, KaK ObLIO OTMEYEeHO BBIIIE, HMeeT MECTO COOTHOIIEHHe

10 — fa(a1, )]
1-p

[Tockobky oTOOpakenue fo HTPUHUMAET 3HAYUCHUS TOJHKO B OFPDAHUYEHHOM MHOXKECTBE I,

g3 (1) = &a(a)]| < 5"

Vn=0,1,2,....

TO W3 MOCJEHEer0 HepaBeHCTBa CJieflyeT, 9To HocjenoBaresbHoctb {gh(+)} cxomuresa x Ea(-)
paBHOMEPHO 1pHu 1 — 00. IOCKOJIBKY 110 TPEIIOIOKEHNI0 TeOPEeMBbI 0TOOpaykeHne fy Herpe-
PBIBHO, TO HENpEpbIBHBI U oTobpaxkenus gy (-), n = 0,1,2,.... [Tosromy u3 paBHOMEpHOI
cxopumoctu gy (+) K &(+) cumemyer, uro orobparkenune () HEIPEPBIBHO.

I11. Paccmorpum cucremy ypaBHEHUit

i

[Tockobky oTobpazkenme &; : B — B BmosHe HemnpepbiBHO, a & : B — B HemnpepbIBHO,
To orobpazkenne &1(&2(+)) BmosHe HenpepwiBao. B cuty npunnuna [layppa (cM., mHanpumep,
[1, rmasa 11, §6.3]) cymecrByer Touka T; € B takasi, 910

Ty = §1(&(71)).
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Tlomoxkum

Unmeem

T1 = &1(6(71)) = §1(T2) = f1(&(T2), T2) = f1(T1, 72),
Ty = §(71) = fo(T1,6(71)) = fo @1, 72).

Kpowme Toro, jijist HEMoABUAKHON TOYKU T1 [3 -czKuMaromiero orobpazxenus f (-, Tz) crpaBeimBo
HEPaBEHCTBO

|21 — f(21,7)]]
1-p

a JTsl HETOJIBIZKHON TOUKH To [3-CKUMAIOIIEro orobpazkenust f(Z1,) CIpaBeyInBO HEpaBeH-

|21 — 21| < YV, € B,

CTBO
To — f(Z1,2x
|ze — Zof| < |2 1f( ﬁb 2 YV, €B.
Takum 06pazom, Touka (Tq,Tg) SBISETCS UCKOMOI. ]

2. C.TIE,I[CTBI/ISI n IIPpUJIO2KEHU A

Teopema 1.1 rapanTupyer CyIlecTBOBAHUE PEIIEHUS CUCTEMbI JIBYX ypaBHenwuii. [Ipuseiem
caejicTBue TeopeMbl 1.1, mpumeHumoe K ojiHOMYy ypaBHenuio. [lycrh 3ajano orobpazkenue

f:BxB—B.

Teopema 2.1. Ilyemv omobpasicenue [ nenpepwiero, omobpasicenue f(-,xa) A6AALNCA
B -cotcumarouwgum npu aobom xo € B, omobpascenue f(x1,-) ABAAECMCA 6NOAHE HENPEPLIEHBIM
npu aobom 1 € B. Tozda cyuwecmseyem mouxa T € B makas, wmo

T = f(f,:i‘),
|ﬁ—x“§mi%§%im Ve B.

HoxkaszaTenabcTBso. [loroxum

fl(l'l,ZEQ) = f(ZL‘hZL'Q), fg(l‘l,l'g) = X9, (ZL‘l,ZEQ) € B x B.

OueBuHO, 9TO J1j1sT OTOOpaskeHuit fi; u fo BBINOJHEHBI Ipearnooxkenns TeopeMbl 1.1. [Tosromy
CYIIIeCTBYET TOYKA (il, ig) € B x B, orpedaroras yrBepKjeHnto TeopeMbl 1.1. OdeBuaHO, 9TO
TOYKA T := T1 4BJIIETCA UCKOMOIL. ]

B npeanonoxkenusax Teopembl 1.1 jBoitHas ToOYKa MOMXKET OBITH HE €IMHCTBEHHON, U, CO-
OTBETCTBEHHO, YCJIOBUSA TeOpeMbl 2.1 He TapaHTHPYIOT €INHCTBEHHOCTb HEMOJBUKHOI TOYKHU.
Tax, nanpumep, st orobpaxkenust f(xy, o) = o UPEIIIONIOKEHNsT TeOPEMbI 2.1 BBIMTOJIHAIOT-
csI, ecJii TPOCTPaHCTBO X KOHEYHOMEPHO, 8 MHOXKECTBO HEIIOIBUXKHBIX TOYeK OTOOpaxkeHust F
coBiaaer ¢ B.

OTMmeruM, 9TO ecjii MPOCTPaHCTBO X KOHEIHOMEPHO, TO Teopema 2.1 SBJISZeTCs MPOCTHIM
CJIEJICTBUEM TeOpeMbl Bpayspa o HenojsuzKHO# Touke (cm., Hanpumep, |1, raasa 11, §5.7]). eii-
CTBUTEJILHO, B YKa3aHHOM CJiydae OoToOpazkeHme [ HelnpepbIBHO M JIEHCTBYET U3 BBITYKJIOTO



BO3MVYIIIEHNE 3ATAYN O HEITIOABNZKHBIX TOUYKAX 247

KoMIakTHOro MHoxkectBa B B B. CilemosarennHo, 1o TeopeMe Bpayspa F nMeer HElmoIBuzK-
Hyio Touky. Omnenka B Teopeme 2.1 cieyer w3 CKUMaeMOCTH OTOOpaxkeHusi f 10 mepBOMY
apryMeHTY.

Teopema 2.1 06beuHseT B cebe IPUHIMIIBL HelIoABUzKHOI Touku Banaxa u [laymspa. YTBep-
JKJIEHUsT O CYIIECTBOBAHUU HEITOJBUKHON TOYKHU, OObEJINHSIONINE B cebe 3TH KJIaCCHIECKHIe pe-
3yJIbTAThl, paHee paccMaTpuBauch, Hanpumep, B [3]. Teopema o HenomsmxkHON Touke B 3]
dopMmymmMpyercs B TepMUHAX YILIOTHSIOIIUX OIEPaTOPOB.

[IpowutiocTpupyeM NPUIOKEHUE TTOJTYUYEHHBIX PE3YJILTATOB K HEABHBIM Pa3HOCTHBIM yPaB-
HEeHUsM.

Mpuwmep 2.1. Ilycrs 3agannr unciaa «, f € R, HenpepbiBHasi orpaHudeHHas QyHKITUS
h: R — R u nocrenoBarenbuocts ¥ = (Y0, 71, V2, - - -) € ¢1. PaccMorpuM pasHocTHOE ypaBHe-
HUe

Yn = BYn-1+ Wh(Yns1), n=1,2,..., ug=a. (2.1)

[Tokazxkem, ato ecau B < 1, mo ypasuenue (2.1) umeem pewenue {y,} 6 xaacce nocaedosa-
meavrocmets {1.
[Iycrs || - || — ecrecTBennast HopMa npocrpancTBa {q. Ilooxknm

r:=sup |h(t)], R:= —|a]1+ ||7||T
teR -

Oboznauum 1yepe3 B map B £ ¢ neHTpoMm B HyJe pajguyca R. 3agagum orobparkenue f :
B x B — B no dbopmyite

f(xla 132) = (CL, 6“0 + 71h<v2)7 cee 7ﬁun—1 + /Ynh(vn—i-l): c ‘)7

1 = (ug, Uy, ug,...) € B, x5 = (vg,v1,0q,...) € B.

Orobpaxkenne [ ompesesleHO KOPPEKTHO, TTOCKOJbKY ISl JIIOOBIX X1, T9 € [3 BBIMOJIHAETCS
HEPABEHCTBO

1f (1, 22)|| = lal + [Buo + nh(v2) + .+ [Bun + ynh(vnia) [+ ...
< la| + Bllull + Ivllr < lal + BR+ [l7]Ir < R.

[Tokarkem, uTo 7151 OTOOpaXkKeHust [ BBIIOJIHAIOTCS MIPE/INoIoKeHus: TeopeMbl 2.1. meem
1f (21, 2) = [y, 22)|| = |Buo — Bug + ... + Pun—y — Py + ... | < Bllug — g

Vxl - (UO,Ul,U/Q,. . ) € B7 V'Zjl = (u67u,1’u/27‘ . ) S B’ VxQ = (UO’/U17/U27. ’ ) = B

CrenoBarenbHo, otobpazkenne f (-, x9) sBisieTcst [ -CKUMAIOIIUM TIPH JTI060M Ty € B.
[Tokazkem, aro orobparkenne f HempepbiBHO. OTMETHM CHaYaJa, 9TO

1f (1, 22) = flan, 7)) | <> [l A(vnsr) — h(v)4y)]

n=1

Vi = (ug,ur,us,...) € B, Vg = (vg,v1,ve,...) €EB, Va,=(vj,v],0vs,...)EB.
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BosbMeM npomssosibHbIE HOCHeA0BaTeNbHoCTh { (7], 25)} C B X B u touky (z',2?) € B x B
takne, uro {(x1,23)} — (z',2?) npu j — oo. Bosbmem mpomssosbaoe € > 0. ITockoabKy
v € {1, 1o cymecrByer HOMep N Takoif, 410

2r Z Ivi| < %

1=N+1

[Mockonbky {(z7,23)} — (2!, 2?) npu j — oo, To cymectsyer Homep J Taxoii, aro npu j > J
BBITIOJIHSIOTCA COOTHOIICHHH

Bllah — 2] <

w| ™

N
A 1) = Ao < .
i=1

Orcrosia mostydaem, 910 Ipu j > J BBIMOJHAIOTCS HEPABEHCTBA
1 (], 23) = flavwo)ll < | f (ot ay) = flan,ap) | + | f (s 25) = flar, 20|

< Bllad — wall + D Pl k(v 1) = h(vass)]
=1

N [e's)
< Bllah — wall + D llh(whn) = hlvas)l + D 1illh(v ) = P(vns)]
=1 i=N+1

N 0o
< Bllad — wall + 171D 1h(wigr) = hlvnga)| +2r Y il < e
=1 i=N+1

Takum 0OpazoMm, JI0Ka3aHO, 9TO OTOOparkeHne [ HempepbIBHO.

Badurcupyem 7 = (ug,ui, ug,...) € B Ilokaxem, dro orobpaxenue f(xq,-) BHOIHE
HerpepbiBHO. BosbMmem mpousBosibHOe € > (. Ilockonbky x1,7 € 1, TO CyIliecTByeT HOMEp
N Takoii, 9T0

B Z |wj_1| 4+ Z 1] < e.

j=N+1 j=N+1
Nnmeem
(e.) o o
> 1Bujr + (v B D Jual+r Dl <e
J=N+1 j=N+1 j=N+1

Crenosarenbio, Muoxectso f(xq,B) Brnosane orpanudeno (cum. |4, rmasa I, ynpaxuenue 6|) u,
3Ha4uT, oroOpazkenue f(ry,-) BIOJHE HEIPEPBIBHO.

Taxum 0O6pa3oM, TTOKA3AHO, UTO JIJIsi OTOOpaskeHusT f BBITOJHEHBI BCE MIPE/IITOI0KEHUST TEO-
pembr 2.1. TTosromy cyimecTByeT mocsieloBaTeIbHOCTh T = (Yo, Y1, Y2, - - -) € B C {1 Takas, 4ro
T=f(z,7), .e. Yo=0a u Yy = BYn-1+ Vnh(Yns1) st Bcex n = 1,2 ... . OueBugHO, 9TO
yKa3aHHasi [I0CJIeI0BATEIbHOCTD SIBJISIETCsI pellieHrneM ypapaenns (2.1).
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Bsenenue

Teopust yrpaB/isieMbIX CHCTEM, OMUCHIBAEMBIX Tu(HEePeHINaTbHBIMUA YPABHEHUSIMEI 1 BKJTIO-
YEeHUAMH JIPOOHOIO TOPsAJ/IKa B OECKOHEYHOMEPHBIX ITPOCTPAHCTBAX, aKTUBHO Pa3BUBACTCA U
HaXO/JUT MHOI'OYKCJIEHHBIE IIPUMEHEHUsI B MaTeMaTHIecKoil (hbu3uKe, MHXKEHEPHUH, SKOHOMUKE,
9KOJIOTUH ¥ IPYTUX pa3/iesax ecrecTBo3Hanus (cM. monorpaduu [1,2], crarsn [3,4]). Ha nanmsrit
MOMEHT pa3pabOoTaHbl PA3JIMIHBIE MTOJIXO0/IbI K HCCJIEOBAHUIO PA3PEIIIMOCTH TuddepeHIinaib-
HBIX YpaBHEHHI 1 BKJIOUeHHit apobHoro nopsaka ¢ € (0,1). Hanpumep, B paborax |5, 6| mis
JbdepeHImaIbHbIX YPaBHEHUN YKa3aHHOTO JIPOOHOIO IO IKa ObLIN Pa3penieHbl 3a/1a91 TUIIA
Ko, Crarbu |7, 8] mocBsitieHsl ucc/ieloBaHuio Tpaekropuii judepeHnuaabHbIX BKIIOIeHIi
npobroro mopsizika ¢ € (0,1), momauHsIOMUXCs 060OIIEHHBIM KPAEBBIM YCIOBHSIM, BbIDAZKEH-
HbIM B (bOpMe olepaTopHbIX BKJOUeHuit. B paborax |9, 10| aBTOpbl NPUBOJIAT JOKA3aTE b
CTBa yTBEP:K/IEHUI O PA3PEIIMMOCTH TEPUOIMIECKUX KPAEBBIX 3a1a4 st Tud dhepeHinaTbHbIX
BKJIIOYEHUI TOTO Ke TOopsJIKa, a B paborax [11,12] — misg aHTHIEpHOINYeCKIX KPAeBbIX 3a,1a.
AnmnpokcuMarun pertennii guddepeHnuaIbHbIX YpaBHEHU U BKIIOYEHUH JIPOOHOIO MOPSIKa
q € (0,1) 6pur u3yveHsl B crarbsix |13, 14].

B mocseanne rojibl akTUBHO UCCEMyIOTCH JuddepeHnuaibHble YpaBHEHUT U BKJIIOYEHUA
Jnpobuoro mopsiyika g > 1. B macrosimieit pabore pasperraercs mepuogndecKas 3ajada i
KJIacca MOJIyJIMHEHHBIX nddepeHnnaabHbIX BKIOUeHnil gpobroro nopsyika ¢ € (1,2) B 6a-
HAXOBOM IPOCTPAHCTBE, JjIs KOTOPBIX MHOTO3HAYHASI HEJIMHEHHOCTH YIOBJIETBOPSAET YCIOBUIO
PEryJIsIPHOCTH, BBIPAKEHHOMY B TEDMHUHAX MeP HEKOMIAKTHOCTH. OTMETHM, 9TO /I COjlepIKa-
IUX JTMHEHHYIO JacTh JuddepeHnnaabHbIX YpaBHEHUH JPOOHOIO MOPSIKa MEHBIIErO € UHUTIBI
B paborax [15,16] ra ocHoBe MeTona dyukimn ['prHa OB U3yYEHBI IEPUOUIECKIE KPACBbIe
3a,/1a41.

MpsI ucciieyeM mepuoIntiecKyo KpaeByio 3ajady B cenapadbe/ibHOM 0aHaXOBOM ITPOCTPaH-
crBe E g nostynmuHeiinoro muddepeHnnaabHOro BKIIOYEHUS CJIEIYIONIEero BUIA:

“Dix(t) € Mx(t) + F(t,z(t)), te][0,T], (0.1)

z(0) =x(T), 2'(0)=2'(T). (0.2)

Brecs A > 0, “D? — npobuast npoussoanas Kanyro u F: [0,T] x E — E — MHOro3HavHOe
orobpaxkenue. OTMETHM, 9TO JiJIsi HOJYJIUHEHHOTO CJIydasd ¢ JIPOOHON IPOM3BOIHOM MOPsiIKA
q € (1,2) Takoro poja 3aja4u J0 HACTOAIIErO BPEMEHH He ObLIH MCC/IEI0BAHBI.

Crarbst opraHn30BaHa CIeIyIommuM obpa3oM. B ciemqyromem passesne 1 Mbl TPUBOIUM HEOO-
XOJIUMbIe MOHATUS U (haKThl U3 JIPOOHOTO aHAJIM3A U TEOPUH YIJIOTHSAIOMNUX oToOparKenuii. Bo
BTOPOM paszjiejie Mbl KOHCTPYHUpPYyeM (pyHKImo ['puHa g JUHEeHHON YacTu paccMaTpUBAEMON
sagaun (0.1), (0.2). 3areM Mbl BBOJAUM ¥ UCCJIEyeM pa3peliaoniuii nHTerpaJbHblil oneparop B
[IPOCTPAHCTBE HEIPEPBIBHBIX (DYHKITUH, HEIIOABUYKHBIE TOUKNA KOTOPOTO COBIAIAIOT C PEIeHU-
amu 3a7a4qu. Ha 3Toit ocHOBe MBI JOKa3bIBaeM IVIABHBINA PE3YIHTAT O CYNIECTBOBAHUU IT€PUO/IN-
94eCcKoro perienus (Teopema 2.3).
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1. IlpeaBapuresibHble CBeJ/IeHUS
1.1. IpoOHblii aHaIN3

[IpuBesem HEOOXOAUMBIE TTOHSTHUS U 00O3HAYEHUA U3 JPOOHOTO MaTeMaTHIEeCKOTO aHAJIN3a,
(6ostee osIpoGHbIE CBEJIEHNsT MOYKHO HaiiTu B MoHOTpadusx [1,2]).

Oupenenenune 1.1. Apobrvm unmezpasom nopadka q >0 dynrkuyuu g:[0,7] — R
HasbiBaeTcd pyHKknusa [9¢g, onpejessieMasi COOTHOIIEHIEM

wwz——ﬁwﬁvw@m

rae ' — ramma-dynkiums Ditiepa

I'(q) :/ e " dr.
0

OrmernM, 9To J71st ramMMa-GyHKIME Dilrepa cripaBeyInBo PaBeHCTBO (cM., Hampumep, [2])

1
['(q)

Onpenpenenune 1.2. /pobnoti npouszsodnoti Pumana—/Tuysunria nopadka q > 0 ne-
npepvishot pynrkyuu g : [0,T] — R HasbiBaercs dyukuus Dig, onpejesisiemMasi COOTHOIIEHHEM

=0 wim ¢q=0,—-1,-2,.... (1.1)

Dg(t) = F(n;—q) <%>n /Ot(t — )" g(s)ds, n=[q+1

(cumBosioM [g] 31ech u janee obo3HAYEHA TieIas YacTh YUCIA ¢ ).

Ounpemenenne 1.3. Apobroi npoussodnot Kanymo nopadka q > 0 ¢yrnxuyuu g €
C™([0,T]) maspBaerca dynkmua ©Dig, onpejenseMas COOTHOMEHIEM

“DU(0) =y [ =) s n= (L

['(n—q
JIpobuas npousBojHas KaryTo nmopsijika g > 0 Juid HelpepbIBHON (DYHKIIUN ¢ Ha OTPE3-
ke [a,b] cBs3ana ¢ apoGHOI nmpousBogHON Pumana—/Inysmuis mopsaka ¢ > 0 ciegyomnmm
COOTHOIIIEHUuEM.:

3
—

9%*)(a)

“Dg(t) = (D(g(s) = > T s = a))) ().

k=0

BoubiuM mpemmytiiecTBOM JIpoOHO TTpon3BoiHON KarryTo 1mo cpaBHenuo ¢ JpobHOIT 1po-
n3Bo/HON PuMana—/ImyBuiuia sBisieTcss coxpaHeHnEe OCHOBHBIX CBOMCTB IPOU3BOJHOM I1€JI0TO
HOPLAJIKa, HAIIPUMED PABEHCTBO HYJIIO IIPOU3BOAHOM OT KOHCTAHTDI.

Onpenenenne 1.4. Oyaxius

n

> z
Eq,ﬁ(2)22m7 q>0, peC, zeC,

n=0

HasbiBaeTCs Pynkyuets Mummae—/legdgpaepa.
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Kak npasuio, dynkmnumo F,; obosnadaior 6ojee mpocto F.
[IpowumioctpupyeMm posb dynkiun Murtar—/ledbdaepa B gpodHom ucuuciaenuun. Pacemor-
puM 3asa4y Komn jy1g ckasrsspaoro audepeHuaibHoro ypaBHeHs JJPOOHOTO MO IKa

“Dig(t) = \x(t)+ f(t), t€]0,T], 1<qg<2, (1.2)
2(0) =c¢;, 2'(0) = ¢, (1.3)

e A € R, f:]0,7] - R — dyuknus, maasg KOTOPOii CyIecTByeT IpOOHbIH WHTErPAT MO~
psizika . Ilox pemenuem jgaHHoil 3aja4u nonuMaercs HenpepbiBaast Gyuknusa z : [0,7] — R,
yoBeTBopstonas yeiosuam (1.3), js KoTopoit npobrast mpoussoanas Kamyro ©Dix Tak-
JKe HelpepbiBHA U Yj0BJIeTBOpsieT ypasHenuio (1.2). MzsectHo (eMm. [2]), uro eauHCTBEHHBIM
pereHneM JIAHHON 3a/1a9u SIBISIETCA (DYHKITHS

z(t) = a1 Ey(At?) + cot Ego( A7) + /0 (t — s)q_lEq,q()\(t —5)1) f(s)ds. (1.4)

B pasbHeiinem HaM MoHA00ATCS CISIyOIUe COOTHOIIEHUsT U yTBepKaenust (em. [17])

1

Eqp(t) = ) 1By piq(t), (1.5)
<%>n(tﬁ—1Eq”3()\'[;q)) — tﬁ_n_lEqﬁ_n()\tq), (16)
/ OB (M = 2By (A1), (1.7)

0

Jlemma 1.1. Jlaa gynxyuu f € C([0,T]; E) u 1< q <2 cnpasediuso pasencmeo

/

(/ot(t — 8)T Eg (At = 5)") f(5) ds) - /0t<t — 8)T 2 Eyq 1 (At — 5)) f(s) ds.

t

st Toro 94robbl yCTaHOBUTH aHAJOTHYHBIN pedynbrar s dyakmun f € L*([0,T]; E),
HAM [OTPEOYIOTCST CJIEYIONINE YTBEPK ICHU.

JIemma 1.2. Jlas ecaxoti pynkyuu f € L2°([0,T]; E) cywecmsyem nocaedosamenvrocmo
{fn} C C([0,T]; E) maxan, wmo f,(t) — f(t) 6o scex mouxax Jlebeza pynrxuyuu f uz [0,T],

npwiest | fullogomrey < 1 lleqorym -

HpI/IMepOM 11ocJj1e 10BaTE€JIbHOCTH, y,ILOBJIeTBOpHIOHleﬁ YTBEPKJICHUIO JIEMMbI ]_2, MO2KET CJIy-
KUTH CJIEAYIOasd IIOoCjae10BaTe/IbHOCTDb, IIOCTPOEHHad Ha OCHOBE IIPOCKTOPA CrekioBa

S fs)s, te 0. G f SO, t€[0.T),
f"“)‘{o, ” ey O L s

Jlemma 1.3. (em. [18]) Jaa ecaxot gynkuyuu f € L®([0,T]; E) mnoocecmeo ee mouek
Jlebeza ecmv mmoorcecmeo noanots mepv, das [0, 1.

Jlemma 1.4. (cm. [19]) Hycmo ece gynruyuu {f,} Juddepenuupyemo, 6 npomesrcymie
[0,T] u nocaedosamenvrocms npouzeodnwx {f'} crodumes 6o ecem npomescymre pasHo-
mepro omnocumenvio t € [0,T]. Tozda, ecau nocaedosamenvriocms {fn} crodumca xoms 6wl
6 0dnoti mouke us [0,T], mo

(1) nocaedosamesvnocms {f,} crodumcs 6o 6cem npomescymre u dasice pacHOMEPHO;

(2) npedesvnas dynryua f Jupdepenyupyema, npuvem evnoaneno f'(t) = lim, oo f1(t).
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JIemma 1.5. Jlas dynxyuu f € L°([0,T]; E) u 1 < g <2 cnpasediuso pasencmeso

!/

(/ot(t — )T By (At — 5)7) f(s) ds) - /0t<t — 8)T2 Eyq 1 (Nt — 5)7) f(5) ds.

t

Hoxkaszarennbcrso. Ilycrs f e L*(0,T]; E), torga B cuiy jgemm 1.2 u 1.3 cyrue-
crByet mocsenoBarenbrocts dyukuuit {f,} C C([0,T]; E) rtaxas, aro f,(t) — f(t) mmsa . B.
t €10,7]. B cumy semmsr 1.1 s kaxoit dyuxmun f, € C([0,T]; E) cupaseiinBo paBeHCTBO

!/

(/Ot(t—s)q—lE% (At —8)Y) ful(s)d ) :/Ot(t_s)q—mq’q_l( (t —8)7) fn(s)ds

[To Teopeme Jlebera o mpeaesbHOM MEPEXOJIE O/ 3HAKOM HHTErPaJjia UMEeM:

i ([ =9 Baae = 510151 ds) = [ 6= 907 Byt = ) 05) s

n—oo

i ([ 6= 97BN = 500)ds) = [ (=917 By 6 = 911 56) s,

n—o0

Tenepn, BOCIIOIBL30BABIINCH IyHKTOM (2) jieMMbI 1.4, mosty<mm

/

t n—00

([ = B =550 s) = tim ([ (6= EuX = 1015,
= jm (/gt(t —8)" 2 Eyq 1 (At — 8)7) fuls) d ) B /Ot(t —5)1 By g1 (At — 5)7) f(s) ds.

n—oo

]

1.2. MHorosHavHbie OTOOpaKeHUSd

[Iycrs € — 6anaxoBo npocTpancTBo, P(E) — COBOKYIHOCTH €ro HEIyCThIX MOJIMHOKECTB.
Bresnewm ciieytorniuie obo3navdeHus:

Pb(E)={A € P(€): Aorpannueno}, Pv(E)={A¢€ P(£): A Boiykio},
K(&)={Ae€ Pb€) : A xomnaxruo}, Kuv(E)= Pv(&)NK(E).

Hopmy muoxkecrsa M € Pb(E) onpenemnm dopmystoit ||M|| = sup,ep ||z -

Oupenmenenune 1.5 (cm., manpumep, [20,21]). Ilycrs (A, >) gacTudHO yropsodeH-
Hoe MHOXKecTBO. Pyukiusa [ : Pb(E) — A nHaspiBaeTcss Mepoil HeKOMIaKTHOCTH (MHK) B &,
ecom Jyist Kaxkgoro € Pb(E) sommomnsiercs 5(co)) = F(£2), rae ©6 2 obozHadaeT 3aMbIKaHNIE
BBIIIYKJIOM 000JI09KU MHOXKecTBa ).

Mepa HeKOMIaKTHOCTH (3 HA3BIBACTCH:

1) monomonnoti, eciu s mobbix o,y € Pb(E), Brmouenne )y C §; BieueT HepaBeH-
crBo () < B(2);

2) mecumeyaaprol, ecau Juist aoboro a € € u awoboro € Pb(E) BBINOIHAETCS PABEHCTBO

A{ar U Q) = B(Q).

Eciu A — 3710 Konyc B 6aHaX0BOM IIPOCTPAHCTBE, TO Mepa HEKOMIIAKTHOCTU 3 Ha3bIBAETCS:

3) npasusvnod, ecim paBeHcTBO ((£2) = 0 9KBHBAJICHTHO OTHOCHTEIBHOI KOMITAKTHOCTH
muO)kecTBa ) € Pb(E);
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4) sewecmeennot, ecin A C R — MHOXKECTBO HEOTPUIATETHHDBIX JIEHCTBUTEILHBIX YUCEIT €
€CTECTBEHHBIM HOpﬂ,H‘KOM;

5) aneebpausecku noayaddumuenod, ecim [((Qo + Q1) < B(Q0) + B(1), mas Beex o, Qy €
Pb(E).

[Ipumepom BelecTBEHHOM MHK, YIOB/IETBOPAIOIIEH BCEM BBINIEIIEPEINCIEHHBIM CBOMCTBAM,
saBJIgeTcd MHK Xaycgopda X, omnpejeseMas (popMysioit

x(Q) =inf {e¢ > 0: Q mueer Koreunyo e-cetb B &}

Ormerum, 910 MHK Xaycaopda yaoBIeTBOPSAET TaKKe CBOHCTBY MoAY0dHopodHoCmU: Tt
Bcex A € R u Q € Pb(E) sumosneno x(AQ2) = |A[x(2). Bosee toro, ecu L : £ — & —
JIMHERHbIi orpanndeHsblii omeparop, o x(L(2)) = || £]|x(Q) masa moboro Q € Pb(E).

Crieyronye NOHSITHsT U yTBEPKIEHUsT MOXKHO HailTu B MoHOrpadusix [20, 21].

Ounpemenenne 1.6. Ilycte X — merpudeckoe npocrpanctso. Muorosnauauoe oTo0-
pazkenne (Mmynbrrorobpaxkenne) F : X — P(E) nasbBaercs:

(1) noaymnenpepwvienvim ceepry (n.m.c.), ecmm F-H(V) ={z € X : F(z) CV} — orkpsITOe
ITOAMHOXKECTBO X JIJIst JTF0OOr0 OTKPBITOro MHOXKecTBa V' C &

(i) samrnymowm, eciun rpadur I'r = {(z,y):y € F(r)} — 3aMKHyTOE MOIMHOMKECTBO
X x E;

(ili) womnaxmmowm, ecmn F(X) — OTHOCHTEIBHO KOMIIAKTHO B &;

(iv) KeasuxomnarmmbLM, €CIIU CyzKeHNe Ha JTI060e KOMIIAKTHOE MojMHOXKecTBO A C X KOM-
AKTHO.

JIemma 1.6. ITycmo X u Y — mempuueckue npocmpancmea u F : X — K(Y) — 3a-
MEHYMOE KBAZUKOMNAKMHOE MYALMUOMobpaxcenue, mozada F — n.H.c.

Ounpenmenenne 1.7. Myapruorobpaxenune F : X C & — K(E) nazbpiBaeTcs yior-
HSAIOIIMM OTHOCUTEIBHO MHK [ ( [ -YIUIOTHAIONINM ), €CJIN JIst JIDOOr0 OrPAHMYEHHOIO MHOMKE-
crBa ) C X, He ABJIAIONIErOCsS OTHOCUTEIHHO KOMITAKTHBIM, BbiostHeHo [((F(Q2)) 2 B(Q).

CupapeIBa. CJIeIyIomas TeopeMa O HelOABUAKHON TOUKe NI yILUIOTHSIOMMX MYJILTHOTOO-
paxkenwuii (cm., Hanpumep, [20,21]).

Teopema 1.1. I[Iycmv M — evnykaoe 3amKHYymMoe NOIMHOANCECTNEO DANATOEA NPOCTNPAH-
cmea € u F : M — Ko(M) — ecmov [ -ynaomuarowee mysvmuomobpasicerue, 2de [ —
necuneyaapran mepa nexkomnaxkmmuocmy 6 E. Toeda mnoocecmeo Fix F == {z : x € F(x)}
HENOOBUANCHHIT MOoYer Mmyavmuomobpasicenus F ne nycmo.

1.3. UV3mepumbie MyabTUDYHKIINNA

[Iycts p > 1, E — 6anaxoBo mpoctpancTBo. HamoMunM creyroniue moHsaTust (CM., HATIPH-
mep, [20,21]).

Oupenenenne 1.8 Mymsrubyukiua G : [0,7] — K(E) nasbBaercs:

LP -unmezpupyemoti, eciim oHa Jomyckaer LP-uHTerpupyemoe cedenue 1o Boxuepy, T. e.
cymecrByer dyukuusa g € LP ([0, T]; E) rakas, aro g¢(t) € G(t) ana . B. t € [0,T];

LP -unmeeparvho oeparuyennotl, eciau cymecryer dyuknus € LP([0,T]) rakas, ato

IG@ = sup {llgllz: 9(t) € G(t)} < &(t) anam b t€[0,T].
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MuoxkecTBO Beex LP-unrerpupyembix cedenuit myabrudyuknuu G : [0,T] — K(E) o6o-
3HavYaeTCs depes Sp.

Ounpegenenue 1.9. Iocrenosaremsuocts dbynknuit {&,} C LP([0,T]; £) nasbBa-
erca LP -noaykomnaxmnot, ecan oHa LP -MHTErpaIbHO OPPAHUYCHA, T. €.

Jv e LE([0,T]) 16n®)]le < v(t) amsa Becex n=1,2,... nu B. t€[0,T],
u muoxecrso {&,(t)} ormocmresnbHo KomMnakTHO B E s 1. B. t € [0, 7.

Onpemenenne 1.10. Mymbrubynkius G HasbiBaercs usmepumoti, ecma G~H(V)
u3MepnMo (oTHOCHTENLHO Mepbl JIebera Ha orpeske [0, 7] ) ayist 106010 OTKPBITOTIO MOJIMHOKE-
crea V' C E. Mynsrudyukius G Ha3BIBAETCS CUAGHO USMEPUMOT, €CIIA CYIIECTBYET HOCIe-
JIOBATEJIbHOCTD CTyMeHIaThIX MyabTudyaknuii Gy, : [0,7] — K(F) rtakas, aro

lim H(G,(t),G(t)) =0 mua . B. t € (0,7,
n—oo
e H — xaycaopdosa merpuka B K (FE).

OTMmeruM, 9TO B ciIydae cenapadebHOIO MPOCTpaHCTBA F MOHATHS U3MEPUMON U CHJIBHO
U3MepuMOit MyIbTH(MYHKIIE coBragaoT. Eciu G cuabHO nsMmepuMma u LP -uHTErpaJibHO Oorpa-
HuveHa, To oHa LP-unrerpupyema. g LP -waTerpupyemoit myabrudyHKun G npu J000M
t € [0,T] ompejeseH MHOrO3HAYHBIH HHTETPAJ

[ s ={ [ otsyis: g sz},

JIemma 1.7. (cm. |20, Teopema 4.2.3.]) Hycmv E — cenapabesvhoe 6anaroso npocmpati-
cmeo. Ilyemov G : [0,T] — P(E) — LP-unmeepupyeman u LP -unmezpasvno 02panusvennas
MYyALMUPGYHKEYUL makas, ¥mo oai n. 6. t € [0,T]

X(G() < q(t), g€ LE([0,T]).

Tozda das ecex t € [0,T] evinoanerno

X(/OtG(S)dS) < /th(S)ds.

B wacmmuocmu, ecau mysomugpynrkuyus G : [0,T] — K(E) usmepuma u LP -unmeepasvro
ozparunena, mo gynkuyus X(G(+)) unmeepupyema, npuuem oas ecex t € [0,T]

X(/OtG(s)ds) < /Otx(G(s))ds.

Jlemma 1.8. (cm. [20, Teopema 4.2.1.]) ITycmw nocaedosamenvnocms {€,} € L([0,T); E)
asasemea L' -unwmezpasvro oepanunennot. IIpednososicum, wmo

Ja e LL([0,T]) x({&(1)}) < a(t) daan. 6. t €[0,T).

Tozda dasn arwbozo 6 > 0 cywecmeyem komnaxmmuoe muodicecmso Ksg C E u mmoocecmeo
ms C [0,T] ¢ aebezosoti mepoti ms < 0, a maxsice mmosrcecmeo dynryut Gs C L' ([0,T]; E)
co anavenuamu 6 Kg, maxue, umo oasa xasrcdozo n > 1 cywecmseyem dpyruxuyus b, € Gs, oz
KOMopol

160 () = bn (D)l p < 2a(t) + 6, € [0, T\ms.

Boaee mozo, nocaedosamenvrnocms {b,} moorcem 6wmov ewvibparna max, wmo b, =0 na ms u
2Ma NOCAEIOB8AMEALHOCTL CAGDO KOMNAKMHA.
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2. OcHoBHBIE PE3YJIHTATHI

Pacemorpum B cenapabesibHoM GaraxoBoM mpoctpancTBe F Kpaesyto zagady (1.2), (1.3),
e AeR, f:[0,7] —» E.

Oupenenenne 2.1. Humeeparvrom pewenuem Kpaesoit 3amaan (1.2), (1.3) HasbI-
Baercs byukiust x € C([0,T]; E), ynosiaerBopsioras paBeHcTBY (1.4).

Jlemma 2.1. Ilyemo f € C([0,T); E) u
(1 — E,(\T))? — E,o(ANT9)E,2(\TY) # 0. (2.1)

Tozda kpaesas 3adaua (1.2), (0.2) umeem eduncmeennoe pewerue, 3mo pewenue npeicmasumo
6 sude

x(t):/o G(t,s)f(s)ds,

ede pynryusa I'puna G(t,s) onpedessemcs Popmyrot

( Q=B 0T (T By NI~ +T By s OT)T 912 By s OT=9)) 3 (g0
(= Eq(NT)? = Ey o(XT1) By 2 (NT9)

(1= By (NT9))(T—8)1=2 By g1 (MT—)7)+ T~ By o(NT9))(T—8)1= Eq o (\(T—5)7)
" B T )21y o (V7 B 3 (V) = tEq2(At?)

+(t — $)T E, (At — s)9), 0<s<t<T,
Gt s) = ¢ (2.2)

(A=BEy\T))(T—5)""" Eq,q(MT—8))+TEq 2 (ANT)(T—5)1"*Eq,q1(A(T—5) g (A7)
(1=Eq(AT9))?—Eq,0(AT9) Eq,2(AT9)

(1= B(NT9))(T—8)1=2Ey g1 (MT—)7)+ T~ L By o(NT9))(T—8)1— Eq (\(T—5)7)
- B T 2= Ty o (V7 B 3 OVT) = tEq (A7),

0<t<s<T.

\

HoxkaszatTennbctso. Pemenne kpaepoii 3agaun (1.2), (1.3) B 6aHAXOBOM HPOCTPaH-
crBe E wmmeer Buj (1.4). Ipumenss dopmymy (1.6) u gemmy 1.1, onpemesnm mpon3BoIHYTO
9TOrO PeIleHust

7' (t) = cit B o(MY) + o By q (M) + /0 (t—s)7 2B, , 1 (At — 5)9)f(s)ds.

3aMeTuM, 9TO BCJIeICTBHE PaBEHCTBA ﬁ 0 g pyHKIUN qu()\t ) nMeeM

— (At9)" 1 — (M) O (M)

o(At?) =+ = ,

=3 o) = T+ i) = 22 P

CJIe/IOBATEBHO,

o0 )\ntqn—l
tLE, o(\t?) = .
10O =2 )

U3 nocaenneit bopmyst mosyaaem x(0) = ¢y, x'(0) = co.
Tenepb, ucnonbsys yciaosue (0.2), morydaeM cucremy

{ 1 = 1 By(AT9) + eaTEys(ANT?) + [ (T — 8)9 By o (\(T — 5)7) f(5) ds,
co =T E o(AT?) + o E 1 (NT?) + fOT(T —8)T2E, 1 (MT — 8)9) f(s) ds.
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Ee pelIeHueEM ABJIAETCA

o (L= ByONT) Jy (T — )0 By N(T = 5)%) £ (5) ds
b (1 - Eq<ATq>> — Ego(A\T7) Ey2(NT')
TEos(NT?) [ (T — 8)92Eyy 1 (MT — 5)9) f(5) ds
(1= E,(AT9))? = Epo(AT)E,o(AT9)
L (1 = E,(AT9)) [(T — 8)7 2By q 1 (M(T — 5)9) f(s) ds
‘e (1 — Ey(\T))2 — Eqo(AT4) Ega(AT9)
T E,o(\T9) [} (T = 8)7 1 E, (\(T — 5)9) f(s) ds
(1 = Ey(A\T1))? — Eqo(AT9) Ey2(NT'7)

[Mogcrasisgs naiinenuabie Kodddunuentor B (1.4), noaydaem

_ (= ) Jo (T = )7 B, o NT — 8)!) f(s)ds
x(t) = ( Eq T = By VIO E, T E,(\t9)
TE () Jy (T = )" By s MT = 5))f () ds g

= BT ~ BV By 0O

(L= B,OT) Joy (T = )" *Byq s NT =)0 f(s)ds

’ (1= E,(\T9))? = Eqo(AT9) E, 2 (AT9) tEy (M)
T Eyo(MT) Jy (T = )" By MT = 5))f(s)ds , . 2(At9)

(1 — E,(\T9))2 — B, o(\T%)E,o(\T9)
—i—/t(t - S)q_lEq,q()‘(t s)ds = / G(t,s)
O

Paccyxaas Tak ke, Kak U B JJOKa3aTeIbCTBE JIeMMbI 1.5, MOXKHO TOKa3aTh, 9TO U B CIydae
f € L>(0,T]; E) dyuxnus I'puna xpaesoii 3agaun (1.2), (0.2) onpegemnsiercs dhopmysioit (2.2).

Bynem nomarars, 1ro myiasruorobpazkenue F :[0,7] x E — Kv(E) u3 3agaau (0.1), (0.2)
VJIOBJIETBOPSIET CJIE/IYIONAM YCJIOBHSIM:

(F1) mua Becex x € E mynprudyskmus F(-,z) : [0,7] — Kv(E) momyckaer nu3Mepumoe
ceveHue;

(F2) s . B. t € [0,T] muoroznaunoe orobpazkenue F(t,-) : E — Kv(E) — nosynenpe-
PBIBHO CBEDXY;

(F'3) mna kaxgoro r > 0 cymecrsyer dyukmust w, € LP([0,T]) Taxas, 910 ays 1106010
rx € FE ¢ ||z||p <r Bemomaneno [[F(t, )|z < w,(t);

(F4) cymecrsyer dbynkmua p € L([0,7]) Takass, 910 a1 1060r0 OrpaHIIEHHOIO MHO-
xkecrBa Q C F semosneno X(F(t,Q)) < p(t)x(Q), mpu u. B. ¢t € [0,T] (rage x — MHK
Xaycmopda B E).

Hng xaxgoro = € C([0,T]; E) BBesieM B paccMOTpeHUe MyIbTU]YHKIIUIO

F(-2()): [0,T] — Kv(E).

U3 yenosuit (F1)—(F3) caenyer (cm., manpumep, [20, reopema 1.3.5]), uro mysnbrudyHKIms
F(-,x(-)) aBnsiercst LP-unTerpupyemoii ajst jgoboro p > 1. Onpegennm Cynepro3uuoHHbI
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mysbruoneparop P i C([0,T]; E) — L*™([0,T]; E), xoropsiii kaxkgomy z € C([0,T]; E)
CTABUT B COOTBETCTBHE MHOXKECTBO Pp(r) m3MepuMbIxX cedeHuit mynbrudyskmmn F(-, x(-)).
Hanee pacemorpum mysbruoneparop ', koropeiit kaxaomy = € C([0,T]; E) craBut B coOT-
BETCTBUE MHOYKECTBO

— B,(\T)) [y (T = )" Eyy(\(T — 5)7)f(s) ds

(1 )

lz(t) = { (1 — E,(AT9))? — E,o(AT9) E,o(A\T9) E, (A7)
TE 2(NTY) foT(T - S>q_2Eq,q71(>\(T —5)9)f(s)ds .

( —F ()\TQ))Q — EqO(/\Tq)qu()\Tq) Eq()\t )

(1= B,OT) Jy (T = )2 Bp s AT =)0 f(s)ds
(1 - Eq(ATq)) Eq70()\Tf1)Eq,2()\Tq) tEq 2 (A7)

T Eyo(AT?) Jy (T = 5)" "By (T — )%) f(s) g 2(At9)

(1- Eq(/\Tq)>2 - Eq,O()‘Tq)EqQ()‘Tq)

+ [0 s sy = { [ ceores),
rae f € PX(z).

U3 yenouit (F1)—(F4) caenyer, uro minsa dyuxkmuun z € C([0,T]; E) dbyukuus f €
L>([0,T]; E). Ilpu srom, u3 onpegenenus byuxmn ['puna caeyer, aro s goboro t € [0, 7]
npu 1 < g < 2 semonseno G(-,s) € LP([0,T]),p > 1, u dyukuusa [puna tepsier Hempe-
PBIBHOCTB TOJIBKO B ToukKe § = t, mostomy ' : C([0,7T]; E) — C([0,T]; E). OueBnjno, ecian
x € C([0,T); E) asnserca permenuem 3aaa4an (0.1), (0.2), To = aBIsieTCs HEMOIBUKHOI TOYKO
mysbruoneparopa I TTosromy, juist yeranosienns paspentumoctu Kpaesoii 3ajaan (0.1), (0.2)
OyJieM JIOKa3bIBATh CYIECTBOBAHUE HEIIOJBUKHBIX TOYEK MyJIbruorneparopa .

Hawm morpebyercst cie/iyroriee yTBEPK ICHIE.

Jlemma 2.2. Ecau évinoareno ycaosue
(A) dynruyua puna G ne mensem 3nax na unmepsase [0, T
Mo CNPasedsu6o paceHcmeo

/0 G(t, )] ds = % (2.3)
JJoxkaszaTeabcTBo. Vmeem
T (1= E,(\T9)) [ (T — 8)7 B, (\(T — 5)?) ds
| Gt = e B T
TEq,Q()‘Tq) foT(T - S)q72Eq7q 1()‘(T - 3>q> ds

E, (A7)

< B, OV = By W Eyp (07 )
(1- fo — 8)" 2 Eg g1 (MT — 5)) ds q
! < ~F <m>> ~ By I By 2N
T E, o (\TY) fo —8)T E, T — 5)?) ds

BT = BBy Bt + [ (6= 97 Bugla = )

Bbraucsium nHTErpasibl B IMOCIEIHEM BBIPAKEHUN € MOMOIIBIO0 (hopMyItbl (1.7):

/0 (T — 81 By g \(T — 5)0)ds = — / (T — 81 B,y \(T — )0)d(T — ) =
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T
/ Y1 Ey(\y?)dy = TTEy g1 (NT?).
0

Takum obpazom,
T
/ (T - 3)q72Eq,q71(>‘<T —s)!)ds = TqilEq,q()‘Tq)a
0

t
[ = 7 B A = )70 = 11 (0.
0

[Tonarag 8 (1.5) =1, nomayunm

1
E,(ATY) = O AT9E, 41 (M) = 1+ ATE, 41 (ATY),

1
E (A7) = T AMIE, 1 (MT) = 14 AIE, 401 (A9).

Ucnons3ys csoiicrso (1.1), u3 (1.5) upu f = 0 nosyunm

1
E,o(ATY) = —— + ATYE, ((AT?) = XT“E, ,(\TY).

XU
MT&K, CIIpaBE€/IJIMBLI CJIEIYIOIINE PaBEHCTBA!
T 1 1
| @ = 9 B (T = s)1)ds = T (BT - 1) = (BT - 1),
0 . X
T =872 = 8)7) ds = BT,

/0 (= $)UE, (At — 5)7)ds — % (E, (M%) — 1).

OkoHYaTeTbHO MMOIydaeM

/T Gt 5)ds = (1-— Eq()\Tq))i (E,(A\T9) — 1) + TEq,2<)\Tq>%Eq70()\Tq)
0 (1= E4(AT9))% — Eyo(XT9) Ey5(XT9)

E (A7)

(1 = Eg(AT) x5 Eqo(ANT?) + T E o(AT?) 5 (E,(AT?) — 1) o] .
+ a Eq(ATq)) Eqp()\Tq)Eq’Q(ATq) tE,2(Mt9) + 3 (E,(\t9) — 1)
1 (= BT — Byy(AT) E,(ATY)
= NP T, () = By o VT By OT)
o (1= B(AT))(AT) ™ By o(AT9) — ( — E,(AT9))(AT) ' Eo(ATY)
+HEaald) (1= Ey(\T9))” — E,o(XT%) B, o(AT")
1 q B 1 q 1 q B 1
+X(Eq()\t)—1)———E (Mt >+X( (/\t)—l)——x.
HokazaHo, 910 paBeHCTBO (2.3) BBINOJIHSIETCS. ]

st moKazaTebcTBa CYNIeCTBOBAHUS HEIOJIBUKHBIX TOYEK MyJibTuoneparopa [' BBegem B
paccMOTpeHue ornepaTop

S L=([0,T]; B) = C([0, T]; E), S(f)(t) = /Ot(t = 5)" By g(A(t — 5)7)f(s) ds.
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Jlemma 2.3. ITycmo nocaedosamenvnocmv {n,} C L2([0,T]; E) oeparnuvennas u 1, — o

6 LY([0,T]; E). Toeda S (n,) = S(no) & C([0,T]; E).
Hokazareanbctso. g d>0 paccmorpum oneparop

t<d,

Sq: LY[0,T); E) = C([0,T]; E), Sa(n.) = { O’td<t — )1 E, (At — 8))na(s)ds, t > d.

[TockosIbKY MOfIbIHTErpaIbHOE BhIDarKeHHe B ocsie el hopmylie ecTh HenpepbiBHast Ha [0, t—d|
byHKIMS, TMeeM

Sa (M) — Sa (o) , (2.4)

B npocrpanctee C([0,T]; E).
[Iycrs b — menpepswiBHbIil guneiinbit dyuximonan va C([0,T]; E), t.e. ¥ € C*([0,T]; E).
Torya cupaBeJIMBO PABEHCTBO

(10,5 (1)) = (¥, Sa (M) + (¥, S (n) = Sa (), n=0,1,2,.... (2.9)

U3 onpenenenus oneparopa Sy cieayer

Jalt = 8)17 By (Mt — 8))na(s)ds, t <d,

S n _Sd n = t
(S (1) (7)) (2) { St = ) B, (Mt — s)Dma(s)ds  t > d;

[t = S Byt = 5)7) - ()l g ds, £ < d)
S Tin _S Tin . S 9 _ i
15 01) = Sl mye {f:_du—s)q gt = 5)7) - [a(5) | ds, £ > d,

< quq,qO‘Tq)HnnHL"O([O,T};E)'

CureroBaTesIbHO, JIJIsi TPOU3BOJILHOTO € > (0 MOXKHO 10700paTh unciao d > (0 TakuMm, 9TO
BBIIIOJIHAETCS OlleHKA!

€

15 (1) = Sa (m)lleonim < (2.6)
PO = 4]

C*([0.,T];E) ‘

B cuny (2.4) mmeem (v, Sq(n,)) — (¥, S4(n0)), HO TOrjma I JTAHHOTO € MOYKHO HANTH
HOMEp N TaKOil, 4TO

(¥, Sd (1ne) — Sa (M) < €/2 (2.7)

Tenepb, ucnonb3ys (2.5)—(2.7), mosydaem OIEHKH:

(4,5 (1) = S (m0)) = (¥, Sa (1) = Sa (o)) + (4,5 (1) = Sa (M) + (¢, Sa (o) = 5 (1))

€ €
<S+20vl

:6,

CHOTEE) 4 j4p]

c([0,7;E)
KOTOPBIE 3aK/I0YAIOT JIOKA3aTE/THCTBO. O]
Jlemma 2.4. Jlaa xaotcdozo womnaxmmozo mmuoscecmea K C E u ozpanuvennot nocaedo-

sameavnocmu {n,} C L>®([0,T]; E) makotd, wmo {n,(t)} C K dasa n. 6. t € [0,T], crabas
cxodumocmyv 1, —ny 6 L([0,T]; E) eaevem cxodumocmv S(n,) — S(ny) 6 C([0,T]; E).
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,Z[ oKas3aTeJabcTBo. Buauaje 3aME€TUM, 9TO CIIpaBe€/JINBa CJIE/AYIOlad OICHKa:

X({S () (ﬂ}) < /O (t = 5)" ' X({ Eqq(A(t = 5)")1n(5)})ds = 0.

U3 s10it o1eHKH cteyeT, 9To nocaeoBareabnocts {S (1) (t)} C E oTHOCHTEIHHO KOMIAKTHA
st kazkgoro t € [0,7]. C apyroit cTOpoHBI, eciii Mbl Bo3bMeM t1,ty € [0,7] Takumu, 9TO
0 <t <ty <T, TO HOJIYyYNM OIEHKY:

IS () (2) = S () (8) ||

= H /0 2 (t2 - 5>q_1 Eq,q<)‘(t2 - S)q)nn<5)d8 N /0 | (tl o S)q_l Eq,q(A(tl - s)q)nn(s)dSHE
[t B0 ]
+ H /0 | <(t2 - 3)q_1 Eq,q()‘<t2 - S)q) - (tl - 5)q_1 Eq,q()‘(tl - S)q)) nn(s)dsHE
<l / (ta = )7 Byg(A(ta — 9)ma(s)ds]
+ H /0 1 ((tQ — S)q_l —(t1 — S)q_l) Eq (At — S)q)nn(s)dSHE

+ H /0 ! (ta — S)qfl (Epq(A(ta — 8)7) — Egq(A(t1 — 5)7)) nn(s)dS”E D+ Dot T,

rmue
t2

Zy = ” (2 — 5>q_1 Eqq(Alt2 — S)q)nn(5>d8”E7

Zi=| | ((ta= 9" = (6= 9)"") BuaM(ts = )" mn(s)ds]

%= H /0 | (t2 - 3)‘!—1 (Eqq(At2 = 8)7) = Eq (At — 5)7)) nn(S)dSHE-

st ipousBosibHOrO € > 0 TOJIOKUM € = €3 = €3 = €4 = €/4.
B cuny yenosust (F'3) cymectByer d; > 0 Takoe, 9T0 HEPaBEHCTBO [to — t1| < d; Bieder

OIIEHKY

to —t1)4
7 < HwKuooEq,q(ATq)% e

Ins onenku Zo, BbIOEpeM KOHCTaHTY d > 0, Jjis KOTOPOil CIpaBejInBO

t1—d
L [ (=9 = =) Byl = )

—l—” /tld ((t2 - S)q—l — (t; — s)q—l) B, (At — S)q)ﬁn(s)dSHE L+ 1,
rie
t1—d
I = H /0 ((tQ - S)qfl — (t1 — s)qfl) E, (At — S)q)nn(s)dSHE,

t1

L= [ ((tz=s)"" = (t=5)"") Bpg(Atr = 5))a(s)ds]

t1—d
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Pacemorpum dyukuuio v : [d,T] — E, v(r) = 797!, Jlannas gpyHKIus HelpepbiBHA Ha
orpeske [d,T], mosromy, o Teopeme Kanropa, oHa paBHOMEPHO HEIIPEPBIBHA HA ITOM OTPE3KE,
T. €. Jyisi KaxkJioro y > 0 cymiecrByer dg > 0 Takoe, 4To npu J0ObIX T1, Ty € [d,T] HEpaBeHCTBO
|72 — 71| < d2 < d Biewer orEeHKy

!Tzq*l — Tfil‘ <.

Teneps, BoiOpaB 7 =1 — s, HOJIy4YUM
I < Hlwk oo v(t1 = d) Eqg(ATY) < €2,

1 B TO 2Ke BpeMd JJId [2 CIIpaB€/IJINBa OLI€CHKa

E, ,(\NT%)d? (2 + 2¢
b < lonlle B OTOE @1 2)
q

B cuny onpenenenusa dpynknun Murrar—/ledpdepa g mobbix © € K u vy > 0 cymecTByer
d3 > 0 Takoe, 9TO B ciiydae [ty — t1| < 03 CHpaBeyIMBO HEPABEHCTBO

[ Eqq(At2 = 8)")z = Eqq(Alts — 5)")z]| <,
6J1aroapst KOTOPOMY TIOJTy9IaeM OIEHKY
Zs < T < ey
Taxkum obpazom, st oboro € > 0, BoiOpaB § = min {dy, da, I3}, mosmyamnm
HS(nn) (t2) — S () (1) HE <Zy+Zy+Zy <€+ €+ €3+ € =€

CirieioBaresibHO, nocaeoBaresbHocTb {S (1,)} ecTh paBHOCTEIIEHHO HEIPEPBIBHOE MHOZKE-
creo. Cormacao Teopeme Aprena—Ackonn MHOXKecTBO {S (7),)} OTHOCHTEIBHO KOMIIAKTHO B
C([0,T); E). U3 nemmsbr 2.3 caemyer, ato 7, — 1 Biaeder S (n,) — S (o). A mocKoIbKy
oc/Ie10BaTesIbHOCTD {.S (1),)} OTHOCHTEIBHO KOMITAKTHA, 3aK/I0qaeM, 9to S (n,) — S () B

C([0,7); B). O

OrnpejiesiuM yCIoBus, IpU KOTOPBIX MyJIbTuoneparop I gBisiercs yiioTHsonmum. Pacemor-
pUM KOHYC

RE = {¢=(¢1,¢2) : ¢1>0,¢ > 0}

C eCTeCTBEHHBIM YaCTHIHBIM MopsiikoM. Beenem B ipoctpancrse C([0, T]; E)) BeKTOpHYIO Mepy
HEKOMIIAKTHOCTH

v i PHC(0,T]: E) — B2, v(Q) = (p(Q), mode()),
rJe IepBasd KOMIIOHEHTa €CThb MO,ZLyJIb MTOCJIOMHOM HEKOMIIAKTHOCTHU

() = sup x({y(t) : y € Q}),

t€[0,T]

a BTOpasl KOMIIOHEHTa — MO/YJIb paBHOCTeHeHHOﬁ HEIIPEPbIBHOCTHU

Q) =i - .
modc(9) aﬂ%ig&tfi@uy(“) y(ta)
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Teopema 2.1. I[Tycmob svnoanenv, yeaosus (F1) —(F4), (2.1), (A) u, xpome mozo, dymx-
yusa p() us yeaosus (F4) ydosaemsopaem nepasencmsy

H/~L||oo
—= < 1. 2.
\ < ( 8)

Tozda myavmuonepamop T asasemcs v -yniomua0uum.

Hoxkaszateunnbcrso. Ilycrs Q C C([0,7]; E) — mernycroe OrpaHIIeHHOE MHOXKECTBO
TaKoe, 94To

v(T(Q)) = v(Q). (2.9)

HOKa)KeIVI, 9TO 3TO MHOZKECTBO OTHOCUTEJIbHO KOMIIaAKTHO.
U3 (2.9) caeayer, aro
p(I'(€)) = (). (2.10)

Ucnonbays ceoitcrBo (F4) u (2.3) momydyaem

V@) < x ( | Gtssis: g e P e ﬂ)

<l [ 16 AN < lullast@) [ 1G] ds = gt

0

CiietoBaTeIbHO,

o (D) = sup v (@)1 < =0,

t€[0,T]

[Tosyuennoe nepasencTso u Hepasencrsa (2.8), (2.10) BiaekyT paserctso (€2) = 0.
Tenepn nokaxem, aro modec(I'(2)) = 0.
Ucnonssys (2.9) mokakeM HepaBeHCTBO

mode(I(Q)) > moda(Q2). (2.11)
JocTraTovHo noKa3aTh PABHOCTEIIEHHYIO HEIPEPBIBHOCTH MHOXKECTBA

M= {S(f)t): f € PR(x), x € Q) = {/ (t—8)T B,y (Mt =) f(s)ds : | € P(), x € Q).

Badurcupyem npoussosibraoe € > 0. [Ipu mobbix tq,te € [0,7] takux, aro 0 < t; <ty < T,
Jut mponsBosibioro f € Pef(x), x € (), BbIIOIHEHO

IS (£) (t2) = S () (t1) ||
<| / (ts — )" Byq(Mta — )7)f(s)ds / (h— )7 Byg(Mt — ) f()ds]

<H/ (t2 = )" BygMt — $)) f(s)ds|),

e

2= [ a0 B - 901,
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Zy = || / (Ch YEu (At — 8)1) — (1 — ) Byg(A(t — 5)7)) f(s)dSHE'
[To ycnosuto (F'3) cymecrByer takoe 0; > 0, 4rto eciau |ty —t1| < 01, TO st J1E0GOTO

[ ePr(x), x €, cupaBeiyIiBO HEPABECTBO

ty —t1)? €
Z < erQHooEq,q(/\T%% < 6

Jlnst onieHKH Z5 BbIOEpEM

Qe

q
d< (52 = |: 6 :|
me ||oo Eq,q()‘Tq)@q +1)
Torma misa ¢t < d m tg —t] < d uMeeM

%SAYQ—W1%AM®—WMﬂ%b®+AYh—W1%dMﬁ—WWﬂwm%

d? €

< HWmHoo Eq,qO‘Tq) (27+1) E <=

6
Hnsg t; > d nomydaem
%<H/ (12 =9 EygMt2 = 5)) = (1 = )" Eyy(A(ta = 9)7) ) f()ds]
+ H - ((t — )1 1Eq7q()\(t2 —5)1) — (t — 5)‘1—1 B, oMt — S)q))f(s)dSHE I+ 1,
re
I = H 0 - <(t2 - S)q_l Epg(AMt2 —5)") — (b — S)q_l Eqq(A(t: — S)q)>f(8)d8||Ea
I = || 1 ((tz — 8)1 By y(Mta — $)7) — (1 — 8)7 " By q(A(ty — s)q)) f(s)ds]| -
ti—d

BosbmeM d HaCTOJIBKO MaJIbIM, 9TO

||Wm ||oo Equ(/\Tq)dq (2+29)
q

<

I, <

(o 1 Ns)

[Tockonbky X (£2(t)) = 0, To cormacuo jemme 1.8 jyist so6oro d3 > 0 CyImIECTBYIOT KOM-
nakTHoe MHOXKecTBO Ky, C F, muHO)kectBo mgs, C [0,7] ¢ nmeberosoit Mepoit mes(mg,) < J3
n muoxkectso dynkuuit A C LY([0,T]; E) co snadenuamu u3 Kj, Takuwe, 9TO CyHIECTBYET
dbyurms b € A, st KOTOpOii

1F(8) = 0Bl < 05, ¢ € [0, T]\ s, (2.12)

Bosee roro, dyukius b € A moxker 6bITh BhIOpaHa Takoii, aro b(t) = 0 Ha mg,, 1 MHOXKECTBO
A cnabo kommakrao B LY([0,T]; E).
Torma misg I; BBITOJIHEHO:

t1—d

=l (=) Bt = 9)%) = (0 = )" EygAtr = 1) (7(5) = (o) + b(s)) s,
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<| (12— )7 ByglAta — 5)7) — (6 — ) Eyy(Mt — )9 (£(5) — b(s)) ds]
+| /0 T (= 57 Byg(Mt = 9)7) — (01 — 57 Eyg(M(t1 — 5)9) b(s)ds],
< /[0 i (12— )" EyyMt2 = 5)1) = (1 = )7 Byy(Ata — )1 ) (£(s) — b(s)) ds]
L/ ((t2 = )" ByaAta = 9)7) = (1 = )" EygA(ts = 8)) (F(5) = b(s)) s,
+] /[0 o (2= )" Byt = 9)") = (01 = )" Byg\(t1 — 9)%) ) b(s)ds |,

—|—H Atl—d]mm(; ((tz — 8)‘1—1 E, (A(ta —s)?) — (t1 — 5)‘1_1 B\t — S)q)>b(8)d8HE

= (o B350 (= 9" Bt =) (F10) = b)) s

+H 01—l ((tQ - S)qil Eqﬂ(/\(tQ — S)q) — (Zfl — S)q71 Eq,q()\(tl _ S)Q)) (f(s) _ b(s)) dSHE
(=9 BaglMta = 5)7) = (1= )" EualAtr = 9 b(s)ds ]
= N1+ Ny + N3,
e
Ni=llf L =) Bt = 6)7) = (0= )" BygAt = )") (/(5) = b)) s

Ny = ||/[0t1—d]ﬂm5< (F2 - S>q_1 Egq(At2 —8)) — (t1 — 5)q_1 Eq (At — 5>q>) (f(s) - b(s>)dSHE7

Ny = | (12— )" Eyg(Alta = 9)%) — (1 — ) By (Atr — £)))b(s)ds .

0,61~ d]\ms,

B cuy mepaBenctBa (2.12), MOKHO BBIOpaTh d3 > 0 HACTOJIBKO MAJIBIM, YTO €CJIH

mes(mg,) < 2%d1’q,

TO cipaseyinBbl HepaBeHcTBa Ny < ¢ u Ny < ¢.

SamernM, 9T0 GYHKIMK 13 A IPUHIMAIOT 3HAYEHHUs BO MHOXKecTBe K,, UTO BJI€YeT BKJIIO-
genne A C L*([0,T]; E). Tlosromy, uctoib3ys jgemmy 2.4, MokeM BbIGpaTh 04 > 0 Takum,
YTO €CJIu ‘tg — tll < (54, 0 N3 < %

Urak, ayst mpoussosibHOro € > 0, onpejenus ¢ = min {0y, dz, 03,04}, mOTyUInM

1S(f) (k) =S () ) ||z 21+ Ze < Zy+ L+ L < Zi+ I+ Ny + Na+ Ns

S
— — — — — — = €

6 6 6 6 6 6

Jutst mobbix f € Pie(x), « € Q, u |[ta—t1| < 6. Takum obpaszom, MaOKecTBO M PaBHOCTEIIEHHO
HerpepbiBHO. 113 HepaBencrBa (2.11) ciemyer, uro mode (£2) = 0, nosromy v(€2) = (0,0), aro
JIOKa3bIBAET OTHOCUTEIHLHYIO KOMIIAKTHOCTH MHOXKeCTBa ). O
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Teopema 2.2. Myavmuonepamop I' aseassemca n.m.c.

JokaszatTenbcTsBo. I3 aHamTudeckoro 3ajlannusi MyJbTroneparopa I u cBoilcTB
MHOI'O3HAUHBIX OTOOpazkeHuil (cm., Hampumep, [20]) ciaegayer, 9T0 yTBEpXKJEHHE JTOCTATOTHO
JIOKa3aTh JJIsi MyJIbTHOIIEpaTopa S o Pee.

[Tokazkem, aTo MyIbTHOTOOpaXKEHHE S 0 P dBjIsieTcs KBAa3NKOMIAKTHBIM. Bo3bMeM Herry-
croe kKoMmnakTHoe MHOKecTBO A C C([0,7]; E) m paccMOTpUM MOCJIEA0BATETBHOCTE {Yy,} C
SoPX(A), yn = S(fn), tae fn € P(x,) JUid HPOU3BOILHOI HOCTIEIO0BATEIBHOCTH {1, } C A.
[Ipeamnosioxkum, 6e3 orpanuydeHns OOIHOCTH, 9TO T, — To € A. U3 ycnosusa (F4) cuenyer,
9TO THocsIenoBaTesbHocTh { f,(t)} C E oTHOCHTENBHO KOMIAKTHA 14 1. B. t € [0,T], mosro-
My HOC/Ie0BaTeabHOCTD { f, } o | sBisiercs L' -nosmykomuaxTHoil. CoriacHo KpUTepHIo ciaboi
OTHOCHTEJIbHO KoMIakTHOCTH Jlucrens (em. [22]), /s pOu3BOIBHON MOAIOC/IEOBATEIBHO-

cru {f,,} BbImOIHEHO f), Ly fo- B cuty cBoiicTB c1aboit 3aMKHYTOCTH CyTIEPIIO3UITUOHHOTO
mysbraoneparopa (em. |20, memma 5.1.1]) mosyaaem, aro fy € P (zo). Teneps, npumensist jiem-
My 2.4, IS COOTBETCTBYIONIEH IIOAIOCIEOBATEILHOCTH Oy daeM, 910 Yy, — Yo = S(fo) €
So 7)%0 (ZL'())

AnaJIorudHo JI0Ka3bIBAETCS, ITO MYJIBTHOLIEPATOD S0P ABIIAETCH 3aMKHYTBIM, H COIVIACHO
jiemMMe 1.6 3TOT MyJIBTHOTIEPATOD SIBJISIETCH I1.H.C. O

Tenepnb npuBeiIeM OCHOBHOE YTBEPXKJICHUE JTAHHON PabOTHI.

Teopema 2.3. [Tycmov svinoanenv, yeaosus (F1), (F2), (F4), (2.1), (A). Hycmv makorice
BVINONHEHO YCAOBUE
(F3') cywecmeyem dymnryua o € LL([0,T]) maraa, wmo

£ o)l p < @)+ |zl ).

Toz0a, ecau
k= max {[|alls, lull o} < A,
ede pynryuu o« u g us yeaosud (F3') u (F4) coomsememsenno, mo kpaesas 3adaya (0.1),

(0.2) umeem pewenue.

HoxkaszatTenscTso. Bospmem npoussosbryo dyaknuto « € C([0,T]; E). s mro-
opix f € P(x) u t €[0,T] umeewm:

T T
el < | [ Gl seisly < [ 1G] I eds
0 0
T T
< [ 169 ol 1+ Ielegore Jas = ol (1 + lellogoye) | 1G5 ds

ol (1 + HxHC([O,T];E)) < k(l + HxHC([O,T];E))
A - A '

Taxum 006paszoM, It

R> M
1= kN
U3 HEPABEHCTBA, ||a:|]c([07T]; g < R crenyer, uro ||z || core) < R. Tlosromy mynbraoneparop
[’ mpeo6pasyer zamxuyThiil map Br(0) C C([0,T]; E) B cebsa. A mMOCKOIBKY MyJIBTHOTIEPATOD
I’ ymioTHaAIONMiL, 110 TeopeMe 1.1 oH UMeeT HelloBUKHYIO TOUYKY, KOTOpasl ABJISCTCH PeIleHueM
sagaqan (0.1), (0.2). O
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Introduction

The behavior of a single layer of neurons can be modeled by a nonlinear integro-differential
equation of the Hammerstein type,

Gy t) = —u(e.0) + [ o =) futy.t) ~ Ry (0.)
Here w(z,t) and f(u(x,t) — h) represent the averaged local activity and the firing rate of
neurons at the position x € R and time ¢ > 0, respectively. The parameter h € R denotes the
threshold of firing and w(x — y) describes a coupling between neurons at positions z and y.

The model (0.1) belongs to a special class of models, so called neural field models, where the
neural tissue is treated as a continuous structure, and is often referred to as the Amari model.
Since the original paper by Amari [1], this model has been studied in numerous mathematical
papers, for a review see, e. g., [2,3] and [4]. In particular, the global existence and uniqueness
of solutions to the initial value problem for (0.1) under rather mild assumptions on f and w
has been proven in [5].

In [1] Amari studied pattern formation in (0.1) for a model under the simplifying assumption
that f is the unit step function H, and w is of the “lateral-inhibitory type”, i. e., continuous,
integrable and even, with w(0) > 0 and having exactly one positive zero. In particular, he
analyzed the existence and stability of stationary localized solutions, or so called 1-bump
solutions, of the fixed point problem

+o0

u(z) = (Hu)(x), (Hu)(z) =/ w(z —y)f(uly) — h)dy. (0.2)

o0

The equations (0.1) and (0.2) have been studied with respect to various combinations of
firing rate functions and connectivity functions, see [2,4,6]. Common examples of w are the
exponentially decaying function,

w(x) = Se™ll S s>0, (0.3)
the so-called wizard-hat function,
w(z) = Spe~stlel — goem2ll g5 60 >0, s > 80 >0, (0.4)
and the periodically modulated function
w(z) = e (bsin(|z|)) 4 cos(z)), b>0, (0.5)
see Pic. 1. In the paper we impose the following assumptions on w.
Assumption A. The connectivity function w satisfies the following conditions.
(i) w(z)=w(-z)
(ii) w(r) =0 as |x| = oo and |w(x)| < C(1 + |z)~1%, O, = const > 0.
(iii) w e Cyt(R) N Ly(R).

(W) [pw(x)de =: hy > 0.
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One can easily check that the functions in (0.3)—(0.5) satisfy Assumption A and decrease
exponentially fast as |z| — 0.

25
2 L
15
X 4 :
3
05} :
0 e’ ———
0.5 ‘ ‘ ‘
-10 5 0 5 10

X

Picture 1. Connectivity functions w(x) given by (0.3) with S =0.5, s =1 (blue curve), (0.4) with
S1 =4, s1=2, S9=15, s9 =1 (red curve), and (0.5) with b= 0.5 (green curve).

The firing rate function f : R — [0,1] is usually given as a smooth function of sigmoid
shape. It is often represented by a parameterized function f(u) = S(Su), see e. g. [7-10] where
S(Bu) approaches (in some specific way) the unit step function H(u) as 5 — oo. One example
of f(u) is

fw) = S(Bw), S = —“H@), p>1, 0
see Pic. 2.
! | T
0.8 l(
0.6
0.2
0—1 -0.5 0 0:5 1

u

Picture 2. Functions f(u) = S(fu), S isasin (0.6), p =2, with =100 (red curve) and S = 20
(blue curve) and the unit step function H (u) (black dashed line).

Already in his seminal paper Amari conjectured that there must exist periodic stationary
solutions in the absence of bump solutions and constant solutions. He however did not pursue a
further study of periodic solutions. Of course the absence of other types of stationary solutions
is not necessary for periodic solutions to exist. In fact, as in some cases bump solutions can
be viewed as a homoclinic orbits of an ordinary differential equation (ODE) with w being the
Green’s function of its linear part, see e. g. [11], periodic solutions are very likely to co-exist
with the bump solution, see [12,13]| (in Russian) and [14], and [15]. In [3, 16, 17] it has been
shown numerically that stable periodic solutions of the two population version of the Amari
model exist and emerge from homogeneous solutions via Turing-Hopf bifurcation. To the best
of our knowledge there are no theoretical studies that address the existence of periodic solutions
to (0.1) except [8], and no studies on the stability of these solutions.
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Krisner in [8] studied the existence of periodic solutions to (0.1) with w given by (0.5). In
this case, any bounded solution of (0.2) is a solution of a forth order ODE, see [18] and can
be studied by methods developed for ODEs. Given f as a smooth steep sigmoid function it
has been shown that (0.1) has at least two periodic solution under some assumptions on the
parameters. The analysis is however rather cumbersome and is not applicable for general types
of w as, e. g, (0.3) and (0.4). Thus, we would like to proceed in a different way and address
the existence of periodic solutions without reformulating (0.2) as ODEs.

When f is approximated by a step function H it is possible to obtain analytical expressions
for some types of stationary solutions and travelling waves, see e. g. chapter 3 in [4] and [19].
However, the operator H in this case is discontinuous in any classical functional space and
thus, classical functional analysis tools such as e. g. generalized Picard-Lindelof theorem or
Hartman-Grobman theorem, usually fail. However, many papers still conveniently assume that
the model is well-posed on the considered spaces and study the stability of solutions by first
approximation, see [1,19,20]| and [21] just to name a few.

The natural way to overcome this problem is to study the model (0.1) with f(u) = S(fu)
and only use the limiting case f = H to gain the knowledge about the existence and stability
of solutions for large values of . The approximation of f = H with f = S(fu) then must
be properly justified. This has been successfully done for bumps solutions in [10, 22] and [23].

Our overall aim is to generalize the analysis in the mentioned papers for the periodic 1-
bump solutions. In this paper we take the first crucial step towards this direction and study
the limiting case f = H.

The paper organized as follows: First we introduce the notation we use. In Section 1 we
give the definition of 1-bump periodic solutions and study their existence by means of the
Amari approach. We formulate necessary and sufficient conditions for the existence of 1-bump
periodic solutions and show that for w > 0 there is a unique solution for each period 7' > 0.
Section 2 is dedicated to the linear stability of 1-bump periodic solutions. We show that the
spectrum of the corresponding linearized operator H can be obtained as the spectrum of an
infinite block Laurent (or bi-infinite block Toeplitz) operator. We give an analytical expression
for the spectrum in terms of the symbol of the Laurent operator and discuss ways how it can
be calculated numerically. We prove that the spectrum consists only of eigenvalues and give a
formula for calculating eigenfunctions. The results in Section 1 and Section 2 are illustrated
for the case of w given by (0.3) and (0.4). Finally, we make conclusions and discus future
perspectives.

Notations
For the convenience of the readers we give a list of functional spaces and specify other
notations we use.
e S! is the unit circle.
e i is the imaginary unit.
e 7 is the complex conjugate of z € C.
e cl(Q) is the closure of a set €.

| - |lop denotes the operator norm.

C’l? ’1(R) is the space of all Lipschitz continuous bounded functions on R equipped with
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the norm @) — )]
x) = fly

fll 01 m = sup —————=—, x #y.

|| ”Cb R) s.yeR |I . y|

e ((Z) is the Banach space of sequences with entries from R™ where 1 < p < oo and
m € N equipped with the norm

1/p
1] z) = (Z kaHp> , 1<p<oo

kEZ

and
HSUHEgg(Z) =sup ||lzg||, p= o0,
kez

where || - || is any norm in R™.
o (*™(Z) is the space of sequences where components are matrices m by m on R,
equipped with the norm

1/p
[ Al gy = (Z ||Ak’||1;p) , 1<p<oo

kEZ

and
[ Al gmxm 7y = sup [[Agllop, P = o0.
kcZ

e W(S") is the Wiener space of functions defined on S' (continuous functions whose
Fourier coefficients is an ¢1(Z) sequence) equipped with the norm

1w = laxl,

keZ

where a; are the Fourier coefficients of f.
o Wm™m(S1) is the Wiener space of m by m matrix functions defined on S! equipped
with the norm

1<i<m

m
[ollop = max Z [ijllw-
J=1

e o(L) is the spectrum of the linear operator L.
e p(L) is the resolvent of the linear operator L.

1. Existence of 1-bump periodic solutions

We consider a particular type of periodic solution that we call a 1-bump periodic solution,
due to its shape on one considered period, that is, u(x) > h on a (connected) interval and
u(z) < h otherwise. Krisner in [8] proved the existence of the same type of periodic solutions
for w given in (0.5). Below we define the class of periodic functions that we intent to consider.

Definition 1.1. Let h € R, and u(z) be a continuous periodic function defined
on R with a period T' > 0. We say that u(z) is a 1-bump periodic function with period T,
or simply 1-bump periodic, if there is a translation of u(z), say p(z) = u(x — ¢), with the
following properties:
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(i) It has two symmetric intersection, say at = = ta with the straight line y = h, i. e.,
p(xa) = h.

(ii) It lies above y = h for all = € (—a,a) and below for = € [-T1/2,T/2]\ [—a,a], i. e.,
p(x) > h for z € (—a,a) and p(x) < h for x € [-T/2,T/2]\ [—a,a).

If in addition v € C}(R) with p/(+a) # 0 then we say that u(z) is regular.

We illustrate the definition above in Pic. 3.

) N

05F = o= =< - - = = [ - |

-0.5

Picture 3. The function corresponding to the blue curve is the regular 1-bump periodic if h = 0.5
and is not a 1-bump periodic if h = 1. The red curve corresponds to the 1-bump periodic function
for both h = 0.5 and h = 1. Here we assume that the functions given by blue and red curves both

have period T = 1.

A small perturbation of a regular 1-bump periodic function in C;**(R) does not destroy the
1-bump structure of the function. We formulate it as the lemma below.

Lemma 1.1. Let h € R and T > 0 be fived and p(x) be a reqular 1-bump periodic function
with p(£a) = h, 0 < a < T/2. Then there exists € > 0 such that any v € B.(u,) := {v] :
lv — upl|con < e} has exactly two intersection with the straight line y = h on each of the
intervals (=T/2+ kT, T/2+ kT), k € Z, i. e., there are ay(e, k) € (=T/2+ kT, T/2+ kT)
such that v(ax(e,k)) = h. Moreover as(e, k) — +a + kT as ¢ — 0 and v(x) > h for
z € (a_(e,k),ay(e, k) and v(x) <h for v € [-T/2+ kT, T/2+ kT]\ (a_(e, k), ar(e, k)).

P r o o f. The proof goes in line with the proof of Lemma 3.6 in [24].

Definition 1.2. A (regular) I-bump periodic function which is a solution to (0.2) we
call a (regular) 1-bump periodic solution to (0.1).

We notice that any solution to (0.2) is translation invariant, i. e., if u(x) is a solution to
(0.2) then so is u(z —c¢) for any ¢ € R. Thus, without loss of generality we can simply consider
p(z) = u(z) in (ii) of Definition 1.1.

Given that f is a unit step function, a 1-bump periodic solution can be expressed as

uy(x) = Z /a w(z —y)dy = Z /a w(x —y+ Tk)dy (1.1)

kez Y —otkT kez ¥~

where a € (0,7/2) is the root of u,(a) = h.
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We notice here that the critical cases a = 0 and a = T/2 correspond to the constant
solutions u,(x) = 0 and w,(x) = hy where hg = [, w(y)dy > 0. This serves as a motivation to
consider h € (0, hy). Further we will show that for some connectivity functions the condition
h € (0, hy) is sufficient for the existence of a 1-bump periodic solution.

It is easy to see that the function in (1.1) is periodic. Indeed,

o+ T) = Z/ (x —y+T(k+1))dy = uy(z).

kEZ

Moreover, due to Assumption A (i), it is even

Z/ x—y—i—Tk:dy—Z/ (—z 4y + Tk)dy

keZ keZ
—Zj (¢~ = Th)dy = uy ().
keZ
From Assumption A(ii) we obtain the following estimate
max lwx —y+Tk)| < Co, keZ,
€[-T/2,T/2]
Y€ L_a7a]

where

1, k=0
. —
1+ Tlk|—a—T)""% |k > 1.

Since ) oy, converges, the series > w(xz 4+ Tk) converges absolutely and uniformly on
keZ keN
[—a—T/2,a+T/2]. Due to periodicity of this series, it converges absolutely and uniformly on

any bounded interval to an even periodic function
wy(; T) == Zw(x —Tk) (1.2)
kEZ

that has the antiderivative

Wy )= [Ty =3 [ty w1 (1.3)

kEZ

Using the notations above we obtain

a

up(z) = /wp(x —y; T)dy (1.4)
or, equivalently,
up(x) =Wyl +a;T) = Wy(z — a;T) (1.5)
where a is then given as
W,(2a;T) = h. (1.6)
Thus, the procedure of finding 1-bump periodic solutions becomes analogous to the one of
finding 1-bump solutions proposed by Amari in [1] where instead of w and W we use w, and
W,, respectively. Namely, first we find @ from (1.6). Then we verify that the function in (1.5)
is indeed a 1-bump periodic function. As the function w, is even and periodic, it is enough to
consider the interval [0,7"/2]. We summarize this in a theorem.
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Theorem 1.1. The function u,(x) given by (1.5) is a periodic solution to (0.1) if and only
if the following three conditions hold

(1) uy(a) = h, or equivalently, W,(2a;T) = h, for some 0 <a <T/2,
(2) uy(x) > h forall x € (0,a),
(3) uy(x) < h forall x € (a,T/2].

Similarly as for the bump solutions, it is not generally possible to verify the conditions of
the theorem above without additional information about w. However, for a particular choice
of w the verification procedure is rather simple.

Observe that from (1.5) u, € C}(R). Then we calculate

u(z) =wy(z+a;T) —wy(z —a;T) (1.7)

p

and
(@) = wp(0;T) — wyl(2a5T). (18)

Hence, if u, is a 1-bump periodic solution, w,(0;7) > w,(2a;T) must be satisfied. Then for
w > 0 we can simplify conditions of Theorem (1.1).

Lemma 1.2. Let T > 0 be arbitrary and w satisfies Assumption A. Then for any
0 < h < hy the equation uy(a) = h possesses at least one solution a € (0,7/2). If w > 0
and can have only isolated zeros then such a = a(T') is unique and the corresponding u, is a
1-bump regular periodic solution provided that w,(2a(T);T) < w,(0;T).

P roof Since the function W,(x;T) is continuous and W,(0;T) = 0 and W,(T;T) =
ho > 0, there is at least one solution to the equation W,(2a;T) = h with 0 <a < T/2.

Assume now that w > 0 and does not have non isolated zeros. Then W,(z;T) is strictly
monotone increasing on [0,7/2]. Indeed,

iwp(x; T) = wy(;T) = Y wl@+Tk) >0

dx
kcZ

and may have only isolated zeros. This implies the uniqueness of a as a function of 7. The
final statement follows from (1.8) and uniqueness of a. O

For more general function w number of 1-bump periodic solution may vary with the period.
Now let us consider several examples of w, T and h for which the solutions do not exist, exist
and are unique or non-unique.

Example 1.1. We consider two examples of the connectivity functions given in (0.3)
and (0.4) where most of the calculations can be done analytically.
Indeed, for w given by (0.3) we get hg = 25/s,
25|«

wy(x; T) = Sy(x mod T s), and W,(x) = . {?J + SU(x mod T s)

where
exp(—sz) + exp(—s(T — x))

U(x;8) = T~ oxp(—sT) (1.9)
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exp(s(x —T')) — exp(—sx) — exp(—sT) + 1

V(z;s) = s(1 — exp(—sT)) |

(1.10)

see Pic. 4(a).

From Lemma 1.2 the equation W,(2a;T) = h, h € (0,ho) possesses a unique solution
0 < a(T) < T/2. Moreover, w,(0;T) = 25/(1 —exp(—sT)) and w,(2a;T) = (exp(—2sa) +
exp(—s(T—2a)))/(1 —exp(—sT)) and thus, w,(2a;T) < w,(0;T) for any 7" > 0 which implies
that wu,(x) is a 1-bump regular periodic solution, see Pic. 3.

17 06
—
0.5F
0.5
0.4
Or 0.3+
0.2¢
0.5F
0.1 : : : ‘
-4 2 0 2 4

Picture 4. (a) The function w given in (0.3) with S=0.5, s=1
and the corresponding w, and W, with T' = 4. The intersection point corresponds to a = 0.6633
(rounded up to 4 decimals) and h = 0.4. (b) 1-periodic bump solution (1.5) with W), as in (a).

For w given by (0.4) we find ho = 2(S1/s1 — S2/s2),

wy(x; T) = S19(x mod T'; 51) — Satp(x mod T s9) (1.11)
and
Wy(z;T) = <2—Sl - 2—5’2) {EJ + 51U (x mod T'; s1) — So¥(z mod T s9) (1.12)
S1 S9 T

with ¢ and ¥ given as in (1.9)-(1.10), see Pic. 5.
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25¢

2
151
11
0.5
ot
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Picture 5. The function w given by (0.4) with parameters S; =4, s; =2, So =15, sa=1
and the corresponding w, and W), see (1.11)-(1.12) with T" = 3.5.

The equation W,(2a;T) = h, h € (0,ho) has one, two, or three solutions depending on 7.
That is for the parameter values S; =4, sg =2, Sy =1.5, s =1 and h = 0.4, it has one
solution for T < T} := 2.4997, two solutions for 1" = T7 and three solutions for T" > T}, see
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Pic. 6. The value T} = 2.4997 is obtained numerically and is rounded up to four decimals. It
turns out that all of w, correspond to 1-periodic bump solutions, see Pic. 7, Pic. 8.

8 -
——W,(x, 1.5)
— W (x, 2.4997) |
6l p
W_(x, 3.5)
P
---h

Picture 6. The function W), in (1.12) with parameters S; =4, s; =2, Sy =15, sp =1
for different periods T and the fixed threshold value h = 0.4.

Picture 7. (a) 1-bump periodic solutions (1.5) with 7" = 1.5. The intersection point corresponds
to a =0.1619 and h =0.4. (b) 1-bump periodic solutions (1.5) with 7" = 2.4997. The intersection
points correspond to a; = 0.1243, as = 0.8919 and h = 0.4. (All the approximated values are

rounded up to 4 decimals.)

157
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0.5 ‘ \/
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Picture 8. (a) 1-bump periodic solutions (1.5) with 7" = 3.5. The intersection points correspond
to a; = 0.1113, ag = 1.0494 and ag = 1.5281, and h = 0.4. (b) 1-bump periodic solutions (1.5)
with T = 7. The intersection points correspond to a; = 0.1046, as = 2.2792 and a3 = 3.3036 and
h = 0.4. (All the approximated values are rounded up to 4 decimals.)
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There are parameters Sy, S, and sq, sy that W,(2a;T) = h have two solutions for h > hy
and some T > 0. For example, for S; = 3, s1 = 2, S = 14, s = 1, and h = 0.25
this situation occurs when 7T > 2.116, see Pic. 9. These solutions correspond to the 1-bump
periodic solutions, see Pic. 10. We however do not aim to study this particular case of the
connectivity function in detail. Thus, we will further restrict our attention to the case h < hy,
see Pic. 6.

— W, (x, 1.5)
— W, (x, 2116)| 5

Picture 9. The function W (z;7T') in (1.12) with parameters S; =3, s;1 =2, Sy =14, sp =1,
for different periods T and the fixed threshold value h = 0.25.

Picture 10. (a) 1— bump periodic solution (1.5) with 7' = 2.116. The point of tangency
corresponds to a = 0.2352 and h = 0.25. (b) 1—bump periodic solutions (1.5) with 7"= 3. The
intersection points correspond to a; = 0.1272, as = 0.5288 and h = 0.25. (All the approximated

values are rounded up to 4 decimals.)

2. Stability of 1-bump periodic solutions

In this section we study linear stability of regular 1-bump periodic solutions. We first obtain
the Fréchet derivative of the Hammerstein operator defined in (0.2) and then study its spectrum.

Lemma 2.1. Let h,T > 0 be fized and w, be a I-bump periodic solution of (0.1). The
Fréchet derivative of the operator H : Ci''(R) — Cy (R) at w, exists and is given as

LS (ww + a — KT)o(—a+ KT) + w(z — a — KT)o(a + kT)).

[ (a)] 2

(H (up)v)(w) =
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P roof DuetoLemma 1.1 and periodicity of w, the proof in [10] for bumps can be easily
adopted here. O

We would like to emphasize that the regularity condition on wu,, that is |uj(a)| > 0, is
necessary in order for the Fréchet derivative to exists.

Next we show how the spectrum of the operator H'(u,) relates to the spectrum of a Laurent
block operator, or in some literature, bi-infinite block Toeplitz operator, see e. g. [25] and [26,27].

Let £'(Z) be a Banach space of sequences with entries from R™, see Notations.

The block Laurent operator L : ('(Z) — {;'(Z) can be represented as an bi-infinite matrix
with constant diagonal elements, that is, L = (A,;_;); jez giving

Ay A A,
L= A Ay A . A e R™™, (2.1)
Ay A A

The representation (2.1) means that the action of L is given by
(L <xn)neZ) (Yn)nez » Z Aija;.

For p = 1,00 we have

1Zllop = D 1l Axllop- (2.2)

kEZ

Theorem 2.1. The nonzero spectrum of the operator H'(u,) : Co'(R) — Cp'(R) (see
Lemma 2.1) agrees with that of the Laurent block operator L : (> (Z) — (% (Z) defined by

! W(kT)  w(—2a + kT)
A= ) (w(Qa—l—kT) w(kT) ) (2:3)

Moreover, any eigenfunction v(zx) of H'(u,) (if exists) corresponds to the eigenfunction
v = (Vg)kez of L where

vi = (v(—a+ kT),v(a +kT))", keZ,
and for a given eigenfunction v of L that corresponds to a non-zero eigenvalue, we can calculate
the eigenfunction of H'(u,) as

v(z) = i\|u( ’Z x—i—a—kT) —|—w(x—a—kT)

P roof. First of all we observe that L is a bounded operator on (% (Z) since

@l > (Jw(kT)| + max{|w(+2a + kT)[}) <

kEZ

due to Assumption A. A number X € C is in the resolvent set of the operator H'(u,) if and
only if the equation

H'(up)§ — A =w
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has a solution ¢ for any w, where £ and w belong to the complexified C’l? ’I(R). Thus, if A € C
is in the resolvent set of the operator #H'(u,), then for any k € Z the system of equations

(H'(up)é)(a+ kT) — N(a+ kT)E = w(a+ kT),

(H'(up)€)(—a + kT) — X(—a + kT)E = w(—a + kT)

possesses a solution. Hence, A is in the resolvent set of the operator L.

Conversely, assume that A # 0 is in the resolvent set of the operator L. Then for any
arbitrary w the values &(a + kT') and &{(—a + kT') of the solution to H'(u,)é — A\ = w are
determined. For arbitrary z € R we set

1
§(@) = L (H(wp)€) () — w(2)).
It is straightforward to verify that & € C’g 1 and solves H’ (up)€ — A = w. We have shown that
the resolvent sets of H'(u,) and L agree up to the point A = 0. Thus, their spectra agree up
to the point A = 0 as well. The second part of the statement follows from above. O

The reader can find more information about Laurent operators and their properties in [25]
and more recent studies [26,27|. The results concerning in particular the spectrum of Laurent
operators can be found in [28]. Finally, as the spectrum of Laurent operator on ¢5*(Z) is given
by the spectrum of the corresponding matrix valued multiplication operator we refer to [29]
where the spectrum of the latter operator is studied. For the original paper on the Toeplitz and
Laurent operators see [30].

Since the eigenvalue 0 does not have any impact on the stability of u,, we now turn to the
study of the Laurent operator in (2.1) with elements as in (2.3).

As (Ap)rez € 13°*(Z) we can define a matrix function ® : St — R?*? as

O(z) =) A, ze S (2.4)

kEZ

where S! is the unit circle. The power series is uniformly convergent and thus the function
® is continuous on S!. The function ® is called a symbol or a defining function of L. It is
easily observed that ® belongs to the Weiner algebra of all periodic functions with absolutely
summable sequence of Fourier coefficients, that is ® € W?*?(S'). Via the Fourier transform
the Banach algebra of all block Laurent operators on ¢2_(Z) is isomorphic to W?2*2(S1).

We prove the following important result.

Theorem 2.2. (i) The spectrum of the block Laurent operator L : (7 (Z) — (7(Z) is
gilven as

o(L) = | o(@(2)) (2.5)

where ®(z) is the symbol (2.4) of L.

(ii) The spectrum o(L) is pointwise, and the eigenvectors vy = (Vx(A))pey of L can be

calculated as
Vg\k) = ZFw(zy) (2.6)

where zy € S' is such that X € o(®(zy)), and w(zy) 1is the corresponding eigenvalue of
the matriz ®(zy).
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P roof. To prove the first statement we recall that invertibility (and Fredholmness) of
operators on the Wiener algebra is independent on underlying space, see [31, 32| and references
therein. That is, the spectrum of L : £7'(Z) — (7'(Z), does not depend on 1 < p < oo, and
is given by all the values A € C such that det(®(z) — AI) = 0 for some z € S!, see [25, 28|
and [29].

To prove the second statement let A € o(L). From (2.5) there exists z) = exp(if,), 0\ € [0, 2m)
such that
det(®(zy) — AI) = 0.

Thus, there exists an eigenvector w(zy) € C™ such that
D(zy)w(zy) = Aw(zy).
Let us define v € 22 (Z) as follows

v =A{vk}rez, k= e’ikekw(z,\).

It is easy to check that v € (7 (Z) and is the eigenfunction of the Laurent operator L
corresponding to A. Indeed, for the nth row we have

(Lv), = ZA _n@F(2y) ZA e D (2))

kEZ leZ

= " Z A" w(zy) = "B (2y) = " Aw(zy) = Ao,

</

]

Next, we describe some properties of the symbol ® that corresponds to the Laurent operator
(2.3).

Lemma 2.2. The matriz ®(z) in (2.4) with Ay given by (2.3) is self-adjoint and
P(z) =®(z), ze€ St

P roof. The second property follows directly from (2.4) and w(z) being real. To show
that ®(z) is self-adjoint let 6 € [0,27). Then we have

_ w(kT) w2a+ET)\ _io
O(2)T =) (w(—2a + kT) w(2kT) ) ‘

keZ
w2a —mT)\ e
— 1my — (b
Z ( 2a - mT) w(—mT) > ‘ (2)
meZ
as w(x) is symmetric, see Assumption A(i). O

From Lemma 2.2 and Theorem 2.2(i) the spectrum of L, and consequently of H'(u,), is
real and

o(L) = |J Ma(2)) (2.7)

zeS!

where

A(2) = P11(2) — |P12(2)] and Ag(2) = P11(2) + |P12(2)] (2.8)
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and ®;;(z) are the entries of the symbol matrix ®(z). Moreover, it is enough to consider only
half of the circle, that is, z = ¢ with 0 € [0, 7].

Let now zy, = € in Theorem 2.2(ii) with §/(27) being a rational number from [0, 0.5],
i.e. 0/(2m) =p/q, pU{0}, ¢ € N where p and ¢ are in the lowest terms. Then from (2.6)
the corresponding eigenvector v is (1 4 ¢)-periodic. If X\ # 0 then from Theorem 2.1, the
eigenfunction v of H'(u,) is (1 + ¢)7T -periodic. Thus, we can calculate the spectrum even
without calculating the symbol ®. We summarize it as a theorem.

Theorem 2.3. The spectrum of the operator L 1is given as

o(L)=cl (Ua (L(1+ Q)))
where L(1+q), ¢=1,2,..., are 2(1 +q) x 2(1 + q) matrices given as

By By By .. B
I
B B, By .. B
where
wy(nT;(1+¢)T) wp(—2a+nT;(1+q)T)

1

Bn ,nzO,...,q.

O\ 0t a1+ T) T (1 @)T)

We illustrate Theorem 2.3 in Pic. 12(b) for w asin (0.3).
When ¢ =0 we readily calculate L(1) = By where

wp(0; 1) wy(2a;7T)

wy(2a;T)  wy(0;T)

has the eigenvalues
~ wp(0;T) £ wp(2a;7)
Wy (0;T) — wy(2a;T)
or, equivalently, Ay =1 and Ay =1+ 2w,(2a;T)/|w,(0; T') — wy(2a; T)|.
These eigenvalues are similar to the ones obtained for bump solutions. Indeed, for a bump
solution one can compute the corresponding eigenvalues of the Fréchet operator (at a bump
solution) as p; = 1 and ps = 1+ 2w(2a)/|w(0) — w(2a)|, see e. g. [33]. The first eigenvalue
A =1 (u1 = 1) corresponds to the translation of the solution, see [33]. Thus, for the
bump solutions, the sign of w(2a) will define the linear stability. In the case of 1-bump
periodic solutions, w,(2a;7T") > 0 implies instability. Thereby, we immediately conclude that
for excitatory connectivity functions w 1-bump periodic solutions are always unstable.
If wy(2a;T) < 0 the eigenvalues of L(2), then L(3) and etc., must be calculated. The
structure of L(1+ ¢) could be useful in exploring spectrum if the analytic expression for ® is
not available.

AL2 (2.9)
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As we aim at studying Lyapunov stability of 1-bump periodic solutions for (0.1) with smooth
sigmoid like function f by deriving spectral asymptotic, the eigenvalue 1 ideally must be
isolated and have multiplicity one. We believe that the second condition could be satisfied under
some additional assumptions on w,, including w,(2a;7T") # 0. The first condition, however, is
never satisfied. Thus one must employ more detailed analysis of spectral convergence than in
the case of bump solutions [23]. However, this is out of the scope of this paper.

In the next step, we apply the theory above to study linear stability of the 1-bump periodic
solutions from Example 1.1, Section 1.

Example 2.1. Define the auxiliary functions

a(f;s,T) = cosh(slr;};(s—jgos(g) (2.10)
and . I
B8(0:5.T) — sinh(2as)e™ + sinh(s(T — 2a)) (2.11)

cosh(sT) — cos(6)
Then, for w as in (0.3) we obtain

S0y S a(f;s) B(0;s)
2= @) (5(9;8) w;s))'

e

In Pic. 12(a) we plot A\;(e!) and M\y(el) as functions of 0, 6 € [0,27) for T =4 and the
parameters as in Pic. 4. As \;(z) —1 < 0 the 1-bump periodic solution is linearly unstable.
It can be shown that this is always the case for all admissible parameters and any 7 > 0.
Indeed, for S = 0.5 and s = 1, we obtain a — —0.5log(|2h — 1|) as T'— oo and Ay — 1
while Ay — 1/h — 1 > 1. We notice that these values could be obtained by passing the limit
in (2.9). In Pic. 11 we plot the minimum and maximum of Ay(e!) (red curves) and A;(e?)
(blue curves) for different 7. As T — 0, maxg \y(e?) — oo.

——min 0 )\2
5% ---maxaz\2
“ mine)\1
4*“ - - —max A\,
\
\
3F
N
A}
~
27 S
===
2 4 6 8 10

Picture 11. Bounds for o(L) in (2.7) depending on 7" when w is given by (0.3) with S = 0.5,
s=1, and h =0.4.
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In order to illustrate Theorem 2.3, we plot the eigenvalues of the matrices L(n) for n =6,

n =10 and n = 50 in Pic. 12(b).
fix x and y ticks

)\1(ei9)
1.8+ _/\2(9“7’)

16+

14

127

357

257

1571

0.5

fix yticks with MatLab2017

I —

— ———

A ——

1 12 14 16 18 2
(b)

Picture 12. (a) The eigenvalues A 2(el) as functions of § when w is given by (0.3) with
parameters S =0.5, s=1, h =04 and T = 4. (b) The eigenvalues of the matrices L(n)

for n =6, n =20 and n =50 (black dots) with the same parameters as in (a).

Let us consider w in (0.4). We readily find

51/8(07 S1, T) - 526(07 52, T)

with wu(a) given by (1.8).

For this case we have different cases depending on 7T, see Table 1.

1 51@(0,81,T> — SQO((Q,SQ,T) Slﬁ(ﬁ,sl,T) — 525(9, SQ,T))
5106(0, 817T) - SQO[(G, SQ,T)

Parameters Number of solutions Stability

0<T<Ty One solution Unstable
T=1T Two solutions u,; and u, ¢ Unstable

T e (11,Ty) Tree solutions uy,; Unstable
T>1T, Tree solutions w,; Up 1, Up,3 are unstable,

Upo is stable

)

Table 1.

Upi = Up(z;0;), ©=1,2,3 are 1-bump periodic solutions for a; < as < as.
For parameters S; =4, s1 =2, Sy =15, s =1 and h = 0.4 we have T} = 2.4997,
Ty = 3.3320 and examples of w,. given in Pic. 7-Pic. 8.

The solution w,; is always unstable, see Table 1. Similarly to the previous examples, we
plot spectral bounds in Pic. 13. In Pic. 13(b) we plot the boundaries of Ai(z) to illustrate that
at T = T the eigenvalue becomes less than 1, which in this case does not effect the stability

of the solution.
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Picture 13. Bounds for ¢(L) when wu, = u,1, depending on 7. Here w is given by (0.4)
with S1 =4, s1=2, S9=1.5, ss =1 and h = 0.4, see Table 1.

The period T" = T} corresponds to the critical situation where the new linearly unstable
solution w, ., appears, and splits into two unstable solutions wu,2 and wu,s for T = T; + ¢,
€ > 0. The spectrum of L in this case has no spectral gap. see Pic. 14.

1.4

——,(e"), T= 2.4997

—— )\, (e"), T=2.4997 | |

1371

1.2¢

1.1+

1

0.9 :
0 m 27
0
Picture 14. The eigenvalues A;(e?) and A;(e’) when u, = up . Here w is given as in (0.4)
with S1=4,s1 =2, So =15, so =1, h =04, the critical period value T =Ty = 2.4997 giving
o(L) = [9.8460, 1.3403] (all the approximated values are rounded up to 4 decimals).
For the solution wu,9 we plot the bifurcation diagram in Pic. 15. The red curves corresponds

to the minimum and maximum of Ay and blue to the minimum and maximum values of A\;
for different T. From (2.8) the spectrum of H'(u,) lies in between of red and blue curves.

1371
l‘ ——min 9)\2
1.2 *.‘ - = =max,\,
\\ 671
P NG I S

------------

N

Picture 15. Bounds for o(L), when u, = u,2, depending on 7. The marked values corresponds
to T = 3.1849 (yellow), T" = 3.3320 (black) and T = 3.5243 (green) (all the values are rounded up to
4 decimals). Here w is given as in (0.4) with S; =4,s1 =2, So = 1.5,s9 =1, h = 0.4, see Table 1.
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The point 7" = 3.1849 in Pic. 15 seemingly appears as a bifurcation point. This is however
not the case and T = 3.1849 only corresponds to the situation when minimum of Ay(e?)
becomes negative. In order to clarify this point we plot A\y(e?) for T = 3.18, T = 3.1849 in
Pic. 16(a). We also plot Ay(el?) for T = 3.25 and the bifurcation point T = T, = 3.3320
in Pic. 16(a). For T = 3.5243 the spectrum is again a connected set o(L) = [0.8007,1], see
Pic. 16(b).

1.005 . . 1
1 p— —_— R -
095+
0.995 f
(e, T=3.18 091
0.99 f Y ]
A(e”), T=3.1849
0.985 | Ale), T=3.25 || 0.85 A ("), T=3.5243
A,(e”), T=3.3320 ——\,(e"), T=3.5243
0.98 . 0.8 | ~
0 T 2T 0 T 2T
0 0

(a) (b)
Picture 16. The eigenvalue \g(e'?) in (a) and A;2(e?) in (b) when wu, = u, 2, see Table 1 for
different 7. Here w is given as in (0.4) with S; =4,s1 =2, So=1.5, so =1, h=0.4.

Similarly, we plot the spectral bounds for w,s in Fig. 17.
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- .max9>\2 -
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145§
1.2+
1
3 4 5 6 7

Picture 17. Bounds for (L) when w, = u,3, depending on T, see Table 1. Here w is given as in
(04) with Sl = 4, S1 = 2, SQ = 1.5, S9 = 1, h=0.4.

As T — oo the limiting values could be calculated from (2.9) once the limiting expression
for a(T) is obtained. The calculations however are cumbersome and we omit them here. The
numerical calculations however indicate, as illustrated in Pic. 13,15 and 17, that there are no
stability changes for larger period 7.
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We plot examples of \j(€?) and Ay(e) as functions of 6 for T = 1.5, T = 3.2 and
T = 3.5 for every solution w,;, 7=1,2,3, in Pic. 18 — 20.
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)\1(ei0)
25k —/\Z(e'g) ]
2t \
15+
1 L
0 s 27

0

Picture 18. The eigenvalues A1 o(€'’) when u, = up,1. Here w is given as in (0.4)
with S1=4,81 =2, So=15, so=1, h=04, and T = 1.5.
The resulting spectrum o (L) = [1,1.0684] U [1.8449,2.6479].
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Picture 19. The eigenvalues A1 2(e?) for w, = u,1 in (a), up = up2 in (b) and u, = u,3 in (c).
Here w is given as in (0.4) with S1 =4,s1 =2, S =15, sg=1, h=04, and T = 3.2.
The corresponding spectra are o(L) = [0.9969, 1] U [3.1147, 3.4945],

(L) = [0.8020,0.9692] U [0.9978, 1.0022] and o(L) = [0.9921, 1] U [1.5419, 1.7825], respectively.
(All the approximated values are rounded up to 4 decimals).
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Picture 20. The eigenvalues Aja(e'?) for u, = u,1 in (a), up = up2 in (b) and up = up3 in (c).
Here w is given as in (0.4) with S; =4,81 =2, S =15, s =1, h=04, and T = 3.5.
The corresponding spectra are o(L) = [0.9973,1] U [3.2365, 3.5318],

o(L) = [0.8005,0.9616] U [0.9633,1] and o(L) = [0.9934, 1] U [1.6494, 1.8390], respectively.
(All the approximated values are rounded up to 4 decimals).

Conclusions and outlook

In the present paper we have studied the existence of stationary periodic solutions, the
so-called 1-bump periodic solutions, of the Amari model, and their linear stability. We have
restricted the choice of the firing rate function to the Heaviside function. This allowed us
to obtain an almost explicit description of the solutions when the connectivity functions w
are sufficiently localized symmetric interactions with positive total mass. We have shown that
the analysis of the existence then boils down to analysing the behaviour of the 7T -periodic
function w,(x;T'), obtained as the infinite sum of w(x+k7T"), on the half period interval. Once
w, is given, this analysis is in fact even simpler than the analysis of the existence for 1-bump
solutions as in [1|. The main difficulty here is that, in most cases, w, has no analytic expression
and has to be approximated. Despite that, the considered approach of constructing solutions
is still simpler than the ODE-method proposed in [8]. In addition, it allows us to address the
uniqueness of solutions and is not restricted to a particular type of w. To illustrate the method
we have constructed 1-bump periodic solutions for different types of w.
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The choice of the Heaviside function also enabled us to analyse the spectral stability of the
solutions, which is the main contribution of this paper. This was done by analysing the spectrum
of a Laurent block operator which, we have proved, possesses almost the same eigenvalues as
the Fréchet derivative of the operator in consideration. We have shown that the model (0.1)
can have both linearly stable and unstable periodic solutions for some connectivity functions.
When w is of the excitatory type, the periodic solutions are always unstable.

In order to draw the conclusions about Lyapunov stability of the solutions based on their
linear stability, the firing rate function f must be smooth enough, which is not the case here.
We conjecture that the existence and stability results would hold for steep sigmoid like functions
f, see (0.6). To prove this conjecture one can proceed in the way similar to [10] and [23]. It
is not possible to apply the results from the mentioned papers directly since the eigenvalue
A =1 of the Fréchet derivative of the operator defined by (0.2) is not isolated. However, the
stability analysis in Section 2. shows that the spectrum is pointwise and the eigenfunctions
can be calculated, which gives a possibility of studying the dynamics of solutions on a central
manifold. We plan to address this problem in our future work.

Another topic that we have not properly addressed in this paper, is the coexistence of the
localized and periodic solutions with different stability properties. The combination of the ODE-
methods [11,15,18] with the results obtained here could be used to investigate this interesting
problem.

Finally, we would like to mention that the analysis presented here could be generalized
to the case of INV-bump periodic solutions and several dimensions.While the stability analysis
could be extended without much changes, the major difficulty is to obtain the necessary and

sufficient conditions for the existence of regular solutions and to find their intersections with
the threshold.

Acknowledgements: The authors are grateful to Professor Arcady Ponosov and John Wyller
(Norwegian University of Life Sciences) for fruitful discussions during the preparation phase of
this paper. We thank Professor Marten Gulliksson (Orebro University) for constructive criticism
of the manuscript.
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Awnnoranuga. B ocrnose kBanToBanus mo bepesuny Ha MHOrooOpaswu M JIEKHUT COMOCTABJIE-
HIIe, KOTOpOe oIeparopy A m3 HEKOTOPOro Kiacca cooTHocuT mapy dbyukmumit F u F! | ompee-
JeHHBIX HA M. DT QyHKINN HAZBIBAIOTCH KOBGPUAHMHOIM U KOHMPAGAPUAGTMHHIM CUMBOAALMU
oneparopa A. Mbl unTepecyemcst 0HOPOAHBIM IIpocTparcTBoM M = G/H wu kjaccamu onepa-
TOPOB, CBI3AHHBIME C Teopueil mpescrapiennit. Camas ajnredpanmdeckasi BepCus KBAHTOBAHUS —
MBI HAa3bIBAEM €€ NOAUHOMUGALHOM KEAHMOBAHUEM — TIOJIYIaeTCsI, KOIJIa OII€PATOPhI IIPUHA]I-
JileykaT ajrebpe ornepaTropoB, OTBEYAIONINX B JAHHOM IpejicTapyieHun 1 rpynbl G 3j1eMeHTaM
X yumBepcasbHON obeprhiBatomieil anredpsr Env g amareopst Jlu g rpynoer G. B stom ciygae
CHMBOJIBI OKa3bIBAIOTCS MHO0204AeHaMU HA ajredpe JIu g.

B macrosimeii crarbe Mbl IIpejjiaraeM HOBYIO TeMy B KBaHToBanuu Bepesuna na G/H : B
Ka4JecTBe MCXO/IHOI'O KJIacCa OIepaTOPOB MBI OepeM OIlepaTOphl, OTBEYAIOIIHe JIEMEHTaM CaMOol
epynno, G B mpeacTaBiaeHun 1 STON IPYIIIEL.

B crarbe MBI paccMaTpuBaeM JiBa MPUMEPA, B HUX OJHOPOJIHBIE ITPOCTPAHCTBA — ITO Hapa-
SPMUTOBBI IPOCTPAHCTBA panra 1 u 2:

a) G = SL(2,R), H — noarpyumna guaroHajbHbix marpun, G/H — OJHONOJOCTHBIHA I'u-
epbostons B R3;

b) G — ncesgooproronansuas rpymma SOg(p,q), moarpynmna H HakpblBaeT ¢ KOHEYHOM
kparHocThio rpymnry SOg(p — 1, — 1) x SOq(1, 1); mpocrparcreo G/H (mceBmo-rpaccMaHOBO
MHOroo6pasue) ecrb opbura B anarebpe Jlu g rpymnmst G.
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Abstract. The basic notion of the Berezin quantization on a manifold M is a correspondence
which to an operator A from a class assigns the pair of functions F and F? defined on
M. These functions are called covariant and contravariant symbols of A. We are interested in
homogeneous space M = G/H and classes of operators related to the representation theory.
The most algebraic version of quantization — we call it the polynomial quantization — is obtained
when operators belong to the algebra of operators corresponding in a representation T' of G
to elements X of the universal enveloping algebra Envg of the Lie algebra g of G. In this
case symbols turn out to be polynomials on the Lie algebra g.

In this paper we offer a new theme in the Berezin quantization on G/H : as an initial class of
operators we take operators corresponding to elements of the group G itselfin a representation
T of this group. In the paper we consider two examples, here homogeneous spaces are para-
Hermitian spaces of rank 1 and 2:

a) G = SL(2,R), H — the subgroup of diagonal matrices, G/H — a hyperboloid of one
sheet in R3;

b) G — the pseudoorthogonal group SOq(p, q), the subgroup H covers with finite multipli-
city the group SOgp(p— 1, — 1) x SO¢(1,1); the space G/H (a pseudo-Grassmann manifold)
is an orbit in the Lie algebra g of the group G.
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Bsenenue

B ocnoBe kBanTOBanus 10 Bepesuny Ha omHOposHOM TpoctpancTtBe G/H jexur coro-
CTaBJIEHIE, KOTOPOe oneparopy A m3 HEKOTOpPOro Kiacca COOTHOCHT mapy ¢yukimit F u FY,
omnpejiesieHHbIXx HA G/H. D1u OYHKINE HA3BIBAIOTCS KOBAPUAHIMMHOIM U KOHMPABAPUATIHBIM
cumeonamuy oneparopa A. st mapaspMUTOBBIX cHMMeTpryaeckux npocrpancts G/H KsaH-
TOBaHUE OBLIO MPEJJIOKEHO B [3].

PaccmarpuBaembie ortepatopbl A GepyTcest n3 HEKOTOPOro Kjacca. Mbl mHTEpecyeMest Kiac-
caMW, CBSI3aHHBIMU ¢ Teopueil mpescrapiennii. Camas ajnrebpandeckasi Bepcrusi KBAHTOBaHUS —
MbI HA3BIBAEM €€ NOAUHOMUAALHBM KEAHMOBAHUEM — MOy IaeTCsI, KOIJIa OlepaTopbl IPUHAI-
JIe’kar ajaredpe ornepaTopoB, OTBEYAIONINX B JAHHOM IpejcTaBiennn 1 sjementam X yHUBEp-
caJibHOl obepThiBatoNIeit anrebpol Env g anre6per JIu g rpymnsr G, oM., nanpumep, [1,2,4].

B macrosiieit crarbe MbI TIpejiaraeM HOBYIO TeMy B KBAHTOBaHUHU. B KavecTBe MCXOIHOTO
KJIacca OIepaToOpOB HAJI0 B3SITh OIEPATOPhI, OTBEYAIONINE djIeMeHTaM ¢ camotl 2pynno. G B
npejacrapiaeraun 1. PesymabraThl, MOIydYeHHbIE 3/1€Ch, MOI'YT IIOMOYb U B M3YYEHUH IIOJIMHOME-
AJIbHOT'O KBaHTOBAHMSI.

Mpur paccmarpuBaeM siBa ipumepa, B Hux G — 3ro rpymmna SL(2,R) u nceBmooproronasb-
Hag rpymma SOg(p, ¢). OAHOPOIHBIE TPOCTPAHCTBA 37€Ch — 9TO MAPa-3PMHUTOBBI TPOCTPAHCTBA
panra 1 u 2.

1. OpagHOMOJIOCTHBIN rumnepooJIouI

I'pymma G = SL(2,R) cocrour u3 BeIecTBEHHBIX MATPUIL
gz(a ﬂ), a0 — fy =1
v 0

Beenem obosnagenue:
th = [t|M(sgnt)®, A€ C, € {0,1}.

Hna o € C, € = 0,1, obosnaanm 1epe3 D, (R) mpocrpancrso dyukmumit f w3z C°(R)
TaKuX, 9T0 (PYHKIIN

fe) =27 (1/1)

toxe Bxoaut B C(R). Ilpeacrasnenue T,. rpynust G neitcrsyer B D, (R) mo dopmyse:

at +

(Loelo)f) (0= £ (500

) (Bt +6)%=. (1.1)

O6osnaunm wepe3 T, . «KOHTparpajuenTHoe» npejcrasiaenue g — 1,.(g), rae

SO
g_(,B Oé>’

ot +
¥+«

TaK 9TO

(Toeto1s) 0= £ (552 G (12

ITpencrasnenns T,. u 1, . S5KBUBaJCHTHBI C IIOMOIIBIO onepaTopa f +— f.
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Oneparop A, ., 3amaBaemslil hopMyIIoii:

(Ao f)(t) = / N=#7%5f(s)ds, N =N(&n)=1-¢n,

—0o0

citetaeT To. T 5 1. :

A~

Tfafl,s<g)Ao',5 = AJ,ETG,E(g) )

aTakxke To. 1 T 5 ;..

Paccmorpun B R? Gummmeitnyio gpopmy

[z, y] = —z1y1 + T2Yo + T3Y3.

[Iycts X' obosnauaer odnonosocmmuwid eunepboroud [z, x] = 1. Peammzyem X Kak MHOKECTBO

1 1—:12'3 Ty — I1
r = —
2 ZE2+J]1 1+ZL‘3

¢ ompejie/inTeNIeM paBHBIM Hysm0. ['pynma G jieficTByeT TpaH3UTUBHO Ha TUX MaTPHUIAX CO-

MaTPHIL

IPSZKeHUAMU: T — ¢~ lxg.
Beenem va X' opuchepuuecrue xoopdunamor &,n :

OTCIOJIA
§ _mAxy o _wm—xzy fn _wz—1 1 w34l (1.3)
N 2 ' N 2 ' N 2 7 N 2 ‘
B MaTPpUYIHOM BUIE I1OJIyIUM:
L =ng —n L/ —n
- = 1).
TN ( ¢ 1 ) N < ) e )
CBsixkeM ¢ 1iepeMeHHbIMU &, 7) JIBA BEKTOPA — BEKTOP-CTPOKY U BEKTOP-CTOJIOEIT:
_ _ _ B
w=u©=(¢ 1), v=st=( "),
Torma o
r=—, N =uv. (1.4)
uv

QukcupyeMm o,e. B KadecTBe UCXOIHOTO KJjacca OIepaTopoB MbI OepeM KJiacC OlepaTopoB
T,:(9), g€ G. B kauecTBe HEPEHOIHEHHO CHCTEMBI MBI 6EPEM PO CIIETAIONIErO OllepaToOpa
A_,_1 ., a UMeHHO, PYHKIIUIO

(&, n) = Poe(&,n) = N(&n)*° (1.5)

OT JIByX NepeMeHHbIX &, 7).
B coorsercTBum ¢ obieit cxemoii (eM. [3]) Kosapuarmmbim cumM80A0M U KOHMPABAPUAHIHBLM
cumeosom oneparopa T, (g) MBI Ha3LIBAEM COOTBETCTBEHHO (DYHKITHI

1

Ba&m =5 e

(Tre(9) @ 1) y.(€,m), (1.6)
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F(&m) = (1OT 616(9)) o105 m)- (1.7)

1
q)—a—l,e (57 77)
Pacemorpum £, 7 kak opucdepudeckue koopaurarel Ha X. Torma dyukmuu (1.6), (1.7) upe-

BpatdaTcd B pyHKIUA Ha X

Teopema 1.1. Kosapuarmnuiti u xonmpasapuarmuvil cumsons. onepamopa 1, .(g), g €G,
— amo caedyrougue PyHrkyuu Ha 2unepbosoude X, coomeemcmeeHHo:

Fy(x) = (tr(zg))** (1.8)
_ (%)2"’5 (1.9)
Fg(x) = tr(g ') 2% (1.10)
_ (“g_lv)_%_%. (1.11)

Jdoxkaszatreunnbcrso. Cravana mokaxeM (1.8), (1.9). ITo (1.6), (1.5), (1.1) momygaem:

20,e
Fy(&,m) = N;e (1 - Zzig n) (B +6)

([ BE+S —atn —m\TF
_ 2 _

(1.12)

Kaxk serko mposeputrb, unciutesb B (1.12) ects B Tounoctu u(§)gv(n), Bmecre ¢ (1.4) sro
nokasbiBaer (1.9). @opmysa (1.8) caeayer uz (1.12) u (1.3).
Teneps mokazkem (1.10), (1.11). To (1.7), (1.5), (1.2) momyvaem:

1 on+ 3 TR —25—-2
b — . o—2,&
Fy(&n) = y=ooaz (1 3 ponry a) (vn + @)
[ ta—dEn— B\ T
— ( ~ . (1.13)

[TockobKy

A R
gl—(_7 a),

to uncyurenb B (1.12) ects B Tounocrn u(€)g 'v(n), Bmecre ¢ (1.4) 310 mokaswbiBaer (1.11).

Dopmya (1.10) crenyer 3 (1.13) u (1.3). O

2. IlceBmo-rpaccMaHOBO MHOrooopasmue paHra 2

B srom maparpade Mbl paccMarpuBaeM Mapa-3pPMUTOBO CUMMETPUIECKOE MTPOCTPAHCTBO
G/H panra 2 ¢ ncesjo-oproronayibhoii rpynmoit G = SOg(p, q). CesizHasi KOMIIOHEHTa €1~
muiel rpymnsl H ects H, = SOg(p — 1,¢ — 1) x SOg(1,1). Mer cauraem, uro G/H ectb
G -opbuta B IpUCOeIMHEHHOM TpejcTaBiennu rpymnbl (. Pasmeprnocts npocrpancrsa G/ H
paBHa 2n —4, riae n=p-+q.

Bsejsiem B mpocrpancrse R” ciemytontyio oummHeiinyio dpopmy:

[,y =Y Niwiys = 2y,
=1
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e i =...=A=-1, ppu=...=\, =1, = (21,...,2,), y= (¥1,...,Yn) — BEKTODEI
u3 R", y* = Iy, mrpux o3navaer rpancnonuposanne, | = diag{A,..., \,}.

[Iycrs G = SOg(p, q) — cBsI3Has KOMIIOHEHTa €JIMHUIIBI B IPYIIIE JTMHEHHbIX Mpeobpa3oBa-
Huit mpoctparcTBa R™ ¢ onpegermresnem 1, coxpansiiormux dopmy [z,y], Tak aro misg g € G
BBITIOTHSIETCST

! -1
g =1Ig 1. (2.1)

Maer 6ysiem cunrtath, uto G jaefictByer Jsmueiino B R™ cmpaBa: x — xg, TakK 9TO BEKTOPHI T
n3 R™ Oyjem 3anucbiBaTh B BHjE CTPOKH. Mbl paccMoTpuMm obmuii ciaydait p > 1, g > 1.

HamomuuMm mipejicrasiienus rpymnbl G, cBazanHble ¢ KonycoM. [Tyers C — konyc [z, x] = 0,
x#0, B R". I'pynma G geiicTByeT Ha HEM TPaH3UTHBHO. Bo3bMeM B KOHyCe J[BE TOUKH

s~ =(1,0,...,0,—1), s"=(1,0,...,0,1).
Pacemorpum crefyronue cedennsi KoHyca (IPOXOJISIIIIe depe3 9TH TOUYKH COOTBETCTBEHHO):
r~={z;,—2,=2}, T"={z+x,=2}

OHu mepeceKaroTCst OJMH pa3 IMOYTH ¢ Kaxkjoil obpasyrorieii konyca C. Ilosromy JsmHeitHOE
Jeficteue rpynmbl (G Ha KOHyCe TIOPOXK/IaeT COOTBETCTBYIONINE JIPOOHO-IMHERHbIE JIeCTBUS Ha
CEYEHUIX:

~ 2
T T =—

: el 2.2

2

e T == -
[2g,57]

~xg, v €T, (2.3)

Beegem na I'™ u I't koopaunaTh! ¢ moMoIbio BekTopos & 1 7 u3 R™2, a uMenno, 1/1s ToueKk
wel™ uovelt nomoxum:

u = u(§) =1+E), 28, —1+(£,€)),
v o= o) =1+ mnmn), 2n 1-(n,n),

rie (p,v) obosnauaer Guimneitnyto gpopmy B R"™2 ¢ marpuneit I; = diag{\s, ..., \n_1}-
IIycte 0 € C, ¢ =0, 1. O6o3natmm uepe3 D, (C) npocrpancrso dynkmuit f kiaacca C™
Ha xonyce C, OIHOPOIHBIX «CTEIEHH O, € »:

f(tz) =t f(x), x €C, t e R" =R\ {0}.
[Ipencrasienne T, . rpymmnsl G aeiictByer B D, (C) cisuramn:

(Ta,s(g)f) (‘7;) = f(xg)

PeaymsyeM ero B byHKIHAX Ha cedennsax 1T komyca C. B koopammartax &,7) HpeicTabiieHne
T, . rpymusl G geiicTByeT 10 popMysIaM

TN © = 1O {-jlas1} (26)

LD = f@{-3hes1} (27)
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rie u=u(¢), v=u(n) onpenenenst B (2.4), (2.5), neficTBus £ — & U 1 — 7] TOPOKIAIOTCH
neitcrBusivu (2.2), (2.3).
Omnpenemm omepatop A, . :

(Ao )@ = [ NEn)™7 fn)dn,
rie . -
N(&m) = =5 [u o] = —gu” =1 =2(¢n) + (£, E){n, 7).

Oyuxrusa N(§,n) ecrs muorowren ot &,1. Oneparop A, . cieraer upejcrasitenus 1, . u
Ty p—p,c. OTH IPEACTABICHUA JeHCTBYIOT B (DYHKIUAX HA PA3HHLY CEIEHHAX.

Peasmmzyem npocrpancreo G/H Kak MHOXKeCTBO ) MaTpUIL:

* *

P :yf, x,y € C.
[z, 9] xy

Panr u cien stux marpun pasabl 1. IIpucoemunennoe meiictsue z +— ¢ 'zg coxpamsier ().
Bosbmem B kadecrse x, y BekTopsl u = u(§) mw v = v(n), (em. (2.4), (2.5)). Homyaaem
Biaoxkenne I'™ x I'" — Q, s3amaBaemoe dpopmyinoit

* *

vu vu

F= el = o= u= (), v =1l 23)

(onpegenennoe nouru Beroay: N(E,n) # 0). Tlosromy &, 1 sIBASIFOTCS JIOKAJIBHBIME KOOD/IMHA-
tamu Ha (). llpucoenunennoe neficrue rpynnst G Ha () cBOJAUTCH K ee JieficTBUIO Ha & U HA

n.

Qukcupyem o,e. Kak B 11. 1.1, B KadecTBe HCXOIHOT'O KJlacca OIEPATOPOB MbI OepeM KJiacc
oneparopoB T, .(g), g € G. B KauecTBe HMEPEHOJHEHHOI CHCTEMBI MBI 6epeM PO CILIeTalO-
mero oneparopa A_,_; ., a uMeHHO, DYHKIIUIO

D(E,n) = Pye(&,m) = N(&n)™". (2.9)

Kosapuanmmoidic cumson n konwmpasapuanmuod cumeon oneparopa Ty .(g) omnpeaesnsrorcs B
touanoctu dhopmymamu (1.6) u (1.7), no B (1.7) Hago BMecro —o — 1 B3aTh 2 — N — 0. Byayun
dyukusamu or &,7, OHU ABISIOTCA yHKIUsAMEA Ha ().

Teopema 2.1. Kosapuarmnuit u konmpasapuarmuwit cumsoav. onepamopa T, -(g), g €G,
— amo caedyroujue Gyrrkyuu na npocmparcmee ), coomeemcmeenHo:

Fy(z) = (tr(zg9))™* (2.10)
_ (ﬁ?f) ’ (2.11)
th(z) = (tr(g_lz))Q_n_a"E (2.12)

ug_lfu* 2—n—o,c

uv*
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HJoxkaszatrennbcrsno. Caavana jgokaxkem (2.10), (2.11). ITo (1.6), (2.9), (2.6) nomyua-

() (Sgless)

[ug, v] ) o

[u, v] ).
)

v*ug

1
::fVJg

|
<

dto mokaseiBaer (2.11). ITo (2.8) nmeem

ﬁb(gun)

ugu*

uv*

tr(zg) = tr

(2.14)

uv*
orkyna caemyer (2.10).
Tenepsb mokazkem (2.12), (2.13). To (1.7), (2.9), (2.7) moayvaem:

e () ()

Fg(g’n):: N2—-n—oe
2—n—o,c
i)

_ ([u,vufﬁ]
()
vg) =g~

1

v
B cuy (2.1) mmeem ( v*. 910 maer (2.13). Teneps mo (2.14) monywaem (2.12). O
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Cynepro3uiiioHHas I3MePUMOCTh MHOTO3HAYHOU (DbyHKIINN
npu 06001eHHBIX ycaoBugaXx Kapareomopu
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Awnvoranums. s MHOrosHadHoro orobpaxenust F : [a,b] X R™ — comp(R"™) paccmarpusa-
ercs 33/1a9a O CYIEePIIO3UIMOHHON M3MEPUMOCTA U CYyNEPIO3UIMOHHON cesleKTupyeMocTu. Kak
W3BECTHO, JJI CYIEePIIO3UIMOHHON N3MEPUMOCTH JOCTATOYHO, YTOOBI OTOOpakenne F' ymosite-
TBOpsIO yeaoBuaM Kapareoiopu, jijis CyIepIO3UIMOHHON CeJIEKTUPYeMOCTH — 9To0bl F(+, x)
00J18/1a710 U3MEPUMBIM cedenuneM, a F'(t,-) OGblLIO IOJIyHENIPEphIBHBIM CBepXy. B pabore npeia-
raforcs 0OODIEeHNsT STUX yCJIOBUN, OCHOBAHHBIE HA 3aMEHE B OIIPE/IEJIEHUN CBOMCTB HEIIPEPHIB-
HOCTH ¥ TIOJIYHEIIPEPBIBHOCTHU IIPEJIEJIa MOCIeI0BATEILHOCTH KOOPANHAT TOUYEK 00Pa30B MHOIO-
3HAYHBIX OTOOparkKeHUil Ha OJHOCTOPOHHUII Ipees. B pabore 1moka3aHO, UTO IIPU TAKUX OCJIa0-
JIEHHBIX YCJIOBUSIX MHOTO3HATHOE OTOOpaxkenne F objagaer TpeOyeMbIMU CBOMCTBAME CYIIEPIIO-
3UIUOHHON M3MEPUMOCTHU / CYNEPIIO3UIMOHHON cesieKTupyeMocTu. [IpuBeieHbl UILIIOCTPATUB-
HbIE IIPUMEPHI, & TaKKe IIPUMEPBI CYIIECTBEHHOCTH IIpejIaraeMbIX yeaoBuil. [ljist ofHOZHAYHBIX
0TOOpakeHnit TpeyIaraeMble YCJIOBHUS COBITAJAIOT ¢ 0000IeHHbIME yeaoBusasMu Kaparteomgopn,
npegiokernbivu V. B. paruneim (cm. [Becrauxk TamGosekoro yuusepcurera. Cepust: ecre-
CTBEHHBIE U TexHW4YecKne Hayku, 2014, 19:2, 476-478]).

Kurouessbie ciioBa: yciosue Kapareomopu, MHOro3HadHbI oepaTop HembIrkoro, cymeprno3u-
[IMOHHAS U3MEPUMOCTh, CYIEPIIO3UIMOHHAS CEJIEKTUPYEMOCTh
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Abstract. For a multivalued mapping F' : [a,b] x R™ — comp(R"™) , the problem of superposi-
tional measurability and superpositional selectivity is considered. As it is known, for superposi-
tional measurability it is sufficient that the mapping F' satisfies the Caratheodory conditions,
for superpositional selectivity it is sufficient that F(-,z) has a measurable section and F'(t,-) is
upper semicontinuous. In this paper, we propose generalizations of these conditions based on the
replacement, in the definitions of continuity and semicontinuity, of the limit of the sequence of
coordinates of points in the images of multivalued mappings to a one-sided limit. It is shown that
under such weakened conditions the multivalued mapping F possesses the required properties
of superpositional measurability / superpositional selectivity. Illustrative examples are given, as
well as examples of the significance of the proposed conditions. For single-valued mappings, the
proposed conditions coincide with the generalized Caratheodory conditions proposed by I.V.
Shragin (see [Bulletin of the Tambov University. Series: natural and technical sciences, 2014,
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Bsenenue

B uccnemosanusx auddepeHnnaabHbIX 1 HHTEIPAJIbHBIX BKIOUEHNNH CHCTEMATHIECKH UC-
MOJTB3YIOTCA TPEIIOJIOKEHNsI, 00eCIIeINBAOIIIE CYIIEPITO3UITMOHHYI0 H3MEPUMOCTD WJIA CYIIep-
HOBUIUOHHY O CEJIEKTUPYEMOCTb MHOrO3HAUHBIX (byHKImi (cM. [1-4]). Boinoaenne takux ye/io-
BUiT TI03BOJISIET PACCMATPHUBATH COOTBETCTBYIOIIHIA orlepaTop cyneprnosuiiu (oneparop Hembrrr-
KOI0) B MPOCTPAHCTBAX M3MEPUMBIX (DYHKIMH. J[jisi «OOBIYHBIX OJHO3HAYHBIX> (DYHKIMH Cy-
[IEPIIO3UIINOHHBIE U3MEPUMOCTh U CEJIEKTUPYEMOCTh PaBHOCUJIBHBI, STUMHU CBOHCTBAMHU 00JIa-
JaloT (QYHKIUU, YI0BAeTBOpAoNe yciaoBuaMm Kapareogopu. [l MHOro3HauHBIX (DyHKIIMIA
ucroJib3yercs axajor yejaosuit Kapareomopu (em. [5-7]). B cBsisu ¢ uccremoBanusimu cyirie-
CTBEHHO HEJIMHEWHBIX JUHAMUIECKUX CHCTEeM, 3aJad YIIPAaBJIEHUs C MePEeKJIIOIaIONIMUCT pe-
KUMAMU U JIPYTUX UMILYJIbCHBIX cucreM (cMm. [8-11]) Bo3HUKIIA HEOGXOJAUMOCTD UCCIIEI0BAHIS
OIIEPATOPOB CYIEPIIO3UIINHI, TOPOKIAEMbIX PA3PBIBHBIMI 110 (DA30BOIl TepEMEHHOI OYHKITUSIMI.
B «omnosnaunom» ciaydae U. B. [HIparunbiv u Jip. aBTOpaMu MMoIpoOHO UCC/IeI0BaHbI 0000IIIe-
Hug yeaouit Kapareomgopu, obecrieduBaroiiie HeoOXOAUMbIEe CBOMCTBa oreparopa HembIkoro
(em. [12,13], a Takxke [14, c. 110]). DT pesyabrarsl MO3BOIMIN paccMaTpuBarh auddepeH-
uajbHble U UHTErPaJIbHbIE YpaBHEHHUS 0€3 TPaIUIUMOHHOIO IIPEIIIONIOKEHI HEIPEPhIBHOCTH
HOPOK TIAIOIIX 9TU ypaBHeHUsT GyHKIUit (cM., B vactHOCTH, pabors |14, 15]). B nanHoii ctaThe
IIpe/IIaraloTcs aHaJormdIHbie 0000IeHus yeaopuit Kapareoaopu Jjist MHOTO3HAYHBIX (DYHKITHIA.

CraTbs COAEPXKUT TpU CEKIUU. B ceknmm 1. IpuUBeIEHBI OIpeaeeHnsT OCHOBHBIX TOHSITHM
U JIOKA3aHBl YTBEPXKJEHNS O MHOTO3HAYHBIX OTOOPaKEHUsSIX, Tpedyemble IS MCCTIeI0BaHUs
CBOMCTB CyNEPIO3UITMOHHON U3MEPUMOCTH U CEJIEKTUPYEeMOCTH. B cekinum 2. moJIydeHo yTBep-
JKJIEHNE O CYIIEPIIO3UIINOHHON M3MEPUMOCTH MHOTIO3HAYHONW (DYHKIMKM IpU OOOOIIEHHBIX YCJIO-
Busx Kapareomopu. B ceknun 3. moydeHo yTBepKIeHIE O CyIEPIO3UITUOHHON CEJIeKTUPYEMO-
CTH MHOT'O3HAYHOM (DyHKIINM, KOTOpas 110 (Ha30BOil mepeMeHHO yI0BIeTBOpsieT 0000IEeHHOMY
YCJIOBUIO TIOJIYHEITPEPBIBHOCTH CBEPXY.

1. OcHoOBHBIE ITOHATUA

[TpuBejieM HEKOTOPBIE U3BECTHBIE OIIPE/IE/IEHUs 101y HEIIPEPHIBHOCTH, HEIIPEPLIBHOCTH 1 13-
MEPUMOCTH MHOIO3HAYHOrO 0ToOpazkenus (mojgpobuee cM. [5—7]), a TakKe BBeJeM MOHATUE OJI-
HOCTOPOHHEH TIOJIyHEIIPEPBIBHOCTU M OJHOCTOPOHHEN HEIPEPLIBHOCTH IS CJIydast, KOTAa MHO-
rO3HAYHOE OTOOParKeHUe 3aJIaH0 Ha YUCI0BOH npsmoii R.

[Iycrs 3amansl Merpudeckue npoctpanctBa X := (X, px) u Y := (Y, py). s samanabx
yeY, Yy CVY, r>0 obosnauum depe3 Oy (y,r) OTKpBITHIL map B Y ¢ IEHTPOM B TOY-
ke y pajuyca r, a depes Oy (Yo,r) := oy, Ov(y,r) — r-pasayrue muoxecrsa Yy (upu
r =0 nomaraem Oy (y,0) =0 u Oy(Yy,0) = (). IIycre comp(Y) — COBOKYIHOCTH KOMIIAKT-
HBIX [OJMHOXKeCTB npocrpancTsa Y. Ha muoxecrse comp(Y') mnosiaraem 3aJJaHHON METPHUKY

Xaycsiopda
hy : comp(Y) x comp(Y) — Ry, VYU,V € comp(Y) hy(U,V)=max{hy (U, V), ht(V,U)},

re hyt (U, V)= sup,cp inf,ev py (u,v) — nomyorknonenne muoxectsa U or MuOMKecTBa V.
Paccmorpum muorosmagnoe orobpaxkenme G @ X =% Y, mMeroliee HeycTble KOMITAKT-
uble obpasel: Vo € X G(z) € comp(Y) (takoe orobpazkeHnme MHOTHE aBTOPLI 0003HATAIOT
G : X — comp(Y), HO 31ech 910 0003HAUEHUE HE UCIOJIB3YETCsd, 4TOObI OBbLIO YA00HO pas-
JIMYATh MHOTO3HAYHOE OTOOParKEHUe M COOTBETCTBYIOIIEE OJIHO3HATHOE oTobpaxkenue). OTob-
paxkenne (G Ha3bIBAETCS h-NOAYHENPEPLIGHbIM C8EPTY 6 mouke To € X, ecanm jyisd JE000-
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ro € > 0 cymecrByer takoe d > 0, urto st mobbix © € X u3 px(zo,x) < J ciuaeayer
hy (G(z),G(x)) < e. CpolicTBO h-IOIyHENPEPBIBHOCTH CBEPXY B TOUKE To OTOOPAZKCHMS
PaBHOCHJIBHO CBOMCTBY €0 CEeKBEHIHAJIbHON ITOJTyHEIPEPBIBHOCTH CBEPXY B 3TOi Touke. OT06-
paxkenne (G HA3BIBAIOT CEKGENUUAALHO NOAYHENDEPLIGHILM CEEPTY 6 mouke Ty € X, ecau Jyis
060 CXOZISIIecst K 9TOi TouKe mocenoBaresbHoctd {x;} C X, npu J060M HATYPATEHOM
i u gobom y; € G(x;) cymecrByer y; € G(zp) Takoit, uro py(y;,y;) — 0. Tak kak cBoii-
cTBa h -TIOJIyHEIIPEPBIBHOCTH CBEPXY W CEKBEHITMAJIBHON ITOIYHEIIPEPBIBHOCTU CBEPXY B TOUKE
o MOYKHO He pa3jndaTh, TOBOPST IIPOCTO O CBONCTBE IMOJIyHEIPEPHIBHOCTH CBEPXY B TOUYKE Xy.

Orobpaxkenne (G Ha3bIBAETCS: h-NOAYHENPEPLIGHLIM CHU3Y 6 Mmouke o € X, ecam Jjis
moboro € > 0 cymectByer takoe § > 0, 4ro s awobbix z € X u3 px(xg,x) < 6 ciaexyer
hyt (G(xo), G(w)) < €, U CEKBEHUUAADHO NOAYHENPEPLIGHBIM CHU3Y 6 mouke To € X, eclid s
JE060M CXopsIeiicst K 9Toi Touke nocienoparenbHoctu {x;} C X u jyis soboro yy € G(x)
Opu KaxkJIoM 4 cymectByer Takoe y; € G(x;), 910 Yy; — yo. BeiejcTBue mpenonoKenus
KOMIAKTHOCTH MHOXKecTBa G () HOHATHs h-IOJTyHEIPEPbIBHBIM CHU3Y U CEKBEHIHAJbHOI
ITOJTYHEITPEPBIBHOCTHU CHU3Y B TOUKE () PABHOCHUJILHBI, U B JaIbHEHIIIEM OyIeM TrOBOPUTE IIPOCTO
0 IOJIYHEIIPEPBIBHOCTU CHHU3Y B TOYKE (.

Ecmu orobpaxkenne GG moJiyHEIIPEPBIBHO U CBEPXY W CHU3Y B TOYKE T, TO OHO HA3BIBAETCS
HEIPEPBIBHBIM B 3TOH TOYKe. DTO OMpeJe/IeHNe PABHOCUIBHO «OOBITHON» HEIPEPBIBHOCTH B
TOUKe Ty oToOpaxkeHus (G, KaK OJJHOZHAYTHOIO, JIEHCTBYIONIErO U3 METPUYIECKOI'O TPOCTPAHCTBA
(X, px) B MeTpHUYECKOE MPOCTPAHCTBO (comp(Y), hy). Orobpazkenne, 06J1aJ1a10IIee BO BCEX
TOYKAX CBOMCTBOM IIOJIyHEIPEPBIBHOCTH CBEPXY (CHU3Y) WJIM HENPEPBIBHOCTH, Oy/IeM Ha3bIBATDH
HOJTyHEIIPEPBIBHBIM CBEPXY (CHHU3Y) WM, COOTBETCTBEHHO, HEIPEPBIBHBIM.

[IpuBesieHHbBIE OMpEIEICHUST YaCTO JAIOT JjIsd HoJiee MIMPOKUX KJIacCOB oToOpazKkeHuil (Ha-
IpuMep, UMEIOIINX 3aMKHY Thle 06pa3bl ), OJHAKO JIJIs TIeJIeil TAHHOTO UCCIIe0BAHNUS JTOCTATOTHO
paccMaTpuBaTh TOJIBKO OTOOPasKeHUs ¢ KOMIIAKTHBIMU obpazamu. B ciydae, koryia X = R, i
MHOT'O3HAQYHOI'O 0TOOPaKeHUs MOYKHO OIIPEJIE/INTE CJIELYIOIIe aHAJIOI CBORCTBA OIHOCTOPOH-
Hell HENPEPBIBHOCTU «OOBIYHBIX» (DYHKITHIA.

Onpemenenne 1.1. Muorosnaunoe oroopakenne G : R =Y wnasbiBaem:

® 00HOCTMOPOHHE CNPABA MONYHENDEPBIGHLIM C8ePTY 6 mouke To € R, ecam mjiasa joboro
€ > 0 cymecrByer Takoe 0 > 0, aro jjst g00bix © € R u3 0 < x — 29 < § cueayer

hy (G(z), G(xg)) < e.

® 00HOCMOPOHHE CNPABA NOAYHENPEPLIGHbIM CHU3Y 6 mouke To € R, eciam s Jjoboro
e > 0 cymectByer Takoe § > 0, gro jyg mobeix r € R w3 0 < x — xg < § caemyer

hy (G(xo), G(2)) <e.

o HenpepuieHuLM cnpasa 6 mowke Ty € R, eciam s moboro € > 0 cymiecTByeT Takoe
6 >0, uro s mobbx © € R w3 0 < 2 — 1z < § caenyer hy (G(z),G(z)) <e.

[TpuBeeHHBIe HOHATHSA MOXKHO TaKyKe OIPEIeNTh <«HA A3BIKE II0CJIeI0BATEILHOCTEl».
B uacrnoctu orobpazkenue (G OJIHOCTOPOHHE CIIpaBa IOJIYHEIIPEPBIBHO CBEPXY B TOUKE Ty B
TOM M TOJILKO TOM CJIydae, ecjId JIjIsl JIoOOH cXomsieiica K 9Toil TOYKe HOC/IeI0BaTeIbHOCTH
{z;} C X makoit, uto x; > x¢, UpHU JIOOOM HATYPAJLHOM i u JoboM y; € G(z;) cyrecTByeT
U; € G(zg) makoit, uro py(¥;,y;) — 0. OrMeTuM TakzKe, YTO HENPEPBIBHOCTH CIIPABA B TOU-
KEe T() MHOrO3HA4YHOro orobpazkennss (G paBHOCUJIbHA HEIPEPBLIBHOCTU CIIpaBa B 3TOH TOYKE
COOTBETCTBYIONIEIO OJTHO3HAYHOIO OTOOPAZKEHHUS.
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Ecnu orobpazkenue npu Bcex xg € R ymosierBopsier ogHoMy u3 onpejenenuit 1.1, To Oyaem
OITyCKATh B COOTBETCTBYIOIIEM TEPMUHE CJIOBOCOYETAHUE «B TOUKE T( ».

Ipeaxnoxenune 1.1. [lycmo muozosnauroe omobpascenue G : R = Y, umerowee
HENYCMbLe KOMNAKMHBE 00Pa3bl, ABAAETNCA 00HOCMOPOHHE CNPABE NONYHENDEPDIEHBIM CEEPTY 6
mouxe xo € X. Toeda dasn 110601 crodawetica x amot mowke nocaedosamenvrocmu {x;} C X
makot, wmo x; > Ty, i=1,2,..., mmoocecmeo Yo:= G(zo) U (U, G(x;)) womnaxmmo.

JokazaTeabcTBo. BeibepeM NIPOU3BOIBHYIO MOCJIEgI0BATEIbHOCTE {Yy;} C Yy m
[OKasKeM, 9TO OHA COJICPKHUT CXOIANIYIOCA K TOUYKe M3 Y[ IIOJIOC/Ie0BATeILHOCTD. Ko B
9TOIi TIOCTIEI0BATEHLHOCTH GECKOHETHO MHOIO 3JIEMEHTOB, IpuHaiexamux G(r;,) npu HeKo-
Topom dukcupoBanaoM ig € {0,1,...}, To Jg0Ka3bIBaeMoe yTBepK/IeHHe 0vYeBUIHO. [loaromy
6e3 orpannueHust obIHOCTH TosiaraeM, aro y; € G(x;). BenencrBue omHOCTOpOHHE! CrpaBa
HOJIyHEIIPEPBIBHBIM CBEPXY B TOUke g € X orobpaxenus G cymecrsyer §; € G(xg) Taxoii,
aro py (yi,yi) — 0. Hamee, BeiencTBre KOMIAKTHOCTH MHO)KeCTBa (G(Tg) CYIIECTBYET MOIIO-
cJie/loBaTeIbHOCTE {7, }, CXopsiascs K HEKOTOPOMY ajeMeHTy Yo € G(xg). Takum obpaszom,
[OCJIEI0BATEJILHOCTD {Y;, } TaKXKe CXOJUTCS K SJIEMEHTY Y. O

SBameuganune 1.1. Oupenenennss cBOHCTB OHOCTOPOHHEH MOJIYHEIIPEPHIBHOCTU U He-
npepbiBHOCTH oToOpaxkenus G : R =2 Y MOXKHO cBeCTH K KJIACCHYECKUM OIPEJIEJICHUSIM I10-
JIVHEIIPEPBIBHOCTU U HEIPEPBIBHOCTH, ecii HAa R BBIOpaTh B KadecTBe 0a3bl TOIOJIOTUU Ce-
MeHCTBO MOJIYOTKPBITHIX HHTEPBAJIOB [, ) BMECTO COBOKYITHOCTH <«IIPUBBIYHBIX» OTKDPBITHIX
uarepBasioB (o, ). OjgHako, B Takoil TOMOJOIMU BCAKUN oTpe3ok [a,b] C R yxe He Oyier
KOMITAaKTHBIM MHOXKECTBOM, TaKyKe CTaHeT HEBO3MOXKHBIM ITPIMEHEHIE Pe3yIbTaTOB, B KOTOPBIX
00JIaCTBIO ONIPEJIETICHIST MHOTO3HATHBIX OTOOPAXKEHUl ABJISIOTCS METPUYECKUE U HOPMUPOBAH-
HBIE MPOCTPAHCTBA (T PE3yJIbTaThl UCIOIB3YIOTC B caemytomeM naparpade). Kpome Toro,
C HUCIIOJIb30BAHUEM TAKOI TOIOJIOTHH He YIACTCs BBIBECTU Ipejjioykenne 1.1 M3 M3BeCTHOTO pe-
sysbTata |7, Teopema 1.2.35] 0 KoMmakTHOCTH 06pa3a KOMITAKTHOTO TTOJMHOXKECTBA, TOMOIOTHIe-
CKOT'O IIPOCTPAHCTBA P MOJTYHEIPEPHIBHOM CBEPXY OTOOPa’KEHUH, MMOCKOIBKY B 9TOH Teopeme
TpebyeTcs MOIYHENPEPLIHOCTL BO BCEX TOYKAX, & B MpejIoyKeHun 1.1 — TOJBKO B TOUKE Xy.

Temepb paccMoTpuM MHOTO3HauHOEe OoTOOpaxkerme G : [a,b] = R"™ takoe, aro G(t) €
comp(R™) mpu m.B. ¢t € [a,b]. D10 0TOOPAKEHNE HA3BIBAIOT UBMEPUMbLM, ECTH JIJIA JIEOOOTO
otkpbiToro Muozkectsa V. C R™ mmuoxkecrso G~H(V):= {t € [a,b] : G(t) C V} (naswiBaemoe
MaJIbIM TPO06pa3oM) u3MepuMo. JIjist ©3MEPUMOCTH MHOIO3HATHOIO 0ToOpazkenns G HeoOxo-
JIIMO U JIOCTATOYHO, YTOOBI U3MEPUMBIM OBLJIO COOTBETCTBYIOIEE OJHO3HATHOE OTOOParKeHUe
u3 [a,b] B Merpudeckoe npocrpanctBo (comp(R™), hgn).

[TpuBeeM yTBEPKIEHAE O COXPAHEHUH CBOWCTBA M3MEPUMOCTH IIPU IIPEIEILHOM HEPEXOJIE.
DTO yTBEPKICHUE MBI COIIPOBOMM JIOKA3ATEIHCTBOM, IIOCKOJIBKY COOTBETCTBYIOMIUI pe3yIbTaT
[INPOKO M3BECTEH JIMIIh JI OJHO3HAYHBIX BEIIECTBEHHBIX (DYHKIMA, a Jisd JIefCcTBYIONMX B
METPUYECKOE TIPOCTPAHCTBO OTOOpaXKeHUil (U COOTBETCTBEHHO, JIjisi MHOIO3HAYHBIX (DYHKI[HIA)
B psijie KJIacCHIecKux MoHorpadmii He npusoautest (cM, B wactHOCTH, [1,2,5-7]).

[Mpeanoxenue 1.2. [lyemv 3adana nociedosamesvbHoCms USMEPUMBLT MHO203HAY-
nox omobpasicenuts Gy [a,b] 2 R", i=1,2,..., dasa xomopwx G;(t) € comp(R") npu n. 6.
t € [a,b]. Ecaunpun. 6. t umeem mecmo cxodumocmv hpn (G(t), G(t)) — 0, mo «npedeaviioe
omobpasicenues G : [a,b] = R™ makowce umeem xomnaxmmwie o6pasv, U U3MEPUMO.



310 . 1. Ceposa

HJoxkaszatreunbcrso. Komnakraocrs MHoxkectBa G(t) npu 1. B. ¢ mpsMoO cjejyer
U3 HOJIHOTHI MeTprutdeckoro npocrpanctsa (comp(R™), hgn) (cMm. [6, Teopema 2.2.3]).

Bribepem B R™ mpousBojibHOE HEIIyCTOE OTKPBITOE MHOXKECTBO V, oTiudHoe oT Bcero R™.
Taxeke ompeaeuM OCIeI0BATEIbHOCTh OTKPBITBIX MHOXKecTB Vi, C V, k=1,2,..., ciemyto-
iy o6pasom. [ust moGoro v € Vomaitnem r(v) :=sup {r > 0: Ogn(v,r) C V} (3amerm,

0, ecm r(v) < k7Y,
qro r(v) < oo mpu Jsobom v € V') u onpegennm 14 (v) = { r(v) — k1, ecm T’EU§ S jl,

Honoxum Vi:= ey Orn (U, rk(v)). PacemoTpuM MHOZKECTBO

T:= UUﬂ {t €[a,b] : Gi(t) C Vi}.

I >

BesteerBrue u3aMepuMocT MHOIO3HAYHBIX GyHKIMA G, 4= 1,2,..., 370 MHOKECTBO U3MEPU-
Mo. ITokazxkem, uro T = {t € [a,b] : G(t) C V}, u Torjga usmMepuMoctb (G OyIer ycTaHOBJICHA.

[Iycts t € T. Torma cymiecTBYIOT HaTypaJibHble k, [ Takue, 9TO IpU BeeX ¢ > [ BBITOJTHEHO
G,(t) C V. Boibepem nomep i Tak, 9robbl hge(G;(t), G(t)) < (2k)~!. Nmeem

1 1
G(t) € Opn (Gilt), 5 ) € O (Vi o) C V.
(t) C Orn (Gilt), o7 we (Vi o
Taxum obpasom, ftokasano siuoxenne T C {t € [a,b] : G(t) C V}.

Teneps 3adukcupyem takoe t € [a,b], aro G(t) C V. Hna kaxmoro y € G(t) oupe-
gemmm r(y) = sup{r > 0 : Oga(y,r) C V}. Ilokaxem, uro 3Hauenne t:= infyecq) r(y)
[OJIOXKUTEILHO. B mpoTHBHOM cjlydae B culy KoMmmakTHoctn MuoxkectBa G(t) C R"™ cyme-
CTBYeT cxojsiasicss K Hekoropomy y € G(t) nocaemosarenbHocts {y;} C G(t), ajst KOTOPOii
r(y;) — 0. Ho r(y;) > r(y)—prn(yi, y). Iosromy npu y;, 10CTATOYHO GJIU3KUX K Y, BBITOJTHEHO
r(y;) > 27'r(y), a sro nporusopeunt Tomy, uro r(y;) — 0. Urak, v > 0.

IIpu Beex k > t™'2 mMeer MecTo BIOKEHHTE

v
Ogn (G(t), 5) C Vi
BbiOpas HOMep i Tak, 9To6bl hga (G;(t), G(t)) < (2k)™!, momymm

1 1
i t n t y n s .
G<)COR<G()2I<:) OR(V’“%)CV
Takum 06pa3oM, JOKA3aHO BIIOXKEHHE {t € [a,b] : G(t) C V} C T, mosroMy CIpaBeIuBO
pasenctso {t € [a,b] : G(t) C V} = T. Usmepumocrs orobpazkennss G(-) ycranoenena. [

2. VYcjaoBus cyneprio3uiiMOHHON# M3MepPUMOCTHU

ITycre 3amaro Muorosmnadnoe orobpaxxkenue F : [a,b] x R™ =2 R", nmeromee KOMIAKTHBIE
3HAYEHUs. ITO 0TOOParKEHNe HA3BIBAETCA CYNEPNOSUUUOHHO UMEPUMBILM, CTTH JIJI JTOOO0H 13-
MepuMoit dyrKInu ¢ : [a,b] — R™ cynepnosunus F(-,q(-)) : [a,b] = R" aBisercs n3mepumoit
MHOrO3HauHOH dynkumeii. Kak ussectHo (cm., Hanpumep, [7, § 1.5]), myist cynepnosuriumoHHOM
U3MEPUMOCTH 0TOOpazkeHus F J0CTaTouHO, 4TOOBI 9TO OTOOPAsKEHHE YIOBIETBOPSIO YCAOGU-
am Kapameodopu: nyst moboro x € R™ orobpaxkenne F(-,x) : [a,b] = R" msmepumo, a s
n. B. t € [a,b] orobpaxenune F(t,-): R™ = R" nenpepbiero. Chopmyaupyem Gosiee obiine
YCJIOBUS CYNEPIIO3UIUOHHON M3MEPUMOCTH PacCMaTpUBAeMOro orobpazkenust F (ucmnosb3yio-
mue creruduKy KOHeTHOMEPHBIX TPOCTPAHCTR).
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Teopema 2.1. I[Tycmwv dan aobozo x € R™ omobpasicenue F(-,x) : [a,b] = R" usmepu-
MO, a Oas n. 6. t € [a,b] mobwx i € 1,n u ecex Ty = (T1,-. s Ti1,Tizl,---,Tm) € R™L
omobpasicenue F(t,x1,..., 0 1, Tix1,---,Tm) : R = R™ nenpepuero cnpasa. Tozda F  cy-
NEPNOZUYUUOHHO USMEPUMO.

Hoxkaszatensctso. Ilyers dyukimus ¢ = (q1,...,qm) : [a,0] — R™ wusmepuma.
[Tokazkem mamepumocts cynepnosunun G(-):= F(-,q(+)) : [a,b] = R™.

Komnakrrocts 3navennit G(t) upu . B. t € [a,b] oueBmaHA.

J1J1st TIPOU3BOJIbHBIX YUCEN T, . . ., Ty, OUPEIETUM MHOTOZHATHYIO (DYHKIUIO

Gi(,za, .y xm) = F(oqu(0), 22, .., ) [a,b] = R™

Badukcupyem HaTypajabHOe 7. JId KaxKIoro Iesioro 4mciaa j 3aJaJuM MHOXKECTBO [, Ta-
kux t € [a,b], uto qi(t) € [i7'(j — 1),i'j). DTO MHOKECTBO M3MEPHMO BCJIEJCTBHE W3-
mepumocTr dyHKImn ¢ Oupegenmm cryneHvdaryio GyHKIuo qi; : [a,b] — R, mveroryto
sHauenneM ¢i;(t) =i'j npu t € E;;. Beaencreue usmepumoctn F(-, 2) MHOrosHatHast byHK-

st F(-, qui(-), g, ..., Ty) N3MepHMa Ha KaXKJOM U3 MHOXKeCTB E,;, U mI09TOMYy M3MepHMa Ha
BCceM |[a, b].

B cuity HenpepbIBHOCTH cripaBa otobpazkenust F'(t, - Ta, ..., Ty) : R = R"™ npu i — 0o jis
m. B. t mMeeT MecTo cxomuMocth F'(t,qy;(t), za, ..., xm) — Gi(t, 29, ...,xy) (B IpOCTpaHcTBE
comp(R™) mo merpuke Xaycaopda). CorstacHo npejioxkennto 1.2, mpejiebHas MHOTO3HAYHAS
byukmus Gi(-, za, ..., T,) TaKKe U3MEPUMA.

Hamnee onpenennm orobpaxkenne Go-, xs,...,Tm) = G1(-,q2(+), x3,...,Zy) U, TOBTOPSS

IIPUBEJIEHHBIE PACCYXKIEHUS, JIOKAYKEM ero B3MEePUMOCTh. TakuM »Ke 00pa30M yCTaHABINBACTCS
U3MEPUMOCTD BCEX KOMITO3HUIIUIA, IOy YEeHHBIX II0C/IEI0BATEIbHBIMI IIOJICTAHOBKAMI B OTOOpa-

xenne F(-, 21,29, ..., 2,) u3MepuMbix GYHKIWHE q1(+), ga(*), - ., gm(-) BMECTO Z1,Ta, ..., Tpy.
ITocite BeeX NOACTAHOBOK yCTAHOBHM u3MepHMOCTh oTobpaxenus F (-, qi(+),qa(:), ..., qm(-)).
[

Bameaganne 2.1.Bureparype Takyke paccMaTpuBaeTcs u 0oJtee 0bIee onpeieenne
CYTIEPIIO3UIMOHHON n3MepuMocTu orobpazkenus F : [a,b] x R™ = R™, oznavatoiiee, 9ro s
060 m3MepuMoit MHOrO3HauHOH dyHKIKU Q : [a,b] = R™, Q(t) € comp(R"™), t € [a,b],
cynepnosurust F(-;Q(+)) : [a,b] = R"™ usmepuma. OnHako, 63 mpeioiozkKeHusi HellPepbIBHO-
cru orobpaxkennst F'(t,-) : R™ == R" muoxkectBo F(t,Q(t)) ne 06s13aH0 OBITH KOMIAKTHBIM.
Hanpumep, onnosnaunoe orobpaxkenne F : [—1,0] x R — R, onpejessieMoe COOTHONIEHUSIME
F(t,x) =z, F(t,0) = —1, 04eBUHO yJIOBJICTBOPAET yCJOBHsIM TeopeMbl 2.1, ofHaKko jazKe
JIJIsT IOCTOSTHHOIO MHOTO3HaIHOrO orobpaxkenns @ : [—1,0] = R, Q(t) = [0,1] mpu mobom ¢
muoxecrBo F'(t, Q(t)) = (—oo, —1] He sBIgeTCH KOMIIAKTHBIM. 3/1€Ch MBI TaKHe M3MEPUMbIE
0oTOOpazKeHus He PacCMaTPUBAEM.

3. V¥YciaoBus CynepHno3uIMOHHON CeJIeKTUPYEMOCTH

Ilyctes 3amano Muorosmadnoe orobpaxkenme F' : [a,b] x R™ =2 R", mmeromee KOMIAKT-
Hble 3HAYEHUS. DTO OTOOpazKeHne HA3bIBAECTCH CYNEPNOSUYUOHHO CEACKMUPYEMbIM, ECITH IS
moboit m3mepumoit dynknuu ¢ : [a,b] — R™ cynepnosurust F'(-,q(-)) : [a,b] = R" nme-
eT UBMEPUMDBLT CeAeKmop, TO eCTh CYIIECTBYeT Takasd maMepumas QyHKImsg y : [a,b] — R™,
aro y(t) € F(t,q(t)) npu . B. t € [a,b]. Kak uszsecrno (cM., nanpumep, |7, § 1.5]), mia cy-
[IEPITO3UINOHHON CEJIEKTUPYEMOCTHU OTOOpazKenusd F' JocTaTovHo, 4ToObI Jiid Jitoboro x € R”



312 . 1. Ceposa

orobpazkenne F(-,x) : [a,b] = R™ obsa1a/10 u3MepUMbIM CeUeHUEM, a JiJis 11. B. t € [a, b] orob-
paxenune F(t,-) : R™ = R" 6b110 moayHenpepbiBHbIM cBepxy. Cdopmymupyem 6osee obrne
VCJIOBUS CYIIEPIIOBUIMOHHOI CEIEKTHPYEMOCTH PACCMATPUBAEMOro orobparkenus F (ucmosib-
sytorue crenuduKy KOHETHOMEPHBIX IPOCTPAHCTB).

Teopema 3.1. [lycmwv das awbozo gurcuposannozo x € R™ y omobpasrcenus F(-,x) :
[a,b] = R" cywecmsyem usmepumviii ceaexmop, a das n. 6. t € [a,b] mobwzr i € 1,n u ecex
Ti= (T1,. T 1, Tig1, -, Tm) € R™Y omobpasicenue F(t,z1, ..., Ti 1, Tivt,y- o, Tm) R =
R™ odnocmoponne cnpasa noaynenpepvisho ceepry. Tozda F cynepnosuyuonmo cesexmupyemo.

Hoxkaszatenbctso. lyers dyukiusas ¢ = (qr,-.-,Gm) : [a,0] = R™ wusmepuma.
[Tokazkem, aro MHOrO3HaUHOE oToOpaxkenue G(-):= F(-,q(-)) : [a,b] = R™ obramaer n3mepn-
MBIM CEJIEKTOPOM. BHadaJsie i JI00bIX Xa, ..., Ty, OIPEICTUM MHOI'O3HATHOE OTOOparKEHHE

Gi(-y 29, . )= F(,qu(0), 2y . .., ) = [a, 0] = R™

U [OKayKeM, 9TO OHO 00JIaIaeT U3MEPUMBIM CEJIEKTOPOM.

Badukcupyem HaTypaabaoe i. JljIs KaskI0ro HeIoro Yucia j OIPeIeIUM H3MEPHMOe MHO-
xecrBo Ej; rtakux t € [a,b], uro ¢i(t) € [i7'(j — 1),i7'j)). 3arem onpesesny, Kak u 1pu
JloKazaTeabeTBe Teopembl 2.1, crymenuaryio dyukimio q; : [a,b] — R, ¢;(t) = i7'j npnm
t € E;;. Muorosnaunas dbynkims F(-,q1i(+), T2, ..., Ty) IMeeT Ha KaxKIOM U3 MHOXKECTB [;;
U3MEPHUMBIl CEJICKTOD ¥;j, COOTBETCTBEHHO QyHKIuA ¥; : [a,b] — R", onpenessemast hbopmy-
aoit y;(t) = y;(t), t € E;j, ecTb u3MepHMBbLil ceJleKTOp 9TOi GyHKIME Ha BeeM [a, b].

Teneps npu 06om [ = 1,2,... onpejennm MHOro3HauHoe orobpaxkerue Pj: [a,b] = R"
bopmynoit ®;(t) := U;o;%i(t), t € [a,b] (4epTa maj; MHOKECTBOM O3HAYAECT €TO 3aMbIKA-
uue). [Tockonbky orobpazkerue F'(t, -, xg, ..., x,,) SABISETCS OJHOCTOPOHHE CIIPaBa MOJIYHepe-

PBIBHBIM CBEpXY, COIJIACHO Hpejiokennto 1.1 samkuyroe muoxkectBo P(t) C R"™ Bioxkeno
B KOMIIAKT, U [OITOMY CAMO SIBJIFIETCA KOMIAKTHBIM. [10C/1e10BaTEIbHOCTD STUX KOMIIAKTHBIX
MIHOXKeCTB yObiBaeT (o Bioxkenuio). Ilosromy mpu m. B. ¢ € [a,b] muoxkectBo D(t):= (), P;
He MycTo W KoMiakTHO. Kpome Toro, muorosuadnoe orobpaxenne Py : [a,b] = R" msmepun-
Mo (eMm. |7, Teopema 1.5.6 (B)]). CremoBaresnsro, Muorosnadnoe orobpaxkerne P : [a,b] =2 R™
TakzKe u3mepumo (cm. |7, reopema 1.5.8 (a)]).

Ouenum mosryoTkiaonenue hg, (@(t), G1(t, z, . .. ,:Cm)) upu t € [a,b]. Tak kak orobparke-
e F(t,-,xq,...,Ty) ABIAETCA OJHOCTOPOHHE CIPABA MOJIYHENPEPBIBHBIM CBEPXY, JJIS II. B.
t € [a,b] mmeem

Ve >0 I, Vi>1. hg. (F(t,qu(t),xg, e Tm), F(t, q1 (1), xa, . .. ,xm)) <e.

C.He,[[OBaTe.HbHO, BBITIOJIHEHBI HEPpaBEHCTBA:

hin ([ wi®), F(t (1), 22, . ) <& = b (| wit), F(t, @1 (8), 22, 2)) < .

i>1e i>1e
Urak, hi, (P (t), Gi(t, 22,..., 7)) <&, anmockombky P (t) D ®(t), nomyaaem
hitn ((t), Gi(t, 22, . .., 7)) <e.
Orcrozia, B CUILy TIPOU3BOJILHOCTH MOJIOKUTETBHOIO €, GyJIeT BBIIOJHEHO PABEHCTBO

hﬁn (q)(t), Gl(t, Lo, ... ,CEm)) =0.
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D10 paBencrso o3Hauaer (cM. 6, ¢. 112]), uro ®(t) C Gy(t, 2, ..., Zy). U3Mepumblii cesiekTop
U3MEPUMOTO MHOTO3HAYHOrO oToOpaxkeHus P (-) sABJIsETCs] HCKOMBIM U3MEPHMBIM CEJIEKTOPOM
MHOIO3HAYHOTO oTobpazkenust Gi(-, X, ..., Tm).

Hanee onpenennm orobpaxkenne Go(-,x3,...,Tn) = G1(-,q2(+), x3,...,2y) U, TOBTOPSsI
[PUBEJIEHHBIE PACCYKJIEHHUS, JJOKAXKeM, 4TO OHO UMeeT u3MepuMblii cesiekTop. Takum ke o6pa-
30M YCTAHABINBACTCH M3MEPHMasl CEJICKTHPYEMOCTh BCEX KOMIO3HUIHIA, MOy ICHHBIX MOCIIE0-

BATEJIbHBIMU  [IOJICTAHOBKAMU B oroOpaxkenue F(-,x1,29,...,%,,) u3MepuMbix QyHKIui

a1(+), g2(*)y -+ -y qm(:) BMeCTO X1, Z9, ..., Ty, [locie Beex MOACTAHOBOK YCTAHOBUM H3MEDHMYIO

CEJIEKTHPYEMOCTh OTOOParKeHMs F(-, (), q(:),. .., qm()) ]
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Awnnoranus. Uepapxus k[S] u ee crporas Bepcusi npeicTaBisior coboil ase medopmMarmn
KoMMyTaTHBHO anrebpel k[S], ¢ Kk = R wm k = C, B npocrpancree N x N wmarpun, rie
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Introduction

In [1] we introduced a wide collection of integrable hierarchies in the N x N-matrices
corresponding to deformations of various commutative Lie subalgebras of the algebra LTy(k)
of all N x N-matrices with coefficients from k that possess only a finite number of nonzero
diagonals above the central diagonal. In the present paper we focus on the subalgebra
k[S) = {3N,a:S" | a; € k} and prove some additional results for the k[S]-hierarchy and
its strict version. We start by showing that k[S] is a maximal commutative subalgebra of
LTx(k) and that each of the two deformations of S corresponds to conjugations with elements
from its appropriate group, where the deforming group is larger for the strict version. In both
cases the evolution equations of the deformed generator is a set of Lax equations for this
generator and this deformed generator together with the set of Lax equations it satisfies forms
an integrable hierarchy. The dressing matrix of the deformation turns out to be unique in the
case of the k[S]-hierarchy and it is determined up to a multiple of the identity in the strict
case. The uniqueness of the dressing matrix enables one to prove directly the equivalence of the
Lax form of the k[S|-hierarchy with a set of Sato-Wilson equations. There exists an analogue
of the Sato—Wilson equations for the strict k[S]-hierarchy. It always implies the Lax equations
of this hierarchy. Both systems can be shown to be equivalent if the setting one works in, is
Cauchy solvable in dimension one.

Solutions of both hierarchies are constructed by producing wave matrices in the linearization
module of each hierarchy. Therefore we recall the essentials of this approach. We conclude
by presenting a Banach Lie group G(Sz), the two subgroups P,(H) and U.(H) of G(Ss),
U;(H) C P.(H), and by giving the construction from the flag variety G(S2)/P;(H) of a wave
matrix of the k[S]-hierarchy and from its cover G(Sy)/U,(H) of a wave matrix of the strict
k[S] -hierarchy.

The content of the various sections is as follows: Section 1. describes the scene of the
deformations, the algebra LT(R), the maximality of k[S] and the properties required later on.
The next section is devoted to the description of the two deformations, it contains a discussion
of the Lax equations they have to satisfy and we describe there the link with their Sato—
Wilson form. The form of the relevant LTx(R)-module, the equations of the linearization and
a characterization of the special vectors, called wave matrices, can all be found in Section 3.
In the last section we present the homogeneous spaces G(Sy)/P.(H) and G(S2)/U(H) and
show how to construct wave matrices of the k[S]-hierarchy and its strict version from them.

1. The algebra LTy(R)

Let R be a commutative k-algebra over the field k. We write M, (R) for the n x n-
matrices with coefficients from R and similarly My(R) for the space of N x N-matrices with
coefficients from R. The transpose A” of any matrix A € My(R) is defined as in the finite
dimensional case. Let V' be the R-module of all 1 x N-matrices with coefficients from R, i. e.

V=R"={Z=(z;)=(x0 1 22 --)|a; €RforalljeN}
Inside V' we consider for each 7 € N the R-submodules

Ve, ={% = (x;) | z; =0 for all j > i} and Vi, = UsenVa;.
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The space Vi, is a free R-module with basis the {€'(i) | ¢ € N}, where €(i) is the vector with
the 7-th coordinate equal to one and the remaining ones equal to zero. For each ¥ € Vg, and
each A € My(R) the product ZA is well-defined and determines a vector in V. Hence, if we
write

MA(Z) = ZA,

then M, is an R-linear map in Hompg(V,, V). The subspace of My(R) that is central in
this paper is the space LTy(R) of all A € My(R) that possess the property that there is an
m € N such that for all ¢ € N there holds

MA(Vgi) C V<i+m- (11)

Property (1.1) implies that LTn(R) is an algebra w.r.t. matrix multiplication. Inside LTy(R)
there are some classes of basic matrices with their own notation: first of all there are the basic
matrices [£;;), ¢ and j € N, whose matrix entries, in Kronecker notation, are given by

(Ei,g))mn = GimOjn.

It is convenient to use the notation A =3 a;Eu; for an A= (a;;) € LTn(R). The
second class of matrices for which we introduce a special notation are the diagonal matrices.
Let {d(s) | s € N} be a set of of elements in R. Then the diagonal matrix diag(d(s)) in
Mxy(R) is given by

d0) 0 0
0 d(1 0
Jiag(d(s)) = 3 d(s) Bppy = 0

The algebra of all diagonal matrices in My(R) is denoted by
Dn(R) = {d = diag(d(s))| d(s) € R for all s € N}.

One has a diagonal embedding i; from R into Dy(R) by taking all diagonal coefficients of
i1(r) equal to r, i. e.

r 0 0

() 0 r 0
11\r) =

' 00

A central role in this paper is played by the shift matrix S, its transpose ST and their
powers, where S is the matrix corresponding to the operator Mg :V — V defined by

MS((:UO T, T )):(0 To T1 To )

Note that we have
SS" =1d and §"S = " E,. (1.2)

121
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Besides the expression in the basic matrices it is also convenient to have at one’s disposal
the decomposition of a matrix A = (a;;) € My(R) in its diagonals. If m > 0, then the m-th
diagonal of A is by definition the matrix

dm(A)S™ = diag(a(s stm))S™ = Z (i i+m) Eiivm)

120

and those diagonals are called positive. Similarly, for m < 0, the m-th diagonal of A is defined
as the matrix

(ST)Mdm(A) = (ST) " diag(a(s—m.s)) = Za(i—m,i)E(i—m,i)

120

and they are called negative. So each matrix A € My(R) decomposes uniquely as

A= " dn(A)S™ + > (ST) " dy (A). (1.3)

m=0 m<0

We use the decomposition (1.3) to assign a degree to elements of LTn(R). For a nonzero
A € LTn(R) the degree is equal to m if its highest nonzero diagonal is the m-th and the
degree of the zero element is —oo.

Lemma 1.1. The centralizer in LTn(R) of the matriz S consists of the

{> ir(rj)s’ | r; € R}.

j=0

Proof. Let A= (au,) belong to LTn(R). Then we have on one hand

0 apo - aon
AS = | o (1.4)
0 amo) -+ G
and on the other
a(1,0) a(1,1) s A(1,n+1)
a(2,0) a(2,1) T A(2n+1)
SA= : : : . (1.5)

A(n+1,0) A(n+1,1) " Q(nt+lnt1)

If the expressions (1.4) and (1.5) are equal then induction w.r.t. i shows first of all that A
is uppertriangular, i. e. for all j <4, a;; = 0. For the remaining coefficients the identity
AS = SA yields then that a(; = ag1,41) for all 7 < j. This proves the claim. O

A consequence of Lemma 1.1 is the following property of k[S] = {2V k:iS* | ks € k}

Corollary 1.1. The algebra k[S] is a mazimal commutative subalgebra of LTn(k).
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As any associative algebra, LTy(R) is a Lie algebra with the commutator as a bracket. We
use two decompositions of LTx(R) into the direct sum of two Lie subalgebras. The first splits
elements of LT(R) as follows

A =m(A) + 7ap(A) =) d(A)S™+ > (ST d(A)

m=>0 m<0

and the second as

A= Tgu(A) + mu(A) =D dn(A)S™ + > (ST di(A).

m>0 m<0

The first way to split elements of LTx(R) yields the Lie algebra decomposition

LTN(R) (LTN(R)) D Wslt(LTN(R))a where
Tt (LN (R )) = {A e LIn(R) | mu(A) = A},
mTar(LIN(R)) = {A € LIN(R) | msu(A) = A}.

The second leads to

LT(R) = 7yt (LT (R)) & mu(LTy(R)), where
Tt (LTH(R)) = {A € LTW(R) | mou(A) = A},
me(LTa(R)) = {A € LTW(R) | mu(A) = A}.

Inside LTn(R) we associate a group to each of the Lie subalgebras my(LTN(R)) and
m(LTN(R)). Note that on mg(LTN(R)) the exponential map is well-defined and yields elements
in

U-=U_(R)={Id+Y | Y € my(LTn(R))}.

One easily verifies that U_ is a group w.r.t. multiplication. We see U_ as the group correspon-
ding to 7e(LTN(R)). If the exponential map is well-defined on 7 (LTN(R)), then the resulting
elements belong to the group

P =P_(R) = {A =Y (S")"dun(A) | do(A) = diag(d(s)), all d(s) € R*}

m<0

and therefore we see P_ as the group associated with m;(LTN(R)).

2. The Ek[S]-hierarchy and its strict version

In this section we discuss the two deformations of k[S] that we consider and the evolution
equations we want the deformations of S to satisfy. At the first deformation each Zi20 k;S!
in k[S] is deformed into ... k;L', where £ € LTy(R) is an element of the form

120

L=8+Y (STt {; € Dy(R). (2.1)

i<0

One directly checks that any element USU™!, with U € U_, has this form and we call
USU~' a U_-deformation of S. We call U also the dressing matriz of USU~!. At the second
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deformation we transform each matrix 3, k:S* € k[S] into }_,. kM’ where M € LTn(R)
is an element of the form

M =m S+ (5")'mi,m; € Dn(R),m1 € Dy(R)". (2.2)
<0

Also in this case one easily verifies that any matrix PSP~!, with P € P_, possesses the form
(2.2) and therefore it is called a P_ -deformation of S. Likewise we call P also the dressing
matriz of the deformation PSP~!. Moreover, we have

Lemma 2.1. Reversely there holds for the deformations (2.1) and (2.2)

(a) Any L of the form (2.1) can uniquely be written in the form £ =USU™' with U e U_,
i.e. L 1s a U_ -deformation of S.

(b) Any M of the form (2.2) can be written in the form M = dUSU'd™, where U € U_
is unique and d € Dn(R)* is determined up to a factor from i,(R*). In particular, M
1s a P_ -deformation of S.

P roof Westart with a proof of statement (a). So, given an £ of the form (2.1), we have
to find an U = Id+ 3., (S") u;,u; € Dn(R), such that LU = US. For any U € U_ the
matrix LU — US has no strict positive diagonals. So, it suffices to show that for all n > 0 the
equations

determine the {uy, - ,u,,1} uniquely. Hereby we use the relations in (1.2) and the following
two relations between S, ST and the diagonal matrices:

STdiag(d(s))S = STS diag(1,d(0),d(1),---) = diag(0,d(0),d(1),---),
diag(d(s))ST = STdiag(d(s + 1)).

By applying (2.3) one gets for US the expression
US=8+> ("Yu;8 =8+ (S)S diag(1,u;(0), u;(1), )

=1 izt
=S+ (STY" diag(0,1;(0), u;(1), - -).
=1

From this expression we conclude for each n > 0 that
d—TL(US) = dlag(07 un—l—l(O)a un+1(1>7 e ) (25)

Now we apply the first relation in (1.2) and repeatedly relation (2.4) to the product LU and
get

LU =S+ (STli+ 8> (SVu+ Y (ST)(ST)uy

i=0 j=1 i>0
j>1

=S+ (N + Y (ST up+ Y (5T diag(i(s + 9))uy.
20 =21 1 >0

J=1
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Thus we get do(LU) = ¢y + u; and for the remaining diagonal components of LU

d_n(LU) = by + iy + Y diag(lei(s+n+ 1= k))tper_p,n > 1. (2.6)
k=1

The equality do(LU) = do(US) is in terms of the diagonal components of £ and U the
identity
by +uy = diag(0,u1(0),uy(1),--).

The (0,0)-entry of this matrix identity yields wu,(0) = —/¢5(0), the (1,1)-entry gives
u1(1) = u1(0) — o(1) and continuing in this fashion, one gets that any w;(s) is a linear
combination of the matrix coefficients of ¢;. By induction w.r.t. n we may assume that the

equations
d_k<£U> = d_k(US),O < k <n— 1,

determine the {uj,---,u,} and each wug(s),s € Nand ,0 < k < n — 1, is a polynomial
expression in the matrix coefficients of the {¢;,0 < k < n — 1}. By combining the expressions
(2.5) and (2.6) we get for n > 1 from d_,(US) =d_,(LU) the relation

Up41 = dlag(oa un+1(0)7 unJrl(l)v T ) - gn - Z diag(&cfl(‘g +n+1- k))un+1*k'
k=1

Again we look successively at the diagonal entries of this matrix identity, starting with the
(0,0) -entry and recalling that all u, 1 (s) are known. This yields us

Uns1(0) = =£o(0) = Y Ly (n+ 1 = k)ttng1—1(0).

k=1

Next we consider the (1,1)-entry and that gives us

Uni1(1) = 41(0) = €a(1) = D Ger (0 +2 = K)tnsri(1).

k=1

Continuing in this fashion, one gets that any w,1(s) is a polynomial expression in the matrix
coefficients of ¢y, --- ,¢,. This proves the claim in item (a).

The proof of statement (b) can be reduced to that of (a) by the following observation:
take an arbitrary element k£ € Dy(R) and an d = diag(d(s)) € Dy(R)*. Then there holds
d=1kSd = diag(%)ks. Given any M of the form (2.2), choose a d € Dy(R)* such that

for all s € N the element d(ds(i)l) equals mq(s)~'. Then the matrix d~*Md has the form (2.1)

and, hence there is a unique U € UY_ such that d"'Md = USU~'. Then M equals PSP~!
with P = dU € P_. In this case d is not unique, because any element i;(a), with a € R*, is

in the center of LTy(R) and there also holds M = iy(a)dUSU*d iy (a™!). O

Next we discuss the evolution equations that an U/_ -deformation £ of S has to satisfy
and those for a P_ -deformation M of S. Hereby each S% i > 1, is seen as an infinitesimal
generator of a flow. In that light we assume in both cases that R is equipped with a set of
commuting k-linear derivations {0; : R — R | i > 1}, where each 0; should be seen as
an algebraic substitute for the derivative w.r.t. the flow parameter corresponding to the flow
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generated by each S°. By letting each 9; act coefficient wise on matrices in LTy(R), we get
a set of derivations of LTy(R), also denoted by {0;}. The data (R,{0; | i > 1}) we call a
setting for both deformations.

For each U_ -deformation £ of S and all ¢ > 1 we consider the cut-off’s

Bi(S) := mu (LY. (2.7)
Note that, since all {£'} commute, the {B;(S) | > 1} satisfy for all m > 1
[BZ(S)’ ‘Cm] = _[ﬂ-slt<£i>’ Em]’

where the right hand side is of degree m—1 or lower, like 0;(£). This shows that it makes sense
to unite the following set of Lax equations for the £™ in one combined system, the so-called
k[S] -hierarchy:

0i(L™) = [Bi(S), L™ = —[ma (L"), L™]. (2.8)
It suffices to prove the equations just for m = 1. For, since 0; and ad(B;(S)) are both k-
linear derivations of LTN(R), all basis elements {L£™ | m > 1} of the deformation k[L] of
k[S] satisfy the same Lax equations. The equations (2.8) itself are called the Lax equations
of the k[S]-hierarchy. Note that the Lax equations (2.8) show that the action of each 0; on
the coefficients of L expresses each of them in a polynomial expression of the coefficients of
L. Any U_-deformation £ of S in LTy(R) that satisfies all the equations (2.8), i > 1, is
called a solution of the k[S]-hierarchy in the setting (R, {0;}). Note that in each setting there
is at least one solution of the k[S]-hierarchy, namely £ =S, the trivial solution of the k[S]-
hierarchy. We can express the conditions when a U_ -deformation £ = USU™! is a solution of
the k[S]-hierarchy, in terms of U. For there holds

Lemma 2.2. Any £ =USU™', with U € U_ is a solution of the k[S|-hierarchy, if and
only if U satisfies the relations: for all i > 1

KU = —mgqu(LY). (2.9)
Proof. Since §;(U)=-U"10,(U)U", we get for L=USU"! that
0(L) = [0:(U)U, L].
If U satisfies (2.9), then [—7mg (L), L] = [B;(S), L] yields the Lax equations for £. Reversely,
if £ is a solution of the k[S]-hierarchy, then 9;(U)U~" + g (L") commutes with £ and thus

U=U"0,(U)U " 4 74 (L))U commutes with S. The element U only has strict negative
diagonals and Lemma 1.1 implies that U = 0 and this proves the claim. O

Since the relations (2.9) are the analogue of the Sato-Wilson equations for the KP hierarchy
[3], we call them the Sato—Wilson form of the k[S]-hierarchy. Still another equivalent form of
the k[S]-hierarchy was proven in [1]:

Proposition 2.1. Let £ be a U_ -deformation of S with the {B;(S)} as in (2.7).
If L is a solution of the k[S]-hierarchy, then they satisfy the zero curvature relations

05, (B, (5)) = 05, (By, (5)) — [Bi, (S), Bi, ()] = 0. (2.10)

Reversely, if the projections {B;(S)} of a U_ -deformation L satisfy the zero curvature rela-
tions (2.10), then L satisfies the Lazx equations (2.8).
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Remark 2.1. By the equivalence in Proposition 2.1 the set of equations (2.10) is also
called the zero curvature form of the k[S]-hierarchy. Let do(L") the zero-th diagonal of Lf
then the equations (2.10) imply that the commuting diagonal matrices {do(L")} satisfy the
compatibility conditions

0i,(do(L™)) = 05, (do(L™)), for all i, > 1, and iy > 1.

Next we treat the evolution equations for the P_-deformations {M™ | m > 1}. In that
case we consider for each 7 > 1 the strict cut-off

Ci(S) == Mo (M. (2.11)
Since all the M? commute, there holds
[Ci(S), M™] = —[mu (M), M™],

which shows that the {C;(S) | @ > 1} have the common property that the commutator with
M™ has degree m or lower. The same holds for the matrix 09;(M™), so it makes sense to
unite the following set of Lax equations for the {M™} in one combined system

0i(M™) = [Ci(S), M™] = —[mu(M"), M™]. (2.12)

Because of the form of the {C;(S)} and the similarity with the Lax equations (2.8) we call
this system the strict k[S]-hierarchy. The equations (2.12) itself are called the Lax equations
of the strict k[S]-hierarchy. Note that also in the strict case the Lax equations (2.12) show
that the action of each 0; on the coefficients of M expresses each of them in a polynomial
expression of the matrix coefficients of M. Any P_-deformation M of S in LTy(R) that
satisfies all the equations (2.12) is called a solution of the strict k[S]-hierarchy in the setting
(R,{0;}). By the same argument as for the k[S]—case, it suffices to prove the equations (2.12)
for m = 1, since all basis elements {M™ | m > 1} of the wider deformation k[M] of k[S]
satisfy the same Lax equations. Note that in each setting there is at least one solution of the
strict k[S]-hierarchy, namely M = S, the trivial solution of the strict k[S]-hierarchy. Also
for the strict k[S]-hierarchy we found in [1| an equivalent zero curvature form

Proposition 22. Let M be a P- -deformation of S with the {C;(S)} as in (2.11).
If M is a solution of the strict k[S]-hierarchy, then the {C;(S)} satisfy the zero curvature
relations

0;,(Ci,(5)) = 0,,(Ci, () = [Cir (5), Cir (5)] = 0. (2.13)

On the other hand, if the projections {C;(S)} of a P_-deformation M satisfy the zero
curvature relations (2.13), then M satisfies the Lax equations (2.12).

To discuss a Sato-Wilson form of the strict k[S]-hierarchy, requires some care, for the
dressing matrix of S is not unique as we saw in part (b) of Lemma 2.1, and therefore we need
the following notion:

Definition 2.1. Let (R,{0;}) be a setting for both hierarchies. This setting is called
Cauchy solvable in dimension one, if | given a collection of elements {a; | i > 1} in R satisfying
the compatibility conditions

0i,(a;,) = 05, (a;,), forall iy > 1 and iy > 1,

there is an o € R* such that there holds for all i > 1, 0;(«) = a;a.
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E. g. the formal power series k[[t;]] with all the 9; = ;2 is such a setting. Now there holds

Proposition 2.3. Let the setting (R,{0;}) be Cauchy solvable in dimension one and
let M be a P_ -deformation that is a solution of the strict k[S]-hierarchy in this setting. Then
there is a P € P_ with M = PSP~! such that

0i(P)P! = —m(MY). (2.14)
Reversely, any M = PSP~' with P satisfying (2.14), is a solution of the strict k[S] -hierarchy
Proof. Since 9;(P7')=—P719;(P)P~!, we get for M = PSP~! that
% (M) = [0;(P)P~H, M.

If P satisfies (2.14), then [—mu(M"), M] = [C;(S), M] yields the Lax equations for M. Note
that the proof of the sufficiency of equations (2.14) does not require R to be Cauchy solvable
in dimension 1. This we need in the proof of the reverse statement. Assume M = PSP~!
is a solution of the strict k[S]-hierarchy, where P = d~'U, with d € Dy(R)* and U € U_
and we write . The first thing we notice is that 9;(P)P~! + m;(M") commutes with M and
thus P = P~4(9;(P)P~! 4 m;(M))P commutes with S. The element P only has negative
diagonals and Lemma 1.1 implies that Wslt(fD) = 0 and the zero-th diagonal of P commutes

with S. This last fact implies that the zero-th diagonal dy(P) belongs to i;(R) and that lies
in the center of LTy(R). So P~dy(P)P = dy(P) and thus

P (mgy(0;(P)P™Y + (M) P = mu(P) = 0.
Hence P = 7,(9;(P)P~" + m;(M?)) = 0. On the other hand we have
P =d'o;(U) U d + mau(M?) = d20;(U) U d + d Y gy (L) d = 0,

so that according to Lemma 2.2 £ is a solution of the k[S]-hierarchy. Let do(L’) be the
zero-th diagonal of £°. Then the {dy(L")} satisfy the compatibility relations from Remark 2.1.
A direct computation yields that

do(p> = az<d71)d + go(l) = 60(2) - 0,(d)d*1 = il(ai), with a; € R.
Since there holds for all 4; > 1 and iy, > 1 that
0, (0, (d)d ™) = 03,05, (d)d ™" — 0y, (d) B, (d)d ™2 = 0y, (0y, (d)d 1),

we get in total that the {a;} satisfy the compatibility conditions in Definition 2.1 and there is an
a € R* such that for all + > 1, 9;(a)a! = a;. Then conjugating S with P, :=i;(a™')d"U
also yields M and there holds 0;(P,)P;' = —m;(M?) and this concludes the proof of the
claims. O

We call the relations (2.14) the Sato—Wilson equations of the strict k[S]-hierarchy.

Remark 2.2 From the proof of Proposition 2.3 follows that, if P = d~'U € P_,
M = PSP~ and £ = USU™!, then P satisfies the equations (2.14), if and only if £ is a
solution of the k[S]-hierarchy and 0;(d) = dy(L")d, for all i+ > 1. This equivalence we meet
again in the next section, but in a different form.
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3. Wave matrices

Let (R,{0;}) be a setting where one looks for solutions to both hierarchies. The construction
from the homogeneous spaces of solutions of both hierarchies is done by producing special
vectors, called wave matrices, in a suitable LTi(R)-module that we briefly recall. We start
with the upper triangular matrix

1 pi(t) pa(t)
0 1 pi(t)

?/10 :Q/}O(t?S) :eXp(ZtZSZ) - 0 1 e
i=1

where ¢ is the short hand notation for {¢; | i > 1} and each p;(t) is a homogeneous polynomial
of degree j in the {t; | i < j}, where every t; has degree i. Note that 1y commutes with S
and satisfies for all 7 > 1, 82 (1) = S%pg. Recall that each 9; was the algebraic substitute on
R for the partial derivative w.r.t. the flow parameter of S*. Therefore we write 9;(¢0) = 5 9 (4hy).
The LTn(R)-module that we need consists of formal products of a perturbation factor from
LTx(R) and 1. The products will be formal, for in order to make sense out of the product
of a matrix from LT(R) and the matrix 1y as a matrix requires convergence conditions and
we want to give an algebraic description of the module. Consider therefore the space O(S)
consisting of the formal products

{{m }1/]0 {Z mZS’ + Z ST z} t/)g,mi S DN(R)} . (31)

=0 <0

Addition resp. scalar multiplication are defined on O(S) by adding up the perturbation factors
of two elements resp. by applying the scalar multiplication on the perturbation factor. Some-
thing similar is done with the LTy(R)-module structure: for each h(S) € LTy(R) define

h(S)-{m(5) o == {h(S)m(S) }tho.

Clearly this makes O(S) into a free LT(R)-module with generator . However, Besides the
LT(R) -action also each 0; acts on O(S) by the formula

Oi{m(S)}th) = {Z Ou(mi)S* + 3 (8T) 0, (my) + m(S)Si} o.

k<0

Here we impose a Leibnitz rule on the formal product. Finally there is a right hand action of
S on O(S). Since S and 1)y commute, we can define it by

{m(S)}oS = {m(S)S .

Analogous to the terminology in the function case, see e. g. [2|, we call the elements of O(S)
oscillating N x N -matrices. Note that any ¢ = ¢ty = h(S)1o with h(S) invertible is a genera-
tor of the free LTx(R)-module O(S). Examples are the choices h(S) € P_ resp. h(S) € U_ in
which case we call 1 an oscillating N x N-matrix of type P_ resp. U_. With the three actions
just defined we can introduce inside LTn(R) two systems of equations leading to solutions of
the two hierarchies.
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For the k[S]-hierarchy, this system looks as follows: consider a U_ -deformation £ of S in
LTy(R) with the set of projections {B;(S) := m(L")}. The goal is now to find an oscillating
N x N-matrix 1 = {h(S)}¢y of type U_ such that in O(S) the following set of equations
holds

Ly =S and 0;(¢) = B;(S)y, for all ¢ > 1. (3.2)

Since O(S) is a free LTn(R)-module with generator 1, the first equation £y = ¢S implies
Lh(S) = h(S)S and thus £ = h(S)Sh(S)™'. By Lemma 2.1 this determines h(S) uniquely.
The same argument allows you to translate each 0;(¢) = B;(5)v into an identity in LTn(R):

0i(v) = {0i(h(S)) + 1(S)S" }oo = {0:(h(S)R(S) ™" + L'} = Bi(S)o.

Thus we get that h(S) satisfies the Sato-Wilson equations (2.9) and £ is a solution of the
k[S] -hierarchy. The system (3.2) is called the linearization of the k[S]-hierarchy and ¢ a wave
matriz of the k[S]-hierarchy. Note that 1), is the wave matrix corresponding to the trivial
solution of the k[S]-hierarchy, £ = S.

In the case of the strict k[S]-hierarchy we start with a P_-deformation M of S together
with the projections {C;(S) := meu(M?")}. Now we look for an oscillating N x N-matrix
o = {k(S)}1o of type P_ that satisfies in O(S) the following set of equations:

Mp = ¢S and 9;(p) = C;i(S)p, for all i > 1. (3.3)

Also ¢ is a generator of O(S) and again we can translate the equations (3.3) into identities
in LTx(R). Thus the first equation My = ¢S becomes M = k(S)Sk(S)™! and the second
set of equations in (3.3) yields the Sato-Wilson equations (2.14) of the strict k[S]-hierarchy.
In particular, M is a solution of that hierarchy. The system (3.3) is called the linearization
of the strict k[S]-hierarchy and a ¢ satisfying this system a wave matriz of the strict k[S]-
hierarchy. Because the second set of equations in (3.3) is a different form of those in (2.14), the
conditions in Remark 2.2 translate directly to a link between wave matrices of the hierarchies
under consideration.

For both hierarchies, we use in the sequel a milder property that oscillating N x N-matrices
of a certain type have to satisfy, in order to become a wave matrix of that hierarchy. For a
proof, see [1].

Proposition 3.1. Let v = {h(S)}y be an oscillating N x N -matriz of type U_
in O(S) and L = h(S)Sh(S)™! the corresponding potential solution of the k[S]-hierarchy.
Similarly, let ¢ = {k(S)}o be an oscillating N x N -matriz of type P_ in O(S) with potential
solution M = k(S)Sk(S)™! of the strict version.

(a) Assume there exists for each i > 1 an element M; € 1, (LTN(R)) such that
0i(v) = M.
Then each M; = w4 (L) and 1 is a wave matriz for the k[S]-hierarchy.
(b) Suppose there exists for each i > 1 an element N; € me(LTN(R)) such that
di(p) = Nie.

Then each N; = Tgu (M) and ¢ is a wave matriz for the strict k[S] -hierarchy.
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Remark 3.1. Since you do not meet formal products of lower triangular N x N -matrices
and upper triangular N x N-matrices in real life, the only way to construct wave matrices of
both hierarchies is to give an analytic framework, where you can produce well-defined products
of such matrices. This is done in the next section.

4. The construction of solutions of both hierarchies
All the relevant N x N-matrices that will be produced in the sequel correspond to bounded
operators acting on a separable real or complex Hilbert space. Since £ =R or C, we have on
k anorm |-|:k — Ryg. The Hilbert space we will work with is a space of 1 x N matrices.
Thereto we denote, for each n € N, the row vector with a 1 on the n-th entry and all other

T

entries equal to zero by €(n)*, i. e.

en)t =(--,0,1,0,---).
Consider now the k-linear space of 1 x N matrices

H={> a,é(n)" = (ao,a1,02,-+) | an €k, _ |ay|* < o0},

neN neN

which becomes a real or complex Hilbert space w.r.t. the inner product

O ane(m)" D baf(n)") = anby,

neN neN neN

depending of k=R or C. The elements {€(n)” | n € N} form by definition a Hilbert basis in
H. In the sequel we need the subspaces {H;,i € N} of H and their orthogonal complements
H;- given by
H; = {Z an€(n)’ € H} and H;- = {Z a,€(n)’ € HY.
n<i n>i
Any b € B(H), the space of all bounded k-linear maps from H to itself, can be defined w.r.t.
the {¢(n)"} by right multiplication My with an N x N-matrix [b] = (b;;) i. e.

b(e(j)") = My (E(H)T) =€) ] = Zbﬁa@')?

This choice implies for all b; and by € B(H) that [by o by] = [bo][b1]. The invertible transfor-
mations in B(H) are denoted by GL(H) and its group of matrices by [GL(H)].

Two decompositions of B(H) play a role in the sequel. The first splits a b € B(H) as
b=u_(b) + pi(b), with the corresponding matrices

0 0 0 ... boo bo1 bo2
blO 0 0 ... 0 bll b12
[U_(b>] - b20 b2 1 O e and [p+(b>] - O 0 b22

It gives rise to the decomposition of the Lie algebra B(H) as U_(H) ® Py(H), where

U_(H)={be BH) |b=u_(b)} and Py (H) = {be B(H) | b=p,(b)}. (4.1)
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The second decomposition consists of splitting a b € B(H) as b = p_(b) + uy(b), where
the matrices of both components are given by

bpp O 0 ... 0 bo1 boo
b1 0 b1 1 0 Ce 0 0 b1 2
[p-(b)] = and [uy (0)] =

b20 b21 b22

0 0 O

This leads to the decomposition B(H) =P_(H)®U.(H) of B(H), where
P (H)={beB(H)|b=p_(b)} andU,(H)={be B(H) | b=u,(b)}. (4.2)

Before we present the Lie algebra of the central group G(Sz) in this paper, we need some
notations. We denote the space of Hilbert-Schmidt operators from H to H by &s. It is the
two-sided ideal of compact operators in B(H) such that for each A € S,

| A|[5 := trace(A*A) = trace(]A|*) < oo.

Here A* denotes the adjoint of A. In terms of the matrix coeflicients (a;;) of [A] the Hilbert-
Schmidt condition is simply
> ayl® < 0. (4.3)
ijeN
The map A — ||Al]]2 defines the Hilbert-Schmidt norm on S,, with respect to which it is
complete. Consider now the subspace B(S2) of B(H) defined by

B(S;) = {b € B(H) | u-(b) € Sa}.

Consider two elements b; and by in B(S;). Since S is a two-sided ideal in B(H), all U_(H) -
components of u_(by)py(b2), pi(br)u_(by) and u_(by)u_(by) belong to Sy. Hence biby €
B(S;) and thus B(S,) is een algebra. We put on B(S,) a different Banach structure than
the one induced by the operator norm on B(H), namely we take the Banach structure that
is the direct sum of the Hilbert-Schmidt norm on U_(S;) and the operator norm on P, (H).
The group G(S;) will be the elements in B(S2) that have an inverse in B(S;) and is an open
subset of B(Sy). Inside B(S;) we have the two Lie subalgebras

U(S2) ={be B(S2) | b=u_(b)}

and Py(H) and B(S;) is equal to their direct sum. To both Lie subalgebras there corresponds
a subgroup of G(S,), respectively

U_(Sy) ={be B(Sy) | b=1d+u_(b)}
and
P.(H) = {p € P,(H) | p invertible ,p~* € P (H)}.
The characterization (4.3) implies that, if we define for each N € N the map py : U_(S2) —
U_(Sy) by taking the first N + 1 rows of py(u) equal to those of u and the remaining ones
equal to zero, then we have for all u € U_(S;) that
lim py(u) = u. (4.4)

N—oo
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The product Q(S;) = U_(S2) Py (H) is called the big cell w.r.t. these subgroups and the splitting
w=u_(w)ps(w), with u_(w) € U_(S;) and py(w) € Py(H), we call the (U_(Ss), Py (H))-
splitting of Q(S;) and u_(w) is the unipotent component of this decomposition. The second
decomposition of B(H) induces also a different splitting of B(S;) in two Lie subalgebras,
namely as P_(Sy) @ Uy (H), where

P(82) ={b€ B(S2) | b=p-(b)}-

To each of these two Lie subalgebras we can associate subgroups of G(S;). For P_(S,) that
will be

P_(Sy) = {p € P_(S,) | p invertible , p~* € P_(Sy)}

and for Uy (H) thatis Uy (H) ={p € Py(H),p=1d+uy(p)}. Let D(H) denote the invertible
diagonal transformations in B(Sy). Then P.(H) = D(H)U.(H) and P_(S;) = U_(S2)D(H)
and thus §2(S2) also equals P_(Ss)Ui(H). We call the splitting w = p_(w)uy(w), with
p_(w) € P_(Sy) and uy(w) € Uy (H), the (P-(Sy), Uy (H) )-splitting of Q(S;) and p_(w) is
called the parabolic component of this decomposition.

The next step will be the introduction of the group of commuting flows that is relevant
to both hierarchies. This requires some notations. For r > 0, let Dy(r) be the closed disc
around the origin in the complex plane with radius r. As in [4], the space O(Dg(r)) of
holomorphic functions on Dy(r), consists of the direct limit of the O(U) with U an open
subset containing Dy(r). On it we put the topology of uniform convergence and we consider
the closed subspace Oy(Dy(r)) of all f € O(Dy(r)) such that f(0) = 0. Now we can specify
the group I' of commuting flows in GL(H) we will work with. The matrices corresponding to
the transformations in I' are the image of the continuous map from Oy(Dy(1)) to [GL(H)]
built up from the substitution z = S in an f € Oy(Dy(1)) and the exponential map. In
concrete terms, the group of matrices of I' can be described as follows:

] = {[V] = eXp(ZtiSi) | Lz il +-e)' < OO} . (4.5)

for some € > 0

Since the matrices in [['] are upper triangular, ' is a subgroup of Py (H) and hence of G(S,).
Therefore I' acts by left translations on G(Sy). We need the following result w.r.t. this action:

Proposition 4.1. The action of I' on G(S,) satisfies: for each element g € G(Ss)
there exists v € T such that v~'g belongs to the big cell QSy) w.r.t. U_(S;) and P, (H).
The set Oy(Do(1))(g) of all f € Oo(Do(1)) such that [y] = exp(f(S)) satisfies this condition
is a non-zero open part of Oy(Dy(1)) and let T'(g) correspond to its image in T

P r oo f. Because of relation (4.4) it suffices to prove the statement for the elements of
G(8,) that decompose for some N € N w.r.t the splitting H = Hy & Hy as

goo --- 9oN

=) = ("G00 ) wimaoo = [ 0o E | eGLva®
gno .-+ GgNN
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IgN+1,N+1 --- -+  GNN+k
0 ) : .
and g(1,1) = : : ~ | invertible,

0 oo 0 gNtR N4

since elements of this form are dense in G(S:). The matrix of each element v € T' we split
w.r.t. the same decomposition of H :

I po ... pN
V] = (PYN%)’O) 352: B) , with vx(0,0) = O 1 -
0 0 1

Then the matrix of the operator v~ !¢ has the form

gl = (YOO ),

0 9(1,1)7(1,1)
where = = —g(0,0)yn(0,0)" (0, 1)y(1,1)~" + ¢(0,1)v(1,1)~!. Hence, if we find a vector
ty = {t1,--- ,ty} such that g(0,0)yx(0, ) po(tn)uo(ty) with po(fy) an invertible upper
triangular N + 1 x N + 1 -matrix and uo( ) unipotent lower triangular matrix of the same

size, then we have

gl = (p“fN) 9(1,1);3(1,1)—1) (UOgN) IEN)

and this is the decomposition we are looking for. Clearly, in order that we have the desired
splitting of [g][y]~" the condition

—

9(0,0)7(0,0)™" = po(tx)uo(fy)

for the vector ty is also necessary and by taking the inverse, one sees that it is equivalent
to finding a £y for 7(0,0)h, where h = g(0,0)~! = (h;;), such that 7(0,0)h = u(ty)p(ty)
with p(fy) an invertible upper triangular N + 1 x N + 1-matrix and wu(fy) a unipotent
lower triangular one. We will show by induction on N that there are N nonzero polynomials
{q1,--- ,qn} such that for all ty in the complement of the union of the zero-sets of all the
{¢:} one has the decomposition yx(0,0)h = u(ty)p(ty). For N =0, the matrix [g] is upper
triangular and the desired decomposition holds for all #y. Now we take N > 1, we split off
the first row of v5(0,0) as follows:

hoo -+ hon
1 0 ...... 0 1 pl .. .pN ., .’
— : .. : 4.

No - hyw

and we focus for the moment on the product of the last two matrices. Since the first column of A
is nonzero, the polynomial gy := h070+Z]kV:1 hiopr is nonzero. Now we work on the complement
of the zero-set of qn, so gy is invertible. Define for all ,0 < ¢ < N, the polynomials
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iLo,Z‘ = ho; + Zszl hi,ipr. Note that 5070 = qn. Then the product of the last two matrices
in (4.6) is equal to

. A 1 0 «-- - 0 . .

hoo -+ -+ hoy e 10 e e hoo oo e how

hio hii - hn B 0 1 o 0 hig - My
TR I | . .

hno hny -+ hynw BN,O 0 ... 0 1 0 hni -+ hynw

where each izm = hk,oq](,l and all fllk with ¢ > 1 and k > 1 are defined by ilzk = R, — ﬁioflok.
Next we push the top row of the right matrix to the right

iLo,o ilo,N 1 0 --- 0

0 hiyy - hw 0 hiy - Iun hoo- - hon
A N R (0 Idy )
0 hyi -+ hyy 0 hyy - ]AlN,N

The matrix (ho(,)o ' 'igo’N) at the right has determinant ilop = qy # 0 and will be part of
N

p(ty). Next we move the matrix (1 0o 0) in the product (4.6) to the right by using
0 yn-1(0,0)
1 0 0
hig 1 0 -0 .-
(1 O:vvvve 0) : 0 1 0 ... _<1 0)(1 O:vvvvn 0)
0 7N_1(O, 0) . Z IdN 0 'YN—I(O» 0) ’
: .1 0
hno O -+ 0 1

-

where Z is the column of length N equal to yy_1(0,0)h with (h)” = (h19,--- ,hno). The

1 -
matrix (2 I(? ) will be part of w(ty). Thus we have reduced the case to the product
N

1 0 - 0
1 0eeen-. 0 hiv - hin
(0 n-1(0, 0)) S
0 ilN,l e ilN,N

where the matrix at the right has determinant qg,l # 0. The induction hypothesis gives us then
the nonzero polynomials {q,---,qy} so that on the complement of all their zeros we have the
desired decomposition. This proves the claim in the proposition. O

Now we will construct for each g € G(S2) a solution of the k[S]-hierarchy and the strict
k[S] -hierarchy. The appropriate setting in both cases is the algebra

R(g) = C*(Oo(Do(1))(9), k), (4.7)
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with the derivations 0; = %,i > 1. We start with the construction of the solutions of the

k[S]-hierarchy. Then we have by definition for all v € I'(g) that

v g =u_(9,7)p+(9,7)" (4.8)

and thus on the matrix level

(9l = [p+(g, )] u=(g.7)].

Note that all matrix coefficients of [u_(g,v)] and [p4(g,7)] belong to R(g), since the map
(u_,p;) — u_p;' is a diffeomorphism between U_(S;) x Py(H) and (S;). The equation
(4.8) leads to the following identity

U(g) == [u_(g,7D] = [P+(9,7)]lg]- (4.9)

Clearly W(g) is an oscillating matrix in O(S) for which the products between the different
factors are real. To show that W(g) is a wave matrix for the k[S] hierarchy it suffices to prove
the property in Proposition 3.1. Thereto we compute for all ¢ > 1, the matrix 9;(¥(g))¥(g)~"
using both the left and the right hand side of expression (4.9). We start with the right hand
side. Since for all i > 1, 9([g]) =0, we get

0:(¥(9)¥(g9)~" = 9([p+(g, )P+ (.M

Now the matrix 9;([p+(g,7)])[P+(g,7)]™" is of the form }°, _(d,S" with all d, € Dy(R). Next
we use the left hand side of (4.9) to compute 9;(¥(g))¥(g)~'. This yields

0:(¥(9)¥(g)~" = di([u(g, M) u-(g, ] + [u_(g, (YN u-(g,7)] "

(g
= 0i([u—(g. ) [u-(g. M) + [u_(g,7))S" [u-(g,7)] "

In this formula expression 9;([u_(g,v)])[u_(g,7)]”" possesses only negative diagonals and
[u_(g,7)]STu_(g,7)]~" has the form

i v.S" + Z(ST)_’”UT,
r=0 r<0

with all v, € Dy(R) and v; = Id. Combining this with the expression found for the right hand
side gives for all ¢ > 1

0:(0(9)) = (Y v:S")W(g) = Biwe) ¥(9)-

Thus U(g) satisfies the conditions in part (a) of Proposition 3.1 and hence it is a wave matrix of
the k[S]-hierarchy. In other words, W(g) is a solution of the linearization of the k[S]-hierarchy.
The corresponding solution £, of the k[S]-hierarchy is

Ly = [u-(g,7)]S[u-(g,7)] " (4.10)



334 Gerard F. Helminck, Jeffrey A. Weenink

Note that, since the factor p;(g,7)~' plays no role at the construction of £,, multiplying ¢
from the right with an element of P, (H) does not affect the solution L,.

Secondly, we present for a g € G(S2) the construction of the solution of the strict k[S]-
hierarchy. We proceed similarly, but now we use the ( P_(Ss), U (H) )-splitting of Q(Sy). By
definition we have for all v € I'(g) that

v lg=p-_(9,7)ui(g,7)"" (4.11)

and thus on the matrix level

Note that all matrix coefficients of [p_(g,7v)] and [uy(g,7v)] belong to R(g), since the map
(p_,u;) — p_u;' is a diffeomorphism between P_(Sy) x Uy (H) and (S;). The equation
(4.11) leads to the following identity

®(g) = [p-(9,71[v] = [us(g,7)]lg]- (4.12)

Clearly ®(g) is an oscillating matrix in O(S) for which the products between the different
factors are real. The idea is again to show that ®(g) is a wave matrix for the strict k[S]-
hierarchy and that is done by proving property (b) in Proposition 3.1. Thereto we compute for
all 4 > 1, the matrix 9;(®(g))®(g)~"' using both the left and the right hand side of expression
(4.12). We start with the right hand side. Again all the 0;([g]) are zero, hence

0;(®(9))®(g9)~" = di([ur(g, ] [uglg, )]

The matrix 9;([us(g,7)])[ur(g,7)]"" has only strict positive diagonals. Thus 9;(®(g))®(g)~*
is equal to a matrix of the form }_ _, u,S" with all u, € Dy(R). Next we use the left hand
side of (4.12) to compute 9;(®(g))®(g)~" once more. This yields

0:(®(9)®(9) " = 9i([p-(9, V) P=(g. N " + P (g. MKW ] p=(9:7)]
= 0i([p-(g,NNIP-(g, V] " + [P-(9, )] [P-(g, 1] .

In this formula expression 9;([p_(g,7)])[pP—(g,7)]™" does not possess any strict positive diago-
nals and the matrix [p_(g,7)]S'[p_(g,7)]"" has the form

i: v S+ (ST "y,
r=0 r<0

with all v, € Dy(R) and v; € Dy(R)*. Combining this with the first expression found yields
forall i >1

0:(2(g)) = (D 0.S")2(g) = Cia(®(9)-
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Thus ®(g) satisfies the conditions in part (b) of Proposition 3.1 and hence is a wave matrix of
the strict k[S]-hierarchy. The corresponding solution M, of the strict k[S]-hierarchy is

M,y = [p-(g,7))8[p-(9,7)] 7" (4.13)

Also here the factor uy(g,v)™! plays no role at the construction of M,. Hence, multiplying ¢
from the right with an element of U, (H) does not affect the solution M,. For completeness
we resume the foregoing results in a

Theorem 4.1. Let g be an element in the group G(Sz).

(a) For any ~ in T(g) let u_(g,7) be the unipotent component of ~ 'g in the
(U_(8Ss), Py (H)) -splitting of QU(Ss). Let the oscillating matriz V(g) € O(S) be defined
by formula (4.9). Then ¥(g) satisfies the linearization of the k[S]-hierarchy w.r.t. the
matriz L, defined by formula (4.10). The solution L, of the k[S]-hierarchy satisfies for
all g € G(S3) and all p € PL(H) that L, = Ly,.

(b) For any ~ 1in T(g) let p_(g,7) be the parabolic component of ~~tg in the
(P_(8S3), U, (H)) -splitting of Q(S2) . Let the oscillating matriz ®(g) € O(S) be defined
by formula (4.12). Then ®(g) satisfies the linearization of the k[S]-hierarchy w.r.t. the
matriz My defined by formula (4.13). The solution M, of the k[S]-hierarchy satisfies
for all g € G(S2) and all we UL(H) that My = My,.

Remark 4.1. The manifolds G(S;)/P.(H) and G(S2)/U,(H) are the analogues for
the k[S]-hierarchy and its strict version of the Grassmann manifold Gr( H ) and its cover, the
flag variety Fi, used in [5] resp. [6] to construct solutions of KP resp. strict KP.

References

[1] G.F. Helminck, J. A. Weenink, “Integrable hierarchies in the N x N-matrices related to powers
of the shift matrix”, Journal of Geometry and Physics, 148 (2020), 103560.

[2] E. Date, M. Jimbo, M. Kashiwara, T. Miwa, “Transformation groups for soliton equations”,
Proceedings RIMS symposium on nonlinear integrable systems, World Scientific Publishers, ed.
M. Jimbo, T. Miwa,, 1983, 41-119.

[3] G.F. Helminck, J. W. van de Leur, “Darboux Transformations for the KP Hierarchy in the Segal-
Wilson Setting”, Canad. J. Math., 53:2 (2001), 278-3009.

[4] A. Pressley, G. Segal, Loop Groups, Oxford Mathematical Monographs, Clarendon Press—Oxford,
Oxford, 1988, 328 pp.

[5] G. Segal, G. Wilson, “Loop groups and equations of KdV type”, Publ. Math. IHES, 63 (1985),
1-64.

[6] Helminck G. F., Panasenko E. A.: Geometric solutions of the strict KP hierarchy, Theor. Math.
Phys. 198 (1), 48-68 (2019).

Information about the authors WNudopmanusa o6 aBropax
Gerard F. Helminck, Professor. Korteweg — XeabmuHK Tepapa ®pamrmuck, mpodeccop.
de Vries Institute for Mathematics, University Marematuuecknuit uactutyt Kopresera — ne @pusa,
of Amsterdam, the Netherlands. FE-mail: Yuusepcurer r. Amcrepiam, Amcrepmam, Hunepnan-
g.f.helminck@uva.nl get. E-mail: g.f. helminck@uva.nl

ORCID: https://orcid.org/0000-0001-7022-5852 ORCID: https://orcid.org/0000-0001-7022-5852



336 Gerard F. Helminck, Jeffrey A. Weenink

Jeffrey A. Weenink, Post-Graduate Bununk I>xeddpu A., acnupanr. VaCcTHTYT
Student. Bernoulli  Institute, University Bepuymmu, Yuusepcurer 1. ['ponunren, I'ponunren,
of Groningen, the Netherlands. E-mail: Hunepmanasr. E-mail: j.a.weenink@rug.nl

j.a.weenink@rug.nl

There is no conflict of interests. KoudaukT uaTepecoB orcyTcTByer.
Corresponding author: Jis KOHTaKTOB:

Gerard F. Helminck XempmuHK [epapa Opamimck

E-mail: g.f.helminck@uva.nl E-mail: g.f.helminck@uva.nl

Received 17.06.2021 Tloctynuna B pegaxnuio 17.06.2021 r.

Reviewed 30.08.2021 ITocrynuna mocne penenzuposanusa 30.08.2021 .

Accepted for press 10.09.2021 IIpunsra x mybsmkamuum 10.09.2021 1.









	221-222 Содерж. рус 26-135-2021
	223-224 Содерж.англ 26-135-2021
	225-233 Бенараб
	Основные обозначения
	Система дифференциальных уравнений первого порядка
	Дифференциальное уравнение n-го порядка
	toReferences

	234-240 Жуковская_Жуковская_Филиппова
	Основной результат
	Вариационные принципы в частично упорядоченном пространстве
	Связь с принципом Экланда в метрическом пространстве
	Связь с принципом Бишопа–Фелпса в метрическом пространстве

	toReferences

	241-249 Жуковская_Жуковский
	Основной результат
	Следствия и приложения
	toReferences

	250-270 Каменский_Обуховский_Петросян
	Предварительные сведения
	Дробный анализ
	Многозначные отображения
	Измеримые мультифункции

	Основные результаты
	toReferences

	271-295 Колодина_Кострыкин_Олейник
	Existence of 1-bump periodic solutions
	Stability of 1-bump periodic solutions
	toReferences

	296-304 Молчанов_Цыкина
	Однополостный гиперболоид
	Псевдо-грассманово многообразие ранга 2
	toReferences

	305-314 Серова
	Основные понятия
	Условия суперпозиционной измеримости
	Условия суперпозиционной селектируемости
	toReferences

	315-336 Хельминк_Вининк
	 The algebra LTN(R)
	The k[S]-hierarchy and its strict version
	Wave matrices 
	The construction of solutions of both hierarchies
	toReferences

	
	Основные обозначения
	Система дифференциальных уравнений первого порядка
	Дифференциальное уравнение n-го порядка
	toReferences

	
	Russian
	Universities
	Reports
	MATHEMATICS
	Volume 26, no. 135, 2021
	The journal is on the “List of peer-reviewed scientific periodicals recommended by Higher Attestation Commission at Ministry of Science and Higher Education for publication of scientific results of dissertations for academic degree of candidate of science, doctor of science on physical and mathematical sciences (order from December 28, 2018 no. 90-p)
	Indexed in Russian Science Citation Index (RSCI) on Web of Science platform, RSCI, Math-Net.Ru, VINITI RAS, Zentralblatt MATH, SciLIT, Ulrich’s Periodicals Directory, EBSCO, Scientific Electronic Library “eLIBRARY.RU”, Electronic Library “CyberLeninka”


	CONTENTS

	
	Министерство науки и высшего образования Российской Федерации
	Тамбовский государственный университет имени Г.Р. Державина
	Вестник
	российских
	университетов
	МАТЕМАТИКА
	Том 26, № 135, 2021


	СОДЕРЖАНИЕ




